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1. Introduction

The birth of the theory of fractal dimensions can be traced back to the introduc-
tion of the Hausdorff dimension in 1917. However, since then many other concepts
of dimension have risen in fractal geometry. One of the motivations for this devel-
opment, especially within the framework of dynamical systems, was the difficulty of
a straightforward calculation of the Hausdorff dimension. In this theory it is nat-
ural to study fractal properties of measures rather than of those sets. This thesis
analyzes the concept of the average dimension that is typically meant for measures,
although the definition can be extended in the usual way to sets.

The concept of the local average dimension of a measure p at ¢ € R" was
introduced by Zahle in [27] as the supremum of those positive numbers « that have
zero lower average density of order « at that point (see (1.2)), that is

(1.1) dimy p(z) = sup{a: dsu(z) =0} =inf{a: dSu(z) = oo}

Note that this is a local concept that can be naturally extended to its global ver-
sion. If the lower average density is replaced by the upper average density (1.3) in
the above definition, the corresponding exponent agrees with the local Hausdorff
dimension (2.3).

The average density or order two density was introduced by Bedford and Fisher
in [1] to obtain a limit which often exists in cases where the usual density of a
measure does not exist. The lower and upper average densities of a Radon measure
u at x are given by

o 1 [Tp(Bz,r)) 1
1.2 o =1 .
(1.2) an() lfsr—1+l()nf|log ) /5 re r dr
: 1 ['u(B(z,n)1
1.3 y = ’
(1.3) Dju(z) l"?_,s(}‘puog 5 /5 g T
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and, if dgu(z) = DYpu(x), we call the common value the average density. For
instance, this density exists for the restriction of J#* to self-similar sets or, more
generally, for quasi-self similar sets (see, for example, [1] or [5]). Here S#* denotes
the a-dimensional Hausdorff measure. In a recent work, Zahle [28] gave the value of
the avera e densit of the normalized Hausdorff measure on the fractal set generated
by a conformal iterated function system.

T'his new dimension lies between the corresponding local HausdorIl and packing
dimensions. These are defined in a similar fashion to (1.1) but taking the lower and
upper densities, that is, the lower and upper limits of u(B(z,7))/r?, instead of the
lower average density (see (2.3) and (2.4) for a rigorous definition).

The understanding of these dimensions involves the study of their behaviour
under orthogonal projections, smooth mappings, products, slices and intersections.
In this line, both the Hausdorff and the packing dimension are very well understood
thanks to the work of Falconer, Howroyd, Jarvenpéad, Kaufman, Marstrand and
Mattila, among others.

With any reasnnahle definition of dimension, every orthogonal projection, projy,
of a Borel set E (or a Borel measure p) onto an m-dimensional subspace V' has
dimension at most min{dim E, m} (analogously, min{dim g, m}). In the case of the
Hausdorff dimension, we have equality for almost all V' (see [19] and [13]). Zahle
proved in [27] that this equality is also true for the average dimension. But this is
not the case with the packing dimension. For 1 <m <n—1landal0<s<mn
there are Borel subsets of R™ of packing dimension s but whose projections have
packing dimension strictly less than min(m, s). Examples of such sets were given by
Jarvenpad in [14], who also showed that dimp proj, E > (m/n)dimp E for almost
all subspaces V. At about the same time Falconer and Howroyd in [7] gave the best
possible bound, that is,

dimp projy & 2 1+ (1/m —1/n)dimp E~

In relation to the study of the behaviour of the intersections of an s-dimensional
set with (n—m)-dimensional affine subspaces of R", Mattila [20] used differentiation
theory to construct the slicing measures. That is, given a Radon measure g on R",
he constructed these new measures by slicing p with (n — m)-dimensional affine
subspaces W of R" obtaining a Radon measure supported by W Nspt u (see Section
2.1 for the definition and the main properties). By spt we denote the support
of a measure. These new measures and their integral relations with p were used
in [20] to study the capacities of the intersections of a set with (n — m)-planes.
Earlier Marstrand had explored the fractional dimensional subsets of the plane R?.
Mattila [19] extended Marstrand’s result to higher dimensions. He proved that for
al ECR"and V € Gpn-m

(1.4) dimy (ENV,) < max{0,dimy; E — m}
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for s#™-almost all @ € V', where V1 is the orthogonal complement of V', and V/, is
the (n — m)-plane {v+a: v € V} for all a € VL. Moreover, if E C R is a Borel
set, then for Vpn,—m almost all V € Gppom

ess sup,cy2 dimg (E NV,) = max{0,dimg E — m}.

Analogous results for the Hausdorff dimension of measures have been obtained by
Jarvenpdd and Mattila in [18]. There they proved that if m and n are integers with
0 <m < nand p is a Radon measure in R™ with compact support, then for Ynn-m
almost all V € Gppn-m

ess inf{dimp pv, : a € V1 with py,(R™) > 0} = dimy p —m

provided that dimy ¢ > m. Here py,, is the slice of u with the plane V,. In particular,
they proved that for almost all (n — m)-dimensional linear subspaces V'

(1.5) dimg py,, > dimg p—m

for s#™ almost all a € V+ with py,(R") > 0.

As Theorems 2.6 and 2.8 will show, the average dimension behaves under sections
of measures like the Hausdorff dimension does. We will prove that if dimy u > m,
then for almost all (n — m)-dimensional linear subspaces V' it holds that

dimy pyz(z) = dimg p(z) — m

for p almost all z € R™.

The geometry of the packing dimension in relation to slices is much less regular.
In the case of the packing dimension of sets, Falconer [6] proved that if £ C R",
then for any (n — m)-dimensional subspace V we have

dimp(E NV,) < max{0,dimp E — m}

for ##™ almost all @ € V. By redefining the packing dimension of sets, Falconer and
Jarvenpdi got a vesult stronger than (1.4) for packing dimensions, since they were
able to obtain an estimate for each individual m-dimensional linear subspace V, see
[9].

Although we cannot expect equality for the packing dimensions of projections,
Falconer and Howroyd (8] proved that, given an analytic set £ C R", dimp projy (E)
is almost surely a constant. A recent work of Falconer, Jarvenpad and Mattila [10]
shows that there is not such aresult for plane sections. They showed that there exist
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a compact set E C R"™ and compact subsets A and B of G(n, m) with Y, m(4) >0
and 7Y, m(B) > 0 such that forall V € A

™ (projy.(E)) =0, thatis, ENV,=0
for "™ almost all @ € V*, and for all V € B
dimp(ENV,) =m

for points @ in a non-empty open subset of V. Using ideas similar to those in
[22], they showed the instability of the packing dimension of sections under smooth
“bending” diffeomorphisms. They also conjectured that, given a Borel function f
from the space of affine m-planes in R" into the closed subinterval [0,m], there is
a Borel set E C R" such that dimp(ENV) = f(V) for almost all affine planes V.
This conjecture, in a more general setting, has been solved in the plane by Csérnyei
in [2].

Regarding packing dimension of measures, Falconer and Mattila [11] considered
the (n — m)-dimensional slices of measures on R" and proved an analogue of (1.5)
for the packing dimension, that is given a probability Radon measure ¢ on R" such
that dimy ¢ > m, they proved that for x4 almost all z € R" the slices of x4 by almost
all (n — m)-planes V, through z satisfy

(n —m)(dimp p) (dimg p — m)
ndimg g — mdimp p ’

dimp py,z 2

They also get the following result for projections:
If v is a probability measure on R™ such that dimg ¢ < m, then

. . (dimp p)(1 — (1/n) dimpy p)
dimp (projy ) 2 1+ (1/m —Pl/n) dimp p — (1/m) dimg p

for almost all m-dimensional subspaces V. They gave examples to show that both
inequalities are sharp.

In Secction 3 we will be concerned with the problem of studying the average
dimension of products of Radon measures. We will prove that, given probability
Radon measures p on R™ and v on R", both with compact support, it holds that

dimy p(z) + dimg v(y) < dima(p % v)(z,y) < dimg p(z) + dimp v(y)
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for all z € R™ and y € R™. As our examples will prove, these bounds are sharp.
We also will give examples showing that the known inequalities for the Hausdorff
and packing dimensions of product measures

dimg p + dimg v < dimg p x v < dimgy g + dimp v,
dimp p+dimygv < dimp p X v < dimp p + dimp v

(cf. [12]) cannot be improved with the average dimension. Our examples will be
based on the construction of Cantor-type sets with changing dimensional behaviour.
Note that in order to get dim4 p(z) < o, z € R", it would be enough for the measure
w to satisfy u(B(z,r)) 2 r* with r € (6,6%), § > 0 as small as we wish and e € (0,1)
independent of §. Observe that, by definition, if we want that dimg pu(z) < «, we
only need that the above inequality holds for a sequence of 7;’s converging to zero.
However, for the packing dimension we need that u(B(z,7)) 2 r* for every r small
enough. On the other hand, to get dima pu(z) > @, where 0 < @ < 1, it is enough
that there exists a sequence {6;}32; converging Lo zero such that p(B(z,r)) S r° for
r € (&, “021;- dsl)‘ In the examples we will combine these ideas to obtain the desired
measures.

Section 4 will be devoted to the study of the average dimension of intersection
measures yNfxv when f runs through the similarities or isometries. These measures,
which can be regarded as natural measures on spt g N f(spt v), were introduced by
Mattila in [21]. There he studied the relation between the Hausdorff dimensions of
A, B and AN f(B), where A and B are Borel sets and f is as before. Let us recall
that if f is a similarity map on R", it has a unique decomposition as

f=m,0g04, z€R" g€ O(n), reRY,

where 7, : R® — R" is the translation 7,(z) = z + 2, and §, : R®* — R" is
the homothety §,(z) = rz. Note that if f is an isometry, we will have the same
decomposition but with §, being the identity map. Using the relations between the
Hausdorff dimension of sets and measures, Jérvenpéd proved in [17] the following
result for measures. If p and v are Radon measures on R™ with compact supports
such that

(a) dimg (g x v) =dimyg p+ dimgv >n  and

(b) the t-energy of v is finite for all 0 < ¢t < dimgrv < mn,
then for 6,, x £! almost all (g,7) € O(n) x (0, 00) we have

ess inf{dimg p N (7, 0906, )pv : z € R™ with pN (7, 0 g 0 §,)xv(R™) > 0}
=dimg p +dimgv —n.

Changing assumption (b) to the following
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(b’) the t-energy of v is finite for all 0 < ¢ < dimgr < = and
dimg v > 1(n+1),

one can see that the above result also holds when considering isometries instead
of similarities (cf. [17]).

In Theorems 4.9 and 4.10 we will prove the following analogies for the average
dimension and similarities. Let 0 < s < n, 0 <t < n such that s+t —n > 0. If
0 <71 <792 <00 and p and v are probability Radon measures on R™ with compact
support such that ,(1) < co and I(v) < oo, then

dimg p(z) +dimg v — n <dima(pN (7, 0 go §,)4v) ()
<dimg p(z) + dimp v(z — 2) — n

for pN (1,0g0d,)gv x L™ X 0, x L almost all (z, z,g,7) € R* x R" x O(n) X [ry, 7).

Similar results will be obtained when similarities are replaced by isometries,
see Theorem 4.13 and Corollary 4.14. Since intersection measures are defined as
the orthogonal projections on R™ of measures obtained by slicing a certain product
measure on R"” x R™ with diagonal n-planes (see Section 4.1), the results concerning
these intersections are closely related with those obtained for slicing, products and
projections of measures. The methods used for proving the lower bounds for inter-
sections in the last section are similar to those used by Jarvenpéi in [15] and [16],
where the same problems are solved for the packing dimension, and are originally
from [11].

2. Average dimension and sections of measures

2.1. Notation and preliminaries. Throughout this section, x4 will be a prob-
ability Radon measure on R™ with compact support. We will denote by B(z,7) the
closed ball with centre z and radius r in R™. If i is a measure on a set X, we will
denote by fup the image of p under a function f : X — Y, that is,

fan(A) = u(f71(4))
for all A C Y. The restriction of u to a set B C X is denoted by u | B, that is,
(v | B)(A) =pu(BNA)

for all A C X. For 0 < t < n, the t-energy of a Radon measure u on R" is defined
by

L(p) = / |z — y|™* duz duy.
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We will denote by ||p|| the total mass of u. Here p will be a probability measure,
that is, ||p|| = 1. Let 4 and v be measures in a set X. The measure y is said to be
absolutely continuous with respect to v, if u(A) =0 for any A C X with v(A) =0.
In this case we write 4 <« v. Let m and n be integers with 0 < m < n. We denote
by Gpn-m the Grassmannian manifold consisting of all (n — m)-dimensional linear
subspaces of R". The unique rotationally invariant Radon probability measure on
Gnn—m is denoted by vppn—m. Forany V € G, —m, let V4 € Gy,m be the orthogonal
complement of V and Py : R® = V+ the orthogonal projection onto V+.

Now we define the slices of a Radon probability measure p by (n — m)-planes,
see [23]. The slice of p by the plane V, = {v+a:v €V}, V € Gpp-m and a € V4,
is the Radon measure py,, on V,, which exists for /™ almost all a € V4L, such that

[ ¢ e = prpatmys [  dy
50 {y: d(y,Va) <6}

for all non-negative continuous functions ¢ on R™ with compact support, where a(m)
is the volume of the m-dimensional unit ball. Here ##™ denotes the m-dimensional
Hausdorff measure normalized so that ##™ in R™ is the Lebesgue measure £™.
Obviously,

(2.1) spt fty,a C spt pN Ve,

where spt is the support of a measure. Further,

(2:2) /. [ 1 dwvadstma= [ 1 an

for all non-negative Borel functions f on R™ with [ f du < oo , provided that
Pyigp < ™| VL. This is the case for Ynpn—m almost all V € Gp o if dimg pp > m
(see below for the definition).

In order to introduce measures py, on (n —m)-planes V, = {v+z : v € V}
through z € R", we simply set py, = pv,, for any z € P} ({a}), whenever a € V*
is such that py, is defined. This holds for /™ almost all a € Vi

Definition 2.1. Let u be a finite Radon measure on R".
(a) For 0 € a < o0, let

() = lil?_f(:lp ;&ng,_&))
2 u(z) i= Haming A B 9)

=0 oo

bl
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be the upper and lower densities of order a of u at z, respectively.
We define the local Hausdorff dimension of p at T to be

(2.3) dimp p(z) := sup{a > 0: dfu(z) = 0} = inf{a > 0 : dfu(z) = oo},

and the local packing dimension of u at  to be

(2.4) dimp p(z) := sup{a > 0: dpu(z) = 0} = inf{a > 0 : dpu(r) = oo}.
They can also be defined as

log u(B(z,7))

logr
1 B(z,
dimp p(z) — lir:l_%lp %(rr)).

(b) We define the Hausdorff dimension of p to be

log p(B(z, 7))

> dfor pi— a.a. z|
ogr > d for p aax}

dimg ¢ = sup {d : liminf
r—0
and the packing dimension of u to be

dimp p = sup {d : limsup log u(B(z,1))

>df —a.a.7T¢.
nst log " >dfor p—a.a x}

Remark 2.2. Note that by the above definitions we have that if u is a Radon
probability measure on R™ with dimy p > d, then for 4 almost all z € R™ there
exists b (depending on z) such that:

w(B(z,r)) <br¢  forall r>0.

Also, if z € R" is such that dimg pu(z) > d, then there exists b (depending on z)
such that:

w(B(z,r)) <brt  forall r>0.

Next we define the local average dimension of a measure, which was introduced
by Zahle in [27].
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Definition 2.3. For 0 < a < oo let

oo 1 [tp(B(z,n)1
das =
an(@) hgl»lglf | log 4| /6 T® T

dr

be the lower average density of order o of p at x. We define the local average
dimension of i at T as

dimy p(z) := sup{a > 0: dGu(z) = 0} = inf{a > 0 : d5u(z) = co}.

The average dimension lies between the corresponding local Hausdorff and pack-
ing dimensions, that is,

dimyg p(z) < dimy p(z) < dimp p(z),

and these inequalities can be strict.
Note that if the lower average density is replaced by the upper average density,
the corresponding exponent agrees with the local Hausdorff dimension.

2.2. Average dimension and plane sections. We first introduce the quan-
tity J.(z), which was used in [11] to analyze the packing dimensions of slices of
measures.

Definition 2.4. Let p be a probability Radon measure on R". For » > 0 and
x € R™ we define

J,-(.’E) = fﬂV,m(B(ma T)) d'Yn,n—mV

provided that the right-hand side is defined.

Lemma 2.5. Let p be a probability Radon measure on R™ such that dimgy p > m.
Then for r > 0 and for p almost all z € R™

n@ <o " b u(B(a, ) db,

where ¢ depends only on m and n.
Proof. See Lemma 4.4 in [11]. O

Theorem 2.6. Let u be a probability Radon measure on R™ with compact sup-
port. Ifdimg p > m, then

dimy pyz(z) > dimg p(z) —m

for p almost all z € R™ and Ypp-m almost all V € Gppn-m.
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In the proof of this Theorem we will need the following Lemma.

Lemma 2.7. Let u be a probability Radon measure on R™. Suppose that x € R",
a >0, dimy pu(z) > d and 0 < o+ d < dimy p(z). Then

(2.5) hmmf - [fl Bz, h)) dh+67° /26 M dh l =0

Proof. Let 0 < a+d < s < dimy p(z). Then forall0 < A <1, C > 0 and
N € N* there exists 0 < § < # such that

A
2. dh< <1
(26) IbgéL/ 2C

For simplicity and without losing generality, we assume in the following that §
verifies |logd| > 1.

Step 1.

Let d < p < dimg p(z), a+d<t<sand 0 <e < (p—d)/a < 1. Then there
exists & € (0,1/4) such that if 0 < § < §y and § satisfies (2.6), then u(B(z, h)) < h
for all § < h < 6°.

To prove this, let r € (4, 1/2) be such that u(B(z,r)) > rt. Then,

M
|log6|/ Ilogélf

t—s

1 tl s 1
IlogJI/ |log<s| 5= >—|10ga| ’

where c is some constant depending on s.
Thus, r > (__lci )1/(s_t), and so

, 1 . 1/(s—t)
w(B(z,h)) < h for d<h< mln{ (|log6|> }
Choose dp such that 0 < dp < 1/4 and

&
. c \=t
§ <(_—|log5|) for 0<6<é

Then, if 0 < § < §o and z and ¢ satisfy (2.6), we have
w(B(z,h)) < ht for §<h<d.

We have now proved Step I.
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Step II
Let dg, 0, p, t and z be as in Step I. Then for O<e< (p — d)/a we have that

2.7) /n " w - dh < e,

where ¢ is some constant c= c(p, d,t, z).
Using Remark 2.2 and Step I, we have that

6 65
w(B(z,h))1 zh)l
/0 = E dh = / = dh+ / dh

<b h” -1 dh + h‘ ~d-1 gh
')
6p— 5s(t—d) —gt—d

= < eoee.
o e S B

Note that in the last inequality we have used that p—d >ea and t—d >« .

Now we are ready to prove our main assertion (2.5).

That is, we have to show that for all A > 0 and all N € N7, there exists §>0
such that 0 < 6 < & and

1 [ / WBE,R) b e /%(B(sc, h) dh} =

| IOg gl 2F hotd+l hd+1

Let A >0, N € N* and 6 be as in Step I. We take 6 = & & with0<e < (p—d)/a
and 4 such that 0 < § < min (60, (2/N)1/5) and verify that 2= < ’2‘, where § is
as in Step I and ¢, is some constant that will appear in the next estimates. Using
Step II, we have that

/2" w(B(@,h) e / p(B(z,h) .
| log 8| hd+1 | log o¢| ha+1

|log65| - €| log6|
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By (2.6)
dh < f dh
| log d| / hd+°‘ |log6| h
w(B(z,h)) 1
g| log 0| Jse h’ h
)1 A
< —dh < <.
~ |logd| / h " =2
Note that for the first and iasi inequalily in the second estimation we have used
respectively that d + @ < s and that 6° > §, since e < 1. O
Let us now prove Theorem 2.6.
Proof. Tet. 0 < @ < dimg u(z) — m. We want to show that for u almost all
z € R"

dSpve(z) =0 for Yppn-m almost all V € Grpom.

Using Fatou’s lemma, Fubini’s theorem and Lemma 2.5, we have that

/ di.u'V,:c(I) d7n,n—mv

1
< lim 1nff ! / ,U«V,z(B(x, 7'))1 dr d7n n—mV
-0 |logd| J; re T }
1 p-a-1

—am
= lu}l_}lyf ) Tlo—g'ﬂ ve(B(z, 7)) dYpp-mV dr
1 ,r—a—l 2r

<climinf | T — -m~1
<e 1{‘11)10nf - Togdl Jo h w(B(z, h)) dh dr

for p almost all z € R™. Here c is the constant of Lemma 2.5 and depends only on
n and m.
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Then, by Fubini’s theorem, we will get that for 4 almost all z € R”
/d?!l/'\/}:c(z) d7n,n—mV

< oo 1p—m-—1
Chglrlonfﬂog&l [/ / h w(B(z, h)) dr dh

(2.8) * /02(s /,; r W (B, b)) dr dh

1 ' u(B(z,h))
< —— 7
S = [/2,, vt 4P

- /” uB@,h) ] ,
0

pm+1

where C is some constant depending on ¢ = ¢ (n,m) and «, that is
C = C(n,m, a). Note that in the last inequality we have used that

lim inf dh =0

50 |log(5|/ ha+m+1

Using Lemma 2.7 with “d =m,” we get that (2.8) equals zero.
O

Next we prove that we have equality in Theorem 2.6.

Theorem 2.8. Let p be a probability Radon measure on R™ with compact sup-
port. Provided that dimg p > m, then

dimy pyz(z) = dimy p(z) —

for u almost all z € R™ and Ypp-m almost all V € Gppn_m.

Proof. As the lower bound has been proved in the above theorem, we just have
to prove the “ < ” inequality.

Let z € R" be such that dimg p(z) < @. We want to show that for all £ >
0, dimg pyz(r) < a —m+¢€ for p almost all z € R" and Yppn_m almost all
V € Gnpn-m.

Let Dy, k = 1,2,... be the standard half-open disjoint dyadic cubes @ of side-
lengths 1(Q) = 27* (see, for example [26]). Denote by D = |J;o, Dk . Let V €
Grnn—m be such that Py.yp < ™|V,
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Let € > 0 and > 0. For each QQ € D we define

Ag ={z €2Q; pva(2Q) < n p(2Q) Q) ™},

where 2Q) stands for the cube centered at the same point as @ and with side-length
1(2Q) = 2l(Q)- Let us denote A = (Jgep Aq.- Then, by (2.2), we have that

u(A) < 3 (dg) = Y / ra(2Q) doF™a

QeD Q€eD

<D p(2Q) UQ)ST™ A™Pyi(Ag)) Sncd 27 D pu(2Q)

Q€D k=1 QEDy

-
snd wRY) ey =2"n,

where ¢ = ¢(m), ¢’ = ¢/(m,n) and ¢" = ¢"(m,n,€) are positive constants.
Let 6 > 0. Suppose z € R™\ A and r € (6,1). Then there exist Q € D and a
positive constant 0 < ¢ < 1 such that z € @ and

B(z,cr) C 2Q C B(z,r),
where ¢ depends only on n. Hence,

we(B(z,1)) 2 1ve(2Q) 2 1 u(2Q) LQ)™™

(29) > n u(B(z,cr)) c r¥™,

where ¢ > 0 is a constant depending on n, m and €.
Note that, since ¢ < 1 we have

(2.10) /:M 2/61 Bl dF

5 s T s T

By (2.9), (2.10) and change of variable we have

/ Wy,z(B dr / x cr) dr
|log<5| re- "H‘f |log6| e g
! llogél / re
/‘ B(z,7)) dr / r)) dr]
|log6| T |log6| T J’
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where C' > 0 is a constant depending on n, m and €. Since dimg4 ,u(:b) < a, we get
that

. . /‘LV,:z: ﬂ .
hfsrl»lonf | log J| / r“‘m” r o

for z € R"\ A. Since p(A) < ¢"n and we can take 1 as small as we wish, we
get that d5 ™uy,.(z) = oo for p almost all z € R" and for 7pu-m almost all
V € Gun-m -

3. Average dimension of product measures

In this section, we are going to study the average dimension of the product of
measures. Since it lies between the Hausdorff and the packing dimension, it is natu-
ral to ask whether the known inequalities for the Hausdorff and packing dimensions
of the product of measures can be improved with this other one. Unfortunately, the
answer is no, as examples 3.3, 3.4 and 3.5 will show.

Theorem 3.1. Let p and v be probability Radon measures on R™ and R™ with
compact support. Then for all z € R™ and y € R",

dimy(p X v)(z,y) > dimy p(z) + dimg v(y).
Proof. Let z € R™ and a > 0 such that dim4 p(z) > . Then

r)) 1

B(z,
0=d3u(z) = hm mf llogél / - dr.

Since p and v are probability Radon measures on R™ and R” with compact support,
we have that for (z,y) € R™ x R"

pxv(B((z,y),7)) < px v(B(=z,r) X B(y,7))
= w(B(z,r)) - v(B(y,7))-

Let B > 0 such that dimg v(y) > B. We want to prove that dim4(p % v)(z,y)
> a + 4, that is, d5™(u x v)(z,y) = 0. Using Remark 2.2 and (3.1), we have that

(3.1)

o1 [T uxu(B((z,y),m)1
o+ _ . B XV ' Y)s
di™ (p x v)(z,y) = hmmfllog<5| / ra+5 dr

6-+0 T

. v(B(y,r))
< 1 L2 d
gk f|log 4| / r°‘+1 rﬂ 4

< . —o.
bh?—l}glf | log6| _/ ra“ 0
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Theorem 3.2. Let pu and v be probabilily Radon measures on R™ and R™ with
compact support. Then forallz € R™ ,ye R"

dima(p x v)(z,y) < dimg p(z) + dimp v(y).

Proof. Let & > 0 and 8 > 0 be such that dimy4 p(z) < @ and dimp v(y) < 8. We
want to prove that for all M > 0 there exists N € N* such that for all § € (0,1/N)

rotp

1
L[ By,
|logd| /s T

We know that
(3.2) B(z,r/2) x B(y,r/2) C B((x,y),7).

Let M > 0. Since d®v(y) = oo (recall Definition 2.1), there exists N; € N¥,
N, > 2 such that for all r € (0,1/N;) we have

v(B(y,r))

(3.3) v

> M.

On the other hand, we know that d%u(z) = co. So there exists N € N* such
that for all § € (0,1/N,) we get that

1 " p(B(z,1))
(3.4) Tog ] /6 dr > M.

ra+l
It is also clear that there exists N3 € N¥ such that for all § € (0,1/N3)

1 (! wuB(,r7))
3.5) dr <1,
( |logd| Jow, — To*?
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Let N = max(N;, Na, N3). By a change of variables, (3.2) (3.3), (3.4) and (3.5),
we have that for all § € (0,1/N)

b % (B((3,9),7) 1
|10g6| / r"‘+ﬁ r i

B(z,/2))v(B(y,/2) 1
|log6| / s

ra+h r
[ BB,
|log6| roth T
Me [ u(Br)
~ |logd| Js red
__Mc /1 w(B(z,7)) dr_/l p(B(z1) .
I IOg 6' 5 rotl 1N rat+l

> Mc(M-1) 2 M,

if M is big enough and where ¢ is some constant that depends on n, @ and S.

Next we give an example that shows that the inequality
dimg p x v > dimg pp + dimg v,

(cf. [12]) cannot be improved with the average dimension.

All the examples in this section consist of natural measures supported in suitable
Cantor sets. The process to associate a probability measure to a Cantor set is
standard and explained in [4], pp. 13-15. The idea is as follows. For any basic
interval I of the Cantor set

(3.6) p(I) - (#{Intervals of its generation}) = ||u|| = 1,

and for given a Borel set A C R"

(3.7 p(A4) =inf { Z,u(],-) ANC, C UIi and I; is a basic interval of C,‘},

where C,, denotes the Cantor set associated to the measure .
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Example 3.3. Let 0 < a < 8 < 1. We construct a probability Radon measure
u on R such that
dimg p(z) € a < B < dimy p(z)

for 1 almost all z € R . Then, taking the product of this measure p with v =
L | [0,1], we will see thal

dimg(p x v)(z,y) < dimy p(z) + dimgv

for p almost all z € R and all y € (0, 1].
Moreover,

dimyv(z) + dimg p(y) < dimy(p % v)(2,y) < dimg p(z) + dimg v(y)

for 1 almost all z € R and v almost all y € R.

For this purpose, we first construct a suitable Cantor set, and the measure p
will be determined by repeated subdivision of its initial mass, ||u|| = 1, between
the basic intervals of the Cantor set. By (3.6) p will be uniformly distributed, and
moreover, u(f) = 51; for any interval I of the i-generation. Then the exlension of p
to all subsets of R given in (3.7), defines p as a measure supported in our Cantor
set (see Proposition 1.7 in [4]).

Let € > 0 be such that f+¢ < 1. First, take the interval [0, 1] and delete a middle
interval of it so that the remaining two intervals have both length 7, satisfying

2r¢ =1.
Let k£ be any big natural number. We perform k times this “a-dimensional
symmetric Cantor operation” on each of these two subintervals. That is, we delete

a middle interval of each of the two subintervals so that the remaining four intervals
all have length r5 such that

Note that, fori = 1,..., k, on the i-step we have 2¢ subintervals and, by construction,
r¥ = 27*. Hence, (3.6) implies that for all these intervals we have

(3.8) d(I)* < p(I) < d(1)*7,
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where d(I) denotes the length of the interval I. Note that at this point we have
equality here (d(I)* = p(I)), but later on we will only get inequalities.

Next we delete a middle interval of each of the 2 subintervals of the last result,
so that the remaining 2%¥*! intervals have all length 1 satisfying

B+e __ .B+e
=1 -

Now we perform ! times this “(8 + €)-dimensional symmetric Cantor operation”
in the same way as before, having after | steps 2™* subintervals of equal length,
Tk+1, satisfying

1 B+e __  Bte
2Tl =T -

The measure of these new intervals I of the generation k + 7 is given by
gl =54, i=12..,1L

Since r, = 27F/@ and rpy; = 27 (B+e)-k/e for 4 = 1,2, ...,1, we will have

(3.9) p(I) > d(1)P+

for all these new intervals. Note that if I is any interval of any of these new gener-
ations, we have that

u(I) = 255 ~Vkg(1)B+e = o5& Dk 1)B+e/2g(1)</2,

Therefore if we make the length of I go to zero, then 2(°*~1Dkd(I)/2 tends to zero.
Hence if d(I) is small enough, then 2(%‘1)’%(1)‘/2 < 1. That is, if [ is big enough,
we will have for the intervals of the (last) [-generation that

(3.10) AP+ > () = d(1)P.

Let m be any big natural number, m > 2. Now we continue performing this
operation m times. So we will have that (3.10) is satisfied for all these new intervals.

Then we perform the “(a— €)-dimensional symmetric Cantor operation” during
a suitable number of times (until we get the condition (3.8)). Now we start again,
performing the “a-dimensional symmetric Cantor operation” as many times as we
have to, and we repeat the whole construction infinitely many times. So we get that
(3.8), (3.9) and (3.10) will remain true for the new generations, respectively.
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Note that if x € sptu, 0 < r < 1 and 7 is the length of the largest interval
of our construction which is contained in B(z,r), then B(z,7) is contained in two
construction intervals of length 7,_;. Using this, we see that for all £ > 0 there exist
constants 0 < c¢; < ¢c; < oo and 0 < p; < Py < p3 < pg < &, such that ;‘:—f is as big as
we need and forz €s t

(3.11) w(B(z,7)) > cr®  forall p3<r<p
and
(3.12) corP*e? > w(B(z,71)) > 7Pt forall py <r < py,

where (3.11) comes from (3.8) and (3.12) comes from (3.10).
It is clear from (3.11) and Definition 2.1 that

dimg p(z) < a.
Let &, p1, p2 be as before. By (3.12) we have that

1 iy o
L[ B,
|10gp1l Pi A T

1 ‘rwmeEMffﬂﬂE@L@

- Ilogp1| 1 rf 2 rb
Co P2 1
< (/ re/2-1 dr+/ A1 dr)
llng1| 1 P2
< (4, 8
~ |logpi|\e/2 B

Thus, taking p; much smaller than p,, we get dﬁ,u(a:) = 0, and by Definition 2.3
we have that

dimy p(z) > B

for p almost all z € R
To finish the example, just take v = £ | [0, 1]; then

dimguxv<a + 1<f + 1<dimgpu(z) + dimgv

for p almost all z € R.
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The following example shows that the Hausdorff dimension cannot be replaced
with the average dimension in Theorem 3.1, that is, in general,

dimg(p x v)(z,y) > dimy p(z) + dimg v(y)

will not be true.
Moreover, it will show that the known inequality

dimp(u X v) > dimp p + dimg v

cannot be improved with the average dimension.

Example 3.4. We shall construct two probability Radon measures i and v with
compact support in R such that

dimp(p X v)(z,y) < dimg p(z) + dimg v(y)

for p almost all z € R and v almost all y € R.
In particular, it holds

dima(p x v)(z,y) < dimyg p(z) + dimg v(y)

for p almost all z € R and v almost all y € R.

Let 0 < o < B < 1. Let € > 0 be such that §+¢ < 1. We construct the measures
1 and v in the same way as in the last example. That is, we will construct two Cantor
sets and define the measures p and v by repeated subdivision of their initial mass,
||| = |lv|]| = 1, among the basic intervals of the Cantor sets, respectively. Then
we will extend them to all Borel sets, as before, and we obtain the two measures.
Let us denote by C,, and C, the Cantor sets for the measures p and v, respectively.
Let r; and s; denote the length of the intervals of the i-generation of C, and C,,
respectively.

We will construct C,, and C, in such a way that the measures p and v will have
the property that for all £ > 0 there exist 0 < p; < p3 < p3 < ps < £ such that

82 and 278 are as big as we need and

(3.13) #(B(z,r)) < 2rPtel?
for all p, <7 < p; and p almost all z € C,

(3.14) v(B(y,r)) < 2rP+e/?
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for all p3 <7 < ps and v almost all z € C,.
Moreover, for all 0 < r < 1 it holds that

(3.15) w(B(z, 7)) v(B(y,r)) = crothte

p % v almost all (z,y) € C, x C,. Here c is some absolute constant.
These estimates will imply that

dimy p(z) > B for p almost all z € C,,,
dim4 v(y) > B for v almost all z € C, and
dimp(p x v)(z,y) < a+B+¢e for p x v almost all (z,y) € C, x C,, .

The construction consists of the following steps.

(i) Construction of C,. We perform k times the “a-dimensional symmetric Can-
tor operation” on the interval [0, 1], k£ being a big natural number.

Construction of C,,. We perform k times the “(B + ¢)-dimensional symmetric
Cantor operation” on the interval [0, 1].

(ii) Construction of C,,. We shrink the “C),-intervals” of the (last) k-generation
making their lengths to be equal to the length of the “C,-intervals™ of the (last)
k-generation, but keeping their centres fixed.

(iii) Construction of C,. We perform M times the “(3+e¢)-dimensional symmet-
ric Cantor operation” on the “C,-intervals” of the (last) k-generation. The natural
number M has to be big enough.

Construction of C,,. We perform M times the “w-dimensional symmetric Cantor
operation” on the intervals obtained in (ii).

(iv) Construction of C,. We shrink the “C,-intervals” of the (last) (k + M)-
generation making their lengths to be equal to the length of the “C)-intervals” of
the (last) (k + M)-generation, but keeping their centres fixed.

(v) Construction of C,,. We perform N times the “(8+¢)-dimensional symmetric
Cantor operation” on the “C,-intervals” of the (last) (k + M)-generation. The
natural number N has to be big enough.

Construction of C,,. We perform N times the “a-dimensional symmetric Cantor
operation” on the intervals obtained in (iv).

Then we iterate this process from (ii) to (v) infinitely many times.

Note that this construction is basically the same as the construction in Example
3.3, but here we have added the steps (ii) and (iv). These new steps will allow us
to obtain inequality (3.15), that is, to control from above the packing dimension of
the product.

We next show how this construction works in detail.

Let k be any big natural number. For C, we perform k times the “c-dimensional
symmetric Cantor operation” on the interval [0,1]. So we will have 2* subintervals
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of length sy, satisfying
28 = Sk-1)

2ks® = 1.

By (3.6), the p measure of all these “C),-intervals” is given by
v(I) =d(I)*.

For Cy, we perform k times the “(8 + ¢)-dimensional symmetric Cantor opera-
tion” on the interval [0,1). We have, after k steps, 2¢ subintervals all of length 7y
satisfying

B+e __  B+e
2r. T =l

okphte — 1,

The p measure of all these “C,-intervals” is given by
p(I) = d(I)P+e.

Then we shrink the “C-intervals” of the last generation, making their length
equal to the length of the “C,-intervals” of the last generation, but keeping their
centres fixed. That is, we change their length from 7 to sz. Note that r,’3+€ = sf.
Let us perform, on these new shorter “C-intervals”, the “a-dimensional symmetric
Cantor operation” M times , where M will be determined in the construction of C,.
The p measure of all these new “C),-intervals” is given by

p(I) = d(I)°.

Now we continue with the construction of C,. On the “C,-intervals” of the last
generation, perform [ times the “(3 + ¢)-dimensional symmetric Cantor operation”.
Our new 2%*! intervals satisfy

2lsﬂ+€ _ Sﬂ+e
k+1 = Sk

Continue this operation still 72 times and let M = [+ m. If [ is sufficiently big,
we see as in Example 3.3 that for all these new “C,-intervals”

(3.16) v(I) 2 d(I)P*,

and for all the “C,-intervals” of the (I + 7)-generation, where i = 1,...,m, we have
that

(3.17) d(I)P+e? > y(I) > d(I)P+e.
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Here m can be as big as we wish. Now we again change the size of our intervals
by shrinking the “C,-intervals” of the last generation, in the same way as before.
That is, we make their length equal to the length of the “C)-intervals” of the last
generation, keeping their centres fixed. Note that

5%
{ - re
oM = Tk+M*

Hence, if these shorter intervals are denoted by T, it holds that

We start again to perform N times the “a-dimensional symmetric Cantor operation”
on these new “C,-intervals”, where N will be determined in the construction of C,.

For C,,, we perform the “(8 + €)-dimensional symmetric Cantor operation” N
times. Choosing N big enough, we have that the analogues of (3.16) and (3.17) hold
for p.

sk&M&N rk{h( sklhm skrl slr 1'* I
t ; : ; f f i
K (B(x,r))S cx”? ed™<p (B(x,1))< e
B (B(x,1))2 e B (B(x,x))= " H(Blx, r))=
er?®<v (B(x,r))< er” vV (B(x,r))2 ed™
vV (B(x.r))= 1" <V (B(x. 1) )< ' vV (B(x.r))= "

In this picture we have used the same notation for all constants, but their values might differ
from one interval to the other.

The advantage of shrinking the intervals is that now we will have an extra
condition that will allow us to bound the product. This means that for any “C,,-
interval” I and “C,-interval” I' of the same generation, we have

(1) < p(l) <d(n)*, dI)P* <v(I') < d(I')”

and, moreover,
p(I) > d(I)* or wv(I')>d(I')°.
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Finally, we start the whole process again, and so the scheme of the above pic-
ture will be repeated when we approach zero. Our measures will satisfy conditions
(3.13), (3.14) and (3.15). In particular, (3.15) follows since at every stage where
the constructions are changed, the “C,” and “C,-intervals” are made to have equal
length. So 4 and v are the desired measures.

Next we give another example that shows that in Theorem 3.2 the packing
dimension cannot be replaced by the average dimension. Moreover, this example
will also show that the well-known inequalities

dimg(p x v) < dimp p + dimpgv

and
dimp(p X v) < dimpp + dimpv

cannot be improved with the average dimension. That way this example and Re-
mark 3.6 will give us an answer to the following questions:

Questions:

1) Is it possible to get dimg p X v < dimy g + dimg v?
2) Is it possible to get dimg pu X ¥ < dimgp + dimyv?
3) Is it possible to get dimp pu X ¥ < dimp p + dimyv?
Answers: No, since we have examples where

dimg(p X v)(z,y) > dimg p(z) + dimav(y) (Example 3.5)

and
dimp(p x v)(z,y) > dimp p(z) + dimyv(y) (Remark 3.6)

for p almost all z € R and for v almost all y € R .

Example 3.5. For any 0 < o« < § < 1, there are two probability Radon
measures, ¢ and v, in R with compact support such that

dimg(p X v)(z,y) 2 a+ B> a+a > dimy p(z) + dimg v(y)

for ;¢ almost all z € R and » almost all y € R.
In particular, dim4(p X v)(z,y) > dim4 p(z) + dimg v(y).

In the same way as in the last example, to obtain these two measures we will build
two Cantor sets, C,, and C,,, that will determine the measures p and v, respectively,
by subdividing their initial mass, ||x|| =1 = ||v||, among their corresponding basic
intervals. Their extensions to all Borel sets will give us the required measures.
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In order to obtain the lower bound for the Hausdorff dimension, we would
need that for all » € [0,1] and for 4 x v almost all points (z,y) the measure
p x v(B((z,y),7)) remains bounded from above by 7%+A. In addition, to get the
desired average dimensions, we will need that there exist sequences of “big enough”
intervals of r’s which approach the origin and are not too far from each other such
that

u(B(z,r)) 2 r*  for p almost all z and
2r for v almost all z,

for any r on these intervals. A careful analysis of the definition of the average
dimension (2.3) shows that it is enough to have bounds for the measure of the balls
of radius r with 7 € [62, %], a and b being independent of 6. Thus, we will build two
Cantor sets following the patterns according to the picture below.

0 R® r® RY R® R
— -
v (B(x,r))2 c” p(B(x,r))2c”
v (B(x,r))< e vV (B(x,r))<
U (B(x,1))s o B (B(x,r))< er”

We can find constants a, b, ¢,d and e independent of 7 such that this structure can be repeated as
near zero as we wish.

Hence, we will take our measures g and v so that they behave like “a-dimensional”
for some radius and like “B-dimensional” for others. As in the last example, we now
face the problem of changing the dimensional behaviour of our measures from « to
B and conversely. Since 0 < a < 8 < 1, an adequatce contraction of the size of the
intervals is enough to change the measure supported on them from “B-dimensional”
to “a-dimensional”, as we have done in the previous example. The reverse problem
is more subtle, since we cannot just expand our intervals without avoiding some
undesired overlapping in our Cantor sets. In order to make this change, we now
introduce a different method. The idea is to divide every interval I of a given gen-
eration into subintervals I; with their corresponding length ! small enough so that
their mass is comparable to [?.
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Let 0 < o < B < 1. We generate a sequence of positive real numbers R;; >
Ra1>...> Ryyp = Ry3> Ry3 > ... such that

0< R1,1 <1,
. 2 = 15
R2,1 = Rf,l: R3’1 = Rz,lv bR3,_1 < R41 < R31 s
é E l1—a
YRg,, < Rs1:=Rg§,, Rs1:=RZ, bR;T;f < Rr1 < R,

Ri5:= Ry, ...
In general, we will have
Ry j == Ry 1,
Rz,j =R}, Ra,j =R, bR <Ry; <R,
b’R4],< Rs; = R“, Re;:=RZ,, bjo" < Ry; < RE‘S

where b and b’ are some positive constants independent of j.

Our Cantor sets, C,, and C,, will be defined in such a way that the behaviour
of the measures p and v on the intervals [R; j, Rit14], i = 1,...,7 and j € N*, will
be as follows: For every j € N* and for u almost all x € [0, 1], there exist constants
c and ¢ independent of r such that

(3.18) cr? < w(B(z,r)) < rf for Ry <r <1,
(3.19) m? < uw(B(z,r)) < er® for Ry; < < Ry,
(3.20) cr® < u(B(z,r)) < r* for R3; < r < Ry,
(3.21) cr? < w(B(z,r)) < er® for Ryj <7 < Ry,
and

(3.22) erf < w(B(z,r)) < P for Ryj <1 < Ry

We will construct v in such a way that for all 7 > 0 with the property u(B(z,7)) <
7, it holds that v(B(y,r)) < %, and for those r's for which u(B(z,r)) < r?, we
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will have that v(B(z,r)) < r* That is, for v almost all z € [0, 1] there will exist
constants ¢ and ¢’ independent of 7 such that

(3.23) er? < y(B(z,r)) < P for Ryj <r < Rpj-y,

where R7o:=1,

(3.24) ™ <y(B(z,r)) < cr® for Rs; <7 < Ry,
(3.25) cr® <v(B(z,r)) < r* for Rg; <r < Ry,
and

(3.26) v(B(z,r)) < cr® for R;; <1 < Rgj.

Note that the value of the constants ¢ and ¢’ may vary from one line to another
but, for simplicity in the notation, we use the same symbol.

In this way, we have that for all » > 0 the product mcasurc pu x v satisfies
p x v(B(z,y),r) < cr®P for p x v almost all (z,y) € [0,1] x [0,1], with c as
before. Hence, recalling the definition of the Hausdorff dimension (2.1), we see that
dimy (s X v)(z,y) > a+ B for p x v almost all points in the plane.

On the other hand, by (3.20) and the way the sequence of R;; has been con-
structed, it holds for x almost all z € [0,1] that if R7; < § < R, there exists a
fixed constant 7 independent of j such that

L[y 1 [ MEa,
|log | Js re 1 7 |log Ryl Jr,, re T
c Ra.j 1 c|log Ry ;|

FTN. S r =
~ |log R7| Jry,; ™ T mllog Ral

In the case when R ;i1 < 6 < Ryjy1 = Rzj, we have by the same argument
that there exists ' such that for ;2 almost all z € [0, 1]

1
1 wBz,n)l > onf.
|logd| /5 ¢ 7

Consequently, at p almost all z € [0,1], we have dimu u(z) < a. By repeating
the argument for v, using (3.26) instead of (3.20), we get that also the average
dimension of v is less than or equal to « almost everywhere.
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Construction of C,,.

Let us start with the unit interval and perform on it & times the “3- dimensional
symmetric Cantor operation” (8-S.C.0), like in the last example. In this first step
we may assume k = 1, but later on the number of steps will be relevant since it
has to be related with the behaviour of the measure . The lengths of the intervals
obtained will satisfy the following relationships

B _,B
2ri ) =T1g-1

In a natural way, the measure u of these basic intervals is given by

T10=15

u(li0) =11,
)y =1/2,

p(11,1)

p(Ik) = Tf,k =1/2"

Defining Ry ; := 114, it is clear that (3.18) holds for j = 1.

8
Define Ry, := Rf,. We now change the length of the 2% intervals obtained
before from R;; to Ry;. That is, we take 2% new intervals I, centered at the same
point as their “elders” but with shorter length Ry ;.

Lk

R
I,

Rai

The p measure of these new intervals will be given by
u(lz) = p(Ik) = Rllg,l = R3,.

Thus (3.19) is satisfied with j = 1.
Now, we perform on each of these intervals I the @-S.C.O and stop when the
lengths 79, of the intervals I, of the last generation satisfy

2 .
To1 S Ry = R31 < roj-1.
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So we obtain (3.20) for j = 1.

In order to change the behaviour of 4 from “a-dimensional” to “A-dimensional,”

we divide each of the obtained intervals into ﬁ: and we take the [R—:'f] first

l—a
subintervals I, each of length Ry, := r;;,”. Here [f2L] is the integer satisfying
T _ ) < T2 '
R4 1< [R4,_1] =< R4’
For these intervals we have

pllz1) p(lay)  Ray 4
I = ) > i e Tl R .
— [ra/Bas] = rag/Rax  mog 27 1

£F <

Moreover, since we may assume without losing generality that 'r,,“,,f
some fixed absolute constant C > 1, we get

for

Q-

(L) 1(124) 1(12,) Ry, 0
L) = : < === <C > =C —=r$,=C Ry ;.
e [r24/Ra] ~ EE’,'T =17 " ryy/Ray rop b

Let Ry <7 < R, and z € spt 2. Then B(z, 7) meets at most 2[}—5-7] intervals
I4, and hence

w(B(z,7)) < 2[_}—?,:—1-] u(ly) < 2C R% Tg’l_lR4,1 =2C r.g’f r < 2C7r°.

) )

On the other hand, B(z,) contains approximately [#‘] intervals I, and so
there exists a constant ¢’ such that

r r
u(B(z,r)) > C'[E] p(ls) 2 CE—le'l =0,

Thus (3.21) also holds for j = 1.

We continue with the construction of x4 by performing the 5-S.C.O on each of
the intervals Iy. The number of times we must do it will be established later on,
since it will depend on the behaviour of v.

Construction of C,,.
We start with the unit interval, perform on it n times the 8-S.C.O and stop
when we get
S1n S Ryp < S1p-1e

For 1 < j < n, let s1,; denote the length of the 27 intervals obtained after performing
Jj times the 5-S.C.O on [0,1]. Hence, for j = 1 we do have (3.23).
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We now proceed as we have done with . In other words, we interchange the
roles of p and v.

B
Let Rs; := s7,. By changing the length of the 2" subintervals obtained from
s1,n to Rs, we change the behaviour of v from - to a-dimensional, that is

V(I5) = 3/13,71 = Rg,li

where I5 denotes the new intervals. As with p before and in the case j = 1, we see
that (3.24) is satisfied.

Next we perform the a-S.C.O on each of the I5’s and stop when we get s5, <
R§,1 = Rg,y < s54—1. Here s5, denotes the length of the intervals I5, obtained after
performing ¢ times the @-S.C.O on I5. One can check that also (3.25) holds for
j=1

In the same way as we have done with p, we now change the behaviour of v from

l-a
a-dimensional to B-dimensional. Define Ry, := s;._;" and repeat here the argument
made for p and R4 ;. Then (3.26) holds for j = 1.
As has been done with p, we continue with the construction of v by performing
the 3-S.C.O on the intervals obtained in the last step. The required number of times
will be determined by u.

Construction of C,,.

Now we are in a good situation to determine the number of steps of the 5-S.C.O
that has been started in the last stage of the process for the construction of C,,.

The last step of our construction was to start to perform the 5-S.C.O, and now
we go on with it until we have that the intervals of the last generation have lengths
less than or equal to R7;. Then (3.22) holds for j = 1.

We continue in the same way as we have done with v and repeat the whole
procesE infinitely many times. It is clear that (3.19)-(3.26) will be satisfied for every
JjENT,

Remark 3.6. It is clear that in the above example the measures p and v satisfy

dimp(p X v)(z,y) > B+ a > a+ a > dimy p(z) + dimy v(y)

for p almost all z € (0,1] and v almost all y € [0, 1].

In order to obtain

(3.27) dimp(p x v)(z,y) > B+ B > a+ [ > dimp p(z) + dima v(y),
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a slight modification of the above example will be enough. First note that dimp p(z) <
B follows from (3.19)-(3.22) and Definition 2.1. To get (3.27), we just perform once
more the 5-S.C.O after R;7 in the construction of C,. That is, in the last step of our
construction we performed the 5-S.C.O until we got that the lengths of the intervals
of the last generation were less than or equal to R7;, and we defined R, := Ry ;.
Now we do this operation once more and define R; 5 to be the length of the intervals
obtained. Hence, in general, it holds that R;;;; < R;7 and that

erf < u(B(z,r)) < drf  for Rig €7 < By

Consequently, for Ry j11 < 7 < Ry, both u(B(z,r)) and v(B(z,r)) are less
than or equal to cr? at almost all points z € [0,1]. This is by Definition 2.1 enough
to guarantee that dimp(px v)(z,y) > B+ at almost all points (z, y) € [0, 1] x [0, 1].

4. Average dimension of intcrscction measures, similarities and
isometries

4.1. Notation and preliminaries. Let y and » be Radon measures on R".
Let O(n) be the orthogonal group of R", and let 6, he the unique invariant measure
on O(n) with 8,0(n) = 1.

We consider intersections p N fuv, where f is a similarity map on R". By a
similarity we mean a map f : R® — R” such that there is 0 < 7 < oo with
|f(z) — f(y)] = 7|z — y| for all z,y € R™ Then r = Lip f, where Lip f is the
Lipschitz constant defined in 4.2, and f has a unique decomposition as

f=7,0g04,, z€R", geO(n), r e RY,

where 7, : R"™ — R" is the translation 7,(z) = z + 2, and §, : R® — R" is the
homothety 4, (z) = rz.

In order to construct such measures, we shall first slice the product measure
4 X v by the n-planes

W,={(z,9) eR*"xR":2—y = 2},

parallel to the diagonal W = {(z,y) : z = y}. We obtain for £™ almost all z € R"
Radon measures o, on R™ x R". Then we project the slices obtained to R™ by the
projection 7 : R* x R* = R", n(z,y) = z, as in [21] or [23]. Define

(4.1) PN Tyt = Tyo,
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provided that the sliced measure o, exists. This is the case for £L" almost all z € R",
where L™ denotes the n-dimensional Lebesgue measure. Clearly,

(4.2) spt(u N 7,uv) Cspt pN 7,(sptv).

If ¢ is a non-negative lower semi-continuous function on R", then, as in the
sliced case, we have

4 [odnnngm <pmam s [ 6@ dux v,

Here W,(8) = {(z,y) € R* x R" : |S(z,y) — 2| < 4}, where 6 > 0 and S :
R" x R" = R" is defined by S(z,y) = z —y. Note that if Sg(1 x v) <« L", then
Pyi(px v) < 2™ W+ and the disintegration formula (2.2) implies that

(4.4) ~/I;VJ- /cp d(pN 1) dLz = /<p d(p x v)

provided that ¢ is a non-negative Borel function with [ ¢ d(g x v) < co.
For2€ R", g€ O(n), r € R* and é > 0, we set

Sgr : R" x R" =+ R", Ser(z,y) =z — 79y,
Wogr(8) = {(z,9) € R" x R" : |S,.(z,y) — 2| < 6}.

For any g € O(n), r € R*, we can apply the above method to the measures p
and (g o &)V to conclude that the intersection measure

(45) p0 fgr = pN Ty (900 )4v) = mel(n X (90 6:)v)w,]
' with f=T,0g06,

exists for £ almost all z € R"™.
From (4.2), (4.3) and (4.4) we infer that the following three statements hold
whenever ¢ is a non-negative lower semi-continuous function on R™:

(4.6) spt N (1,09008,)4v Csptun (r,0g046,) (sptv),

(4.7) /¢ d(pn(r,0g08,)4v) < (lsi_r’ré a(n)'lé""/ é(z) d(p x v)(z,y)

W g, ()



38 Marta Llorente

and if Sy, #(pu x v) € L", then

wy) [ [oduxos)pm. drma= [pdux o)

provided that ¢ is a non-negative Borel function with [ ¢ d(p X (g0 d;)pv) < oo.

Remark 4.1. If I,(p) < oo, I;(1) < co and s+t > n, then Sy u(p x v) K L™
for 6, x L£! almost all (g,7) € O(n) x (0,00). See Theorem 6.6 in [21].

Definition 4.2. (1) Amap f: A — R™, A CR", is a Lipschitz map if there
is a constant L < oo such that

|f(z) = f@)I<L|lz—-y|l forz,ye€A

The smallest such constant L is called the Lipschitz constant of f and is denoted by
Lip(f).

(2) Amap f: A+ B, ACR™, BC R", is a hi-Lipschitz map if f is Lipschitz
and it has Lipschitz inverse f~!: B — A. That is,

e -yl <|f@@)-fWI<Llz-yl (z,y€A)

where 0 <[ < L < o0.

Remark 4.3. It is obvious by the definilion of the average dimension that,
given a Radon measure g in R", we have that

dimy fpp(f(z)) < dimg p(z) z € R"

for any Lipschitz map f. We have equality if f is bi-Lipschitz.

4.2. Similarities and intersections. From the way that these new measures
are constructed one might expect that similar methods to those used in studying the
dimensions of sections of measures can be used here. In [15], the quantity J;'"(a, b)
was analyzed by giving an upper bound for it. This bound together with the method
used in the proof of Theorem 2.6 will give us a nice lower bound for the average
dimension of the measures (4.5).

Lemma 4.4. Let p and v be probability Radon measures on R" such that
In_+(p) < 00 and I;(v) < oo for some 0 <t <n. Then for p x v x 6, x L! almost
all (a,b,g,7) € R® x R™ x O(n) x (0,00), the measure 1M (1,0 g0, 0 T_p)pV is
defined and 0 < (pN (74 0 go &, 0 7_p) V) (R™) < 0.

Moreover, for any non-negative lower semi-continuous function ¢ on R", the
function

(r,g9) — /qﬁ d(uN (1409008, 0T_p)4V)

s a Borel function.
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Proof. See Lemma 3.4 in [15].
Definition 4.5. Let 0 < r; <7, < 00, h > 0 and a,b € R". We define

49 @y = [ [N ogod oryw)(Blah) diag dc's

provided that the right-hand side is defined.

Lemma 4.6. Let p and v be probability Radon measures on R"™ such that
I () < 00 and Ii(v) < 0o for some 0 <t <n. Let 0 <r; <713 < oo. Then for
all h >0 and p X v almost all (a,b) € R" x R"

4h 6h/r1
(410)  J(ab) <c / ro=n-Lu(B(a, r)) dr / F-a=1,(B(b,7)) dF,
0 0

where a is any number 0 < a < n and c is a constant depending only on n,r; and
Ta.

Proof. See 3.12 Corollary in [15).

For the rest of this section, s, t and g will be real numbers such that
(4.11) 0<s<mn, 0<t<mn, 0<g=s+t—n.

Theorem 4.7. Let p and v be probability Radon measures on R™ with compact
support such that I,(u) < oo and I(v) < co. Then

dimy(p N (74 0 g0 6, 0 7_p)pv)(a) > dimg p(a) + dimpg v(b) — n

for p X v x 0, x L' almost all (a,b,g,7) € R* x R* x O(n) x (0, 00).

Proof. Note first that by Theorem 6.6 in [21], under our assumptions we have
that Sg,#(p X v) <« L™ for 6, x L almost all (g,7) € O(n) x (0, 00).
We want to prove that

dy(nN (ra0g 06, 07_p)4v)(a) =0
for p x v x 6, x L almost all (a,b,g,7) € R* x R" x O(n) x (0,00) and XA <

dimy p(a) + dimg v(b) —n. Let 0 < r; < r; < 0o, dimgv(b) > f > kK > t and
A < dimy p(a) + & — n. Since I,(1) < oo and I;(v) < oo, we have dimy p > s and
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dimg v > t, whence dimy p(a) > n—t > n — « for p almost all @ € R™. Note that
n (4.11) we have assumed s > n —t.

Using Fatou’s lemma, Fubini’s theorem, Lemma 4.6 and Remark 2.2, we have
that for 4 x v almost all (a,b) € R* x R"

T2
I= / /dﬁ(u N (Ta0 g 00, 07_p)pv)(a) dbng dL'r
T1
-0
a1 48 ) 6p/T1
< s 7ol
h{srl»lonfﬂogdl / / ,«n+1 - / B(b,7)) drdp
4P p/r1
-2-1 ~ﬂ—n—1
< llgrL%nf | log(5| / / Tn+1—n / dr dp
o [ HBar)
chmmf Tlogd] log5| / / s =
A o
< olimi A
< Ch{srl»lglfllogﬂ / / n+l—n d dp,

where the constant & depends on b € R" and ¢ = ¢(n, 7,79, K, 5, k). Nole thal in
the last inequality we have used that §— k> 0 and p < 1.
Applying Fubini’s theorem, in the same way as in the slicing case, we obtain

48
p1
I<c hfirl»lonf|log6| [/ / r"+1"° dp dr

of] [t o)

1 1 2
< lipipf o / -t / / (1N (a 09 0 8 0 7_1) ) (B(a, p)) dBng dr dp
T1

46 1
o w(B(a,7)) 1(B(a,r))
<c llm mf | log (5' [5 ‘/0 7—4-—1-——K. dr + o rnt1-k+X dr
4
n(B(a, 1))
"‘/1 s sl

1 “ u(B(a,r)) ' p(B(a,1))
< - ) = LA A AT,
c hfsnylglfllogﬂ [5 /0 pntl-x dr +/4¢s FrFl—KFA dr |.

Note that in the last inequality we have used that the third integral is bounded and
therefore the limit is zero.
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Applying Lemma 2.7 with d =n—xand a+d = A+ n—k, we get for p
almost all a € R™

e 1|y [ u(B(a,r)) ' u(B(a, 1))

which gives the desired result.

Remark 4.8. For s > 0, consider the function

os(p, z) = / |z —y|™* du(y),

which is called the s-potential of the measure p at the point z. In [25] it is observed
that the local Hausdorff dimension of 1 at z is equal to the supremum of values s
for which the s-potential of yu at z is finite. In other words,

(4.13) dimpy p(z) := sup{s : ps(u,z) < 00} = inf{s : p,(p, ) = co}.

A review of the proof of Lemma 4.6 (Corollary 3.12 in [15]) reveals that it is
still true if we assume that the (n — t)-potential of x at a and the i-potential of
v at b are finite, provided that the measure p N (7, 0 g 0 4, 0 7_p) v is defined and
0 < (pN (7509068 07)pv)(R™) < oco. Hence, the above theorem will remain
true if we assume dimg p(a) > s, dimg v(b) > t and the existence of the measure
pN (7,09 06 o7_p)xv instead of I,(p) < 0o and I;(v) < oo.

The proof of the following theorem is based on the proof of Lemma 5.1 in [17].

Theorem 4.9. Let p and v be probability Radon measures on R™ with compact
support such that I,(1) < oo and I;(v) < 0o. Then

dima(pN (1,0 g 0 6,)4v)(z) > dimy p(z) + dimg v((1, 0 g 0 6,) " (z)) — n
for L x 0, x L! almost all (2,9,7) € R® x O(n) X (0,00) and pN (1,0 g0 b,)pv
almost all z € R™.
Proof. Let A(z,y) = dimg p(z) + dimy v(y) — n and define for g € O(n), 7 €
(0,0)
Agr ={(z,y) e R* x R™ : dima(pN (s 0908, 07T_y)v)(z) < A(z,¥)}
Byr={(zmy) € R" x R" : dima(pN (T,y 0 g 06,)pv)(z) <
dima p(z) + dimgz (97 (y)/7)}-



42 Marta Llorente

Note that for z € R"

arg  (reeonosod)E s ve cal)

(r(z—9)) +x = (150906, 07_y)(2).

We know by Theorem 4.7 that for 6, x £! almost all (g,r) € O(n) x (0, 00), we
have that u x v(Ay,) = 0. Thus, using (4.14), we get

(k% (906:)#)(Bgyr) =pxv{(z,y) ER* xR" : (z,9(6:(y))) € By}
=pxv {(z,y) € R : dima(p N (Te—g6,.@)) © 90 0r)xv)(z) < A(z,9)}
= WX V(Ayy) = 0

for 6, x L' almost all (g,7) € O(n) x (0,00). By Theorem 6.6 in [21], we have that

Sgra(p X v) < L for 6, x L' almost all (g9,7) € O(n) x (0,00). Thus, taking in
(4.8) ¢ = xg,,,, we have that for 6, x L almost all (g,7) € O(n) x (0,00)

(4.15) (1 % (906,) V)W, (z,~2)/2(Bgyr) = 0

for L™ almost all z € R".
Let g € O(n), 7 € (0,00) such that (4.15) holds. From (2.1) it follows that for
L" almost all z € R™

0 =(p % (g08)uv)w,z—2)2 ({(z,x —z) € R* x R"
dim4(pN (7, 0 g0 d,)xv)(r) < dimy p(z) +

dimg v((97'(z — 2))/7) — n})
Thus,

ol (90640 )wonya] ({2 € R+ dima(u (0 g0 8)0)(a)
< dimy p(z) + dimp v((r; 0 g 0 6,) 7} (z)) — n}) =0.

Then,
dima(p N (7, 0 g 0 6;)v)(z) > dima p(z) + dimg v((r, 0 g0 6,) 7 (z)) — n

for L™ almost all z€ R" and pN(7,0g006,)xv almost all z € R™.
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Next we will give an upper bound for the average dimension of the measures
(4.5). Since the measures (4.5) are defined as slices of the projection of the product
of measures, we will need the results on the behaviour of the average dimension of
the product of two measures.

Theorem 4.10. Let p and v be probability Radon measures on R™ with compact
support such that I,(n) < oo and I(v) < oco. Then,

dima(p N (150 g0 8, 0 7—y)pv)(z) < dimy p(z) + dimp v(y) — n
for ux v x 0, x L almost all (z,y,9,7) € R* x R" x O(n) x (0,00).
Proof. By Remark 4.1 we have that Sy 4 (p X v) < L£™. Then, for 8, x £ almost
all (g,7) € O(n) x R,

(4.16) Pyog(px (906 )pv) < H"|we.

A review of Theorem 2.8 reveals that the upper bound for slicing measures holds
for any V' such that Pyigp < ™|y, and thus we can apply it in our particular
case. Therefore, if g € O(n) and r € (0, 00) satisfy (4.16),

0=px(gob)pv ({(:c,y) eER" xR":
(4.17)
dimg(p X (g 0 6) V) w ey (z,y) > dima(u X (g 0 & )pv)(z,y) — n})

Hence, by Remark 4.3, (4.17) and noticing that
Wia-yy-o)/2 = Wiay),

we get that for 6, x £! almost all (g,7) € O(n) x R* and p x (g 0 6,)4v almost all
(z,y) € R* x R,

dima(p N (To—y 0 g0 6,)4v)(z) = dimg 7y (1 X (g 0 &r) V) Wi(z—yy—2)/2) (7)
< dima(p X (90 6:)#Y)W,(z0)(2:Y)
< dimga(p x (90 6;)4v)(z,y) — n.
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Consequently, using (4.14), it holds that for 6, x £! almost all (g,7) € O(n) x R*

0=px(g0b,)uv ({(m,y) € R" x R™ : dimy (i N (Ta_y 0 g 0 6,)42)(z) >
dim (s x (9.0 6,)42)(z,) — n})
=pxv ({(m, y) €ER™ x R™ : dima (N (Te—g(s, ) © 9 © 67) ) (2) >
dima(p x (90 6,)4)(z,9(6:(v))) ~ 1} )
=puXv ({(’I‘, y) €ER™ x R™ : dima(p N (1 0 g0 &, 0 7—y) 1) (z) >
dima( x (9.0 6,)4)(®, 9(6:(v))) = n}).
Applying Theorem 3.2 to the above result, one gets that
dim(p N (13 0 g 0 6, 0 7—y)pv)(z) < dimy p(z) + dimp v(y) — n

for p X v x 0, x L' almost all (z,y,9,7) € R" x R® x O(n) x (0,00). Note that
in the the last equality we have used that for all y € R", dimp v(y) = dimp ((g o
6r)xv) (2,9(6:(y))). This follows directly from the definition of the local packing
dimension. O

The same method used in the proof of Theorem 4.9 can be used to prove the
following Corollary:

Corollary 4.11. Under the assumptions of Theorem 4.10, we have that
dima(p N (1, 0 g 0 6,)4v)(z) < dimg p(z) + dimp v((7, 0 g 0 6,) 7 (z)) — n

for L™ x 0, x L1 almost all (z,9,7) € R" x O(n) x (0,00) and pN (7,0 go b )pv
almost all z € R™.

4.3. Isometries and intersections. In this section we give some results equiv-
alent to those in Section 4.2 for the average dimensinn of intersection measures but
considering isometries instead of similarities. Since all the theorems and proofs in
this case are analogous to the previous ones, we are going to skip most of the proofs
giving just an idea of the changes needed to obtain the new results. Here we have
to add the condition that the ¢-energy of v is finite for all %(n +1) <t < n. In this
section we will keep the notation of the previous one.

Let 1 and v be probability Radon measures in R® with compact support and
f :R® = R" be an isometry. Then f has a unique representation in the form

f=70g with z € R", g € O(n).
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Applying Section 4.1 to the measures p, and gz, we get the measure uN(7,09)xv,
that is

(4.18) B0 (7: 0 )y = my[(1 X g2 wy(z,-2)/2]-
Adding the assumption (n + 1)/2 < t, we have an analogy to Lemma 4.6 (see
Lemma 3.5 in [16]) that allows us to prove the following Lemma.

Lemma 4.12. Let i and v be probability Radon measures in R™ with compact
support such that

I(p) <0 and I(v) < oo,

where (n+1)/2<t,0<s<t andt+ s> n. Then
dimy4 (N (74 0 g 0 7—p)4¥)(a) > dimy p(a) + dimg v(b) — n

uXvx6, almost all (a,b,g) € R* x R" x O(n).

We skip the proof since it is just a slight modification of the proof of Theorem
4.7.

Now we may use the same kind of arguments as in the proof of Theorem 4.9
and get the following theorem:

Theorem 4.13. Let u and v be probability Radon measures in R™ with compact
support such that

I;(p) < 0 and L(v) < oo.

Provided that (n+1)/2<t,0< s <t andt+ s > n, then
dim4 (N (7, 0 g)pv)(z) > dimg p(z) + dimg v ((1, 0 g) " (z)) — n

for L™ x 6, almost all (2,9) € R" x O(n) and uN (1,0 g)gv almost all z € R™.
Proof. Let A(z,y) = dimy p(z) + dimy v(y) — n and define

Ay ={(z,y) e R" x R" : dima(p N (1z 0 go 7y) a¥(z) < A(z,¥)}
= {(5,5) € R" x R : dima( 1 (7a_y 0 9)4¥(3) < Az, )},
B, = {(z,y) € R* x R™ : dim4 (s N (To—y 0 9) 42 (z) < A(z,97 (%))}

By repeating the arguments of the proof of Theorem 4.9 we get the desired result. [
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An inspection of the proof of Theorem 4.10, reveals that, adding the assumption
t > %1, it remains true when r = 1. Note that in both the above theorem and
the following corollary, the condition ¢ > %‘ will be needed in order to have that
Sg #(p x v) « L" for 6, almost all g € O(n). Here Sy(z,y) = = — gy, for
(z,y) € R™ x R™. Also, in the samc way as in the previans section, we will have an
analogy of Corollary 4.11, which can be proved with the same arguments we used
in the proof of Theorem 4.13. Therefore, we have the following Corollary:

Corollary 4.14. Let u and v be probability Radon measures in R™ with compact
support such that
I(p) <co and L(v) < oo,

where t > "?_,'—1, 0<s<tandt+s>n. Then,
dim4(pN (15 0 g o T—y) ) (z) < dimy p(z) + dimp v(y) — n

for px v x 6, almost all (z,y,9) € R* x R" x O(n).
Moreover,

dimg (p N (7, 0 g)pv)(z) < dimy p(z) + dimp v ((r, 0 g)7'(z)) — n

for L™ x 6, almost all (z,9) € R™ x O(n) and p N (7, 0 g)xv almost all z € R".
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