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ABSTRACT. We consider the inverse problem of determining a potential in a
semilinear elliptic equation from the knowledge of the Dirichlet-to-Neumann
map. For bounded Euclidean domains we prove that the potential is uniquely
determined by the Dirichlet-to-Neumann map measured at a single boundary
point, or integrated against a fixed measure. This result is valid even when
the Dirichlet data is only given on a small subset of the boundary. We also
give related uniqueness results on Riemannian manifolds.

1. INTRODUCTION

In this article we study inverse problems for semilinear elliptic equations, with
measurements given by the nonlinear Dirichlet-to-Neumann map (DN map) mea-
sured at a single point or integrated against a fixed measure. The method is based
on higher order linearizations of the DN map. This method was introduced in
inverse problems for hyperbolic PDE in [ | where a source-to-solution map
was used. It was observed in | ] that in the hyperbolic case it may be
sufficient to measure a DN map integrated against a suitable fixed function. The
work [ ] proved a result showing that measurements of the source-to-solution
map at a single point suffice (see | ] for another single point measurement
result).

The higher order linearization method in inverse problems for nonlinear elliptic
PDE was introduced independently in | ] and | ]. We note that the first
linearization has been used extensively since the work | ], see e.g. [[594, 1,
and the second linearization had also been used in | , , , ,

]. The works | ) , ] studied related inverse problems for
semilinear elliptic equations with partial data, with | ] addressing fractional
power nonlinearities. In [ , , , , ] the authors study
nonlinear conductivity or magnetic Schrédinger type equations. All these results
use the nonlinear DN map with data given on open subsets of the boundary.

In this note we observe that in some of the elliptic results above it is enough to
measure the DN map at a single point, or integrated against a fixed measure. Let
Q C R, n > 2, be a bounded domain with C* boundary, and let m > 2 be an
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integer. Consider the semilinear elliptic equation

{ Au+qg(z)u™ =0 in Q,

(L.1) uw=f on 0f,

where ¢ € C*(Q) is a potential, and C® with 0 < a < 1 denotes the space of
a-Holder continuous functions. Let f € Us, where

Us == {f € C**(09) + | fllcoeon) < 3}

If § > 0 is small enough there is a unique small solution u = uy € C?%(Q) of
(1.1), see e.g. | , Proposition 2.1]. One can then define the corresponding
nonlinear DN map A, by

Aq : U(; — 01’0‘(89), f = 6VUf|aQ,

where 0, denotes the normal derivative on 9Q. In | ) ] it was proved
that the full DN map A, uniquely determines ¢. This was extended in [ ,
] to the case where one knows A,(f)|r, for f supported in I'y where
'y, Ty C 0N are open sets.
We show that it is enough to measure faﬂ Ay(f) du for a fixed measure p on Of.
When p = d5, this corresponds to measurements at a fixed point.

Theorem 1.1. Let @ C R™, n > 2, be a connected bounded open set with C'*
boundary, let m > 2 be an integer, and let T C O be a nonempty open set.

Suppose that pn # 0 is a fired measure on Q. If g1,q2 € C*(R2) for some 0 < a < 1
satisfy

(1.2) /6 A= /8 A

for all f € Us with supp(f) C T where 6 > 0 is sufficiently small, then
@ = q2 in €
In particular, choosing p = 65, for some fized xo € OS2, we see that the condition

Ag, (f)(0) = Ay (f)(0)  for all f € Us with supp(f) C T
implies that ¢ = qo.

We can give a similar result for semilinear elliptic PDE on manifolds. Let (M, g)
be a compact Riemannian manifold with smooth boundary, let ¢ € C*°(M), and
let m > 2. We consider the Dirichlet problem

{ Agu+g(x)u™ =0 in M,

(1) u=f ondM.

Again, if Us := {f € C**(0M) : [fllcz.aoary < 0}, then for any f € Us with §

small enough the Dirichlet problem has a unique small solution u € C%%(M) (see

e.g. | , Proposition 2.1]). We may define the DN map
Aq:[]5—)01’04(8]\4>7 fl—> aZ,Uf|aM,

where 0, denotes the normal derivative with respect to the metric g on OM. We
have the following result where f can be supported on all of M, but we only
measure the DN map at a single point or integrated against a fixed measure.
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Theorem 1.2. Let (M, g) be a compact Riemannian n-manifold with smooth bound-
ary, let m > 2 be an integer, and let i % 0 be a fized measure on OM. Assume that
one of the following conditions is satisfied:

(1) (M, g) is transversally anisotropic as in [ , Definition 1.1], and m >
4; or

(2) (M,g) is a complex manifold satisfying the conditions in | , Theorem
1.4].

If q1,q2 € C°(M) are such that g1 = g2 to infinite order on OM and

(1.4) /a (= /3 (D)

for all f € Us where § > 0 is sufficiently small, then g1 = qo in M.

The proofs of Theorems 1.1-1.2 are based on the higher order linearization
method in | , ]. From | , Proposition 2.2] one obtains the
identity

(15) /a (D™ Ao = (D" A )o) o ) i dS
= —(m!) /M((h — @)1+ U1 AV

where (D™A4)o denotes the mth Fréchet derivative on A, at 0 considered as an
m-linear form, f; are Dirichlet data, and v; are solutions of the linearized equation
Agv; = 0 in M with vjlaps = f;. The single point measurement case formally
corresponds to choosing fi,41 = 6y, with g € M. The corresponding solution
Uma1 is in LY(Q) but it is not bounded, and this will require some additional
arguments.

If one has equality of the DN maps for ¢; and ¢ as in Theorems 1.1-1.2, the
identity (1.5) implies that

fuivedV =0
M

where f 1= (¢1 — ¢2)v3 - - UmUmy1 and v; are as above. We choose vs, ..., vy, to be
smooth nonvanishing solutions, and v,,+1 will be the (nonvanishing) L!(£2) solution
whose Dirichlet data is a measure. It is then enough to show that f = 0, which will
imply q; = g2. For the partial data result in Theorem 1.1, we need the following
extension given in | , Section 4] of the fundamental result of | ] on
the linearized local Calderén problem that was originally proved for f € L*°(Q).

Theorem 1.3. Let @ C R™, n > 2, be a connected bounded open set with C'°°
boundary, and let T C OQ be a nonempty open set. Suppose that f € L*(Q) is such

that
/ fvivadr =0
Q

for all v; € C*>(Q) solving Av; =0 in Q with supp(vj|loq) C T'. Then f =0 in Q.

For Theorem 1.2 we will invoke the results in [ , ] instead.
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2. PROOF OF THEOREM 1.1

For the proof of Theorem 1.1, we give a lemma related to solving the Dirichlet
problem when the boundary value is a finite Borel measure p on 92. We use the
norm given by the total variation,

/ w@*
[219)

||I~L||M(m) = [pl(0Q) =  sup
H‘P”c(ag)zl
We say that ¥ € L(€) solves the Dirichlet problem
AU =0 inQ,
{ ¥ =y on 09,

(2.1)

if for any w € C?(Q) with w|sn = 0 one has

(2.2) Oywdp = / (Aw)W dz.
0 Q
In fact, there is a solution in L™(Q) for 1 <r < 1.

Lemma 2.1. Let Q@ C R", n > 2, be a bounded open set with C*° boundary, and
let 1 be a finite complex Borel measure on 02. Consider the function

U(x) = mpwwmmm, z €,
where P(x,y) is the Poisson kernel for A in Q. Then U € L"(Q) where 1 < r <
=, and it solves the Dirichlet problem (2.1).
Proof. By applying a partition of unity, boundary flattening transformations and
convolution approximation, we can produce a sequence ¥; € C*(0€) such that
ly; dS — ,uHM(aQ) — 0. Let ¥; € C°(Q) solve AV; =0 in Q with ¥;|gn = ¢;. If

w is as in the statement of the lemma, integration by parts gives

/6 (@5 - /Q (Aw)¥, da.

It is thus sufficient to show that ¥ € L"(2) and ¥; — ¥ in L"(Q2) for 1 < r <

. We apply the Poisson kernel estimate (see e.g. | D
C dist(x, 9Q C
P(z,y) < =8 (x7n ) < . 2eQ, yean,
|z =y |z =y

for some C > 0. If Q5 = {z € Q : dist(x,0Q) > J§}, the Minkowski inequality in
integral form gives

19 @)y < /a PG 9l )

C 1/r
< | sup </ - dx> M '
yeoa \Jq, |z —y|(»=Dr 20l pcos)
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The quantity in brackets is finite uniformly over 6 > 0 when r < 5.

may let § — 0 to obtain that ¥ € L"(2). Applying the same argument to

() — W) = /8 Pla)0,() dS(o) = di(v)

shows that ¥; — ¥ in L"(). O

Thus we

Proof of Theorem 1.1. Let first ¢ € C%(Q) be fixed. Consider Dirichlet data of
the form f. = e1h1 + ... + epnhy, where h; € C™(09) satisfy supp(h;) C T', and
e = (e1,...,&m) where ¢; are sufficiently small. Let u. be the solution of (1.1)
with Dirichlet data f.. By [ , Proposition 2.1] the map & — wu. is smooth.
By uniqueness of small solutions one has ug = 0, and by differentiating (1.1) with
respect to €; one has 0, Ue|e=0 = v; where v; is the solution of

{ Av; =0 inQ,

2.3
( ) Uj = hj on 0f).

Moreover, applying O, ...0.,, to (1.1) and evaluating at ¢ = 0 implies that w :=

Oz, .. Oe,, Uc|e=o solves the equation
Aw = —(mhgvy---v,, in Q,
(2.4) (m!)qur
w =0 on Of).

By elliptic regularity, v; € C*°(Q) and w € C%(Q). The DN map satisfies
(25) 881 o asm (Aq(fs))|s:0 = 851 cee 8sm (ayus)|s:O = avw|89~

Now assume that g1, g2 € C%(2) are such that (1.2) holds. Let w; be the solution
of (2.4) for ¢ = g;. By (1.2) and (2.5), one has

Oy (w1 —wy) dp = 0.
o0
Let U € L"(Q) with r < -2 be the solution of AV = 0 in  with ¥|sq = p in the
sense of Lemma 2.1. It follows from (2.2) that

0= / A(wy —we) ¥ dz = —(m!) / (g1 — @2)v1 ... v U da.
) Q

Now choose hs, ..., hy, € C*(0R) so that supp(h;) C T, h; > 0, and h; > 0
somewhere. By the strong maximum principle v; > 0 in Q for 3 < j < m. We
obtain that

(26) / [(ql - QQ)U?, tee Umle]U1U2 dl‘ - O
Q

for any hi,he € C>°(09) with supp(h;) C I'. Note that the function in brackets

is in L"(Q2) for r < -25. Now we invoke Theorem 1.3, which implies that (g, —
q2)vs - v, U =10 1in Q. Since vs, ..., v, are positive we must have (g1 — ¢2)¥ =0
in Q. Finally, since u # 0, the solution ¥ cannot vanish in any open subset of {2 by
unique continuation (otherwise one would have ¥ = 0 a.e. in Q by standard unique
continuation for solutions of A¥ = 0 in 2, and (2.2) would imply that u = 0 by
varying w). Thus V¥ is nonzero in a dense set of points in €. Since ¢; are continuous,

this shows that ¢; = ¢o. [
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3. PROOF OF THEOREM 1.2

We now describe how to prove Theorem 1.2. The proof is very similar to that
of Theorem 1.1 and we indicate the required modifications. First we note that
Lemma 2.1 extends to the case where €) is replaced by a compact Riemannian
manifold (M, g) with smooth boundary and A is replaced by A,. This relies on
estimates for the Poisson kernel P(z,y) on compact manifolds with boundary:

C

k k

(3.1) |VLP(z,y)| < 4w,y T reM, ye oM.

In fact the case k = 0 follows e.g. from | , Lemma 2.2]. The general case

follows by writing ¢ = d4(x,y) and by inserting u(-) = P(-,y) into the elliptic
estimate
||vku||L°°(BE/4(a;)ﬂM) < Cre® ||u||L°°(BE/2(aj)ﬂM) .
The last estimate is valid by standard elliptic regularity after rescaling into a ball
of radius one.
Assuming the conditions in Theorem 1.2, the same argument that leads to (2.6)
yields the identity

(3.2) / (1 —q2)v1 - v, ¥ dV, =0
M

where v; € C®°(M) are arbitrary solutions of the equation Agv; = 0 in M, and
Ve L"(M) for 1 <7 < %5 is the solution of
AW =0 in M,
¥ =u ondM.
Note that by elliptic regularity, ¥ is smooth in M™ and it is also smooth up

to the boundary near points z € M so that p = 0 near z. To study the situation
near supp(p), we observe using (3.1) that for any x € M™"* one has

1
/8  Pla)du(y)| < C /0 ),

Write f := (¢1 — g2) V. Using the assumption that ¢; = ¢2 to infinite order on IM,
for any N > 0 there is Cy > 0 such that

[W(2)| <

1
——d
o Aoy |1l ()

< Cndy(x, dM)N =D 4| (OM).

Choosing N > n gives that f is bounded in M and vanishes on M. Applying
similar estimates to derivatives of f in M proves that f is actually C™ up to the
boundary in M and it vanishes to infinite order on 0M.

We rewrite (3.2) in the form

/ for.. v dVy=0
M

where f = (¢1 —g2)¥ and v; € C°°(M) are any solutions of Agv; = 0in M. It now
follows from | , Proposition 5.1, if (M, g) is transversally anisotropic and
m > 4, or from | , Theorem 1.4], if (M, g) is a complex manifold satisfying
the assumptions of that theorem, that f = 0. Since u # 0 and M is connected, ¥
cannot vanish in any open set in M™ by the unique continuation principle. Indeed,

|f(2)] < Cndg(a, 0M)™
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if ¥ would vanish in an open set, then ¥ = 0 in M™ by unique continuation for
solutions of A, ¥ =0 in M (see e.g. [ , Theorem 3.8]), and the analogue of
(2.2) for Ay in M would imply that ¢ = 0 by varying w. Thus we must also have
q1 — g2 = 0 in M, which concludes the proof of Theorem 1.2.

Remark 3.1. Under assumption (1) in Theorem 1.2, the condition that ¢ = ¢
to infinite order on OM can be weakened. In fact it would be enough to suppose
that g1 = g2 to suitable finite order near supp(u) on M, since in that case the
argument above shows that (q; —q2)V is in C*(M) and hence | , Proposition
5.1] applies. In a similar vein, under assumption (1) and in the special case = 0y,
it would be enough to assume that V¥q(z9) = V*ga(1) for finitely many k.
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