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The DMT of Real and Quaternionic Lattice
Codes and DMT Classification of Division
Algebra Codes

Roope Vehkalahti and Laura Luzzi, Member, IEEE

Abstract—In this paper we consider the diversity-
multiplexing gain tradeoff (DMT) of so-called minimum
delay asymmetric space-time codes for the n x m MIMO
channel. Such codes correspond to lattices in 1/, (C) with
dimension smaller than 2n2. Currently, very little is known
about their DMT, except in the case m = 1, corresponding
to the multiple input single output (MISO) channel.

Further, apart from the MISO case, no DMT optimal
asymmetric codes are known.

We first discuss previous criteria used to analyze the
DMT of space-time codes and comment on why these
methods fail when applied to asymmetric codes. We then
consider two special classes of asymmetric codes where
the code-words are restricted to either real or quaternion
matrices. We prove two separate diversity-multiplexing
gain trade-off (DMT) upper bounds for such codes and
provide a criterion for a lattice code to achieve these
upper bounds. We also show that lattice codes based on Q-

central division algebras satisfy this optimality criterion.
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As a corollary this result provides a DMT classification
for all Q-central division algebra codes that are based on
standard embeddings. While the Q-central division algebra
based codes achieve the largest possible DMT of a code
restricted to either real or quaternion space, they still fall

short of the optimal DMT apart from the MISO case.

Index Terms—division algebra, block

codes (STBCs), multiple-input multiple-output (MIMO),

space-time

diversity-multiplexing gain trade-off (DMT), algebra,

number theory.

I. INTRODUCTION

The DMT [2] is a powerful tool for analyzing the
performance of a space-time block code in one shot
MIMO communication. Analyzing the DMT curve of
a given code gives us a good grasp of the expected per-
formance of the code over the Rayleigh fading channel.
It is therefore of great interest to develop methods to
measure the DMT of a given code.

The previous research reveals that this task is non-
trivial. When the diversity-multiplexing gain trade-off
was introduced in 2003 in by Zheng and Tse [2], the
only explicit example of a code achieving the optimal
DMT was the Alamouti code [3]] when it was received
with a single antenna. Later in [4] Elia et al. proved
that in a MIMO system with n transmit and m receive

antennas and minimal delay 7' = n, the non-vanishing
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determinant property (NVD) is a sufficient condition for
a 2n2-dimensional lattice code in M, (C) to achieve the
optimal diversity-multiplexing gain trade-off. They also
pointed out that division algebra based codes, such as the
perfect codes [5], are DMT optimal, and gave a general
construction for DMT-achieving 2n2-dimensional lattice
codes in M, (C). This criterion was generalized by
Tavildar and Viswanath [6] who showed that if the
product of the smallest m singular values of any non-
zero matrix in a 2nm-dimensional lattice L C M, (C)
stays above some fixed constant, then L achieves the
optimal DMT curve in the n x m MIMO channel. In
the case where n = m, this criterion coincides with the
NVD condition.

The work in [4] revealed that there exist 2n2-
dimensional codes in M, (C) achieving the optimal
DMT curve, when received with an arbitrary number
of receiving antennas m. Maximum likelihood (ML)
decoding of these codes can be performed using the
sphere decoding algorithm [[7], although its complexity
is in general exponential in the lattice dimension [8, [9].
On the other hand, it has been shown that the decoding
complexity can be considerably reduced using lattice
reduction (LR) aided regularized lattice decoding, which
preserves DMT-optimality [10]. Moreover, in [11] the
authors prove that with LR-aided regularized sphere
decoding it is possible to get a vanishing gap to ML
performance with subexponential complexity.

However, when receiving a full 2n2-dimensional
space-time lattice code with minimum delay (7" = n)
with m < n antennas, the dimension of the receiver
space is only 2mT = 2mn and so the image of the
infinite lattice is no longer a lattice, but a dense set
of points. Thus the standard sphere decoding algorithm
cannot be employed, although special techniques such
as generalized sphere decoding have been proposed

[12) [13]. Therefore, it is in many cases desirable to
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use lattice space-time codes that are at maximum 2nm-
dimensionaﬂ On the other hand, a less than 2nm-
dimensional lattice would be a waste of receiving signal
space and energy and is believed to lead to a suboptimal
DMT curve. Therefore a 2nm-dimensional lattice code
is the “best fit” for the n x m MIMO channel. We
refer to such a code as a well fitting asymmetric space-
time code. In this case currently the only available
general criterion for DMT-optimality is the approximate
universality criterion given in [6].

However, when n > m no asymmetric codes satis-
fying the approximate universality condition in [6] are
known except in the case m = 1. It is also known that
there are space-time codes that are DMT optimal despite
not satisfying the approximate universality criterion [14].
This motivates the search for a more general and easily
applicable DMT criterion.

In [15] the authors claimed, when translated into lat-
tice theoretic language, that any 2nm-dimensional lattice
code L C M, (C) with NVD would achieve the optimal
DMT curve with m receive antennas when n > m. This
would imply that large families of asymmetric space-
time codes are DMT optimal.

In this paper we study the DMT of asymmetric space-
time codes. We begin by reviewing some of the previous
DMT criteria and discuss why they seem to fall short
when applied to asymmetric codes. We then construct a
code that satisfies the DMT optimality criterion in [15],
but is not DMT optimal. This suggests that, unfortu-
nately, Theorem 2 in [15] is incorrect. Indeed, there are
no known DMT optimal asymmetric codes except in the
case of MISO channels.

Next, we consider the special class of asymmetric

codes based on division algebras whose center is Q.
'For example [11] assumes that the lattice code is well-fitting [11}

equation (6)], and in particular it should be 2nm-dimensional when

n>m.
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This choice seems natural since on one hand, this class
includes the Alamouti code [3]], which is one of the
few DMT-optimal asymmetric space-time codes, and on
the other hand, in [4] the optimal codes were based
on division algebras. However, the difference is that in
[4] the center of the algebras was complex quadratic,
which always leads to lattice codes with full rank 2n?
in M, (C).

All the Q-central division algebra codes have the NVD
property and several examples have appeared previously
in the literature [16| [17, 18] [19]. However, their DMT
was still unknown, apart from Alamouti type codes in
the 2 x 1 channel [2].

Unlike the case of complex quadratic center, we show
that Q-central division algebras are divided into two
categories with respect to their DMT performance. This
distinction is based on the ramification of the infinite
Hasse-invariant of the division algebra, which determines
whether the corresponding lattice code can be embedded
into real or quaternionic space.

Our DMT classification holds for any multiplexing
gain, extending previous partial results in [20} 21] which
were based on the theory of Lie algebras. We note
that the approach used in this paper is quite different
and more general. In the spirit of [4] we are not just
considering division algebra codes, but all space-time
codes where the codewords are restricted to the real and
quaternionic matrices M,,(R) or M,, /o(H) respectively.
We provide DMT upper bounds for both cases, and prove
that n2-dimensional NVD lattice codes inside M,,(R)
(resp. M, /5 (H)) achieve the respective upper bounds. As
the Q-central division algebra codes are of this type, we
get their DMT as a corollary. We note that while these
codes achieve the best possible DMT for their natural
ambient spaces, they don’t achieve the general optimal
DMT, the only exception being quaternionic codes in the

2 x 1 channel.
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Finally we consider the DMT in multi-block channels,
where we are allowed to encode and decode over a
number of independently faded blocks. Again we find
the best possible DMT of asymmetric multi-block codes
whose elements belong either to real or quaternionic
space and prove that certain division algebra based codes
achieve this upper bound. This analysis also provides the
DMT classification of all division algebras whose center

is totally real.

Organization of the paper

Section II reviews the definition of diversity-
multiplexing gain trade-off and basic properties of ma-
trix lattices. Section III summarizes previous criteria
for DMT-optimality and provides a counterexample to
show that the NVD property is not sufficient for DMT-
optimality in the asymmetric case. Section IV establishes
DMT upper bounds for real and quaternionic space-time
codes, and shows that codes with the NVD property
achieve these upper bounds. Section V shows how to ob-
tain real and quaternionic lattices with the NVD property
from the embeddings of Q-central division algebras, and
presents a conjecture about the DMT of space-time codes
arising from the regular representations of these algebras.
Finally, Section VI extends the results of Section IV to

the multi-block case.

II. NOTATION AND PRELIMINARIES
A. Single-block channel model and DMT

Throughout the paper we will consider a MIMO
system with n transmit and m receive antennas, and

minimal delay 7' = n. The received signal isE]
Yc - \/?HCX + ch (1)
n

2A more general multi-block MIMO channel model will be consid-
ered in Section @
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where X € M,,(C) is the transmitted codeword, H,. €
M, (C) and W, € M,,,(C) are the channel and
noise matrices with i.i.d. circularly symmetric complex
Gaussian entries h;;, w;; ~ Nc(0, 1), and p is the signal-
to-noise ratio (SNR). We suppose that perfect channel
state information is available at the receiver but not at
the transmitter.

Given a matrix X € M, ,(C), let [ X| =

tr(XTX) denote its Frobenius norm.

Definition 1: A space-time block code (STBC) C for
some designated SNR level p is a set of n X n complex
matrices satisfying the average power constraint

1
> IX|E <0’ )

=2
A coding scheme {C(p)} is a family of STBCs, one for

each SNR level. The rate for the code C(p) is R(p) =
7 log|C(p)].

We say that the coding scheme {C(p)} achieves the
diversity-multiplexing gain trade-off (DMT) of spatial
multiplexing gain r and diversity gain d(r) if the rate

satisfies
R
o B0
p=roc log(p)
and the average error probability is such that

=, 3)

Pe(p) = p 0,

where by the dotted equality we mean f(M) = g(M) if

loa(FOM) _ - Toslo(M)
oD = LW

Notations such as > and < are defined in a similar way.

With the above definitions, the main result in [2] is
the following.

Theorem 1 (Optimal DMT): Let n, m, T, {C(p)},
and d(r) be defined as before. Then any STBC coding
scheme {C(p)} has error probability lower bounded by

P.(p) = p~ "™ ®)

or equivalently, the diversity gain

d(r) < d*(r), (6)
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when the coding is limited within a block of 7' chan-
nel uses. The optimal diversity gain r — d*(r), also
termed the optimal DMT, is a piece-wise linear function
connecting the points (r,(n — r)(m — r)) for r =
0,1,..

.,min{n, m}.

B. Matrix Lattices and their coding schemes

In this section we describe how to obtain a coding
scheme that satisfies the rate condition (3) and average
energy condition (2) from a matrix lattice £ C M, (C).

Definition 2: A matrix lattice L C M, (C) has the
form

L=72B1®ZBy & ---® LDy,

where the matrices By, ..., By are linearly independent
over R, i.e., form a lattice basis, and k is called the rank
or the dimension of the lattice.

Definition 3: If the minimum determinant of the lattice
L C M, (C) is non-zero, i.e. it satisfies

inf
0£Xerl

|det(X)| > 0,
we say that the lattice satisfies the non-vanishing deter-
minant (NVD) property.

Definition 4 (Spherical shaping): Given a positive real
number M and a k-dimensional lattice £ C M, (C), we

define
LM)={XeLl : |X|p<M, X#0}

The following two results are well known [22].
Lemma 1: If £ is a k-dimensional lattice in M, (C)
and L£(M) is defined as above, then there exist real
constants K7, Ko > 0, that are independent of M, so
that
KiM" < |L(M)] < Ky M". (7

Lemma 2: Let L be a k-dimensional lattice in M,,(C).
Then

so2MEF2 < N |IX | < s MR,
XeL(M)
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where s1 and s, are constants independent of M.

We can now give a formal definition of a family of
space-time lattice codes of finite size.

Definition 5: Given the lattice £L C M,,(C), a space-
time lattice coding scheme associated with £ is a col-

lection of STBCs given by
Celp)=p FL(pF) (8)

for the desired multiplexing gain r and for each p level.
One can see that according to Lemma [I] the coding
scheme defined this way indeed has multiplexing gain
T.

From Lemma ] we have

2.

xec(pt)

2rn

E(p )R = prn,

_2rn

p k

2 .
X1 =p

On the other hand we also have that |L(p% )| = p™
from Lemma [I] Combining the above shows that the
code Cr(p) has the correct average power (2) from the
DMT perspective, i.e., in terms of the dotted equality.
Remark 1: We discussed the question of transforming
a lattice code into a coding scheme in detail since in
Section [[IT-A] we will prove that a certain lattice code is
not DMT optimal. It is therefore crucial that our coding
schemes are using the lattices in an asymptotically

optimal way.

III. PREVIOUS CRITERIA FOR DMT OPTIMALITY

AND FAILING OF THE NVD CONDITION

Several methods have been proposed to analyze the
DMT of a space-time code, but most of them are not
tight enough to prove DMT-optimality except for special
cases. For example, in [2] the authors analysed the DMT
of different versions of BLAST [23]]. They also showed
the DMT optimality of the Alamouti code over the
2 x 1 channel by transforming the MISO channel into

two parallel channels. A similar approach was used to
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prove that different diagonal space-time codes are DMT-
optimal [6]. However, this criterion can be only applied
to special classes of codes.

Using the union bound for the error probability to
evaluate the DMT [6] is a universal approach that can be
used to analyze any kind of space-time codes. However,
it consistently gets too loose when the multiplexing gain
is high [24} 21]].

So far the most effective criterion to prove DMT
optimality is the NVD criterion [24} 4]]. This criterion
was generalized by Tavildar and Viswanath in [6]. We
begin by shortly reviewing their approximate universality
(AU) criterion and draw some implications of their work
for the lattice based coding schemes introduced in the
previous section. We do not define AU, but do note that it
is a considerably stronger condition that implies DMT.
In particular a space-time code can be DMT optimal
despite not being approximately universal.

Theorem 2: A sequence of codes C(p) of rate R(p) is
approximately universal over the nxm MIMO channel if
and only if, for every pair of distinct codewords X, X €
C(p),

1
2 2
AL Ay 2 9R(p)+o(log p)’

€))

where A1, ..., As are the smallest s singular values of the

codeword difference matrix X — X and s = min(m, n).
Here the notation o(log p) refers to a function that is

asymptotically dominated by elog p for any € > 0.

In the case m > n, this condition is simply the NVD

condition of Definition [3

Definition 6: We refer to the i-th smallest singular

value of the matrix X with A;(X) and for s < n, we set

As(X) = f[A?(X)
=1

We can now extend this definition to lattices.

Definition 7: Given a lattice L C M,,(C), we define

Ay(L) = inf{A,(X) | X € £\ {0}}.
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The result by Tavildar and Viswanath now implies the
following.
Corollary 1: Suppose that n > m, L is a 2mn-

dimensional lattice in M,,(C) and that
A (L) #0.

Then Cr(p) is approximately universal (and therefore
DMT optimal), when received with m antennas.

Proof: Assume without loss of generality that we
have scaled our lattice so that A,,(£) = 1. The
finite codes we consider are of the type Cr(p) =
p~ 7w L(p7w). Given two codewords p~ 2w X and
p~ 7w X in p~ 7w L(pzw ), we have

Ap (p727 (X = X)) =p"Am(X - X) 2 p7".

The last inequality here follows as X — X € £ and we
assumed that A,,,(£) = 1. On the other hand according
to equation (7) we have K;p™ < |Cr(p)| < Kap™ for

fixed constants K7, Ko > 0 and

1 1 "

2R(Cc(p)) = 9ilog(Kip™) — 9ilogKi'

Thus condition (@) is satisfied, and we conclude that
approximate universality holds as a consequence of
Theorem 21 O

Remark 2: The reader should note that the approx-
imate universality criterion in Theorem [2] is actually
more general than Corollary |1| and does allow A, (L)
to vanish as long as A, (L) > s5mas-

Example 1: The Alamouti code together with QAM
modulation can be seen as a 4-dimensional lattice code
Laam C M2 (C). For this code A;(L) > 0. Therefore
the coding scheme Cy,, (p) is approximately universal
when received with a single antenna.

Example 2: The division algebra based codes such
as the Perfect codes [J] are 2n2-dimensional lattices in
M,,(C) and have the NVD property and are therefore
DMT optimal.
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However, the conditions of Corollary E] seem difficult
to satisfy in other cases. As a matter of fact we conjecture
the following:

Conjecture 1: The conditions of Corollary |I| can be
satisfied only when either m = n or when n = 2 and

m=1.

A. Failing of the NVD criterion

Many codes are DMT optimal despite not satisfying
the approximate universality criterion of the previous
section. For example the diagonal number field codes
[25] and many of the fully diverse quasi-orthogonal
codes [26] are DMT optimal in the n x 1 MIMO channel
[14]. Seen as lattice codes, these are 2n-dimensional
lattices in M,,(C) and have the NVD property. However,
they are not approximately universal [27].

It is a tempting idea that the NVD condition for a
2nm-dimensional lattice £ C M, (C) would be enough
for the coding scheme Cz(p) to be DMT optimal when
received with m receiving antennas. This was suggested
in [15].

Using the normalization in [[15]] we can state the NVD
condition for a 2nm dimensional lattice £ and scheme

p2Cr(p) = pE= T L (p=) in the form

An(X) 2 Cpn(l_%)v

(10)

for any non-zero codeword X in p'/2C.(p) and fixed
positive constant c. According to Theorem 2 in [[15] this
should be a sufficient condition for achieving the optimal
DMT.

However, this is not the case and we will now build
a code for the 4 x 1 MISO channel that satisfies the
criterion @]) but is not DMT optimal in this channel.

Remark 3: One should notice that condition is
considerably weaker than the condition in Corollary
E} Using the normalization of [15], the condition of

Corollary [T] can be written as follows: if a coding scheme
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p/2Cr(p), based on a 2mn-dimensional lattice code L,

satisfies

T

Ap(X) = Cpm(l_;)7

for any non-zero codeword X € p'/2C,(p), any p and
some fixed constant ¢, then it is approximately universal.

Let us begin with the Golden Code Lgoq [28]]. One
can see it as an 8-dimensional NVD lattice in M3(C).
According to (8) we can use scheme p%*gﬁcold(pg) to
study the DMT of Lgoq. It was already proven in [4]
that this scheme achieves the optimal DMT curve in the
2 x 2 MIMO channel.

Let’s now transform the Golden Code into an 8-

dimensional code in My(C) by setting

X 0
diag(X, X) = ,
0 X

where X € M,(C) and 0 is the 2 X 2 zero matrix.
The set diag(Lgoa) = {diag(X,X)|X € Lgoa}
is an 8-dimensional NVD lattice code in My(C). In
order to satisfy the energy normalization demands we
have to consider the scheme pz~2diag(Leow)(p?) =
Cdiag(zzcom) (p)-
Proposition 1: The scheme Cling(rg,q)(p) is not a
DMT optimal code over the 4 x 1 MISO channel.
Proof: Suppose that we transmit a codeword

diag(X, X), where

Ty T2
X =
xr3 T4

Given the channel vector h = [hq, ho, hs, hs] and the

noise w = [wy, wq, w3, wy), the received signal is

Yy = [y1,¥2,¥3,y4] = h - diag(X, X) + w

=[h1x1+hoxs, hize+hoxy, haxi +haxs, havo+hazy]+

But this system is equivalent to

Y1 Y2 hi  ho L) w1 w2

Ys Y4 hs hg T3 X4 w3 Wyq
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w

We can see that the error performance of diag(Lcow)
when received with a single antenna is exactly that of
LGoia When received with two antennas. The DMT for
the coding scheme pz =1 Lgoqa(pT) is is the piecewise
linear function connecting the points [r, (2 —7)(2—7)7]
for integer values. However, this is not directly the
DMT for p2~ % diag(Lcowa)(p? ). This is due to the fact
that for the diagonal scheme we have 7" = 4 and
therefore the diversity gain achieved with multiplexing
gain 7 in the 4 X 1 channel corresponds to diversity
gain d(2r) in the 2 x 2 channel. We then see that
the DMT of pz~2diag(Leea)(p?) is represented by
a line connecting points [r, (2 — 2r)(2 — 2r)*], where
r = 0,%,1. On the other hand the DMT of the 4 x 1
MISO channel is simply a straight line between [0, 4]
and [1,0]. 0
This result shows that for a lattice £ C M,(C) of
dimension smaller than 2n? the NVD condition is not
enough for the code to reach the optimal DMT.
Remark 4: We point out that while our counterexample

involves coding schemes of the form (§)), it generalizes

to other schemes.

IV. THE DMT OF REAL AND QUATERNION

SPACE-TIME CODES

In the previous sections we have seen that character-
izing the DMT of asymmetric codes is a difficult task.
In the rest of the paper we propose a new approach that
applies to a large class of asymmetric codes. We will
prove that if the codewords of the space-time scheme
belong to a certain restricted set of matrices, its DMT is
automatically upper bounded by a limit that is tighter
than the general DMT bound. We then show that if
the space-time code belongs to this class of codes,
has suitable degree and satisfies the NVD condition,
it achieves this restricted DMT. Later, in Section

we show that codes satisfying these conditions can be
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obtained from division algebras, and conclude that our
DMT upper bounds are tight.

The asymmetric space-time codes we are consider-
ing live in the subspaces of the 2n2-dimensional real
vector space M, (C). The first such subspace consists
of all the real matrices inside M,,(C) and we denote it
with M, (R). The other subspace of interest consists of
quaternionic matrices.

Let us assume that 2 | n. We denote with M,, /5 (IH)

the set of quaternionic matrices

A -B*
B A

€ M, (C),

where * refers to complex conjugation and A and B are
complex matrices in M,, /5(C).

The spaces M, />(H) and M, (R) are n*-dimensional
real subspaces of M, (C). It follows that if a lattice £
is a subset of either of these subspaces, its dimension is

at most n>.

A. Equivalent channel model for real lattice codes

In this section, we focus on the special case where
C(p) C M,(R), i.e. the code is a set of real matrices.

First, we show that the channel model (EI) is equivalent
to a real channel with n transmit and 2m receive
antennas.
We can write H. = H, +tH;, W. = W, +iW;, where
H. H;,W,., W, have i.i.d. real Gaussian entries with
variance 1/2. If Y, = Y, +1iY;, with Y., Y; € M, «n(R),

we can write an equivalent real system with 2m receive

antennas:
Y, o (H:\ -

Y = =4/ = X+ H X4+W,
Y; n\H Ww;

(11)
where H € Mayxn(R), W € Moy, xn(R) have real

i.i.d. Gaussian entries with variance 1/2.
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B. General DMT upper bound for real codes

Using the equivalent real channel, we can now estab-
lish a general upper bound for the DMT of real codes.
Theorem 3: Suppose that Vp, C(p) C M,(R). Then
the DMT of the code C is upper bounded by the function
d1(r) connecting the points (r, [(m—r)(n—2r)]") where
2r € Z.
Proof: The proof is an adaptation of the results of
[2] to the real case, so we only provide the main stepsﬂ

Given a rate R = rlogp, the outage probability is

lower bounded by
1
Pout(R) > ]P){zlogdet(f—i-pHTH) < R} .

Let L = min(2m,n), and A = |n —2m|. Let Ay >

Ao > -+ > A1, > 0 be the nonzero eigenvalues of HTH.
The joint probability distribution of A = (A1,...,Ar) is
given by [29]}
XL: L
p(A) = Ke =t HAl H A=) (12)
=1 i<J

for some constant K. Consider the change of variables

Ai = p~ @ Vi. The corresponding distribution for o =

(a1,...,ar)intheset A={a : oy <--- < ap}is
L L
—X T =Y ai(2F) e as
pla)=K(ogp)e = p &0 " T (o7 ™)
i<j
(13)

To simplify notation, we take s = 2r. Then we have

L
Poui(R) >Pp {Hp(l—aiH <p°

i=1

} > P(Ao),

3 A detailed proof can be found in the preprint version of this paper
at https://arxiv.org/pdf/2102.09910.

4We have slightly modified the expression to be consistent with
our notation. In [29]], the author considers a matrix AAT where each
element of A is A/(0,1).
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where

Aoz{aGA: a; >0Vi=1,...,L,
7

L

1

J
z{aeA:ajZO, Z(l—ai)gstzl,...,L}.
i=1

(14)
Consider S5 = {a € A: |a; — | > 0 Vi # j}. Then

one can show that

L
. — > a;N;
N
AoNSs
where N; = (A + 2L — 2i + 1).

L
Lemma 3: Let f(a) = Y (¢+ L+ 1 — 2i)c;. Then

i=1

(1—ay)t < st}

upper bound of Theorem [3] This result extends Proposi-
on 4.2 in [21].

Theorem 4: Let £ be an n?-dimensional lattice in
M,,(R), and consider the code C(p) = p~ = L(p=). If L
has the NVD property, then the DMT of the code C(p)
under ML decoding is the function d; (1) connecting the
points (7, [(m — r)(n — 2r)]") where 2r € Z.

Proof: Since the upper bound has already been
established in Theorem [3] we only need to prove that the
DMT is lower bounded by d;(r). The following section
follows very closely the proof in [4], and thus some

details are omitted. To simplify notation, we assume that

inf fla) = (—g—I+2 [s]+1)s+qL—s] (|s]+1) = (&€ (£) =1.

acAp
wherea] =...=a;_ =0, ap =k—s, a3, =...=
af =1fork=|s|+1.
The proof of Lemma [3] can be found in Appendix [A]
Using Lemma [3] with ¢ = A + L, s = 2r, we find that
f(a)

infoea, Zle Njo; = infaea, &5~ is equal to

M| —

Z(—Qm—n+2L2Tj+1)r+mn—%,

This is the piecewise function d;(r) connecting the
points (7, [(m — r)(n — 2r)]") where 2r € Z.

Using the Laplace principle, Vé > 0 we have

_logPout(R)> of fla)
logp  ~ AnSs 2

Note that V4, the point s such that o = o + % is

lim

p—+00

in Ap N S% and when 0 — 0, a5 — a*. By continuity
of f,

S
1 f —== =dy(r).
Mhas 2 T T A0

C. DMT of real lattice codes with NVD

In this section, we show that real spherically shaped

lattice codes with the NVD property achieve the DMT
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We consider the sphere bound for the error probability
for the equivalent real channel (TI)): for a fixed channel

realization H,
P.(H) < P{IW|* > d3; /4}

where d? is the squared minimum distance in the

(A —=2L+2|2r|+1)2r + (A+ L)L — |2r] ([2r]+Rkeived constellation:

d%I:Bi _ min H(X—X')HQ
n X,X'eC(p), X£X'
1 2 R 2
SipmE - xR

X, X'€L(pn), X£X'

We denote AX = X — X'. Let L = min(2m,n), and
A =1|n—2m|. Let \y > Ay > -+ > A > 0 be the
nonzero eigenvalues of HTH, and 0 < w1 < <y
the eigenvalues of AXAX7T. Using the mismatched
eigenvalue bound and the arithmetic-geometric inequal-
ity asin [4)], forall k =1,...,L

min
X, X'eL(pm), X#X'

TN DTN

_2r _2r

> Epl B E HiAg > Epl " <H)\z> (HM) .
i=1 i=1 i=1

L...on, i < JAX|P < 4p™, and
[T, i = det(AXAXT) > 1 due to the NVD

tr(HAXAXTHT)

For all i =
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property. Consequently, for all k =1,...,L

15[ det(AXAXT) 1
Py Hz 1 Mi 4”"“;)%(7:177“
Consider the change of variables A\, = p~% Vi =
1,...,L. For k=1,...,L we can write
e g
d?f > nk pl_%p fE 2r(n—k) :Ckpék(a7s)
n4 ™
(15)
where & = (a1,...,ar), s =2r, ¢y = —— and
nd k
1[F
Okl ) = —¢ <Zai—|—s—k> (16)
i=1
Since 2 ||W|? ~ x%(2mn), we  have
IP’{Q W > d} = By, (d), where
t—1 dl
2=y et )
i=0
The distribution p(cx) in is bounded by
- Z pr = Z aiN;
pla) <p'@)=Ke = p =7 (logp)t (18)
where N; = 2(A+2L —2i+1). By averaging over the

channel, the error probability is upper bounded by

d2
P. < / IP’{Z HW||2 > ;}p(a)da
A

d2
S/ Doin (H) p’(a)da
A 2

where A={a : a3 <---

19)

<ar}.

The following Lemma closely follows [30], and it is
proven in Appendix

Lemma 4: Assuming that d > cp%(®*) for some

constants ¢, k =1,...,L, then for all t € N*,

1 / da> inf S N,
og/Ap(oz) ¢+ (d) d algAUZ a;

where A is defined in (T4).
The proof of the Theorem is concluded using Lemma

Blwith g =A+ L, s =2r. O
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Fig. 1.

DMT upper bounds for real (solid) and quaternion (dashed)

codes for n = 4 and m = 2. The dotted lines correspond to the

optimal DMT.

D. Equivalent channel model for quaternion lattice

codes

Suppose that n = 2p is even. We consider again the

= \/?HCX+WC7
n

and we suppose that the codewords X are of the form

channel

(20)

_ A —B*
X = S Mgp(C),
B A*
where A, B € M,(C).
First, we derive an equivalent model where the channel

has quaternionic form. We can write
- (i n), (e wa)
where Y1, Yo, Hy, Ho, W1, Wy € M, (C). Then

Y, = \/g(HlA + HyB) + Wi,

Ho=(H, H), W.

}/2 = \/E(HlB* + HQA*) + WQ,

and we have the equivalent “quaternionic channel”:

oY\ fp o m\(a -\ [wow
vy vy) Vol\-m mr)\B A -wi Wi’
—_—

Y H X w
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E. General DMT upper bound for quaternion codes

Theorem 5: Suppose that Vp, C(p) C M, /o(H). Then
the DMT of the code C is upper bounded by the function
da(r) connecting the points (r, [(m —r)(n — 2r)]*) for
r € L.

Proof: The quaternionic channel can be written in

the complex MIMO channel form
Y \/Z H, H, A
-Y5 " \—-H; Hf B

If r is the multiplexing gain of the original system (20,

Wi

_W2*
2y

then the multiplexing gain of this channel is 2r, since
the same number of symbols is transmitted using half
the frame length.

The proof follows once again the approach in [2].
Consider the eigenvalues Ay = A) > Ao =X, > .- >
Ap = A, >0 of H'H. Let L = min(m,p) the number
of pairs of nonzero eigenvalues, and A = |p — m|. For

fixed H, the capacity of this channel is [31]]

L
C(H) = logdet(I + pH H) =2 "log(1 + pX;).

i=1

The joint eigenvalue density p(A) = p(A1,...,Ap) of a
quaternion Wishart matrix is [32E]
L L
4 YRR PR
P, L) =K [Jv = A [ 22 e =
i<j i=1

for some constant K. With the change of variables
ANi = p~™ Vi = 1,...,L, the distribution of a =

.. ,OéL) is
5 25 ai(At)
- T - a; (A+
pla)=K(logp)te =" p &
1<J

The outage probability for rate R = rlog p is given by

L
Pout(R) =P {Hp(l—ai)+<pr} ZP(AO)

i=1

5The quaternion case corresponds to taking 8 = 4 in [32] equation
(4.5)]. Note that we modify the distribution to take into account the

fact that each entry of H has variance 1/2 per real dimension.
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>
™ ") gt ana by 0 <

11

L
a:0<n <...<ay, Z(l—ai)+<r}.

i=1
Given ¢ > 0, define S5 = {a: |a; — o] > I Vi # j}.
Then

where Ag =

L
— Z Nf,Oéi
p =t da

Pyt (R) > /

AoNSs

where N; = 2(A+2L—2i+1). Let f(a) = Zle(q+

L — 2i+1). Using the Laplace principle,

_ log Pout(R)
log p

Using Lemma 3| with s = r, ¢ = A + L, we find that

lim

p—r00

> 2 inf
> A})Irle(;f(a)

Vo > 0.

infaea, Nio; = 2f(a*) is the piecewise linear function
)

dy(r) connecting the points (r,[2(p — r)(m — r)]
(r; [(n = 2r)(m
21im5_>0 ianonsé f(a) = 2f(a*) = dQ(T). O

—7)]") for r € Z. By continuity of f,

F. DMT of quaternionic lattice codes with NVD

We now show that quaternionic lattice codes with
NVD achieve the upper bound of Theorem [5] This result
extends Proposition 4.3 in [21].

Theorem 6: Let £ be an n?-dimensional lattice in
M, /5(H) with the NVD property. Then the DMT of
the code C(p) = p~= L(p=») under ML decoding is the
piecewise linear function dy(r) connecting the points
(r,[((m —7)(n —2r)]") for r € Z.

Proof: Assume det,,,;,, (£) = 1. For a fixed realiza-
tion H, P.(H) < JP’{||W||2 > d%,/4}, where

1 2r

— 2
By = —ph |E(x - X))

min
X, X'€L(pn ), XAX
Let AX = X — X'. We denote by \y = X\, >
2\2 =X, > Ap = )\; > 0 the eigenvalues of
e N

eigenvalues of AXAXT. Both sets of eigenvalues have

11y, the

multiplicity 2 since H and X are quaternion matrices.
Again we set L = min(m,p) and A = |p — m/|. Using

the mismatched eigenvalue bound and the arithmetic-

geometric mean inequality as in [4], forallk =1,..., L,
1 r

a3 = —p= % min tr(HAXAXTHT)
n X,X'eC(p), X£X'
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N L P ok
1—2r

gz o (11 (I10)
For all i = 1,....p, ui < ||AX]* < 4p%, and
e = det(AXAXT)2 > 1 using the NVD

property. For all k =1,...,L

(P k) *

det(AXAXT)z 1
Hm = P 2
i=k+1 Mi 4p— k

Setting \; = p~* Vi=1,..., L, we have

el

2 1-z
A4 > cp'ip

i r(p—k)

1 p pk

Ox (o)

= cpp (22)

fork=1,...,
k

(o).

2| W l? + 2| Wa|® ~ x2(4mp), we have

rn <e{ > 2} - ., (%),

where ®; is defined in (I7). By averaging with respect

L)’ 6k(aa7a) =
w* =

L, where o = (avq, ...,

and ¢, = f,k
pd k-

to p(cx), we get

. d?
P. < / P () Parmyp <H> do
A 4

WhereA:{a:alg..‘SQL}’and
ZL: T XL: N,
-2 Pt 2l
Pe) = K(logp)be =" o &Y

where N; = 2(A + 2L — 2i + 1). From Lemma [4| we
find d(r) > infaea, 231, i(A+2L—2i41), which
by Lemma [3]is the piecewise linear function connecting
the points (r, [(n — 2r)(m — r)]T) for r € Z. O
V. DIVISION ALGEBRA CODES ACHIEVE THE
OPTIMAL RESTRICTED DMT IN M,, /o(H) AND

M, (R)

Theorems (4] and [6] state that n2-dimensional NVD lat-
tices in M, (R) and M, /5(H) do achieve the respective
DMT upper bounds of Theorems [3] and [5] In order to
show that these bounds are tight and indeed describe the
optimal restricted DMTs, it is enough to prove the ex-

istence of n2-dimensional NVD lattice codes in M,,(R)
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1
¥ and Mn/Q(H). For that we need some results from non-

‘commutative algebra. For details and definitions we refer

the reader to [33]].
Let D be an index n Q-central division algebra. We

say that D is ramified at the infinite place if

If it is not, then
D ®g R ~ M, (R).

Let A be an order in an index n Q-central division
algebra D. We then have the following.
Lemma 5: [16] If the infinite prime is ramified in the

algebra D, then there exists an embedding
’(/}abs :D — Mn/Q(H)

such that 1,ps(A) is an n?-dimensional NVD lattice. If
D is not ramified at the infinite place, then there exists

an embedding
’(/)abs :D — MTL(R)

such that 1,1,4(A) is an n?-dimensional NVD lattice. For
every n there exists an index n (Q-central division algebra
that is ramified at the infinite place and one which is not.

The following corollary follows from Theorems {4 and
[l and from Lemma [3] It proves that the upper bounds
in Theorems [3] and [3] are tight.

Corollary 2: For every n there exists an n?-
dimensional NVD lattice £ C M,(R) that achieves
the upper bound of Theorem [3} For every even n there
exists an n®-dimensional NVD lattice £ C M, »(H)
that achieves the upper bound of Theorem [5

The following corollary gives us a complete DMT
characterization of (Q-central division algebra codes.
The DMT of such codes only depends on whether the
corresponding algebra is ramified at the infinite place or

not.
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Corollary 3: Let A be an order in an index n Q-central
division algebra D. If D is ramified at the infinite place,
then the code taps(A) C M, /o (H) achieves the upper
bound of Theorem [3l If D is not ramified at the infinite
place, then the DMT of the code taps(A) C M, (R)
achieves the upper bound of Theorem

A. DMT of Q central division algebra codes based on

the regular representation

In the previous sections we classified the DMT of all
Q-central division algebra codes. However, this result
was proven in the case where the code lattices were
constructed using the abstract embedding of Lemmal[5] In
contrast, explicit codes are typically built using regular
representations. In this section we study the DMT of
division algebra codes that are constructed by using such
representations.

Let E/Q be a cyclic field extension of degree n with
Galois group G(E/Q) = (o). Define a cyclic algebra

D=(E/Qo0,7)=E®uE®u*E® - ®u" 'E,

where u € D is an auxiliary generating element subject
to the relations xu = uc(x) for all x € E and u™ =
v € Q.

Considering D as a right vector space over F, every
element x = z¢g +uzy + - +u" " 'z,_1 € D has the

following left regular representation as a matrix g (2):

xo  yo(wp-1) 0% (Tn-2) yo" (@)
1 o(zg) vo2 (1) yo 1 (z9)
T2 o(z1) a*(zo) o (w3)
Tpo1 0(Tp—2)  0*(Tn—g) - 0" (zg)

The mapping 1,4 is an injective (Q-algebra homo-
morphism that allows us to identify D with its image in

M, (C).
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Proposition 2: [33]] If A is a Z-order in an index n
Q-central division algebra D, then 1,¢4(A) is an n?-
dimensional NVD lattice in M, (C).

Example 3: Consider the following two algebras
A1 = (Q(V3)/Q,0,—1) and Ay = (Q(i)/Q, o, —1).

Let us use the notation Z[v/3] = Z + Z+/3 and Z[i] =
Z +1Z. By using regular presentation 9,4, we can find

the following 4-dimensional lattice codes

T —x
L= ! 2 x1,To € Z[\/g] s
xT9 Ty
T —xh
Lo = ! 2 x1,T € Z[Z]
T2 ]
Here £, corresponds to the algebra A4; [17], while £,

corresponds to the algebra A and is the lattice of the
Alamouti code. As L£; is completely real and L, is
quaternionic, we can read their DMTs from Theorems [4]
and @ Here the DMT of Alamouti was already known,
while the DMT of L5 is a new result.

However, in general, while the lattices of Proposition
[ have the correct dimension and the NVD property,
there is no guarantee that they are always contained in
M, (R) or in M, o(H) and we can not directly apply
Theorems [] and [§] However, the following result shows
that all the lattices produced by regular representations
are conjugated versions of lattices whose DMT we know:

Lemma 6: [20, Lemma 9.10] Let D be an index n
Q-central division algebra and A C D an order. If the
infinite prime is ramified in the algebra D, then there

exists an invertible matrix A € M,,(C) such that
A'l/)reg(A)A71 = wabs(A) C Mn/2(H)

If D is not ramified at the infinite place, then there exists

an invertible matrix B € M,,(C) such that
Breg(A)B™! = haps(A) C My(R).

The following conjecture then seems to be plausible, but

its proof has eluded us.

DRAFT



Conjecture 2: Let D be an index n Q-central division
algebra and A C D an order. If D is ramified at the
infinite prime, then the DMT of ),.4(A) under ML
decoding is equal to the DMT upper bound of Theorem
E} If D is not ramified at the infinite prime, then the
DMT of t)¢q(A) under ML decoding is equal to the
DMT upper bound of Theorem [3]

Example 4: Applying the regular representation to the
algebra Dy = (Q(7)/Q, 0, 3) yields the following lattice

1 3x5

L= xr1,To € Z[Z]

ro X3
We can easily see that D is not ramified at the infinite
place, but on the other hand £ ¢ M, (RR). However, our
conjecture claims that the DMT of £, is described by
Theorem [3

VI. MULTI-BLOCK CODES

When introducing the concept of diversity-

multiplexing trade-off in [2] the authors mostly
focused on one shot quasi-static channels. However,
they also considered a channel model where it is
possible to decode and encode over a fixed number of
independent faded blocks and found the corresponding
optimal DMT curve.

In this section we consider such multi-block channels
v = \/?Hc(l)X(l) +wWWO, I=1,...,k (23)
n

where Hc(l),Wc(l) € My, ,(C) are the channel and
noise matrices with i.i.d. circularly symmetric complex
Gaussian entries in N¢(0,1). The set of multi-block
codewords X = [XWM) . . X®)] should satisfy the
global power constraint

k
1 1
e OD D] Bl FERE

XeCl=1

(24)

A multi-block matrix lattice L C M, xn1(C) has the
form

L=7B,&ZBy® - & ZBy,
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where the matrices Bi,...,Bq € Myxnk(C) are lin-
early independent over R, and d < 2n2k is the dimen-
sion of the lattice.

We then have a natural extension for the NVD condi-

tion. First we define
k
pdet(X) = Hdet(Xi).
i=1
Definition 8: Given a multi-block lattice £ C
M, wni(C), we say that the lattice satisfies the non-
vanishing determinant (NVD) property if

Xei?\f{o} |pdet(X)| > 0.

Given a multi-block lattice £ C M,k (C) of dimen-
sion d, we consider spherically shaped multi-block codes
of the form

_rnk rnk

T L(p7).

Clp)=p (25)

Note that such a code will satisfy the power constraint
(24), and its multiplexing gain is 7.

A general DMT upper bound for multi-block codes
C C M,(C)* was given in [2, Section V]. In [34] it
was proven that 2n2k-dimensional lattice multi-block
codes with the NVD property achieve this DMT upper
bound, extending the result of [4] to the multi-block case.
However, as in the case of the single block channel,
the DMT of asymmetric multi-block codes is mostly
unknown.

We will now consider multi-block codes that are
subsets of M, (R)* or M, o(H)*, and show that if
the codewords of a space-time code belong to either
of these spaces, its DMT is limited by a bound that
is tighter than the general DMT bound and depends
on the ambient space. We then show that if a space-
time lattice code belongs to M, (R)* or M, »(H)F,
has degree n?k and satisfies the NVD condition, it
achieves the corresponding restricted DMT. Furthermore,
we prove that division algebra based codes do achieve

these restricted DMT limits for every k£ and n.
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Let us now assume we have a degree k£ number field
K with signature (r1,72), and an index n K-central

division algebra D. We then have that
DRgR 2 My 2 (H)” x My, (R)™ 7 x My, (C)*", (26)

where w < r; is an integer depending on the structure
of the algebra D. We call the triplet (w,r1 — w,72)
the signature of the algebra D. We note that this result
is an extension of Lemma [6] The signature of Q is
(1,0). Hence any Q-central division algebra has signa-
ture (w,1 —w,0). When w = 1 the algebra is ramified
at the infinite prime and when w = 0 it is not.
Proposition 3: [16] Let D be a K-central division
algebra with signature (w,r; — w,r2) of index n and
A an order in D. Then tus(A) is a kn? dimensional

lattice in Mn/Q(H)“’ X Mn(R)Tl—w % Mn(c)2r2 and

detmin (wabs(A)) =1

Lemma 7: For any integer n and triplet (w, 71 —w, 2)
there exist a number field K and a K-central index n
division algebra D with signature (w,r — w,r2).

In particular, according to Proposition [3| for any n
(respectively for any even n) and for any k, there
exists a kn2-dimensional multi-block code with NVD

in M, (R)" (respectively in M,, jo(H)*).

A. Real multi-block codes

We have the following multi-block extensions of The-
orems [3] and [&

Theorem 7: Suppose that Vp, C(p) C M, (R)*.
Then the DMT of the code C is upper bounded by
kdy (1), where d; () is the function connecting the points
(r,[(m —7r)(n —2r)]") for 2r € Z.

Theorem 8: Let L be an n2k-dimensional lattice
in M, (R)*, and consider the spherically shaped code
C(p) = p~=L(pw). If £ has the NVD property, then
the DMT of the code C(p) under ML decoding is the
function kdy (r).
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The proof of Theorems [7] and [§] can be found in
Appendix

We then have the following corollary that follows
directly from Theorem [§] and Lemma [7}

Corollary 4: For every n and k there exists a kn?-
dimensional NVD lattice £ C M, (R)"* that achieves

the DMT of Theorem [7]

B. Quaternion multi-block codes

Similarly, we can extend Theorems [3] and [f] to the
multi-block case:

Theorem 9: Suppose that Vp, C(p) C M, /»(H).
Then the DMT of the code C is upper bounded by
kds(r), where da(r) is the function connecting the points
(r,[(m —7r)(n — 2r)]T) for r € Z.

Theorem 10: Let L be an n?k-dimensional lattice in
M,, /»(H)*, and consider the spherically shaped code
C(p) = p~=L(pw). If £ has the NVD property, then
the DMT of the code C(p) under ML decoding is the
function kda (7).

The proof of these Theorems can be found in Ap-
pendix [D]

According to Lemma [/| we now have the following.

Corollary 5: For every even n and any k there exists
a kn’-dimensional NVD lattice £ C M,, /o(H)* that
achieves the DMT of Theorem
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APPENDIX

A. Proof of Lemma 3|

Letd(s) = (—q—L+2[s|+1)s+qL—s] ([s] +1).
Without loss of generality, we can suppose that £ —1 <
s<kforsomekeN, ie k—1=|s|, k=]s]+1.

First, we show that Vo € Ay, we have f(a) > d(s). In

fact
f(a)=(q—L—1Z +2Z —i+a
(¢g—L-1) ZaquQZZaJ

> (q—L—l)(L—s)+2ZZaj
i=k j=1
L

>(q-L-1)(L—s)+2)> (i—5s)
i=k

= (q—L—1)(L—s)+L(L+1)—

=d(s).

Next, we show that 3a* such that f(a*) = d(s).
Letaj = ...

o = 1. Then

— * — Lo * —
=a;_ =00 =k—s,ap,,=...=

—221%

L
=(@+L+1)(L—s)—2k(k—s)—2) i
i=k+1

L
=> (¢g+L+1)

i=1

:(q+L+1)(L—s)—2k(k—s)—L(L+1)+k(k+1)/

=d(s) O

B. Proof of Lemma

The proof closely follows [30], which is a preliminary

version of [4]. Note that ®,(d) < 1 since it is a
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probability. Given € > 0, we can bound the integral (T9)

as follows:

/ P (@)®, (d) da
A
L
</Ap/(a)<1>t (d) da+;/Aj P(@)®, (d) da,

27
where A = {a € A :
Ai={acA: a

/ P (@)®, (d) da < / Y (@)da

3

a; > — Vi=1,...,L} and

< —e}. Note that

H/ o O‘Nda) J’da
i#]
_)\ /\N 71
H/ ~logp / logp /\j
i#j r*
[eS) )\;Vj_le—/\j
pe log p

(k — 1)k — 2(L— k + lysich vanishes exponentially fast as a function of p. For

the first term in 7)), we have

[ (@) da
A
< / P (a)®; (d) da + Z / d) de,
a>—¢ a>—¢,
6(a,s)<e 05 (o, s)>e

where the notation ¢ > —e means a; > —e Vi =
L, and §(ax, s) = (01 (e, 8),. - .,
®,(d) is a decreasing function of d, using the assumption

that d > ijéj(a7s) Vi=1,...,L, we can write

P (@)®, (d) dor < / P @)@ (e da

0r(a, s)). Since

a>—c¢, a>—c¢,
d;(o,s)>e d;(o,s)>e
L
< H / PiaiNidaz
i=j+ly, S ¢
t—1 g J
5. (s T — > o N;
/ echJ(a‘ )§ :(ijéj(a,s)) l'p 7;:1 ¢ ZHdOéi
T -
Q1,05 >—€ 7=0 i=1
d;(a,s)>e
since d;(a,s) is independent of «; for ¢ > j. As

6j(a,s) > e, a; > —¢, the second integral is over a
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bounded region and tends to zero exponentially fast as
a function of p, while the first integral has a finite SNR
exponent. Thus, the previous expression tends to zero
exponentially fast.

Finally, the SNR exponent of (I9) is determined by the

behavior of

| vew@ias [ Faua

a>—¢ a>—¢e
d(a,s)<e 6(a,s)<e
. - i N
< p =t dox.
a>—¢
§(a,8)<e

The conclusion follows by using the Laplace principle,

and taking € — 0. Note that

J
Aoz{aeA: a; >0, Z(l—ai)gstzl,...,L}
i=1

={a:a; >0, §j(a,s) <0 Vj=1,...,L}. O

C. Proof of Theorems [/ and [8| (DMT of real multi-block

codes)

Consider a multi-block lattice £ C M, (R)* of di-
mension d = n%k, and a multi-block code C(p) =
p 7 L(p7). Every codeword is of the form X =

(XML, x®)],

Similarly to the single-block case, for all [ = 1,...,k

we can write
Yc(l) _ }/T(l)_,'_iy(l), Hc(l) _ HT(I)—HH-(Z), Wc(l) _

and obtain the equivalent real channel with 2m receive

=HOXO L wh,

antennas:

(1) ()
H’I“ X(l) + T
HO WO

where H) € My, sn(R), WO € My, (R) have real

i.i.d. Gaussian entries with variance 1/2.
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1) Proof of Theorem [/} We can write the outage

probability as

k
1(1
—pl=(= ONG={0
Pout(R) ]P’{k<2l§1logdet(l+p(H Y H ))gR}.

Define L = min(2m,n), A = |n — 2m/, and let

A > aW =1k

geeey

the ordered nonzero eigenvalues of (HW)TH®, Their

distribution is

0 0 Soaes ~EA Lo o
P()\17-~-7)\L):KH(/\1') Te = i _)‘j’
i=1 1<j
for | = 1,...,k. Thus, we can write the outage

probability as

Pyt ( {HH 1+p)\(l 1/2<p }

l=11i=1

Consider the change of variables )\El) = p*"w vl =

., k, and let

Az{aeR“ c0<al <. <alh Vlzl,...,k}

Then
&L JNSINCI kL _ﬂgz) k
pay=p BE T ARSI |
1=1i<j
(28)
Recalling that 1 4 p'=* < p(lﬂ’“’ﬁ, we have
E L
Pout(R) = ]P’{H [Ja+p )2 ’“} > P(Ay),
1=1i=1
where
1k L )
— . Oy+
A()—{QEA.QZZI—O[ <7"k}
=1 i=1
ae A Vji<L, ) <rk
] 1i= 1
In the previous expression, given j = (j1,...,jx), the

notation j < L means j; < L forall [ =1,... k.

Given § > 0, let

ng{aeA:Vi;«éj,

agl)—a§-l)’>6 Vlzl,...,k}.
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Then
Pout(R) 2/ p(a)da
AoNSs
= p l=ri=t e I=1i=
AoNSs
k 0) )
I 11 ‘P_ai —p Y |da

1=11<i<j<L

1
2/ p i
AoNSs

To find the DMT upper bound, we need an extension of

(A+2L—2i+1)al?
1 do.

M=
M=

14

Lemma [3] to the multi-block case:

Lemma 8: Let F(ax) = Zle ZiL:l(q+L—2i+l)a§l).

18

where the final step in the proof is the same as in Lemma

O
Using Lemma [§| with ¢ = A + L, s = 2r, we find that
the DMT upper bound infee 4, M = kd;(r). This
concludes the proof of Theorem [7} O

2) Proof of Theorem [§ The proof for the lower
bound is similar to the proof of Theorem 2 in [34]],
but we include it for completenesﬂ Letting H =
diag(HM ... H®) and W = [WD ... . WH)] the
multi-block channel matrix and noise for the equivalent
real channel, we have the sphere bound P.(H) <
P{|W|? > d2 4 /4}, where

Then
P ( I (1
i d3 =5 min HH)X() X()H
alélflo F(a) = n X,X'ec( p) Z )
~ X;éX’ =
=k[(—¢g—L+2[s]+1)s+qL—[s]|([s] +1)] = kd(s). 1
- _% )\(l Mz )
Proof of Lemma 8} 1f Vi =1,... k we have n lzl Lzl
dgl) =.. *(LZS)J =0, where 0 < ugl) <... < ,uﬁ,l) are the ordered eigenvalues
O(AXDVT wi T
(e)m Lt ls] - of AXD(AXD)T with AX = X Xk.
O 0, For any j = (j1,...,Jk) With J = 377,51 > 1, we
stz =77 7L 7 have
then & € Ag and 1 k j
LSS
F(a)=k[(—¢—L+2[s| +1)s+qL—|s] (|s] +1)]. n =1 i=1
it 7
We want to show that this value is the minimum of the 1 o' 2r 1 (H H AD (l )
function F' over Ag. For a € Ay we have the following I=1i=1
global constraints: Vj < L, Note that Vi = 1,...,L, ¥l = 1,...,k, ,uEU < 4p%
ko J o and
Sl 2 k(i —s) (29)
=1 =1 W _ det AXAXT) N 1
L L H H H H ) = 4kn—Jp(kn—J)% )
Recalling tha Yo = > (L—i+ 1)y, we can ==t 1=1 Llizji 1 Fa
i=1j=1 i=1
write
L L
Fla)=(q-L-1)> Y o’ +23 3 (L —i+1)a"
=1 i=1 =1 =1
E L L i
TR 3 DULEED 3 9 9L
=1 i=1 =1 i=1 j=1
L
>k(g—L—1)(L—s)+2> k(i—s)=kd(s),
i=1

February 3, 2023

Therefore Vj # 0, d% > cjp‘sj(o"”), where

%Note that compared to [34]], we deal separately with the eigenvalues
in each block instead of re-ordering them. The two approaches are

equivalent.
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and c; is a suitable constant. The proof proceeds sim-
ilarly to Section The distribution p(cx) in is

upper bounded as

L ) kL
“ -y >y anN,
P I=1i=1

where N; = 1(A + 2L — 2i + 1). Since 2 [W* ~
x?(2mnk), we have ]P’{HWH2 > %} = Popnk (%),
where @, is defined in (I7). So Vj # 0,

2
P, < /IP’{W||2 > df}p(a)da

, d
S p (a)(I)ank — | dox
A 2

To conclude the proof, we need an extension of Lemma
to the multi-block case. As before, for a vector j =
(j1,---,Jk), we use the notation j < L to mean that
jp<Lforalll=1,... k.

Lemma 9: Assuming that d > ¢;p%(®*) Vj # 0, then

vt € NT,

inf

mAmm<«M>

=1 1i=1

where Ay = {a cA:Vj<L, f i(l — o) < sk

Proof of Lemma[9} The proolfiils Z;ejry similar to the
proof of Lemma ] We include a sketch for convenience.
Note that ®, ( -+ ) < 1 since it is a probability. If we
define

./Zl:{aEA : agl)Z—eVizl,...,

<—e},

then we have the bound

AZ(»Z) = {a eA: agl)

L

P</ () ®s (d da+l§;;/<)p

1

d) da
(30)

February 3, 2023
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L szl,...,l},
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e

With the change of variables )\2(-1) = p- Vi =
Lk, Vi=1,...,L, we have

[ p@v@das [ flaa

A,El) .A(L)

</_66 el <l>NLda<l> H / o e g ®

ENOPNON Y 7,\“ D\N;— i

:/Ooe AT ADyNi-1 NG H / ()N ldA_(l)
e log p Fory logp ¢
oo _)\5” )\(l) N;—1
e log p

which vanishes exponentially as a function of p. The first

term in (30) is bounded by

/p’(a)(I)t (d) da

A

< [ d@n@iar [ Yeu@da

a>—e,
3 (e, s)<e vj’

a>—e¢,
8ir (e,8)>e Vj'

(3D
Since ®; is decreasing, and using the assumption that

d> ijaj(a,s) Vj # 0, we have

/

a> €,
(ax, s)>5 vj’

< / P (o) Dy (c]p‘s (a’s)) da

a>—¢,
05/ (cx,8) >e vy’

-

a>—e,
8ir (ev,8)>e Vj'

P (a)®; (d) da

k L
@ (e @) [T o de

(1, -

o

alVN; g (1)
* Nidoy,
l=1i>7; i

/ o, (ijém,s))p pRP HHdaU

(1) . I=1i=1
a; ' >—e Vi<j
051 (ex,8)>e

since dy (e, s) is independent of a ) Vi > Jji- The first
integral has a finite SNR exponent, while the second is
over a bounded region, and so it tends to 0 exponentially

as a function of p. Thus, the product also tends to zero
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exponentially.
To conclude, observe that the first term in (31)) is upper
bounded by

- Xk: XL) o' N

a>—¢,
b5 (et,8)<e V'

8 () <e Vj'

The statement follows by using the Laplace principle and
taking € — 0. O
To conclude the proof of Theorem [8] we use Lemma [§]

withg=A+ L, s =2r. |

D. Proof of Theorems [9 and [I0| (DMT of quaternion

multi-block codes)

Suppose n. = 2p is even. Consider a multi-block lattice
L C M,5(H)* of dimension d = n?k, and a multi-
block code C(p) = p~=L(p
the form X = [X(1) ... X®)]) € C(p).
Referring back to the channel model @, for all [ =

#). Bvery codeword is of

1, ey k we can write

) l l

l l l
”rl ”rl

where YV V" HO HO w W e M,,.,(C).

wh =

and we have the equivalent quaternionic channel

v _ \/?HmX(l) Lo,
n

where
o v v
I l
v (v
0 )
O _ H! H;
~@Py (=)
X _ AD —(B(”)*
BO (A0 |’

February 3, 2023
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1) Proof of Theorem [9 We can write the outage
probability as
1 (&
Po(R) =P {k <ZZ log det (I + p(H“))TH(l))) < 23} .
=1
Define L = min(m,p), A = |p—m|, and let )\gl) >
- > )\g), l=1,...,k the ordered nonzero eigenval-

ues of (HW)TH® with distribution

! !
PO, AY)
Lo L\® ! n\*
:KH(/\E))QA+1 APy H (/\Z(_)_)\;))
i=1 i<j
Let M = p=o” vi=1,... &, and
A={aerR i 0<al) < <al V=1, K}
Then p(c) can be written as
kL (l>7k L 701(})]6
pEEST T EE T (e = 5”)4
1=114<j
We have
kL o
Pout(R) - HD{H H(l + e ) < } > ]P(AO)
I=1i=1
where
k L
A = {a eA: Y Y- < rk}
=1 i=1
kg
= {a eA:Vj<IL, ZZ(l—a(l)) <rk‘}
I=1 i=1

Given § > 0, and letting

ng{aeA Vi # j, |a

@ “j>5 Vi=1,.

we find that P, (R) is lower bounded by

ENON

I

1=1i<j

kL g kL
—23 Yo (A+1) =3 3p

p l=1i=1 e l=li=1

AoNSs

||M?r

L 1
2 (A+2L—2i+1)al?
=1 do.

> / p
AoNSs
Using Lemma [§] with ¢ = A+ L, s = r, we find that

the DMT upper bound is 2infaca, F(a) = kda(r). O
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2) Proof of Theorem [I0; We only highlight the main
steps of the proof. Let H = diag(H™W, ... H®)
and W = (W ...

channel matrix and noise. We have

W) the multi-block quaternion

2P HHD (X — x'® H
i ZZ )
X;éX’ -
1 - o @
2 LE Yy A
=1 i=1
!
where 0 < ugl) = ugl) < - (l) = ug) are the

ordered eigenvalues of AX () (AX ) )T with AX = X —
X'.

. . ) . Eo
For any j = (j1,...,jk) With J =>"" 51 > 1,

1
dz, > iplf%' HH/\(l)MZz) !
P I=1i=1
Note that Vi =1,...,p, VI=1,... k?M <%, and
ﬁﬁ W _ det(AXAXT)% 1
zzu‘:lluz Hz_ [ ugl) = gho—d yko= D5

Therefore Vj # 0, d2 > c¢;p° 33(eer) where

o +r—gi |,
Zl_ﬂl; ; l

and ¢; is a suitable constant. The distribution p(c) in

(28) is upper bounded by

5j(0£,7“) =

where N; = 2(A + 2L — 2i + 1). Since |[W|> ~

x2(4mpk), we have

2
P, < /IP’{W||2 > df}p(a)da

S/Ap( )q>4mpk<d2 )da

To conclude the proof, we use Lemma |2| and Lemma |§|

withg=A+L,s=r. O
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