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A remark on two notions of flatness for
sets in the Euclidean space

By Ivan Yuri Violo at Jyviskyla

Abstract. In this note we compare two ways of measuring the n-dimensional “flatness”
of aset S C R4, where n € N and d > n. The first is to consider the classical Reifenberg-
flat numbers «(x,r) (x € S, r > 0), which measure the minimal scaling-invariant Hausdorff
distances in B,(x) between S and n-dimensional affine subspaces of R?. The second is an
“intrinsic” approach in which we view the same set S as a metric space (endowed with the
induced Euclidean distance). Then we consider numbers a(x, r) that are the scaling-invariant
Gromov—Hausdorff distances between balls centered at x of radius r in S and the n-dimen-
sional Euclidean ball of the same radius. As main result of our analysis we make rigorous
a phenomenon, first noted by David and Toro, for which the numbers a(x, r) behaves as the
square of the numbers «(x, r). Moreover, we show how this result finds application in extend-
ing the Cheeger—Colding intrinsic-Reifenberg theorem to the biLipschitz case. As a by-product
of our arguments, we deduce analogous results also for the Jones’ numbers S (i.e. the one-sided
version of the numbers o).

1. Introduction and main results

In this short note we consider two ways of measuring the “flatness” of a set in the
Euclidean space. The first one is by considering its best approximation by affine planes: more
precisely, given a set S C R? and n € N, with n < d, one defines

(1.1)  a(x,r)=r"" i?‘de(S N Br(x),I' N By(x)) foreveryr >0andx € S,
where dg is the Hausdorff distance and where the infimum is taken among all the n-dimen-
sional affine planes I' containing x.

The second more metric-oriented approach is to use the Gromov-Hausdorf{f distance, in
particular given S C R? andn € N, with n < d, we set

a(x,r) := r_ldGH(Br(S’dE“d)(x), B;Rn (0)) foreveryr >0Oand x € S,

where (S, dgyc1) is the metric space obtained by endowing S with the Euclidean distance. It
follows immediately from the definition of dgy that

(1.2) a(x,r) <a(x,r) foreveryr >0andx € S.
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Moreover, it is easy to build many examples for which
a(x,r) <4a(x,r),

with a(x, r) # 0 and arbitrary small (one can take S to be a segment with a very small interval
removed from its center). This shows that in general (1.2) cannot be improved and leads to the
intuition the quantities «(x,r) and a(x, r) are in some sense equivalent. However, there are
non-trivial cases in which the stronger inequality

a(x,r) < 100a(x, r)?

holds. The key example is the one of a very thin triangle: let P, QO € R? be the two points in the
upper half plane that are at distance 1 from the origin and at distance ¢ € (0, %) from the x-axis
and let S C R? be the union of the two closed segments joining P and Q to the origin O.
It can be immediately seen that «(O, 1) > ¢, while projecting S orthogonally onto the x-axis
easily shows that a(0, r) < 4&2.

The aim of this note is to explore the above phenomenon, that is to clarify to which extent
and in which cases the quantities a(x, r) behave like the square of the quantities o (x, r).

To state our main result, we need the following notation: fixed ¢ € (0, %), S c R? and
n € N withn < d, forevery i € Z we set

(1.3) o= sup a(x,27), a = sup a(x,27"),
’ x€SNB1(0) x€SNB1_£(0)

where we neglected the dependence on &, n and S. Our main result reads as follows:

Theorem A. For every n € N there exists §(n) > 0 such that the following holds. Let
S C Rd, with d > n, ¢ € (0, %) and define the numbers «;,a; as in equation (1.3). Suppose
that a; < § for everyi > i — 2, for some i € N with2~! < ¢. Then

(1.4) doal<Cy Y ot forall >0,

i>i i>i—2

where C) is a positive constant depending only on A and n. In particular, for every A > 0 it
holds that

(1.5) Y ot <400 = ) al < +oo.

i>0 i>0

Theorem A will follow from a “weak” version of the inequality a(x, ) < a(x,r)? (see
Theorem 3.1), which as said above cannot hold in its “strong” form.

It has to be said that the fact that the numbers a(x, r) “behave” as the square of numbers
a(x, r) was already noted, at least at an informal level, by David and Toro (see [8]). However,
to the author’s best knowledge, both the statement and the proof of Theorem A are new.

The Jones’ numbers . We will also prove the analogue of Theorem A for the “one
sided”-version of the numbers a(x, r): given a set S C R and n € N, with n < d, we set

(1.6) B(r.x)=r"Yinf sup d(y,I") foreveryr >0Oandx € S,
T yeSnB,(x)
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where the infimum is taken among all the n-dimensional affine planes I' containing x . The
numbers B(x, r) are usually refer to as L°°-Jones’ numbers (see for example [9], [2] and [11]).
It is immediate from the definition that S(x,r) < a(x,r) forevery x € S and r > 0.

We then define the following metric analogue of B(x,r): foraset S C R? and n € N,
withn < d, we set

b(r,x) := r1 inf{8 : there exists a §-isometry f : (S N B],Rd (x), dgyel) — (B]ar (0), dEucl)}

for every r > 0 and x € S (see Section 3 for the definition of §-isometry). As for the numbers
a(x,r) and a(x, r) we have the immediate inequality

(1.7) b(x,r) <2B(x,r) foreveryr >0andx € S.

Similarly to the numbers «;,a; we define for a given S C Rd, n e N with n < d, a fixed
e € (0, %) and every i € Z,

(1.8) Bi:= sup B(x.27), b= sup b(x,27),
xeSNB1(0) x€SNB;_¢(0)

where we neglected the dependence on ¢, n and S. Then we can prove the following:

Theorem B. For every n € N there exists §(n) > 0 such that the following holds. Let
S c R, withd > n, ¢ € (0, %) and define the numbers fB;,b; as in (1.8). Suppose that o; < §
foreveryi >1i —2, for somei € N with2™" < & (where o; are as in (1.3)), then

(1.9) bt <Cyp Y BP foralld >0,

i>i i=i—2

where C), is a positive constant depending only on A and n.

In particular, Theorem B implies that, whenever limsup, , , , «; < § (with § as in the
statement of the theorem), we have that

(1.10) Y B < +oo= ) b} < +o0,

i>0 i>0

for every A > 0.
As for Theorem A, Theorem B will be deduced from a “weak” version of the inequality
b(x,r) < B(x,r)?, which is also contained in Theorem 3.1.

Converse inequalities. In the last section we will prove that, contrary to the inequality
“a(x,r) < a?(x,r)”, the opposite estimate a?(x, r) < a(x, r) holds in full generality. More-
over, we will also prove that B(x, r)?> < b(x, r) holds, provided B,(x) N S contains n “suffi-
ciently” independent points. This combined with the results in Theorem A and B shows that the
intrinsic “Gromov-Hausdorff” approach and the “extrinsic” Hausdorff approach to measuring
“flatness” in the Euclidean space are in a sense equivalent up to a square factor.

Motivations and application to Reifenberg’s theorem. We now explain the role, con-
sequences and motivations of the results in this note.

It is essential to recall that the quantities a(x, r) and B(x, r) coupled with smallness or
summability conditions as in (1.5), (1.10) (also called Dini conditions) are tightly linked to
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parametrization and rectifiability results for sets in the Euclidean space. The more classical
are the celebrated Reifenberg theorem ([15]) and the rectifiability results of Jones ([11]), but
there are also more recent and sophisticated works containing variants, generalizations and
refinements of these type of statements (see for example [16], [7], [8], [9] and the references
therein). It also worth to mention the works in [14], [10] and [1], which contain similar results,
but where L?-versions of the f-Jones’ numbers are considered.

There has been recently a growing interest in extending statements for sets in R as above
(or rectifiability results in general), to the setting of metric spaces. The most notable instance of
this is the intrinsic-Reifenberg theorem by Cheeger and Colding ([5]), which has recently found
many applications especially in the theory of singular metric spaces with synthetic curvature
conditions (see for example [5], [13] and [12]).

If one is interested in extending to the setting of metric spaces results in R? involving the
quantities «(x, ) and B(x, r) (or variants of them), it is more convenient to consider instead the
numbers a(x, ) and b(x, r). This is because the quantities a(x, r), S(x, r) are confined to the
Euclidean space, while their “Gromov—Hausdorff” counterparts are immediately generalized
to the metric setting. For this reason it is essential to have a good understanding of the relation
between the numbers «(x,r), f(x,r) and the numbers a(x, r),b(x,r). This is the point in
which Theorem A and Theorem B find their relevance.

Indeed, our Theorem A shows that it makes sense to interpret the numbers «(x, r) as the
square of a(x,r), at least when one is interested in their decay behavior. To explain further
the consequence of this fact we now show that Theorem A is crucial if one wants to extend
the biLipschitz version of Reifenberg theorem to the metric setting. Let us also say that this
problem is what originated the writing of this note.

We first need to recall the classical Reifenberg’s theorem:

Theorem 1.1 ([15]). Foreveryn,d € N withn < d there exists a constant § = §(n, d)
such that the following holds. Let S C R be closed, containing the origin and such that

aj <8 foralli € Ny,
where o are as in (1.3). Then there exists a biHolder homeomorphism
F:Q— SN BF,0).

where Q is an open set in R".

It was proven by Toro that if we require, besides smallness, also a fast decay of the
number «; as i — 400, the biHolder regularity of the map F' can be improved to biLipschitz.
In particular, we have the following:

Theorem 1.2 ([16]). For every ¢ >0, n,d € N with n < d, there exists a constant
§ =68(n,d,e) > 0 such that the following holds. Let S C R? be closed, containing the origin
and such that

(1.11) > af <8,
i>0
where «; are as in (1.3). Then there exists a (1 + €)-biLipschitz homeomorphism
F:Q— S0 By, 0,

where 2 is an open set in R".
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It is a remarkable result by Cheeger and Colding that Reifenberg’s theorem can be
generalized to metric spaces:

Theorem 1.3 ([5]). For every n € N there exists ¢ = e(n) > 0 such that the following
holds. Let (Z,d) be a complete metric space, let zy € Z and define

a == sup 2'don(By-i(2). BX,(0)). i€ Np.
z€B2/3(20)
Suppose that
a; <& foralli € Nyp.

Then there exists a biHélder homeomorphism F : Q2 — By;2(zo), where Q is an open set
in R™.

As said above this result found recently a wide range of applications, in particular in
the study of regularity of singular metric spaces. It is therefore natural to ask weather also an
analogous of Theorem 1.2 holds in the metric setting. A careful analysis of the arguments in [5]
shows that, with little modifications, they can be adapted to prove the following biLipschitz
version of Theorem 1.3:

Theorem 1.4. For every n € N and ¢ > 0 there exists § = §(n, &) > 0 such that the
following holds. Under the notations and assumptions of Theorem 1.3 suppose that

(1.12) > a <.
i>0
Then there exists a (1 + &)-biLipschitz homeomorphism F : Q — Bj/5(2¢), where Q is an
open set in R,

Comparing the above with Theorem 1.2, the presence of the summability assumption
(which is stronger than square summability) might lead to think that something stronger than
Theorem 1.4 should hold, at least for “nicer” metric spaces, like subsets of the Euclidean space.
Indeed, if one restricts its attention only to (1.2) (which as we said, cannot be improved), the
summability assumption (1.12) for a subset S of the Euclidean space (when regarded as metric
space (S, dgyc1)) appears stronger than (1.11). Therefore it may seem that Theorem 1.2 is in
a sense missing some of the information contained in the theorem of Toro.

However the key observation is that Theorem A implies that

(1.13) Theorem 1.4 is stronger than Theorem 1.2,

where by “stronger” we mean that any set S satisfying the hypotheses of Theorem 1.2 also
satisfies the hypotheses of Theorem 1.4 (when regarded as metric space (.S, dgyl))).

Finally, Theorem A says also something about the sharpness of Theorem 1.4, indeed
it is well known that the power two in (1.11) cannot be replaced by any higher order power
(see for example [16]), in particular (1.5) implies that also the power one in (1.12) cannot be
improved. This observation together with (1.13) suggests that Theorem 1.4 is in a sense the
correct generalization of Theorem 1.2.

It is worth to mention that another instance (besides Theorem 1.4) where a summability
condition on the Gromov—Hausdorff distances is natural and necessary in metric spaces was
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already observed by Colding (see [6, Section 4.5]). Roughly said he proves that the summability
of the Gromov—Hausdorff distance from a cone on dyadic scales on a Riemannian manifold is
necessary and sufficient to have uniqueness of the tangent cone. Moreover, he points out the
discrepancy between this summability assumption in comparison with the square summability
assumption in Theorem 1.2 by Toro. As for the biLipschitz Reifenberg above, our Theorem A
explains this discrepancy.

Acknowledgement. I am grateful to Guido De Philippis and Nicola Gigli for bringing
this problem to my attention and for stimulating discussions. I also wish to thank Tatiana Toro
and David Guy for their feedback and comments during the preparation of this note.

2. Preliminary results

We gather in this section some elementary and well known results that will be needed in
the sequel.

In what follows and in all this note we denote by dg the Hausdorff distance between sets
in R4. Moreover, given an affine plane I' in R¢ and a point x € R we denote by d(x, T") the
distance between x and I'.

The following elementary Lemma is well known in literature (see e.g. [9, Lemma 12.62]).

Lemma 2.1. For every n € N with n there exists a constant C = C(n) > 0 such that
the following holds. Suppose that 1'1, "y are two affine n-dimensional planes in R4, with
d > n, such that there exist points {x;}7_, C I'2 N Ble (0) satisfying

|x; —x0 —ei]| < o foreveryi =1,...,n,
d(x;,I'1) <e foreveryi =0,...,n,
where ey, ..., eg are orthonormal vectors in RY and ¢ € (0, 1(1)—0). Then
dg (I'1 N B4(0), 'z N B4(0)) < Ce.
The following result is also standard and can be easily proved applying Gram—Schmidt

orthogonalization procedure together with a straightforward computation in coordinates (see
for example [8, Lemma 7.11]).

Lemma 2.2. For everyn € N exists a constant C = C(n) > 0 such that the following
holds. Let f - BiRn (0) - R%, d > n, be an (er)-isometry (see Section 3) with & € (0, 1), then
there exists an isometry I : R — R? such that [(0) = f(0) and satisfying

|l — f| < C/er on BX(0).
We now define a notion of distance between affine planes in R4,

Definition 2.3. Let I'1, I'; be two affine n-dimensional planes. We put
d(I'1, T2) = dgr (T1 N B1(0). T2 N B1(0)),

where T is the 7 dimensional plane parallel to I'; and passing through the origin.
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Notice that the function d just defined clearly satisfies
d(l'1,T3) <d(I'y, I2) +d(I'2, T'3).

The following elementary lemma says that if two affine planes are sufficiently close with
respect to the distance d, then they are not orthogonal to each other.

Lemma 2.4. Let 'y, 'y two n-dimensional affine planes in RY such that d(I'y, Ih) < 1.
Write Iy as p; + V; where p; € RY and Vi is a n-dimensional subspace ofRd. Then

Vie v, =RY.

In particular, for every p € 'y there exists q € T such that T1(q) = p, where I1 is the ortho-
gonal projection onto T'y.

Proof. It is enough to prove that VlJ- N Vo = {0}. Suppose v € VlJ- N V5. Then we can
regard V1, V5 as affine planes through the origin and parallel to I'y, I'>. Therefore by hypothesis

|v| =d(v, V1) <d(T'1, )|

and thus v = 0. O
The following simple technical result will be the main tool for the proof of Theorem 3.1.

Lemma 2.5. Let I'y, Iy two n-dimensional affine planes in R4, Then for any x € Ty
andany y € R (different from x)

d(y, rl))z

=3 < 1) = P 13 =2 (80, ) + T2t

where T1 denotes the orthogonal projection onto 1.

Proof. Leta :=d(I'1, I'2). Up to translating both the plane I'; and the points x, y by the
vector IT(x) — x, we can suppose x € I['; and x = 0. Let now p be the orthogonal projection
of y onto I';. Since both I'; and I'; contain the origin, we have that

d(p,T2) <dg(I'2 N By (0), T N B,(0) < |pla < |y]e.

Therefore d(y.I2) < d(y, p) +d(p.T2) = d(y. p) +d(p.I2) <d(y.I'1) + [y|a. Then by
Pythagoras’ theorem

Iy1? = [I(y) — yI* + [TI(»)[> = d(y. T2)* + [T1(») >
< (d(y,T1) + |yle)* + [T(y) — TI(x)|?,

since IT(x) = 0. This concludes the proof. O

We conclude with two results about the numbers «(x, ) and B(x,r) (recall their def-
inition in (1.1), (1.6)), which are well known in the literature. The first one shows that there
exists a plane which realizes B(x, r) (i.e. that minimizes (1.6)) and at the same time almost
realizes «(x, r). The second is a classical tilting estimates, which says that the orientation of
such realizing plane do not vary too much from scale to scale and between points close to
each other.
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Proposition 2.6 (Realizing plane). For everyn € N there exists C = C(n) > 1 such that
the following holds. Let S C RY withd > n, let x € S and r > 0 be such that a(x,r) < ﬁ.
Then there exists an n-dimensional affine plane I'?. that realizes B(x, r) and such that

r~Ydg (S N B, (x). T2 N B,(x)) < Ca(x,r).

Proof. The existence of two planes I" and I' that realize B(x, r) and a(x, r) respectively
follows by compactness. Without loss of generality we can assume that x = O and r = 1. Since
0 € T, there exist orthonormal vectors eq,...,e, € I'' and points x1,...,x, € S N B1(0)
such that |x; —e;| < «(0,1),i = 1,...,n. Moreover, there exist points yg, y1,...,yn € I’
such that |y; — x;|, |vo| < B(0,1) <«(0,1),i = 1,...,n.In particular,

lyi —yo —ei| <4a(0,1), i=1,...,n,

and we can apply Lemma 2.1 to deduce that dg (I' N B1(0), I’ N B1(0)) < Ca(0, 1), which
concludes the proof. m)

Proposition 2.7 (Tilting estimate). For any n € N there exist constants « = «(n) and
C = C(n) > 0 such that the following holds. Let S C R¢ with n > d and let r > 0 and
x,y € S be such that a(x,r),o(y,r) < a(n)and |x — y| < %r. Then it holds

d(IL, T2y < C(B(x,r) + B(x,2r)),
d(I5. T)) < C(B(x. 1) + B(y.1))

for any choice of realizing planes I'y, '}, F)%’ (as given by Proposition 2.6).

Proof. 'We prove only the second, since the first is analogous.

As usual, the scaling and translation invariant nature of the statement allows us to assume
that » = 1 and x to be the origin. Then there exist orthonormal vectors eq,...,e, € F; and
points x = Xxq, X1,...,Xn € S N B1(0) such that

1
Xj — Ee,- <Cna(x,1), i=1,...,n.
Moreover, (if a(x, 1) is small enough) x; € Bj(y), hence there exist points yg, ..., yy € 1";
such that |x; — y;| < B(y,1),i =0, ...,n. Finally, there exist points zy,...,z, € F; such

that |z; — x;| < B(x,1),i = 1,...,n. Putting all together we have

<Ca(x,1)+2B8(, 1)+ B(x,1), i=1,...,n,

1
Yi—Yo— Eei

and
d(y;. T < B0, 1)+ B(»y.1), i=0,....n,
hence (if «(x, 1), ®(y, 1) are small enough) we can apply Lemma 2.1 to deduce that

d(Ty N B1(0).T) N B1(0) < C(B(x.1) + B(y. 1)).

Observing that d(x, F)}) < B(x,1) + B(y, 1) and recalling that x is the origin concludes the
proof. m)
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3. Proof of the main theorems: a < a2 and b < 82

Both Theorem A and Theorem B will be deduced as corollaries of the following more
precise result.

Theorem 3.1. For everyn € N there exist constants C = C(n) > 0 and ¢ = ¢(n) > 0
such that the following holds. Let i € No, S C R? with d > n and assume that aj < ¢ for
every j > 1 — 2 (where a; are as in (1.3)), then

(Biz+-+Biv)

(A) a(x,2_i)§C(sup )\/Caiz forallx €S, |x|<1-27",

jeNo 2/
. e . )2 .
B) b(x.2~) < C sup P2t 2j+ Pi+i) forallx €S, |x|<1-271,
J€Ng

where B are as in (1.8).

Inequalities (A) and (B) should be thought as weak versions of the formal inequalities
“a(x,r) < Ca(x,r)?” and “b(x,r) < CB(x,r)?” that are not true in general since, as we saw
in the introduction, (1.2) and (1.7) cannot be improved.

Proof of Theorem A and Theorem B, given Theorem 3.1. Let ¢ € (0, %) and i € N be
as in the hypotheses of Theorem A and Theorem B. Since ¢ > 277, from Theorem 3.1 and
the definition of the numbers a; we have

(a)* < sup a(x,27H)%

X€ES,
Ix|<1—271
. )24
< C(sup (Bi— + A"i‘ Bi+;) )\/Cotl-ﬂ‘
J€Np 24
(] +3)2/\ 1 . -
< Ca 2A+CZ oy (:31 2t —|—ﬂl+j) foralli >i.

Jj=0

An analogous estimate holds for b; for all 7 > i. Recalling that §; < «;, we obtain

+3)271 v
Za <CZaZA+CZZ(J )j (12+ +oel+J)
i>i i>i i>i /=0
A—1
21 (j +3)? V1
<C> oa+C) o7 D@+t et
i>i Jj=0 i>i
A
24 (J+3)*v(+3) 21
<C ZO{ + C(Z AT Z o; s
i>i Jj=0 i>i—2
which proves (1.4). The exact same computations yields also (1.9). |

Before passing to the proof of Theorem 3.1 we recall the definition of §-isometry and
how it can be used to estimate the Gromov—Hausdorff distance. Given two metric spaces
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(Xi,d;j), i = 1,2, and a number § > 0, we say that a map f : X; — X5 is a §-isometry if
|[da(f(x), f(v)) —di(x,y)| <& forevery x,y € X;. It holds that

dou((X1,d1), (X2,dz)) < 2inf{§ > 0 : there exists §-isometry f : X; — X,
with f(X1) 6-dense in X5},

see for example [4] for a proof.

Proof of Theorem 3.1. Observe that it is sufficient to consider the case x = O andi = 0
for both (A) and (B), since the conclusion then follows by translating and scaling.
We define

6 := C? sup ('8_2 * * 'Bj)z

, 0 = max(6, Caz),
Jj€Ng 2 0

where C is a big enough constant depending only on 7, to be determined later. Before proceed-
ing we make the following observation:

21
(3.1) C*Ba+-+B)>1>0 = 0>

Along the proof, for a given x € S and r > 0 we will denote by I'’, one of the realizing planes
given by Proposition 2.6 (the choice of the particular plane is not relevant).

Proof of (B). Let IT be the orthogonal projection onto l"(}. It is sufficient to show that
(3.2) m:SnNB0) — F(} N B1(0) is a f-isometry

with respect to the Euclidean distance.
Choose x,y € S N B;(0) distinct and observe that there exists a unique integer j > 0
such that

13 l< 1
() 2_j—|x_y| 2./'_1

Applying Proposition 2.7 multiple times (assuming «; < «(n) for every j > i — 2, with a(n)
as in the statement of Proposition 2.7), we have
(34) drd. 127 <qrd. 12 )+ d(r2,T2%) +d(r¥, 12%)
+dTZ. T2y 4 a2’ 027
< D(B(0.0) +B(0.2) + B(0.2%) + B(x,22) + -+ + B(x.27/*1))
<DPB-2+-+Bj-1)
for some constant D depending only on . We consider now two cases: when

D+4HB-2+-+Bj-1)>1

or the opposite. In the first case, assuming that C > D + 4, from (3.1) we have 6 > == and
therefore

2
IIG) =G| = lx =yl < Ix —y[ = o7 <6,
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that is what we wanted. Hence we can suppose that (D + 4)(B—2 + --- + B;—1) < 1. Since
from (3.3) it holds that |x — y| > 27/, we have that

(3.5) d(y. 727"y < 4p(x. 277+ x — ).

We can now apply Lemma 2.5 to the planes I'}, F)%_ﬂrl , that coupled with (3.4) and (3.5) gives

TG0~ )| = v = y[1 = (DBa+ -+ Bjm1) + 48,12

Hence

=y =100 = T < = y(1= V1= (0 + 9B+ -+ 1)),

Thanks to the assumption (D + 4)(B—2 4+ ---+ Bj—1) < 1, we can use the elementary the
inequality 1 — +/1 —x < x, valid for 0 < x < 1, to finally obtain

Ix = y| = M) = T < |x = y[(D + H (B2 + -+~ + Bj-1)*

03 (D + Bzt + 1)

where we have used the definition of 6 and assuming C > 2(D + 4). This concludes the proof
of (3.2) and thus the proof of (B).

<0,

Proof of (A). In view of (3.2), we only need to show that IT is also 6’-surjective.

Claim. Let C' = C'(n) > 1 be the constant given by Proposition 2.6. Then for every
p € Ty N B1(0) and x € S N B1(0) such that C'ag > |p — I(x)| > 6" it holds

B341p—n1(x)|(p) N TI(S N B1(0)) # 0.

Before proving the claim, we show that it implies that IT is 6’-surjective. Indeed, suppose
it is not, i.e. there exists p € F(} N B1(0) such that

R :=sup{r : B,(p) N TI(S N B1(0)) = @} > 0'.

Since dy (F(} N B1(0), S N B1(0)) < C’ay (recall that F(} was chosen as a realizing plane as
given by Proposition 2.6), there exists x € S N B1(0) such that |[x — p| < C’ag and in particu-
lar |TI(x) — p| < C’ay. Therefore R < C’wp. This implies, from the definition of R, that there
exists a point x’ € § N B1(0) such that ' < R < |T[1(x") — p| < min(%R, C’ag). However,
the Claim gives that

0 # Bsjainy-pl(p) N IS N B1(0)) C Bis (p) N IL(S N B1(0))

that contradicts the minimality of R.

Proof of the Claim. Set R := |p — I1(x)|. To make the proof more easy to follow,
we first explain the intuition behind it. The key idea is that near x the set S is distributed
in a horizontal manner, near a plane passing through x. We can then move along this plane
towards p and thus find a point y in S N B1(0) such that |T1(y) — p| ~ % However, since
p can be near the boundary of B;(0), in this movement we might go outside the ball B;(0).
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To avoid this issue, we consider a point ¢ such that |p — g| ~ g but placed radially towards the
origin and then find a point y (using the idea described above of moving horizontally near x)
that projects near g.

Start by noticing that (if g is small enough with respect ton) R < C'ag < %. Therefore
there exists a unique integer j > 2 such that

1 1

(3.6) S = R< 5

Since by assumption 0 < #’ < R < L from (3.1) we have

_2Ja
2 1
(CB2+-+B))) =3
Define now the point ¢ € F& N B1(0) as
p R
q=p—"=-
lpl 2
Then
G67) gl =|lpl- 5| <1-5;

indeed, |p| < 1 and R < 1. Moreover,
R 3
lp—ql=7 and |g—TX)|=|p—TX)|+[p—ql =R
Consider the plane I’)%_j , arguing as in (3.4) we can show that

dTE. T2 ) <CBa+ -+ B)) <1,

provided C is big enough. Then by Proposition 2.4 there exists a point ¢ € F)%_j such that
IT(e) = g. Applying Lemma 2.5, we obtain

e — x|

le —x|* < |g — I(x)]> +

that implies

le— x| = V2lg - ()| <3R < .

Therefore there exists y € S N B,—;+2(x) such that |y —e| <« j_22_j 2 < % (provided a; —»
is small enough). Thus

R 3
ITI(y) — pl < [TI(y) —(e)| + |p —q| < |y —e| + 7 < ZR’

that means T1(y) € B3/4g(p). It remains to prove that y € B1(0). First we observe that from
(3.6) and the assumption R < C’a we have

4
ly—x| =57 <8R = 8C .

Hence, since x € B1(0),

d(y.T§) < |x — y| +d(x,Tg) < 9C ap.
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From previous computations we know that

R
ITI(y) —q| = |TI(y) = I(e)| < |y —e| < T

therefore from (3.7), |TI(y)| < |g| + % <1- % From the Pythagoras Theorem we obtain

Iy[> = [TI() [ +d(y, T3)?
R 2 N2 .2

4R R+(9C/)2a§ 1
N 16 R 2)

Thus to conclude it is enough to show that

R (9C")%ag B 1
16 R 2
Since by assumption R > 6’ and by definition 6’ > Ca3, we deduce that
% _ 1
R — C’
Therefore recalling that R < 1, the above inequality is satisfied as soon as C < 4(9C’)?. This
concludes the proof. |

4. Converse inequalities: a? < a, ﬂz <b

As explained in the introduction and in Section 3, the inequalities “a(x, r) < Ca(x, r)2”
and “b(x,r) < CB(x,r)?” are not true in general, but hold only in their weaker formula-
tions contained in Theorem 3.1. In this final section we will prove that the opposite inequality
a(x,r)? < Ca(x,r) dohold in general, together with a weaker version of B(x, r)?> < Cb(x, r).

Proposition 4.1. Ler S C R? andn € N withn < d. Then

a(x,r)? < Ca(x,r) foreveryx e S,r >0,

where a(x,r) is as in (1.1) and C = C(n) > 0.

Proof.  Straightforward from Lemma 2.2 |

Given a set of n 4 1 points xg, ..., x, € ]Rd, we denote by Vol, (xo, . .., X,) the volume
of the n-dimensional simplex with vertices xg, ..., x,. It is well know that for every n € N
there exists a polynomial P, : R”+1D7/2 5 R such that

(4.1) Vo, (X0, ..., xn)* = Pu({|xi — xj|*}o<i<j<n);

see for example [3, Section 40] for a proof.

The following results states that B(x,r) < C /b(x,r), provided B,(x) N S contains n
points which are “sufficiently independent” in the sense that they span a simplex with large
volume.
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Proposition 4.2. Let S C R? andn € N withn < d. Then

Vb(x, 1
B(x,r) < C(# N Vn”) foreveryx € S, r >0,
n
where
V, = sup r~"Vol, (xg,...,Xn),

{xi}_oCSNB,(x)

B(x,r)isasin (1.6) and C = C(n) > 0. In particular, if a(x,r) < % (a(x,r)isasin (1.1)),
then

B(x,r) < 100C y/b(x,r) foreveryx € S, r >0,

Proof. After a rescaling we can consider only the case r = 1. We can also suppose that
Vi, > 0, otherwise there is nothing to prove. Fix ¢ > 0. There exists a map

f 5N B (0)— BR'(0)
thatis a (b(x, 1) + &)-isometry. Moreover, there exist {x; }7_, C S N By(x) such that
V0|n()C(), ceey Xn) > Vn — €.

Let x,4+1 € S N By(x) be arbitrary and observe that, since f(xg), ..., f(xn), f(xn+1) € R",
we must have Vol,1(f(xo0), ..., f(xn), f(xn+1)) = 0. From (4.1) and the fact that P, 41 is
locally Lipschitz, it follows that
Voly+1(x0, .-, %n, )2 < C(n) sup | f(xi) = f(xp)I? = xi — x|
0<i<j<n

<4C(n)(b(x, 1) + ¢).

Therefore, denoted by I the n-dimensional plane spanned by X, ..., X;, it holds
V0|n+1(x0,...,xn,xn+1) \/b(x,l)-l—s
d(xn+1.T) = =Cn)—7———.
V0|n(X(),...,Xn) Vn — &

Moreover, it is clear that there exists a constant C’(n) > 0 such that

n+1
Volp+1(Xx0,s .+« s X0y Xp+1) < c'v,”
From the arbitrariness of x,+1 € S N Bi(x) and ¢ > 0 the conclusion follows. m]
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