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ABSTRACT. Many inverse problems are known to be ill-posed. The ill-posedness
can be manifested by an instability estimate of exponential type, first derived
by Mandache [29]. In this work, based on Mandache’s idea, we refine the
instability estimates for two inverse problems, including the inverse inclusion
problem and the inverse scattering problem. Our aim is to derive explicitly the
dependence of the instability estimates on key parameters.

The first result of this work is to show how the instability depends on
the depth of the hidden inclusion and the conductivity of the background
medium. This work can be regarded as a counterpart of the depth-dependent
and conductivity-dependent stability estimate proved by Li, Wang, and Wang
[28], or pure dependent stability estimate proved by Nagayasu, Uhlmann, and
Wang [31]. We rigorously justify the intuition that the exponential instabil-
ity becomes worse as the inclusion is hidden deeper inside a conductor or the
conductivity is larger.

The second result is to justify the optimality of increasing stability in de-
termining the near-field of a radiating solution of the Helmholtz equation from
the far-field pattern. Isakov [16] showed that the stability of this inverse prob-
lem increases as the frequency increases in the sense that the stability estimate
changes from a logarithmic type to a Holder type. We prove in this work
that the instability changes from an exponential type to a Holder type as the
frequency increases. This result is inspired by our recent work [25].

1. Introduction. Many inverse problems are known to be ill-posed. Even the
uniqueness holds in most cases, the continuous dependence of the unknown on the
measurements is very weak. For some inverse problems, two estimates have been
proved to quantify this ill-posedness. For example, in Calderén’s problem, a loga-
rithmic stability estimate was proved by Alessandrini [1] and an exponential insta-
bility was derived by Mandache [29]. The estimate obtained in [29] guarantees that
the logarithmic stability estimate in Calderén’s problem is optimal. More refined
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stability estimates involving parameters of the equations, such as the frequency, the
depth of the unknown, or the conductivity, etc. were derived for many cases, not
just in inverse problems, but also in the unique continuation. Following Mandache’s
idea, exponential instability estimates containing the effect of the frequency in some
inverse problems were proved in [42] (for the transport equation) and in [25] (for
the Schrodinger equation). Inspired by the results in [25], in this paper, we derive
exponential instability estimates emphasizing on the effect of the parameters for
two inverse problems, the inverse inclusion and the inverse scattering problems. We
will explain our main results in detail below.

In a recent article [23], Koch, Riiland, and Salo investigated the mechanisms that
cause the instability for some linear and nonlinear inverse problems. The instability
mechanisms were categorized by three smoothing properties — strong global smooth-
ing, only weak global smoothing, and microlocal smoothing for the corresponding
forward operators. They derived instability estimates in more general geometries
and coeflicients. Here we are interested in how instability estimates depend on some
key parameters. We achieve this by refining Mandache’s approach and, therefore,
work in the situation of symmetric geometries and constant coefficients. In order to
present the phenomena cleanly, we choose not to explore the possibility of extending
the results to more general settings.

We dedicate this paper to the memory of Victor Isakov, who made numerous
fundamental contributions in the development of inverse problems. His original
research on the phenomenon of increasing stability gives us a better understanding
of the ill-posedness in inverse problems. This paper is largely influenced by his
results.

1.1. Depth-dependent and conductivity-dependent instability of the elec-
trical impedance tomography (EIT). We first study the exponential instability
of the EIT. Different from early woks [7, 8, 29], here we would like to refine the
previous estimates in which one can understand the influence of other a priori fac-
tors of the conductivity in instability. Precisely, we consider the inverse inclusion
problem with the information of boundary data. We now describe the problem in
more detailed. Let Q C R? be a domain with smooth boundary and y(x) > 0 (with
a sufficient regularity) represent the conductivity of €. Due to the conservation
law, the electric potential u satisfies the conductivity equation

V- (y(z)Vu) =0 in Q. (1)

It is known that given any f € H'/2(0Q), there exists a unique solution u to (1)
with u|pg = f. The boundary data is given in the form of the Dirichlet-to-Neumann
map (DN-map):

A’Y(f) = ’yal/u bl (2)
(o9}
where v is the unit exterior normal vector of 9. The information of the con-

ductivity is encoded in A, and the EIT is to determine v from the knowledge of
A,

This inverse problem was proposed by Calderén [5] where he showed that the
linearized DN-map at the constant conductivity is injective. The global uniqueness
of the EIT was proved by Sylvester and Uhlmann [37] (for dimensions higher than
two) and by Nachman [30] (for dimension two). The EIT is known to be ill-posed. A
log-type stability estimate was first established by Alessandrini [1], while Mandache
[29] confirmed that Alessandrini’s result is optimal by showing that the problem of
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exponentially unstable. In several practical situations, the conductivity coefficient
~ takes the following form:

v(x) =v0() + 71 ()xD,

where yp is the characteristic function of the domain D. Here, D represents an
inclusion in Q having a different conductivity ;. In [13], Isakov showed that, if
~o(x) is known, then both 7, (z) and D can be uniquely determined by the DN-
map (2). A log-type stability estimate was obtained in [2] for this inverse inclusion
problem, i.e. determination of D from A,.

We now consider the inverse inclusion problem with vo(z) = 1 and 1 (z) = k # 1,
that is,

V- (1+(x—1Dxp)Vu)=0 inQ (3)
and the DN-map Ap is defined by
Ap : H3(89) — H™2(3Q), Ap(ulog) := dyulon. (4)

The exponential instability for the inverse inclusion problem described above was
proved in [2]. However, the estimate obtained in [2] did not show that influence of
the depth of D on the instability. In [31], they obtained a depth-dependent stability
estimate by studying the linearized DN-map. Recently, the stability estimate of [31]
was extended to the multi-layer medium in [28] where the effect of the conductivity
of each layer on the stability was also discovered. To simplify the discussions, we
consider the medium which has 3-layer structure (the ideas can be easily extended to
multi-layer structure). Let Q' be Lipschitz domains such that D C Q" and Q' C Q.
In this work, we study the inverse inclusion problem with

’y(m) = Ki1Xp + R2XonD + Xo\a7
where k; > 0 are different with x; # 1 (i = 1,2). We define the following operator:
Lpu:=V- ((IﬂXD + K2XonD + XQ\W)VU) in €.

Likewise, we can define the DN-map Ap by (4).

One of the main theme of this work is to investigate how the depth of the inclusion
D and the conductivity o affect the instability of the inverse problem. To formulate
our problem precisely, we consider ) = By, ' = B%, and D = B, with 0 < r < %.
We introduce a smooth function

Y:0D =R
and the perturbed boundary 0D; of the inclusion Dy is described by the image of
y = Fy(x) ==z + sy(x)vy(z), x€0D.
Now the linearized DN-map of Ap, at s = 0, denoted by dApg, (¥), is formally
defined by

dAp (1) = lim ~(Ap, — Ap). (5)

s—0 8
Indeed, dAp, (¢) : H2(8By) — H~2(dB;) is a bounded linear operator, see [28,
Lemma 2.3]. A log-type stability estimate with dAp,_ including the effect of the
depth r of the inclusion B, and the conductivity 2 was proved in [28]. Precisely,
under some apriori assumptions, the following estimate holds:

[l z208,) < Clk2 + 1) log(r~")|log [[dA, ()| 7, (6)
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where

|| ° ||* = H i |‘H%(831)—)H7%(831)-

Estimate (6) clearly indicates that the stability becomes worse as the depth of the
inclusion increases, i.e. r becomes smaller, or the conductivity ko becomes larger.
It was also showed in [31] that, given any ¢ > 0, there exists no positive constant
C’ such that

19]lz2(0m,) < C'log |dAp, ()]l 717,

that is, the logarithmic stability (6) is optimal. The deterioration of the stabil-
ity of reconstructing a deeply hidden inclusion by the DN-map was also observed
numerically in [12, 39, 40].

By combining the ideas of [28] and [29], we proved the following depth-dependent
and conductivity-dependent exponential instability for the linearized DN-map dA g, :

Theorem 1.1. Fizing any 0 < r < i and ko > 1+ k1. There exists an absolute
constant 0 < E < 1 such that, given any 0 < € < FE, there exists a function
Y € C(0B,) with

1VllL=(oB,) > €

such that )
dA L < C
JdAs, ()] < O

for some absolute constant C' which is independent of k1, ks, T, €.

exp(—\logr|%e_3%) (7)

Estimate (7) corresponds to the statement that the depth-dependent and
conductivity-dependent stability obtained in [28], as well as the depth-dependent
stability obtained in [31], are optimal from the instability perspective. We want to
point out that, since dAp, is a linear operator, a norm estimate was derived in [28,
Corollary 1], precisely,

<C|K1*I€2| 1
T |k ke Re+1

for some constant C'. The norm estimate (8) holds for all perturbations of the
inclusion . It gives us only an upper bound of the size of dAp, () in terms of .
The merit of (7) is that it provides a fact that the size of dAp_(¢) could be much
smaller (exponentially small) in terms of some perturbation ¢. The derivation of
(7) is more delicate that that of (8).

We now mention some other results related to our work. Besides considering the
linearized map dAp_, there are other ways to formulate the depth-dependence of
the inverse problem, see, for example, [9, 10]. Let 0 < p< 1,0 <r < land K > —1.
In [9, Theorems 2.6 and 4.4], Garde and Hyvénen proved that

[dA g, ()]] r3 1]l 128, (8)

1—p ||A1+~><BT<O) -\ ||L2(831)~>L2(6Bl) 1—p?

9)

L+p 7= [[Aitnxs, e — Mllzz@)sr2@m) — 1+
where A, is the DN-map given by (2),

1—172 1— p?
=P d R0
1 — p2r2 1—p2r2

provided that |Z| = 1, and the estimate (9) is optimal in the sense of

1A rtnxs, @ = Aille2@B)—r208) _ 1—p

St A A RS
0<r<t [[A1tpyp oy — Mllz2oB1)—12(081) +p
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sup ||A1+anr<0) — Ai|lL2aB,)—L2(08B)) 1= p?
0<r<1 ”Al-‘rNXBR(z) -\ ||L2(aBl)ﬁL2(aBl) 14 p? '

Both the upper and lower bounds in (9) converge to zero as p — 1, which indicates
that the reconstruction of Br(z) is more stable when it close to the boundary.

The depth-dependent of the inverse problem can also be described in terms of
the resolution limit. Let K > 0 and the function space

To(pg)={ v€L®(Q) | K '<y<Ky=1+(—1)xB,(9 }.

where the point ¢ is called the center of the perturbation. Fixing a constant €y > 0,
and we say that two conductivities 1,2 are €g-indistinguishable if

1A = As |l < €o.

HE (69)/HE (00— H 3 (09)

Accordingly, we can define the resolution limit at level ¢y relative to the center
q € Q by the number

by = sup{ p>0 ‘ 71,72 € Ta(p, q) are €p-indistinguishable } .

Let Q = B; C R? 2 C, Alessandrini and Scapin [3, Theorems 3.3 and 3.8] derived
that

VA+e—2

K1
0K

1+ B- TP 2B

¢
a 2,

with 60 =

for all ¢ € [0,1), where ¢ is the resolution limit at the center of the disk By. From
this, we see that £, increases with respect to the depth 1 — ¢. In other words, the
resolution in the determination of the inclusion deteriorates as it is hidden deeper
inside a conductor.

1.2. Instability estimate for the determination of the near-field from the
far-field. We now study the instability phenomenon of determining the near-field
of a radiating solution to the Helmholtz equation from the far-field pattern. The
uniqueness follows easily from Rellich’s lemma. Likewise, this inverse problem is
also ill-posed. Nonetheless, it was proved by Isakov [16] that the stability of this
inverse problem increases as the frequency increases. In this work, we want to verify
this increasing stability phenomenon from the viewpoint of instability estimate and
hence shows that the result obtained in [16] is optimal. The increasing stability
phenomena were rigorously proved in other situations [11, 14, 15, 16, 17, 18, 19, 26,
27, 32, 35, 36], not only for inverse problems, but also for the unique continuation
property.

Given any f € H2(dB), there exists a unique u € H (R3\ B;) solving the
following exterior problem:

(A+kHu=0 in R?\ By,
u=f on 0By, (10)

u satisfies Sommerfeld radiation condition at |z| — oo,

and the following estimate holds

||UHH1(BR\BT) < C(R, H)”fHH%(OBl)’ (11)
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see, for example, [22, Theorem 1.1] (see also [33, Theorem 2.6.2] for refined inequal-
ity of (11) and [4, Theorem 3.3] for elastic waves). It is well-known that u satisfies
the following asymptotic expansion [6, 22, 38]:
u(z) = “—u(&) + O(r™2) as r=|a| — oo
r

uniformly for all # = z/|z| € S%, where u* (%) is called the far-field pattern. We
use u°(f) to indicate the dependence of u™ on f.

It follows from Rellich’s lemma that u>(f) uniquely determine u in R®\ By
and therefore the boundary data f is uniquely also recovered, i.e., the mapping
f = u™(f) is injective. We now want to remark on the stability estimate of
determining f from u®(f).

Let { Yy ‘ n>0,|m|l <n } be the spherical harmonics, which forms a complete
orthonormal basis in L?(S8?). Therefore, we can write

u>® = us> Y
Z Z nm-n

n>0|m|<n
Define
LVx] oo
GeY Y hmk et G 3 Y ik
n=0 |m|<n n=|vk]+1 |m|<n
Under some a priori assumptions, it was shown in [16, Theorem 1.1] that
2¢2 2¢? M
2 2 1
Hf||L2(BBl) < 761+762+m, (12a)
2¢2 2 1 M?
2 2 / i
Hf||L2(aBl) S 761 + %€M1622 + m (12b)

for some constant M; > 0. The estimates (12a) and (12b) indicate that the log-
arithmic part (k + |logez|) ™! decreases as x increases, and both estimates change
from a logarithmic type to a Holder type. In other words, Isakov’s work [16] can
be regarded as a quantitative version of Rellich’s lemma. Moreover, using (11), one
can see that Neumann data can be easily recovered from Dirichlet data, and the
recovery process is stable.

In this work, we will study the counterpart of the increasing stability by investi-
gating how the exponential instability is affected by the frequency. Inspired by the
work [42] and our recent preprint [25], we prove the following theorem.

Theorem 1.2. Fizing any frequency k > 0, and let k = (g)e"p(”). There exists
an absolute positive constant E such that for any 0 < € < E, there exists a function
f € C>(0By) satisfying

[ flle=(oB,) > €

and
max{Rk,1} _1
€

o 1 . ~y L1
0=l 5 gy <€ oo (= 22 ) pminr et | 9
for some absolute constant C' which is independent of k and €.

Before proceeding further, we would like to mention some interesting results
obtained in [34] where the authors derived a stability of determining the scattered
field from the far-field data and an instability estimate for the inverse scattering
problem in the acoustic equation with a sound-soft obstacle. Similar to the spirit
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of our work, results in [34] also emphasize on the dependence of the wave number
in the stability and instability estimates.

Estimate (13) shows that the instability changes from an exponential type to a
Holder type when « increases, and vice versa. Such transition of instability was also
established for an inverse problem in the stationary radiative transport equation in
[42] and in the Schrédinger equation in [25]. In addition, this result shows that
Isakov’s result in [16] is optimal.

Our proof relies a well-known expression (43) of u in terms of spherical harmonics
Y ™. The crucial step is the identity, which connects the Bessel function with
Lommel polynomials, given in (45). This gives an explicit lower bound of the
spherical Hankel functions, see Lemma 4.1. It is also interesting to mention that,
using some refined properties of Bessel functions, John [21] constructed an example
showing a logarithmic stability uniformly in x in the continuation of solution to the
Helmholtz equation from the unit disk into its complement in the plane.

1.3. Organization of the paper. We will follow the general procedure introduced
in [29]. We first discuss the construction of an e-discrete set in some function space
in Section 2. Using this e-discrete set, we will prove Theorem 1.1 and Theorem 1.2
in Section 3 and Section 4, respectively.

2. Construction of an e-discrete set. Let d > 1. We now want to construct an
e-discrete set (a.k.a. e-distinguishable set) for some neighborhood which is not too
large. Here we recall that a set Z of a metric space (M,d) is called an e-discrete set
if d(z1,292) > € for all z; # 29 € Z. For each € > 0, we define

J\/'E(B%) = { Y € C(RY) ‘ Y is real-valued, supp (¢) C By, [[¢[| o (re) < € }
We now prove the following lemma.

Lemma 2.1. Given any a > 0, there exists p = u(d, o) > 0 such that the following
statement holds for any auziliary parameter § > 0: Given any 0 < € < ufS, there is
an e-discrete set Z of (Ne(By), || @ [|L) with

2] > exp {Qdﬂl (’”) } (14)

where |Z| denotes the cardinality of Z.

Remark 1. When d > 2, Lemma 2.1 is a special case of [29, Lemma 2]. See also [24,
Theorem XIV] for more abstract setting, or [8, Proposition 3.1], [25, Proposition
2.1], [42, Lemma 5.2].

Proof of Lemma 2.1. Tt remains to prove this theorem for d = 1. We fix 9y €
C*(R) such that supp (1) C By = (=3, 3) and [[¢o]| L (@) = 1. We now define

_ B\ *
po= ||7/)0||Ca1(R1) and N = Kﬂe) J

Since 0 < € < pf, then @ > 1. Hence,

N > ;(’uﬁ) . (15)

€

Q=
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272
their centers. Defining

N
Z = { Y| Y(z) = EZUJ"(/JO(N(x —¥)), o;€ {0,1} }
j=1

Note that each element 1) € Z is smooth with ||¢||p~ < € and Z C N.(B
Moreover, we see that

1 — ol =€ for all ¢y # o € Z.

We divide By = (=1, 1) into N smaller intervals of length 1/N. Let y1,--- ,yn be

).

1
2

Finally, we see that
) N
|Z] = 2V = exp(Nlog2) > exp (2> (16)

Combining (15) and (16), we obtain (14). O

Let 7 > 0 and let P : 9B, — R? U {00} be the stereographic projection. Let us
define

N(0B,,P)i={ ¢:0B, » R | voP e N(By) },
Z:={¢:0B, >R |yoPleZ},
and
N(0B,) :=={ ¢ : 9B, — R | 1 is smooth with [|¢[|@sp,) <€ }.

It is clear that Z C N.(OB,,P) C N.(8B,) and |Z| = |Z|. Hence, we can rephrase
Lemma 2.1 as follows:

Proposition 1. Given any a > 0, there exists u = p(d, ) > 0 such that the
following statement holds for any auziliary parameter 5 > 0: Given any 0 < € < ug,
there is an e-discrete set Z of (N(0By), | ® ||L=(aB,)) with

d
L (pB\~
|Z| > exp |:2d+1<6> }7

3. Proof of Theorem 1.1. We prove Theorem 1.1 in this section.

1. General framework of matrix representation. For each p > 0 and v € R,

we have
2
11122 05,) = '° Z ¢ pcosf, psinB)e "+ do (17a)
T ke
L 0 ol
H¢||Hw 0B,) Z 14 k)7 1/1(,0 cos @, psin@)e=*? dp (17b)
kEZ
see [31, (2.1)]. For each n € Z, we define ¢,, : 0B — C
$n(cosB,sin f) L inf
,8inf) := — ¢
" V2r(1 4 n2)s
Using (17b) with v = $ and p = 1 gives
| 1 2

2 2\ 5 b —ik0
“¢”‘|Hz o) 72 % (1+ k%2 e0e=ik0 gg
S

o V2r(1+n2)3
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V2
(14n2)i
1 1 2w
1 EA - ——
27r( +7) (2 +n2)%
That is, { ¢, | n € Z } forms a complete orthonormal set in Hz(0B)).

Let A : H2(8B;) — H~2(0B;) be any bounded linear operator. For any pair
(n,m) € Z x Z, we define the complex number

Anm = <A¢n7¢m>>

where (e, o) is the H2(9B;) x H2(0B;) duality pair. We consider the Banach
space X, which consists tensors (an,,) with

2

1
—(1+n?)?
27

1
[(anm)lx := 7 sup (1+max{|n],[m[})?|ann| < co.
4 n,mezZ

We have the following proposition.

Proposition 2. There exists an absolute constant Cups > 0 such that

Al < Cans|[(@nm)l|x- (18)

In other words, tensor (anm) can be treated as the matriz representation of the
bounded linear operator A.

Proof. Using the Hilbert-Schmidt norm, we have

IIAII*S< 3 anm|2)é §4<

n,me”Z

1
Z (1 + max{|n|, |m|})4> Il (@nm)| x-

n,mez

‘We now compute

1
2, (1 + max{[nl, |m|})*

n,meZ

( 2+ 2t X F 2 )1+max{1|nl,|Tnl})4

n>0,m>0 n>0,m<0 nlO0,m>0 n<0,m<0

1
=4 Z (1 + max{n,m})*

n>0,m>0

< 2+ )Hmax{n mp)?

n>m>0 m>n>0

which proves (2). O

3.2. Estimating the matrix representation of the linearized DN-map. The
task here is to estimate dA™ (¢)) := (dA g, (¢)(¢n), ¢m). Precisely, we want to prove
the following proposition.

Proposition 3. Given any e >0 and 0 <r < i. If kKo > 14 K1, then there exists
an absolute constant C' such that

1

1 1o
|dA%7,,'.l(1/))| < CRmh?j ! (19)
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for all ¢ € Nr(8B;), where £ = max{|n|, |m|}.

Remark 2. Observe that dA™ (1)) = 0 when n = 0 or m = 0, since Ap (1) =0
for all s > 0. Hence, we have

@A @)lx =7 sup_ (14 max{lnl, ]} P dAE ()
0#n,meZ

sup _ max{|nl, [m[}?|dAE" ()], (20)
0#n,meZ

IA

Given any function g € L?(dB,) and k € Z, we define the Fourier coefficient of
g as

2
Gk ::/ g(rcos B, rsinf)e* qg.
0

It is easy to see that

|9k < 27|gllL~(0B,)- (21)
For f € L?(0By), we abuse the notation and define
2m
fr = f(cos,sin@)e=*% dg.
0

We need the following lemma, which is a special case of [28, (18)] (taking R =1
in [28, (18)]).

Lemma 3.1. For f € H2(0B,), we have

dAg, (¥)(f)

_ Z )\a(f)ema,
0B, a€Z

where A\o(f) =0 and for all a € N

/\—a(f) = aL ;Ii2 rilTa Z Sp [(Kl + 52)1/}—a+pf—p - (52 - Rl)w—a—pfp:| ,

T =
K1 — Ko _ >
Aa(f) = 17r2 2T, Z Sp [(“1 + k2)a—pfp — (K2 — ”1)1/}a+pfp} )
p=1
where
T, = —¢

(k2 — K1)r% + (K1 + Ko)T ™

5 21’((2) " [(@ ) (ks 1)Tp<i>p — (1 + i2) (12 + 1)r—p<i>p]

+ (i)p [ (k2 — k1) (2 + 1)#)(2) (o a) (e — 1)r—p<i>p]>_l.

Remark 3. When k3 = 1 and k1 = &, that is, the case of 2-layer medium, we have
Sp = T), and hence Lemma 3.1 reduces to [31, Lemma 2.2] with R = 1.

The following inequalities can be found in the proof of [28, Lemma 2.3]:

2k
rk, (22a)
K1+ Ko
1 2n

Syl < ", 22b
[Snl min{i, co} (k1 + K2) (k2 + l)r (22b)

T <
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where

K1 — K K1 — Ko Ko — 1 3\ ke —1/3\¥
co := inf |1 — ! 2p2r g M 22 (= -2 - .
TEN K1+ Ko K1+ Ko kg + 1 4 ko +1\ 4

Since 0 < r < % and ko > 1+ Ky, it is easy to see that co > &, and hence (22b)

5 b)
becomes
10n

r
(Kl + Hg)(,‘ig + 1)
Now, we are ready to prove Proposition 3.

|Sn| <

. (22¢)

Proof of Proposition 3. Using (17b), we can estimate
AN ()] < 1485, () 60)] -

A

1

(L / - (ZAa(m)eiw)e—w a6 ]
27 0 a€Z
M1 , H
~ |5 S+ Hzmnonr]
_271'%Z k
— e ] (23)
- keZ

Note that the Fourier coefficient (¢,,), of ¢, can be explicitly calculated:

27
(Pn)p = én(cos O, sin0)e~ % dp
0

2m 1 Vor

_ inf  —ipb _
= ey = YT
0 V2m(14n2)t (1+n2)i

Now we consider n > 0. For any R > 0 and ¢ € Ng(9B,), we can see that for
k>0,

S (24)

|)‘—k(¢n)|
8 _2li2 T_lTk Z SP |:(’L€1 + HQ)wfkﬁLP((bn)*P - (Hg - Hl)wkp(¢n)p:|

s

p=1
K1 — Ky _ \/ﬂ
= 17T2 21T S,, [(H2—51)¢—k—n(1+n2)}1” (from (24))
|"’€1_"i2|2 —-1 1
—op B T Rl 18 6| ———
e 2 r | k|| ||'(/J k |(1+n2)%

s |1 — R 2 1
< 20(27r)%7|l€1 2@' Rr_l( ’I”k) ( n r") T
T K1+ Ko (I’il —|—/€2)(/€2+1) (1+n2)4

(using (21),(22a), and (22c))

_ 20(27)3 | k1 — k2| 1 -1 knrk+n
2 K1+ Ko 1%24*1 (1+n2)%
2 k+n
< 20(2m)2 1 | knr (25)

= 2 Ko+ 1 (1—|—n2)%
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and

BN s, [(m + k) tkp(Bn)p — (2 — mwwwn)p}

™
p=1
v 2T
(14n2)%

K1 — KR
17227‘_17%571 [(Kz + K1) Pk—n

™

||| ttom 20y

K1 — K2||k1 + K2| _
ol el el g g — L
™ (1+n2)?

<20(27r)%|“1_“2||2”1+“2|Rr—1< F rk)<( n ")( !

,
T K1+ Ko K1+ ko) (ko + 1) 14 n2)7

(using (21),(22a), and (22¢))

20(27) 2 1, knpktn
= 2 e (1+n2)%
20(27) 2 R knrktn

w2 Ko + 1 (1+ n2)%

From (25a) and (25b), if we define

K1 — K2

s K1+ Ko

<

(25b)

Nfw

20(2m)

C:
7r
we then have
1 _, |E|nrlElEn
ke +1 (1+4n2)7
Combining (23) and (26), we obtain

for all k € Z. (26)

-

~ 1 nr” 1 2
dA" ()| < V2rCR rt . [ 1+ k> ‘2k2r2|’“}
[dAB” (¥)| < 1 (L tm)t ;Z( )

< VarCR—— 1" [Z(HH)_W(DMF

r
K2 +1 (14 n?) kezZ

=

1
= CR et (27)
ko +1(1+n2)z

with

|kl 3
~ 1 2
C= \/QWC{Z(I + k2)5k2<4> ] < 0.
kEZ
For n < 0, we can obtain an inequality similar to (27), precisely,
1 |n| _
dA™ <CR e n|-1
Since dAp, (¢) is self-adjoint, i.e. (dAF" (1)) is symmetric, we thus conclude that
Ko +1(1+¢2)3
which implies (19). O

AR (¢)| < OR
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3.3. Construction of a d-net. Given any ¢ € Ng(9B,), (19) implies that

1 5
2 nm < 5..0—1
A (W) < Cr—tir (28)

with ¢ = max{|n|,|m|} and Cr depending on R > 0. Here, it suffices to take
Cr > 1. Here, from (20), it follows that

1 5
IdAET ($)]x < Cr sup £2771 < oo, (29)
Ko + 1 ¢>1
In other words, we have
(dAET(NR(0B,))) C X. (30)
In view of (30), we want to construct a #—net Y for ((dAF*(Nr(OB,))), | el x),

which is not too large. Precisely, we aim to derive the following proposition.

Proposition 4. Let 0 < r < i, R>0,and ko > 1+ k1. Given any 0 < § < 1,
there exists a #—net Y for (dAE™(Nr(0B,))), || ® ||x) such that

log |Y| < C|logr|~2log? <77(;~2> + C'log (n;), (31)

where C' is a general constant, and ng is a constant depending only on R.

Remark 4. A set Y if a metric space (M, d) is called a d-net for Y1 C M if for any
x € Y, there is a y € Y such that d(x,y) < 6.

Proof of Proposition 4. Step 1: Initialization. Let Cr be the constant given in
Proposition 3. Given any 0 < 6 < 1, let 79 > 1 be the unique positive solution (not
necessarily an integer) to
5 1)
2,.70—1 _ 7
v Cr
If we define ¢, = |719] (note 1 < ¢, < 7p), then (32) implies

(32)

Ly—1 T—1

) 5 5 (1 2 e — 5 2
—— <zt <z () P < OrTT with ) =suprs () . (33)
CR 4 T>1

Taking the logarithm both sides of (33) gives

o <ci~R> < log(r7) = & ~logr.

and thus
C'Cr 1) le—1 le—1
1og( 5 > :log(— C’C’R> > — 5 logr = T\log7"|,
which is equivalent to
2 C'Cgr
L, < 1 1. 34
< fgros (557) + )
Furthermore, we can observe that for any integer ¢ > /., i.e. ¢ > 79, it holds
)
Gttt < 2 35
e (35)

Step 2: Construction of a set. For each pair (n,m) € Z x Z with 0 < ¢ =
max{|n|, |m|} < £, (28) implies

-1
1 1
dA™(y) < C C” with C" =suplz( -] .
I B, (’(/})| — RK:2 i 1 W1 31;13 (4)

Nl
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We set

6 11
/. /. . / SV CgrC
0 = \/iﬁ(m—i—l)’ Y -——{ a=aj+iay € SZ+i0Z ‘ |a1|,|a2\<7zz(§2 N },

and

. _ !/
v o— { (bom) if £ = max{|n|,|m|} < L., then by, € Y, } .

otherwise, b,,, =0

Step 3: Verifying that Y is a mil-net. Given any ¥ € Nr(9B,), our goal is
to construct a tensor (b,,) € Y that is close to the tensor (dAZ™()). If 0 < £ =
max{|n|,|m|} < /., we choose by, € Y' as the closest element to dA" (). Then,
we have
0

Ko + 1
Otherwise, if £ = max{|n|,|m|} > L., we choose b, = 0. For such choice of (bnm),
with the help of (28) and (35), we conclude that

b — dAF™ ()] < V2028 = (36a)

2 — dAnm _ 2 A < 5 -1 <
b, — AN ()] = CIAE ()] < Cap i’ < — (36b)
Combining (20), (36a), and (36b), we conclude that
)
bpm — dAE™ < )
II( B (W)lx <
which shows that Y is a ﬁ—net for ((dAE™(Nr(9B;))), |l ® ||x)-
Step 4: Calculating the cardinality of Y. We see that
CrC" 2 CrC" 2
YN=(14+2| 7" <(1+2v2 .
vi= (2 mem)) < (e o

Let Ny be the number of pairs (n,m) € (Z\ {0}) x (Z\ {0}) with max{|n|, |m|} = ¢.
We want to estimate Ny,. When n = 4/, then m can be any no-zero integer between
—{ and ¢ (i.e. there are 2¢ choices). Switching the role of n and m, we hence obtain
that N, < 8¢. Consequently, we can estimate

e A
Noi=> Ny <> 80=4l(+1) and [Y]=|Y'|"-. (38)
=1 =1
Combining (34), (37), and (38), we obtain
, o CRC//
log|Y| = N, log [Y'| <16¢%1log | 14 2V2 5
’ 2 1
<16 -2 10g [ CCR) 1] 1og (14 2v29ECT ),
|log 7| ) ]
which implies (31). O

Remark 5. Note that
-2
1 .
inf |logr|~2log® [ 2 ) = |1og 7|2 log} log= | logd(ng) := Ep.
Oggd\ ogr| “log <§ |logr|™“log”(nr) < g, og”(nr) R

Therefore, given any 0 < € < EOEQ, there exists a unique 0 < § < 1 such that

e = |log 7|2 log® (?) <equivau1ently7 0 = nrexp(—|log r|§e_31a>. (39)
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Therefore, (31) can be rewritten as follows:
log|Y| < Cle = + |logr|%e_3%). (40)
3.4. Proof of the main result.

Proof of Theorem 1.1. Fixing any auxiliary parameters R > 0 and a > 0. For each
0 < e < min{up, Eolga, R, 1}, we can construct an e-discrete Z as in Proposition 1
with d = 1. Then, let 6 be the number given in (39), and we can construct a #—
net Y as in Proposition 4 such that (40) holds. Since 0 < € < R, then Z C Ng(9B,.).
Therefore, Y is also a —2=-net of (dAR"(2)), ]| e |x).

Now, we choose 8 = B(«, r, R) such that

1
g(uﬁ)é > Cllogr|? and pB > e.
Then it follows from (40), 0 <r < 1, and 0 < e < 1 that
uﬂ 1 2 1
log|Z\> >C’(e @ 4 |logr|3e 3v) > log|Y]|.

Using the pigeonhole principle, there exist two different 91,192 € Z such that

) 0
dAB” - Ynm S - 4 d dAB” - Ynm S
[@AB? (1) = gom)llx < =g and (AR (W)~ )l < g
for some (ynm) € Y. Letting 1) = 11 — 1), we obtain that
. 26 1 I
[(dAE" () llx < PR mCReXP(—UOg?‘Pﬁ 3 ),
which, with the help of Proposition 2, gives
ldAs, ()] < (~[logr|ie™sm). (41)

Finally, since Z is a e-discrete set, ||¢||z~(sp,) > € and the proof is complete. [

Remark 6. One may choose
e x = log® (?) (equivaulently7 0 =ngr exp(—e_sla)>
and take f sufficiently large such that
é(uﬁ)é >C > C|logr|™® and puB > e

Then it follows from (31) and 0 < € < 1 that

log|Z| > = <MB> > C(|logr| 2= + e 3a) > log|Y].

Following the same argument as above, we then conclude that there exists 1 with
Il Lee > €, but

[dAB, (¥)]« <

1CR exp(—e ™ 3%). (42)
Comparing with (41), the estimate (42) is clearly not optimal.

4. Proof of Theorem 1.2. In this section, we want to prove Theorem 1.2. We
will follow the lines in the proof of Theorem 1.1.
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4.1. Spherical harmonics and series expansion. For each v € R, the Banach
space H7(S?) can be equipped with the following equivalent norm:

‘AHH«/(SZ Z Z (14+n)*"|apm|*> where A= Z Z A Y.

n20|m|<n n20|m|<n
The following proposition is simple but crucial in our work.

Proposition 5. Let s € R, and we define the following Banach space:

X, :{ (@) ‘ [(anm)llx, == sup  (14+1)8%|apm| < 0o }

n>0,/m|<n

If A= Z Z anm Y™, then there exists an absolute constant Cyps > 0 such that
n>0|m|<n

Al -+ (s2) < Cabs|l(@nm)|lx, -

Proof. Using direct computations, we have

A sy =D D (140 lanml* = Z 5 (1+7)* " apm |

n>0|m|<n n>0 |m\<n
= Z Z 3“ anm)”X
n>0 |m|<n 1 T
2n+1
= Z B Il( anm)H%(
n>0
2 1
which proves the proposition with Cgbs = nz>0 ﬁ < 00. O

4.2. Some elementary computations. Recall from [6, Theorem 2.15 and 2.16]
the following representation of u satisfying (10):

=> > ( e hiD (k ))Y,;"(:z) where u™ =Y > ul V(@)

n>0|m|<n n>0|m|<n
(43)
In view of the boundary condition © = f on aBl, we have that
Fom = 6", RO () with f(@) =D > fam Y (@), (44)

n>0m|<n

where hg)(t) is the spherical Hankel function. We can prove the following elemen-
tary lemma.

Lemma 4.1. Let & > 0 and define &z := (£)*P(). Then there exists a constant
C > 0, which is independent of n and k, such that

<
|h,(11)( ) < Ck2 if k <log(n),
CkR if k> log(n),
forallm=0,1,2,---.
Proof. From [41, (4) (5), Sec. 9.61, p.297], it follows

2 n
s ()2 4 1T 3 (0P = (= 1) Ry s (%)

TR
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n

2 (2k)*m=27(2n — m)!(2n — 2m)!
B Z ((n —m)H2m!

— (45)
T L=
where J, is the Bessel function of 15 kind and R, , is the Lommel polynomials (see

also DLMF:10.49). From [41, (3), Sec. 3.61, p.74] or [20, p.142], we have
NnJr%(K;) = (_1)n+1']7n7%(’i)7

where N,, (some authors denote Y,,, see e.g. [41]) is the Bessel function of 2°¢ kind.
Therefore, the Hankel function Hl(,l)(fi) = J, (k) + iN, (k) satisfies

JH (1)) = oy s () + [Ny s ()2 = [y s )P+ 1T 1 (0)% (46)

n-‘r%

Combining (45) and (46) gives

HO, (g = 2y 22— m)l(2n — 2m)!
n+3 % .

— ((n —m)2m!

By the relation

1
3
B () = (” ) HY (),
2
(see e.g. DLMF:10.47), we have

T 1 & (26)2™727(2n — m)!(2n — 2m)!
PO)P = g [ WP = 5 3
m=0

ntl (n—m))2m!
and hence,
o e 1 (26)2m20(20 — m)1(2n — 2m)! 1 @2n) \?
) () 2?( : ((7(1—m)!))27(n! : e (K(z(n)gn) NG
Note that

(2n)! 22”F 2n+1
n!l T 2 )
Consequently, we can rewrite the inequality (47) as

o - () - 2025

that is,

O < van(§ ) prm (15)

If 0 < k < log(n), since
ol log(m)\" 1 B
2| (%" ] =0

] log(n)\" 1 B
WM (k)| < ﬁ/{( 5 T(Z2El) < Ck2
for some absolute constant C' > 0. Otherwise, if x > log(n), (48) gives
n 1 K exp(k)
(1) -1 < lad _— | < b — Pt
et = (5) | sen(s)  -vee

which is our desired lemma. O

(48) implies
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In view of Lemma 4.1, we can express (44) as ulS, = uio,,g(l) + uff,,’l(z), where
1
00,(1) _ 1 -1
unm( )= rint1 (hgz )(“)) Xnélog(")f”m’ (49a)
1
00,(2) _ 1 —1
unm( ) = rintl (h'gz )('%)) Xli>10g(n)fnm' (49b)
We then estimate uSo,") and uS5(?.

Proposition 6. Let R > 0 and define B = { f:0B; >R ‘ lf/I<R } C
L?(8?). Then there exists a constant Cr, depending only on R, such that

lup V| < Cr2™™ < Ch, (50a)
ups?| < Cri, (50b)
where K is defined in Lemma 4.1.

Proof. Let f = Z Z famY," € BF. For each n’ > 0 and |m/| < n’, we see that
n>0|m|<n

| < (Z 3 |fnm|2)2 — 1 Fl2om,) < 9B} B. (51)

n>0 |m|<n
Combining (49a) with (51), we obtain

o 1 _ dB1|? R _
g1 = — 1AL ()™ X <10m) | fom| s%msw Nnstogm (52

By Lemma 4.1, (50a) follows directly from (52). Similarly, using (49b) and (51), we
have

o2 _ 1 - 0B1|: R -
|u'rm’1(2)| = E‘hgzl)(’i” 1Xn>log(n)‘fnm‘ S TVLS)(K‘” 1X~>10g(n)' (53)
Then (50b) is an easy consequence of (53) with the help of Lemma 4.1. O

4.3. Construction of a net. If s > 2, from (50a) and (50b), we have

NS (F)llx, < Cr sup {(1 T e m} < oo
n>0

for all f € Bf. In other words, (uys,(B%)) C Xs;. Now, we want to construct
a d-net Y of ((u2,(BY)),|l @ |lx.) which is not too large. Precisely, we want to
establish the following lemma.

Lemma 4.2. Let s > % and Cg be the constant given in Proposition 6. If 0 < § <
Cr, then there exists a 0-net Y of (uSS,(B%)), ||l ® |lx,) such that

- - %_3 2
log || < ns.r [log (1 + C;R) + % + (?’;H) } (54)

for some constant ns g, which depending only on s and R.

Proof of Lemma 4.2. Step 1: Initialization. Let ¢; and ¢5 be the solution of

0 3 )
140575270 = 7 and (144695 k= —— 55
(1+4) 5c, o (1+6)2 "%k 50 (55)
respectively. Let n, be the smallest non-negative integer such that
)
(1 —i—f)%_s(2_£1 +R)< o for all £ > n,. (56)
R
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Since s > %, we observe that

(14 (01 + o)) 375 (27 (O H2) 4 fr)
= (L (01 + £)) 57527 L (14 (4 + £))5 4R
<@+0)Frel 4 (14 4)3 %

585 4

5Cn T 20, Cn

IN

and, therefore,
Ny < U1 + o (57)
Note that (3 — s)log(1 + ¢1) < 0. We can see that

—{1log2 > (2 - s) log(1+¢1) — 41 log2 = log {(1 + 61)3_32_£1] = log {6],

2Cr
hence,
1 6 1 2CR
/< — 1 = 1 . 58
"= T log2 o8 [QCR] log 2 og{ 0 } (582)
On the other hand, from the definition of /5, it follows
2 2
1 3-2s 2CRkR\ >3
¢ 1= = . 58b
w1 () - (55) o8
Combining (57), (58a), and (58b) implies
1 2CR] . (2CRi\ T
T 1< 1 . 59
o= s[5+ (555 )
Step 2: Construction of sets. Define §' = % and the sets
}/1/ = { a=ay+iay € VZ+10'Z ‘ |a1|,|a2| <Cg },
1/2/ = { a=ai+tay €0Z+10'Z ‘ |a1|, |(l2| < CRrk },
as well as
o if 0 < n < n,, then by, € Y/
Y= { (brm) otherwise, by, = 0 } ’
. if 0 < n < n,, then ¢y, € Yy
Y= { (€nm) otherwise, ¢pm = 0 }’

and Y = Y1 + YZ.
Step 3: Verifying Y is a é-net. Our goal is to construct
0,(1)

{(bnm) €Yy, an approximation of (unm ' (f)),

(¢nm) € Y2, an approximation of (u%;}z)(f)).

o If n < n,, we take b/, € Y/ (resp. ¢, € Y{) be the closest element to

u%o,;fl)(f) (resp. ufﬁ,’l@)(f)). Hence, we have

[Brum — e ()] < V26 (resp- [enm — upen? ()] < \/55’)
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Note that (14 n)2~* < 1 and thus

(14t (|b;m O ()] + | — um@)(m) <2V =5 (60a)

e Otherwise, if n > n,, we simply choose b/, = ¢/, = 0. We have

(14 m)i (|b;m O]+ [ — <f>|)

§75 o0 o0
= (1t (la )+ 1 )]
< Cr(1+n)2~%(27"+7) (using Proposition 6)
<4 (using (56)). (60b)
Combining (60a) and (60b), we conclude that Y is a §-net of ((u5,(BY)), |l ®|/x.)-
Step 4: Estimating the size of Y. We know that

Y]] = <1 + VSRD:S (1 + 4\/§CR>~2, 2 (61a)
e ([ (o

and

V] = Vi |¥a| = [¥y]™ g (62)

Therefore, combining (59), (61a), and (61b), we can compute

fog[Y] = (1. -+ 1) log il + log V2]

1 205 2R\ 73
<
e 5]+ (55) )

X {QIOg (1 + 4\/§CR) + 2log (1 + 4\/5501%)}

Since log(1 +¢) <t for all t > 0, we have that

1 20k 9CRR\ 73
<
logY|_2LOg2log[ 5 }+< 5 > }

x [log <1 + 4\/§CR> + 4‘/50”1

5 4
and (54) is proved. O

Choosing s = g in Lemma 4.2, we immediately obtain the following corollary.

Corollary 1. For any 0 < 0 < Cg, there exists a 6-net Y of ((u55,(Bg)). | ®llx5)
such that ’
Cr

log|Y| < ngr {log (1 + 6> +

2063'1 i (63)

for some constant ng, depending only on R.
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Remark 7. If K > 2, then £ > 1. In this case, we see that

1 C 2CRK log 2
inf = |log 1+ =22+ RED O% +2 <2+ log?2.
0<6<Cr K 1 0 K

Therefore, given any e satisfying

2+log2 < e = < oo <equivalently, e € (0,(2+log 2)“)), (64)
there exists a unique d € (0,Cr) such that
11 Cr 2CRrk
a = —|1] 14+ —= .
€ R[Og<+6>+ 5 ] (65)

Otherwise, if 0 < kK < 2, then 0 < £ < 1. In this case, we note that

. Cr 2CRE _
—_— = < .
0<1$rifCR [log <1 + 5 > + 5 ] log2 + 2k <2+ 1log2

Similarly, given any e satisfying (64), there exists a unique § € (0, Cr) such that

= log (1 + C;) + 206’*”. (66)

€

Q=

Putting together (65) and (66) implies that given any e satisfying (64), there exists
a unique ¢ € (0,CRr) such that

_1 1 Cr 2CRrEk
f=—— |log(1+ 2 . 7
=y e (1 )+ 25 ®
In view of (63) and (67), we then conclude that
log |Y| < np max{&, 1}% &. (68)

4.4. Proof of the main result.

Proof of Theorem 1.2. As above, we take s = 3 and fix any auxiliary parameters
2 y

R > 0and a > 0. For each 0 < ¢ < min{(2+log2)~%, R, uf}, let Z be an e-discrete
set constructed in Proposition 1 with d = 2 and r» = 1. Let ¢ be given in (67). Next,
we construct a é-net Y described in Corollary 1 and (68) holds. Clearly, Y is also
a d-net for ((ugy,(Z)), || ®|lxs)-

nm

We now choose 8 = f(«, é, ), which is independent of ¢, such that

2
1 o
uB >R and |Z| > exp [8 (Hﬂ> } > exp [UR max{R, I}Qe’g > Y|
€

Therefore, using pigeonhole principle, we can choose two different smooth functions
f1, fo € Z such that

() = pm)lley <6 amd | (650(f2) = gum)x, <
Letting f = f1 — f2 and using Proposition 5, we obtain

Huoo(f)HH*%(sz) S CabS”(u:LOm(f))”X% S 20&1)55 a’nd ||fHL°°(aBl) Z €. (69)

To finish the proof, we discuss two cases.
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e Case 1. If “2% <log(1+ <£), then (67) implies

_1 1 CR ZCRI%
fo g1+ 28
‘ max{k,l}{0g< L )+ ) }

3 Cr 3 2Cr
< — 1 1+ — ) < 1
~ max{%, 1} og( L ) ~ max{%, 1} og( ) )’

which gives

R, 1
6§2C’Rexp<—maxgi’}ei>. (70)
e Case 2. If €&% >log(1 + €), then (67) implies
_1 1 CR QCRFL
o=————|log|14+—=
‘ max{k,l}[0g<+5>+ 0 }
1 3Crk  3Crmin{l, R}
~ max{k,1} § 4] ’
that is,
§ < 3min{1,7}Cre=. (71)
Combining (70) and (71), we obtain
R, 1
0 <2CRexp (— maxém,}(;) + 3min{1,R}CReé. (72)
Finally, substituting (72) into (69), the proof is completed. O
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