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1. Introduction
1.1. Overview

The starting point for this paper is the following result on radial limits by Uspenskii
[31]. Let R? be the Euclidean space with dimension d > 2. If 1 <p < dand u:R?— R
is a continuously differentiable function with a p-integrable gradient |Vu| € LP(R?), then
there exists a constant ¢ € R so that

tlim u(té) =c¢ (1.1)

for almost every ¢ in the unit sphere S®~!. The requirement that 1 < p < d is necessary
as seen by considering the function u(x) = loglog(2 + |z|?). This observation is credited
to Timan [27].

Let us say that a function u has a unique almost sure finite radial limit if there is
a finite value ¢ so that (1.1) holds for almost every ¢ € S 1. In more modern lan-
guage, the statement above concerns precise representatives of functions in the Sobolev
space WP (R4). This space consists of all locally p-integrable functions u whose distri-
butional gradient Vu satisfies Vu € LP(R?) (in the sense that d;u € LP(R?) for each
it =1,...,d). Uspenskil’s result then can be rephrased as saying that 1 < p < d if and
only if every u € Wh? (R?) has a representative which has a unique almost sure finite
radial limit.

Besides radial limits, also vertical limits have been considered. A function v : R4 — R
is said to have a unique almost sure finite vertical limit if for almost every T € R4™! we
have!

lim u(Z,t) = ¢, (1.2)

t—o0

where ¢ € R is a constant independent of Z. For specific functions u (such as u(z,y) =
%), the constants ¢ in (1.1) and (1.2) may be different. However, when |Vu| €
LP(R4) and 1 < p < d, they coincide. In (1.2), we could also consider the limit || — oo,
and assume that the limit almost surely equals c¢. Our discussion applies to this setting
with few modifications; see Remark 1.25.

Indeed, Kudryavtsev had asked, if a Sobolev function would have unique almost sure
finite vertical limits. Fefferman [11] and Portnov [23] independently resolved this question
and showed that under the same assumptions as for Uspenskii, for 1 < p < d, as before,
every u € WP(R?) has a unique almost sure finite vertical limit. Further, the value of
the almost sure vertical limit in (1.2) is the same as in the case of radial limits (1.1).

The purpose of this paper is to study extensions of Uspenskii’s, Fefferman’s and
Portnov’s results to weighted Sobolev spaces; for unweighted generalizations see [32,20].
Weighted Sobolev spaces, especially with Muckenhoupt (A,-)weights, have played a

! Here, and in what follows, we identify RY = R?~! x R.
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crucial role in PDEs and the study of variational problems, starting from [10]. They
are still actively employed in these topics; see [5,22,6]. Weighted function spaces have
been further studied by many authors in regard to their intrinsic properties, such as
regularity and the existence of traces; see [24,26,3,28,30,29]. Further, especially Muck-
enhoupt weighted Sobolev spaces arise in non-linear potential theory and in analysis on
metric spaces; see e.g. [4,2,17]. Indeed, the importance of Muckenhoupt weights can be
gleaned from the extensive literature on the topic. We have not been able to locate appli-
cations of Uspenskii’s, Fefferman’s and Portnov’s results to PDEs in literature. We give
such applications relating to the limiting behavior of (weighted) g-harmonic functions in
Corollaries 1.16 and 1.19.

The choice of Muckenhoupt weights is driven in part by their regularity properties,
and the fact that they have naturally appeared in various settings; see the references
above. Further, without some assumption on the weight, we would end up with issues
regarding the precise representatives of Sobolev functions, and lack the required absolute
continuity on generic lines; see for instance Lemmas 2.6 and 2.8, which crucially use the
Muckenhoupt assumption. This regularity theory is developed significantly in [15]. The
class of Muckenhoupt weights w € A, is also natural to consider, since they guarantee a
p-Poincaré inequality and doubling; see equations (2.3) and (2.4) below.

Our paper studies limits of weighted Sobolev functions. Our first results give charac-
terizations for Muckenhoupt-weighted Sobolev functions to possess a unique almost sure
finite radial limit in Theorem 1.4. Then, motivated by results of Fefferman and Portnov,
we pursue the existence of wvertical limits. First, we note that the existence of vertical
limits is more restrictive than having radial limits. This is a phenomenon that already
occurs with radial weights w(x) = |z|* as will be shown in Remark 1.3.

To obtain almost sure vertical limits, we will need to place a non-degeneracy as-
sumption on the weight. However, sufficient conditions prove more difficult and involve
assumptions on regularity (integrability or a special structure). While in some settings
these sufficient conditions also become necessary, in general there is a gap between them.
Further, we provide examples to illustrate the partial sharpness of our conditions.

We take a small excursion to define notation. Throughout, we will only consider
weights w € A,, where A, := A,(R?) is the class of Muckenhoupt weights on R¢. We
will study notions with respect to the weighted Lebesgue measure p with dy = wdx.
Also, we will denote the weighted measure of a set A C R? as w(A). If w € A,, then
w T € L (R?) when p > 1 (or w=! € L (R?) when p = 1) and it follows from

loc c

Holder’s inequality that a function u € LY (R%, w) also satisfies u € L{ (R%).

loc loc

We define WP(R%, w) and VVli’p (R? w) to consist of all Lebesgue representatives of

functions u € L} (R? w) so that |Vu| € LP(R4, w) and |Vu| € L}, (R?, w), respectively.

loc loc
The Lebesgue representative is defined” as @i(z) = limsup,_,, fB(I " u(y) dy. Since this

assumption is crucial for us, we highlight it here:

2 Tt will be crucial for us that Lebesgue representatives are defined with respect to the Lebesgue measure
- and not with respect to the weighted measure wdz.
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Forw € A, eachu € W\P(R? w) will be taken as its Lebesgue representative: u(z) =
limsup,. g JCB(LT) u(y) dy.

For more details, see Subsection 2.2. See also [12, Section 4].
Before we start the detailed discussion on our results, we present an example to
illustrate the main results.

Remark 1.3. A useful family of examples in R? to consider is the class of power weights
w(x) = |z|* for a € R.

(1) If « € (—d,d(p— 1)), then w € A,,.

(2) If @ € (—d,p — d], then the function u from Proof of Lemma 3.7 satisfies u €
WP (R%, w) but has neither finite radial nor vertical limits.

(3) If a € (p — d,0), then Theorem 1.8 below gives the existence of a unique almost
sure finite radial limit. However, vertical limits may fail to exist. Towards this, let
eqd = (0,...,0,1) be the unit vector in the d’th coordinate direction. There exists a
function u(x) € WP(R? w) for which the limit lim; o, u(z 4 teq) exists for no
with |z| < 1/2. Indeed, the function u(z) = }_;° max {1 — |z — 2¢4|,0} is such a
function. The reason behind this is that when a < 0, the masses of unit sized cubes
degenerate as the cubes move towards infinity.

(4) Finally, if « € [0,d(p—1)), then both vertical and radial limits exist by Theorems 1.8
and 1.14 below.

Next, we will present the results of this paper in more detail, starting with the radial
setting and then proceeding to the vertical setting.

1.2. Radial limits

Our first theorem shows that the weak boundedness along a single ray, for all functions,
will imply that a unique almost sure finite radial limit exists. In fact, the statement is
even slightly stronger.

Theorem 1.4. Let w € .Ap(Rd) where 1 < p < oo and d > 2. Then the following two
conditions are equivalent:

(1) For every u € WHP(R%, w), there exists a &€ € SY so that liminf,_, o, [u(t€)| < co.
(2) Bveryu € W'P(R® w) has a unique almost sure finite radial limit.

We highlight here the uniqueness of the radial limit. In principle, one could consider
the condition that the radial limit lim; . u(t€) = c¢ exists for a.e. £ € S¥=1. A priori,
the limit c¢¢ could depend on the direction . However, it follows as a corollary to the
theorem that, if the limits exist in this sense for every function v € W1'?(R? w), then
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in fact the almost sure radial limit is independent of direction. The almost sure radial
limit can further be computed in many average ways.

Proposition 1.5. Under either assumption of Theorem 1./, the unique almost sure finite
radial limit ¢ € R satisfies each of the following three conditions:

T—00 t—o0

1) lim ][ lu(ré) — c|dH®1(€) =0  2) lim ][ |lu—cldz =0
Sd-1 B(0,t)\B(0,t/2)

3) lim ][ lu(y) —cldy =0

|| =00
B(z,|z]/2)

where 0 is the origin of R and B(x,r) is the ball with radius r and center at x. Further,
the claim that for every u € Wl’p(Rd,w) there exists a constant d, so that any of these
limits exists with d replacing ¢, is equivalent with the conditions of Theorem 1.J.

Here f, fdv := ﬁfA fdv for any given measure v, set A with v(A) > 0, and
integrable function f on A.

The crucial tool to prove these theorems is a quantity measuring the p-capacity at
infinity; see e.g. [15] for the definition of capacity. Given a locally integrable function
w with w(z) > 0 for almost every z € R?, we define w*(A) = ([, wdgc)S when A has
strictly positive Lebesgue measure and s € R. We set

Rp(w) = (2071w (4;) if p> 1, (1.6)
€N
and
Ri(w) = sup(?iw_l(Ai)) (1.7)
€N

where A; := {x € R : 2! < |z| < 27+1} for i € N.

The finiteness of the quantity R,(w), for A,-weights, actually characterizes when
the family of curves v¢ : [1,00) — R¢ given by ve(t) = t€ has positive p-modulus, but
neither this concept nor this result will be directly needed in this paper. In the unweighted
setting, the family has poisitive modulus exactly when 1 < p < d. We refer the reader
to [17] for a discussion on modulus and to [18] for further results. This phenomenon
underlies the following theorem.

Theorem 1.8. Let w € AP(IRd) where 1 < p < oo and d > 2. The following two conditions
are equivalent:

(1) Rp(w) < 0.
(2) Every u € WYP(R% w) has a unique almost sure finite radial limit.
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Moreover, when either of these equivalent conditions is satisfied, for every u €
Whr(R, w)

/ [u(r€) — e|dH < |Vl om0y ey amd
Sd—l

[u(z) — cldz < Hvul|LP(Rd\B(O,r/2),w)
B(0,r)\B(0,r/2)

for each r > 0, where c € R is the unique almost sure finite radial limit of u.

The above theorems characterize the property of having unique almost sure finite
radial limits. We refer the interested readers to [18] for a version of this theorem on
Carnot groups. We next turn our discussion to the case of weighted Sobolev spaces and
vertical limits.

1.8. Vertical limits

The example in Remark 1.3 suggests that the existence of an almost sure vertical limit
is a stronger property than the existence of a radial limit. Indeed, this is the case by
the following argument. If radial limits fail to exist, then, by the proof of Theorem 1.4,
there exists a function u with lim|,| o u(z) = oo. Such a function fails to have any finite
vertical limits.

However, even for radial weights w with R,(w) < oo, Remark 1.3 together with
Theorem 1.8 shows that vertical limits may fail to exist. The issue is that whenever one
has cubes (Q;);en marching off to infinity with w(Q;) — 0, one can place “bumps” in
them. Indeed, this construction can be employed to give a necessary condition for having
almost sure vertical limits.

From the modulus perspective mentioned earlier, the existence of vertical limits is
surprising - even in the unweighted setting. In particular, the entire collection of ver-
tical curves has vanishing modulus when p > 1 and thus carries no direct asymptotic
information. We seek a better understanding of this phenomenon.

Theorem 1.9. Let w € AP(Rd) where 1 <p < dandd> 2. If every u € Wl’p(]R{d, w) has
a unique almost sure finite vertical limit, then R,(w) < oo and for every cube @ C R4~1
we have inf, ey w(Q X [z, 2+ 1]) > 0.

A more technical necessary condition will be seen in condition (1) of Theorem 1.23.
The necessity of this condition is implied by Lemma 5.3 below.

Remark 1.10. We remark briefly on the case of p = 1. In this case Theorem 1.9 is an
equivalence. The proof is fairly direct, and one of the directions is sketched as follows.
If inf,eny w(@Q X [2,2 + 1]) > 0, then the fact that w € A; implies that there is a
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constant ¢ > 0 (depending on Q) so that w > ¢ for a.e. z € 2Q x [0, 00). Then, Fubini’s
theorem, together with fQ fooo |Vu(z,t)|dzdt < oo for every cube Q C R9™1 gives that
lim; o0 u(Z,t) = cz exists for a.e. T € R4~ An application of the Poincaré inequality,
similar to the proof of Lemma 3.1, gives that ¢z = ¢ for a.e. T € R?"! and for some
¢ € R. In particular, u has a unique almost sure finite vertical limit. We also note that
it is direct to verify that inf,cn w(Q X [z, 2z + 1]) > 0 implies that R;(w) < oo. For this
reason, in what follows, we will focus on the case p > 1.

Our next theorem gives a characterization of the existence of limits of certain averages.
The condition is a slight strengthening of the one appearing in the previous theorem.
Given a cube Q C RY, we refer to its edge length by ¢(Q). For a sequence of cubes
(Qi)ieN, we define Q; — oo to mean that for every R > 0, there exists an integer N € N
so that for i > N we have B(0, R) N Q; = 0.

Theorem 1.11. Let w € A,(R?) be so that R,(w) < oo where 1 < p < oo and d > 2. The
following two conditions are equivalent:

(1) We have

L](iQn)lew(Q) > 0. (1.12)

(2) For every u € W'P(R?% w) there exists a unique constant ¢ € R so that for every
sequence of cubes Q; C R? with liminf; ;. £(Q;) > 0 and Q; — oo it holds that

lim + udp = c.
1— 00

Qi

In fact, the proof of the theorem will show that ¢ coincides with the unique almost
sure finite radial limit.

Even though we have a characterization for the existence of limits of rough averages,
the existence of vertical limits is more subtle. In order to move from the rough average
limits in the above statement to vertical limits, one needs additional assumptions. To
begin, consider an additional exponent ¢ € [1, p], with w € A,. Note that then A, C A,,
and this is thus potentially a stronger requirement. For certain ranges of ¢ and p, the
existence of certain rough averages is equivalent to the existence of vertical limits.

Theorem 1.13. Let 1 < g < p < oo and d > 2 be such that qd —d+1 < p < d. Let
w € Ag(R?). Suppose that inf,ey w(Q X [z,2 + 1]) > 0 for every cube @ C R~ Then
the following two conditions are equivalent:

(1) For every u € WUWP(R% w) there emists a constant ¢ € R for which
lim, o0 2eN UQx[z,241] = € for each cube Q) C R4 of unit size.
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(2) Everyu € W'P(R® w) has a unique almost sure finite vertical limit.

Here ugy[.,.41) i= fo[z 1] udp for each cube @ C R¥" and for z € N.

We remark that, by Theorem 1.9, the assumption inf,enw(Q X [z,2 +1]) > 0 is
necessary for (2) to hold. The main content here is that the existence of average limits,
under weights of certain types, is equivalent to the existence of pointwise limits. From
the proof, it also follows that the unique almost sure finite vertical limit of u is the
constant ¢ from the first condition.

The conclusion of the theorem is also true when ¢ > 1 and p = gd — d + 1. Indeed,
Muckenhoupt A,-weights with ¢ > 1 satisfy a self-improvement property: for every w €
A, there exists an € > 0 so that w € A,_.; see [25, Chapter V]. Thus, the previous result
fully characterizes the existence of almost sure finite vertical limits when qd —d + 1 <
p < d. However, once p < qd — d + 1, the question becomes more delicate: we are only
able to give sufficient conditions for the existence of almost sure finite vertical limits.
These take the form of either higher order integrability, or a special product structure
for the measure.

Theorem 1.14. Let 1 < g < L;H where 1 < p < d and d > 2. If w € A, (R?) satisfies
infy(g)—1 w(Q) > 0, then every u € WP(R? w) has a unique almost sure finite vertical
limit. Further, the vertical limit value equals the almost sure finite radial limit.

The range of exponents ¢ in the statement is sharp in the class of all weights, but not
necessarily for a given weight or subclass of weights; see Example 4.7.

Remark 1.15. The assumptions of the previous theorems are related to each other by the
following implications for w € A,. Firstly, when p < d

inf .
5(5:1 (Q) > 0= R,(w) < o0

The proof of this follows from the fact that w(A4;) 2 (2°)% infyg)=1 w(Q) for i € N. This
implication can not be turned into an equivalence.
Secondly, condition (1) in Theorem 1.13 is equivalent to the condition that

sup Rp(w) < 00,
t>0

where w; : RY — [0,00] is a translated weight defined by wy(Z,s) = w(%,s — t). This
claim follows from Lemmas 5.3 and 5.5.

1.4. Applications to p-harmonic functions

We next give consequences of our results to the study of limiting behavior of weighted
harmonic functions. Thanks to the weak Harnack inequalities, the limiting behavior can
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be upgraded to hold for every sequence converging to infinity. A function w is said to
be w’-weighted g-harmonic on (an open domain) Q C R? where 1 < ¢ < oo and ' is a
weight, if u € W,29(Q, w') and

Ay qu = —div(w'|Vu|T"2Vu) = 0

hold in a distributional sense. See [15] for more background on the theory of such func-
tions. Actually, the two corollaries below hold in the generality of weighted A-harmonic
functions as studied therein.

The first corollary is an extreme form in which a limit exists at infinity.

Corollary 1.16. Let w’' € A (RY),1 < g < 0o and let w € A,(R?) be so that Ry(w) < 0o
where 1 < p < oo and d > 2. Every w'-weighted g-harmonic function u on RY with
Vu € LP(R4,w) is constant.

Proof. Since v € W'P(R? w), Proposition 1.5 gives that there is a constant ¢ € R such
that

lim ][ |u(y) — c|dy = 0. (1.17)

B(z,|x]/2)

Let 0 < s <t <1anddy =w|(x)de. Let 0 < A < 1. We have that for all y € AB :=
AB(, [x]/2),

w
|

) e £ | f lut) — a0 —(B'f F 1) = e )y
B B

w'(B)
: <w|?z|9>>

where the first estimate is given by the weak Harnack inequalities for (g, w’)-harmonic

1/t

][ lu(y) — cl'dy ][w' =5 (y)dy
B

B

t—s
ts

|

functions with w’ € A,(R?), see for instance [15, Theorem 3.34]. The last estimate is

given by the Holder inequality for t/% + % = 1. Moreover, by the reverse Holder

T/s—1
inequalities (see for instance [15, Theorem 15.3]), we may choose the index s € (0,1)

small enough so that

t—s

The above estimates yield that
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1/t

lu(y) —c| < ][|u(y) —c|'dy for all y € AB and for 0 < ¢ < 1. (1.18)

Combining this estimate with ¢ =1 and (1.17), we obtain that

lim |u(z) —¢| =0.

|z]|— 00

Let 7 > 0. This limit gives that there is €, > 0 so that lim,_, . &, = 0 satisfying
c—er < |u@)| <c+e,

for all x € RY\ B(0,r). By the maximum-minimum principle, see for instance [15,
Theorem 6.5], this above estimate also holds for all € B(0,r) and hence it is true for
all z. Letting r — oo, we conclude that u is constant. O

In the upper half-space RY = R x (0,00) the question becomes more interest-
ing, with examples of non-constant weighted g-harmonic functions with finite Dirichlet
energy. However, even in this case, “non-tangential” limits exist at infinity.

Corollary 1.19. Let 1 < p < 00,1 < ¢ < 00 and d > 2. Let w € A,(R%) be so that
Rp(w) < oo and infygy—1 w(Q) > 0. Every w'-weighted g-harmonic function u with
Vu € LT’(Ri, w) on Ri, where w' € Aq(Ri), 1 < g < 00, satisfies

lim u(Z,t) =c
|(Z,t)|—=o00,t>¢,(T,t) RS

for any given € > 0, where c is the unique almost sure finite radial limit.

Proof. We first show that

lim ][ |u — ¢|ldu = 0. (1.20)
Q—00,6(Q)=1,QCR%

Let Q C R‘j_ \ B(0,2R) be any cube of unit side length for R > 0. We pick a sequence
of pairwise disjoint cubes @, so that £(Q,) = 2", Q.[VB(0,R) = 0,Qy = Q, and
Qn C 10Q,41 for n € N as in the proof of Theorem 1.11. Let Q, 11 be a cube with

U(Qny1) ~ Q) =~ £(Qny1) such that Q,,, Q11 are contained in Q,, 11, and Q,+1NQ; =
() for all i € N\ {n,n+1}. Then it follows from Lemma 5.1 that lim,,_,~ ug, = ¢ where ¢
is the almost sure finite radial limit. Repeating arguments as in the proof of Theorem 1.11
again, we have that

f\ufc|du<][|u7ucgn|du+|u@n P 2][\%%

Q Q =

dp | +|uq, —
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A

> |VulPdu + |ug, — ¢
i1 w(Qi) J

D=

]

|
-
B

IN

n P >
24)p—1
(Z #) / [VulPdp |+ |ug, — |-
i=1 W R4\ B(O,R,/100)
Notice that R,(w) < oo implies that Y ., % < oo. Letting R — oo, the above
estimate gives (1.20).

Let 0 < A < 1. As in the proof of Corollary 1.16, we have from (1.18) that

P

lu(y) —c| < ][|u(y) - c|%dy for all y € AQ with £(Q) = 1.
Q

By the Holder inequality, it then follows that

p—1

() — ¢ < fmw—dwy < fww—dmw@ fwﬁ@My
Q Q

Q

S| f 1) = clutwy ) | f vy Azfm—cw
Q Q

Q

for all y € MA@ where the last inequality follows from w € Ap(]Ri) ifp>1;forp=1
the estimate is true by similar arguments. Notice that if ¢ > (1 — A), then (T,t) € AQ
for some unit cube @ C Ri. Combining these with (1.20), we then obtain that for any
given € > 0

lim |u(z,t) — | =0
|(@,t)|—=o00,t>¢,(z,t) ER]

which is the claim. O

Remark 1.21. The results are new even in the case, where u is harmonic. In that case,
g =2 and w’ = 1. The necessity of assuming a condition like R,(w) < oo is evident by
considering a harmonic function u, p = 2 and w = 1 with finite Dirichlet energy which
grows to infinity when x tends to infinity. An example is given by u(z) = Re(log(log(z +
2))), defined in the upper half space. Moreover, the full limit lim| /)| 00 u(T, ) may fail
to exist even when wu is harmonic and [Vu| € LP(R%) (for some 1 < p < d). For this,
simply consider the Poisson integral of a suitable function on R4~
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In the final part of this introduction, we discuss sharp results for weights with a special
structure.

1.5. Special classes of weights

First, we present a theorem for radial weights.

Theorem 1.22. Let w(x) = v(|x|) be a radial weight with w € A,(R?). Then the following
two conditions are equivalent:

(1) inf,~g f:“ v(s)ds > 0.
(2) Every u € W'P(R? w) has a unique almost sure finite vertical limit.

Radial Muckenhoupt weights have been characterized in [7]. Indeed, a radial weight w
belongs to A, (R9) if and only if vo(t) = v(t}/™) belongs to A,(R), where w(z) = v(|z|)
for each z € R%.

Finally, we give a sharp result for those weights w that have product structure:
w(ZT, t) = w1 (T)wa(t). To state the theorem, we again need a translation invariant form
of Ry (w).

Theorem 1.23. Suppose that 1 < p < d. Let wy € Ap(R¥71), we € A,(R) and w(Z,y) =
w1 (T)wa(y). Then the following two conditions are equivalent:

(1) sup;so Rp(w) < oo.
(2) Every u € WHP(R?, w) has a unique almost sure finite vertical limit.

Remark 1.24. We note that, under these assumptions, w(Z,y) € A,(R?). Indeed, this
follows directly from the defining inequalities (2.2) and (2.1) by using Fubini’s theorem.

Remark 1.25. In the case of vertical limits, for simplicity, we chose in definition (1.2) to
only consider limits when ¢ — co. We could also consider the stronger property, that the
limit exists also as t = —oo, and that the value is (almost surely) the same. We could
call this the bi-infinite unique almost sure finite vertical limit. Our theorems apply to
this definition with few edits. Theorems 1.14 and 1.22 are symmetric with respect to the
transformation ¢ — —t. In these theorems, the conditions about a vertical limit could be
replaced with a bi-infinite unique almost sure finite vertical limit. Note that the value of
the vertical limit ¢ coincides with the unique almost sure finite radial limit.

Other theorems are not quite symmetric with respect to the reflection of the t-axis,
but they are easily modified to be such. These are Theorems 1.9, 1.13 and 1.23. To obtain
versions of them with bi-infinite limits replacing vertical limits, we need to perform the
following simple modifications. In the first two, we replace N by Z. In the final statement,
we substitute sup,cg Rp(wy) for the supremum over ¢t > 0. The modified statements
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can be reduced to the original ones by using symmetry. As an example, consider Theo-
rem 1.23. If sup,cg Rp(w:) < 00, then both sup,~ o Rp(w:) < 0o and sup, o Rp(we) < 00,
and one can apply the original statement to conclude the existence of a limit when t — oo
and when ¢ — —o0, which both coincide with the radial limit. For the converse direction,
note that if sup,cg Rp(w:) = 00, then either sup,~ o Rp(w:) = 0o or sup, o Rp(w;) = .
In this case, there exists a function u without a limit when ¢ — oo or when ¢t — —oc.

The organization of this paper is as follows. In Section 2, we recall notions of Sobolev
spaces and their properties. In Section 3, we discuss the case of radial limits and
give proofs for Theorem 1.4, Proposition 1.5 and Theorem 1.8. In Section 4, we give
counter-examples. In Section 5, we discuss the case of vertical limits and give proofs for
Theorems 1.9-1.11-1.13-1.14-1.22-1.23.

Acknowledgments: We thank the anonymous referee for a careful reading and thoughtful
comments on the paper. The first author was supported by the Academy of Finland
grant # 345005. The second author and third author were supported by the Academy
of Finland grant # 323960. The first author thanks the Mathematics department at
University of Jyviskyld for a wonderful stay during Fall 2020 and early spring 2021,
during which this research was started.

2. Notation and preliminaries
2.1. Metric and measure notions

Throughout this paper, we employ the following conventions. The notation A <
B(A Z B) means that there is a constant C' only depending on the data such that
A< C-B(A>C-B), and A = B means that both A < B and A 2> B. Where
necessary, we write A Sqp¢,... B, when a bound for C' depends on a, b, ¢, .. ..

We will consider only the d-dimensional Euclidean space R%, where d > 2, equipped
with Euclidean distance and (absolutely continuous) measures p given by dy = wdx
where w € LL _(R?) is non-negative. Such a w will be called a weight. The norm of a
vector v € R? is denoted by |v|. Points in R¢ will either be denoted by z € RY, or
r¢ € R% where 7 € [0,00) and € € ST, or (7,t) € R? where T € R%~! and t € R. Under
this notation, the direction corresponding to the last coordinate is called vertical.

The usual Lebesgue spaces with respect to the weight w are denoted by LP(R% w),
for p € [1, 00]. We denote by LT (R4 w) and L? (R?) the spaces of locally p-integrable
functions. Open balls with center = and radius r will be denoted B(z,r). Given a set
A C R? we denote its Lebesgue measure and its weighted measure by |A| (where from
context it is evident that A is not a vector in the Euclidean space) and w(A), respectively.

Further, when |A| > 0 and w(A) > 0, we denote

f o = o A/ fdo and fa:= f fip = s A/ fuwda
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whenever the integral on the right-hand side is defined. Note that f4 will only denote
an average with respect to the weight w.

We will consider exponents p € [1,00) and we assume w € A,(R?), where A,(R%)
is the class of Muckenhoupt weights. Recall that, given p € (1,00), a weight w belongs
to A,(R?) if w > 0 a.e. and if there is a constant C' > 1 so that for every ball B =
B(zg, 1),

p—1

][w dx ][w_p%ldx <C. (2.1)

B B

If p=1, we write w € A;(R?) if w > 0 a.e. and if there is a constant C' > 1 so that
for every ball B = B(xzg,r) and a.e. y € B

][w dx < Cw(y). (2.2)

B

The optimal constants C' in the statements are called the A,-constants of the weights
w. The above conditions will be referred to as the A,-conditions for the weights w.
We say that w is doubling if there is a constant c¢p > 1 such that

w(B(z,2r)) < cpw(B(z,r)) (2.3)

for all balls B(x,r). A weight w supports a p-Poincaré inequality if there is a constant
cp > 0 such that

U — Up(z,m|du < cpr ][ |VulPdu (2.4)
B(z,r) B(z,r)

for all balls B(z,r) and for all locally integrable functions u with locally integrable
distributional derivative Vu.
By Section 15 in [15], we have the following theorem.

Theorem 2.5. Let 1 < p < oco. If w € Ap(Rd), then w is doubling and supports a p-
Poincaré inequality, namely (2.3) and (2.4) hold for w with constants that only depend
on p,d and the A,-constant of w.

We refer interested readers to [13,16,3,1,4,25] for discussions on Muckenhoupt weights.

A curve v : I — R? is a continuous mapping from an interval I C R, where I can
be open, closed or unbounded. A curve v : I — R? is said to be an infinite curve, if
I = [0,00) and its length f7 ds is infinite. If a curve  has finite length, it is called
rectifiable. A curve 7 is said to be locally rectifiable, if for every compact subset J C I
the curve 7| is rectifiable.
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2.2. Sobolev spaces

Let 1 < p < co. We denote by Wl’p(Rd,w) the space of Lebesgue representatives of

loc

functions u € L (RY, w) with distributional derivative Vu € L (R% w). If w = 1 we
drop it from the notation. We remark that the Lebesgue representatives exist by the
following simple lemma.

Lemma 2.6. Suppose p € [1,00). If u € LY (R4 w) with |Vu| € L (RY w) and w €

loc loc

A, (RY), then u € Ll (R and |Vu| € LL (R?). In particular, u € Wh! (RY).

loc loc loc

Proof. Consider the case p > 1. For any g € L} (R¢,w) and any ball B = B(z,r) C R?

loc

we have from the definition in (2.1) and Holder’s inequality that

P P p

/|g|dm§ /|g|pwdx /wiﬁdx <C¥ /|g|pwdx /wd:c |B|.
B B B

B

Applying this to all balls, and g = w and g = |Vu| gives the claim for p > 1. For
p = 1, the estimate follows similarly from the definition by using (2.2). O

Let W1P(R?% w) denote the space of (Lebesgue representatives of) u € W'lif (R%, w)
with |Vu| € LP(R¢, w). The reason for choosing the Lebesgue representative is that then
our function is absolutely continuous on almost every line. While this fact is not novel, in
the literature it only follows rather indirectly. Towards establishing absolute continuity
in our setting, we introduce some further concepts.

The Hausdorff (s, R)-content of E C R¢ is defined by

HR(E) = inf{er B C U B; and 7; < R}

€N i€EN

where B; are balls with radius 7;. The Hausdorff s-measure of E C R? is H*(E) :=
lim, o Hi(E).
For u € L (R?) we define the set of non-Lebesgque points

loc

1
NL,={x¢€ R - rlggo m / u(y)dy does not exist }.
B(z,r)

For w € WP (R4, w) the set N L,, of non-Lebesgue points is quite small. Indeed, one has
the following result.

Lemma 2.7. Suppose 1 < p < 0o and w € A,(R?). Let u € WhP(RY, w), and let NL,, be
the set of non-Lebesgue points of u. Then H*"'(NL,) = 0.
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Proof. By Lemma 2.6, we have u € VVli)C1 (R%). The claim then follows from [9, Theorem
1in 4.8 and Theorem 3 in 4.5.1]. O

Lemma 2.8. Let 1 < p < oo and let w € A,(RY). If u € WHP(RY w), then for a.c.
7 € RI1, we have that the function h :t — h(t) = u(%,t) is absolutely continuous and
[P |(t) < |Vu|(Z,t) for almost every t € R.

Further, for a.e. & € S¥™1 we have that h(t) = u(tf) : (0,00) — R is absolutely
continuous with |B'|(t) < |[Vu|(t§) for a.e. t € (0,00).

Remark 2.9. For the bound |h/|(¢) < |Vu|, we need to fix an a.e. representative of |Vu|
for the claim. However, this choice only alters the null set removed.

Proof of Lemma 2.8. Since w € A,(R?), we have by Lemma 2.6 that u € W} (R?).
Now, the claim of absolute continuity on every compact subset of horizontal lines follows
from [9, Theorem 2 in 4.9.2]. We summarize the proof for the readers convenience and
to indicate the small modifications needed.

First, take any compactly supported radially symmetric smooth and non-negative
function v : R — [0, 00), with fRd 1dx = 1. Consider the mollified functions defined by
Up, = ux(n%y(zn)), where x denotes the convolution. For any Lebesgue point z € R? we
have u, (z) — u(z). This holds for H" !-a.e. + € R Thus, for almost every 7 € R4~1,
we get u, (T, t) — u(T,t) pointwise for all ¢ € R. Denote by 0,, the partial derivative in
the d’th direction. Then 0,,u, = (0z,u) x (n®h(an)). Up to passing to a subsequence
and using Fubini’s theorem, we have that for almost every Z € R% ! the functions
an(t) = Oy, un(T,t) converge in L*(R) to a(t) = 9,,u(Z,t). These claims together give
that, for a.e. T € R971, the absolutely continuous functions h,,(t) = u,(Z,t) converge
to an absolutely continuous function h(t) = u(z,t) and that h/'(t) = a(t) = 0,,u(T,t) <
|Vul|(Z,t) for a.e. t.

The same proof applies for radial curves by replacing Fubini with polar coordinates,
and the derivative 0,, with a radial derivative. O

2.8. Mazimal functions

The (weighted)-fractional maximal function of order @ > 0 of a locally integrable
function f at x € R is defined by

Mo rf(@):= sup r° ][ | Fldy

0<r<R
B(z,r)

where R € (0,00]. Then M := M  is the Hardy-Littlewood maximal function. Let us
recall the weak Hardy—Littlewood inequality, see for instance [17, Theorem 3.5.6].

Theorem 2.10. Let 1 < p < oo. Suppose that w € A,(R?). Then there is a constant
C > 0 only depending on w such that for A > 0,
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w(fe e RN M) > 2 < § [ 1f@)u()ds
Rd

for all f € L (R% w).

Let w € A,(R9). By [15, Section 15.5], there is a constant C > 0 so that for all z € R?
and 0 < r < R we have

w(B(z,r))

wBR) ~ (7" (211)

R

By applying [12, Lemma 2.6] with this estimate, we obtain the following theorem.

Theorem 2.12. Let w € A,(RY) and 0 < o < pd. Suppose that f € Li (R, w) and let A
be a bounded measurable set with w(A) > 0. Then

Cdiam??(A)w~1(A)

H;géi—a({x €A: Moe,diam(A)f(x) > )‘}) < )

[17@lute)ds

Rd

for A > 0. Here diam(A) is the diameter of A and C depends only on p,d,«, and the
constant in (2.11).

We briefly summarize a useful chaining argument. (See e.g. [13,14] for an early and
classical use of this method.) Suppose that u € W,\* (R, w), where w € A,(R%), and let

B := B(z,r) be a ball. Then, for every Lebesgue point (with respect to p) y € B of u,
we have the following. For the balls B; := B(y,2'~‘r) we have

o0
) = ! w < um = e |+ 3 lus, — s}
By applying the p-Poincaré inequality to each term and using the fact that
3,21t )p=8 < CrP(1=8) with a constant depending on 8 when 0 < 8 < 1 we
conclude that there exists a constant C' depending only on the dimension d, p, the
A,-constant and the choice of 5 so that

p

/ wd| < OB Mg iz [V (). (2.13)
B

1
u(y) — m
Consequently, a calculation (with ¢ = p and s = d — ¢3) together with equation (2.13)
and the 5-covering theorem gives the following standard estimate in the unweighted case
w = 1.



18 S. Eriksson-Bique et al. / Journal of Functional Analysis 283 (2022) 109672

Lemma 2.14. Let 0 < s < d,1 < q < o0 be such that d — s < q < d. There exists
a constant C' depending only on q,d,s so that the following holds. If u € I/Vli)’cq(Rd)
B = B(x,r) CR% and A > 0 then

1 pats—d
Hi | SyeB:|uly) — |B| udzx| > A <C v /\Vu\qdm.

3. Radial limits
In this section, we will prove Theorem 1.4, Proposition 1.5 and Theorem 1.8.

Lemma 3.1. Let w € A,(R%) where 1 < p < 0o and d > 2. If R,(w) < oo, then for every
U € Wl’p(Rd,w), there exists a constant c € R only depending on u such that

tlim u(t€) exists and equals to ¢ for H 1 -a.e. £ € S,
— 00

. . 1 1/(1-p)
Proof. Let A; := B(0,2°7")\B(0,2),i € N. We have f, w7 dz ~ (JCAi wdar) ~

= -1 )
(QZ)ﬁwﬁ(Ai) if p> 1, and [|w™|peo(a,) ~ (fA_wdx) ~ (2°)%w~1(A;) because
w € A,(R?). Tt follows that

p(d—1) - p(d—1)
o 5 T (z)de Y (20) 5 H ][ W (2)da

R4\ B(0,1) €N A,
~ (2T (Ay) = Ry (w)
€N
if p>1, and
'~ %™ ()| L e\ B(0,1)) = sup &'~ w™" ()| oo a,) & sup 2w (A;) = Ra(w).
1€

1eN
By the Holder inequality, we obtain from these estimates that

o0

/IVUI(TE)deHd_l(i) S VUl o @ 50,1y Mmax{Ry(w) 7 Ra(w)}. (3.2)

§d—-1 1

Our assumption that R,(w) < oo implies that the right-hand side is finite. Hence, by
the Fubini theorem, it follows that floo |Vu|(ré)dr < oo for Hé l-ae. € € ST, Conse-
quently, lim, . u(ré) exists for H% '-a.e. £ € S9~1 because u is absolutely continuous
for a.e. radial curve by Lemma 2.8.

It suffices to show the uniqueness of lim o u(t€) for Hi l-a.e. £ € S¥~1. We argue
by contradiction and assume that two different limits are attained through two subsets
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of S%1 of positive measure. By a simple measure theoretic argument, adding a suitable
constant to u and finally by multiplying ¢ by another suitable constant, we may assume
that there are subsets E and F of S4~! such that

HIHE) > 6, HH(F) >4,
u(r§) >1 forall r >rgand € € E, (3.3)
u(r§) <0 forallr >rgand £ € F

for some § > 0 and some ro < co. Let j € N with 27 > rq. We define E; = {(r¢) : r €
[27,2011) ¢ € E} and Fj = {(r¢) : r € [27,2771), € € F}. Obviously, u|g, > 1 and u|p, <
0. We split our argument into two cases depending on whether or not there are points x in
E; and y in F} so that neither |u(x) —upg (s 2i-2)| nor |u(y) —up(y, 2i-2)| exceeds 1/5. If such
points can be found, then 1 < |u(z)—u(y)| < 1/5+|up(yz 2i-2)—Up(y,2-2)|+1/5 and hence
3 < |up(s,0i-2) — UB(y,2i-2)|- One can clearly find balls {B;}}, with radius 2772 and
center in B(0,2771)\ B(0,27), with M only depending on d, such that B; = B(z,27/72),
By = B(y,2772), and B; N B;,1 contains a ball with radius 2772/100. By doubling and
the p-Poincaré inequality, it follows that

8=

o] w

M
< |up(e2i-2) — Up(a-2] S Y207 ][\Vu\l’d,u
B;

i=1

Sl

<2 ][ [VulPdu | . (3.4)

B(0,20+2)\ B(0,20—1)

The second alternative, by symmetry, is that for all points z in E; we have that 1/5 <
|u(z) — up(z,2i-2)|. Since almost every x is a Lebesgue point (with respect to p) of u by
the Lebesgue differentiation theorem, we have by (2.13) the estimate

1/5 < [u(@) — up(ep-n] < 2 2ML L |Vl (2).
By Theorem 2.10 applied to the zero extension of |VulP to the exterior of B(0,2772)\
B(0,2771), we obtain that
w(E;) < C27P / |Vul|Pdpu.
B(0,27+2)\B(0,20 1)
Combining this with (3.4) gives

win{uw(E) w(F)} 527 [ |VaPdn

B(0,29+2)\B(0,29—1)
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Analogously to the argument for (3.2), Holder’s inequality together with R,(w) < oo
yields, for all j with 29 > rg, the estimates

2i+1

Qde’l(E):/ / drdH*! < w'/P(E;) and
E 27

2i+1

29I (F) :/ / drdH't < w'/P(F)).
E 2
Therefore, we obtain that

~

min{(H*H(E))", (L (F)P} < / [VulPdp — 0 as j — oo

B(0,29+2)\ B(0,20-1)

which contradicts (3.3). The claim follows. O

Lemma 3.5. Under the assumption of Lemma 3.1, the constant c satisfies both

[ 1) = a1 ) S [Vullmor 0. and
gd—1

lu(z) — cldz S [|VullLr®a\B(0,r/2),w)
B(0,r\B(0,r/2)

for each r > 0 and for every u € Wl’p(Rd7w).

Proof. Since w is absolutely continuous on almost every radial line by Lemma 2.8, in-
equality (3.2) yields that, for each r > 0,

oo

/ fu(ré) — cldn* ! (€) < / / V() dr a1 (€)
Sd*l Sd*l .

p—1

< IVull Lo ra\ B(0,r),w) Rp(w) 7,

p—1

if p > 1, and one obtains the same bound with Rq(w) replacing R,(w) 7 if p=1. It
follows that for each r > 0,

r

1

|u(z) — c|dz < / s lds
[B(0,7)\ B(0,7/2)]
B(0,r)\B(0,7/2) r/2

X sup / lu(s€) — c|ldH (&)
Sd*l

r/2<s<r
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r/2<s<r

S swp [ [u(s9) — ddHE) £ [Vullsmo sz
Sd—1

The claim follows. 0O

By the doubling property of Muckenhoupt weights, the estimates from Lemma 3.5
yield the following corollary.

Corollary 3.6. Let 1 < p < oo and let w € A,(R%). If Ry(w) < oo, then for every
u € W'P(R? w) there exists a constant ¢ such that

. B d=1(¢gy _ 1 _
i f 9 - dan @ = o) - s
Sd-1 B(0,t)\B(0,t/2)

= lim ][ lu(y) — c|ldy =0

|z|—o0
B(z,|x|/2)

and

lim u(r&)dH1(€) = lim ][ u(z)dr = lim ][ u(y)dy = c.

r—00 t— o0 |IF%OO
gd-1 B(0,t)\B(0,t/2) B(z,|z|/2)

Lemma 3.7. Let 1 < p < oo and let w € A,(R?). If R,(w) = oo, then there exists
u e WHP (R w) such that lim |00 u(x) = c0.

Proof. Let A; := B(0,271)\ B(0,2%), i € N.
Since Rp(w) = oo, depending on the value of p, there exists a sequence {aj}ren or
{b }ren With ap < ag+1, bk < bgy1, limg oo ar = limg_, oo by = 00 such that

Ak41
ST (@) FTw (A) > 28 ifp>1 and 2w (4y,) > 2 ifp=1. (3.8)

i:ak
Let

Ak+1

gp(x)—z<z ! Ai Al)XAi(x)> if p>1, and

=1 \iZay Yy (2) 7w (

gi(z) = 27"%xa, (@).

k=1

We define u(z) := inf f% gpds for x € RY where the infimum is taken over all rectifiable
curves 7, connecting the origin 0 and z. Then u is locally Lipschitz and |Vu| < g,
almost everywhere with respect to the Lebesgue measure and consequently also p-a.e.
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Let N be arbitrary. By a similar argument as in [18,21,19], we have that for all z € R?
with |x| = N,

g1 21 P 1w1 (Ai)

=it Y Y s = [ s

”k+1<N1 ar z ak(2l)p 1wﬁ(A

21 p— 1w1 (Al) i>N
Z Z ak+1 ;(AZ)Q ~

T
2"k+1<Nz a >ie ak(2)‘” twi-e

if p > 1, and that u(z) = inf,,, fmm gids = infy, Y on oy 270 f'YO,mnAbk ds 2
Soreen 270625 > N. Hence limy, | u(z) = oco. It suffices to prove that g, €
LP (R4, w). Using (3.8), we have that

/ i%/( a1 lw;l]o(iiz&)ydu

Rd k=11 akA

oo

k=1 (Z?ﬁ;@i)fﬁlw%p(Ai))p_l ; 2k(p—1)

if p> 1, and that [p, g1dp =7, fAbk 27bedp =37, 27 % w(Ay,) < 352 55 Then
gp € LP(RY, w). The claim follows. O

Proof of Theorem 1.4. The implication (1)
Lemma 3.7. Furthermore, the implication (2)

= (2) is given by Theorem 1.8 and
= (1) is trivial. O
Proof of Proposition 1.5. The claim follows because the existence of each of these limits
is equivalent to R,(w) < oo by Corollary 3.6 and Lemma 3.7. 0O

Proof of Theorem 1.8. The implication (1) = (2) is given by Lemma 3.1 and the impli-
cation (2) = (1) by Lemma 3.7.
The last claim is given by Lemma 3.5. O

4. Counter-examples

Our counter-examples will involve the construction of certain bump-functions. We will
need the following explicit A,-weights.

Example 4.1. Let ¢, p € [1,d) with ¢ < p. Further fix a € [0, (d—1)(¢—1)),8 € [0,d—p)
when ¢ > 1 and let « =0, € [0,d — 1) for ¢ = 1. Set

(&1 2 (a+B)i=1(1 4 |7|™) if 20 <t <21 |T| < 200 € N(J{0};
w(x,t) =
min{|(z,t)|~", 1} otherwise.
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Then w € A, (R?) and R, (w) < oo.

Proof. Since 0 < w(Z,t) < 1, we have that w € L _(R%). Fix a ball B = B((¥, s),r) C
R<. Since the necessary computations in what follows are rather technical, we only sketch

the main points and leave the details to the reader. A simple case study gives

min(1,77) it > (7, 9)/2
1, (7, 8)| 7 fr<l|(y 2.5<1
fuir< s ulzns min(L |@5) ) i r<|@s)l/2s <1
J @0en @)~ it 7 <|(@,9)|/2, 7] 2 5,5 2 1
@, ) Ps~ (gl +r)* if r<|#@,9)]/2, 7] < s,5> 1.

We continue by estimating

qg—1

1 / _ 1
I=|—= [ w ei(x)dx
|B|

B

in the case 1 < p < d. Again, one applies a case study. We begin with some pointwise
1
estimates for w™ -1,

A: When |(Z,t)] <1, we have w(Z,t) = w_q—;l(f, t)=1.

B: When || < t and t € [2¢,27"1] for some i > 0, we use the bound w(Z,t) >
2|t A,

C: When |[Z| > t and t > 2 or when ¢t € [0,2], we use the bound w(Z,t) =
min{|(z,t)|~#,1}.

We consider four different cases to estimate I, depending on the location of the center
(7, s) and the radius r of the ball B.

(1) Ifr > |(y,s)|/2, then B((y,s),r) C B((0,0),4r). To estimate I from above, it suffices
to replace B((7,s),r) with B((0,0),4r). Divide the integration over B((0,0),4r) to
regions where A, B, C apply. Observe that

— o 1 (o3
|Z|atdz < riiTae
{zeRI-tr/2<[T|<r}

holds whenever a € [0, (d—1)(¢ — 1)). Consequently, by Fubini’s theorem, whenever
r>0

—o __a_ | Bta
/ wqfl(x,t)dx§rd -1t

B(0,4r)
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This bound together with the bounds from A, B, C can be used to conclude that
I < max(1,77).

(2) The case r < |(7,s)|/2 and s < 1: From the definition of w and the bound C one
obtains infz e p w(T,t) 2 min{l, [(7, s)|7P}. Thus, I < max{1,|(7, s)|*}.

(3) If r <|(¥,s)|/2, |y| > s and s > 1: In this case one can use bounds B and C to show
that infz yep w(T, 1) 2 min{|(7, s)|7#,1}. Thus, I < |(7,s)|”.

(4) If r < |(7,5)]/2 and || < s and s > 1: Divide the integral [, wo T (T, t)dz to
integrals over the regions with 2 < t < 2F*! for £ € N, and possibly a portion
with |¢| < 1. For the first set use estimate A and for the latter use C. Integrating,
with a similar bound as in case (1), and adding the obtained bounds again yields
the estimate I < |(7,s)|°.

By combining the cases (1)—(4) with the estimate on the integral average of w from
the beginning of our proof we conclude that w € A,(R?). Towards R,(w) < oo, let
Ap = {(z,t) : 28 < |(z,t)] < 251} We have that w(Ay) > 2F(@=5). Hence

Rp(w) = Z(zk)ﬁwﬁmk) S 22%2%1)1@ < o0
heN k=0

since 8 < d — p.

When p = 1, we must have @ = 0, and it is direct to establish the inequality in
(2.2) by estimating the minimum of w in B. The estimate for R, follows directly by the
restriction 8 € [0,d — 1) and the definition in (1.7). O

Using these weights we can find examples of weighted Sobolev functions, which lack
vertical limits — even in a rough and average sense. In what follows, cubes in R¢ will be
written as Q@ = Q(z,4(Q)) = Hle[xi —0(Q)/2,z; +£(Q)/2], where £(Q) > 0 is the edge
length of Q and x = (z1,...,z4) € R? is the center of the cube. We will say the cube is
centered at z. If Q = Q(x, 4(Q)), then, for a > 0, a@Q = Q(x, al(Q)) is the cube with the
same center and of edge length af(Q). If (Q;);cn is a sequence of cubes, we say that Q;
go to infinity, or Q; — oo, if for any R > 0, there is a N € N so that Q; N B(0,R) = 0
for all 7 > N.

We introduce a bump-function associated to a cube Q. Let v : R — R be a function
given by ¢(z) = min(1, max(0,1 — 2|z|)). Given a cube Q = Q(z,£(Q)), define Y (y) =
T, (v — 2:)/4(Q)), where y = (y1,...,y4) € R% Then v is 2d¢(Q)~'-Lipschitz,
Yg(z) =0for z ¢ Q and Yg(z) =1 for z € Q.

Example 4.2. Suppose that p € [1,00). There exists a weight w € A,(RY) with R, (w) <
oo and a function u € WHP(R? w) and a sequence of cubes (Q;);eny With Q; — oo,
liminf; o £(Q;) > 0, so that lim; ,~ ug, does not exist.

Indeed if w € A,(R?) is a weight for which there exists a sequence of cubes @Q; with
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(1) Qi — oo,
(2) liminf;, £(Q;) > 0,
(3) liminf; . w(Q;) =0,

then, there exists u € W1P(R% w) so that lim; o ug, does not exist. Further, if we
have that @;
does not exist for any T € Q.

Q % [ni,n; + 1] for some increasing sequence (n;);en, then lim;_, o, u(Z, t)

Proof. We first prove the second claim. Assume that a weight w € A, and cubes @,
with i € N, exist as in the claim.

Pick a § with 0 < § < liminf;_, ¢(Q;). By passing to a subsequence, we may assume
that w(@;) < iiz, that 2Q); are pairwise disjoint and that ¢(Q;) > 0 for all ¢ € N. Set
u(z) =322, ¥q,,. Then u is 3-Lipschitz and |Vu| < 32, 21,

Since w is doubling, we have lim inf;_, ug,, > 0, but lim; , uqQ,,,, = 0. Therefore,
the limit does not exist. If Q; = @ X [n;,n; + 1], then u(Z,t) = 1 whenever T € @ and
t € [n2;,n2; + 1], and u(Z,t) = 0 whenever T € Q and t € [ng;41,n2;+1 + 1]. Thus, the
limit limg_, o, u(Z, t) does not exist for any T € Q.

Next, we show that there exists a weight w € A,(R?) and cubes Q;, with i € N, with
properties (1) — (3). This proves the first claim of the example. The existence is given
by Example 4.1 with § > 0. For that example, and any sequence @); — oo, we have
lim; oo w(Q;) = 0. Hence, for any sequence of cubes of edge lengths bounded away from
zero that tends to infinity one can find a Sobolev function for which the averages do not
converge. [

The previous examples justify the assumption inf,g)—; w(Q) > 0. This assumption
together with R,(w) < oo and w € A,(R?) suffices for rough limits to exist; see Theo-
rem 1.11. However, for vertical limits, e.g. Theorem 1.14, we need further assumptions, as
the following example indicates. The idea is to place smaller jumps g, with diameters
going to zero.

Before presenting the example, we need the following lemma which collects the crucial
feature of our construction.

Lemma 4.3. Suppose that p € [1,00) and that w € L (R?) satisfies the following. There

loc

is a sequence of cubes Q; with edge lengths 0; = £(Q;) <1 so that

(1) d(Q;,Qy) =inf{lz —y|:x € Qi,y € Q;} > 1, for distinct i,j € N;

(2) For each x ¢ ;e Qi we have w(z) = 1;

(3) For each i € N, the weight w; defined by w; = wlg, + lga\g, belongs to Ap(R?),
with Ay,-constant C' (independent of i).

Then w € A,(RY).
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Proof. Recall that the Ap-conditions (2.1) and (2.2) involve estimates for balls B =
B(x,r).

First, by Theorem 2.5, there exists a constant D so that for every i € N the weight
w; is D-doubling. If Q; is a cube obtained from Q; by reflecting it through one of its
faces, then

wi(Qi) Swi(Qs) < 4. (4.4)
By the A,-condition for each w;, we also have when p > 1 the estimate

p—1

L / =) < (4.5)
— [ w; <1 .
Qi

Qi

When p = 1, we get w(y) = 1 for a.e. y € Q;. There are now two cases to consider in
verifying the A,-conditions for w.

(1) If BNQ; # 0 for at most one ¢ € N, then w|p = w;| g, and the Ap-condition follows
from that of w;.

(2) If BN Q; # () for more than one i € N, then by the separation condition r > 271,
Let I C N be the set of those indices i for which BN Q; # 0. Since ¢; < 1, we have
Q; C 2(1 +V/d)B for each i € I. Thus (4.4) and the properties of w give

‘%' /wdx < ﬁ / ldz + ﬁ > w(@) 1. (4.6)
B

Q\U;en Qi el

When p > 1, we argue similarly, using (4.5) instead of (4.4) to conclude that
1 / - 1 / 1 / a1
— | wirdyr < — ldz + — wi-r < 1.
B] 5] Zp>
B i Qi

The desired inequality follows. When p = 1, we have w(y) > 1 for y ¢ @Q;, and
w(y) > w;(y) 2 1 when y € Q;. In either case, we obtain the A,-conditions via
(4.6). O

In the following, notice that % < p whenever both p > 1 and d > 2 hold.

Example 4.7. For all ¢,p € (1,d) with % < q < p, there exists w € A,(R?) which
satisfies

inf w > 0,
oot (@)
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which has Rp,(w) < oo and which satisfies the following. There exists a function u €
WP(R? w) so that for a.e. T € R4 the limit lim; o u(T,t) fails to exist.

Proof. First, we construct a sequence of “small” cubes {Qi}ieN in R? with E(Ql) <1/2,
of pairwise distance at least 2, with lim;_, o E(Ql) =0, Q; — oo, and so that their
projections cover a.e. point of R?~! infinitely often.® Then, we construct a weight w €
A, (R?) with R, (w) < oo and

> w(2Q:)UQ:) P < oo. (4.8)

=1

The function u =Y.~ 1/12@ will then serve as the desired counter-example.
_l=?
Consider the Gaussian probability measure P on R?~! given by dP = < )f,l dz.
(271' T2
Let ¢, = ——. Choose a random sequence {T;};eN so that each T; € R?1 is chosen

2nd—1

independently and with distribution P. Define #; = (77,4i) € R%. A straightforward
calculation using Borel-Cantelli shows that, almost surely, the cubes Ql = Q(&,4;)

satisfy the property that a.e. T € R%1 is covered by infinitely many of the projections
onto R4 of Q;.
Next, let

w(z) = min{l, inf |z — &;|%}
i€N

and fix a € (p — 1,d(g — 1)), which is possible since 25 < g — 1. Since for any z € R?
the only terms contributing to the infimum come from those z; that are contained in
B(x,1), it is straightforward to show that the latter infimum is actually a minimum.

First, that w € A,(R?) follows from Lemma 4.3 using the cubes Q; = Q(%;, 1) since
a € [0,d(g—1)). In this case, a fairly direct and classical calculation shows that w;(z) =
min(1, |z — &;|*) is an A,-weight with constant independent of ¢ € N. The A,-conditions
for w; can be verified via a case study involving integration over polar coordinates.

Also, for Ay = {x € R? : 27F < |z| < 21} we have w(Ax) = 2% Thus, the
requirement Rp,(w) < oo follows from the definition.

The condition

inf w >0
oo (@)
follows from the observation that each cube @ with ¢(Q) = 1, we have w > 8~ for at
least half of the volume of @, since @) can intersect at most one ball B(%;,1/8). This ball
can cover at most a half of the volume, and outside it w > 8 ¢.

3 With some more work, one could also construct a sequence of cubes Q; so that every T would be covered
by the projections of Q; for infinitely many 7 € N.
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Finally, we verify (4.8):

S w@Q)UQ) ™ £ S UQ) Q)T S e < 0, (4.9)
i=1 i=1 i=1 10 471

since « +d —p > d — 1 holds whenever a« >p—1. O

We close this section with an example of a product weight wp, and of a radial weight
wg, for which radial limits exist but no vertical limits exist.

Example 4.10. Suppose that p € [1,d). Let wp(x,y) = min(1,y~ %), « € (0, min(1, d—p)),
and wg(z) = min(1, |z|~%) with a € (0,d — p). Then, R,(w) < oo for w € {wp,wr},
and there exists a u € WP(R%, w) so that for all Z € R~ the limit lim, u(T, t) fails
to exist.

Proof. The weights wp and wg are in A,(R?) for all @ € (0,1) and « € (0,d), respec-
tively; see e.g. the proof of [8, Theorem 1.1.]. Next, wp(Ax) ~ wr(Ay) ~ 24~ where
A = {z € R?: 2F < |z| < 281}, Thus, by definition, whenever d — a > p, we have
Rp(w) < 0.

Choose f € (0,min(a/(d + p),1)). Let Q; = Q((0,2%),25%) for i > 2, and let u =
Sy g, Then [p, [VulPwdz < 352, 28d+P)ig=ai Since every T € R?~! belongs to
all but finitely many of the projections of @);, we have that no vertical limit exists for
u. 0O

5. Vertical limits

In this section, we discuss the case for vertical limits. We will divide this into four
parts: first rough averages, then pointwise limits and finally the cases of product and
radial weights.

5.1. Rough averages

Before embarking on the proof we record a conclusion regarding rough average lim-
its.

Lemma 5.1. Let C > 2 and p € [1,00). Let Q; = Q(x4,¢;) be a sequence of cubes with
Qi — 00 and so that Vdl;)2 < |z;| < Cl;. If Ry(w) < oo, then for all u € WHP (R, w)
we have

lim up, = ¢
71— 00 Qi

where ¢ is the unique almost sure finite radial limit of u.
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Proof. There exist constants C; > 0,Cy > 0 independent of ¢ € N such that Q; C A,
where A; := {x € R?: Cy4; < |z| < Cof;}. Then there is a constant C' > 0 such that

1

P

‘
us, —ual SO | f 1vupdn| == 0 [ 1vupd
A,’, ! A1

"=

Here we use the uniform p-Poincaré inequality as in [14] for the John domains A;.

Note that R,(w) < oo, A4, {r € R? : |z| > O14;} and lim; ., ¢; = oco. Then,
lim; o0 lz/w% (/L) = 0 by a similar argument as in the proof of Lemma 3.1. This, together
with the fact that |Vu| € LP(R?, w), shows that the right-hand side converges to 0 when
i — 0o. That is, lim; , |u g, — ug,| = 0. It thus suffices to prove that lim; o u 5, = c.

Fix next an € > 0. By Lemma 3.1, for a.e. ¢ € S9~1, we have lim, o, u(r¢) = c. Then,
by Egorov, there exists a set FF C S9! with H4~1(F) > w and an iy so that
for all ¢ > ig and for all r € [¢;/2,2CY;] and all £ € F we have |u(ér) —¢| <e.

Define a sequence of sets by E; = {r§ : r € [¢;/2,2C%;],€ € F} and notice that
E;, C A;, by construction. Then, H(E;) > 27'H%(A;). Since w € A,(R?), Holder’s
inequality implies that there exists a constant § > 0 so that w(E;) > dw(A;) for all
i € N with ¢ > ig; see [25, Chapter V] for details.

In particular, the p-Poincaré inequality implies that

1

.

P

2
up, —ug | Ss Cl ][|Vu|pdu =C——F— /\Vu|pdu
/ w(A;)r |/
A; A;
Again, we obtain that lim; ,. |ug, — uAi| = 0. However, |ug, — c| < € for all i > ig.

Thus,

limsup luz, —cf <e.
i—00

Since € > 0 is arbitrary, the claim follows. O

Remark 5.2. Let a € R? and define the translated weight w®(y) := w(y — a). The
quantity R,(w) is not translation invariant, and thus R,(w) may be different from
Rp(w®). However, these quantities are comparable, since w is a doubling weight by
Theorem 2.5. Indeed, let A; = {x € R? : 20 < |z| < 27F1} and A% = {z € RY : 2! <
|z —a| < 201} Let ig € N be chosen so that |a| < 2% and ig > 1. Then, for each
i € N we have w(A%) > ci§T°w(B(0,2%1)) > 37w (A;). From this, and the definition
of R,(w) we get a constant C;, so that

Rp(w®) < C;, Rp(w), for all a € B(0,2%).
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For the following lemma, we introduce the notion of a half-space. Given ¢ > 0, define
the half-space H, = {(%,t) € R? : ¢t > 0}.

Lemma 5.3. Assume p € [1,00). Let w € A,(RY) with R,(w) < oo. Suppose that u €
Wl’p(Rd,w). Let Q C R be a cube centered at T € R4, Given t > 0, set Q =
Q x [t,t+4(Q)]. If p> 1, then

p—1

]1 fu — eldp Suo) £(Q) / VuPwds | (Ry(w®0))5
3 11,

where ¢ is the unique almost sure finite radial limit. When p = 1, the same bound holds
_ p—1
with Ry (w) replacing (Ry,(w®Y)) 7 .

Proof. Let Qy = Q and Q; = 2/Q x [t + 24(Q),t + 2°T4(Q)] for i > 1. Let Q; =
2Q % [t,t4+2£(Q)] and let Q; = 21Qx [t+2071(Q), t+2714(Q)] for i > 1. By construction,
Qi,Qiv1 C Qiyq for all i € N and Q; C Hy. Also, Q; NQ; = 0 when |i — j| > 3.

By the p-Poincaré inequality and doubling, we have

< U0i) ][IVUI”du <20(Q) ][IVU\pdu
Qi+1 Qi+1

B =

|uQi+1 —uQ,

Recall that lim; . ug, = ¢, by Lemma 5.1. Thus, summing the previous estimate
over ¢ and using Holder’s inequality gives

fluddu< f 1= g ldu+ Y- lug.., ~ual £ 3-24@) | f IVuluda
~ = i=1 i=1 b
Q Q Qi

1

p—

- 00
> [ Ivurd
=1 X
Qi

<U(Q) <Z 2p"”1w(c}i>ﬁ>

The case of p = 1 is similar, but uses the fact that sup;cy £(Qi)w(Q:)~" <
Rl (’LU(T’t)) O

Next, we apply these tools to prove the main theorems of this paper.
Proof of Theorem 1.9. Suppose that every u € W1P(R% w) has a unique almost sure

finite vertical limit. If R, (w) = oo, then Lemma 3.7 yields a function u € WHP(R?, w)
so that lim|,| o u(x) = co. This is a contradiction, and thus R,(w) < co. Suppose that
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inf,eny w(Q X [z, 24 1]) = 0. Then there exists an increasing sequence (n;);en with n; —
00 so that lim; oo w(Q X [ng,n; +1]) = 0. Let Q; = @ X [n;,n; + 1]. Then, Example 4.2
applied to the cubes Q;, gives a function u € WHP(R4,w) so that lim; ., u(Z,t) does
not exist for any T € Q. Consequently, we must have inf, ey w(Q X [2,2z+1]) > 0. O

Proof of Theorem 1.11. We begin by verifying that (2) implies (1.12). Suppose that
(1.12) does not hold. Then, there is a sequence Q; — oo so that lim; . w(Q@;) = 0 but
£(Q;) = 1. By passing to a subsequence, we may assume that @); are pairwise disjoint
and that ), w'/?(Q;) < oo. Let u = YN Ww, where 1); is a 2-Lipschitz
function with ,(/)i‘%Qi = 1 and i|ga\g, = 0. Then u € WiP(RY, w) ¢ WhP(RY, w).
However, fQi udp > m — 00 as ¢ — 0o, which contradicts (2).

Next, we assume that (1.12) holds.

Fix an R > 0 and a cube @ so that co > £(Q) > § > 0 and Q N B(0, R) = () for some
constant § independent of ). Let Qy = Q). Form a sequence of pairwise disjoint cubes
@, recursively by defining Q,,+1 to be the cube centered at a corner v,, of @,, which is
furthest away of the origin, and with twice the edge length. This gives a sequence @,
with £(Q,) = 2"4(Q) and so that Q, N B(0O,R) = 0, Qo = Q and @, C 10Q, 4 for
n € N. Let u € WhP (R4, w).

Let Q,, C Q,, be the orthant of Q,, whose center is furthest away of the origin. Denote
the center by x5 . We have (@) = £(Q,)/2 and there exists a constant C' = C(R, £(Q))
so that Lemma 5.1 is satisfied, that is vd/20(Q,) < lzg, | < C0(Q,) for all integers
n > 0.

Notice that R,(w) < co. Then, by Lemma 5.1 we get lim,, o0 ug, =¢, where c is the
almost sure radial limit.

Let Q41 be the cube with £(Q, 1) ~ £(Q,) =~ £(Qny1) such that Q,, Q.41 are
contained in Q,11, and Qn41 N Q; = 0 for all i € N\ {n,n + 1}. Then, we have from
the p-Poincaré inequality that

1/p
2"
jua, —ug,| § P | [ 19ur(@yuta)ds
w(QnJrl)p
Q’VL
and
1/p
2"0(Q
10, .| S D | [ [FuP(@)ula)ds
" Qn+1 p
n+1

w(Qnt1)
beginning of Lemma 3.1. Then we get from the first bound and the Hoélder inequality

that

P
We have ) ( 2°4Q) )Vl < 00 because R,(w) < oo and by arguments at the



32 S. Eriksson-Bique et al. / Journal of Functional Analysis 283 (2022) 109672

1/p
Z luq, —ug,| Se / [VulP (x)w(z)dz < 00

neN R4\ B(0,R,/100)

which implies that lim,_, |ug, — uQn\ = 0. Therefore lim,—,+ ug, = c.
Next, summing the second bound over n we get from the Hélder inequality that

1/p
Z lug, —uq, .| Ss / |Vul?P (x)w(z)dz < 00.
neN R4\ B(0,R/100)
Thus, by a telescoping sum, we get
1/p
uo <Y lug, ~vol s | [ IVuP@u()s

neN R4\ B(0,R/100)

Now, if R — oo, the right-hand side converges to zero. If Q; — oo, for every R > 0,
we can find a NV so that Q; N B(0, R) = 0 for all ¢ > N. This gives limp_,o ug = c. The
proof is complete. O

Remark 5.4. The proof works mostly without modification for the upper half-space R% x
(0,00) and a weight w € A,(R4T1). In the first paragraph, we only consider cubes Q; C
R? x (0,00). In the second part, we intersect the annuli {z € R4*t1 : 2! < |z < 2i+1})
with R? x (0, 00) the construction of Q,,, @, ensures that the cubes are contained in the
upper half-space. The integrals in the remaining part of the proof are simply restricted
to the regions intersected with R x (0, c0).

5.2. Pointwise limits

First, we need an auxiliary result. This is a stronger form of the necessary condition
in Theorem 1.9.

Lemma 5.5. If w € A,(R?) and sup,.oRp(w:) = oo, then there is a function u €
WLP(R?, w) so that for no T € B(0,1) C R4 does the limit lim;_, oo (T, t) exist.

Proof. If R,(w;) = oo for some ¢ > 0, then the claim follows from Lemma 3.7. Thus,
assume that R, (w;) < oo for each t > 0.
Let A;(t) := B(O(t),271) \ B(O(t),2%) be the translated annulus A; = B(0,2771) \
B(0,2%) for the center O(t) = (0,t). Then, w;(A;) = w(A;(t)). We have
p 1

sup Rp(w¢) = sup Z(T)ﬁwﬁ(/li(t)) if p>1, and
>0 >0
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sup Ry (wy) = supsup (2'w™"(4;(1))) .
>0 >0 4N

Since Rp(w:) < oo for each ¢ and sup,.oR,(w:) = oo, there is a sequence {t}ren
with tg41 > tp + 1 such that Rp(wy) > 2k Let L := t, — ty—1. By Theo-
rem 2.5, w is doubling, and we can show that there exists a constant C' > 0 so that
w(Ai(tr)) > Cw(Ai(tr—1)) when 2¢ > L, /4. By passing to a subsequence, we can as-
sume that R,(wy, ) > QCﬁRp(wtk_l) when p > 1, or Ry(wy,) > 2C 'Ry (wy,_,) for
p =1, for all integers k > 2. Then,

ST @) wer (Aity) < O Ry(wy, ) <
iEN,2i> L, /4

Rp(wy,,) ifp>1,

and

) 1 .
sup 2w (A1) < CT'Ry(wyy_,) < iRl(wtk) iftp=1
iEN2i>L; /4

Therefore,

1€N,21< Ly /4

. 1
sup 2w N Ai(tg)) > ZRi(wy,) > 287 ifp=1.
1€N,21< Ly /4 2

For p > 1, define annuli Ay by Ay := UieN,2’i<Lk/4 A;(tr). If p = 1, let i be such that
2 < Ly and 2% w1 (A;, (t)) > 2871 In this case, set Ay := A;, (tx). Next, we proceed
in a similar way as in the proof of Lemma 3.7 and set

wo- ¥ )

ieN,2i< Ly, /4 ZieN,2i<Lk/4(2i)ﬁ m( z)

X4, (ty) () if p> 1, and

gr(w) = 27" x4, (¥) when p = 1.

By passing to a subsequence, we can ensure that (ty — tg—1)/2 > tg—1 + 2Lp_1 for
all £ € N, which guarantees that the sets Ay are disjoint, and that the point O =
(0,t; — 4L1) is not contained in any of the balls B(tg,2Ly), for k¥ € N. Define g =
> hes G2k+1- Then, [pu gPdp < 3707, [ga 954 1dp < oo, since the supports are disjoint.
Define u(x) = inf,, fﬂ{ gds where ~ is any rectifiable curve connecting O to x. As in the
proof of Lemma 3.7, we have |Vug(x)| < g(z) for p-a.e. x € RY. Since uy, < 1, we have
up € Wl’p(Rd,w).

Next, let O = (0,tx). Any curve which connects B(Oy,1) to O must pass through
the annulus Ag. On the other hand, if k is odd, there is a rectifiable curve connecting
B(Og, 1) to O which does not pass through any A; for [ even. Thus
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u=1 on B(Oak1,1),
u=0 on B(Og,1).

Then limy_, o u(Z, t) does not exist when z € B(0,1) and u € W'?(R%,w). O

Proof of Theorem 1.13. First, we prove that (1) = (2). Let Q C R9~! be a cube of
unit size. It suffices to show that

li . t) — nmit]] =0 for Hi lae. 7 € Q. 5.6
oo ] [u(Z,t) — uQx[nn+1]l or ae T€Q (5.6)

Let B, = {(7,t) € Q x [n,n + 1] : [u(Z,1) — u@x[n.n+1)| > an} Where {a, }nen satisfies

1
anp >0, lim a,=0, E — / [VulPdu < cc.
an
neN

n—oo,n€N
Qx[n,n+1]

For every x € FE, which is a Lebesgue point (with respect to p) of u, we have that
an < M;/fpa,diam(En)|Vu|p(x) for any 0 < o < p < ¢d by the p-Poincaré inequality. Let
LE, be a set of all Lebesgue points (with respect to ) in E,,. Notice that inf,cn w(Q X
[n,n+1]) > 0. By Theorem 2.12 applied to the zero extension of |Vu| to @ x [n,n + 1],

we obtain that

=Pt (LR < HIPT ({2 € Q x [nyn+ 1] - M;/_Pmdiam(En)u(x) 2 an})

1
< i / [VulPdu.

Qx[n,n+1]

Let A* be the projection of A C R? into R%~!. Hence HI4P+*(LE) = 0 where LE =
Nimen Unsm (LER)* and so H14"PTe(LE) = 0. Notice that there is 0 < o < p such that
qgd—p+a<d—1 because qd — (d—1) < p. It follows that H4~1(LE) = 0.

By [12, Theorem 4.4], we have H9?P+*(NL,(u)) = 0, where NL,(u) is the set of
non-Lebesgue points of u with respect to the weighted measure p. Since ¢d— (d—1) < p,
H" (U en Bn \ LE,) = 0. Therefore, H*(N,,en Upsjim| En) = 0, and hence (5.6)
follows.

Next, we show that (2) = (1). Assume that every v € W?(R? w) has a unique
almost sure finite vertical limit. Then, by Lemma 5.5, we obtain sup,- R, (w¢) < oo. Fix
a cube Q C R9™! centered at T and consider Q(t) = Q x [t +£(Q)]. Then, by Lemma 5.3,
we have

1

p—1

][ lu — cldp Sy HQ) /|Vu|pdu (Rp(w(f*t))T
Q(t) H,
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if p > 1 and the same bounds holds with R (w) replacing (R, (w® )5 1fp =1, where
¢ is the almost sure radial limit. We have w(® = wt(w’o . Thus Remark 5.2 together
with sup;.o Rp(wi) < 0o gives sup;so Rp(w®) < oco. Thus, sending ¢ — oo, we get
limg 00 ugQ() = ¢, as claimed. O

Proof of Theorem 1.14. Consider an arbitrary point a € R% By infyg)—1 w(Q) > 0,
p < d and the argument in the second paragraph of the proof of Theorem 1.11, we
obtain R,(w*) < C' < oo, with the bound independent of a.

Let Q C R4 ! be a cube. Let Q(T) = Q x [T,T + ¢(Q)] where T' > 0. It then
follows from Lemma 5.3, that limr o ug(ry = ¢, where ¢ is the almost sure radial
limit. It suffices to show that lim; . |u(Z,t) — Q(n)| = 0 for H¥ -a.e. T € Q where
(7,t) € Q(n), n € N.

Let t = % We have by the definition of A,(R?) that there is a constant L so that

1/t
][ wdz ][ w”tdz < L.
QD) Q(T)

Since infygy—1 w(Q) > 0, and since w is a doubling weight by Theorem 2.5, we get that
infrer w(Q(T)) > 0. Thus, by combining the previous two claims, there is a constant
M so that for all T > 0 we have

/ wtdr < M.
Q(T)
Since x — 17 is increasing we have from t < i that 1thp > o= 1+ —<%—p. Thus, we can
choose p’ < p and € > 0 so tha i +t —p. A direct calculation shows
S:Zle p  d—1 ld1+p>1

pd-l-c ™ pd—de_ =P
Notice that p’ > 1+ e and p > p'. Let 7 = t(p — p’)/p’ > 1 and let 7* be the Holder
conjugate of 7, 1/7 + 1/7* = 1. Using Holder’s inequality together with s > 1 we get

d—1
d—1—e

i / |VulP d

—\ Q@)

(p—p')(d—1)
p(d—1—¢c)

< Z / |VulPwdx / w e dx

"=\ Q@) Qnt(®))

1) (p—p')(d—
p(d—1—

< Mﬁ Qn)|~~ 3 Z / |VulPwdx
"=LQmeQ))
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S

< / |[VulPwdz | < oo.
Qx[1,00)

We define the sets F, 5 = {(7,t) € Q(n) : [u(T,t) —ug)| > d}. From the definition of
Hausdorff content, we have the elementary bound He ! (F, 5/2) < HT1T(F, 5/2) a5ire
This, combined with Lemma 2.14 yields

d—1
HIN(Ey 5/0) < HIT(E, 5/0) 71t

d—1
d—1i+e
SZ(Q) / |Vu|p/d:£
Q(n)
Let F; 5 be the projection of F}, 5 into R4~1. Then
d—1
d—1—e
HE | Frg) < S HE Fug) S ) / IVl d < 0.
=M =M "M\ emu@))

Thus, H (Naz=n Unear Fy5)=0. O
5.8. Product weights

In the final part of the paper, we discuss the radial and product weight settings, where
we can give necessary and sufficient conditions.
Let 1 < p < d. For the following proof, we recall that for v € LP(R?) the function

Mou(z) = sup ][ |v(z)|dx
r>0
B(z,r)

is the Hardy-Littlewood maximal function of v at € R% When w € A,(RY), we
have that M : LP(R¢,w) — LP(R%, w) is bounded, [25, Chapter V]. Further, we need a
pointwise version of the Poincaré inequality: There exists a constant C so that for almost
all z,y € R and for all u € W, (R?) we have

lu(z) — u(y)| < Cd(z,y)(M|Vu|(x) + M|Vul(y)). (5.7)

Proof of Theorem 1.23. First, we assume that sup,- o Rp(w,) < oo, where w,(%T,t) =
w(T,t — r), and establish the existence of vertical limits. From Lemma 5.3, since
sup,so Rp(w,) < oo, we have that the unique almost sure finite radial limit ¢ exists,
and for any @ C R¢ and any ¢t — oo we have limy_, o JCQx[t,t-;-e(Q)] |u— cldp = 0.
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Fix € > 0 and a cube @ C R4, Since w € A,(R%), M|Vu| € LP(R4, w). Clearly, for
a.e. T € @ we have wi(Z) < oco. Thus, for almost every T € @ there exists a positive
constant T € (0, 00) so that

/ IVl + (M|Vu|(F, £)° wdt < e. (5.8)

t>Ty

Notice that M|Vu| > |Vu| almost everywhere. Since wy € A,(R) we get using Holder’s
inequality, for almost every T € ) and each ¢t > T, that

t+1 t+1

1
/|Vu|(f,s)ds§ /M|Vu|(f,s)ds§
t t

@i+ 1)

(5.9)

Let Q, = Q X [n,n+ 1] for n € N. By the first paragraph, we have lim,,_, . an |lu —
cldp = 0. By sup,.qRp(w,) < o0, and the definition of R,(w), we have that
inf,~ow(B((0,7),2)) 2 1. We also get inf,c w(Q,) = w1(Q) inf,en wa([n,n + 1]) > 0.
Thus, inf,en wa([n,n + 1]) > 0.

Thus, by doubling from Theorem 2.5, we have that inf, ey w(Q@,) > 0. Also:

JCQn lu — cldp

€

w(@n N {lu—c| > e}) < w(@n)-

Now, for any § € (0,1/2), there is an Nj ¢ so that if n > Nj o we have w(Q,N{|u—c| >
€}) < dw(Qn) < w(Qn). Thus, w(Q, N{jlu—c| < €}) > (1 = 0)w(Qn) > 2w(Q,). Since
inf, ey w(Q@r) > 0, and since @, have disjoint interiors, we get lim,,—, oo an M|Vu|Pdp =
0. In particular, there is an index N so that for n > N, we have an M|Vul|Pdp < e.
Thus, by the Markov inequality, for n > max(N, N; ), there must exist a point y, €
Qn N{Ju— c| < €} so that

M|Vu|(yn) < 2¢/P and |u(yn) — ¢ < e. (5.10)

By equation (5.9) for almost every T, if n > max{T%}, then there is a value ¢, 3z
[n,n 4+ 1] with

[,

w (T)wa([n, n+1])°

Consider such a T and let ¢t > max{T%, N5 o, N}. Choose n > max{N, Ns g} so that
n <t < n+ 1. Combining the bounds (5.10), (5.11) and (5.7), we have

[u(yn) = w(T, tnz)| S Diam (Qn)(M|Vul(yn) + M|Vul(T, t, 7))
S ( Diam (Q) + 1 )(e7 /(w1 (F)ws(Q)) + 26)). (5.12)
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By Lemma 2.8 the function ¢ — u(Z,t) is absolutely continuous for almost every T
and

n+1
(T, tnz) — u(T, 1) < / \Vul(T, s)ds < ! €v (5.13)

w1 (T)wa([n,n + 1))
By combining estimates (5.10), (5.13) and (5.12) with the triangle inequality, we
obtain

Diam (Q) + 2
w (T)wa([n,n + 1))

[u(Z,t) —c| < v + ( Diam (Q) + 2 )e.

Since inf,,en w2 ([n, n + 1]) > 0 and since € > 0 was arbitrary the existence of vertical
limits almost everywhere follows.

Finally, the proof for the converse direction follows from Lemma 5.5. By this result,
if sup,~o Rp(w,) = 00, there exists a u € W'?(R%, w) which does not have any vertical
limits in a set of positive measure. 0O

5.4. Radial weights

Proof of Theorem 1.22. First, the implication (2) = (1) is shown by the following
argument which uses contrapositive and Example 4.2. Indeed, if inf, ¢ f:“ v(s)ds = 0,
then we can find a sequence of r;, so that lim;_, f:jﬁl v(s)ds = 0 and r; — oco. Consider
the cube Q@ = Q(0,1) C R4"1. Then, by doubling, we can show that lim;_,. w(Q x
[rj,7; +1]) = 0. Now, Example 4.2 furnishes a function u without vertical limits for any
T EQ.

Next, we turn to establish (1) = (2). This proof is nearly the same as that of
Theorem 1.23. Similarly to that argument, fix an ¢ > 0 and a cube Q@ C R~ We
indicate the few differences from this proof.

First, the assumption inf,~q f:—H v(s)ds > 0 implies infyq)—1 w(Q) > 1 and so
sup;~o Rp(w:) < oo. With this addition, the first paragraph of the proof in Theorem 1.23
applies, and lim;_, o JCQx[t,H-e(Q)] |u — cldu = 0.

By the boundedness of the maximal operator for Muckenhoupt weights, we have
M|Vu| € LP(R¢, w). Therefore, for almost every T € @ there exists a T > 0 so that

/ [Vul? + (M|Vu|(Z, 1))’ w(T, t)dt < e. (5.14)

t>Tx

This bound replaces (5.8) in the proof of Theorem 1.23.
The function vy (t) = v(t'/?) satisfies vo € A,(R) by [7] and w(T, t) = va(\/|7]% + th).

d d
Let t > max{T%, |Z|}, and let s; = \/|Z|? + ¢ and s2 = /|Z|? + (¢t + 1)? . Since vy €

A, (R), there is a constant C' so that
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17 N
_— _— 1P <C. 1
P /vz(s)ds p— /v2 (s)ds <C (5.15)

By a change of variables, t — /|T|? +t2 we get [7*va(s)ds 2 471 ftH (T, s)ds

and [ vl ?(s)ds 2 - 1ft+1 (7,s)Trds. We also have so — s; < ¢4, Thus, by
changmg the constant C, we get

t+1 t4+1 =
/w(i,s)ds /w(f,s)ﬁds <C. (5.16)
t t

By another change of variables and the assumption, we get a constant § = §(T) >
0 so that ft+1 (Z,t)dt > o for all ¢ > 1. Combining this with (5.16) gives

¢
together with Holder’s inequality and estimate (5.14) yields for all ¢ > max{1, [Z|, 7%}

that

_1
( oz, s)ﬁds> """ < Cy for some constant Cy and all ¢ > max{T}, |Z|,1}. This,

t+1 t+1
/ \Vul(Z, s)ds < /M|Vu|(f, s)ds < Cev. (5.17)
t t

With Cz replacing m, and with the additional restriction that ¢ > max{1, |Z|}

the rest of the proof of Theorem 1.23 applies without further changes. 0O
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