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1 | INTRODUCTION

In this paper, we work in the unit sphere S? C R3. We denote the equator S? N (R? x {0}) by S! and
endow S? with the length distance o induced by the Euclidean distance of R3. The open southern
and northern hemispheres are denoted by Z, and Z,, respectively. Here (0,0, 1) € Z,.

Consider an orientation-preserving homeomorphism g : S! — S!, mapping the boundary of fl
to the boundary of 22. We identify each z € S! with its image g(z) € S'. With this identification,
we obtain a set Z and inclusion maps (; : Z; = Z and 1, : Z, — Z. We call S, = ;(S') = 1,(S")
the seam of Z.
© 2022 The Authors. Journal of the London Mathematical Society is copyright © London Mathematical Society. This is an open access article
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We construct a pseudodistance d, on Z, see Section 3, making the inclusion maps local
isometries off the seam and 1-Lipschitz everywhere. We consider the quotient map Q: Z — Z
identifying points x,y € Z whenever d,(x,y) = 0, and endow Z with the associated quotient dis-
tance.

We are interested in this construction for the following reason: whenever the metric space Z is
quasiconformally equivalent to S?, there exist Riemann maps ¢1 Z, = Q, ¢, Z, > Q, onto
the complementary components of a Jordan curve C with g = ¢2 o ¢, |s1; with the Carathéodory
theorem we can make sense of the composition ¢2_1 o¢;|s1 [16]. Any such g is called a welding
homeomorphism and C a welding curve. A long-standing problem is to understand which homeo-
morphisms g satisfy g = ¢2_1 o ¢, |1 for some Riemann maps. We refer to the survey articles [18,
37] for further background information.

We also investigate the properties of Z, given an arbitrary welding homeomorphism g. We show
in Section 4 that the 1D Hausdorff measures on the seam Q(S,) and on (the tangents of) C are
closely connected, using results from classical complex analysis [16]. For example, our results
show that a given subarc of the welding curve has tangents only in a set negligible to the 1D
Hausdorff measure if and only if the quotient map Q collapses the corresponding part of the seam
to a point.

We present in Sections 7.1 and 7.2 examples illustrating that for some homeomorphisms g,
after removing a portion E’ of the seam Q(S,), one can find a 1-quasiconformal embedding
¢ : Z\ E' - S?, but not necessarily a quasiconformal homeomorphism ¥ : Z — S2. A similar
phenomenon was investigated in [17] and [7] in more detail.

We now state our first result.

Theorem 1.1. Let g: S' — S! be an orientation-preserving homeomorphism. The following are
quantitatively equivalent.

(1) g is L-bi-Lipschitz;
(2) there exists an L'-bi-Lipschitz homeomorphism ¥ : Z — S%;
(3) there exists C' > 0 such that for every y € Q(Sy),

HZ(Bz(y.1)
liminf =———— < C
r—0t Tr?

In the implications “(1) = (2)” we may take L' = L, in “(2) = (3)” C' = (L')*, and in “(3) = (1)”
L=nC'.

We prove “(1) = (2)” by observing that if g: S' — S! admits an L'-bi-Lipschitz extension
¢: Z, — Z,, the space Z has an L’-bi-Lipschitz parametrization. That we may take L’ = L in “(1)
= (2),” follows by applying a known planar extension result [24] and stereographic projection.

The claim “(2) = (3)” is a straightforward consequence of the properties of Hausdorff mea-
sures. The 1mp11cat10n “(3)= (1)” is proved by carefully analysing the behaviour of the inclusion
mappings (; : Z; — Z at the equator S'. Notice that the 1; are 1-Lipschitz everywhere and local
isometries outside the equator. This implies C’ > 1 in (3). Remark 5.9 shows two ways to improve
the bi-Lipschitz constant 7C’. The improvements imply that as C’ — 1% in (3), the bi-Lipschitz
constant of g converges to one. In particular, (3) holds with C’ = 1 if and only if ¢ is an isometry.

Theorem 1.1 is closely related to the following result.
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Theorem 1.2. If an orientation-preserving homeomorphism g: S' — S! is L-bi-Lipschitz, there
exists a I-quasiconformal homeomorphism ¢ : S* — Z and a K-quasiconformal homeomorphism
h: S? - S? such that the Jacobians satisfy

Ccl,(x) < Jp(x) < CJy(x)  for H;Z-almost everywhere, x € S$? 1.1

forK = L* and C = L2 Conversely, if there exists K, C, and h for which Equation (1.1) holds, then g
is (K C)?-bi-Lipschitz,

The Jacobians are defined in Section 2.3. We note that if h: S*? — S? is an orientation-
preserving quasiconformal homeomorphism, the J,, coincides with the usual distributional
Jacobian; see for example [2, Section 3.8].

If ¢ is L-bi-Lipschitz, the existence of ¢ and 4 is a straightforward consequence of the implica-
tion “(1)= (2)” in Theorem 1.1. If h and ¢ exist, we first check that ¥ = h o ¢! is bi-Lipschitz, the
study of the seam requiring a careful argument, and use the implications “(2) = (3) = (1)” from
Theorem 1.1 to verify that g is bi-Lipschitz.

Theorem 1.2 is a special case of the quasiconformal Jacobian problem: which weights w : S? —
[0, 0o] are comparable to the Jacobians of quasiconformal homeomorphisms h : S? — S?; see [6,
10], and references therein for further reading.

Given that (1) and (3) are equivalent in Theorem 1.1, it is not entirely clear for which classes
of homeomorphisms one can expect Z to be quasiconformally equivalent to S?, or what kind of
geometric properties one can expect from such a Z.

Question 1.3. Let Z be the metric space obtained from a homeomorphism g : S' — S'. When
can we find a quasiconformal homeomorphism ¢ : Z — $?? What kind of restrictions does this
impose on ¢?

As an example, if ¢ is a welding homeomorphism corresponding to the von Koch snowflake,
then d,(x,y) = 0 for every pair of points in the seam, see Remark 4.2. Hence Z can fail to be
quasiconformally equivalent, or homeomorphic, to S* when g is in quasisymmetry. We show that
a simple measure-theoretic assumption removes this obstruction.

Proposition 1.4. Let g : S! — S! be a quasisymmetry whose inverse is absolutely continuous. Then
Z is quasiconformally equivalent to S2.

The absolute continuity of g~ lisusedin two ways. First, it guarantees that 7 = (Z,d).Second,
ify: Z, — Z, is a quasisymmetric extension of g, we show that the homeomorphism H : $? — Z
satisfying H|; =1, and H|,, =1, 09|, is quasiconformal. A key step in the proof is showing the
Sobolev regularity H~! € N12(Z, $?); the absolute continuity of g~! is applied here.

Proposition 1.4 is a special case of the following stronger result.

Theorem 1.5. Let g : S' — S! be an orientation-preserving homeomorphism whose inverse is abso-
lutely continuous. If g extends to a homeomorphism . Z, — Z, for which | z, has exponentially
integrable distortion, then Z is quasiconformally equivalent to S2.

We now explain the main steps of the proof of Theorem 1.5. We first show that there
exists a homeomorphism H : S?> — Z with exponentially integrable distortion. We also have
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H~! € N“2(Z,S?); see Remark 6.8. The exponential integrability of the distortion of H is used
to verify the reciprocality condition of Z, see Definition 2.5. Then [31, Theorem 1.4] shows that
Z is quasiconformally equivalent to S. The key ingredients in the proof are the condenser esti-
mates for mappings of exponentially distortion [27], applicable because H~! € N12(Z, S?), and
the Stoilow factorization theorem [2, Chapter 20]. There are some known criteria which guarantee
that g admits an extension as in Theorem 1.5; see [25, 39].

In Section 7.1, we present an example of g : S! — S! that is locally bi-Lipschitz outside a single
point, but for which Z is not quasiconformally equivalent to S2. This illustrates that the absolute
continuity of ¢! is not enough to guarantee that Z is quasiconformally equivalent to S2. This fact
is a consequence of the following result, partially answering Question 1.3.

Theorem 1.6. Suppose that g: S' — S! is an orientation-preserving homeomorphism for which
there exists a quasiconformal homeomorphism h: S*> — Z. Then Z = (Z,d) and there exists a 1-
quasiconformal homeomorphism 7 : S* — Z. Furthermore, g is a welding homeomorphism whose
welding curves are conformally removable.

The first step in the proof of Theorem 1.6 is showing that & can be assumed to be 1-
quasiconformal. Then, up to an orientation-reversing Mbius transformation, ¢; = h™loy; : Z; —
S? are Riemann maps with welding curve C = h~1(Q(S,)) and welding homeomorphism
¢, 1o ¢,|s1. The equality Z = (Z,d,) and the conformal removability of C follow from a connec-
tion we show between the tangents of the welding curve C and the Hausdorff 1-measure on the
seam Q(S,); see Section 4. The equality Z = (Z,d,) implies g = ¢2_1 opilst-

We recall that a compact proper subset K C S? is conformally removable if every homeomor-
phism M : S? — S? conformal in S? \ K is M&bius. The von Koch snowflake example illustrates
that conformal removability of a welding curve C is not enough to guarantee even that Z is home-
omorphic to S?. We refer the reader to [37] and [38] for further reading on conformal weldings and
the connections to conformal removability. See [20] for some results in the context of Theorem 1.5.

The paper is structured as follows. In Section 2, we introduce our notations and some pre-
liminary results. In Section 3, we analyse the distance d, induced by any given homeomorphism
g: S' - S'. When g is awelding homeomorphim, we establish in Section 4 a connection between
the geometry of the seam S, and the tangents of the corresponding welding curves C. We also
prove Theorem 1.6 in this section. In Section 5, we prove Theorems 1.1 and 1.2. Proposition 1.4 and
Theorem 1.5 are proved in Section 6. In Section 7, we give some concluding remarks.

2 | PRELIMINARIES
2.1 | Notation
Let (Y, dy) be a metric space. We sometimes drop the subscript from dy when there is no chance

for confusion. For all Q > 0, the Q-dimensional Hausdorff measure, or a Hausdorff Q-measure, is
defined by

H2(B) = % sup inf {Z(diamBi)Q : Bc | JB;,diamB; < 5}

6>0 i=1 i=1
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for all sets B C Y, where a(Q) is chosen so that Hﬂg,, coincides with the Lebesgue measure £L" for
all positive integers.
The length of a path y : [a,b] - Y is defined as

£4(r) = sup Y dy (1), y(ti11)),
i=1

the supremum taken over all finite partitionsa = t; <t, < .- < t,,; = b. Apathis rectifiable if it
has finite length.
The metric speed of a pathy : [a,b] — Y at the point ¢ € [a, b] is defined as

L d0®,r0)
o= I T em

whenever this limit exists. The limit exists £'-almost everywhere for every rectifiable path [12,
Theorem 2.1].
A rectifiable path y : [a,b] — Y is absolutely continuous if foralla < s <t < b,

t
A0 (), 7)) < / o, () L (u)

with v, € L'([a,b]) and £! the Lebesgue measure on the real line. Equivalently, the rectifiable
path y is absolutely continuous if it maps sets of £!-measure zero to sets of H}l,—measure zero [12,
Section 3].

Lety : [a,b] — X be an absolutely continuous path. Then the (path) integral of a Borel function
p: X — [0,00]0veryis

b
/yp ds = /a (poy)v,dct. .1

If y is rectifiable, then the path integral of p over y is defined to be the path integral of p over the
arc length parametrization y, of y; see [19, Chapter 5] for further details.

Given a Borel set ACY, the length of a path y: [a,b]—>Y in A is defined as
Jy xa#(y~1(»)) dH;,(v), where #(y~*(x)) is the counting measure of y~!(x). For A =Y, [15,
Theorem 2.10.13] states

£(r) = / #O ) ML), 22)
Y
When y is rectifiable, for every Borel function p: Y — [0, o],
[pds= [ poro o0 ario) 23)
V4 Y

The equality (2.3) follows from [15, Theorem 2.10.13] via a standard approximation argument using
simple functions.
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2.2 | Metric Sobolev spaces

In this section we give an overview of Sobolev theory in the metric surface setting, and refer to
[19] for a comprehensive introduction.

Let T be a family of paths in Y. A Borel function p: Y — [0, oo] is admissible for T if the path
integral fy pds > 1 for all rectifiable paths y € I'. Given 1 < p < o0, the p-modulus of I is

mod, T = inf/YpP dH?2,

where the infimum is taken over all admissible functions p. Observe that if I'; and I'; are path
families and every path y; € I', contains a subpath y, € I',, then mod, I'; < mod,, I',. In particu-
lar, this holds if ', C T',. When p = 2, and there is no chance for confusion, we omit the subscript
from mod,.

If p is admissible for a path family I' \ ', where mod,, I'y = 0, we say that p is p-weakly admis-
sible for I'. If a property holds for every path y € I" except in a subfamily of p-modulus zero, the
property is said to hold on p-almost every path in T'. We also refer to 2-almost every path as almost
every path.

We recall the following lemma [19, Lemma 5.2.8].

Lemma 2.1. Let 1 < p < oo. A family of nonconstant paths I satisfies mod, I = 0 if and only if
thereexists p: Y — [0, 00], p € LP(Y) with

oo=/,ods foreveryy €T.
14

Let ¢ : (Y,dy) - (Z,d;) be a mapping between metric spaces Y and Z. A Borel function
p: Y — [0, ] is an upper gradient of ¢ if

dy (P(x), BO)) < / ods

14

for every rectifiable path y: [a,b] = Y connecting x to y. The function p is a p-weak upper
gradient of 1 if the same holds for p-almost every rectifiable path.

A p-weak upper gradient p € Lf; (Y) of 9 is minimal if it satisfies p < p almost everywhere for
all p-weak upper gradients p € LIIZ) (Y) of 9. If  has a p-weak upper gradient p € Lﬁ) (), then
% has a minimal p-weak upper gradient, which we denote by p,. We refer to Section 6 of [19]
and Section 3 of [36] for further details. Minimal 2-weak upper gradients are also referred to as
minimal weak upper gradients.

Fix apointz € Z, and let d, = d (-, z). The space LP(Y, Z) is defined as the collection of mea-
surable maps ¥ : Y — Z such that d, o9 is in LP(Y). Moreover, Lf:) C(Y,Z) is defined as those
measurable maps ¥ : Y — Z for which, for all y € Y, there is an open set U C Y containing y
such that 9| isin LP(U, Z).

The metric Sobolev space Nllo’f (Y, Z) consists of those maps ¢ : Y — Z in Lfo (Y, Z) that have
a minimal p-weak upper gradient p,, € Lf; (V).
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For subsets f§ # U C Y, we say that p € N'P(U, 2) if |, € N, P(U,Z), pyy € LP(U) and

loc

Y|y € LP(U,Z).1f Z = R, we denote NYP(U,Z) = N¥P(U), and in the case p = 2,

@) = 2oy

We refer to E(3) as the Dirichlet energy of 1.
We repeatedly use the following technical lemma in later sections.

Lemma 2.2. Let: Y — Z be continuous, p: Y — [0, 00] a Borel function and y: [0,1] - Y
absolutely continuous with /y pds < oo.
Suppose that E C'Y is compact, H,({(E)) = 0, and £ (P o y|;) < fy , P ds for each closed interval

IC[0,1]\ Yy YE). Then (% oy) < /ypds.

Proof. First, for every closed interval J C [0,1] \ y}(E), ¥ oy|; is absolutely continuous with
Uy oy (8) < (poy)(s)v,(s) for £'-almost every s € J. This follows from [19, Proposition 6.3.2].
Second, consider the connected components {Ii}l?zl of [0,1] \ (¥ o)~ (¥(E)). Notice that I; C
[0,1]\ y~X(E) for every i.
Let J; = I_l Then vy, (s) < (ool ]i)(s) £'-almost everywhere on J; (on I;). This fact, the
continuity of ¢ oy and fy pds < oo imply

@hoyl;) < /(poy)vy ds < co.
I

By summing over i, we conclude

C@oyly) <
; ¢7Jl /U°°

i=1

(poy)vydssfpds.
I; y

L

Given HL((E)) = 0, (2.2) and (2.3) imply

(@oy) = / H#(@ oy) () dHL()
Z\Y(E)

[c9)

° -1 d 1
) /Z R R OEE

VA

= @Woyl;) < ds.
T y|],></yp 5

Hence (Y oy) < /y pds. O

2.3 | Measure theory

Let Y be a Borel subset of a complete and separable metric space. A Borel measure y on Y is
o-finite if there exists a Borel decomposition {Bi};’i , of Y for which u(B;) < oo for every i.
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A pair of o-finite Borel measures 4 and v on Y are said to be mutually singular if there
exists a Borel set B C Y such that u(B) = 0 and »(Y \ B) = 0. The measure u admits a Lebesgue
decomposition (with respect to v), where u = f - v + ut, with 4 and v mutually singular and f
Borel measurable [9, Sections 3.1-3.2 in Volume I]. We say that u and v are mutually absolutely
continuous if u = f - v with density f > 0 v-almost everywhere.

Given a homeomorphism 1 : Y — Z and measures v on Y and u on Z, the measure *u(B) =
u(p(B)) is called the pullback measure. Such a measure admits a decomposition p*u = f - v + u*
with v and u mutually singular. If v = Hf, and u = H%, the density f is called the Jacobian of ¢
and denoted by Jy.

2.4 | Quasiconformal mappings
Here we define quasiconformal maps and recall some basic facts.

Definition 2.3. Let (Y, dy) and (Z, d;) be metric spaces with locally finite Hausdorff 2-measures.
A homeomorphism ¥ : (Y,dy) — (Z,d) is quasiconformal if there exists K > 1 such that for all
path families I'in Y

K modT < modyI' < KmodT, (2.4)

where YT’ = {ip oy : y € T'}. If Equation (2.4) holds with a constant K > 1, we say that ¥ is K-
quasiconformal.

A special case of [36, Theorem 1.1] yields the following.

Theorem 2.4. LetY and Z be locally compact separable metric spaces with locally finite Hausdorff
2-measure and ¥ . Y — Z a homeomorphism. The following are equivalent for the same constant
K> 0:

(i) modT < K mod yT for all path familiesT in Y.
(i) v € Nllo’g(Y, Z) and satisfies

Py () < KJy(»)
for H3 -almost everyy € Y.

The outer dilatation of 3 is the smallest constant K, > 0 for which the modulus inequality
mod I < K, mod 3T holds for all T in Y. The inner dilatation of 1 is the smallest constant K; > 0
for which mod yT" < K; mod T holds for all T'in Y. The number K(¥) = max{K;(y), K,(¥)} is the
maximal dilatation of 3.

For a set G C Y and disjoint sets F;,F, C G, let I'(F;, F,; G) denote the family of paths with
each path starting at F,, ending at F, and whose images are contained in G. A quadrilateral is a
set Q homeomorphic to [0, 1]? with boundary dQ consisting of four boundary arcs, overlapping
only at the end points, labelled &, £,, &5, &, in cyclic order.

A metric surface is a separable metric space Y with locally finite Hausdorff 2-measure that is
homeomorphic to a (connected) 2-manifold without boundary.
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Definition 2.5. A metric surface Y is reciprocal if there exists a constant x > 1 such that

x ' <mod (¢}, &5;Q)mod (£, £,Q) < x (2.5)

for every quadrilateral Q C Y, and
Tim mod I'(By(,), Y \ By(», R): By (3, R) ) = 0 26)
forally € Y and R > O such that Y \ By (y,R) # @.

We note that for every metric surface,

K, <mod (¢}, &3;Q)mod (£, £, Q), Q.7
with x, = (4/7)? [14, 32].
We recall [31, Theorem 1.4] stating the following.

Theorem 2.6. Let (Y,dy) be a metric surface homeomorphic to R? or to S%. Then there exists a
quasiconformal embedding  : (Y,dy) — S? ifand only if Y is reciprocal.

Similarly, Theorem 1.3 of [22] shows that if a metric surface (Y, dy) can be covered by quasicon-
formal images of domains V C R?, then (Y, dy ) is quasiconformally equivalent to a Riemannian
surface. In particular, we have the following.

Theorem 2.7. Let (Y, dy ) be a metric surface homeomorphic to S. Then there exists a quasiconfor-
mal homeomorphism ¥ : (Y,dy) — S? if and only if each point y € Y is contained in an open set
U from which there exists a quasiconformal homeomorphism ¢ : U — V C R2,

Since the duality lower bound (2.7) holds, Corollary 12.3 of [31] shows that any homeomorphism
from a metric surface into a Euclidean domain having bounded outer dilatation has bounded
inner dilatation. More precisely, we have the following.

Proposition 2.8. Let Y be a metric surface, U CY a domain, and ¢: U - QCR? a
homeomorphism. If K5 (¥) < oo, then 1 is K-quasiconformal for K = (2 - x;) - Ko ().

3 | HEMISPHERES

Recall that o is the usual intrinsic length distance on the sphere S?, induced by the Euclidean
distance of R®. We construct a (pseudo)distance d, on Z using a predistance D : Z X Z — [0, c0]
defined in the following way, with the identification S, C Z, for the seam,

0, if(x,y)ezZ, xZ,uZ,x 7,

D(x,J’) = min{g(x,)"), G(g(x)’ g(y))}’ ifx’.y € SZa

o(x,y), otherwise.
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Then we denote d,(x,y) = inf Y D(x;, x;;,), the infimum taken over finite chains (x;)"*!
= 0y )i
for which x; = x and x,,,; = y. We obtain a metric space Z and a quotient map Q : Z — Z by
identifying (x,y) € Z X Z whenever d,(x,y) = 0, and setting dx(x,y) = d,(Q~1(x), Q~1(y)) for
each x,y € Z.
In this section, we focus on analysing the distance d, on the seam S,. The main results of this
section are Lemmas 3.2 and 3.3 and Proposition 3.6.

In the following two lemmas we abuse notation and identify (;(Z;) with Z; when convenient.

Lemma 3.1. The following hold:

(1) Let x,y €S' c Z, and (xi)fjll a chain with x; = x, x,,,, =¥, and x; € Z, otherwise. Then
2ic, DCx;, Xi41) 2 D(x, y).

(2) Let x,y e st cZ, and (xi)l."jl1 a chain with g(x;) = g(x), 9(x,.1) =9(), and x; € Z,
otherwise. Then Y, D(x;,x;,1) > D(x, ).

Proof. Given the chain from the claim (1), for every i, D(x;,x;,,) = o(x;,x;;;). Thus,
Y D(x;,x;41) 2 0(x), X,11) = D(x1,X,,,). The corresponding inequalities hold for the chain
from (2). O

Lemma 3.1 implies that when computing d, (¢, (x), ;()) for x, y € S, itis sufficient to consider
chains with intermediate points staying within the seam.

Lemma 3.2. Ifx,y € Z,, then

o(x,y), orthereexistw,w’ € S! with
dz (4 (%), u(y) = (3.1
o(x, w) + dy (1, (w), (W) + o(w’, y) < o(x, y).

The corresponding identity holds for points x,y € Z,.
Furthermore, if x € Z; and y € Z,, there exist w,w’ € S! such that

dz(L(3), () = o(x,w) + dz (4 (W), y W) + o(gW), ). (32)

Proof. 'We show Equation (3.1). Suppose that there exists a sequence ¢; — 01 and a sequence of

1 .
chains (xi,j)?g joining x toy with d,(¢; (x), () > —¢; + 221 D(x; j, X;41,;) so that every chain
has an element in S*. If i) is the first index for which x; j € s! and i, the last one, then

0
J

Z D(X; j, Xi41,5) 2 0(x, %, ) + dz (4 O, ), 00, 1)) + 0(x;, 55 )

i=1

> inf {o(x,w) + dz (4 (W), y(W") + o', )},

the infimum taken over every w,w’ € SL. Observe that the infimum is realized by some w, w’ €
S!. Given such w,w’ € S', we pass to the limit j — oo and conclude

dz(1,(x), 1, (1)) = o(x, w) + d (1, (W), (W) + o', y).

Since “<” holds for every pair w, w’ € S, the lower equality in Equation (3.1) follows.
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If no such sequence of € i~ 07 exists, then there exists ¢, > 0 such that for every ¢, > ¢ > 0,
any chain joining x to y with d(1;(x), 1,(»)) > —€ + Y| D(x;, x;,,) does not intersect S*. Hence
Z?:l D(x;,x;41) = o(x,y). So, either way, we obtain Equation (3.1). The claims for each x,y € Z,
and (x,y) € Z, X Z, are proved in a similar manner. O

Fori = 1,2,wedenoteT; := Qoy : Z; — Z. Lemma 3.2 implies that7; is 1-Lipschitz everywhere
and a local isometry in Z;. We also establish that7; is monotone, that is, the preimage of a point is
a compact and connected set.

Lemma 3.3. Fori = 1,2, the inclusion mapT; : Z- - Zis 1-Lipschitz everywhere and a local isom-
etry on Z;. Moreover, for every z € Z, the preimage"tz.‘l(z) is compact and connected. It contains two
or more points only ifZ'i‘l(z) c st

Before proving Lemma 3.3, we show two auxiliary results.

Lemma 3.4. Let x,y € S! be distinct. Then there exists an arcy : [0,1] — S! joining x to y with
D(y,(x), 4,()) = min{¢(y), (g o y)}. The arc satisfies

D(4,(x),5(») = sup Y’ D( (¢ (t)), (L)),

{[i}?:f i=1
the supremum taken over finite partitions of [0, 1]. In particular, D(1,(x), ;) = 26 ().

Proof. The existence of y with D(y;(x), (;(y)) = min{Z(y), £(g o y)} follows from the fact that o is
geodesic on S'. We identify ¢, (x) with x for every x € S! in the following computations.

The claim about the partitions is a consequence of the following observation and induction: If
0<a<s<bg<l,then

D(y(a),y(b)) > D(y(a),y(s)) + D(y(s),y(b)). (3.3)

We first assume that D(y(a), y(b)) = o(y(a), y(b)). Theny is a length-minimizing geodesic joining
y(a) and y(b). Consequently,

a(y(a),y(b)) = a(y(a),y(s)) + o(y(s), y(b)).

Since a(c,d) > D(c, d) holds for every c,d € S', the inequality (3.3) holds in this case. In the
remaining case, g oy is a length-minimizing geodesic joining ¢g(y(a)) and g(y(b)) and

a(g(r(@)), g(r(b))) = a(g(y(a)), g(r())) + a(g(¥(s)), g(¥ (b))

Since a(g(c), g(d)) > D(c, d) for every c,d € S, the inequality (3.3) holds also in this case.
The partition claim implies D(x, y) > Z?zl dz@ (y(£)), 1 (y(t;41))) for every partition {ti};’; of
[0,1]. The inequality D(x, y) > £(;(y)) follows by taking the supremum over such partitions. []

Lemma 3.5. Let x,y € S' be distinct. Then there exists an arc y : [0,1] — S! joining x to y such
that dz(6;(x), 5 (») = @ (7).
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Proof. Let € > 0. The defining property of d, and Lemma 3.1 imply the existence of a chain

{x;}*! c s! joining x to y for which

dy (40,5 0)) > =€ + Y’ D () 4y (xi1).

i=1

For each i, Lemma 3.4 yields the existence of an arc 6;: [0,1] — S! joining x; to X,
with D(t;(x;),11(x;41)) = £(;(6;)). Let 6 denote the concatenation of these paths. Then
dy (L), () > —¢ + 2@ (6)).

Let 6’ : [0,1] — S! be an arc joining x to y within the image of 6. Applying Equation (2.3) on
Z with p = X7 implies that 2(5;(6)) > #(1;(6")). Such a &’ is one of the arcs joining x to y within
st.

Lete; — 0" and consider 6;. as above for every such ¢;. Up to passing to a subsequence and rela-
beling, we may assume that every such 6;. is the same arc 8'. Passing to the limit j — oo establishes

d; (%), () = 2@ ")) = dy(1;(x), 1 (¥)). We set y = 6’ to conclude the proof. O

Proof of Lemma 3.3. The claimed 1-Lipschitz and local isometry properties of 7; follow from
Lemma 3.2. The local isometry property implies that given z € Z, the preimage 7,'(2) has more
than two points only if the preimage is a subset of S!.

Suppose the existence of a distinct pair x, y ETl_l(Z). Then x,y € S'. Lemma 3.5 shows that
there exists an arc y joining x to y within S! satisfying

0 =dz(G(x),7(») = 2@ ).

This implies |y| C Tl_l(z). Since x and y were arbitrary, we conclude thatTl_l(z) is path connected.
Consequently, 7, (2) is a connected and compact subset of S'.
The properties of 7, follow from a symmetry in the argument. Hence the claim follows. [l

‘o . (el 1 1 1 ; ; 1 _ 1 L
Proposition 3.6. Letg: (S ,HSI) - (S ,HSI) be a homeomorphism with g*HSl = ugHSl +u
with Hé1 and u* mutually singular. Then, for every Borel set B C S,

HéZ(Tl(B)) = /Bmin {1,v,} dHé1 = 'Z(B) #T ' (2) dH%(z). (3.4)

Moreover, for every x,y € S', there exists an arc |y| C S! joining x to y for which
dz(@ (), 50) = 2@ 7). (3.5)

Before proving Proposition 3.6, we first consider a Carathéodory construction on S!.
First, fix a Borel set B, C S' for which H;l(BO) =0 and u(S'\ By) =0. Set v4B5(B) :=
Jp min{L, v }xsn g, dH;] for all Borel sets B C S'.

Foreveryarcy : [0,1] = S, wedenote E4B3(|y|) := vABS(|y|)and £(|y|) := D(y(0),y(1)). The
set function £425 and the family of arcs |y| C S! yields Carathéodory premeasures V?BS for each
é>0.
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Lemma 3.7. For every Borel set B C S, we have vAB5(B) = sup;., V?BS(B) > H%(TI(B)).

Proof. The equality v*#5(B) = sups.,, v5 **(B) follows from the fact that v*5S is a finite Borel
regular Borel measure.
We denote B, = {v, > 1}U B and B, = S' \ B,. If B C S! is Borel, we have

2
HL@(BNB)) < (BN By) + M (9(B) N g(By))
i=1

HLG®)) <

since T; is 1-Lipschitz for i = 1,2. The right-hand side equals v4B%(B). Therefore H%(Fl(B)) <
v4B5(B) holds for all Borel sets. O

Lemma 3.8. Let x,y € S! be distinct and y: [0,1] —» S' an arc joining x to y such that
dz(6(x), 5 (») = £ (7). Then H%@(D’D) = dz([[ (), 1) = v (Jy ).

Proof. Let m/2 > &, > 0 be such that
D(y(a), (b)) < 8, implies max{o(a,b),o(g(a),g(b))} < /2.

Given such a pair a, b € S!, the length-minimizing geodesic 0 : [0,1] — S! joining a to b satisfies
£(161) = min{£(6), (g  ©)}. Then £(10]) > §475(0)).

Lety be asin the claim. Let 0 < § < §,and 0 < € < §/2. We consider a partition {t; }l.";ll of [0,1]

such that o(y(t;), y(t;41)) < 6/2 for every i. Then there exists a chain {x;, j};.”:

ends of y|, ;.| so that

+1

11 C S! joining the

;i
dy( oyt 0y (t31) > == 4 3 D16, ). (¥ j3)):
j=1

In particular, D(¢; (x; ), 41 (x; j41)) < 8 < §, for every j. Hence the length-minimizing geodesicy; ;
joining x; ; to x; ; ., satisfies the assumptions of Lemma 3.4. For every i, Lemma 3.4 implies that,
up to further partitioning the paths y; ; and relabeling, we may assume o(x; j, X; j,1) < 6 for every
J. Given this property, we conclude D(t; (x; ;), t;(x; j41)) = €(y; ;1) = E*55(Jy; ;1) and

@) =, dy( oyt 0y(ti4)) > —€ + V25 (U U j|>.
i i=1 j=1

i=1

Since the concatenation 6; of {y; };l"zl isa path joining y(¢;) to y(t;,,), the concatenation 6 of {0;}" |

is a path joining x to y. Hence |J_, U;l‘zl 7:;1 = 16| contains [y| or s'\ |yl, and

£@()) = —e +min {vgP(ly D, v (ST \ Iy D}

After passing to ¢ — 01 and then to § — 0%, we conclude

HLG () = @ () > min {(v*P5(ly]), v455(ST\ [y D)}
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If we had vA55(|y|) > v4BS(St \ |y|), this would contradict Lemma 3.7 and the length-minimizing

property of 7, (y). Hence vA55(Jy[) < vAB5(S* \ |y[), and H%(G(IVI)) = dz(@ (), 7)) = v*55(|y))
follows from Lemma 3.7. O

Proof of Proposition 3.6. The existence of y and equality in (3.5) already follows from Lemma 3.4.
We claim that (3.4) holds. To this end, we consider three arcs y; : [0,1] — S' overlapping only
at their end points, whose images cover S!, with the arcs satisfying v455(|y;|) < vAB3(S!\ |y;]).
Lemmas 3.7 and 3.8 imply thatT; o y; is a length-minimizing geodesic joining its end points and
vABS(|y,D) = H%(Tl(lyi ). Lemma 3.7 implies that the metric speed of T | ,, | is bounded from above
by min{1,v, }. Hence the equality v*55(|y;|) = H%(Tl(h/il)) forces the metric speed of 7; to equal
min{l,v,} Hél -almost everywhere on |y;| for i = 1,2, 3. The equality (3.4) follows from the area
formula (2.3) and the fact that #(,'(x)) = 1 H%-almost everywhere. The fact #(; '(x)) = 1 H%-
almost everywhere follows from the monotonicity of 7; and the integrability of the multiplicity.
The integrability of the multiplicity follows from (2.2). O

Remark 3.9. We consider a 27-periodic doubling measure u on R with 27 = ([0, 27]) such
that for some Borel set B C [0,27], £'(B) = 0 = u([0,27] \ B), the existence of which is estab-
lished by Ahlfors-Beurling [4, Section 7]. Then ¥(x) = /Ox du is a homeomorphism and there
exists a quasisymmetry g : S' — S! with 6 09 = g 06, where 6(t) = (cos(t), sin(t), 0). Then v, in
Equation (3.4) is identically zero. Consequently, d, = 0 on the seam S,.

4 | HARMONIC MEASURE AND WELDING HOMEOMORPHISMS

We consider a welding homeomorphism ¢ : S! — S! and a welding circle C with complemen-
tary components Q; and Q,, Riemann maps ¢; : Z; —» Q;fori =1,2,and g = ¢2_1 0 ¢;|g1;in this
section, we identify ¢; with its extension to a homeomorphism Z; — ;. With this identification
understood, we consider the harmonic measures w,(E) := H'(¢;'(E) n S')/(27) for all Borel sets
EcCs?

We define a homeomorphism 7: S? — (Z,d,) and a quotient map 7: S*> — Z via the
formulas

o1 , h Q_,

Lo¢y'(x), whenxeQ,
Recall thatQ : Z — Z is the quotient map identifying x,y € Z whenever d,(x,y) = 0. Lemma 3.3
implies that 77 is monotone and 7~!(x) contains two or more points only if x is a point of the seam

Q(S,), and in such a case 7~ !(x) C C.
For a = 1,2, we denote, for every Borel set B C S2,

7 HL(B) := /Z #(B N 771(x)) dHL(x) = H(E(B)), 4.2)

where the multiplicity can be ignored in the case a = 2 since it equals one outside the negligible
set Q(S,). For a = 1, the multiplicity is two or more only when it is co and this happens in a set of
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negligible H%-measure. Either way, the multiplicity is negligible in Equation (4.2), so the second
equality is justified.

Proposition 4.1. Let g be a welding homeomorphism with a welding circle C and I C C a subarc.
Then dz(7(x), 7(y)) = 0 for all x,y € I if and only if w,|; and w,|; are mutually singular. If such
an interval exists, then Z is not quasiconformally equivalent to S2.

Remark 4.2. If ¢ is a welding homeomorphism obtained from Remark 3.9 or any welding ¢ cor-
responding to the von Koch snowflake [16, Example 4.3], Proposition 4.1 implies that Q(S,) is a
singleton. In particular, Z is not even homeomorphic to the sphere. For a given g, this happens if
and only if g*?—[;1 and Hé1 are mutually singular.

A key step in the proof of the conformal removability in Theorem 1.6 is the following.

Proposition 4.3. Let g be a welding homeomorphism and 7 as in Equation (4.1). Then T is con-
tinuous, monotone, and surjective. Moreover, for all path families T on S?, modT' < mod 7#T. The
metric space Z is quasiconformally equivalent to S? if and only if 7 is a homeomorphism for which
mod I' = mod zT for all path families.

The proof of Proposition 4.3 requires some preparatory work. Given the curve C, we say that
X, € C is a tangent point if there exists a homeomorphism y : (—¢,e) - €’ C C with y(0) = x,,
and a tangent vector v, € TXOS2 with unit length such that for every smooth f: S? — R, its
differential d f satisfies

RGO~ fx) o)~ [
o) = I = e Oy 2 )= I

If v, exists, the tangent vector v, is independent of the parametrization y and C’ up to multipli-
cation by —1; see [16, Chapter II, Section 4]. The collection of tangents points of C is denoted by
Tn(C). The key properties of Tn(C) are self-contained in the following statement.

Lemma 4.4. The Borel set Tn(C) has o-finite Hausdorff I-measure. Moreover, on the set Tn(C), the
measures w;, w,, and Hé are mutually absolutely continuous.

Given any Borel set E C C with w,(E) - w,(E) > 0, the restrictions w, | and w,|; are mutually
singular on E if and only ifHé(Tn(C) NE)=0.

Proof. The Borel measurability of Tn(C) follows from [16, Chapter II, Theorem 4.2] which con-
nects the tangents of C and the angular derivatives of any given Riemann map ¢| : Z; — Q,
where 0Q, = C. The fact that Tn(C) has o-finite Hausdorff 1-measure follows from [16, Chapter
VI, Theorem 4.2].

Theorem 6.3 of [16, Chapter VI] states that if a Borel set E C C is such that w,(E) - w,(E) > 0,
then w, | and w,|; are mutually singular on E if and only if Hé(Tn(C) NE)=0.

The fact that on the set Tn(C) the measures w;, w,, and Hé are mutually absolutely continuous
follows from [16, Chapter VI, Theorem 4.2 and the following discussion on p. 211]. O

Lemma 4.5. The measures )(Cff*H%, XTn(©)®15 XTn(c)®2 and XTn(C)Hé are mutually abso-
lutely continuous.
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More precisely, a given Borel set B C Tn(C) has positive 1D Hausdorff measure if and only if
H%(?f(B)) > 0. Furthermore, if B C C \ Tn(C), then H%(ﬁ(B)) =0.

Proof. We write g*?'-[;1 = ngél + 27 - ut with H;l and ut being mutually singular. We recall
from Proposition 3.6 that for every Borel set B C C,

H%(if(B)) = / min {1,v, } dHél. (4.3)

o 0:))

We denote h =v,0¢;" and observe the equality w, = hw, + (¢,).u*, where (¢,).u"(E) =
ut(¢7H(E)) for each E C S2. Then Equation (4.3) is equivalent to

(27t)_1H%(7?(B)) = /B min {1, h} dw;. (4.4)

Lemma 4.4 implies that the measures ¢\ n()@; and Y e\ ()@, are mutually singular. Conse-
quently, h = 0 w,-almost everywhere in C \ Tn(C). In particular, if B = C \ Tn(C), the left-hand
side equals zero in Equation (4.4).

Lemma 4.4 yields that the measures Yn(cy®1, Xn(c)®@2 and )(Tn(c)Hé are mutually absolutely
continuous. Hence oo > h > 0 w;-almost everywhere in Tn(C). This implies that the measure
in Equation (4.4) is mutually absolutely continuous with the measures )r,cy@1, Xn(c)®@2 and
)(Tn(c)Hé. The claim follows from the equalities (4.2) for a = 1. O

Proof of Proposition 4.1. Consider a subarc I C C. Proposition 3.6 implies that 77(I) has zero H%-
measure if and only if for every x,y € I, dz(7(x), 7(y)) = 0 if and only if v, =0 Hél—almost
everywhere on ¢1_1(I ). Equivalently, w, |; and w,|; are mutually singular.

Lemma 3.3 shows that Z # (Z,d,) if and only if there exists a closed arc I C S! such that y =
T,(I). Assume that such an I exists. Having fixed x, € Z; and 0 < s < o(x,, S'), there exists ¢ =
c(xy,I, s) for which

mod F(I,1_3§z(xo,s);1 UZ))=zc>0;
a positive lower bound can be shown, for example, by estimating the modulus of all geodesics
joining I to Bg2(x,, s) in I U Z;.
When R > 0 is small enough, for every R > r > 0 and every path in I'(I, Bs2(xX, 5)); I U Z;), we

find a subpath " : [0,1] = Z, so thatT; oy’ joins Bz(y, ) to Z \ Bz(y, R) within B3(y, R). Since
T, is a local isometry off the seam, this implies

lim ir+1f mod F(l_S‘Z(y, r,Z \ Bz(y,R);EZ(y,R)) >c.
r—0
Recalling Theorem 2.6, we see that Z is not quasiconformally equivalent to S2. [

Lemmad.6. Fori = 1,2, letp; : Q; — [0, co] denote the operator norm of the differential ofD(qbl._l).
Then

G = Xq,P1 + Xa,P2 + % X1n(c) € L*(S?) (4.5)

is a weak upper gradient of 7.
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Proof. The L?-integrability of G follows from the change of variables formulas of the Riemann
maps ¢; and ¢, and the fact that Tn(C) has negligible area. Hence, as a consequence of Lemma 2.1,
G is integrable along almost every absolutely continuous path y : [0,1] — S2. Given such ay, we
claim that

dyF ), F D)) < / Gds, (4.6)
Y

implying that G is a weak upper gradient of 7.

Since G is integrable along y, y has negligible length in Tn(C). Then Equation (2.3) implies
Héz(Tn(C) N |y]) = 0. We conclude H%(E(C) N |7 oy|) = 0 from Lemma 4.5. The assumptions of
Lemma 2.2 are satisfied and the conclusion Z(Z oy) < /y G ds follows. The inequality (4.6) is a
consequence. [l

We define the Jacobian of 7 to be the density of 7* H%, defined in Equation (4.2), with respect
to M,

Lemma 4.7. The mapping 7 satisfies Lusin’s condition (N) and the Jacobian J > coincides with G*
Héz-almost everywhere, with G being from Equation (4.5).

Proof. The Lusin’s condition () of 7 follows from the fact that 7(C) has negligible H%-measure,
the fact that ¢; : Z; — Z; is a local isometry, and as ¢! Q; — Z; satisfies condition (N). Here
J==0 H;z-almost everywhere on C, so the equality J> = G? follows from the fact that ¢; and ¢,
are Riemann maps. ]

Proof of Proposition 4.3. The claimed topological properties of 7 were already verified at the
beginning of this section. Lemmas 4.6 and 4.7 prove that J> = G € L'(S?) with G being a weak
upper gradient of 77. This fact and the fact that the multiplicity of 7 is negligible for 7* H; imply
mod ' < mod 7T for all path families T.

Lastly, we argue that a K-quasiconformal map ¢ : Z — S? exists (for some K > 1) if and only
if 77 is a 1-quasiconformal homeomorphism. The “if”-direction is obvious.

In the “only if’-direction, the fact that 77 is a homeomorphism follows from Proposition 4.1. So
h=1%o7: S* - S? is a homeomorphism satisfying mod I < K mod hT for all path families T
Theorem 2.4 and [2, Definition 3.1.1 and Theorem 3.7.7] prove that & is K-quasiconformal. Conse-
quently, 7 is K’-quasiconformal for some K’ < K. This self-improves to K’ = 1 due to Lemma 4.8
below. This yields mod 7T = mod T for all path families. O

Lemma 4.8. Suppose that 7 : S* — Z from Equation (4.1) is a homeomorphism. Then 7 : S* — Z
is I-quasiconformal if and only if for every I-Lipschitz h : S* - R, ho 7! € N“3(2Z).

Proof. The “only if’-claim is clear, given Theorem 2.4 (ii). In the “if’-direction, fix a 1-Lipschitz
h: S? - R for now.

Consider the Borel function G : S? — [0, o] defined on Lemma 4.6. Then p = 1/G o7 ! is
such that p? is the Jacobian of 7!, as a consequence of Lemma 4.7. Hence p € L*(Z).

Given that ho 7! € N'2(Z) and H%(Q(Sz)) =0, for almost every y : [0,1] — Z, the com-
position (ho777!) oy is absolutely continuous, y has negligible length on the seam Q(S,), and
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/y pds < oo. Indeed, the absolute continuity of (ho7~1) oy for almost every path follows from
[19, Proposition 6.3.2]. The fact that almost every path has negligible length on Q(S ) follows from
Lemma 2.1 and the L?-integrability of oo - XQ(s,)- Similarly, the conclusion /y pds < oo follows
from Lemma 2.1 and the L?-integrability of p.

If we denote E = (hoZ')(Jy] nQ(S,)), the absolute continuity of (ho7Z')oy implies
HulQ (E) = 0. Then Lemma 2.2 yields #((ho 7~ 1) o y) < fy p ds. We conclude that p is a weak upper
gradient of h o 71

Since p isindependent of h and h is an arbitrary 1-Lipschitz function, Theorem 7.1.20 [19] shows
that p is a weak upper gradient of 7~!. Since p? is the Jacobian of 7!, we conclude K,(7~!) = 1.
Recall K (77) = 1 from Proposition 4.3. O

Remark 4.9. If the welding curve C happens to be rectifiable, the Hausdorff 1-measure on C and
)(Tn(c)Hé are mutually absolutely continuous [16, Chapter VI, Theorem 1.2 (F. and M. Riesz)].
With this fact at hand, Lemma 4.5 implies that 77 is a homeomorphism. Moreover, one can
show that ho 7~! € N12(Z) for every 1-Lipschitz h: S* — R. Hence 7 is 1-quasiconformal by
Lemma 4.8.

Proof of Theorem 1.6. Suppose the existence of a quasiconformal homeomorphism ¢ : Z — S2.
Up to postcomposing ¥ by an orientation-reversing Mobius transformation of S?, we may assume
that ¢; := oGz 1 Zi — §? is orientation-preserving for i = 1,2. Let C = %(Q(Sy)).

The set S? \ C is the disjoint union of Jordan domains Q, and Q,, where Q. is the image of ¢;
fori=1,2.

Next, since ¢ : Z — S? is a quasiconformal homeomorphism, ¢ satisfies Lusin’s Condition (N)
[31, Section 17]. Consequently, C has zero 2D Hausdorff measure.

We consider the Beltrami differential u = Xa, M1+ Xa, M where y; is the Beltrami differential
of 5;1. Ifh: S? - $? is a normalized solution to the Beltrami equation induced by u [2, Measur-
able Riemann mapping theorem], the mapping $ = h o is 1-quasiconformal. Since C has zero
measure, this is readily verified by hand or by applying [22, Theorem 4.12].

We have verified that (Z,d,) = Z and we may assume that3 : (Z,d,) — S?is1-quasiconformal
with ¢; = P oT;|;, being Riemann maps [2, Weyl’s lemma]. Proposition 4.1 implies (Z,d,) = Z.
The definition of Z implies that g = qbz‘l o ¢, |s1. Consequently, g is a welding homeomorphism.

In order to show the removability of C :=1(S,), we are given an orientation-preserving
homeomorphism M : S? - S? conformal in the complement of C. Then 7’ =%~ loM™!
defines a mapping as in Equation (4.1) for the curve ¢’ = M(C). Proposition 4.3 implies that
7’ is 1-quasiconformal. Consequently, M~! = o7’ is 1-quasiconformal, that is, a Mdbius
transformation. O

5 | MASS UPPER BOUND

In this section, we prove Theorems 1.1 and 1.2. We first consider the implication “(3)= (1).” Recall
that we are given an orientation-preserving homeomorphism ¢g: S! — S! and the canonical
quotient map Q : Z — Z. We are assuming the existence of a constant C > 0 for which

H2(B5(y,1)
liminf —=—«——

< C foreveryy € Q(S,). (GR))
r—0t r
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In order to make transparent how the Lipschitz constant of ¢ (respectively, g~!) is related to C
in Equation (5.1), we define C, C, > 0 to be the smallest constants for which

HZ(@G(Z,) N Bz(y,1))

liminf < C; foreveryy € Q(S,) (5.2)
r—0+ mr?
HZ(5(Z,) N B7(3.1))
lim inf < C, foreveryy € Q(S,). (5.3)
r—0t 7r?

Recalling from Lemma 3.3 the fact that the inclusion maps are 1-Lipschitz and local isometries
outside the seam, the limit infimum in Equations (5.2) and (5.3) are bounded from below by 1/2.
Since the seam is negligible, we also have C;,C, > 1/2 and max{C,,C,} < C —1/2.

We show that the constant C, in Equation (5.2) and the Lipschitz constant L, of g~! are
connected via the following function
. -1
sin | (€) /1-—¢2
fe) = (sin lor/21) +  foro<e<l (5.4)
Vi1 e

Definition 5.1. For every C > 1/2, L = L(C) > 1 denotes the unique positive number such that
forevery 0 < € < L1, f(¢) > C. Equivalently, L = 1/f~1(C).

Remark 5.2. We note that for every 0 < € < 1, we have f(¢) > (we)~!. We use this fact during the
proof of Theorem 1.1.

Proposition 5.3. If Equation (5.2) holds with constant C, and L, = L(C,) is as in Definition 5.1,
then g~' is L,-Lipschitz and T, : Z, — Z satisfies for every x,y € Z,, a(x,y) > d (G (x),;(»)) >
a(x,y)/Ly.

The symmetry in the argument yields the following result.

Proposition 5.4. If Equation (5.3) holds with constant C, and L, = L(C,) is as in Definition 5.1,
then g is L,-Lipschitz and T, : Z, — Z satisfies for every x,y € Z,, a(x,y) > d;G(x), () =
O-(x9 y)/LZ

We start the proof of Proposition 5.3. We consider the decomposition g*?—[;1 =v gHél + ut with
ut and H;l being singular. We fix a Borel representative of v,,. Let f be as in Equation (5.4). The
following statement holds for every Z.

Proposition 5.5. Given1 > ¢ > 0and a Hél-density point x, € S' of E :={v,, < ¢}, we have

H2(G(Z,) N Bz(x, 1)

r?

(5.5)

< liminf
f(©) < limin

Proof. For the duration of the proof, we fix normal coordinates F : B(0,7/2) — S? centred at
X, in such a way that the preimage of S! N B(x,, 7/2) is (-7 /2, 7 /2) x {0} [28, Section 5]. Recall
that this means that F is an isometry along radial geodesics and the metric has the expansion
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gij(x) =6 + O(||x||§) in these coordinates. In particular, as r — 0T, the bi-Lipschitz constant of
Flg(, is of the form 1 + O(r?). We denote I'(s) := F(s,0) for |s| < /2.

We fix 0 < 5 < 1/¢ — 1. Since X, is a density point of E, there exists s, < 7/2 such that for every
0<s <58,

M, (T([—s,5]) \ E) < ens. (5.6)

We fix 0 < r < €s,,. Then, for every 0 < s < r /e, Proposition 3.6 yields, for both I = [0,s] and I =
[_S’ 0]5

£(EN@T oT|)) < es. (5.7)
SinceT; is 1-Lipschitz, according to Lemma 3.3, Equations (5.6) and (5.7) imply
£ oT|;)<se+ens=e(1+n)s <s. (5.8)
We denote for every |s| < r/(e(1 +_77)), ps =1 —€e(1+n)|s|. For each z € Z; N B2(F(s,0), py),
the inequality (5.8) implies7;(z) € Bz(1;(xy), ).

We estimate A, (= H%(Fl(Zl) N B3 (xy), 7)) asr — 0*. In estimating A,, we use the fact that

the seam Q(S,) has negligible H2-measure and that 7, is a local isometry outside the seam. We
claim that for each 0 < 6 < /2 the following holds:

2\\—2 2 r
A, =2 1+0r/e)) <6r + cos(@)(1 N OED) ) > (5.9)

The term (1 + O((r/€)?))~2 comes from estimating the Jacobian of 7; o F. The first term in the
brackets comes from the fact that F preserves the speed of radial geodesics, so

aQ oF)<{(S,t): V22 <r,0< t}) CT(Z,) N BT (xo), ).

We use this inclusion in a circular sector Cy(r) which has a total angle 20 and an angle bisector
{0} x R.

The second term in the brackets is twice the area of a suitable triangle. The factor of two
comes from the symmetry of the estimate in Equation (5.8) with respect to the parameter s = 0.
We consider a triangle T4(r) C R? foliated by line segments #(s), where 0 < s < r/((1 + n)e),
with #(s) having the start point (s, 0), tangent in the direction (sin(8), cos(6)), and has length
pa/(1+O((r/€)?)). The 7, o F image of such a triangle Ty(r) contributes to A,. The inequality
(5.9) follows.

We choose the angle 6 to satisfy sin(0) = ¢(1 + 7). We divide Equation (5.9) by 7r?, pass to the
limit r — 0%, and then to 7 — 07, and conclude

-1
A sin | &) 1_e2
liminf 22 > (sin loe/2) +¥i=¢

r—0t 712 T e

£ (. (5.10)

The inequality (5.5) is the same as Equation (5.10). O
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Remark 5.6. Given 0 < € < 1, the lower bound in Equation (5.10) is sharp. This can be shown
by considering a bi-Lipschitz g: S' — S' with metric speed v, = ¢ everywhere in an open
neighbourhood of x, € S!.

If the circular sector Cy(r) and triangle T4(r) are defined as in the proof of the lower bound
Equation (5.10), with n = 0, and 6 = (sin |(0,7r/2])_1(€)’ we have

A, MZ,(Co() +2H2,(To(1)
liminf L = —& ° R2: 9 = f(e).
r—0+  7r? T

This can be showed using Lemma 3.2 and Proposition 3.6. The key property of the angle 6 is
that the line on R? containing (r /¢, 0) with tangent vector (— cos(8), sin(9)) intersects every ball
Br2((s,0), p,) tangentially when 0 < s < 1/e and p; = 1 — es.

Proof of Proposition 5.3. Given Equation (5.2) and Proposition 5.5, we have v, (x) > L;* for Héf
almost every x € S'. This implies that g~! is absolutely continuous and v,-1(x) < L, for Héf

almost every x € S!. Therefore g~ ! is L,-Lipschitz.
The fact that7; 1-Lipschitz follows from Lemma 3.3. Proposition 3.6 implies that

d,(G(x),;(») > o(x,y)/L,, foreveryx,y € S".

Given this inequality, the equality (3.1) in Lemma 3.2 implies the corresponding inequality for
every pair x,y € Z,. Hence Tl_l is L;-Lipschitz. [l

Next, we verify a lemma about radial extensions of bi-Lipschitz maps, which we need during
the proof of Theorem 1.1.

For the south pole P, € Z,, we consider the stereographic projection P : S? \ {P;} - R? x {0}
fixing the equator and mapping the north pole P, = (0,0, 1) to the origin. We identify R? x {0}
with R?. We note that P~! has the explicit definition

2 1—x?—y2
P—1<x,y)=< = d X ) )

T+x24+y2" 1+x2+y2" 1+ x2 4 y2

The Riemannian tensor of S? in these coordinates is I = (4/(1 + r?)?)gg, where r is the distance
to the origin and g the Euclidean inner product. In polar coordinates, g; = dr? + r*>d6?. We see
from the form of I that the bi-Lipschitz constants of § = Po go (P|s1) ' and g : S! — S! coincide.

We represent the polar coordinates using the complex notation re’®. We note that there exists a
homeomorphism G : R — R with §(e’) = ¢/ for every 6 € R. Forevery 0 < r < 1and 6 € R,
we set P(re’®) := rel®® and refer to ¢ as the radial extension of §. We recall from [24, Theorem
2.2] that the bi-Lipschitz constants of § and ¢ coincide. Let ) = P! o9 o P| 7, 2y > Z,.

We use the following fact during the proof of Lemma 5.8; see for example [11, 13].

Lemma5.7. Foreveryx,y € §%,0 < ¢ < 1,and0 < 4r < o(x, y), the modulus of the family of paths
joining Be:(x, 1) to B2(y, r) with length (1 + €)o(x, y) is positive.

Lemma 5.8. Themap y : Z, — Z, is L-bi-Lipschitz if g is L-bi-Lipschitz.

Proof. We refer the interested reader to [24, Section 2] for the proof of the fact that ¢ is bi-Lipschitz
if g (equivalently g) is bi-Lipschitz. We take this as given.
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Since 9 is bi-Lipschitz, it has a differential at £2-almost every point in D. Given this fact, the
following computations are understood to hold at £2-almost every (x,y) = re' in the unit disk.

The pullback $*I is a diagonal matrix with respect to the basis (dr, d8), with diagonal 4/(1 +
r2)2 and 4|G’(6)|2r%/(1 + r?)2. Hence the maximum of the operator norms of Dy : (TD,I) —
(TD,T) and its inverse is equal to L(re’®) = max{|G’(9)|, |G’ (6)|~'}. Then, if L’ denotes the essen-
tial supremum of L(re'®), Lemma 5.7 implies that 3 is L’-bi-Lipschitz. On the other hand, L’ is the
bi-Lipschitz constant of g. O

Proof of Theorem 1.1. We first claim that “(1) = (2).” Lemma 5.8 provides us with an L-bi-Lipschitz
Y : Z, — Z, extension of the given L-bi-Lipschitz g. We define H(x) =T,(x) for each x € Z,
and H(x) =T, o {(x) otherwise. Proposition 3.6 implies that H is L-bi-Lipschitz at the seam, and
Lemma 3.2 implies that H is L-bi-Lipschitz everywhere.

Notice that if H: S? — Z is L’-bi-Lipschitz, we may choose C = (L')* as an upper bound for
the 2D Hausdorff lower density. Hence “(2) = (3)” follows, quantitatively. Lastly, “(3) = (1)” fol-
lows from Propositions 5.3 and 5.4. In fact, given C > 1 for which the lower density bound of
Equation (5.1) holds, g is L’-bi-Lipschitz for L solving C = f(1/L’). Since f(¢) > 1/7¢ for every
0 < ¢ <1,wehave Cr > L'. Hence g is C7z-bi-Lipschitz. O

Remark5.9. The estimates between the constants in “(3) = (1)” in Theorem 1.1 can be improved in
two ways. First, the constants C; and C, in Equations (5.2) and (5.3) satisfy max{C;,C,} < C — 1/2,
so0 g is (C — 1/2)m-bi-Lipschitz.

The second improvement is obtained by using the constant L’ = L(C — 1/2) from Definition 5.1.
Then g is L’-bi-Lipschitz, where L’ < (C — 1/2)x.

These improvements imply that the bi-Lipschitz constant of g converges to1as C — 1. These
facts also improve Theorem 1.2 and the following result, Proposition 5.10.

Before proving Theorem 1.2, we investigate a related problem. To this end, suppose that we are
given Riemann maps ¢; : Z; — Q; with Q, and Q, denoting the complementary components of
awelding curve C, and set g = 452_1 o¢qlst.

Proposition 5.10. Let K,C > 1. The welding homeomorphism g is w(KC)?-bi-Lipschitz if there
exists a K-quasiconformal homeomorphism h : S*> — S? such that for bothi = 1,2,

C_lfh(x) < J¢f1 (x) < CJu(x) for H;Z-almost everywhere, x € Q;. (.11)

Conversely, if g is L-bi-Lipschitz, then there exists L*-quasiconformal homeomorphism h . S* — S?
such that Equation (5.11) holds for C = L2,

Proof. We first assume that g : S! — S!is L-bi-Lipschitz. Then Theorem 1.1 provides us with an L-
bi-Lipschitz homeomorphism ¥ : Z — S2. Proposition 4.3 and Equation (4.1) imply that 7 : S? —
Z defined via the formula

T o -1 -
#(x) = {“ (). xeq, (5.12)

Log l(x), xeQ,
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is a 1-quasiconformal homeomorphism. Therefore, h := Wo 77 : §?> — S?is K-quasiconformal for
K = L%, and as ¥ is L-bi-Lipschitz, the Jacobians of h and 7 are comparable with comparison
constant C = L.

Next, we are given a Jordan curve C C S? corresponding to a welding homeomorphism g =
¢5! 0 ¢, 151, a K-quasiconformal homeomorphism 4 : S* — S?, and a constant C > 1 such that

C™,(x) < Jz(x) < CJy(x) HZ,-almost everywhere, x € S* \ C. (5.13)

For i = 1,2, the composition h o ¢; is K-quasiconformal with Jacobian bounded from above C
and below by C~!, respectively; here we apply Equation (5.13). Theorem 2.4 (ii) and Hadamard’s
inequality imply that C~! < pflo s <KC Héz-almost everywhere in Z;. Lemma 5.7 implies that

the homeomorphism h o ¢; is locally L’-bi-Lipschitz for L' = VKC.

Since, for both i =1, 2, Z is geodesic, it is immediate that ho¢; : Z- — §? is L'-Lipschitz.
Since this holds for both i =1,2, the construction of d, implies that whenever x,y € s,
g(ho¢(x),hop,(y) < L'd>((x),7;(¥)). Lemma 3.2 (3.1) establishes the same inequality for
each x,y € Z,. Hence the mapping 7 defined by the expression (5.12) is a homeomorphism
and ¥ := ho7 ! is L'-Lipschitz on the southern hemisphere. A similar argument shows
that W is L'-Lipschitz on both of the hemispheres. Then Lemma 3.2 (3.2) implies that ¥ is
L'-Lipschitz everywhere.

Since modT < Kmod W~!T for all path families (recall Proposition 4.3), we have ¥~! €
N'2(s2,Z). On the other hand, W(Q(S,)) has negligible Héz-measure and ¥~! is locally
L'-Lipschitz in the complement of that set. In particular, almost every absolutely continu-
ous y: [0,1] = S? has zero length in ¥(Q(S,)) and W~!oy is absolutely continuous. As a
consequence, H%(Q(SZ) NP loy])=0.

Denoting E = Q(S,;) N |[¥~! oy|and p = L' ys2, we conclude from Lemma 2.2 that £/(¥ ! o y) <
fy pds < L'/(y). Lemma 5.7 implies that ¥~ is L’-Lipschitz.

We have verified that W is L'-bi-Lipschitz. By applying the implications “(2) = (3) = (1)” in
Theorem 1.1, we conclude that g is L-bi-Lipschitz for L = 7(L')* = 7(KC)?. O

Next, we prove Theorem 1.2. This essentially follows from Proposition 5.10.

Proof of Theorem 1.2. We claim that g : S! — S! is bi-Lipschitz if and only if there exists a qua-
siconformal homeomorphism & : S? — S? and a 1-quasiconformal homeomorphism ¢ : S? — Z
such thatJ,, and J;, are comparable.

If such @ and h exist, we may assume that ¢; = ¢! oT;| z, is a Riemann map for both i = 1,2.
Then Proposition 5.10 shows that g is bi-Lipschitz.

Conversely, if g is bi-Lipschitz, Theorem 1.1 provides a bi-Lipschitz homeomorphism ¥ : Z —
$2. Then Theorem 1.6 implies the existence of a 1-quasiconformal homeomorphism 7 : S? - Z
such that ¢; = 771 o7 z, is a Riemann map for i =1,2. We may also assume that Wo7;|; is
orientation-preserving for i = 1,2, by post-composing ¥ with a suitable reflection, if need be.
Defining h = ¥ o v implies that the assumptions of Proposition 5.10 hold for g.

Since Theorem 1.1 and Proposition 5.10 are quantitative, so is Theorem 1.2. O
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6 | MAPPINGS OF FINITE DISTORTION
In this section, we establish Proposition 1.4 and Theorem 1.5.

Definition 6.1. Let Q,Q’ C S? be open. A homeomorphism ¢ : Q — Q' is a mapping of finite
distortion ifp € N1(Q, $?); second, the determinant J(Dy) of the differential D1 is non-negative

and integrable; lastly, there exists a function 1 < K 1’p < oo for which

|sz|§ < K:p] (DY) H;Z-almost everywhere in Q. (6.1)

Here | D3|, refers to the operator norm of the differential Dip. We let Ky denote a smallest Borel
function which is bounded from below by y and for which Equation (6.1) holds.

Definition 6.2. A smooth strictly increasing function A : [1, o) — [0, 00) is admissible if

(1) A1) =0,
) [T t72A@) dLi(t) = o, and
(3) t > tA'(t) is increasing for large values t, and converges to oo as t — co.

We obtain the same class of admissible A if we replace (2) with the condition
/ t1A () dLl(t) = .
1

This follows from the fact that A(s)/s < 4 /| > =2 A(t) d£1(t) whenever s > 1 and the integration
by parts formula.

Definition 6.3. Let Q, Q' C S? be open, and ¢ : Q — Q' a homeomorphism. We say that 1 is
admissible if 1 is a mapping of finite distortion and there exists an admissible .4 with

/ e d1?, < co. (6.2)
Q

If A(t) = pt — p for some p > 0, we say that ¢ has exponentially integrable distortion.

We recall some properties of such . First, 1 satisfies Lusin’s condition () [26, Theorem 1.1].
Second, ! € N2(Q/, Q) [27, Corollary 1.2]; this implies that )~ satisfies Lusin’s condition (N)
[2, Theorem 3.3.7]. Third, the Jacobian J(D) appearing on the right-hand side of (6.1) coincides
with the Jacobian J,, we defined in Section 2.2 [26].

In this section, we show the following theorem.

Theorem 6.4. Suppose that g: S' — S' is a homeomorphism, g~—' absolutely continuous,
and there exists a homeomorphism Y : Z, — Z, extending g with |, admissible. Then Z is

quasiconformally equivalent to S*.

Note that Theorem 1.5 is a consequence of Theorem 6.4 so it suffices to verify Theorem 6.4.
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Definition 6.5. Given x, € S' and 7 > R, > 0, set Q := Bg:(x,, Ry) C S*. We define H(x) =
T,(x)ifx € QnZ, and T, o P(x) if x € Q N Z,, and denote R = H(Q) C Z.

Proposition 6.6. If R and H are as in Definition 6.5, then H is a homeomorphism and there exists
a 1-quasiconformal homeomorphism f = (u,v) : R = [0,1] x [0, M] for some M > 0.

Proof of Theorem 6.4 assuming Proposition 6.6. We cover the seam in Z by the interiors of R as in
Definition 6.5. This implies that Z can be covered by quasiconformal images of planar domains,
and the quasiconformal equivalence of Z and S? follows from Theorem 2.7. O

The following lemma is a key step in proving Proposition 6.6.

Lemma 6.7. The H from Definition 6.5 is a homeomorphism, H € N"(Q,R) and H™!
NY2(R, Q). Furthermore, H satisfies Lusin’s conditions (N) and (N~1).

Proof. The absolute continuity of g~ implies for the Lebesgue decomposition g*H' = v, H' +
ut that {v, = 0} has negligible Hél-measure in an open neighbourhood of S!'N Q. Then
Proposition 3.6 and Lemma 3.2 imply that H is a homeomorphism.

We recall from Lemma 3.3 the fact that the inclusion maps7,|; @ Z; —» Z and 3| 2,0 Zy > Z
are 1-Lipschitz local isometries. This implies that H and its inverse are absolutely continuous in
measure; the seam has negligible Hausdorff 2-measure.

In the following proof, we write p; for functions defined on Q N Z; ¢ S? and p; = (5; o’L:.‘l) on
RnNT(Z)c Zfori=1,2.

Since ! € N'2(Qn Z,,S?), for i = 1,2, there exists an upper gradient 5; € L%(Q N Z;) of
H! °%i|zng fori = 1,2. We fix such functions and denote o := Yz (2,)P1 + XRny,(2,)P2 € L*(R).

Let T, denote the collection of non-constant paths on R C Z which have positive length in
the seam Q(S,) or along which p fails to be integrable. Since p + oo - XQ(s,) 18 L?-integrable,
Lemma 2.1 yields mod I’y = 0.

Consider next an absolutely continuous path y : [0,1] — R in the complement of T,. Then
0 = H! oy is such that H;(l@l N S') = 0. Indeed, since y has zero length in the seam, the area
formula (2.3) implies H%(lyl N Q(S,)) = 0. This implies Hé] (18] n'S') = 0 due to Proposition 3.6
and the absolute continuity of g Igllné. Since Hél (18] n'SY) = 0, the assumptions of Lemma 2.2 are

satisfied. Hence
£(0) < /pds < 0o0.
Y

This implies that H~! has an L2-integrable weak gradient, so H~! € N2(R, Q).

Lastly, we claim that H € N%1(Q, R). To this end, we observe that H |GnZi has an upper gra-
dient §; € L'(Q N Z;), and denote 5 = Y7, XGnz,Pi € L'(Q). Now 7 is integrable along 1-almost
every absolutely continuous path y : [0,1] — Q and 1-almost every such path has zero length
in S!. Having fixed a path y with these properties, Proposition 3.6 implies that 6 = H oy has
zero length in the seam. The inequality £(6) < fy p ds follows from Lemma 2.2. This yields that
H e N'Y(Q,R). m

Remark 6.8. The Sobolev regularity H~' € N'2(Q, R) is crucial in the following. Typically, the
Sobolev regularity of the inverse of a Sobolev homeomorphism is a subtle issue in the metric
surface setting.
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To highlight the issue, we recall [23, Example 6.1]. There an example of a metric surface X
was constructed for which there exists a 1-Lipschitz homeomorphism H : R? — X with mod T <
mod HT for all path families, but H~! & NL2(X, R?).In fact, H is a local isometry outside a Cantor
set E C R x {0} of positive £!-measure and H(E) has negligible 74, -measure. The key point is that
X is not reciprocal; recall Definition 2.5.

We define the following auxiliary function for later use:

t?, 0<t<1,
P(t) := )
A-1(logt2)’
We note that for every a € [0, o),
2 ~
P(a) < e Kn) 4 I?— for H;Z—almost everywhere in Q. (6.3)
H

This follows by first observing that a? < eA&n) implies P(a) < eAKr) and otherwise P(a) < I‘{’—Z
H

Also, for any measurable function g : Q — [0, o],
/~P(,5) d7-[§2 < oo implies /~,'6d7-l§2 < 0. (6.4)
Q Q

The implication in Equation (6.4) follows since .A’(¢)t is increasing for large ¢ and converges to
infinity as t — co. Consequently, there exists ¢, > 1 for which the derivative of h(t) = eA®)/¢?
is bounded from below by h(t)/t for every t > t;. This implies the existence of ¢, > 1 such that
h(t) > 1 for every t > t,. This is equivalent to saying that P(t) > ¢ for every ¢t > t,. This yields
Equation (6.4).

We set K (x) = |D1,b|§/J(D(z,b))(x) and K-1(x) = |D(¢_1)|2/J(D(¢_1)). Observe that K, =
K1 09 HZ,-almost everywhere.

Weset Ky(x)=1ifx € anl and Ky (x) = K¢(x) inx € QnZz. Then

/ eAKn) dH?, < oo. (6.5)
Q
Also, Ky 1= p? | /Iy satisfies Ky = K10 H H%—almost everywhere, since, outside a H%—
negligible set, either the number is one, or pfq_l o, = |D(z/)_1)|f],JH71 o =J(D@®™),and K, =
Ky-10 P.

For every z€ Q and every pair 0<r <r, we denote I'(z,r,r,) :=T(Bs(z,r),Q\
Bg:(z,1p); Q).

Lemma 6.9. Foreveryz € Qand0 < r < ¥ With 0\ Bg:(z,ry) # 0,

mod HT(z,r,r,) < inf {/JB’ZKH dH;2 . P isadmissible for T(z,r, ro)}. (6.6)
Q
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Proof. Fix an admissible function g for I'(z, r, ). Then for almost every y € HI(z,7,7,), H ' oy
is absolutely continuous, and

ls/ ﬁdss/(ﬁoH_l)prl ds.
Hloy y

In particular, p = (o H™1)py-1 is weakly admissible for HT(z, r, r,,). Consequently,
mod HT'(z,7,1;) < /~p2 dH%.
R

The change of variables formula for H and the fact that the seam Q(S;) is H%—negligible establish
the claim, after taking the infimum over such p. O

Having observed Lemma 6.9 and Equation (6.5), the capacitary estimate [27, Theorem 5.3]
implies that keeping r, fixed in Equation (6.6), we obtain mod HT'(z,r,r,) - O asr — 0%. A key
point is that A in Equation (6.5) is admissible. Since H is a homeomorphism, this implies that
Equation (2.6) holds for every y € int(R) C Z. By repeating the argument with a slightly larger Q,
we conclude the following.

Lemma 6.10. The identity (2.6) holds for everyy € R C Z.

Fix a decomposition 21, 22, 53, 54 of 3Q of four arcs overlapping only at their end points, labelled
in cyclic order consistently with the orientation of S2. For each i, we denote £, = H ('gi).

Given the validity of Equation (2.6) for each y € R and the universal lower bound in Equa-
tion (2.7), [31, Proposition 9.1] yields the existence of a homeomorphism f = (u,v): R — [0,1] X
[0, M] with the following properties:

(a) u € NY2(R) with 2E(u) =: M [31, Section 4];

(b) u=1(0) =&, u™'(1) = &,v71(0) = &,,and v~ }(M) = &, [31, Theorem 5.1 and Proposition 7.3];

(c) The minimal weak upper gradient p,, is weakly admissible for the path family I'(¢;, £5; R) and
is a minimizer, that is, M = mod I'(§;, &£5; R) [31, Section 4-5];

(d) For every Borel set E C R, L2(f(E)) = [; p? dH%. In particular, the Jacobian of f coincides
with p? [31, Proposition 8.2].

The third point implies that if u’ € N'?(R) has the same boundary values as u in &, U &;, the
Dirichlet energies satisfy E(u) < E(u’). Given this, we say that u is an energy minimizer for

I, ¢ 3§§)~
During the proof of Proposition 6.11, the Beltrami differential of H is defined to be zero in
int(Q) N Z;, and coincide with the one of ¢ in int(Q) N Z,.

Proposition 6.11. The map f = (u,v): R — [0,1] x [0, M] is a I-quasiconformal homeomor-
phism.

The proof of Proposition 6.11 is split into several lemmas.
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Lemma 6.12. Let0 <a <b <1land0 < c <d < M forwhich
Q= {x €R: f(x) €[a,b] x[c,d]} Cint(R)\ Q(Sy).
Then finyqoy is a I-quasiconformal homeomorphism.
Proof. For the duration of the proof, we denote
2= fqapxfed]), €)= f([a,b] x{cp,
8 =710y x[e.dD), & =f"'([a,b] x {dD.

There exists a Jordan domain V C int(Q) n Z;, for some i = 1,2, such that Ti(V) = QY. Equa-
tion (57) [31, Lemma 10.2] states that

d—c
b—a’

modT'(£?,£9;Q°%) =
Since 7 is 1-Lipschitz and a local isometry in V, we have for every quadrilateral Q' c Q°,

modT'(£], £5;Q" ) mod (£}, &/;Q) = 1. (6.7)

In particular, we have

mod I'(§Y, £9; Q") mod I'(£Y, £9; Q) = 1. (6.8)

We wish to apply [31, Proposition 11.1]. There Rajala assumes that Equation (2.5) holds for some
x > 1 and concludes that 2000 - \/Epu is a weak upper gradient of f. We do not assume this. How-
ever, a quick inspection of the proof shows that given any open set Q C int(Q°), the Property (6.7)
implies that 2000 - ¥i,q0) - 0y, is a weak upper gradient of f ;o) in Q. By exhausting int(Q°) by
such open sets, we conclude that f1;,,0) € N*(int(Q%); R?).

Since u € N'2(R) is a continuous energy minimizer, the composition u o (|, is harmonic [2,
Weyl’s lemma]. The Riemann mapping theorem, the Sobolev regularity of f ;o). the boundary
values of the components of f|q0, and Equation (6.8) imply that f o[, is a Riemann map. In
particular, f ;o) is @ 1-quasiconformal homeomorphism. I

Lemma 6.13. The composition f = foH : Q — [0,1] X [0, M] is an element of N*(int(Q), R?).
Moreover, the Beltrami differential of f coincides with the one of H and Equation (6.5) holds for K 7
in place of Ky;.

Proof. Given Lemma 6.12, the Beltrami differential of f and H coincide Héz-almost everywhere
inint(Q) \ S, that s, Héz-almost everywhere in int(Q). The result also implies that the pointwise
distortions of f and H coincide H;z—almost everywhere in int(Q).

Next, we show that % = u o H € N1(Q). We recall that H € N1(Q, R). Moreover, if p, € L*(R)
is an upper gradient of u, the function p = (p, o H)py, is a 1-weak upper gradient of & with

/~P(P) dH}, < /~eA(K") dHZ + [|eoll72(0) < o
Q Q
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where we apply Equation (6.3) and the distortion inequality pf{ < KyJy. The L'(Q)-integrability
of p follows from Equation (6.4), so I € N1(Q).

Let U= voH. Lemma 6.12 implies that p = (o, 0o H)py € LY(Q) is a 1-weak upper gradient of
¥'in every open U C int(Q) \ S'. Therefore, & € N!(int(Q) \ S). Given the continuity of 7, we
actually have & € N 1(int(Q)). This is seen by verifying the ACL (absolute continuity on lines)
property for 0];, ) on charts covering s' nint(Q). The ACL property on charts follows from a
minor modification of the proofin [35, Theorem 35.1] showing that closed sets with o-finite Haus-
dorff 1-measure are quasiconformally removable. This implies that p is a 1-weak upper gradient
of & on int(Q). The claim follows from this. O

Lemma 6.14. Let u’ denote the energy minimizer for I'(§,, €,; Q). Thenv = Mu'.

Proof. Similarly to f and f, let f/ = (u',v") and f’ denote the homeomorphisms obtained from
the energy minimizer u’ for T'(&,, £,; R). Let R’ denote the image of f’ and R the image of f.

Lemma 6.13 shows that the Beltrami differentials of f and f” coincide with one another H?,-
almost everywhere and their distortion satisfies Equation (6.5) for an admissible .A. Then the
Stoilow factorization theorem [2, Theorems 20.5.1, 20.5.2] implies that ¢ = f” o f~ is conformal;
note also that ¢ = f" o f~1.

Since ¢ is conformal, the energy minimizer 7r; for T(f’(&,), f'(£,); R’) is such that 7z, o ¢ is
the energy minimizer for T'(f(&,), f(£4); R). On the other hand, here 7, is the projection to the
x-axis and 7r; o ¢ is M~! times the projection to the y-axis. Since ¢ = f’ o f~!, the equality u’ =
7 o@o f =M v follows. O

Proof of Proposition 6.11. Lemma 6.14 implies that f = (u,v) € N“2(R,R?). Furthermore,
Lemma 6.12 implies p?. =J; € L'(R). Hence mod I < mod /T for every path family in R. This

improves to K-quasiconformality for some K > 1 due to Proposition 2.8. As f(Q(S,) N R) is neg-
ligible due to the change of variables formula for f, and as f~! is 1-quasiconformal outside
f(S, N R), we immediately obtain mod ' < mod f~'T for every path family in f(R). Thus f is
1-quasiconformal. O

Proof of Proposition 6.6. This is proved by Proposition 6.11. O

Remark 6.15. Notice that if Lemma 6.10 holds for a given homeomorphism g : S! — S! having an
admissible extension, even without assuming the absolute continuity of g1, the rest of the proof
of Proposition 6.11 (and Proposition 6.6) go through the same way.

Proof of Proposition 1.4. Given a quasisymmetry g : S' — S!, its Beurling-Ahlfors extension
P 22 - 22 is a quasisymmetry and |, is K-quasiconformal for some K > 1 [4]. Thus, if g7 !
is absolutely continuous, g satisfies the assumptions of Theorem 1.5. Alternatively, if H is as in
Definition 6.5, Lemma 6.9 implies that H~! has outer dilatation K,(H!) < K. Proposition 2.8
implies that H is quasiconformal; this self-improves to K-quasiconformality. Clearly H extends to
a K-quasiconformal homeomorphism H : $? — Z. O
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7 | CONCLUDING REMARKS
7.1 | A point of positive capacity

For a general orientation-preserving homeomorphism ¢ : S! — S!, the Z can have points of pos-
itive capacity (in the sense that Equation (2.6) can fail) even if ¢ is locally bi-Lipschitz in the
complement of a single point. For example, having fixed arbitrary 1 < a < 8, we consider the
homeomorphism i : R — R defined by

x%, x>0,
h(x) = { (7.1
— (=x)B, x <0.

We construct a homeomorphism g : S' — S! by restricting h to the interval [—1, 1], extending the
restriction to R periodically, and by considering the covering map 6(t) = (cos(rxt), sin(rt), 0), and
ahomeomorphism g : S! — S! satisfying g o6 = 6 o h™!. Then ¢g~! is an L-Lipschitz homeomor-
phism for some L > 1, and one can check directly from the definition of d, that the inclusion map
7, : Z, — Z is L-bi-Lipschitz onto its image.

Let x, € Z denote the point corresponding to (1,0, 0). By using the techniques from Section 5,
we can show that Z \ {x,} can be covered by bi-Lipschitz images of planar domains. Then [22,
Theorem 1.3] implies that Z \ {x,} is 1-quasiconformally equivalent to a Riemannian surface (that
is homeomorphic to a planar domain). Such a Riemannian surface can be conformally embedded
into S? [1, Section II1.4]. Hence there exists a 1-quasiconformal embedding 3 : Z \ {x,} = S%.

We claim that the complement of the image of 9 is a non-trivial continuum (which is equivalent
to the failure of Equation (2.6) at x;)). Indeed, otherwise i would extend to a 1-quasiconformal
homeomorphism and g would be a welding homeomorphism, as a consequence of Theorem 1.6.
This would contradict both [29, Example 1] and [34, Theorem 3], where both of these result show
that g is not a welding homeomorphism.

In contrast, if we set « = § > 1 in Equation (7.1), the homeomorphism ¢ is a quasisymmetry,
so Z is quasiconformally equivalent to S2, as a consequence of Proposition 1.4.

7.2 | Points of positive capacity

We construct another example for which points of positive capacity occur. To this end, consider a
Cantor set E C [0,1] and

(210,11 \ E)! /0 X AL),  0<x<l,

h(x) = (7.2)

X, otherwise.

Then h: R — R is a Lipschitz homeomorphism coinciding with the identity map outside (0, 1).

Next, consider the Mobius transformation 6,(z) = (z —i)/(z + i) from the upper half-space
H onto the Euclidean unit disk D. Let 6,(x,y) = (2x/(1 + x* 4+ y%),2y/(1 + x> + ¥?),(1 — x> —
¥2)/(1 4+ x2 4+ y?)). Then 6 := 6,006, : H— Z, defines a 1-quasiconformal homeomorphism,
given that 65 ! is a (n orientation-reversing) stereographic projection.



METRIC SPHERES FROM GLUING HEMISPHERES | 31

There exists a unique homeomorphism g: S' — S! satisfying o6 = 0 o h~1. We see from
Equation (7.2) that g~ is L-Lipschitz and 7; is L-bi-Lipschitz with a constant L depending only on
LY(E). In particular, Z = (Z,d,).

We denote E’ =T,(0(E)) C Z, and apply [22, Theorem 1.3] as in Section 7.1, and find a
1-quasiconformal embedding ¢ : Z \ E/ — S2.

Consider on R? the distance dj; obtained as follows: For each absolutely continuousy : [0,1] —
R?, denote £5(y) := /y Xro\g ds. We set d(x, y) = inf £5(y), the infimum taken over absolutely
continuous paths joining x to y.

We denote X = (R?,dg). The change of distance map H : R? — X is a 1-Lipschitz homeomor-
phism that is a local isometry on R? \ E. Moreover, if 0 : [0,1] — R? is absolutely continuous, the
metric speeds satisfy

Voo = ()(RZ\E 06)-vy L!-almost everywhere. (7.3)

The composition G =T, 06 o (H |[—1,2]><[0,1])_1 is a 1-quasiconformal homeomorphism. This fol-
lows from Lemma 2.2, the equalities H%(E/ )=0= H}((H (E)), together with Proposition 3.6 and
Equation (7.3).

We consider a Cantor set E obtained from [23, Example 6.1]. The key property of E is the
following: there exists a path family I on [0,1]?, each path joining (0,0) to (1,0), such that
mod HT > (47)~! and mod T = 0. Given that G is 1-quasiconformal, the points 7,(6(x)), where
x =(0,0),(1,0), fail Equation (2.6). Consequently, Z is not quasiconformally equivalent to S?,
and the embedding ¢ does not have a quasiconformal extension ¥ : Z — S2.

Question 7.1. Are there Cantor sets E with £!(E) > 0 such that a quasiconformal embedding
¢: Z\ E' - S? extends to a quasiconformal homeomorphism ¥ : Z — S2?

Given a compactset F C Y with Y = R? or Y = S?, we say that F has zero absolute area if every
1-quasiconformal embedding f : Y \ F — S? satisfies 7-[;2(§2 \ f(Y\F))=0.

We expect that the quasiconformal extension W exists if and only if the set F = S$? \ %(Z \ E’)
has zero absolute area; the “only if”-direction follows by applying the techniques used in Section 4,
by noting that the composition (f o%)~! has a continuous, monotone, and surjective extension
7 with mod T’ < mod 7T for all path families. We expect that the “if”-direction follows from [23,
Theorems 1.3 and 1.4, together with Lemma 5.1].

IfE in Question 7.1 has zero absolute area, [23, Theorem 1.3] implies that the change of distance
map H is a 1-quasiconformal homeomorphism. Given that the G above is 1-quasiconformal, one
readily verifies that7, is a 1-quasiconformal homeomorphism onto its image. We ask the following.

Question 7.2. Let E, g, and 3 be as in Question 7.1. If 7, : 22 —>Zisa 1-quasiconformal
parametrization of its image, does ¥ : Z \ E’ — S? extend to a quasiconformal homeomor-
phism ¥ : Z — $2? In particular, if E has zero absolute area, does F = S$? \ ¢(Z \ E’) have zero
absolute area?

Asarelated note, it is clear, for example, by [21, Theorem 1.1 and Proposition 1.2], that the inclu-
sion map 7, is a 1-quasiconformal homeomorphism if and only if there exists a quasiconformal
homeomorphism 4 : 7,(Z,) — D, where D is the closed Euclidean unit disk.
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7.3 | Welding homeomorphisms

We consider a welding homeomorphism g : S! — S! with welding curve C C S?. Consider the
monotone mapping 7 : S? — Z obtained from Equation (4.1).

Question 7.3. If 7 is a homeomorphism, is it a 1-quasiconformal homeomorphism?

We showed in Proposition 4.1 that if 77 is not a homeomorphism, then Z is not quasiconformally
equivalent to S?; the collapsing creates points of positive capacity—by which we mean that Equa-
tion (2.6) fails—in Z. Question 7.3 asks if the collapsing is the only obstruction for quasiconformal
uniformization. Lemma 4.8 reduces the question to understanding when 7! € N12(Z, $?).

7.4 | Quasisymmetries

Observe that the assumptions of Proposition 1.4 are satisfied by every quasisymmetry g : S! — S!
that is strongly quasisymmetric [3, 5 8, 33]: for every € > 0 there exists § > 0 such that for every
subarc I ¢ S! and Borel set E C I,

H, (E) < 8Hy, (1) implies 1, (9(E)) < eHg, (9(D).

The welding curves corresponding to strongly quasisymmetric homeomorphisms are special cases
of the asymptotically conformal quasicircles; see [30]. One might ask whether or not Z is quasi-
conformally equivalent to S*> whenever g is a welding homeomorphism corresponding to such a
curve. Corollary 4 of [30] provides us with an example of asymptotically conformal quasicircle C
which has an uncountable number of tangent points, with the tangent points dense in C, but they
also have zero 1D Hausdorff measure.

Lemma 7.4. There exists a quasisymmetric g . S' — S with asymptotically conformal welding
curve C such that Z is not homeomorphic to S.

Lemma 7.4 follows from Proposition 4.1, Lemma 4.5, and the cited example.

Question 7.5. Is the answer to Question 7.3 yes if we also assume that g: S' — S! is
a quasisymmetry?

To answer Question 7.5 negatively, one needs to construct a quasisymmetry i : 22 - ZZ, with
g = ¥|s1, for which the measures g*H;1 and H;l are not mutually singular in any subarc I C S',
yet the corresponding Z is not quasiconformally equivalent to Z. Equivalently, one only needs to
show that the homeomorphism H : S? — Z, coinciding with7; in Z; and with 7, o9 in Z,, is not
quasiconformal. By arguing as in the proof of Lemma 4.8, one sees that H is quasiconformal if
and only if H~! € NV2(Z, S?).
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