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Abstract

We show that, given a metric space (Y, d) of curvature bounded from above in the sense
of Alexandrov, and a positive Radon measure i on Y giving finite mass to bounded
sets, the resulting metric measure space (Y, d, ) is infinitesimally Hilbertian, i.e. the
Sobolev space W!-2(Y, d, 1) is a Hilbert space. The result is obtained by constructing
an isometric embedding of the ‘abstract and analytical’ space of derivations into the
‘concrete and geometrical’ bundle whose fibre at x € Y is the tangent cone at x of
Y. The conclusion then follows from the fact that for every x € Y such a cone is a
CAT(0) space and, as such, has a Hilbert-like structure.

Keywords CAT spaces - Sobolev spaces - Metric geometry

1 Introduction

A metric space (Y, d) is said to be a CAT (x) space if, roughly said, it is geodesic
and geodesic triangles are ‘thinner’ than triangles in the model space M, of constant
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sectional curvature = «. Typical examples of CAT (k) spaces are simply connected
Riemannian manifolds with sectional curvature < « and their Gromov—Hausdorff
limits. Despite the absence of any a priori smooth structure, CAT (x) spaces are quite
regular and carry a solid calculus resembling that on manifolds with curvature < «.
We refer to [1,8,10,11,25] for overviews on the topic and a more detailed bibliography.

In the particular case x = 0 the CAT(0) condition reads as follows: for any points
X0, X1 € Y and any geodesic y : [0, 1] — Y connecting them it holds that

(v, y) < (1 = 0)d*(xo, y) + td*(x1, y) — (1 — 1)d*(x0, x1) V€Y, 1 €[0,1].
(1.1)

This can be regarded as a parallelogram inequality and from this point of view it
is perhaps not surprising that several aspects of CAT(0) spaces strongly resemble
properties of Hilbert spaces; this perspective is emphasised e.g. in [8]. For instance,
from (1.1) it directly follows that if a normed vector space is a CAT(0) space, then the
norm comes from a scalar product. Equivalently,

if a normed vector space isometrically embeds in a CAT(0) space,

then the norm comes from a scalar product. (1.2)

Given that CAT(0) spaces naturally arise as tangent cones to generic CAT () spaces,
these analogies with Hilbert structures appear also at small scales on CAT (k) spaces.

A metric measure space (Y, d, u) is called infinitesimally Hilbertian provided the
Sobolev space wl2(y,d, ) is Hilbert (see [13] and then also [5,40] for the definition
of Sobolev spaces in this context). The concept of infinitesimal Hilbertianity, intro-
duced in [21], aims at detecting Hilbert structures at small scales in the non-smooth
setting. The motivating example in the smooth category is the following: if Y is a
smooth Finsler manifold and p is a smooth measure on it (i.e. with smooth density
when seen in charts), then the W!2-norm can be written as

1 1502 =/|f|2<x>+||df<x)||§du<x>. (1.3)

Since f — [|f > du always satisfies the parallelogram identity, we see that f
||f||%vl,2 has the same property if and only if f +— f ||df(x)||)2€ du(x) satisfies the
parallelogram identity. With a little bit of work it is possible to check that this is the
case if and only if || - ||§ satisfies the parallelogram identity for every x, i.e. if and only
if Y is in fact a Riemannian manifold.

In the smooth category one could run the above consideration also with smooth
functions, rather than with Sobolev ones, but this is obviously not possible on a metric
measure space. In this direction let us emphasise that in the non-smooth environment
it is crucial to work with Sobolev functions rather than, say, with Lipschitz ones. To
see why, recall that the local Lipschitz constant lipf : Y — [0, oo] of a function
f:Y — Ris defined as
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— () = f)]

lipf(x) := lim —————— if x is not isolated, O otherwise
y—>x d(x, y)

and consider the following example. Let (Y, d) be the Euclidean space (R?, dgyer)
and p be a positive Radon measure. Then:

(a) The map

LIP.RY) 5 f > / (P +1ip? f) du

is not a quadratic form, in general.
(b) The map

WA R, dguet 1) 3 £ = £ 1151

is a quadratic form, i.e. (R?, dgycl, 1) is infinitesimally Hilbertian.

To see why (a) holds simply consider u to be a Dirac delta at a point 0 and f, g €
LIP.(R?) generic functions not differentiable at o: for these the parallelogram identity
for f > lip® f (o) typically fails. Intuitively, this is due to the fact that, if f and g are
not differentiable at o, they are not (close to being) linear in the vicinity of o and thus
their local Lipschitz constants fail to capture the Hilbert structure of the cotangent
space T:RY at o.

The statement in (b) is non-trivial and is one of the results proved in [22]. The
crucial aspect of the proof is the possibility of approximating Sobolev functions with
C! functions: these are by nature differentiable everywhere, and thus also u—a.e.,
and hence are suitable to identify the Hilbertian structure of the cotangent spaces.

Hence the idea behind the notion of infinitesimal Hilbertianity is to exploit the fact
that ‘by nature’ Sobolev functions are a.e. differentiable in some sense, regardless of
the regularity of the metric and of the measure in consideration (for instance, if u is a
Dirac delta as above, it turns out that Sobolev functions have 0 differential, so that the
claim (b) is trivially true in this case). This makes them suitable for detecting Hilbert
structures at an infinitesimal scale. Let us emphasise that even though this is an analytic
notion, it is strictly related to—and its introduction has been motivated by—the study
of geometric properties of metric measure spaces, in particular those satisfying a
curvature-dimension bound in the sense of Lott—Sturm—Villani. An example of this
link is the validity of the non-smooth splitting theorem [18,20], which states that
under the appropriate geometric rigidity given by a LSV condition the weak and
‘differential’ notion of infinitesimal Hilbertianity implies the validity of a kind of
Pythagora’s theorem for the ‘integrated’ object d.

These considerations about Sobolev functions, together with the fact that tangents of
CAT («)-spaces are CAT (0)-spaces and thus exhibit behaviour akin to Hilbert spaces,
might lead one to suspect that a CAT (k)-space equipped with any measure is infinites-
imally Hilbertian.

This is indeed the case and is the main result of this manuscript:
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Theorem 1.1 (Universal infinitesimal Hilbertianity of local CAT (k) spaces) Let k €
R, (Y, d) be alocal CAT (k)-space and i a non-negative and non-zero Radon measure
on'Y giving finite mass to bounded sets.

Then (Y, d, ) is infinitesimally Hilbertian, i.e. the Sobolev space wh2(Y, d, Ww)
is a Hilbert space.

Let us collect some comments:

(i) Sobolev functions on metric measure spaces are typically studied either on
generic mm-spaces, mostly for foundational purposes, or on spaces which are
either doubling, support a Poincaré inequality, or have Ricci curvature bounded
from below. In these contexts, Sobolev spaces constitute a key ingredient for the
development of a non-smooth calculus (see [5,9,13,28,29] and the references
therein). All these conditions are in strong contrast to the upper sectional cur-
vature bound encoded by the CAT («) notion as they all more-or-less point to a
lower (Ricci) curvature bound.

In this direction, it is worth mentioning that CAT (k) spaces do not carry any
natural reference measure (unlike, for instance, finite-dimensional Alexandrov
spaces with curvature bounded from below) and perhaps for this reason they
have been investigated mostly as metric spaces, rather than as metric measure
spaces.

To the best of our knowledge, this manuscript contains the first result about the
structure of Sobolev functions on CAT (k) spaces.

(ii) A particular case of Theorem 1.1 has been obtained in the recent paper [30]
by Kapovitch and Ketterer. There the authors consider a metric measure space
(X, d, m) which is a CD(K, N) space in the sense of Lott—Sturm—Villani ([32,
42,43]) when seen as a metric measure space and a CAT («) space when seen as
metric space. Among other things, they prove that (X, d, m) is infinitesimally
Hilbertian, thus giving another instance of the fact that a CAT(x) condition
forces W' to be Hilbert. Their proof is based on the strong rigidity which
comes from having both a ‘lower Ricci’ and an ‘upper sectional’ curvature
bound (in fact the study of such rigidity, and of the regularity it enforces, is their
main goal) and cannot be adapted to our case.

(iii) We have mentioned that, in [22], to prove the result stated in (b) above the use
of C! functions is crucial. Something similar happens here, where we make
extensive use of the fact that on CAT (k) spaces there are many semiconvex
Lipschitz functions (e.g. distance functions) and they have a well-defined notion
of differential at every point; see Sect. 2.3.

(iv) This manuscript is part of a broader program aiming at stating and proving the
Bochner-Eells—Sampson inequality

|du % )
AT > (du, Adu)ys + K|du|HS (1.4)

for maps from a RCD(K, N) space (X, dx, myx) to a CAT(0) space (Y, d).
Notice that inequality (1.4) would immediately imply Lipschitz regularity of
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Infinitesimal Hilbertianity of Locally CAT («)-Spaces

harmonic maps, by well known elliptic regularity theory in the non-smooth
setting.

The role of this manuscript, to be used in conjunction with [23], is to ensure that
L>(T*Y; u, (|du |2mx)) is a Hilbert module, so that the same holds for the tensor
product L>(T*X; mx) ® (u*Lz(T*Y; u*(ldu|2mx))) and thus the ‘pointwise
Hilbert—Schmidt norm’ appearing in (1.4) makes sense. We refer to [23,24] for
more details on this.

(v) CAT (k) spaces are not necessarily separable (for instance, the CAT(0) space
obtained by glueing uncountably many copies of [0, 1] at 0 is not separable), as
opposed to finite-dimensional spaces with curvature bounded from below. For
this reason separability is not an assumption in Theorem 1.1. Still, given that
Sobolev spaces on metric measure spaces are typically studied in a separable
environment, we first prove our main result for separable spaces and postpone
the technical details needed to handle the general case until the final section.

Let us briefly describe the proof of Theorem 1.1. The basic intuition is given by
(1.2) and the fact that the tangent cone of a local CAT (k) space is a CAT(0) space.
More precisely, we consider:

(1) The space Der®?(Y; u) of derivations (with divergence), as introduced by the
first author in [14,15] (see Sect. 5). These are in duality with Sobolev functions.

(2) The collection L2(TgY; w) of ‘L2(w) Borel sections of the bundle TgY on Y
whose fibre at x is the tangent cone T, Y’ (see Sect. 3).

In Theorem 6.2 and Corollary 6.4, we construct an isometric embedding
F : Der>>(Y; u) < LX(TgY; )

which respects distances fibrewise. From this fact, the arguments behind (1.2) and the
aforementioned duality between derivations and Sobolev functions easily imply the
main Theorem 1.1.

To construct the embedding .%, recall that a derivation b € Der?2(Y; ) gives
rise to a normal 1-current Ty in the sense of Ambrosio-Kirchheim [7] (Lemma 6.1).
Using Paolini—Stepanov’s version [35,36] of Smirnov’s superposition principle (see
Theorem 4.9) we express the 1-current 7}, as a superposition [[[y ] drz, (y), where
77, is a finite measure on the space of absolutely continuous curves and [y ] is the
current induced by y.

Inspired by [33], we see that if y is an absolutely continuous curve then the right
and left derivatives y,* and y,” exist as elements of T,,Y, and satisfy ey =0,
for almost every ¢ € [0, 1] (Proposition 2.20, Remark 2.21 and Lemma 2.22).

Given the measures (77, X ol o 1])x, obtained by disintegrating wy, X Ll l0.1]
with respect to the evaluation map (i/, t) — vy, we consider their push-forward f)y
the ‘right-derivative’ map (cf. Proposition 3.7), thus obtaining measures n, supported
inT,Y.

The Borel section .7 (b) is defined to be, at almost every x € Y, the barycenter of
n,. The barycenter lies in the tangent cone T, Y. By a rigidity property of barycenters
(Lemma 2.27), and convexity properties of tangent cones, the measure n, is concen-
trated on a half-line for almost every x € Y.
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Theorem 1.2 below is an improved version of the embedding result (Theorem 6.2
and Corollary 6.4), and follows from it by Theorem 1.1 and Proposition 6.5. It states
that the tangent module L*>(TY; 1), introduced by the second named author in [19]
(see also [21]), admits an isometric embedding into LY (TgY; W) that is compatible
with the fibrewise CAT(0)-structure on the target side. We refer to [19,21] for the
theory of tangent modules, and to Sect. 2.2 for the notation (below Theorem 2.10).

Theorem 1.2 Let Y be a complete and separable locally CAT (k)-space (k € R)
and |u a Borel measure on Y that is finite on bounded sets. Then there is a map
F  LX(TY; u) — L*(TgY; w) such that for X, Y € L*(TY; )

(D) FX+Y)=FX) @ FX),
) d.(Z(X), ZY))=|X —Y|, and
(3) 20F (X)) + |.Z(M)?) = dH(F(X), Z(X) + | Z(X) ® F(Y)|?

pointwise [L-almost everywhere.

Both main results, along with Proposition 6.5, are proven in the end of Sect. 6.

2 CAT(k)-Spaces and Basic Calculus on Them
2.1 Definition of CAT(«)-Spaces and Basic Properties

In this paper geodesics will always be assumed to be minimizing and with constant
speed. If, for two given points x, y in a metric space (Y, d), there is only one (up to
reparametrization) geodesic connecting them, the one defined on [0, 1] will be denoted
by Gy. Given a point x € Y, we denote by dist, : Y — R the function y > d(x, y).

For k € R the model space M is the connected, simply connected, complete 2-
dimensional manifold with constant curvature «, and d, is the distance induced by
the metric tensor. Thus (M, d) is (a) the hyperbolic space ]HI% of constant sectional
curvature «, if k < 0, (b) R? with the usual Euclidean metric, if x = 0, and (c) the
sphere S2 of constant sectional curvature «, if & > 0.

We set D, := diam (M), i.e.

L ifk > 0.

{oo isk <0,
D, =
N3

We refer to [10, Chap. 1.2] for a detailed study of the model spaces M.

CAT (k) spaces are geodesic spaces where geodesic triangles are ‘thinner’ than
in M,: they offer a metric counterpart to the notion of ‘having sectional curvature
bounded from above by «’.

To define them we start by recalling thatif a, b, ¢ € Y is a triple of points satisfying
d(a, b) + d(b, ¢) + d(c, a) < 2D, then there are points, called comparison points,
a,b,ce M, such that

de(@,b) =da,b), d.(b,8 =db,c), de(@ a) =dc,a).
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Infinitesimal Hilbertianity of Locally CAT («)-Spaces

Apointd € Y issaidtobeintermediate between b, ¢ € Y providedd(b, d)+d(d, ¢) =
d(b, ¢) (if Y is geodesic, as we shall always assume, this means that d lies on a geodesic
joining b and c). A comparison point of d is a point d € M, such that

de(d,b) =d(d,b), d.(d, &) =dd,c).

Definition 2.1 (CAT (k) spaces) A metric space (Y, d) is called a CAT («x)-space if it is
geodesic and satisfies the following triangle comparison principle: forany a, b, c € Y,
satisfying d(a, b) + d(b, ¢) + d(c, a) < 2Dy, and any intermediate point d between
b, c, there are comparison points a, b, ¢, d € M, as above such that

d(a,d) < d.(a,d). 2.1

A metric space (Y, d) is said to be locally CAT («) (or of curvature < «) if every point
in Y has a neighbourhood which is a CAT (k)-space with the inherited metric.

It is worth noting that balls of radius < D, /2 in the model space M, are convex,
cf. Definition 2.3. Hence the comparison property (2.1) grants that the same is true on
CAT (k) spaces (see [10, Proposition II.1.4.(3)] for the rigorous proof of this fact). It
is then easy to see that, for the same reasons, (Y, d) is locally CAT () provided every
point has a neighbourhood U where the comparison inequality (2.1) holds for every
triple of points a, b, ¢ € U, where the geodesics connecting the points (and thus the
intermediate points) are allowed to exit the neighbourhood U'.

Let us fix the following notation: if (Y, d) is a local CAT («) space, forevery x € Y
we set

ry := sup {r < D,/2 : B, (x) is a CAT («) space}.

Notice that in particular By, (x) is a CAT (k) space. The definition trivially grants that
ry > ry —d(x, y) and thus in particular x > r, is continuous.

We mention in passing that restricting attention to complete CAT (k )-spaces presents
no loss of generality, since the completion of a CAT («)-space is a CAT («x)-space; see
[10, Corollary 3.11].

In a CAT(x) space, points at distance < D, are connected by a unique (up to
parametrization) geodesic and these geodesics vary continuously with the endpoints.
The following lemma is a quantitative version of this statement, and directly implies
the uniqueness and continuous dependence of geodesics between points of distance
< Dy.

Lemma2.2 Let k € R and let Y be a CAT (k)-space. For every . < Dy, there are
constants C = C(k, L) > 0 and ey = eo(k, L) > 0 such that the following holds:
if x,y € Y satisfy d(x,y) < A, and m is the midpoint of x,y, we have, for any
£ €(0,e0) andm’ €Y, that

d(m,m’) < Ce, whenever d>(x,m’),d*(y,m’) < }tdz(x, y) + &%
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Proof By the definition of CAT (k) space, using the triangle comparison property with
the points x, y, m’, we see that it is sufficient to prove the claim when Y is the model
space M. Since CAT (k) spaces are CAT(«") spaces for k’ > « (see [10, Part II,
Chap. 1]), we can assume that « > 0. Thus we may assume Y = S,%. In this case
the conclusion follows by direct computations, one possible line of thought being the
following.

Let g¢ be such that

2
_ % /1 (2 2
2 cos(Jxi2) <1 and k(g + (A/2)%) < m/2. 2.2)

Lete € (0, &9), and let x, y, m and m’ be as in the claim.

Set e := +/d(x, ¥)2/4 + &2 and consider the set
S = ES,% (x,re) N ES% (v, re)
(note that m’” € §). The distance

max d(s, m)
ses

is maximized at a point s € 9. where the geodesic segment [71, s] makes a right angle
with the geodesic segment [x, y]. The spherical cosine law, applied to the triangle
A(x,m, s) (resp. A(y, m, s)) yields

cos(\/a(m, s5)) cos @ = cos(x/kTs). 2.3)

Denote a := d(x, y)/2 and define

cos(vk (a2 + s2))

f(s) = cos(/ea) , 0<s<egg.
Note that
| — )</S ‘(s)1d </s ksds ke?
e = 0 7 )lds = 0 cos(yka) ~ cos(yka)

From this estimate, (2.3), and the fact that a < A/2, we have

K82

cos(v/kd(m, s)) = f(e) = 1 — cos(/icr/2)”
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This, the elementary estimate arccos(l — 1?) <2t (0 <t < 1) and (2.2) then imply
that

Jre
Jeos(Jrkr/2)

This completes the proof. O

Vid(m, s) <

Being geodesic spaces, on CAT (k) spaces it makes sense to speak about convex
sets:

Definition 2.3 (Convex sets and convex hull) Let Y be a CAT (k) space. Then a set
C C Y is said to be convex provided for any x, y € C we have that every geodesic
connecting them is entirely contained in C. The (closed) convex hull of aset C C Y
is the smallest (closed) convex set containing C.

One might define a weaker form of convexity by requiring that for every x, y there
exists a geodesic connecting them which is entirely contained in C. In CAT (k) spaces
this distinction is relevant only when d(x, y) > D, as otherwise geodesics are unique.
For the purposes of the current manuscript the distinction is irrelevant.

The following simple lemma will be useful later on:

Lemma 2.4 (Separable convex hull) Let Y be a CAT () space and C C Y a separable
subset which is contained in a closed ball B of radius < Dy /2.
Then the closed convex hull C cony of C is separable and contained in B.

Proof Define the sequence (C,) of subsets of Y recursively as follows. Set Cy := C,
then iteratively let C,, 11 be the union of the images of geodesics whose endpoints are
in C,,. It is clear that the convex hull of C must contain U, C,, and thus Ceony 2 Uy Ch.

To conclude the proof it is therefore enough to show that U,C, is convex and
separable. The convexity of U, C, is a straightforward consequence of the defini-
tion using induction. Since B is convex we see that U,C, C B. Hence we have
that sup, ey, ¢, d(x,y) < D,. By Lemma 2.2, the geodesic connecting two points
x,y € U,C, depends continuously on x and y. In particular, the separability of C,, 41
follows from that of C, (and the uniqueness of geodesics). Thus U, C}, is separable.
By the continuous dependence of the (unique) geodesics and the convexity of U,C,,
the convexity of U, C, follows. O

We conclude the section with the following result, taken from [10, Part II, Lemma
3.20]:

Lemma 2.5 Let (Y, d) be a CAT (k) space and x € Y. Then there exists a function C
defined on a right neighbourhood of 0 such that lim, o C(r) = 1 and

y z
w <C(r)d(y,z) for every e € (0,1) and y,z € B,(x)(2.4)

forall r < D, sufficiently small.
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2.2 Tangent Cone

Here we define the tangent cone at a point on a CAT (k) space and study its first
properties. We refer the interested reader to the surveys [10—12] and the references
therein for more details.

We start by describing a construction of tangent cone which is valid in every
geodesic space. Let Y be a geodesic space and x € Y. We denote by Geo, Y the
space of (constant speed) geodesics starting from x and defined on some right neigh-
bourhood of 0 and equip such space with the pseudo-distance d, defined as:

—d(y:, nr)

dyi(y,n) := lif{)l ; Vy,n € Geo,Y. 2.5)
t

Then d, naturally induces an equivalence relation on Geo, Y by declaring y ~ n iff
dy(y, n) = 0. The equivalence class of y € Geo, Y in Geo, Y/ ~ will be denoted by
¥y- Clearly d, passes to the quotient and defines a distance—still denoted by d,—on
Geo, Y/ ~.

Definition 2.6 (Tangent cone) Let Y be a geodesic space and x € Y. The tangent cone
(T,Y,d;) is the completion of (Geo,Y/ ~,d,). We call 0 € T,Y, or sometimes
0, € T, Y, the equivalence class of the constant geodesic in Geo, Y.

In a general geodesic space little can be said about the structure of tangent cones,
but if Y is locally a CAT (k) space then tangent cones have interesting geometric
properties and can be used as basic tools to build a robust first-order calculus.

In order to understand the geometry of T, Y it is necessary to recall the notion of
angle between geodesics. To do so, let us recall the definition of modified trigonometric
functions

JL; sin(y/kx) ifk >0 cos(y/kx) ifk >0
sn“(x) :={ x ifke =0 en“(x) =11 ifk =0
ﬁ sinh(y/—kx) ifk <0 cosh(y/—kx) ifk <0

and that in the model space M, the cosine law reads, for k # 0, as

cn(a) — cn”(b) cn”(c)
K sn® (b) sn¥(c)

cos(a) =

whenever a, b, c are the lengths of the sides of a geodesic triangle and « is the angle
opposite to a (in the limiting case k — 0 this reduces to the classical Euclidean cosine
law).

Then given three points x, yg, y; in a metric space with d(x, yp) + d(x, y1) +
d(yo, y1) < 2Dy, we define the angle between yg, y; seen from x as

e (d(yo. y1)) — en“(d(x, yo)) en* (d(x, yl))) (2.6)

Z,(yo, y1) := arccos ( k sn (d(x, yo)) sn* (d(x, y1))
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Notice that this is the angle in the model space M, at x of a comparison triangle
A (X, yo, ¥1) and from this observation it is not hard to check that

2y (30, ¥2) = 2, (0. 1) + Zy (31, y2) @7
for any four points x, yo, y1, ¥2 in a metric space.
A direct consequence of the definition of CAT (k) space and of the above cosine

law is that on a CAT (x) space Y, forx € Y and y, n € Geo, Y

the angle Zi (vt, n5) 1s non-decreasing in both ¢ and s

(2.8)
provided they vary in {(t, s) 2 d(x, y),d(x, ng) < DK}.
Hence, if Y is a local CAT (k) space, x € Y and y, n € Geo, Y the joint limit
L&y, n) == lim Zy(yr, 1) (2.9)
t,s40

exists and it is called angle between the geodesics y, 1.
The following technical result will be useful (for the proof see [1, Lemma 3.3.1]
and the discussion thereafter).

Lemma 2.7 (Independence of the angle on «) Let k1, k2 € R, k1 > k2. Then there is
a constant C = C(k1, k2) such that the following holds: for any metric space Y and
X, y1,y2 € Y withd(x, y1), d(x, y2), d(y1, ¥2) < Dy, it holds that

12 O, y2) — 23 (s y2)| < Cd(x, vy dix, o).

In particular, the angle Z5 (y, ) between geodesics y, n € Geo, Y does not depend
on « and we shall drop the superscript from the notation. Picking x; = 0 we see that,
for any ¥ € R, we have

— d* (v, d*(ns, x) — d2(y;, s
cosZ (yi, my)) = L x)zj(y (;7‘) d’(“; 5 1) i), 2.10)
I} S

We drop the superscript from the notation of the comparison angle as well, with the
understanding that « is fixed in each claim.

From (2.7) it is not hard to check that Z, is a pseudo-distance on Geo, Y and thus
defines an equivalence relation ~' by declaring y ~' n iff Z,(y, n) = 0. It is worth
noticing that the angle between two different reparametrizations of the same geodesic
is 0.

We denote by dir, Y the quotient Geo, Y/ ~' and, abusing a bit the notation, we
keep denoting by £, and y € dir, Y the distance induced by Z, and the equivalence
class of y € Geo, Y, respectively.

Definition 2.8 ((Space of directions) Let Y be a local CAT (k) space and x € Y. The
space of directions (X,Y, Zy) is the completion of (dir, Y, Z,).
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Let us now recall that given a generic metric space (X, dx), the (Euclidean) cone
over it is the metric space (C(X), d¢(x)) defined as follows (see also e.g. [11] for
further details). As a set, C(X) is equal to ([0, 00) x X)/ ~, where (7, x) ~ (s, y) iff
t =5 =0or(t,x) = (s, y). The distance is defined as

dz 0 (2, %), (s, ) = 1* + s — 2ts cos (dx (x, y) A ). (2.11)

On C(X) there is a natural operation of ‘multiplication by a positive scalar’: the product
Az of z = (¢, x) by A > 0 is defined as (Af, x).
We then have the following:

Theorem 2.9 (T,Y as a cone over the space of directions) Let Y be a local CAT (k)
space. Fix a point x € Y. Then the lim in (2.5) is a limit. Moreover, the map sending
y € Geo,Y to (Lip(y), y) € [0,00) x diryY passes to the quotient and uniquely
extends to a bijective isometry from TY to C(2,Y). Finally, the map By (x) 3 y
(Gi)é € T\Y is continuous. In particular, if D C By _(x) is dense in a neighbourhood
of x, then {A(G)};)(’) :A>0, yeD}isdenseinT,Y.

Proof For any y, n € Geo, Y, by picking t = s in (2.10) we see that

dz(Vn ) . 2 . 2 . . - 2
———— = Lip(y)” + Lip(n)” — 2Lip(y)Lip(n) cos(ZLx (1, n:)) + o(t”).

dz(yfs nr)

Since limy o Zx (v1, ) = Zx (v, 1) itfollowsthatthelimitlifg > exists, and
13

equals

&>, . . -
% = Lip(y)® + Lip(n)* — 2Lip(y)Lip(n) cos(Ly (v, m)

= d2 5.y, (Lip(), y), Lip(n), ).

lim
t0

It follows that the map y; +— (Lip(y),y) defines a bijective isometry T,Y >
C(Z:Y).

For the continuity of y +— (G;‘;){), notice that from the monotonicity of the angle it
follows that

£ (G, (GD))) < Zv (3. 2)

and thus if z — y we have Z,((Gy)), (G%),) — 0. Since trivially it also holds that
Lip(G}) =d(x,2) — d(x,y) = Lip(Gy), continuity follows.

For the last claim, notice that by the definition of tangent cone and of multiplication
by a positive scalar we have that {)»(Gf;){) : A >0, y € B-(x)}is dense in T, Y for
any r € (0, ry). Then the continuity just proved ensures that for any A > 0O the set
{MGY)y : y € D}isdensein {A(Gy), : y € Br(x)}, leading to the claim. o

A key property of the tangent cone is the following statement, which is central for our
subsequent results. For the proof we refer to [10, Chap. II, Theorem 3.19].
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Theorem 2.10 Let Y be a local CAT (x) space and x € Y. Then the tangent cone
(T, Y, dy) is a CAT(0)-space.

The tangent cone T, Y is not only a CAT (0) space, but also comes with an additional
structure which somehow resembles that of a Hilbert space. To make this more evident,
let us introduce the following notation, valid for any v, w € T, Y (see [12,37]).

(a) Multiplication by a positive scalar. As for general cones, for A > 0 and v =
(t,y) e T, Y = C(2,Y) we put Lv := (A, y).

(b) Norm. |v]y := dy (v, 0).

(c) Scalar product. (v, w), = %[|v|§ + |w|)% — d%(v, w)].

(d) Sum.v@®w := 2m, ,, where m, 4, is the midpoint of v, w (well-defined because
T.Y is a CAT(0) space).

The basic properties of these operations are collected in the following proposition:

Proposition 2.11 (Basic calculus on the tangent cone) Let Y be a local CAT (k) space
and x € Y. Then the four operations defined above are continuous in their variables.
The ‘sum’ and the ‘scalar product’ are also symmetric. Moreover:

Al = Al (2.12a)

dr (. w) = [l + [wl} = 2(v, w)y, (2.12b)

(Yo m0)x = 1¥olxInglx cos(ZLyx (v, m)), (2.12¢)

<)"U7 w)x = (Uv Aw)x = )"<U’ w))ﬁ (212d)

(v, w)e] < [vlclwls, (2.12¢)

(v, w)e = [llwlc ifandonlyif |wlw = |vlw,  (2.12f)

& (v, w) + v @ wly < 2(vl} + [wl), (2.129)

foranyv,w € T,Y, y,n € Geo,Y and A > 0.

Proof The symmetry of the ‘sum’ and ‘scalar product’ are obvious and so are the
continuity of the ‘norm’ and then of the ‘scalar product’. The continuity of (A, v) — Av
is a direct consequence of the inequality

dy (v, AV) < dy (lv, A0) +dy (W', V) = Ady (v, V) + [A = AV,

where the equality follows trivially from the definition of cone distance and Theo-
rem 2.9. For the continuity of the ‘sum’ it is now sufficient to prove that the map
(v, W) > My, is continuous. This follows from the bound

1 ’ ’
dx(mv,wv mv’,w/) =< E(dx(v’ V) + dy(w, w ))

which is valid in any CAT(0) space (see e.g. [8, Proposition 1.1.5 and Theorem 1.3.3]).
Notice that (2.12a), (2.12b) are direct consequences of the definitions. For (2.12c)
we observe that by definition we have

s mo)e = 2012 + Inpl2 = dr(vg, mp))
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and thus recalling (2.5) (and the fact that the lim is actually a limit—see Theorem 2.9)
we obtain

d?(yr, x) 4+ d* (e, x) — (v, 1)
2d(y;, x)d(s, x)

|Vo|x|770|x cos(Zx (v, m)).

(2 10)

For (2.12d) we note that from the definition (2.11) and Theorem 2.9 it is clear that
dy(Av, Aw) = Ad, (v, w) for A > 0. Hence we also have (Av, Aw), = A2 (v, w), and
thus, taking into account the symmetry of the scalar product, to conclude it is sufficient
to prove that

(Av, w), = X(v,w), for A €[0,1]. (2.13)

To see this, notice that by the 2-convexity (1.1) of squared distance functions in
CAT(0)-spaces we have, for A € [0, 1] and v, w € T, Y, that

d2(w, w) < (1 = 2)|wl? 4+ 2d> (v, w) — A(1 = 1)|v]2.

The estimate (2.13) follows from this and the definition of (-, -),.
To prove (2.12e) let y, n € dir, Y and ¢, s > 0 and observe that

120, ). (s, M)x| = |2 + 5% = d2((t, v). (s, )|
= 2ts]cos Zy(y, )| < 2ts = 2[(t, ¥)|x|(s, )]s

Since elements of the form (7, y) are dense in T, Y, we just proved (2.12e).

The ‘if” in (2.12f) comes from (2.12d), for the ‘only if” suppose that (v, w)y =
|v]x|wly and take y;,, n, € dir, Y so that (|v|x, ¥) — v and (|w|x, N,) = win T, Y.
It follows that
ixlwly = (v, w)x = m (([v]x, ¥0), (W, 72))x = VIxlwly lim cos Zy (Y, 7a),

n— o0 n— o0

ie. lim,— o0 Zx (¥n, nn) = 0. This implies that

di(lwlyv, [v|yw)
= 1i’1lndx((|v|x|w|m Yn), (I0]x|wlx, 7711)) = |v|x|w]y hrflndx((lv Ya)s (1, 7711)) =

which was the claim.
Finally, (2.12g) is also a direct consequence of the 2-convexity of the squared
distance from a point, which gives

1 1
’@@m) S0 + ) = 72w, w.
Taking into account the proved homogeneities, this is the claim. O

@ Springer



Infinitesimal Hilbertianity of Locally CAT («)-Spaces

It is worth underlying that, in general, @ is not associative.

Lemma 2.12 Let (Y, d) be a CAT (k) space. Fix a point x € Y. Then for any y, z €
Bp,(x) \ {x} and o, B > 0 it holds that

2(GY)g

(a(G;‘;)g)@(ﬂ(G;)g))=LiIg . eT,Y, (2.14)

where mg denotes the midpoint between (G))eq and (GY)ep-

Proof Let us call p, := (G})eq and gy = (G%)gp. For &, 8 > 0 small it holds that
(GY)sex = (GY*)s, whence by using (2.5) and Lemma 2.5 we obtain that

d, (a(e)%)é, (st)()) =~ d(ea(@), (G))) =~ lim I(Gdsea, (G")s)

e ) F}
1. d((GF)s. (GI)s)
— lim
£ 810 1)

1 1
< - d(Ps» me) = — d(Ps, qe).
£ 2¢e

Similarly, we have that d, (,B(ch)é), s’l(GTS)E)) < d(pe, qs)/(2¢). Choosing &, | 0
so that

| &Perten) _ g, (a(@yp. BGEN)

2
< — forevery n,
&n n

we deduce that g, 1 (GT”‘ )6 isa %-approximate midpoint between oz(G)y()E) and g (Gi){).
This yields (2.14) by Lemma 2.2, as required. O

We close this section with the following important formula:

Proposition 2.13 (First variation formula) Let Y be a CAT (k) space, x € Y and
y,n € Geo,Y with n defined on [0, 1] and such that d(x, ny) < Dy. Then

d(ys, m1) — d(yo. n1)

t (2.15)

/, / — _L ]
(Y0s M0)x ip(n) lim
Proof We know from (2.12¢) and (2.10) that

oty = i S )+ & s ) — )
0> Mo/ x 1510 ots

and by direct computation we see that

i S0 + P00 =Py 0 x) — )
im = lim
10 2ts t}0 2ts

d s _d s Is
— _Lip(n) lif{)‘ (Ve ms) (x,n ).
t

t
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Since the triangle inequality gives d(yy, n1) — d(x, n1) < d(y:, ns) — d(x, n5), from
the above we deduce

d(y:, 1) — d(yo, n1)

/’ / < —14 li
(¥o» mp)x < —Lip(n) zlfol ;

Now notice that from (2.12¢), Lemma 2.7, the assumption d(x, n;) < D, and the
monotonicity property (2.8) we get

cn(d(yz, 1)) — en“(d(yy, x)) en(d(n1, x))
Kk sn¥ (d(y;, x)) sn® (d(n1, x))

(vg: mo)x = Lip(y)Lip(n)%
Thus, using the expansions

en“(d(yr, %)) = 1+ 0(t?),
en“(d(yr, m)) = en“(d(x, m1)) — & sn* (d(x, n)) (d(yr, m) — d(x, 11)) + O (),
sn*(d(yr, x)) = tLip(y) + O (),

we get the inequality > in (2.15) and the conclusion. O

2.3 Differential of Locally Semiconvex Lipschitz Functions

In this section we see that for Lipschitz and locally semiconvex functions there is a
well-behaved notion of differential defined on the tangent cone of every point in the
domain of the function itself. See [37,38] for the lower curvature bound case, and [33]
for more general classes of metric spaces.

We start by recalling the following notion:

Definition 2.14 (Locally semiconvex function) Let Y be a geodesic metric space and
f Y - R. We say that f is semiconvex if there exists K € R so that the inequality

K 2
fly) = A =0 f (o) +1f(y) — 51 = nd” (o, 71)

holds for any geodesic y : [0, 1] — Y.

A function f : Q — R, with Q2 C Y open connected set, is called locally semi-
convex if every point x € 2 has a neighbourhood U such that the inequality above
holds for all geodesics y : [0, 1] — €2 with endpoints in U.

For locally semiconvex functions it is possible to define directional derivatives,
which we do in the setting of CAT (k) spaces:

Definition 2.15 (Directional derivative) Let Y be a local CAT («) space, x € Y, U C
By, (x) a neighbourhood of x and f : U — R locally semiconvex. The directional
derivative of f at x is the map o, f : Geo, Y — R U {—o0} defined as

o S ) = f(0)
ox f(y) = Eﬂ} 5
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Notice that the monotonicity of incremental ratios of convex functions ensures that
the limit above exists. Still, in general it is not clear if o, f passes to the quotient
Geo, Y/ ~ nor if it is real-valued. In the next proposition we see that this is the case
if we further assume that f is Lipschitz in a neighbourhood of x.

Recall that given f : Y — R the asymptotic Lipschitz constant lip, f : Y —
[0, +0oc¢] is defined as

. — fm-re| . . o
lip f () i= lim =g =lmLip(f|5, () = Inf Lip(f )

Proposition 2.16 (Differentials of locally Lipschitz and semiconvex functions) Let Y
be a local CAT (k) space, 2 C Y open and f : Q@ — R be locally semiconvex and
Lipschitz.

Then for each x € 2 there exists a unique continuous map dy f : Ty Y — R, called
the differential of f at x, such that

de f(yp) = 0x f(y) ¥y € Geo,Y. (2.16)

Moreover, dy f is convex, lip, f(x)-Lipschitz and positively I-homogeneous, i.e
dy f(w) = Ad, f(v) forany v € T,Y and > > 0.

Proof Fix x € Q andletr > 0 be such that B, (x) C Q. Then forevery y, n € Geo, Y
we have y;, n; € B, (x) fort <« 1 and thus

‘f(Vh) — () d(yn, nn)
h

_ < li <Li li
lox f(¥) — ox fF(0)] < lim < 1p(f|Br(x));_$ p

= Lip(f ())dx (v, m).

This shows that o, f passes to the quotient and defines a Lip( f |5, (X))-Lipschitz map
on Geo, Y/ ~. Existence and uniqueness of the continuous extension dy f to the whole
T, Y are then obvious and, letting r |, 0, itis also clear that d, f is lip, f (x)-Lipschitz.

For the homogeneity observe that, for y € Geo,Y and A > 0, the isometry given in
Theorem 2.9 and the definition of multiplication by positive scalar ensure that 1y = 7,
in C(X,Y) ~ T,Y, where 74 := y;,. Then (2.16) and the definition of directional
derivative grant that d, f (Ay;) = Ady f(y) forany A > 0 and y € Geo,Y. Since
tangent vectors of the form y; are dense in T, Y, the claim follows by the continuity
of d, f that we already proved.

It remains to prove that d, f is convex and, thanks to the continuity just proven,
it is sufficient to show that for any y, n € Geo, By (x) ~ Geo,Y, letting m be the
midpoint of y;, 7, € T,Y it holds that

1
d, f(m) < z(dxf(yé) +ds f(n0)). (2.17)
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To this aim, let ¢ > 0 and use the density of Geoy By (x)/ ~ in T,Y to find p €
Geo, By, (x) such that p is an approximated midpoint of y;, 7, in the sense that

d2 (v5. p0)- A3 (16 po) < 33 (vg. my) + 7.
By the very definition (2.5) of d, we see that there exists 7 > 0 such that
d* (1. p). & pr) < 52 (v me) + 267 Ve € [0, T,

Up to taking T smaller, we can assume that d(y;, ;) < %DK, thus we are in a position
to apply Lemma 2.2 (in T, Y and B, (x)) to deduce that

dx(/o(/)a m) < Ce, 2.18)
d(p;, m;) < Cet Vt €[0,T],

for some C > 0 independent on 7, where m; is the midpoint of y;, ;. Now let V be a

neighbourhood of x where f is K-semiconvex and L-Lipschitz and notice that what

previously proved grants that dy f is L-Lipschitz as well. Then y;, n; € V fort < 1

and the K-semiconvexity gives

1 K , 1
f(my) < z(f()/t) + f('?t)) - Ed Ve, m) < E(f(yt) + f(ﬁt))
K
+ %tz(Lipz(y) + Lip*(n))
and thus
=— fm) —f(x) 1—fy)—fx)  T—fm)—fx) 1 /
lllﬁ)lf =< Elllﬁ)lf + Eltlfgf = E(dxf(yo)
+d, £ (n)))- (2.19)

Hence taking into account (2.18) and the L-Lipschitz property of f and d, f we get

(2.18) -
def(m) =" CLe +dof(pf) = CLe + lim M
t
(2.18) — — (2.19) 1
& acre + T LT O se L4 L a0 + ).
The conclusion follows letting ¢ |, 0. O

In the model space My, if y is a geodesic on [0, 1] and x € M, is such that
d(yo, y1) + d(yo, x) + d(y1, x) < 2D, we have that t — d(y;, x) is semiconvex.
Hence if Y is a local CAT (k) space and x € Y, for any y € By, (x) the function dist,
is semiconvex on By (x).

We collect below the main properties of the differential:
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Proposition 2.17 (Differentials of distance functions) Let Y be a CAT (k) space and
x €Y. Then:

(1) Fory € Y withd(x,y) < D, we have

1 I :

1 f

d,dist, (v) = { |v1|~1p(17) (v, M) x ifi fi’ Yv e T, Y, (2.20)
X - El

where n € Geo, Y is any geodesic passing through y.
(ii) For D C Bp, (x) dense in a neighbourhood of x we have

|vly = sup [— dxdisty(v)] Vv e T,Y.
yeD

(iii) Letv,w € TyY and D C Bp,(x) be dense. Assume that
d.dist, (v) < d,dist,(w) VyeD.

Then |w|)2€ < (v, w), and in particular |(w|yx < |v|y.
If moreover either |v|y < |wl|y or x € D, then we also have v = w.

Proof (i) By the continuity of v + d,disty(v) and of the stated expression it is
sufficient to check (2.20) for v of the form v = y for arbitrary y € Geo,Y. Then
keeping in mind the identity (2.16) and the definition of directional derivative we see
that the case y = x is obvious. For the case y # x we notice that (2.12d) ensures
that —m(v, 1) does not depend on the particular choice of 7. We choose 7 to
be defined on [0, 1] and such that n; = y and conclude noticing that the formula is a
restatement of the first variation formula in Proposition 2.13.

(i) Inequality > follows from point (i) and the ‘Cauchy-Schwarz inequality’ (2.12e¢).
The opposite inequality is trivial if v = 0. If not, we use the density result in Theo-
rem 2.9 to find (y,) C D such that, letting y,, : [0, 1] — Y be the geodesic from x

to yn, we have ¢j(+y)7’ri,0 — ﬁv. By point (i) (and recalling the calculus rules in
Proposition 2.11) we have that
dudisty, (v) = —— (v, 7o) (v, v), = o
—d,disty, (v) = ———(v, ¥, - — (v, V), = |vly.
Y dx, ) O ol

(iii) If w = O the first claim is obvious. Otherwise use the density result in Theorem 2.9
to find (y,) C D such that, letting y, : [0, 1] — Y be the geodesic from x to y,, we
have myr: 0 ﬁw. Then point (i) and our assumption give — m (v, Vr:,o) <
— d(+w) (w, V;;,()) and passing to the limit (using the calculus rules in Proposition 2.11)
we get the first claim.

For the second claim, notice that if x € D, picking y := x in our assumption and
using again point (i) we deduce |v|, < |w], (and thus |v|y = |w|y). Hence from
what previously proved we obtain (v, w), > |w|§ > |v|x|wl|y, so that from (2.12f)
we conclude |w|yv = |v|,w and from the equality of norms we conclude v = w, as
desired. m|
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2.4 Velocity of Absolutely Continuous Curves

Recall thatacurve y : [0, 1] — Y with values in a metric space is said to be absolutely
continuous provided there is f € L'(0, 1) such that

d(ys, vs) < / f@r)ydr Vt,s €[0,1], t <. (2.21)
t

It is well-known that to any absolutely continuous curve we can associate a function
Iyl € L'(0,1), called metric speed, which plays the role of the modulus of the
derivative. The following proposition recalls the main properties of |y |; for the proof
we refer to [3, Theorem 1.1.2] and its proof.

Proposition 2.18 Let (Y, d) be a separable metric space and y : [0,1] — Y be
absolutely continuous. Then for a.e. t € [0, 1] there exists the limit |y;| as h — 0 of
W. The function t — |y;| belongs to L' (0, 1) and is the least, in the a.e. sense,
Sfunction f for which (2.21) holds.

Moreover, for any (x,) C Y dense, letting f,; := d(y;, x,), the following holds:
fora.e. t € [0, 1] the function f, is differentiable at t for every n € N and

lyil = sug[—fé,,]. (2.22)

ne

On a local CAT (k) space more can be said: for a.e. time we have not only a
‘numerical’ value for the derivative, but also right and left derivatives as elements of
the tangent cone. The key lemma needed for achieving such a result is the following
(see also [33, Theorem 1.6]):

Lemma 2.19 Let Y be a local CAT (k) space and y : [0, 1] — Y be an absolutely
continuous curve. Then for almost every t € [0, 1] we have that either |y;| = 0 or

lim Iim /", , =0. 2.23
jm L 2y, (Vi+81» Vits,) (2.23)

Proof The statement is local in nature, thus up to use the compactness of y ([0, 1]), its
cover made of B, (y¢) and Lemma 2.4 we can assume that Y is a separable CAT (k)
space of diameter < D,.

Let ¢ € [0, 1] be such that the metric derivative |y;| exists, is strictly positive and
(2.22) holds for some fixed countable dense (x,) C Y. Then for every x € Y we have

i —K T en® (d(x, yr+5)) — en* (d(y:, x))en* (d(ys, Vi+s))
lim cos (Z,, (v1+5, %)) = lim
510 510 e sn*(d(yr, vi+s))sn* (d(ys, X))

with obvious modifications for k = 0. Using the expansions

en (d(yr, yi+s)) = 1+ 0(3),
en (d(yr+5, X)) = en (d(yr, x)) — ke s (d(yr, )) (d (Y5, ¥) — d(yr, X)) + 0(8),
sn® (d(y1, Vi+)) = 8l71] + 0(8),

@ Springer



Infinitesimal Hilbertianity of Locally CAT («)-Spaces

we obtain

— d , d(ys,
li_mcos (4; (]/H»(S, x)) —Tim (J/t+5 x) — (yt x) ]
510 ' 810 81yl

Picking x = x, and recalling that by assumption s — f, s = disty, (y;5) is dif-
N

. . K
ferentiable at ¢, we see that limg 10 €08 (Zyr(yﬂr(s, x,,)) —TT

inequality for angles (2.7) we obtain

Hence by triangle

lim lim Ly’ (Ve+61> Vitsn)

82408110
<Tim Z ( xp) + im 2, ( x)—2arccos(—f':”) Vn e N
= gig0 Ty Vi And TSI Sy ks ) = 17l '
Taking the infimum in » and using (2.22) we conclude the proof. O

We then have the following result:

Proposition 2.20 (Right derivative of AC curves) Let Y be a local CAT (k) space and
y : [0, 1] — Y be an absolutely continuous curve. For any t, s € [0, 1] write, for
brevity, G; in place of G}}:f whenever this is well-defined.

Then for every t € [0, 1] for which |y;| exists and the conclusion of Lemma 2.19
holds (and thus in particular for a.e. t) we have that:

(1) the limit, denoted by Vz inT,Y, of—(Gs)0 as s | t exists, and
(ii) for every locally Lipschitz and locally semiconvex function f defined on some
neighbourhood of y; it holds that

e =
lim ~H T = dy S0, (2.24)

Proof (i) We shall prove that s +— (G )o € T, Y has alimitas s | ¢ for any ¢ for

S—1
which |y, | exists and the conclusions of Lemma 2.19 hold. Notice that | (G Yoly, =

dﬁ” ;/IS — ||, thus if | ;| = 0 the conclusion follows. If |y;| > 0, by the convergence

of norms that we just proved and recalling (2.11) and Theorem 2.9, to conclude it
is sufficient to prove that limy, j; limy, |, Z,, ((G;?)f), (G;')y) = 0. This is a direct
consequence of (2.23) and the monotonicity property (2.8), which ensures that

2y (G2 (G = 2y, (G (1), G (1) = 2y, (Vs Vis))-
(i) If |y¢] = 0 both sides of (2.24) are easily seen to be zero, so that the conclusion

follows. Otherwise, for 6, > &1 > O put for brevity ns, s, 1= (G,JZMZ)(;1 /5, and notice
that the monotonicity (2.8) of angles gives

cos (Z;(Vmsp N81,5,)) = €08 (Z';,()/Ha], Vitss))-
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From (2.10) we have that

W, ers) + 9 e 181.8) — 82 Visy s 151.6,)
2d(yts )/H-(Sl)d()/t, 7751,52)

cos (ZI;, Vitsis M51.8,)) = + 061

and thus using the identity d(y;, ns,.5,) = %d(y,, Vi+5,) and passing to the limit
recalling (2.23) we deduce that

___d? i
Tim Tim w —0. (2.25)
82108110 8

Now let L be the Lipschitz constant of f in some neighbourhood of y; and notice that
for 8, > 0 sufficiently small we have

o ‘ fmsy.5) — ()
m| ——
8140 1

. f()/t+61) - fn)

— oy S Wers) — f ()
T a1 (36 0) = FEERE T

81
<L im d(7781,82’ Vt+81) .
8110 81
The conclusion follows by letting 6, | 0 and using (2.25). O

Remark 2.21 The conclusions of Lemma 2.19 and Proposition 2.20 hold for left deriva-
tives as well; for a.e. t € {|y;| > 0} we have lims o lim. 0 £, (Vi—s, ¥1—¢) = 0, and
for every ¢ satisfying it the limit of %(Gf )o as s 1 t exists. We denote this limit by

Yr - O

Lemma2.22 Lety : [0, 1] = Y be an absolutely continuous curve. Then, for almost
everyt € [0, 1], the limits J)t+ and y;~ are antipodal, i.e.

virey =0.
Proof We prove that
Lyt = lim Ly igs, Vims) =T (2.26)

for almost every ¢ € [0, 1]. The claim follows from this.
If |y;] = O then 3,7 =y, = 0 and the claim is clear.

By Lemma 2.19, Proposition 2.20 and Remark 2.21, almost every ¢ € {|y;| > 0}
satisfies conditions (i) and (ii) below.

(1) lims o limg o £y, (Vr45, Vrre) = 0 and limg o limg o £y, (Vi—s, Vi—e) = 0;

SN T dits,71) di—s.v1) di—s.vi+8) _
(i) lims o =5 s

= lims o = limg o ey = |:| (including the
existence of these limits).
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We fix ¢ € [0, 1] satisfying (i) and (ii). Note that, by the monotonicity of angles
(2.8), we have the estimate

Ly 90 =lim £y (G, (GE0)p) = lim lim 2y, ((GI2),, (GI70),)
<lim/ L Vies).
_Slﬂ} y,(Vt+8 Yi—5)

To prove the opposite inequality, we use the triangle inequality (2.7) to obtain

Ly (G)es (G)e) 2 2 (G, Yimes) = Ly, (Ve (G )e)
2 Zy (ivess Viees) = Ly (ress (G 0)e) = 2y (i—es, (G 7*)e)
= Zy’ (VH—&S, VI—&S) - ZVz (VH—{S’ VI-H:S) - Z]/t (]/t_,g, )/[_85),

Here the last estimate follows simply by the monotonicity of angles (2.8). By (i), it
follows that

. . . . 5 _5 . .
2,y = %TB‘ 1;?& 2y, (G, (GI70),) = ?ﬁ} 1;?0‘ Ly (Visess Viees)
= hmzy,(%ﬂ?» Vi—5)-

810

It remains to show that lims Zy, (Vt+s, Vi—s) = m. By (ii) and (2.10), we have

& Gits, v) + P vies, vi) — P igs» vies)

lim cos /. s Vi—s) = lim
slw vi Vitss Vi—s) l

10 2d(Yi+s v)d(Vi-s. v1)
_ P+l —@mh? _
2y? 7
implying the claim and completing the proof. O

2.5 Barycenters and Rigidity

In this section, we review the concept of ‘barycenter’ of a probability measure on a
CAT(0) space. With the exception of the rigidity statement given by Proposition 2.27,
the content comes from [41].

Fix a CAT(0) space Y and denote by Z?(Y) the set of all Borel probability measures
on Y having separable support, and by 221 (Y) C Z(Y) the set of those with finite
first moment, i.e. those u € Z(Y) such that for some, and thus all, y € Y it holds
that [ d(-, y)du < oo.

For a proof of the following result we refer to [41, Proposition 4.3].

Proposition 2.23 (Definition of barycenter) Let Y be a CAT(0) space, u € Z1(Y)
andy € Y. Then

Ysxr— / [d*C¢,x) —d*(,»)]du e R
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admits a unique minimizer. The minimizer does not depend on y, is called the barycenter
of v and is denoted by Bar(v) € Y.

The basic properties of barycenters that we shall need are collected in the following
statement:

Theorem 2.24 Let Y be a CAT(0) space. Then the following holds:

(1) VARIANCE INEQUALITY. For any u € Z1(Y) and p € Y it holds
/ [d°C, p) — d*(, Bar(w) ] due = d*(p, Bar(w)). (2.27)

(i) JENSEN’S INEQUALITY. Let ¢ : Y — [0, 400) be convex and lower semicontinu-
ous. Then for every u € &1(Y) we have

o (Bar(w)) < / pdu. (228)

Proof The variance inequality (2.27) is proved in [41, Proposition 4.4], while Jensen’s
inequality comes from [41, Theorem 6.2]. O

Applying Jensen’s inequality (2.28) to the convex and Lipschitz function ¢ := d(-, p)
we see that the inequality

d(Bar(w). p) < / dex. p) dp(x)

holds for any . € £21(Y) and p € Y. Our aim is now to study the equality case and
in order to do so we first recall the notion of nonbranching geodesics.

Definition 2.25 (Non-branching from p) We say that a geodesic space (X, d) is non-
branching from p € X provided the following holds: if, for given points g, x1, x2 € X
with ¢ # p, we have that there are geodesics yj, y» starting from p and passing
through ¢, x| and g, x>, respectively, then there is a geodesic y starting from p and
passing through ¢, x1, x3.

Here ‘passing through’ ¢, x; implies nothing about the order in which these points
are met. It is not hard to see that the above definition is equivalent to the more classical
one requiring for any ¢ € (0, 1] the injectivity of the map y — y l10.17 O1 the space of
constant speed geodesics [0, 1] — X starting from p.

It is easy to verify that if ¢ # p and (x;) C X are given points such that there are
geodesics starting from p and passing through g, x; for every i, then there is a curve
y starting from p and passing through ¢ and all the x;’s and such curve is either a
geodesic or a half-line, i.e. a map from [0, 400) to X such that its restriction to any
compact interval is a geodesic.

The main example of space that is non-branching from one of its points is the cone
over a metric space. Here the relevant point is the vertex 0.
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Lemma 2.26 (Tangent cones are non-branching from the origin) Let X be any metric
space, and C(X) the Euclidean cone over X. Then C(X) is non-branching from its
origin 0. In particular, for a local CAT (k) space Y we have that

T,Y isnon — branching from0 forevery p €Y. (2.29)
Proof By direct computation based on the definition of the cone distance we see that if
y is a constant speed geodesic starting from the origin O it must hold y; = ¢y, where

the ‘product’ of ¢ and y; is defined as before Proposition 2.11. Thus for two given
such curves y, n we have—again using the definition of distance on the cone—that

dex)(ve, 1) = dex(tyr, tm) = tdex)(vi, m). Hence if 1 # n1 we also have
vy # n, forevery t € (0, 1]. This is sufficient to conclude. O

We now come to the rigidity statement:

Proposition 2.27 (Rigidity) Let Y be a CAT(0) space and u € P1(Y). Assume that
for some point p it holds that

d(Bar(), p) > / d(x, p)du. (2.30)
Then
d(x, Bar(n)) = |d(x, p) — d(Bar(u), p)| forp-ae.x €Y. (2.31)

In particular, if Y is non-branching from p, then the measure v is concentrated on the
image of a curve y starting from p which is either a geodesic or a half-line.

Proof By the discussion following Definition 2.25, we see that it is sufficient to prove
(2.31). To this aim, notice that the triangle inequality gives

|d(x, p) — d(x, Bar(u))|* — d*(Bar(u), p) <0 Vx €Y. (2.32)
On the other hand we have
/ |d(x, p) — d(Bar(w), p)|* — d*(x, Bar(w)) du(x)
= [ €t p)+ & (BarG). p) — 2d(x. p)d(Bartuo). p) — & . Bar(u)) du(x)
by(227) = / 2d?(p. Bar(u)) — 2d(x, p)d(x, Bar(u)) dya(x)

— 24(p. Bar(u) (dp. Bar(u) — [ dx, p)duco)
by (2.30) > 0.

This inequality and (2.32) give (2.31) and the conclusion. O
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Remark 2.28 1t is easily seen that in the preceding proposition the non-branching
assumption is needed. Indeed, consider the ‘tripod’, i.e. the CAT (0)-space Y obtained
as the Euclidean cone over the space {a, b, c} equipped with the discrete metric. Then
Y is not non-branching from a and, indeed, the conclusion of Proposition 2.27 fails
for the measure © = %((Sa + 8p + 4.), even though the identity (2.30) holds for w.
Note that in this case Bar(u) = 0. O

3 Geometric Tangent Bundle L%(TgY; 1)

In this section, we fix a separable local CAT (k) space Y. Our first aim here is to give
a measurable structure to the ‘geometric tangent bundle’ TgY, i.e. the collection of
all tangent cones on Y. Once this is done, we will endow Y with a non-negative and
non-zero Radon measure x and study the space of ‘L?-sections’ of TgY, which we
shall denote by L>(TgY; ).

As a set, the geometric tangent bundle TgY is defined as

ToY :={(x,v) | x €Y, ve T Y}

We denote by 7Y : TgY — Y the canonical projection defined by ¥ (x, v) := x and
call section of TgY amap v : Y — TgY such that 7Y (v(x)) = x for every x € Y.

We now endow T Y with a o-algebra B(TgY), defined as the smallest o -algebra
such that:

(i) The projection map ¥ : TgY — Y is measurable, Y being equipped with Borel
sets.
(ii) Forevery x € Y and y € By (x) the map ddisty : TcY — R, defined as

: : Yy—1
Qi = B € B,

1s measurable.

It is clear that these define a o -algebra B(T5Y), to which we shall refer as the class of
Borel subsets of TG Y, hereafter speaking about Borel (rather than measurable) maps.
This is a slight abuse of terminology, since we are not defining any topology on TgY.
The abuse of terminology is justified by the fact that if Y is a smooth Riemannian
manifold, then B(T5Y) coincides with the o -algebra of Borel subsets of the tangent
bundle of Y.

The following result gives a basic description of B(TgY):

Proposition 3.1 Let Y be a local CAT (k) space which is also separable and (x,) C Y
a countable set of points such that | J, Br, (x,) = Y (these exist by the Lindeldf
property of Y ). For each n, let (xpm) C By, (x) be countable and dense.

Then B(TgY) coincides with the smallest o-algebra B’ (TgY) satisfying i) above
and

ii’) Foreveryn,m € N the function d disty,, ,, is measurable.
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Moreover, for any x € Y the measurable structure induced on TyY by B(TgY)
coincides with the Borel structure of (T, Y, dy).

Proof Ttisclearthat B'(TgY) C B(TgY). To prove the other inclusion start observing
that the continuity of x — r, grants that B, (x) C [, By, (xp) if x, — x, thus to
conclude it is sufficient to show that for given n € N and y € By, (x,) the map
()7 (By,, (xa)) 3 (x,v) > dydisty(v) is B'(T¢Y)-measurable. Keeping in mind
point (i) of Proposition 2.17, this will be achieved if we prove that:

(a) themap T,Y 5 v — |v], is measurable w.r.t. the o -algebra induced by B'(TgY),
(b) (@) N(Br,, (x2) 3 (x,v) > (v, (GY)p), is B'(TgY)-measurable.

Point (a) is a direct consequence of point (ii) of Proposition 2.17. For (b), we notice
that by assumption the claim is true if y = x,, ,, for some n, m. Then the general case
follows from the continuity of the scalar product established in Proposition 2.11 and
the continuity of the map B, (xn) > y — (G} )/0 proved in Theorem 2.9.

For the second claim, denote by B(T,Y) the collection of Borel sets in (T, Y, dy)
and by A, the o-algebra induced by B(TgY) on T,Y. Then the continuity of the
‘norm’ and ‘scalar product’ on T, Y proved in Proposition 2.11 and the already recalled
point (i) of Proposition 2.17 give the inclusion A, C B(T,Y). For the opposite
inclusion it is sufficient to prove that for any v € T, Y the map T, Y > w — di (v, w)
is A,-measurable. Since in (a) above we have already proved that T,Y > w — |w|,
is A -measurable, by (2.12b) it is sufficient to prove that T,Y > w +— (w, v), is
A,-measurable as well. For v of the form (G;ﬁ){) for some y € By (x) this can be
proved as in (b) above. Then the general case follows by the positive homogeneity of
the scalar product given in (2.12d) and the density result in Theorem 2.9. O

Corollary 3.2 Let Y be a local CAT (k) space which is also separable. Then B(TgY)
is countably generated.

Proof By definition, the o-algebra B'(TsY) defined in Proposition 3.1 is countably
generated. Thus the same holds for B(TgY). O

Corollary 3.3 Let Y be alocal CAT (k) space which is also separable. Let us denote by
Norm : TgY — R™ the map sending (x, v) to |v|,. Then Norm is a Borel function.

Proof Giventhatx > r, iscontinuous, foranyz € Y wecanfind A, € (0, r;) such that
B;,(z) C By, (x) whenever x € B;_(z). By Lindeldf property, to get the statement it is
sufficient to prove that (7¥)~!(B;_(z)) 3 (x, v) — |v|, is Borel for every z € Y. Fix
z € Y and choose a dense sequence (y,) C By, (z). We know from item ii) of Propo-
sition 2.17 that |v|y = — inf, dydist,, (v) holds for every (x,v) € (x¥)~'(B;_(2)).
Thus the required measurability follows from the definition of B(TY), which grants
that (x, v) > d,disty, (v) is measurable on (7¥)~! (B?»z (z)) forevery choiceof n € N.

O

We shall say that a section v : Y — TgY is simple provided there are (y,) C Y,
(y) C R and a Borel partition (E,) of Y such that for every n € N and
x € E, we have y, € By (x) and v(x) = an(G,y(")g). We will use the notation
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v =13, XE,n (G.y”)6 for simple sections. Notice that, arguing as in the proof of
Proposition 3.1, we see that simple sections are automatically Borel.
The following lemma will be useful:

Lemma 3.4 LetY be a separable local CAT (k) space. Then for every Borel section v
of TgY and ¢ > O there is a simple section v such that d, (v(x), f)(x)) < ¢ for every
xeY.

Proof Using the Lindelof property of Y and the covering made by By, />(x) it is easy
to see that we can reduce to the case in which Y is CAT (k) and, for any x,y € Y,
it holds that y € By (x). Assume this is the case and let (y,) C Y be countable and
dense. By Theorem 2.9, for every x € Y the set {r(G;ﬁ")g creQf, ne N} is dense
in T,Y. Leti — (r;, ys,) be an enumeration of the couples (r, y,) withr € QT and
n € N. Given a Borel section v, define

E,‘Z:{XGY

i is the least index j such that d, (v(x), rj (G)y/)é)) < 8}

and notice that, since the map x — d, (v(x), ri (GY )’0) is Borel for every i, the sets E;
are Borel. The density result previously recalled ensures that | J; E; = Y. It follows
that 0 := Y, X ,r;(G"),, fulfills the requirements. ]

Corollary 3.5 Let Y be a local CAT (k) space which is also separable. Let f : Y — R
be a locally semiconvex, locally Lipschitz function and v a Borel section of TgY. Then
Yox— dxf(v(x)) is a Borel function.

Proof In light of Lemma 3.4, it is sufficient to prove the statement for simple sections.
Letv = Z” XE,0n (G.y ”)6 be simple and observe that, for every x € Y, one has that

F(Gn) = f(x)
P .

e 000) = YR 00 e (@) = B 0 iy

Since the function E, 3 x — f((Gy")s) — f(x) is continuous for all & € (0, 1) by
Lemma 2.2, we conclude that Y > x +— d, f (v(x)) is Borel, thus completing the
proof of the statement. O

The approximation result Lemma 3.4 also links the notion of Borel sections to Borel
functions on Y.

Proposition 3.6 Let Y be a separable local CAT (k) space. Let v, w be Borel sections
of TgY and A > 0. Then it holds that

Y 2 x —> |vly,
Y 3 x — di(v(x), wx)),

Yox+— (v(x), w(x))x

are Borel functions. Moreover, Av and v @ w are Borel sections of TgY.
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Proof For the first part of the statement it is sufficient to prove that x >
d, (v(x), w(x)) is Borel, by the definition of ‘norm’ and of ‘scalar product’. As for
the proof of Lemma 3.4 above, we use the Lindelof property of Y and the covering
made of the balls By, 2(x), x € Y, toreduce to the case of a CAT(«) space Y such that
y € By (x) for every x,y € Y. By Lemma 3.4 it is sufficient to prove the claim for
simple sections v, w. Letv =), X g, (G.yi)E) and w = Zj XF;Bj (G.Zj)6 be simple,
and notice that

de (V). W) = Y X gr; () di (@ (GY)g, B (G )p).

i,j

The Borel regularity of x +— d, (v(x), w(x)) will follow if we show that x >
dx (@ (GY), B(GL)p) is Borel for every y,z € Y and o, > 0. To this aim notice
that, since geodesics in Y are unique, they depend continuously (w.r.t. uniform con-
vergence) on their endpoints (see also Lemma 2.2). Therefore, for every t € (0, 1), we
have that x d((G;g)a,, (G%) ﬁ,) is continuous and the conclusion follows recalling
that, by (2.11) and Theorem 2.9, we have

Y z
dx (@(GV)p, B(GY)p) = lim d((G0arr- (Gpn)

n—o0o tn

where (#,) is any sequence decreasing to 0.

It is straightforward to see that Av is a Borel section of T Y: the function Y 3 x +—
d.disty (Av(x)) = Adydist,(v(x)) is Borel for every y € Y, whence Av is a Borel
section.

We now aim to prove that v @ w is a Borel section of TgY. By Lemma 3.4 it is
enough to show that Y \ {y, z} 3 x > dydist, (a(G})j, B(G2)y) is Borel for every
p.y,z € Yand a, B > 0. By Lemma 2.12 and the properties of d.dist, we have

ddist, ((GY), B(GL))) = 18% dydist, (267 H(GT=M)y)

d(p, (GMe™ —d(p,
— lim lim (p, (G )opse) —d(p x)’
£l0 h0 h

where m, (x) stands for the midpoint between (G))4q and (G%)¢p. Given that the map
sending x € Y to (GTE()‘))Q;, /e € Y is continuous (as one can see by repeatedly
applying Lemma 2.2), we conclude that Y \ {y, z} 3 x > d,dist, (ot(G;t)f), /S(Gf()é))
is Borel, as required. This completes the proof of the statement. O

We now consider the ‘right derivative’ map RightDer : C([0, 1];Y) x [0, 1] —
TcY, given by

: —1/=Vi+h\/ . . .
v, iImh ™ (G, ™)), if the limit in T,, Y exists,
RightDer(y, 1) := ( " hi0 Vi 0) Vi
(1, 0), otherwise.
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Proposition3.7 Let Y be a separable local CAT(x) space. Then RightDer
C([0,1];Y) x [0, 1] = TGY is a Borel map.

Proof Letusdenotebye : C([0, 1];Y)x[0, 1] — Y the evaluation map (y, t) — y,
which is clearly continuous. In order to show that Right Der is Borel it suffices to
prove that:

(i) 7Y o RightDer is Borel,
(ii) ddisty o RightDer is Borel for every x € Y and y € By, (x).

Item i) trivially follows from the observation that e = ¥ o RightDer. To prove ii), fix
x € Yand y € By, (x). Let us define the sets D', D and Sy, for i € (0, 1) as follows:

{(y,1) e C[0, 11 Y) x [0, 1) | 31 € By, (x)} = e (Br, (),
{(y,t)eD'| hmh L@y exists),

={r.neD| r+h € [0, 1), ¥i4n € B, (y1)},

respectively. Since e and x +> r, are continuous, we have that D’ and S, are open.
Notice that

(ddist, o RightDen(y, ) = X p(y, 1) lim dy, disty (A1 (G))p)

d(y. G)™)e) —d(, )
ch ’

2.16)

Xp(y,t) hm hm Xs, (¥, 1)

where the first equality stems from the continuity of T}, Y > v > d,,disty(v). Given

any h,e € (0, 1), the map (y,1) = Xs,(v.0[d(y, (GI;")e) — d(y, m)]/(eh) is
continuous on S, by Lemma 2.2. Thus, to obtain the measurability of the function
ddist, o RightDer, it remains to show that the set D is Borel. To this aim, let us set

Ay e o= {(y,t) € Su, N Sh,

( . (GVH—hl)O,h (G)/H—hz)o) - 8}

forevery hy, hy € (0, 1) and ¢ > 0. Given that for all (y, t) € S;; N Sy, we can write

V; (h (Gyt+h] )O’ 5 (G}/t+hz )()

)(25) InO‘(( Y s s (G 2)a/hz)
Y F)

we can deduce (by Lemma 2.2) that each set Ay, j,,¢ is Borel. Finally, observe that

D= ﬂ U m Anyho.es

eeQt hEQ+ hi,hreQT
h<1l hi,ha<h

whence the set D is Borel. The statement follows. O

We now fix a non-negative and non-zero Radon measure p on Y. We are interested
in Borel sections of T¢Y which are also in Lz(u).
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Definition 3.8 (The space L*(TGY; v)) Let Y be a separable local CAT (x)-space and
W a non-negative non-zero Radon measure on Y. The space L3(TgY; W) is defined
as

LX(TgY; W) = {v Borel section of TgY : /|v|)2€ dux) < oo}/ ~,

where v ~ w if {x : v(x) = w(x)} is u-negligible. We endow LYX(TgY; w) with the
distance

d, (v, w) := \// dt (v(x), w(x)) du(x).

Notice that, by Proposition 3.6, the integrals in Definition 3.8 are well-defined.
With a (common) abuse of notation we do not distinguish between a Borel section v
and its equivalence class up to u-a.e. equality.

We conclude the section collecting some basic properties of (LZ(TGY; w),d /L):

Proposition3.9 Let Y be a separable local CAT (k) space and |1 a non-negative,
non-zero Radon measure on it. Then (Lz(TgY; w),d M) is a complete and separable
CAT(0) space.

Proof The fact that d, is a distance on L%(TgY; p) is trivial, so we turn to the other
properties.

COMPLETENESS. The argument is standard: as it is well-known, it is sufficient to
prove that any (v,) C LA (TgY: w) such that Y d, (vy, vy41) < 00 is convergent.
Then from the inequality

| 22 d.wns )|

LZ(M) S Xn: ”d(vn, Un-‘rl)”LZ(#) - Xn:dlt(vna Un+1) < o0

we see that Y, d.(vp, vp41) € L?(w) and in particular that > de (U (X), vy (1)) <
oo for p-a.e. x. For any such x the sequence (v,(x)) is Cauchy in T, Y and thus has
a limit v(x). It is then clear that v is (the equivalence class up to p-a.e. equality of) a
Borel section. Moreover, by Fatou’s lemma and the definition of d,, we see that

mdu(vv vy) < Hli_mdu(vnv V) =0,
n no

having used again the assumption that (v,) is d,-Cauchy. This proves that v is the
d,.-limit of (v,) and, since this fact and the triangle inequality for d,, also tell that
veLX(TgY; W), the claim is proved.

SEPARABILITY. Using the Lindel6f property of Y and the very definition of distance
d,. we can reduce to the case in which Y is a separable CAT (k) space with diameter
< Dy and p is a finite measure. Then taking into account Lemma 3.4 above it is easy
to see that to conclude it is sufficient to find a countable set D C L*(TgY: ) whose
closure contains all simple sections of the form v = X (G’ )o for generic E C Y
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Borel and y € Y. Let D; C Y be countable and dense and D, C B(Y) be countable
and such that forany £ C Y Borel and ¢ > Othereis U € D suchthat u(UAE) < ¢
(for instance, the family of all finite unions of open balls having center in D; and
rational radius does the job—by regularity of the measure ).

We then define

D= {XE(G,% . yeD, EGDQ}

and claim that this does the job. To see this, notice that the inequality
d> (X (G, X 5(GV)g) = /E N [(GY)lz du(x) < W(EAE) D}

grants that the closure of D contains all the sections of the form X E(G.y)é) forECY
Borel and y € D;. To conclude recall the continuity of y +— (G)yc)f) e T,Y proved
in Theorem 2.9 and notice that an application of the dominated convergence theorem
gives that X £ (G™")) — X g(G))) in LX(TGY; ) if yu — .

CAT(0) CONDITION. By [41, Remark 2.2], it is sufficient to show that for any
v,v € LA(TgY; w) there exists v/ € L2(TgY; ) such that

1 1 1
di(w, V") < 5 di(w, v) + 3 di(w, V) — 1 di(v, V) forevery w € L2 (TgY; w).

Let us define v” € L2(TgY; ) as

1
vy = S ® v, € T,Y  forp-ae x €Y.

(Note that v is the midpoint between v, and v/,..) The fact that v” is (the equivalence
class of) a Borel section of TgY follows by Proposition 3.6, while the integrability
condition (x > |v}|y) € L2(,u) is implied by inequality (2.12g). By [41, Corollary
2.5], we have

1 1 1
di(wx, vy) < 3 d)zc(wx, vy) + 3 d)zc(wx, V) — 2 d)zc(vx, v,) forp-ae.x €Y.

By integrating with respect to u we obtain the desired inequality. O

4 Normal 1-Currents and the Superposition Principle

In this section, we recall the notion of metric 1-current as introduced by Ambrosio—
Kirchheim in [7] and Paolini—Stepanov’s metric version of Smirnov’s superposition
principle. Throughout this section (Y, d) is a complete and separable metric space.
See also [31] and [45] for more on the topic.

We denote by LIP(Y) the space of real-valued Lipschitz functions on Y, and by
LIP,(Y) the subspace of bounded Lipschitz functions.
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Definition 4.1 (Normal I-currents) A (metric) 1-current of finite mass on Y is a bilin-
ear functional

T : LIP,(Y) x LIP(Y) — R

satisfying the following conditions:

(@) T(g, f) = 0 if the function f € LIP(Y) is constant on the support of g €
LIP,(Y),

(b) T(g, fu) = T(g, f) whenever f, — f pointwise and sup,, Lip(f,) < oo,

(c) there exists a finite Borel measure v on Y satisfying

T )] < Lip(f)/ lgldv Vg e LIP(Y), f € LIP(Y).  (4.1)

A normal 1 current is a 1-current of finite mass such that there is a finite Borel measure
w (called boundary of T and denoted by d7") such that

T(l,f):/fdu V£ e LIP,(Y).

It is not hard to check that if T has finite mass, there is a minimal (in the sense of
partial ordering of measures) Borel measure for which (4.1) holds: it will be denoted
by || T || and called mass measure of T. We set M(T") := || T||(Y).

A prototypical example is the normal 1-current [y ]| induced by an absolutely con-
tinuous curve y : [0, 1] — Y via the formula

1
[y1g. /) :=/0 gy (foy)ide, (g f) € LIPy(Y) x LIP(Y).

Its mass measure is given by y.(|y|L! o 1]) and its boundary is given by d[[y] =
Sy — 5)/0-

Notice that the current [y ]| remains unchanged if we change the parametrization
of y. This makes it natural to consider the space of ‘curves up to reparametrization’
as follows (here we only consider non-decreasing reparametrizations).

4.1 Reparametrizations of Curves

A reparametrization « : [0, 1] — [0, 1] is a non-decreasing continuous surjection. If
y,n € C([0, 1]; Y), we say that ny is areparametrization of y if there is a reparametriza-
tion « satisfying y oo = 1.

Remark 4.2 Given y € C([0, 1];Y), there exists a curve n € C([0, 1]; Y) which is
not constant on any open interval, and is a reparametrization of y, cf. [16, Proposition
3.6]. O
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Define an equivalence relation on C ([0, 1]; Y) by declaring y ~ n if there is a
curve ¢ € C([0, 1]; Y) which is a reparametrization of both y and 7. It is easy to see
that this indeed defines an equivalence relation. Let T(Y) := C([0, 1], Y)/ ~ be the
quotient space. We define a distance function on I'(Y) by

dr([y], [n]) = inf {dec(y 0@, n 0 B) : «, B reparametrizations}, [y], [n] € T(Y),

where

dOO(V& ’7) ‘= Ssup d()/t, 77t)

0<r<1

This is clearly symmetric, and satisfies the triangle inequality. Consequently it defines
a pseudometric on T (Y). It follows from Lemma 4.3 below that dr defines a metric
on I'(Y).

Note that, since a non-decreasing surjection [0, 1] — [0, 1] may be approximated
uniformly by increasing homeomorphisms of [0, 1], it easily follows that d=([y'], [1])
has the representation

dr([y1. [n]) = inf {dec(y 0 #. 1) : ¢ increasing homeomorphism of [0, 1]}.

Lemma4.3 Let y,n € C([0, 11; Y) be such that d=([y], [n]) = 0. Then [y] = [n].

Proof Let y,n € C([0, 1]; Y). By Remark 4.2 we may assume that y is not constant
on any non-trivial interval. We will prove that there is a reparametrization ¢ such that
yo¢=n.

Let ¢, : [0, 1] — [0, 1] be a sequence of increasing homeomorphisms minimizing

d=([¥1, [nD:
Jim doo(y 0 ¢n, ) = 0.

Denote ¢, = ¢,; I Foreachn € N, Y, is also an increasing homeomorphism. Thus,
¢n and v, are of bounded variation and their distributional derivatives ¢, and v,
(which are positive measures on [0, 1]) satisfy

1 1
/|¢;|dr=1=/ VAL
0 0

foralln € N. By Helly’s selection principle (see [34]), there are subsequences (labeled
here by the same indices) and functions ¢, i : [0, 1] — [0, 1] of bounded variation
so that ¢, — ¢ and v, — ¢ pointwise. Clearly, ¢ and ¢ are non-decreasing and
satisfy ¢(0) = ¥(0) = 0, ¢(1) = ¥ (1) = 1. Since y is continuous, and ¢, — ¢
pointwise, we have the estimate

dvs@). m) = nli)rrolo d(¥g, @) 1) < nli)ngo deo(y 0y, m) =0
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for all r € [0, 1]. Thus

yod=mn.

Similarly we obtain

y=novy.

For any 0 < a < b < 1, the pointwise convergence ¢, — ¢ implies that

UM ¢ 'la.bl ¢~ 'la.bl.

k=1n>k

Moreover, we have

W@, v®) c [ )¢ 'la bl

k=1n>k

To see this, let x € (¥ (a), ¥ (b)). For all large enough n € N, we have ¥, (a) < x <
Y, (b) or, equivalently, a < ¢,(x) < b. Thus ¢(x) = lim,—c0 ¢n(x) € [a, b]. The
inclusions above imply

W (a), (b)) C ¢~ '[a, bl. 4.2)

It follows that ¢ is continuous. Indeed, if a non-decreasing function ¢ : [0, 1] — [0, 1]
has a point of discontinuity, it must omit some non-trivial interval [a, b] C [0, 1], i.e.
¢_1[a, b] = @, implying ¥ (a) = ¥ (b). By (4.2), we have

d(Va. v») = dy @), ny@)) =0,
which contradicts the fact that y is not constant on any non-trivial interval. O

Remark 4.4 Since C ([0, 1]; Y) is complete and separable, we have that F(Y) is com-
plete and separable. O

We will denote by I'(Y) C T(Y) the image of AC([0,1];Y) C C([0,1];Y)
under the quotient map ¢ : C([0, 1];Y) — T(Y) given by y — [y],ie. I'(Y) =
q(AC([O, 1]; Y)). Notice that since AC([0, 1]; Y) is a Borel subset of C([0, 1]; Y)
(see for instance [5, Sect.2.2]), we have that I'(Y) is a Suslin subset of T'(Y) and thus
universally measurable.

Recall that a curve y € C([0, 1]; Y) is called rectifiable, if it has finite length:

Z(7/) = Sup {Zd(%p 7/[1'1)} < 00,

i=1
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where the supremum is taken over all partitions 0 =ty < --- < ,,, = 1 of [0, 1]. Note
that the length £(y ) is independent of reparametrization and, for absolutely continuous
curves, is given by

1
) =/0 7l d;

see [26] for these statements, as well as the proposition below.

Proposition 4.5 (Reparametrization with constant speed) [26, Theorem 3.2 and Corol-
lary 3.8] Let Y be a complete and separable space andy € C([0, 1]; Y) anon-constant
rectifiable curve. Define ¢ : [0, 1] — [0, 1] by

o (1) ::inf{s 10,11+ £y ) :ze(y)}, 1 €0, 1].

Then 7 =y o ¢ is a £(y)-Lipschitz curve and has constant metric speed |7;| = £(y)
for almost every t. Moreover

P |, /) = y(®). t€]0.1],

i.e. y is a reparametrization of y.
If y ~ n are two absolutely continuous curves, then their reparametrizations with
constant speed coincide.

We shall denote by ConstSpRep : T'(Y) — C([0, 1],Y) the map sending the
equivalence class of y € AC([0, 1]; Y) to the constant speed reparametrization of
any element in the class. Proposition 4.5 implies that this map is well-defined. Also,
we have:

Proposition 4.6 Let Y be a complete separable space. Then ConstSpRep : I'(Y) —
C ([0, 11; Y) is a Borel map.

Proof Throughout the proof we use the shorthand 6 := ConstSpRep(#). Introduce a
new metric dg on I'(Y) by setting

do(61, 62) := max {dr (61, 62),

£(01) — £(62)

L, 61,6, e T(Y).
Since the length functional £ : T'(Y) — [0, oc] is lower semicontinuous, and since
By, (6,7) = Br@,r) N L1 (E®) —r, £0O) +r),
it follows that do-balls By, (@, r) are Borel in (I'(Y), dr). Consequently the identity
1 (I'(Y), dp) — (I'(Y), do)
is a Borel map. Define

ho : (D(Y), do) = C([0,1]:Y), 0+ 0
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and note that ConstSpRep = hg o 1. Thus, it suffices to prove that /¢ is continuous.
We thank Stefan Wenger for providing the elegant argument presented below.

Suppose do(6,,0) — 0 as n — oo. Then there are nondecreasing bijections
¢n - [0, 1] — [0, 1] such that

doo(Bp 0 @p,0) = 0 asn — oo.

Denote y;, := 6, o ¢,. We have lim £(y,) = £(0). Moreover, for any ¢ € [0, 1], we
n—oo

have
t(0)=1¢ <9|[o,z]> +e (9|[1,1]> 5nli—r20£ (V”I[o,z]) + nli—ngoe (V”I[r,1]>
sigé(eoﬂwﬂ)+e(WmJJ)zewy 43)
Since
e<ﬁWH)S mnﬁ(m“WJ and £<mmu)5 mﬁﬁ(”hmo’ @4

n—o0 n—oo

it follows from (4.3) that the inequalities in (4.4) are in fact equalities, and we may
pass to a subsequence (not relabeled) so that, for a countable dense set D C [0, 1], we
have

¢ <9|[0,t]> - nli{gog (V”I[o,,]> , teD. 4.5)
Set
L(yn )
En(t) = #’ te [0’ 1]’
n

whence, by (4.5) and the fact that § is constant speed parametrized, we have

£<®wﬂ)

lim Ent =————> =1, te€D. 4.6
Jim 60 = =8 4.6)

The sequence (y;,), of constant speed parametrizations of y;, is uniformly Lipschitz
and thus, after passing to a subsequence, it has a uniform limit 8 : [0, 1] — Y which

is a Lipschitz curve. Note that 6, = Vn.
By the constant speed parametrization, we have

Yn o by = yu. 4.7

For each t € D we have, by (4.6) and (4.7),
B() = lim 7,y (1)) = lim y, () = 0(1).
n—o0 n—oo
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Since the equality holds on a dense set of points, we conclude that 8 = 6.
By repeating this argument for any subsequence of 6, we have that, if 6, — 6 in
do, then 6, — 6. Thus A is continuous, and this completes the proof of the claim. O

4.2 The Superposition Principle

We shall consider finite Borel measures = on IT'(Y) concentrated on I'(Y) and typically
denote by [y ] their ‘integration variable’. In doing this, we always implicitly assume
that y is absolutely continuous for -a.e. [y] (i.e. we select an element in [y ] which
is absolutely continuous—see also Proposition 4.6 above).

Lemma4.7 For any (g, f) € LIP,(Y) x LIP(Y), the map A : C([0,1];Y) —
R U {400} given by

[v1cg. f) ify € AC([0, 1]:Y),

400 otherwise (4.8)

Ay) = {

is a Borel map.

Proof Since AC([0, 1]; Y) C C([0, 1]; Y) is Borel, it suffices to show that the map
Ao D ACIO 1Y) = R,y = (v, /)

is Borel. Let 7 denote the constant speed parametrization given by Proposition 4.5.

Let ¢ : C([0,1];Y) — TI'(Y) be the quotient map y +> [y]. Since y =

ConstSpRep(g(y)), Proposition 4.6 implies that AC([0, 1]; Y) > y — y is Borel.
Consequently the map

1—1/n
I, : AC([0,1; Y) = R, y /0 W) f Vra1ym) dt

is Borel for each n € N U {00}. To show that A| AC is Borel it suffices to see that

Ay = lim n(ly = Io). (4.9)

Foreachy € AC([0, 1]; Y) we have that f oy is Lipschitz and thus, by the dominated
convergence theorem,

1
A(y) =llylg. /) =1y /)= fo g(?z)nli)rgon[f(fzﬂ/n) — f(po)]dr

1-1/n
= lim n (/O g();t)[f();t+l/’l) - f();f)] dt)

n— oo

= 1im n(L(y) — Io(¥)),
n—o0
establishing (4.9). O
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By (4.8), and the fact that [yl = [»l if y ~ 5, we see that for any finite
non-negative Borel measure 7 on I'(Y) concentrated on I'(Y) the functional [[7] :
LIP,(Y) x LIP(Y) — R given by

[=1(g. /)= /[[)/]](g, HdryD V(. f) € LIP,(Y) x LIP(Y)

is well-defined and a normal 1-current: for its mass we have the bound

1
/gdn[[n]]n s//gdy*(w'm‘“o,”)dn([y])=f/0 gl dr dz([y ) (4.10)

for every non-negative g € LIP;(Y); notice that y,(|y 1ot m 1]) is independent on the
parametrization of y—see also Proposition 4.5 below. For its boundary we have

/fdf?[[ﬂ]]:/ fd(ensr — (eo)*ﬂ)=/ fy) = fo)dr(lyD) Vf eLIPy(Y)

(notice that yy, y; are independent on the parametrization of y). Observe that picking
g = 1in (4.10) we obtain

1
M([x]) < //0 7l de de (T D). @.11)

The superposition principle states that every normal 1-current is of the form [z ]| for
some 7 as above, and moreover 7 can be chosen so that equality holds in (4.11). For
the proof of the following result we refer to [36, Corollary 3.3]:

Theorem 4.8 (Superposition principle) Let Y be a complete and separable space and
T a normal I-current. Then there is a finite non-negative Borel measure w on I'(Y)
concentrated on I'(Y) such that

T =~l],
1
() = [ [ 1p1dandy.

0
For our applications, it will be more convenient to deal with measures on
C([0, 1]; Y) rather than on I'(Y). Using Lemma 4.7 and Proposition 4.6, we can

reformulate Theorem 4.8 as follows:

Theorem 4.9 (Superposition principle—equivalent formulation) Let Y be a complete

and separable space and T a normal I-current. Then there is a finite non-negative
Borel measure w on C ([0, 1]; Y) concentrated on the set of non-constant absolutely
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continuous curves with constant speed such that

1
T(g. f)= [/0 g)(foy),didm(y),

1
/gdnTn =//0 g7l di d(y)

forany g € LIP,(Y) and f € LIP(Y).

(4.12)

Proof By Theorem 4.8, there is a finite measure 77 € . (I'(Y)) for which
1
T )= [[ 2@ 00 drai) forall (. ) € LIP,(Y) x LIPCY)
0
M(T) = /z(e) dr(6).
We define w € . (C([0, 1];Y)) as
7 := ConstSpRep,7.

Since both

1 1
£(9) =/ |6;|dr and / 2(6)(f 00),dt
0 0
are independent of parametrization, we have the identities
1
T(g. )= /fo g()(foy)drdr(y), (4.13)
1
) = [ i drarcy) (4.14)

for all (g, f) € LIP,(Y) x LIP(Y).
It remains to prove the second identity in the claim. It suffices to proveitforg = X g
for Borel sets E C Y. It follows from (4.13) that

1
T, ] = //o 181 (ylip, f (v lye| dr d (y),

whence ||T'|| < v, where v is defined by

1
v(E) := // Xe(y)yildtdn(y), E C Y Borel.
0
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By the characterisation of mass (see [7, Proposition 2.7]) it follows that, for every
& > 0, there are functions (gsl, fgl), .o (@1, fM) e LIPy(Y) x LIP(Y) such that

Y"1l < 1and Lip(f/) < 1.1 < j < m, and for which

M(T)—& < Y T(gl, f/).

j=1

Using (4.13) and the identity 1 = X g(y:) + Xy\£ (), we have
1 1
/fo XEG)IP | de d(y) + //0 X (Il de dr(y) —
=M(T)—e <Y T(gl. fI)
j=1
m ] ) )
-y /0 XEgl ) (f1 0 ), dr dr(y)
j=1
m l . .
w3 f /0 Xv\E 8L (f 0 ), dr de(y)
j=1

52//0 XE(Vf)gé(V"(fs’°V)4dfd”<y>+//0 Xl dr dr (),
j=1
which implies

1
//0 XE@olyldr dre(y) — 6

m 1 - ‘
= Z/A XeE(Y)El () (f oy),dtdn(y) < |TI(E)
j=1

for every ¢ > 0. It follows that || 7| = v, and this completes the proof of the last
identity in (4.12). O
5 Metric Measure Spaces

For our purposes, a metric measure space is a triple (Y, d, u) where (Y, d) is a com-
plete separable metric space and p a Borel measure on Y that is finite on bounded

sets.
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5.1 Derivations and the Space Der?2(Y; 1)

We introduce derivations and their basic properties, based on the presentation in [14,
15]. This notion of derivation has been inspired by a similar concept introduced by N.
Weaver in [44].

Let us denote by L%(1) the set of equivalence classes of z.-measurable maps on Y
(without any integrability assumptions).

Definition 5.1 A derivation b on Y is a linear map b : LIP,(Y) — L) satisfying
the following two conditions:

(1) (Leibniz rule) b(fh) = fb(h) + hb(f) n-a.e. forall f, h € LIP,(Y).
(2) (Weak locality) There is g € LO(,u) such that |b(f)| < glip, f p-a.e. for all
f € LIPy(Y).

We denote the set of derivations on Y by Der(Y). The space Der(Y) is a LIP,(Y)-
module: given a Lipschitz function ¢ € LIP,(Y) and a derivation b € Der(Y), the
linear map

@b : LIP,(Y) — L), f > ¢b(f)

is again a derivation; see [14].

Remark 5.2 By weak locality, we may extend a derivation b € Der(Y) to act on
LIP(Y). Indeed, given f € LIP(Y) and an open ball B C Y, we have

Xb(f) = Xpb(f)

for any f e LIP,(Y) for which f g = f 5" Thus, for any f € LIP(Y) (and some
fixed xg € Y), the function

b(f) = lim X p,b((1 — dist(-, Bx(x0))+f)

is well-defined, and LIP(Y) > f + b(f) satisfies (1) and (2) above. O

Given a derivation b € Der(Y), we define

Ib| =: esssup{b(f) | f € LIP,(Y), Lip(f) < 1}.

Lemma 5.3 Let b € Der(Y). Then |b| satisfies (2) in Definition 5.1. Moreover, |b| is
the least function satisfying (2) in Definition 5.1.

Proof Let f € LIP,(Y). Forx € Yandr > 0, set L, = L,(x) := Lip(f|B (x)).
Consider the McShane extension g, of f 18,00} in particular, g, /L, is 1-Lipschitz and
so we have

‘b(gr/Lr) | <|b|  p-almost everywhere.
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Since b(g,) = b(f) in B.(x), we deduce that [b(f/L,)| < |b| holds p-almost
everywhere on B, (x). Thus for each x € Y and » > 0 we have

|b(H]() < IbI(Y) - Ly(x) < [bI(y) - Lar(y)  p-ace.y € Br(x).

Using this reasoning for a countable dense set (x,) C Y, we deduce that for every
r>0

b(H|() <16l - Ly (y)  paeyeY.

The conclusion now follows by taking a sequence r, | O and taking the limit as
n — oo. O

A derivation b € Der(Y) is said to have divergence if there exists a function
hel ,ﬁ(u) (that is, & is integrable on bounded sets) so that

/b(f) du = —/ fhdp forall f e LIP,(Y) 5.1)

(whenever this makes sense). If such a function £ exists, it is unique and we denote it
by div(b) or div b. The set of b € Der(Y) that have divergence is denoted by D (div).
For1 < p < oo we set

Der) (Y; u) := {b € Der(Y) : bl € L} (w)};
Der?(Y; n) := {b € Der(Y) : |b] € LP(w)}

and, for 1 < p,q < oo,

Der”4(Y; ) := {b € Der”(Y) N D(div) : divb € LI (w)}.

Lemma5.4 Let b € D(div). Assume (fy) is a sequence in LIP,(Y) converging to
f € LIP,(Y) pointwise and with sup,, Lip(f,) < oo.

(1) Then

/ ob(fy) dut — / ob(f)dp (5.2)

for each ¢ € LIP,(Y).
(2) 1If, in addition, b € Derg (Y) for some 1 < p < oo, then the convergence (5.2)
holds for all ¢ € L9 () with bounded support. Here q is the conjugate exponent

ofp,ie. 1/p+1/g = 1.

Proof By linearity it suffices to prove the claims when f = 0. The Leibniz rule implies
@b(fn) = b9 fu) = fub(®).
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Thus
/ ob(fi) dp = / b fy) dpt — / fub(@)du = — / fulodivh + bg)] du.

Since f, — O pointwise and sup, Lip(f,) < oo it follows—using the dominated

convergence theorem—that f ob(f,)du — 0 for all ¢ € LIP,(Y). This proves (1).
Let ¢ € L9(u) have bounded support B’ C Y, and consider the set B = {x :

dist(B’, x) < 1}. Take a sequence (¢;,) C LIP,(Y) with supports in B such that

lim | |gm —¢|?du =0.

m—00

Denote
L = sup Lip(fy).
n

Then, for each m, n € N we may estimate

Vsob(fn)du' < /gomb(fn)du + '/(w — )b (f) du

1/q 1/p
/ omb(fi) dut| + ( / o — ol du) ( /B |b<fn>|”du>
1/q 1/p
/(pmb(fn)du +L (/ lom — @l? dM) (/B |b]? du)

Taking first lim,,_, o, and then lim,,_, o, we obtain

IA

IA

lim f ob(f) dpt = 0,
n—oo B

thus proving (2). O

In order to prove the next proposition, we recall the notion of strong locality, cf. [14,
Lemma 7.13]: if b € D(div), then for every f, g € LIP,(Y) we have

b(f) =b(g) p-almosteverywhere on {f = g}
and, moreover,
|b(f)‘ < |b| lipa(f|c) u-almost everywhere on C,
for every closed set C C Y.
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Proposition 5.5 Let (Y, d, i) be a metric measure space, @ C Y an open set, and
b e Deré(Y) N D(div). Let D = (x,) C Y be countable and dense in Q2. Define
fu(x) := d(xy, x). Then we have

esssup, {b(f)} = Ibl, essinf, {b(f)} = —|b|

w-almost everywhere in Q2.

Proof Denote hy = esssup,b(f,) and h_ = essinf,b(f,). It suffices to prove that
|b| < h4 and —|b| > h_ p-almost everywhere on €2.

Claim Consider the countable set
o = {(disty, + q1) A A (disty, + i) | x1,....xk €D, g1, ..., q € Q, k e N}.

The set of restrictions {g|Q : g € Y} is dense in LIP1(Q) := {f e LIP(2) :
Lip(f) < 1} in the topology of pointwise convergence.

Proof of Claim Let f € LIP;(Y). Since D is dense in 2, it is easy to see that
f)=inf{gx) : g€, g> f}
for every x € Q. For each x; € D, let (g;")» be a sequence in &7 satisfying
gi (k) — fOx) < 1/m

for all m € N. Set
gn =8 N A gy

Then (g,) is a sequence in <7, and
Jim g, () = f (xe)

for every x; € D. Since g, and f are 1-Lipschitz functions, it follows that
Jim gn(x) = f(x)

for every x € Q. O

Forany f € LIP1(Y), let (g;) C 4/ be a sequence such that g |, converges to f|,
pointwise. By passing to a subsequence we may assume that g; converges pointwise
to some 1-Lipschitz function f” in Y (in this case f’ lq = [|g)- For each j write g;
as

J J
g]:f1 /\"'/\fkj3
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with fnj = diStxj + q,{. Define the sets B,{, n=12...as B,{ ={gj = fnj} if

1<n=<kj andB,{ =@ ifn > kj; also set

Cr =B\ | Bin

m<n

Note that {C,{ }n 1s a partition of Y. By the strong locality of b we have
b(g)) = b(f)

n-almost everywhere on B;{ . Thus the identity

b(g)) =Y xeib(fi)

is valid p-almost everywhere. For any non-negative n € LIP,(Y) with bounded sup-
port, we then have

/ﬁb(gj)du« = Z/ﬂXcgb(fnj)d,u < Z/’?Xc,gh+ du =fnh+ du.

It follows that b(g;) < h4 p-a.e. and, by Lemma 5.4, that b(f’) < hy p-almost
everywhere. Since f’ lo = f lo the locality of b implies that b(f) < h4 p-almost
everywhere on 2. Since f is arbitrary it follows that || < hy p-almost everywhere
on 2.

The inequality —|b| > h_ (p-almost everywhere) on 2 is proven analogously,
using the identity

—|b| = essinfrip(r)<1b(f).

Definition 5.6 Given p > 1, we define the norm || - ||, , on Der””(Y; p) as

1/p
16l p.p == (/ |b|pdu+/(div b)”du> .

The normed space (Derl”p(Y; w), |l - ||p,p) is a Banach space; see [14]. We shall also

use the norm
1/p
11l = (/ Ibl”du> |
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5.2 The Sobolev Space W'-2(Y, d, i)

To define Sobolev spaces on metric measure spaces, we adopt the approach in [14]
using derivations with divergence.

Definition 5.7 (Sobolev space) Let (Y, d, ;) be a metric measure space and p €
(1, 00). Let g be the conjugate exponent of p. A function f € L?(u) belongs to the
Sobolev space W7 (Y, d, i) provided there exists a LIP; (Y)-linear continuous map
Ly : Der?9(Y; u) — L'(w) such that

/Lf(b) du = — / fdivbdu for every b € Der??(Y; w). (5.3)

Whenever such amap L ; exists, it is unique (cf. [14, Remark 7.1.5]).

Theorem 5.8 (p-weak gradient) Let f € WYP(Y,d, ). Then there is a function
gf € LP(u) such that

|Lf(b)’ <grlbl p-ae.  foreveryb € Der?(Y; ). (5.4)

The least function g ¢ (in the j1-a.e. sense) that realises (5.4) is called p-weak gradient
of f and denoted by |Df|.

For a proof of the previous result we refer to [14, Theorem 7.1.6]. We point out
that the p-weak gradient |Df| might depend on p (this dependence is omitted in
our notation). Thus, the p-weak gradient and the p’-weak gradient of a function in
whry,d, p)n wlr'(y,d, 1) can be different.

The space W1’2(Y, d, u) equipped with the norm

1/2
I w2y dp = ( / |17 dp+ / IDfIZdM> (5.5)

is a Banach space. In general it is not a Hilbert space. There are alternative (equivalent)
ways to define Sobolev spaces on metric measure spaces, namely the approaches that
have been proposed in [5,13,40]; see also [9,29] and the monographs [26,27] for related
discussions.

By combining [14, Theorem 7.2.5] with the results of [4], one gets the ensuing
approximation theorem:

Theorem 5.9 Let f € W2(Y, d, ) be given. Then there exists a sequence (f,) C
LIP,(Y) such that f, — f andlip, f, — |Df| in L2 ().

The following identity expresses a duality between W'2(Y, d, 1) and Der®2(Y; ).

Proposition 5.10 Let f € W2(Y, d, ) be a given Sobolev function. Let us denote
by B the normed dual of (Derz’z(Y; w, |l - ||2). We define the element £y € B as
Zr(b) = f L ¢(b)du for every b € Der?2(Y; w). Then

121 ls = [1DF1] L2, (5.6)
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To prove Proposition 5.10, we use the following well-known lemma. Let LIP,, (Y)
be the space of all Lipschitz functions on Y with bounded support.

Lemma5.11 Let f € L°°(u) be given. Then there exists a sequence (f), S LIPps(Y)
such that f, — f pointwise pu-a.e. and || fullpoo(uy < I1f | oo for every n € N.

Proof of Proposition 5.10 STEP 1. First of all, we claim that

1% llg = sup {/ Ls®)|dp | b e Der2(Ys ), Ibl2 <1}, 57)

Call C the right hand side of (5.7). Recall that by definition of dual norm we have
1271 =sup{ [ L, ®)d | b Der2vi o, ol < 1],

whence trivially || 7|l < C. To show the converse inequality, fix b € Der?2(Y; p)
with ||b|l> < 1. By Lemma 5.11, we can choose (g,), < LIPps(Y) such that

sup, |g:| < 1 and g, — sgn L ¢(b) hold u-a.e.. Hence by applying the dominated
convergence theorem we get

[r@mran= [erieran— [Gentso)La= [ |0

Since g,b € Der®?(Y; ) and ||gnblla < |Iblla < 1 for all n € N, we have
J|Ls®)|dp < 1 -Z¢ |l and accordingly C < [|.Zf . This proves (5.7).
STEP 2. It can be readily checked that

Lgb) .
IDf| = esssup X{p=0y ——— inthe p-a.e. sense.
beDer?2(Y; ) D]

This means that there exists a sequence (b;); < Der2(Y; ) such that

Lybi) .
|IDf| = sup X {(1b:1>0} in the p-a.e. sense.

ieN |l

For any n € N, there are pairwise disjoint Borel subsets A', ..., Al of Y such that
|bi] > 0 p-a.e. on A foralli < n and

sup X {|p, |>0} Z A in the p-a.e. sense.

i<n
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n
By the monotone convergence theorem we have that Z X an Ly(b)/1bi| — |Df|
i=1
in L%(11) as n — oo. We may choose Borel subsets B! € A? such that

Xpr/Ibil € L*®(n) foreveryi <n,

- n— o0
S = n peae.
i=1 (5.8)

n
L¢(bi) n—s .
>t =52 DS in 120,
i=1 !

Now let n € N be fixed. Lemma 5.11 grants for all i < n the existence of (g,i)k -

LIPy, (Y) such that sup, ||g,i||Loo(ﬂ) < 400 and g,i — XB;‘/lbi| u-a.e.in Y. Then an
application of the dominated convergence theorem yields

7 —> 00 .
E g Lybi) — E X gr ‘Ifb'll in L* (1),
i=1 i=1 !

n
D sibi
i=1

Hence for sufficiently large k = kj, the derivation
by, == Y !, g bi € Der?2(Y; u), possibly after passing to a (not relabeled)
subsequence, satisfies

n
k— o0 . 1
- E XB! in L,.(n).
i=1

Ly(by) = IDf| in L*(w),
Il;n| — Xp M-a.e. asn — 00, 5.9)

XBII;HI < G for some G € L! () for each bounded B C X.

STEP 3. We can finally prove (5.6). For any b € Der>2(Y; ) with ||b||> < 1 it holds
that

/|Lf(b)|dM§/|Df||bIduf 11D£1] 20

by Holder inequality, whence [|.Z |l < [IDfI],2
inequality, fix & € LIP,s(Y). By (5.9) we get

W by (5.7). For the converse

/IhIIDfIdM— lim f|h||Lf(5n)|du
n—od

_ N G N
= Jim [ |2 b a2 tim b1
n—oo n—o0
X o260 1211l < WAl 127 - (5.10)
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Now choose any sequence (;); € LIP,s(Y) such that h; — |Df| pointwise p-a.e.
and in L2(u). By writing (5.10) with /; in place of 4 and then letting i — 00, we
conclude that H |IDf] HL2(;¢) < [IZ¥ |l as required. O

6 Proof of the Main Result in the Separable Case

In this section, we assume that (Y, d) is a complete and separable local CAT (x)
space equipped with a Borel measure w that is finite on bounded sets. As discussed
in the introduction, the crucial step in the proof of Theorem 1.1 is the construction of
an embedding of the ‘abstract analytical object’ Der®2(Y; ) into the ‘concrete and
geometric bundle’ L2(TgY; ) that preserves distances on fibres. The construction
of such embedding is the scope of this section.

We start by recalling the following general fact (see also [39, Theorem 3.7] for the
general module homomorphism between derivations and 1-currents; notice that it is
obvious that the boundary operation and the divergence operator are in correspondence
under this homomorphism).

Lemma 6.1 (From derivations to currents) Let (Y, d, i) be ametric measure space. Fix
any derivation b € Der"\ (Y; ). Then the functional Ty, : LIP,(Y) x LIP(Y) — R
defined by

Tp(g. f) = /gb(f) du (6.1
is a normal 1-current and the mass measure || Ty || satisfies
1Tl = |blp. (6.2)

See Remark 5.2 for extending derivations to act on LIP(Y).

Proof By Lemma 5.3 we get the estimate

Thte. | = [ Iglblip, an = Lip(s) [ Ielibidu (63)
and thus taking into account Lemma 5.4 we see that 7} is a finite mass 1-current, with
1751l < 1blp. (6.4)
It is moreover normal, since
101, ) = [o(F i == [ faive)du, ¥f e LIpy).

We are left with proving (6.2). By (6.4), it suffices to show that M(T,) = [ |b|dpu.
Let (x,) C Y be countable and dense, and let f;, be the function x +— d(x,, x), for
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eachn € N.Fore > 0andn € N, set

Ap={r €Y b0 = bl — e} and By i= A0\ [ An

m<n

Since, by Proposition 5.5, |b| = sup, b(f,) n-almost everywhere, we have that the
sets A, cover Y up to a set of i-measure zero. Thus the collection (B;,) is a countable
Borel partition of Y up to a p-null set. Let B C Y be a ball, and estimate

bldu = bld b(f) +¢e)dp = epu(B
/B||M zn:/BntHMSXn:/BmB((f) e)du = en(B)
+Z/B b(f) du

,NB

=eu(B) + Z Ty(X B,nB» fu)-

n

By the characterization of mass (cf. [7, Proposition 2.7]), we obtain

/B bldj < ep(B) + [Ty (B).

Since ¢ > 0 and B are arbitrary, the claim follows. O
We now come to the construction of the embedding.

Theorem 6.2 (Embedding of Der?2(Y; u) into L>(TgY; 1)) Let (Y, d, 1) be a com-
plete and separable local CAT (k) space equipped with a Borel measure |1 which
is finite on bounded sets, and let b € Der>2(Y; ). Then there exists a unique
v e LZ(Tc;Y; W) such that for any x € Y and y € By.(X) it holds that

dydisty(v(x)) = b(disty)(x) p-a.e. x € By (X). (6.5)
Moreover, v satisfies
[v(X)]x = |1b|(x) p-ae x €Y. (6.6)

Proof BOREL REGULARITY. Taking into account Proposition 2.17(i), we can rewrite
(6.5) as

(0(x), (Go)x = —d(x, y) b(dist,)(x)  p-ae. x € By, (X). 6.7)

Thus taking into account the continuity of y +— (G)yc)f), established in Theorem 2.9,
and the weak continuity of y — b(disty), given by Lemma 5.4, we see that (6.5) holds
forevery y € By.(x) if and only if it holds for a countable and dense set of y € B. (x).
Since the continuity of x > r, grants that By, (x) C U, By, (x,) if x, — x, using an
argument based on the Lindelof property of Y, we can reduce the claim to checking
(6.5) for a countable and dense set of x’s.
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Now for given x, and y € By.(x) running in these countable sets, fix a Borel
representative f5, , of b(disty) on By; (X) and notice thatif v satisfies (6.5) forany y, X in
such countable sets, there is a Borel p-negligible set N C Y such that d, dist, (v(x)) =
fz,y(x) for every x € By (x) \ N. Thus redefining v on N by setting it to 0 and
recalling Proposition 3.1 we conclude that any v for which (6.5) holds forany x € Y
and y € By, (x) is, up to modification in a negligible set, a Borel section of TgY.
INTEGRABILITY. Propositions 5.5 and 2.17 ensure that any v for which (6.5) holds also
satisfies (2.12a). This, together with the Borel measurability proved above, implies
that any v satisfying (6.5) belongs to LA(TgY: Ww.

UNIQUENESS. Let vy, vy € LZ(TGY; ) satisty (6.5) so that, by what we already
proved, we have that [vj(x)|, = |v2(x)|, for n-a.e. x. By Proposition 2.17(iii), we
conclude that v;(x) = vy (x) for u-a.e. x.

EXISTENCE. Assume at first that » € Derl!(Y; w) and let T be defined as in
Lemma 6.1, so that 7}, is a normal 1-current. By Theorem 4.9, we find a finite non-
negative Borel measure 7 on C ([0, 1]; Y) concentrated on curves with constant speed
for which (4.12) holds with T = T},. Notice that, by restricting 7 to the complement
of the set of constant curves (this does not affect the validity of (4.12)), we can assume
that 7w gives 0 mass to constant curves.

Lete: C([0,1];Y) x [0, 1] — Y be the evaluation map defined as e(y, 1) := y;
and put 7 := 7 x Ll|[0 1 and v := e, 7. Since C([0, 1]; Y) x [0, 1] and Y are Polish
spaces, we may apply the disintegration theorem (see e.g. [2, Theorem 5.3.1] or [17,
Chap. 45]) to 7 and e to find a weakly measurable family {7, },cy of Borel probability
measures on C([0, 1]; Y) x [0, 1] such that

€xTTy = Oy for v-a.e. x (6.8)

and

/\P(y, 1) dz (y, 1) =/</\Ilda%x(y, t)) dv(x) (6.9)

for any Borel real-valued map W for which any of these two integrals makes sense.

Recall that the map RightDer : C([0, 1]; Y) x [0, 1] — TgY defined in (3.1) is
Borel (Proposition 3.7) and set n, := RightDer 7. Notice that although, by defini-
tion, the measures n, are measures on TgY, in fact for v-a.e. x we have that n, is
concentrated on T, Y and will therefore be considered, with a slight abuse of notation,
as a measure on T, Y. To see this, let 7¥ : TgY — Y be the canonical projection
and notice thate = 7Y o RightDer, thus (6.8) gives nfnx = §, for v-a.e. x, which
implies the claim.

Now observe that, for any g € LIP;(Y), we have

1
(4.12),(6.2) R
/glbldﬂ = /f gyl dm (y, 1).
0

By Proposition 2.20 and the definition of Norm : T¢Y — R™ given in Corollary 3.3
(which also grants that this map is Borel, so that the integrals below are well-defined)
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we have

1 1
//O g(m)l%ldﬁ(%t)=f/0 g(e(y, 1)) Norm(RightDer(y, t)) d7z (y, 1).

Therefore we have

1
/g|b| du = // g(e(y, 1)) Norm(RightDer(y, t)) da (v, t)
0
(by (6.9)) :/g(x)[Norm(RightDer(y,t)) d7, (y, 1) dv(x)
(6.10)
(by definition of n,) = /g(x)/Norm(y, v) dny (y, v) dv(x)

:/g<x)/|v|xdnx<v)dv<x>.

As mentioned above, in the last step we made the slight abuse of notation in considering
n, as a measure on T, Y. In particular, choosing g = 1, we get

// vl dny (v) dv(x) = / |bldp < o0,

which implies that n, € £;(T,Y) for v-a.e. x. Let us define
B(x) :=Bar(ny) € T,Y for v-a.e. x.

Now set, for brevity, ®(x) := f |v|dn,(v) and notice that the regularity granted
by the disintegration theorem ensures that @ is Borel. In addition, the fact that
m is concentrated on curves whose speed is constant and non-zero tells that
Norm(RightDer(y, 1)) > 0 for 7-a.e. (y, t) and hence that ® > 0 v-a.e.. Now notice
that (6.10) and the arbitrariness of g yield |b|u = ®v, so that the positivity of @
implies v < w. Hence it holds that ||y = @g—l‘iu, i.e.

|b|(x) = d—v(x)/ ]y dny(v)  p-ae. x. (6.11)
du

Letx € Yandy € By;(x) and denote f := disty. Thus f is Lipschitz and semiconvex
on By, (x). Then, for g € LIP,(Y) with support in By, (x), we have, by the same
considerations as before to justify the computations (and writing d f (x, v) fordy f (v)):
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[evran=[ fo ' e(ely. 1) d fRightDer(y. 1)) i (7. 1)
Oy©9) = [ e [ dr RightDer(y. 1) (. 1) dv(x)
(by definition of n;) = /g(x)/df(y, vy dn (v, v) dv(x)
= f 2(x) / dy £ () dine () dv ().
By the arbitrariness of g, it follows that

b(disty)(x) = j—;(x)/dxdisty(v) dny(v) p-ae. x € By (X). (6.12)

By the Jensen inequality recalled in Sect. 2.5 and the convexity and continuity of d, f
(Proposition 2.16) this gives

b(disty) (x) > j—;(x)dxdisty(B(x)) p-ae. x € By (%). (6.13)

Now we let x vary in a countable set so that the balls By. (x) cover the whole Y (such
set can be found by the Lindelof property of Y) and for each such x we let y vary in
a countable dense set in By (x): taking the infimum in (6.13) among these X, y and
recalling Proposition 2.17(i7) and Proposition 5.5, we deduce

dv
—|bl(x) = ——(X)[B(xX)|x p-ae.x €Y.
du
Hence taking into account (6.11) we obtain
IB(x)|x > / lv[ydn,(v) v-ae xeY.

Since |v|y = d, (v, 0), by the rigidity statement in Proposition 2.27 we deduce that
n, is concentrated on a half-line starting from 0 € T,Y for v-a.e. x. For any x for
which this is true, it is easy to check (see also [41, Example 5.2]) that any positively
I-homogeneous function / : T, Y — R satisfies

/h(v) dny (v) = h(B(x)).

Applying this identity to & := d,disty, from (6.12) we get

b(disty)(x) = j—;(x) dydist;(B(x)) = dydisty <:—;(X)B(x)> pn-a.e. x € By (x),
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which by the arbitrariness of y means that v(x) := g—l‘i(x)B(x) satisfies (6.5), and thus
concludes the proof for b € Derb 1 (Y; ).

For the case b € Der®2(Y; ) we argue as follows. Fix ¥ € Y and let (1,) be a
sequence of Lipschitz functions with bounded support such that 1, = 1 on B, (X).
Then, by the Leibniz rule for the divergence (cf. [14, Lemma 7.1.2]), we see that
nab € Der"1 (Y; ). Thus we have the existence of v, € L2(TgY; 1) satisfying (6.5)

for b,. In particular, by (6.6), we have that
[vn () ]x = |bul(x) = |b](x)  p-ae.x € By(X). (6.14)

From the weak locality of derivations it follows that v, = v,, on B,(x) for every
m > n, hence the Borel section v of TgY given by

v(x) = v, (x) for p-a.e. x € B,(x), Yn € N

is well-defined and, by (6.14) and the assumption |b| € L(w), belongs to LA(TGY; ).
Then again the weak locality of derivations ensures that v satisfies (6.5), thus conclud-
ing the proof. O

Definition 6.3 For b € Derz’z(Y; w) we shall denote by % (b) the section v €
L*(TgY; ) given by Theorem 6.2. Thus we have a map

F : Der>?(Y; p) — L2 (TgY; w), b Z(b).

Then we have:

Corollary 6.4 (‘Linearity’ of %) Let (Y,d, i) be a complete and separable local
CAT («) space equipped with a Borel measure | finite on bounded sets and by, by €
Der>2(Y; ). Then j-a.e. we have

F (b + by) = F (b)) & F (by),
d.(Z (b1), F (b)) = |by — bal, (6.15)
| F (b1 + b)) > + |.F (by — bo)|? = 2(1LF (bD)? + | F (b)]?).

Proof The statement is local in nature, thus up to using a countable cover of Y with
balls of the form By, (x), we can assume that Y is a separable CAT (k) space with
diameter < D,.

Now let (y;,) C Y be countable and dense and put for brevity f,, := disty,. For
every n € N we have

(6.5)

[(b1r — b)) (f)| = 1b1(fn) — b2(fi)| =" |d. fu(F (b1)) — d. fu(F (b2))]
<d.(Z (1), Z (b))

@ Springer



S. Di Marino et al.

u-a.e., having used the fact that d, f;, is 1-Lipschitz in the last step (Proposition 2.16).
Passing to the supremum in n we obtain

by — ba| < d.(F(b1), F(b2))  p-ae. (6.16)

On the other hand, using the convexity and positive 1-homogeneity of d, f,, (Proposi-
tion 2.16) we have

de fu(F (1) (x) & F (b2) (%)) < dy fu(F (1) (X)) + dy f (F (b2) (1))
= b1 (f)(X) + ba(fu) (x)

(6.17)
= (b1 + b2) (fu)(x)
=d, fu(F (b1 + b2)(x))
for p-a.e. x. By Proposition 2.17(iii) and the arbitrariness of n this implies
|\ Z (b1 +b)| < |Z ) & F(by)|, pae. (6.18)
Therefore, u-a.e. we have
b1 = ba? + b1 + bo? < & (F (b1), F (b2) + | F (b1 + b)? by (6.16), (6.5)
< (Z ), Fb2) + | F ) @ Fbo)|” by (6.18)
<2|Zen| +2|Z 0| by (2.12g)
=2b1* +21b2f by (6.5).

Writing this for by + by, by — by in place of by, by we see that all the inequalities that
we used are in fact equalities.

In particular the last inequality is an equality, thus proving the last identity in
(6.15). The equality in (6.16) is the second in (6.15). Finally, the equality in (6.18)
and Proposition 2.17(iii) imply the first identity in (6.15). This completes the proof.

O

We can now easily prove our main result. We restrict ourselves to the separable
setting for the moment, and postpone the technical differences to deal with in non-
separable spaces to the next section.

Proof of Theorem 1.1 for separable spaces. By Proposition 5.10 we have

[1D1] 20y = 12 1 = sup { / Ly(bydp : b e Der(Y; ), b2 < 1}.

Since the space
D := (Der**(Y; w), | - II2) (6.19)
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is (pre)Hilbert by Theorem 6.2 and Corollary 6.4 (in particular by the third in (6.15)),
it follows that its dual is a Hilbert space (note that .Zy € D* = B in the notation of
Proposition 5.10). Thus

D + 220 + 1D = D520 = 185461 + 125113
= Zs + Z g + 1L — I3
=21Zr 13 + 21213
= 2IDf1 2y + 2 [1D81] 2.

This completes the proof. O

In fact, as we shall see shortly, the completion of the space D defined in (6.19) is
isomorphic to the L?-tangent module. This is the content of Proposition 6.5 below.
We briefly introduce some additional machinery before stating the proposition.

Recall the space of L>-derivations

Der?(Y; 1) = {b € Der(Y; ) : |b| € L*(w)}

which, by [14, Sect.7.1.1], is complete when equipped with the norm || - ||>. Since
D C Der?(Y; ), the completion D of D under | - ||» is a Banach space and satisfies
D ¢ Der?(Y; ). In particular, there is a pointwise norm | - | : D— L% () given by
the norm of a derivation (see Lemma 5.3). Using the fact that D is a LIP;; (Y)-module
(cf.[14, Lemma 7.1.2]), Lemma 5.11 and the dominated convergence theorem, we see
that D is an L (x)-module. Thus (ﬁ, 12, |- |) is an L?()-normed L (p)-module.
We refer to [19] for the theory of normed L°(u)-modules.

The estimate (5.4) implies that, given f € W12(Y, d, w), the module-homomor-
phism L7 : Der>2(Y; 1) — L'(w) extends to a L>(u)-linear bounded map L s :
D — L'(u) satisfying the bound

|Ls(b)| < IDfIIbI, beD. (6.20)

We briefly recall that the cotangent module LZ(T*Y; ) (see [19]) is an Lz(u)-
normed L°°(u)-module, equipped with an exterior derivative

d: Wh2(Y, d, p) — L*(T*Y; )

whose image generates L*(T*Y; ) as a module. The rangent module L*>(TY; ) is
defined to be the module dual of L>(T*Y; u). A vector field X € L2(TY; ) is said
to have Sobolev divergence if there exists a function g € L?() such that

/fgdu = —/df(X) du, few"(Y,d, .
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The function g, if it exists, is unique, and denoted by divg X. We denote by D(divy)
the vector space of elements of L2(TY; ) that have Sobolev divergence. See [19] for
the details.

Proposition 6.5 Let (Y, d, ) be an infinitesimally Hilbertian metric measure space.
Then the map

A:L*(TY; u) — Der(Y: ), Xm— Xo I

takes values in D and provides an isomorphism of modules between L*(TY; ) and
D.

Proof 1t is easy to see that, if X € LZ(TY; w) has divergence divg X € Lz(p,), then
A(X) has divergence in the sense of (5.1), and

divgX = divA(X)
w-almost everywhere. Since W 12(Y, d, ) is a Hilbert space, [19, Proposition 2.3.17]
implies that L2(TY; u) is a Hilbert module. As a simple consequence of [19, Propo-
sition 2.3.14 and (2.3.13)], the space D(divg) is dense in LZ(TY; Ww. Thuﬁ since we
already noticed that A(D(divs)) C D, we also get that . A(LX(TY; n)) c D. We will

prove that A is a module isomorphism L*(TY; u) — D.
For each f € LIP,(Y), g,h € L®(u)and V, W € LZ(TY; W), we have

A(gV +hW)(f) = (gV)[Af) + (hW)(Af) = gV(df) +hW(df)
= (gA(V) + hAW))(f),

establishing that A is a L°°(u)-linear module homomorphism LX(TY; n) — D. Note
that

|A(V)| = esssup{V(df): f €LIPy(Y), Lip(f) <1} <|Vls,

so that A is bounded. By definition, we have that
V1 =esssup{ZxE,-IV<df,->\ DY XEIAIS T fio fu € w"2<Y,d,m}.
i=1 i=1

Since W"Z(Y, d, ) is a Hilbert space, using Theorem 5.9 and Mazur’s lemma, it is
easy to see that LIP,;(Y) is dense in w2y, d, u) (see also [21, Corollary 2.9]).
From this and Theorem 5.9, it follows that

m m
[V« :esssup{ZXEi|V(dﬁ)| : ZXE,-lipafi <1, fi,..., fm € LIPbS(Y)}.

i=1 i=1
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Thus we have
m m
Ve =esssup 1 > "X |Vdfi)] © Y Xglip, fi < 1}
i=1 i=1

=esssup{ > X |[AV)(f)| D Xglip, fi < 1}

i=1 i=1

<esssup Y Xg |[A(V)[lip,(f) © Y Xglip, fi < 1} = |A(V)].

i=1 i=1

We have established that A : L*(TY; u) — D is an L% (u)-module homomor-
phism satisfying

AWV =1V
pointwise u-almost everywhere, for every V € L?(TY; u). To show it is an isometric

module isomorphism, it suffices to prove that it is onto.
Let b € D. Define the linear map

L:W'2(Y,d, u) — L), fr Lsb).

By (6.20) and [19, Proposition 1.4.8], L extends to a vector field X € L*(TY; u)
satisfying

Xo d|W'v2(Y,d,u) =L

In particular, for f € LIP(Y), we have
AX)(f) = XAf) = L(f) = Ly(b) = b(f).
This implies the surjectivity of A, and concludes the proof. O
See [15] for more on preduals of the Sobolev spaces.
Proof of Theorem 1.2 Let (Y, d) be a complete and separable CAT («)-space, and p a
Borel measure on Y, which is finite on bounded sets. By the proof above of Theorem 1.1

in the separable case, we have that w2 (Y, 9 , ) is a Hilbert space. From Theorem 6.2
and Corollary 6.4 it follows that the space D admits an isometric embedding

F' D — LATgY; 1)

satisfying (6.15). Thus the claim follows directly from Proposition 6.5 by precompos-
ing .%’ with the isometric module isomorphism A : L(TY; w) — D. O
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7 The Non-separable Case

In defining derivations and Sobolev functions we assumed, following [14], that the
underlying metric space is separable. Yet, as noted in the introduction, from a purely
geometric perspective it is quite unnatural to impose a separability condition when
dealing with CAT (x) spaces. In this section we discuss how to remove the condition
of separability, the relevant result being Theorem 7.1. Let us remark that we shall
continue to assume that the measure p on Y has separable support, or equivalently
that it is tight: the discussion here concerns the definition of Sobolev functions itself,
in this setting.

One of the reasons for the success of the theory of Sobolev calculus on metric
measure spaces is that there are many different definitions of Sobolev spaces in such
environment which turn out to be equivalent. In trying to extend such an equivalence
result to the non-separable setting one could either re-run all the arguments and check
that they work even in the more general framework (this is possible—and works—but
is quite tedious) or argue as below.

Out of the several definitions of Sobolev functions, there are two ‘extremal’ ones
introduced in [5]: the one obtained by relaxation of the asymptotic Lipschitz constant
(we shall denote the corresponding space and notion of minimal relaxed upper gra-
dient by ere’lz (Y, d, i) and |d f 1) and the one obtained by duality with test plans
(we shall denote the corresponding space and notion of minimal weak upper gra-
dient by WLL’Z(Y, d, ) and |d f1ip). These produce in some sense the ‘biggest” and
‘smallest” weak notion of upper gradient and it is easy to check from the definitions
that

W (Y. d, 1) € W (Y. d, ) with [dflp < [dflrel

rel

p-ae. Vf e WhA(Y,d, ). (7.1)

One of the main results in [5] is the proof that the two spaces and the two notions
of upper gradients coincide. This fact is used by the first author in [14] to prove
that the notion of Sobolev space obtained by duality with derivations coincides with
ere’l2 Y,d, n = WtL’Z(Y, d, 1) and induces the same upper gradient.

We add the following ingredient to the discussion above:

Theorem 7.1 Let (Y, d, ) be a complete and separable metric space equipped with a
positive Radon measure which is finite on bounded sets. Let Y1, Yo C Y be closed sets

onwhich  is concentrated. Setd; := d|Y.Xy., Mi i= )y b= 1, 2 and notice that the
1 1 i

identity on the support of |t induces an isomorphism ( : L2(Y1, ny) — L2(Y2, n2).
Then:

(i) t induces an isomorphism from ere’lz(Yl, di, uy) to ere’lz(Yz, do, w2) which
respects |d - |rel,

(ii) t induces an isomorphism from Wé,’z(Yl, di, uy) to Wt;’z(Yz, do, o) which
respects |d - |¢p.
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Proof We can assume Y, =Y.
(i) Given that for any f : Y — R we have lip,(f)(x) > lipa(f|Yl)(x), we

see that Wi (Y, d, 1) C Wi (Y1, di, pr) with [dflrery, < |dflely for any
f e ere’lz (Y, d, w). To prove the other inclusion and inequality, by the definition
of ere]2 (Y, d, w) it is sufficient to prove that for any Lipschitz function f : Y — R

we have

dflrety <lip,(fly,)  n-ae.

Fix a Lipschitz function f : Y — Rand ¢ > 0. Forany x € Yy, letr > 0 be
such that Lip(f ly,nB, (x)) <lip,(f |Y1) + ¢. By the McShane extension lemma there
is a Lipschitz function g : Y — R coinciding with f on Y| N B,(x) such that
Lip(g) = Lip(f ly,nB, (x)). By the locality property of relaxed upper gradients we see
that

|df|rel,Y = |dg|rel,Y pu-ae.on{f =g} DY NB(x).
Keeping in mind that |[dg|rel,y < Lip(g) and the construction we deduce that
[dflrely < lipa(f|Yl) +¢& p-ae.on YN B(x). (7.2)

Repeat this argument for every x € Y| and then use the Lindelof property of Y to
deduce that, as x varies in a countable dense set, the balls B, (x) as above cover the
whole Y. Then (7.2) gives

dflwery <lip,(f|y) +e  p-ae.

and the conclusion follows by letting ¢ | 0.

(ii) It is sufficient to check that a test plan on Y is also a test plan on Y| and vice
versa. The ‘vice versa’ is obvious by the inclusion C([0, 1]; Y1) C C([0, 1]; Y). For
the other implication it is sufficient to show that any test plan 7 on Y is concentrated
on C([0, 1]; Y1). To see this, lete; : C([0, 1]; Y) — Y be defined by e:(y) :=
and notice that for any dense set (¢,) C [0, 1] the inclusion

CU0. 1Y)\ C(10. 11: Y1) = | e ' (Y \ Y1)

holds. Since (/). < w and y are concentrated on Y |, we have that 77 (e, Yy\Y, ) =
0 for every n. The claim follows. O

Thanks to this result we can now give the following definition:

Definition 7.2 (Sobolev spaces on non-separable metric spaces) Let (Y, d, u) be a
complete, not necessarily separable, metric space equipped with a non-negative and
non-zero Radon measure p giving finite mass to bounded sets.
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Then the Sobolev space W'-2(Y, d, 1) (and the corresponding notion of upper
gradient |d f|) is defined as w2y, d;, 1), where Y is any closed and separable
subspace of Y on which u is concentrated, while d; := d|Yl Y, and ;= My,

The role of Theorem 7.1 is to prove that this definition is consistent with the case of
separable spaces. By the fact that most of the notions of Sobolev spaces in mm-spaces
(including those of Cheeger [13,40] and the first author [14]) are naturally ‘chained’
between ere’lz and Wé,’z and, since these latter spaces coincide as already remarked,
we see that Theorem 7.1 implies that all these notions remain unchanged when passing
from Y to Y», as in Theorem 7.1. This is why we do not specify the definition of
Sobolev space we are referring to in Definition 7.2: they all agree.

With this said, the proof of our main Theorem 1.1 in the general case is a trivial
consequence of the result established in the separable setting:

Proof of Theorem 1.1 in the general non-separable setting We need to prove that for
any f,g € WH2(Y, d, w) it holds that

d(f + )P +1d(f — @) =2 (1df 2+ 1dgl) p-ac. (7.3)

Notice that the measure p is by assumption finite on bounded sets and Radon. Hence
it is concentrated on a countable union Z of compact sets, which is separable. Fix
x € Z. We claim that there exists &2 C Y with the following properties:

w(2) >0, (7.4
Qisa separable CAT («x) space, (7.5)
2 contains a neighbourhood of x in Z, (7.6)

Q is open in the space Q U Z and in such space has p-negligible boundary. (7.7)

To construct such a set 2 we start by noticing that the map r +— w(B,(x)) is non-
decreasing, hence continuous except at a countable number of points. Fix a continuity
point r < ry, for which p(B,(x)) > 0. Since r is a continuity point, we have
u(dB,(x)) = 0. Let C be the closed convex hull of B,(x) N Z and define  as
the interior of C in C U Z. (Notice that @ € Q C C and that, by convexity of the ball
B,(x),CNZ=B,(x)NZ)

Since  is the interior of a convex set it follows that €2, and thus its closure €, is a
CAT (k)-space. The set Q is separable by construction. This establishes (7.5).

Note that B, (x) N Z is open in Z. Moreover, B,(x) N Z C . To see this, let
y € Br(x)N Z and let & > 0 be a radius for which B:(y) C B;(x). Then

B:(y)N(CUZ)=(B:(y) NC)U(B:(y) NZ) = B:(y) NC CC

is a neighbourhood of y in C U Z. Thus y is an interior point of C. This proves (7.4)
and (7.6).
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To show (7.7), note that since 2 is open in C U Z, it is open in QU Z. It suffices
to show that (9,7 2) = 0. This follows from the estimate

1(@euz Q) =@z RN Z) = u(9;Q) < n(@d;0)
=u(33(C N Z)) = (35 (B, (x) N Z)) < (3B, (x)) = 0.

Thus we have constructed a set 2 with the desired properties. B
By [6, Theorem 4.19(i)] applied with X := Q2 U Z we see that f|s’2 e WH2(Q)
with

|d(f|s_z)|s—2 =|df| p-ae.ong, (7.8)

and the same holds for g. Since we know that Theorem 1.1 holds on separable CAT (k)
spaces we have (see, e.g., also [19, Proposition 2.3.17]) that

a <(f+g)|s‘z>‘;+‘d <(f_g)|s‘z))2 =2<‘d(f|s‘z)‘;+‘d(gls‘z)‘é) p-ae. on 2.

Q

Then the conclusion (7.3) comes from this identity, (7.8) and the Lindelof property
of Z. O
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