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1. Introduction

Microlocal analysis originated in the 1950s, and by now it is a substantial mathematical theory
with many different facets and applications. One might view microlocal analysis as

a kind of “variable coefficient Fourier analysis” for solving variable coefficient PDEs ; or

as a theory of pseudodifferential operators (¥ DOs) and Fourier integral operators (FIOs); or

as a phase space (or time-frequency) approach to studying functions, operators and their
singularities (wave front sets).

¥YDOs were introduced by Kohn and Nirenberg [1], and FIOs and wave front sets were studied
systematically by Hérmander [2]. Much of the theory up to the early 1980s is summarized in the four
volume treatise of Hormander [3]. There are remarkable applications of microlocal analysis and related
ideas in many fields of mathematics. Classical examples include spectral theory and the Atiyah-Singer
index theorem, and more recent examples include scattering theory [4], behavior of chaotic systems [5],
general relativity [6], and inverse problems.

In this note we will describe certain classical applications of microlocal analysis in inverse
problems, together with a very rough non-technical overview of relevant parts of microlocal analysis
(intended for readers who may not be previously familiar with microlocal analysis). In a nutshell,
here are a few typical applications:

1. Computed tomography/X-ray transform—the X-ray transform is an FIO, and under certain
conditions its normal operator is an elliptic YDO. Microlocal analysis can be used to predict
which sharp features (singularities) of the image can be reconstructed in a stable way from limited
data measurements. Microlocal analysis is also a powerful tool in the study of geodesic X-ray
transforms related to seismic imaging applications.

2. Calderén problem/Electrical Impedance Tomography—the boundary measurement map
(Dirichlet-to-Neumann map) is a YDO, and the boundary values of the conductivity as well
as its derivatives can be computed from the symbol of this ¥DO.

3. Gel'fand problem/seismic imaging—the boundary measurement operator (hyperbolic
Dirichlet-to-Neumann map) is an FIO, and the scattering relation of the sound speed as well as
certain X-ray transforms of the coefficients can be computed from the canonical relation and the
symbol of this FIO.
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This note is organized as follows—in Section 2, we will motivate the theory of ¥DOs and discuss
some of its properties without giving proofs. Section 3 will continue with a brief introduction to wave
front sets and FIOs (again with no proofs). The rest of the note is concerned with applications to inverse
problems. Section 4 considers the Radon transform in R? and its normal operator, and describes what
kind of information about the singularities of f can be stably recovered from the Radon transform.
Sections 5 and 6 discuss the Gel’fand and Calderén problems, and prove results related to recovering
X-ray transforms or boundary determination. The treatment is motivated by YDO and FIO theory,
but we give direct and (in principle) elementary proofs based on quasimode constructions.

The results discussed in this note are classical. For more recent results and for further references,
we refer to the surveys [7,8] on X-ray type transforms, survey [9] on inverse problems for hyperbolic
equations, and survey [10] on inverse problems for elliptic equations. We also mention the article [11]
that studies inverse problems in rather general settings by using constructions like the ones in Sections 5
and 6.

Notation

We will use multi-index notation. Let Ny = {0,1,2,...} be the set natural numbers. Then Ng
consists of all n-tuples & = («ay,...,a,) where the a; are nonnegative integers. Such an n-tuple «
is called a multi-index. We write |a| = a7 + ...+ &, and ¢ = &}'--- 3" for ¢ € R". For partial
derivatives, we will write

0 1 1
0 = — D]:;a], D:?V, D“:D?”-D%”.

If O C R" is a bounded domain with C® boundary, we denote by C®(Q) the set of infinitely
differentiable functions in () whose all derivatives extend continuously to Q). The space C(Q)) consists
of C® functions having compact support in Q. The standard L? based Sobolev spaces are denoted
by H*(R") with norm || f||gs(rny = [I(1 + \§|2)S/2f||Lz(Rn), with f denoting the Fourier transform.
We also write || f|[ ke = Xjqj<kl|/D" f| L. The notation A < B means that A < CB for some uniform
(with respect to the relevant parameters) constant C. In general, all coefficients, boundaries and so
forth are assumed to be C* for ease of presentation.

2. Pseudodifferential Operators

In this note we will give a very brief idea of the different points of view to microlocal analysis
mentioned in the introduction (and repeated below), as

(1) akind of “variable coefficient Fourier analysis” for solving variable coefficient PDEs; or

(2) atheory of ¥YDOs and FIOs; or

(3) a phase space (or time-frequency) approach to studying functions, operators and their
singularities (wave front sets).

In this section we will discuss (1) and (2) in the context of ¥DOs. We will continue with (2) and
(3) in the context of FIOs in Section 3. The treatment is mostly formal and we will give no proofs
whatsoever. A complete reference for the results in this section is ([3], Section 18.1).

2.1. Constant Coefficient PDEs

We recall the following facts about the Fourier transform (valid for sufficiently nice functions):

1. If uis a function in R", its Fourier transform i = Fu is the function

i(g) := /n e~ ™8y (x) dx, ¢ eR"
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2. The Fourier transform converts derivatives to polynomials (this is why it is useful for solving PDEs):

(Dju)"(8) = &ja(g)-

3. A function u can be recovered from 7 by the Fourier inversion formula u = .% ~ 111, where
y

Flo(x) := (271) " / ¥ To(E) dE

n
is the inverse Fourier transform.

As a motivating example, let us solve formally (i.e., without worrying about how to precisely
justify each step) the equation
—Au = finR".

This is a constant coefficient PDE, and such equations can be studied with the help of the Fourier
transform. We formally compute

—Au=f = [g]*a(E) = £(&)

= () = /@)
g~ 12 _ —n ix- 1 2
= ) = i@ ) = en o [ ot )

The same formal argument applies to a general constant coefficient PDE

a(Dyu=finR",  a(D)= ) a,D"

lae|<m
where a, € C. Then (a(D)u)"(§) = a()i(G) where a() = Yjyj<pauG" is the symbol of a(D).
Moreover, one has

a(Dyu(x) = # {a(@)a(0)} = 2m) " [

R

(@) f(2) de. @)

The argument leading to (1) gives a formal solution of a(D)u = f:

A

1 ST |
u(x :9_1{ﬁ }: 27 _”/ et — dac. (3)
(x) @ =@ [ e de

Thus, formally a(D)u = f can be solved by dividing by the symbol a(¢) on the Fourier side.
Of course, to make this precise one would need to show that the division by a(¢) (which may have
zeros) is somehow justified. This can indeed be done, and the basic result in this direction is the
Malgrange-Ehrenpreis theorem ([3], Theorem 7.3.10).

2.2. Variable Coefficient PDEs

We now try to use a similar idea to solve the variable coefficient PDE

Au=finR",  A=a(x,D)= ) au(x)D%,

|a[<m

where a,(x) € C®(R") and DPa, € L®(R") for all multi-indices &, 8. Since the coefficients a, depend
on x, Fourier transforming the equation Au = f is not immediately helpful. However, we can compute
an analogue of (2):
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|ec| <m
= o) [ et [ Y aa<x>¢*] i(2) de
la|<m
= @) [ ea(x,0)i(@)dz, @
where
a(x,§) = ), aa(x)g" ©)
|oc|<m

is the (full) symbol of A = a(x, D).
Now, we could try to obtain a solution to a(x, D)u = f in R" by dividing by the symbol a(x, §) as
in (3):

L)

u(x) = (2m)™" /n eix.ga(x, ¢)

Again, this is only formal since the division by a(x, ¢) needs to be justified. However, this can be
done in a certain sense if A is elliptic:

Definition 1. The principal symbol (i.e., the part containing the highest order derivatives) of the differential
operator A = a(x, D) is

opr(A) ==Y aa(x)E".

|a|=m

We say that A is elliptic if its principal symbol is nonvanishing for ¢ # 0.

A basic result of microlocal analysis states that the function

i (x) o= 2m) " [ Eb(x,0)f(2) de

n

with .
b(x, &) == w (6)

where ¢ € C°(R") is a cutoff with ¥(¢) = 1 in a sufficiently large neighborhood of ¢ = 0 (so that
a(x, &) does not vanish outside this neighborhood), is an approximate solution of Au = f in the sense that

Au1 :f—|‘f1,

where f; is one derivative smoother than f. Applying this construction iteratively to the error
term—thus to f; in the first step above—it is possible to construct an approximate solution uapp, so that

Allapp = f +7, re C®(R").

2.3. Pseudodifferential Operators

In analogy with the formula (4), a pseudodifferential operator (YDO) is an operator A of the form

Au(x) = @m)™" [ o Fa(x,8)a@) g, )

where a(x, ) is a symbol with certain properties. The most standard symbol class §" = ST/y(R") is
defined as follows:
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Definition 2. The symbol class S™ consists of functions a € C®(R" x R") such that for any , p € N{} there
is Cy,p > O with

9%08a(x, &) < Cop(1+[e)" P, zemrn

If a € S™, the corresponding ¥DO A = Op(a) is defined by (7). We denote by ¥™ the set of ¥DOs
corresponding to S™.

Note that symbols in S" behave roughly like polynomials of order m in the ¢-variable. In particular,
the symbols a(x, {) in (5) belong to S and the corresponding differential operators a(x, D) belong to

Y. Moreover, if a(x, D) is elliptic, then the symbol b(x, {) = 112_(;/)(5) as in (6) belongs to S™. Thus the
class of YDOs is large enough to include differential operators as well as approximate inverses of
elliptic operators. Also normal operators of the X-ray transform or Radon transform in R” are YDOs

(see Section 4 and ([12], Appendix A)).

Remark 1 (Homogeneous symbols). We saw in Section 2.1 that the elliptic operator —A has the inverse

G:frr 7l ).

The symbol L isnot in S2, since it is not smooth near 0. However, G is still considered to be a ¥DO.

[45
In fact, one can write

G=G1+Gy G;:= 91{1—|€I|P2(§)f(€)}, Gy = ﬁl{lmf@)},

where P € CP(R") satisfies p = 1 near 0. Now Gy is a ¥DO in ¥~2, since 1_|;§§) € S72, and G, is
smoothing in the sense that it maps any L' function into a C* function (at least if n > 3).

In general, in ¥ DO theory smoothing operators are considered to be negligible (since at least they do not
introduce new singularities), and many computations in Y DO calculus are made only modulo smoothing error
terms. In this sense one often views G as a YDO by identifying it with G1. The same kind of identification is
done for operators whose symbol a(x, &) is homogeneous of some order m in §, i.e., a(x,AZ) = A"a(x, &) for

A > 0. More generally one can consider (step one) polyhomogeneous symbols b € S™ having the form
b(x,8) ~ ) bm—j(x,2),
j=0

where each by, _; € S™=1 is homogeneous of order m — j in & for |&| > 1, and ~ denotes asymptotic summation
meaning that b — Zjl\io by € S"=N=1 for any N > 0. Corresponding ¥DOs are called classical ¥DOs.

It is very important that one can compute with ¥DOs in much the same way as with differential
operators. One often says that YDOs have a calculus, and in fact the ¥DOs defined above form an
algebra with respect to composition. The following theorem lists typical rules of computation (it is
instructive to think first why such rules are valid for differential operators):

Theorem 1 (YDO calculus).

(a) (Principal symbol) There is a one-to-one correspondence between operators in Y™ and (full) symbols in
S™, and each operator A € Y™ has a well defined principal symbol opr(A). The principal symbol may be
computed by testing A against highly oscillatory functions (this is valid if A is a classical ¥ DO):

opr(A)(x0,8p) = lim AT iAY G0 A (p1A¥C0) ; ®)

A—oo X=Xxp
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(b) (Composition) If A € ¥" and B € ¥, then AB € ¥" ™ and Opr(AB) = 0pr(A)op:(B);

(c)  (Sobolev mapping properties) Each A € Y™ is a bounded operator H*(R") — H*~™(R") forany s € R;

(d) (Elliptic operators have approximate inverses) If A € Y™ is elliptic, there is B € Y™™ so that
AB=1d+ K and BA = Id + L where K,L € Y=%, i.e.,, K, L are smoothing (they map any H™*
function to H' for any t, hence also to C* by Sobolev embedding).

The above properties are valid in the standard ¥YDO calculus in R”. However, motivated by
different applications, YDOs have been considered in various other settings. Each of these settings
comes with an associated calculus whose rules of computation are similar but adapted to the situation
at hand (for instance, one may need extra conditions for compositions to be well defined). Examples of
different settings for YDOs include

open sets in R” (local setting) ([3], Section 18.1);

compact manifolds without boundary, possibly acting on sections of vector bundles ([3], Section 18.1);
compact manifolds with boundary (transmission condition/Boutet de Monvel calculus) [13];
non-compact manifolds (e.g., Melrose scattering calculus) [14];

operators with a small or large parameter (semiclassical calculus) [15]; and

operators with real-analytic coefficients (analytic microlocal analysis) [16,17].

AR NS

3. Wave Front Sets and Fourier Integral Operators

For a reference to wave front sets, see Reference ([3], Chapter 8). Sobolev wave front sets are
considered in Reference ([3], Section 18.1). FIOs are discussed in Reference ([3], Chapter 25). We
mention that FIO type methods were independently developed by Maslov [18].

3.1. The Role of Singularities

We first discuss the singular support of 1, which consists of those points x( such that u is not a
smooth function in any neighborhood of xy. We also consider the Sobolev singular support, which also
measures the “strength” of the singularity (in the L? Sobolev scale).

Definition 3 (Singular support). We say that a function or distribution u is C* (resp. H*) near x if there
is ¢ € CP(R"™) with ¢ = 1 near xq such that u is in C*°(R") (resp. in H*(R™)). We define
sing supp(u) = R"\ {xg € R"; uis C* near x},
sing supp® (1) = R" \ {xg € R"; u is H* near xo}.

Example 1. Let Dy, ..., Dy be bounded domains with C* boundary in R" so that D; N Dy = @ for j # k,
and define

N
=3 cixo;
j=1

where cj 7 0 are constants, and xp, is the characteristic function of Dj. Then
sing supp® (1) = @ fora <1/2,
since u € H* fora < 1/2, but
N
sing supp®(u) = _J oD; fora > 1/2
j=1

since u is not H'/? near any boundary point. Thus in this case the singularities of u are exactly at the points
where u has a jump discontinuity, and their strength is precisely H'/2. Knowing the singularities of u can
already be useful in applications. For instance, if u represents some internal medium properties in medical
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imaging, the singularities of u could determine the location of interfaces between different tissues. On the other
hand, if u represents an image, then the singularities in some sense determine the “sharp features” of the image.

Next we discuss the wave front set which is a more refined notion of a singularity. For example,
if f = xp is the characteristic function of a bounded strictly convex C* domain D and if xg € 9D,
one could think that f is in some sense smooth in tangential directions at xj (since f restricted to
a tangent hyperplane is identically zero, except possibly at x¢), but that f is not smooth in normal
directions at x since in these directions there is a jump. The wave front set is a subset of T*R" \ 0,
the cotangent space with the zero section removed:

T*R"\ 0:= {(x,&); x,& € R",¢ £ 0}.

Definition 4 (Wave front set). Let u be a distribution in R". We say that u is (microlocally) C* (resp. H*)
near (xo, Go) if there exist ¢ € CP(R") with ¢ = 1 near xg and p € C*(R" \ {0}) so that p = 1 near &
and v is homogeneous of degree 0, such that

for any N there is Cy > 0 so that () (eu)"(8) < Cy(1+ &N

(resp. F (&) (ou)" (&)} € H*(R")). The wave front set WF(u) (resp. H* wave front set WF*(u))
consists of those points (xo, &o) where u is not microlocally C* (resp. H*).

Example 2. The wave front set of the function u in Example 1 is

where N*(D;) is the conormal bundle of Dj,
N*(Dj) := {(x,¢); x € dD;j and { # 0 is normal to dD; at x}.

The wave front set describes singularities more precisely than the singular support, since one
always has
m(WF(u)) = sing supp(u) ©)

where 77 : (x,{) — x is the projection to x-space.
It is an important fact that applying a YDO to a function or distribution never creates new
singularities:

Theorem 2 (Pseudolocal/microlocal property of YDOs). Any A € Y™ has the pseudolocal property

sing supp(Au) C singsupp(u),
sing supp® " (Au) C singsupp”(u)

and the microlocal property

WE(Au) C WF(u),
WEF* ™ (Au) C WF*(u).

Elliptic operators are those that completely preserve singularities:
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Theorem 3 (Elliptic regularity). Let A € Y™ be elliptic. Then, for any u,

sing supp(Au) = singsupp(u),
WF(Au) = WF(u).

Thus any solution u of Au = f is singular precisely at those points where f is singular. There are
corresponding statements for Sobolev singularities.

Proof. First note that by Theorem 2,
WEF(Au) C WF(u).
Conversely, since A € Y™ is elliptic, by Theorem 1(d) there is B € ¥~™ so that
BA=Id+1L, Ley™™.

Thus for any u one has
u+ Lu= BAu.

Since L is smoothing, Lu € C*, which implies that # = BAu modulo C*®. Thus it follows that
WF(u) = WF(BAu) C WF(Au).
Thus WF(Au) = WF(u). The claim for singular supports follows by (9). O

3.2. Fourier Integral Operators

We have seen in Section 2.3 that the class of pseudodifferential operators includes approximate
inverses of elliptic operators. In order to handle approximate inverses for hyperbolic and transport
equations, it is required to work with a larger class of operators.

Motivation 1. Consider the initial value problem for the wave equation,

(07 — A)u(x,t) = 0in R" x (0,00),
u(x,0) = f(x), d:u(x,0) = 0.

This is again a constant coefficient PDE, and we will solve this formally by taking the Fourier transform
in space,

(¢, t) = /]R” e” ey (x, t) dx, e RN

After taking Fourier transforms in space, the above equation becomes

(02 + |E2) (&, t) = 0in R" x (0, 00),
M(é/ 0) = f(g)/ atu(‘:/ 0) =0.

For each fixed ¢ this is an ODE in t, and the solution is

(G, t) = cos(t2])f(¢) = (”‘5‘ +e N F(©).

Taking inverse Fourier transforms in space, we obtain

u(e,t) = 5 Yo [ D fe) ag (10

+
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Generalizing (10), we can consider operators of the form

Aux) = @) " [ Dy, )a() g, )
where a(x, ¢) is a symbol (for instance in $™), and ¢(x, {) is a real valued phase function. Such operators
are examples of Fourier integral operators (more precisely, FIOs whose canonical relation is locally the
graph of a canonical transformation, see ([3], Section 25.3)). For YDOs the phase function is always
¢(x,¢) = x - &, but for FIOs the phase function can be quite general, though it is usually required to be
homogeneous of degree 1 in ¢, and to satisfy the non-degeneracy condition det(ax],gk @) # 0.

We will not go into precise definitions, but only remark that the class of FIOs includes
pseudodifferential operators as well as approximate inverses of hyperbolic and transport operators
(or more generally real principal type operators). There is a calculus for FIOs, analogous to the
pseudodifferential calculus, under certain conditions in various settings. An important property of
FIOs is that they, unlike pseudodifferential operators, can move singularities. This aspect will be
discussed next.

3.3. Propagation of Singularities
Example 3. Let t > 0 be fixed, and consider the operators from (10),
Asf(x) = @m)™" [ EEHIDf(E) de.
Rn
Then ,
u(x 1) = 3 (A f(x) + A f(x)

Using FIO theory, since the phase functions are ¢(x, &) = x - ¢ F t|&], it follows that

WEF(Axtf) C xt(WE(f)), (12)

where X+t is the canonical transformation (i.e., diffeomorphism of T*R" \ O that preserves the symplectic
structure) given by

x+1(x,6) = (x £15/[¢],€).

This means that the FIO Ay takes a singularity (x, &) of the initial data f and moves it along the line
through x in direction £/ |&| to (x £ t&/|E|,&). In fact one has equality in (12) since A+ has inverse A+
and x 1+ has inverse xx+. Thus singularities of solutions of the wave equation (9? — A)u = 0 propagate along
straight lines with constant speed one.

Remark 2. In general, any FIO has an associated canonical relation that describes what the FIO does to
singularities. The canonical relation of the FIO A defined in (11) is (see ([3], Section 25.3))

C={(xVx(x,8), Vep(x,),¢); (x,¢) € TR"\ 0},
and A moves singularities according to the rule
WF(Au) C C(WF(u)),

where
C(WF(u)) :={(x,8) ; (x,8,y,1) € C for some (y,1) € WF(u)}.

Using these formulas, it is easy to check that the canonical relation C+ of A+ in Example 3 is the graph of
X+t in the sense that

Ce={(xxtv,m)y,1m); (v,m) € T'R"\ 0}
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and one indeed has WF(Au) C C+(WF(u)) = x++(WF(u)).

There is a far reaching extension of Example 3, which shows that the singularities of a solution of
Pu = 0 propagate along certain curves in phase space (so called null bicharacteristic curves) as long as P
has real valued principal symbol.

Theorem 4 (Propagation of singularities, ([3], Theorem 26.1.1)). Let P € Y™ have real principal symbol
Pm that is homogeneous of degree m in . If
Pu = f,

then WF(u) \ WF(f) is contained in the characteristic set p;,'(0). Moreover, if (xo, &) € WF(u) \ WF(f),
then the whole null bicharacteristic curve (x(t),(t)) through (xo,&o) is in WF(u) as long as it remains in
Pt (0) \ WF(f). Here (x(t),&(t)) is the solution of the Hamilton equations

x(t) = Vepm(x(t),6(1)),
C(t) = —Vapm(x(t),¢(t)).

Example 4. We compute the null bicharacteristic curves for the wave operator P = %(A — 02). The principal
symbol of P is

pal 8 7) = 5 (2~ [eP).

The characteristic set is
py 1 (0) ={(x,t,&,7); T = £|¢]}

n+1

which consists of light-like cotangent vectors on R}

. The equations for the null bicharacteristic curves are

Thus, if |&o| = 1, then the null bicharacteristic curve through (xo, to, Go, £1) is
S (XO —s¢o, tg £ 5, Co, :|:1).

The result of Example 3 may thus be interpreted so that singularities of solutions of the wave equation
propagate along null bicharacteristic curves for the wave operator.

4. The Radon Transform in the Plane

In this section we outline some applications of microlocal analysis to the study of the Radon
transform in the plane. Similar ideas apply to X-ray and Radon transforms in higher dimensions and
Riemannian manifolds as well. The microlocal approach to Radon transforms was introduced by
Guillemin [19]. We refer to [8,12] and references therein for a more detailed treatment of the material
in this section.

4.1. Basic Properties of the Radon Transform

The X-ray transform If of a function f in R"” encodes the integrals of f over all straight lines,
whereas the Radon transform R f encodes the integrals of f over (n — 1)-dimensional planes. We will
focus on the case n = 2, where the two transforms coincide. There are many ways to parametrize the
set of lines in R2. We will parametrize lines by their direction vector w and distance s from the origin.
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Definition 5. If f € C°(IR?), the Radon transform of f is the function
Rf(s,w) := / f(swt +tw)dt, scR, weSh

Here w* is the vector in S' obtained by rotating w counterclockwise by 90°.

There is a well-known relation between R f and the Fourier transform f. We denote by (Rf)™( -, w)
the Fourier transform of Rf with respect to s.

Theorem 5 (Fourier slice theorem).
(Rf) (0, w) = f(ow™").
Proof. Parametrizing R? by y = sw™ + tw, we have
(Rf) (o, w) = /j:o eios {/O:o f(swt + tw) dt} ds = /RZ e*i”y'“’Lf(y) dy
= flowt). O
This result gives the first proof of injectivity of the Radon transform:
Corollary 1. If f € C®(R?) is such that Rf = 0, then f = 0.

Proof. If Rf = 0, then f = 0 by Theorem 5 and consequently f = 0. [

To obtain a different inversion method, and for later purposes, we will consider the adjoint of R.
The formal adjoint of R is the backprojection operator R*. The formula for R* is obtained as follows: if
f €C®(R?), h € C®°(R x S') one has

(Rf/h)LZ(Rxsl) :/oo/ Rf (s, w)h(s, w) dw ds
/ /51/ flsw™ + tw)h(s, w) dt dw ds
/ (/ y‘"L)dw) dy.

Thus we have
R*: C®°(R x S!) — C®(R?), R*h(y) = /sl hy - wh,w) dw.

The following result shows that the normal operator R*R is a classical YDO of order —1 in R?,
and also gives an inversion formula.

Theorem 6 (Normal operator). One has

R*'R=4n|D|" ' = 7! {Tgﬁ‘(-)},

and f can be recovered from Rf by the formula

1
= —|D|R*Rf.
4= IDIR°Rf
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Remark 3. Above we have written, for & € R,
IDI*f = Z1{&*£()}-
The notation (—A)*/? = |D|* is also used.

Proof. The proof is based on computing (Rf, Rg);2(r«s1) using the Parseval identity, Fourier slice
theorem, symmetry and polar coordinates:

(R*Rf,8)12m2) = (Rf, Rg) 12 (mxst)
= [ 1w 0 TG wras| de
= 52 Jo | Ry (e, R o) | derde
_ %/Sl /°° f(aa)L)g(awi)} do deo
_ %/Sl :/Ooof(awl)g(awi)} do dw
= 5= Lo /@@ 4

The same argument, based on computing (|Ds|/?Rf, \D5|1/2Rg)L2(RX51> instead of
(Rf, Rg)12(rx s1), leads to the famous filtered backprojection (FBP) inversion formula:

1
= —R*|Ds|R
f 471, | S| f’

where |Ds|Rf = .Z ~1{|¢|(Rf)"}. This formula is efficient to implement and gives good reconstructions
when one has complete X-ray data and relatively small noise, and hence FBP (together with its variants)
has been commonly used in X-ray CT scanners.

However, if one is mainly interested in the singularities (i.e., jumps or sharp features) of the image,
it is possible to use the even simpler backprojection method: just apply the backprojection operator R* to
the data Rf. Since R*R is an elliptic Y DO, Theorem 3 guarantees that the singularities are recovered:

sing supp(R*Rf) = sing supp(f).

Moreover, since R*R is a YDO of order —1, hence smoothing of order 1, one expects that R* R f
gives a slightly blurred version of f where the main singularities should still be visible. The ellipticity
of the normal operator is also important in the analysis of statistical methods for recovering f from
Rf [20].

4.2. Visible Singularities

There are various imaging situations where complete X-ray data (i.e., the function Rf(s, w)
for all s and w) is not available. This is the case for limited angle tomography (e.g., in luggage
scanners at airports, or dental applications), region of interest tomography, or exterior data tomography.
In such cases explicit inversion formulas such as FBP are usually not available, but microlocal analysis
(for related normal operators or FIOs) still provides a powerful paradigm for predicting which
singularities can be recovered stably from the measurements.

We will try to explain this paradigm a little bit more, starting with an example:
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Example 5. Let f be the characteristic function of the unit disc D, i.e., f(x) = 1if |x| < 1and f(x) = 0 for
|x| > 1. Then f is singular precisely on the unit circle (in normal directions). We have

2v1—3s2, s<1,

Rf(s,w) =
0, s> 1.
Thus Rf is singular precisely at those points (s, w) with |s| = 1, which correspond to those lines that are
tangent to the unit circle.

There is a similar relation between the singularities of f and Rf in general, and this is explained
by microlocal analysis:

Theorem 7. The operator R is an elliptic FIO of order —1/2. There is a precise relationship between the
singularities of f and singularities of Rf.

We will not spell out the precise relationship here, but only give some consequences. It will be
useful to think of the Radon transform as defined on the set of (non-oriented) lines in R?. If A is an
open subset of lines in R?, we consider the Radon transform Rf| 4 restricted to lines in .A. Recovering
f (or some properties of f) from Rf| 4 is a limited data tomography problem. Examples:

e If A = {lines not meeting D}, then Rf| 4 is called exterior data.
e If0<a< m/2and A = {lines whose angle with x-axis is < a}, then Rf| 4 is called limited angle
data.

It is known that any f € C®(R?\ D) is uniquely determined by exterior data (Helgason support
theorem ([21], Theorem 2.6)), and any f € C°(IR?) is uniquely determined by limited angle data (Fourier
slice and Paley-Wiener theorems). However, both inverse problems are very unstable (inversion is not
Lipschitz continuous in any Sobolev norms, but one has conditional logarithmic stability).

Definition 6. A singularity at (xo, &) is called visible from A if the line through x in direction & is in A.

One has the following dichotomy:

o If (xq,&p) is visible from A, then from the singularities of Rf| 4 one can determine for any &
whether or not (xg, o) € WF*(f). If Rf| 4 uniquely determines f, one expects the reconstruction
of visible singularities to be stable.

e If (x0,Gp) is not visible from A, then this singularity is smoothed out in the measurement
Rf| 4. Even if Rf| 4 would determine f uniquely, the inversion is not Lipschitz stable in any
Sobolev norms.

5. Gel’fand Problem

Seismic imaging gives rise to various inverse problems related to determining interior properties,
for example, oil deposits or deep structure, of the Earth. Often this is done by using acoustic or elastic
waves. We will consider the following problem, also known as the inverse boundary spectral problem (see
the monograph [22]):

Gel’fand problem: Is it possible to determine the interior structure of Earth by controlling
acoustic waves and measuring vibrations at the surface?

In seismic imaging one often tries to recover an unknown sound speed. However, in this
presentation we consider the simpler case where the sound speed is constant (equal to one) and
one attempts to recover an unknown potential g € C°(Q)) at each point x € (), where Q) is a ball in R".
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Consider the free wave operator
0:=0? — A.

We assume that the medium is at rest at time t = 0 and that we take measurements until time
T > 0. If we prescribe the amplitude of the wave to be f(x,t) on 9Q) x (0, T), this leads to a solution u
of the wave equation
(O+4+qu =0 inQx(0,7T),
u=f onoQx(0,7T), (13)
u=omu =0 on {t =0}.

Given any f € C®(9Q) x (0,T)), there is a unique solution u € C®(Q x [0,T]) (see ([23],
Theorem 7 in §7.2.3)). We assume that we can measure the normal derivative dyu|yn (o 1),
where d,u(x,t) = Vyu(x, t) - v(x) and v is the outer unit normal to 0Q). Doing such measurements
for many different functions f, the ideal boundary measurements are encoded by the hyperbolic
Dirichlet-to-Neumann map (DN map for short)

Ag:CZ(002x (0,T)) = C®(0Q2 x (0,T)), Ag(f) = ayu|aQX(0’T).

The Gel'fand problem for this model amounts to recovering q(x) from the knowledge of the map
NAq. We will prove the following result due to [24].

Theorem 8 (Recovering the X-ray transform). Let T > 0 and assume that q1,q, € C®(Q). If

Agy = Ay,

/qlds:/qzds
v r

whenever vy is a maximal line segment in Q with length < T.

then g1 and qy satisfy

It is natural that the region where one can recover information depends on T. By finite propagation
speed the map A, is unaffected if one changes g outside the set

{x € Q; dist(x,0Q) < T/2}.

Indeed, if u and 7 solve (13) for potentials g and § with the same Dirichlet data f, and if g = §
inU := {x € Q; dist(x,000) < T/2}, then w := u — ii solves (0 + q)w = F where F := —(q — §)il
vanishes in U x (0, T) and in (Q\ U) x (0, T/2). Moreover, w = d;w = 0 on {t = 0} and W[5, (o,1) =
0. By finite speed of propagation d,w|3 (o) = 0. This proves that Ay = Ag.

For T large enough, one can recover everything:

Corollary 2. If T > diam(Q)), then Ay, = Ny, implies g1 = qo.

Proof. If T > diam(Q2), then by Theorem 8 one has

/ gi1ds = / ga ds
Jy g

for any maximal line segment 7 in ). Thus q; and g, have the same X-ray transform in R".
This transform is injective by Corollary 1 when n = 2. Tiling R" by two-planes gives injectivity
whenn > 3. Thus g1 = ¢qp. O
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Theorem 8 could be proved based on the following facts, see e.g., [25]:

The map A, is an FIO of order 1 on 0Q) x (0, T).
2. The X-ray transform of g can be read off from the symbol of A; (more precisely, from the principal
symbol of A; — Ag).

—_

We will give an elementary proof that is based on testing A; against highly oscillatory boundary
data (compare with (8)).
The first step is an integral identity.

Lemma 1 (Integral identity). Assume that q1,q, € C®(Q). Forany f1, fo € CP(9Q) x (0, T)), one has

(Mg~ Ao F)izanciory = [ [ (@~ amiadtdx,
where uq solves (13) with q = q1 and f = f1, and uy solves an analogous problem with vanishing Cauchy data
on{t="T}:
(O+g2)up =0 inQx(0,T),
uy =fo  onoQx (0,7), (14)
Uy =0y =0 on{t="T}.
Proof. We first compute the adjoint of the DN map: one has

(Aaf 8)r2p0x01) = (f A &) 12(0x(01)

where Ang = 0y0|30x(o,r) With v solving (I + q)v = 0 so that v|3n (o) = g and v = dyv = 0 on
{t = T}. To prove this, we let u be the solution of (13) and integrate by parts:

(qu)LZ(an 0,7)) / / (dyu)odtdS
o Vu-Vo+ (Au)o)dtd
/Q/O( u-Vo+ (Au)o)dtdx
T
:/Q/o (Vu- Vo + (9fu + qu)s) dt dx
T
:/Q/ (Vu - V6 — 0;u06 + quo) dt dx
0
T [
:/Q/ (Vu - V3 +u(0?v + qu)) dt dx
0

T
:// (Vu-Vo+uAv)dtdx
OJo

T
:/ / 13,5 dtds
00 JO

= (f, M) 120x(0,1))-

Now, if 1 and u; are as stated, the computation above gives
(Aqufr f2)1260x(0,1)) / / (Vuy - Vity — 04u10yily + qrunilp) dt dx
and

(A f1s ) 2ax o) = (i A f2) 120x (01)

T
= /Q/ (Vuy - Vily — 0pu1 041y + qouiqtip) dt dx.
0
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The result follows by subtracting these two identities. [

The second step is to construct special solutions to the wave equation that concentrate near
curves s — (y(s),s) where v is a line segment. These curves are projections to the (x, t) variables of
null bicharacteristic curves for [1 (see Example 4). These solutions are closely related to Theorem 4
concerning propagation of singularities. In fact, similar methods can be used to prove that Theorem 4
is sharp in the sense that there are approximate solutions whose wave front set is precisely on a given
null bicharacteristic curve ([3], Theorem 26.1.5). One can also go in the other direction and use suitable
concentrating solutions to prove Theorem 4, see Reference [26].

The proof is based on a standard geometrical optics/WKB quasimode construction.

Proposition 1 (Concentrating solutions). Assume that q € CX(Q), and let 7y : [6, L] — Q be a maximal
line segment in Q with 0 < 6 < L < T. Forany A > 1 there is a solution u = uy of (0 + q)u = 0 in
Q x (0,T) withu = osu = 0 on {t = 0}, such that for any p € CX(Q x [0, T]) one has

T L
tim [ [ gluPdrde = | ,5)ds. 15
Jim ) wlultdx [ ¥(1(s),5)ds (15)

Moreover, if § € C(Q)), there is a solution it = iy of (O + §)it = 0in Q x (0, T) with ii = dii = 0 on
{t = T}, such that for any € CX(Q x [0, T]) one has

lim /Q/OTlpuﬁdtdx = /‘SLIP(’)/(S),S)CIS. (16)

A—00
At this point it is easy to prove the main result:

Proof of Theorem 8. Using the assumption A4, = A4, and Lemma 1, we have

T
/Q,/O (ql — q2)ulﬁ2 dtdx =0 (17)

for any solutions u; of (0 +4;)u; = 0in Q x (0, T) so that u; = dsu; = Oon {t = 0}, and up = dsu =0
on{t=T}.

Let v : [6,L] — Q be a maximal unit speed line segment in Q) with L < T, and let u; = uy,
be the solution constructed in Proposition 1 for the potential g; with u; = d;u; = 0 on {t = 0}.
Moreover, let uy = uy 5 be the solution constructed in the end of Proposition 1 for the potential g, with
uy = dpupy = O on {t = T}. Taking the limitas A — oo in (17) and using (16) with (x,t) = (q1 — q2)(x),
we obtain that

[ @ -2 ds =

Thus the integrals of 41 and g, over maximal line segments of length < T in () are the same. [

Proof of Proposition 1. Let y : [§,L] — Q) be a maximal unit speed line segment in Q with L < T,
and let 7 : R — R" be the unit speed line so that 1(s) = (s) for s € [§,L]. Write xo := #(0) and
&o :=17(0), so that xy ¢ Q and y(s) = xq + 5. After a translation and rotation, we may assume that
Xg = 0and go = €én.

We first construct an approximate solution v = v, for the operator 1 + g, having the form

o(x,t) = 20N (x, 1),

where ¢ is a real phase function, and a is an amplitude supported near the curve s — (7(s),s).
Note that
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at (quDu) = ei)‘(P (at + i)\atq))u'
R(eu) — (@, + Ay

Using a similar expression for 8%/., we compute
(O+q)(e%a) = M9((2; +iAd19)* — (Vi + iAV9)? + q)a
= M (22 [| Vg — (319)?] a
+iA [20¢pota — 2V x¢ - Via+ (Og)a) + (O + g)al. (18)

We would like to have ((I + g)(e*?a) = O(A~1). To this end, we first choose ¢ so that the A2
term in (18) vanishes. This will be true if ¢ solves the eikonal equation

Vg — (3r9)2 = 0.
There are many possible solutions, but we make the simple choice
Q(x, 1) ==t —xp.
With this choice, (18) becomes
(O +q)(e?a) = e [iA(La) + (D + q)a], (19)

where L is the constant vector field
L:= 2(8t + axn).

It is convenient to consider new coordinates (x,z, w) in R"*1, where

t+ x, t—x,
= = . 20
5w 7 (20)

Then L corresponds to 29, in the sense that

t+x, t—x,

LF(x,t) = 20,F(X/, TR ),

where F corresponds to F in the new coordinates:
E(x,z,w) :=F(x',z —w,z +w).
We next look for the amplitude a in the form
a=ay+Ata_y.
Inserting this to (18) and equating like powers of A, we get
(O +q)(e*?a) = e't* {i)\(Luo) + [iLa_1 + (O +q)ag) + A~ 1O+ q)a,l] . (21)

We would like the last expression to be O(A~1). This will hold if ag and a_; satisfy the transport
equations

Ltlo =0, (22)
La_1 =i(d+ q)ap.
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Let x € C®(R") be supported near 0, and choose
o (v, z,w) == x(x',w).
We will later choose x to depend on A. Next we choose

Z
i 1(x,z,w) = —%/O (O +q)ag)”(x',s,w) ds.

These functions satisfy (22), and they vanish unless w is small (i.e., x;, is close to t). Then (21) becomes
(O +4¢)(e*?a) = Fy,

where
Fy = A0+ q)a_y.

Using the Cauchy-Schwarz inequality, one can check that
IFallzo(axom)) < AT IO+ 9)a-1ll=x0,m)
S A xlhwaes

uniformly over A > 1. This concludes the construction of the approximate solution v = ¢*?a.
We next find an exact solution u = u, of (13) having the form

u=v+r

where 7 is a correction term. Note that for  close to 0, v( -, t) is supported near xy ¢ Q and hence
v = 0w = 0on {t = 0}. Note also that (+q)v = F,. Thus u will solve (13) for f = v|3n (g ) if 7 solves

O+4+qgr =—-F inQx(0,T),
r=0 on 9Q) x (0,T), (23)
r=adir =0 on {t = 0}.

By the wellposedness of this problem [23, Theorem 5 in §7.2.3], there is a unique solution r with

171l o om0 00)) S IEA 2o, myr2cay) S A X lwae-

We now fix the choice of x so that (15) will hold. Let { € C®(R") satisfy { = 1 near 0 and
H@HLZ(W) =1, and choose

x(y) == "2 (y/e),

where
1
e=¢e(A) = A8,
With this choice
Ixlzey =1 Ixllwasgn S e S AV
It follows that
lollzaxory ST Irlezaxor) SAV

Since u = v + r, the integral in (15) has the form
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T T
24 dt:// 2 dxdt + O(A~1/2
L[ wluPaxar= [ [ glofrar+ o2

T
:/Q/O plag 2 dxdt + O(A~1/2),

Using that |ag|? is compactly supported in Q x (0, T), we have

// plul? dx dt = / 1gb(x,t)s‘”g(x—/,%)dedt+O(A‘1/2)

€

(X', z —w,z 4+ w)e "L(x' /e, w/e)? dx’ dzdw + O(A~1/2)

Rn+1

by changing variables as in (20). Finally, changing x’ to ex’ and w to ew and letting A — oo (so € — 0) yields

. T
lim/ /0 1,b|u|2dxdt:/ 11,[1(0’,z,z)§(x',w)zdx’dzdw

A—0c0 JO)
L
—/ ,2,Z dz—/ P(xo + sen,s)ds
)

by the normalization ||{[[;2(gs) = 1 and the fact that € CZ°(Q x [0, T]). This proves (15).

It remains to prove (16). Since 7(T) ¢ ), we have v = ;v = 0 on {t = T}, and we may
alternatively arrange that r solves (23) with r = 9 = 0 on {t = T} instead of {t = 0}. We can do such
a construction for the potential § instead of 4. Since ¢ and a¢ are independent of g, the same argument
as above proves (16). O

6. Calder6n Problem: Boundary Determination

Electrical Impedance Tomography (EIT) is an imaging method with potential applications in
medical imaging and nondestructive testing. The method is based on the following important inverse
problem.

Calderén problem: Is it possible to determine the electrical conductivity of a medium by
making voltage and current measurements on its boundary?

The treatment in this section follows [27].

Let us begin by recalling the mathematical model of EIT. The purpose is to determine the electrical

conductivity 7(x) at each point x € (), where ) C R" represents the body which is imaged (in practice

n = 3). We assume that QO C R" is a bounded open set with C® boundary, and that v € C*(Q)
is positive.

Under the assumption of no sources or sinks of current in (), a voltage potential f at the boundary

0Q) induces a voltage potential u in (3, which solves the Dirichlet problem for the conductivity equation,

V-yVu =0 in O,

{ u=f ondQ. @4)

Since v € C®(Q) is positive, the equation is uniformly elliptic, and there is a unique solution
u € C®(Q) for any boundary value f € C®(9Q)). One can define the Dirichlet-to-Neumann map (DN
map) as
Ay 1 C®(0Q)) = C(00Q), f+— youulyn.

Here v is the outer unit normal to 0Q) and d,u|y = Vu - v|yq is the normal derivative of u.
Physically, A, f is the current flowing through the boundary.

The Calderén problem (also called the inverse conductivity problem) is to determine the
conductivity function -y from the knowledge of the map A, . That is, if the measured current A, f is
known for all boundary voltages f € C*(0Q2), one would like to determine the conductivity 7.
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We will prove the following theorem.
Theorem 9 (Boundary determination). Let 71,2 € C®(Q) be positive. If
Ay = Ay,
then the Taylor series of vy1 and vy, coincide at any point of 0C).

This result was proved in Reference[28], and it in particular implies that any real-analytic
conductivity is uniquely determined by the DN map. The argument extends to piecewise real-analytic
conductivities. A different proof was given in [29], based on two facts:

1. The DN map A, is an elliptic Y DO of order 1 on ().

2. The Taylor series of v at a boundary point can be read off from the symbol of A,, computed in
suitable coordinates. The symbol of A, can be computed by testing against highly oscillatory
boundary data (compare with (8)).

Remark 4. The above arqument is based on studying the singularities of the integral kernel of the DN map,
and it only determines the Taylor series of the conductivity at the boundary. The values of the conductivity in the
interior are encoded in the C* part of the kernel, and different methods (based on complex geometrical optics
solutions) are required for interior determination.

Let us start with a simple example:

Example 6 (DN map in half space is a ¥DO). Let QO = R" = {x, > 0}, 50 9Q = R""! = {x,, = 0}.
We wish to compute the DN map for the Laplace equation (i.e., v = 1) in Q). Consider

Au =0 in R,
u=f on{x, =0}

Writing x = (x', x,) and taking Fourier transforms in x' gives

(@5 = 18')a(’, x) =0 in R,
a(¢',0) = f(&")-

Solving this ODE for fixed &' and choosing the solution that decays for x, > 0 gives
(&, xn) = e EF(E)
— u(@, %) = F5 {eoEfEN ]
We may now compute the DN map:
Aif = =dutly—0 = 75 {IE1f@)}

Thus the DN map on the boundary 00 = R"~1is just Ay = |Dy| corresponding to the Fourier multiplier
|&'|. This shows that at least in this simple case, the DN map is an elliptic ¥ DO of order 1.

We will now prove Theorem 9 by an argument that avoids showing that the DN map is a YDO,
but is rather based on directly testing the DN map against oscillatory boundary data. The first step is a
basic integral identity (sometimes called Alessandrini identity) for the DN map.
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Lemma 2 (Integral identity). Let 1,72 € C®(Q). If f1, f» € C®(0QY), then

(Ayy = Ap)f1 f2) 2 00) = ./Q(’Yl —72)Vuy - Vilg dx

where u; € C®(Q) solves div(;jVu;) = 0in Q with ujlan = f;.

Proof. We first observe that the DN map is symmetric: if v € C*(Q)) is positive and if u solves
V- (yVug) = 0in Q with uz|3q = f, then an integration by parts shows that

(Ayfr8) 120000 =/an(“rauuf)ﬁgdsZ/Q“Nuf-Vﬁgdx
- /an ug(Yovitg) dS = (f, Ay8)12(30)-
Thus
(A fi f2)i200) = /Q 11 Vuy - Vi dx,

(A fr f2)1200) = (fr, A f2)1200) = /Q”szul - Vi dx.

The result follows by subtracting the above two identities. [J

Next we show that if x( is a boundary point, there is an approximate solution of the conductivity
equation that concentrates near xp, has highly oscillatory boundary data, and decays exponentially in
the interior. As a simple example, the solution of

Au — 0 in Rﬁ_,
u(x’,O) _ ei/\x’-rj/

oy ) .
~MneiAx-& which concentrates near {x, = 0} and decays

that decays for x, > Ois givenby u = e
exponentially when x, > 0 if A is large. Roughly, this means that the solution of a Laplace type
equation with highly oscillatory boundary data concentrates near the boundary. Note also that in a

region like {x, > |x’|?}, the function u is harmonic and concentrates near the origin.

Proposition 2. (Concentrating approximate solutions) Let v € C®(Q)) be positive, let xg € 9, let Gy be a
unit tangent vector to 0Q) at xo, and let x € C°(9Q)) be supported near xq. Let also N > 1. For any A > 1

there exists v = vy € C®(Q) having the form

0= \~1/2,iA®,
such that

V@(x0) = o —iv(xo),

a is supported near xo with alyqy = X,

and as A — oo
ol ~ 1 Idiv(yVo)[lp2iq) = OAN).

Moreover, if ¥ € C®(Q) is positive and & = ¥, is the corresponding approximate solution constructed for
4, then for any f € C(Q) and k > 0 one has

lim A¥ / dist(x,0Q)* FVo - Vadx = ¢ /a Flx[2ds (25)
JQ Q

A—o00
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for some ci # 0.

We can now give the proof of the boundary determination result.

Proof of Theorem 9. Using the assumption that A,, = A,, together with the integral identity in
Lemma 2, we have that

[(n=12)Vu - Vipdx =0, 26)

whenever u; solves div(y;Vu;) = 0in Q.
Let xg € 0Q), let {y be a unit tangent vector to 0Q) at x¢, and let xy € C°(0Q)) satisfy x = 1 near xy.
We use Proposition 2 to construct functions
?J]' = Uj’/\ = )\71/281/\@&]'

so that
[0l ~ 1 div(7 Vo) [ 120) = O(A™Y). (27)

We obtain exact solutions u; of div(y;Vu;) = 0 by setting
M]' = ZJ]' +7;,
where the correction terms r; are the unique solutions of
le(’)/]VT]) = *diV(’)/jVU]‘) in Q), rleQ =0.
By standard energy estimates ([23], Section 6.2) and by (27), the solutions ; satisfy
I7ill ey S Ndiv(y Vo)l g1y = o(A™M). (28)
We now insert the solutions u; = v; + r; into (26). Using (28) and (27), it follows that
/Q (71— 72)Voy - Vo dx = O(A~N), (29)

as A — oco. Letting A — oo, the formula (25) yields

— 248 =0.
/aQ(’Yl 72) X

In particular, y1(xg) = y2(xp).
We will prove by induction that

8{/71|30 = a{,yz\m near x for any j > 0. (30)

The case j = 0 was proved above (here we may vary xg slightly). We make the induction
hypothesis that (30) holds for j < k —1. Let («/,x,) be boundary normal coordinates so that x
corresponds to 0, and 0Q) near xg corresponds to {x, = 0}. The induction hypothesis states that

Ay (x,0) = o (x,0),  j<k-—1.
Considering the Taylor expansion of (7y; — 72)(x/, x,) with respect to x, gives that

(71— 72)(«', x) = xX f(x, x,) near 0in {x,, > 0}
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for some smooth function f with f(x’,0) = W{M. Inserting this formula in (29), we obtain that
Ak /Q K fVor - Vo, dx = O(AFN).

Now x,, = dist(x, Q) in boundary normal coordinates. Assuming that N was chosen larger than
k, we may take the limit as A — oo and use (25) to obtain that

| G0, 0P s =0

This shows that 0% (71 — 72)(x/,0) = 0 for x’ near 0, which concludes the induction. [

It remains to prove Proposition 2, which constructs approximate solutions (also called quasimodes)
concentrating near a boundary point. This is a typical geometrical optics/WKB type construction
for quasimodes with complex phase. The proof is elementary, although a bit long. The argument
is simplified slightly by using the Borel summation lemma, which is used frequently in microlocal
analysis in various different forms.

Lemma 3 (Borel summation, [3, Theorem 1.2.6]). Let f; € CZ° (R*=1) for j = 0,1,2,.... There exists
f € C2(R") such that

Af(X,0)=fi(x), j=0,12,....

Proof of Proposition 2. We will first carry out the proof in the case where xyp = 0 and 0() is flat near 0,
ie, QNB(0,r) = {x, >0} NB(0,r) for some r > 0 (the general case will be considered in the end of
the proof). We also assume &y = (&), 0) where |&}| = 1.

We look for v in the form
v = .

Write Pu = D - (yDu) = yD?u + Dy - Du. The principal symbol of P is
pa(x, &) = v(x)§ - C. (31)
Since e’i’\q’Dj(eiAq>b) = (D; + A0j®)b, we compute
P(e*®h) = (D + AV®) - (7(D + AVP)b)

— NP /\ZPZ(X, V@)b—F)\% 29VO -Vb+ V- (yV®)b| + Pb| . (32)

=:Lb

We want to choose ® and b so that P(e*®b) = Or2(q) (A~N). Looking at the A? term in (32),
we first choose @ so that
p2(x, V®) = 0in Q. (33)

We additionally want that ®(x/,0) = x’ - & and 9, ®(x’,0) = i (this will imply that V®(0) =
Co + iey). In fact, using (31) we can just choose

(¥, xp) :=x" - &) +ixy

and then py(x, V®) = (o +ien) - (o +ien) = 0in Q.

We next look for b in the form N

b=Y Ab.
j=0
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Since pa(x, V@) = 0, (32) implies that
P(APp) = A [A[%Lbo} + [%Lb_l + Phy] + A [%Lb,z +Pb_q]+...
+A*<N*1>[%Lb,N +Pb_(y_1)] +A*pr,N] (34)
We will choose the functions b_; so that

Lby = 0 to infinite order at {x,, = 0},
1Lb_1 + Py = 0to infinite order at {x, = 0},

(35)
1N+ Pb_(N_1) = 0to infinite order at {x, = 0}.
We will additionally arrange that
bo(x',0) = x(x),
0(x',0) = x(x') 36)
b_]-(x’,O) =0for1 <j<N,
and that each b_; is compactly supported so that

supp(b_;) C Qe := {[x'| <&, 0 < x, < e} (37)

for some fixed £ > 0.

To find by, we prescribe by(x’,0),9,bo(x,0),9%bo(x’,0), ... successively and use the Borel
summation lemma to construct by with this Taylor series at {x, = 0}. We first set by(x’,0) = x(x).
Writing 7 := V - (yV®), we observe that

LbO‘xn:O = 2’)’(66 . Vx/bo + ianbo) + ﬁbo‘xnzo.

Thus, in order to have Lbg|y, o = 0 we must have

Inbo(x',0) = 2 (x',0)&5 - Varbo + 17bo]

R
2iy(x’,0) xn=0
We prescribe 9,by(x’,0) to have the above value (which depends on the already prescribed
quantity by(x’,0)). Next we compute

On(Lbo)|x,=0 = 27930 + Q(x', bo(x',0), ubo (¥, 0)),
where Q depends on the already prescribed quantities by(x’,0) and 9,by(x’,0). We thus set

1

2 / _
8nb0(x ,0) = 721,1)/(3{/’0)

Q(x', bo(x',0),0ubo(x", 0)),
which ensures that d,,(Lbg)|x,=0 = 0. Continuing in this way and using Borel summation, we obtain a
function by so that Lby = 0 to infinite order at {x, = 0}. The other equations in (35) are solved in a

similar way, which gives the required functions b_1, ..., b_y. In the construction, we may arrange so
that (36) and (37) are valid.
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If ® and b_; are chosen in the above way, then (34) implies that
P(e™®b) = e™® | Agi(x) + Y A7 j(x) + A" NPb_y
=0

where each g;(x) vanishes to infinite order at x, = 0 and is compactly supported in Q. Thus, for any
k > 0 there is C; > 0 so that |q;] < Cixk in Q, and consequently

|P(e®h)| < e~ AM(®) [/\Ckx’,‘l + CA*N] .
Since Im(®) = x,, in Q, we have
||P(€i/\®b)||%z(0) < Ck‘/Q 672/\367, {)LZX%k—f—/\*ﬂ\]] dx

< Ck/ / e~ 2xn [/\1_2"9(,21"+A_1_2N} dx, dx’.
|x']<e JO

Choosing k = N + 1 and computing the integrals over x;, we get that

|P(D) |2y < CuA2N .

It is also easy to compute that
iAD 1/2
! b||H1(Q) ~ A2,

Thus, choosing @ = A~1/2b, we have proved all the claims except (25).
To show (25), we observe that

Vo = e [iM(V®)a + Va].

iAD ~

Using a similar formula for 7 = ¢*®d (where ® is independent of the conductivity), we have

dist(x,00)* fVv - V5 = xk fe=2Axn {A2|Vd>|2aﬁ + AT+ AL ﬂ .
Now |V®|2 =2 and a = A~/2h where |b| < 1, and similarly for 4. Hence
A /Q dist(x,00)* fVo - Vo dx
_ Ak /R - /0 " adbe 2 (265 4 Ope (A1) dxn

We can change variables x, — x,/A and use dominated convergence to take the limit as A — oo.
The limit is
ck /]R L 0) (!, 0)Bo(x,0) dx’ = /R L 0) () Pax,

where ¢ =2 [ xKe=2%n dx,, # 0.

The proof is complete in the case when xo = 0 and 02 is flat near 0. In the general case, we choose
boundary normal coordinates (x’, x,,) so that x( corresponds to 0 and Q) near x locally corresponds to
{xn > 0}. The equation V - (yVu) = 0 in the new coordinates becomes an equation

V- (yAVu) =0in {x, > 0},

where A is a smooth positive matrix only depending on the geometry of () near xy. The construction
of v now proceeds in a similar way as above, except that the equation (33) for the phase function ® can
only be solved to infinite order on {x, = 0} instead of solving it globally in ). [
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