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THE LINEARIZED CALDERON PROBLEM ON COMPLEX
MANIFOLDS

COLIN GUILLARMOU, MIKKO SALO, AND LEO TZOU

Dedicated to Carlos Kem'g on the occasion of his 65th birthday

ABSTRACT. In this note we show that on any compact subdomain of a
Kahler manifold that admits sufficiently many global holomorphic func—
tions, the products of harmonic functions form a complete set. This
gives a positive answer to the linearized anisotropic Calderon problem
on a class of complex manifolds that includes compact subdomains of
Stein manifolds and sufficiently small subdomains of Kahler manifolds.
Some of these manifolds do not admit limiting Carleman weights, and
thus cannot by treated by standard methods for the Calderon problem in
higher dimensions. The argument is based on constructing Morse holo—
morphic functions with approximately prescribed critical points. This
extends results of [GTE] from the case of Riemann surfaces to higher
dimensional complex manifolds.

1. INTRODUCTION

If (.M, g) is a compact connected oriented Riemannian manifold with COO
boundary 8M and if q E C00(M), we consider the Dirichlet problem for the
Schrodinger equation,

(A. + q>u : 0 in M. ulaM : f-
Here A9 is the positive Laplace—Beltrami operator. Assuming that 0 is not a
Dirichlet eigenvalue, one defines the Dirichlet—to—Neumann map (DN map)

Agiq : COCWM) —> 000(8M)7 f '—> auulaM-
The question studied here is the unique determination of the potential q from
the knowledge of the DN map Ag’q, provided that (M,g) is also known:

Conjecture 1.1 (Calderon problem for Schrodinger equation). Let (M, g)
be a compact Riemannian manifold with smooth boundary, and assume that
q1, q2 6 COO (JV!) so that O is not a Dirichlet eigenvalue of Ag +qj in M. Then
AW}, 2 AQ7Q2 implies that (11 = qg.

This question is closely related to the inverse problem of Calderon [Ca80],
which asks to determine a positive function a E L°°(Q) in a bounded domain
9 C R” from the DN map A0 : f H adyvlan where v solves div(aVv) : 0
in S2 with v|39 : f. Here 0 corresponds to the electrical conductivity of the
medium (2, and Ag encodes voltage and current measurements on 89. It
is well known that if a is sufficiently regular, the substitution 1) : 0’1/2u
reduces the Calderon problem to solving Conjecture 1.1 when M = D and
g is the Euclidean metric.
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2 C. GUILLARMOU, M. SALO, AND L. TZOU

The Calderon problem in Euclidean space has been studied intensively
and there is a large literature (see [SU87, Na96, Bu08] and the survey
[Uh14]). The Calderon problem on Riemannian manifolds, also known as
the anisotropic or geometric Calderon problem, is substantially more diffi—
cult. If M is two—dimensional (i.e. a Riemann surface), Conjecture 1.1 was
proved in [GT10, GT1 1] based on the earlier Euclidean case [Bu08] ([GT1 1]
considers the more general partial data case, following the Euclidean re—
sult [IUY10]). For dim(M) 2 3, much less is known. If all structures are
real—analytic there are positive results [LU01, LTU03, G809], but for general
COO metrics Conjecture 1.1 is only known for a restricted class of manifolds
[DKSU09, DKLSl6].

One can also consider the linearized version of Conjecture 1.1. If (.M, g)
is fixed, this corresponds to asking whether the linearization of the map
q »—> AM is injective. The linearized Calderon problem (linearized at q = 0)
essentially reduces to the following question:

Conjecture 1.2 (Linearized Calderon problem for Schrodinger equation).
Let (M, g) be a compact Riemannian manifold with smooth boundary. If
f E C°°(M) vanishes to infinite order at 8M and satisfies

fuliig dVg = 0
M

for all uj E COO(M) satisfying Aguj = 0 in M, then f E 0.

Here we assume that f vanishes to infinite order at 8M since we know
by boundary determination [DKSUOQ] that Aq determines q|aM to infi—
nite order, and thus the linearization can be reduced to the case of smooth
potentials vanishing to any order at 8M.

The methods of [GTll] and [DKLSlG] also yield a positive answer to
Conjecture 1.2 if dim(M) = 2 or if dim(M) Z 3, (M, g) is conformally
transversally anisotropic, and the geodesic X—ray transform on the transver—
sal manifold is injective (see [DKLSl6] for more details). However, even the
linearized Calderon problem remains open in general when dim(M) Z 3. We
refer to [D+17] for a recent result related to recovering transversal singular-
ities, and to [D+09, SU16] for results on the linearized partial data problem
in Euclidean space.

In this work, our objective is to extend the powerful Riemann surface
methods of [GT1 1] to some class of higher dimensional complex manifolds.
It turns out that the linearized problem can be solved on complex manifolds
that have sufficiently many global holomorphic functions. Let us first give
some related definitions on complex manifolds with boundary.

Definition. Let M be a compact complex manifold with CO0 boundary,
with dimC(M) : n. Define

0(M) : {f E COO(M); f is holomorphic in Mint}.

(a) M is holomorphically separable if for any x, y E M with ac 7é y, there
is some f E (9(M) with f(:c) 7E fly).
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(b) M has local charts given by global holomorphic functions if for any
19 E M there exist f1, . . . , fn E (9(JVI) which form a complex coordi—
nate system near p.

The above definitions often appear in connection with Stein manifolds.
Let X be complex manifold without boundary, let did) : n, and let
0(X) be the set of holomorphic functions on X. One says that X is a Stem
manifold if

(i) for any may 6 X with x 7E y, there is f E (9(X) with fix) 7E fly);
(ii) for any p E X there exist f1, . . . , fn E (9(X) which form a complex

coordinate system near p; and
(iii) X is holomorphically convent, meaning that for any compact K C X

the holomorphically convex hull

I? : {p e X; lf(p)| : gym)! for all f e 0<X>}
is also compact.

Examples of Stein manifolds include open Riemann surfaces, domains of
holomorphy in C", and complex submanifolds of (CN that are closed in the
relative topology. Conversely, any Stein manifold of complex dimension n
admits a proper holomorphic embedding in C271“ (hence nontrivial Stein
manifolds are noncompact). See e.g. [F011] for these basic facts on Stein
manifolds.

The next result gives a positive answer to the linearized Calderon problem
on complex manifolds that satisfy (a) and (b) above.

Theorem 1.1. Let M be a compact complex manifold with COO boundary.
Assume that M is holomorphically separable and has local charts given by
global holomorphic functions, and let 9 be any Kahler metric on M. If
f E C°°(M) vanishes to infinite order at 8M and satisfies

/ fu1u2 dVg = 0
M

for all W E 00°(M) satisfying Aguj = 0 in M, then f E 0.

Here are examples of manifolds covered by the above theorem:
1. If X is a Stein manifold and g is a Kahler metric on X (for instance

9 could be the metric induced by the embedding of X in some (CN),
then any compact CC>0 subdomain JVI of X satisfies the conditions in
the theorem.

2. More generally, the condition (iii) in the definition of Stein mani—
folds is not required. For example, any complex submanifold of (CN
satisfies (i) and (ii) since the functions f and fj can be constructed
from the coordinate functions 21, . . . , ZN in (CN . Hence any compact
COO subdomain M of some complex submanifold of CN, equipped
with a Kahler metric 9, satisfies the conditions in the theorem.

3. Let (X, g) be a Kahler manifold, and let U be a complex coordinate
neighborhood in X. If M is a compact COO subdomain of U, then
(M,g) satisfies the required conditions: if f1, . . ., fn are complex
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coordinates in U, the conditions (a) and (b) hold just by using the
functions f1, . . . ,fn.

Most of the earlier progress in Conjectures 1.1 and 1.2 is based on the
notion of limiting Carleman weights (LCWs), introduced in the Euclidean
case in the fundamental work of Kenig, Sjostrand and Uhlmann [KSU07].
The notion of LCWs placed the method of complex geometrical optics so—
lutions, which has been used intensively since [SU87], in an abstract gen—
eral context. LCWs have been particularly useful for partial data problems
[KSU07, IUYlO, GTll, K813], see also the surveys [GT13, K814]. The
study of LCWs in the geometric case was initiated in [DKSUOQ] and applied
further e.g. in [KSU11a, KSU11b, DKSl3]. In [DKSUOQ] it was also shown
that the existence of an LCW (at least with nonvanishing gradient) is lo—
cally equivalent to a certain conformal symmetry that a generic manifold in
dimensions 2 3 will not satisfy [LS12, An17]. This conformal symmetry has
been studied further in [AFGR16, AFG17] in terms of the structure of the
Cotton or Weyl tensors of the manifold.

One of the results in [AFGR16] states that (CP2 with the Fubini—Study
metric 9 does not admit an LCW near any point. Since (CPQ, g) is a Kahler
manifold, compact COO subdomains in (C132 provide examples of manifolds
where Theorem 1.1 applies but where methods based on LCWs fail.

The proof of Theorem 1.1 extends the arguments in [Bu08] for domains in
(C and [GT1 1] for Riemann surfaces to the case where dimc (JV[) 2 2. Here
is an outline of the argument:

1. Since 9 is a Kahler metric, we have the factorization

Ag 2 25*5 = 28*8.
Thus holomorphic and antiholomorphic functions are harmonic.

2. We show that there is a dense subset S of NI such that for any p E S,
there exists a Morse holomorphic function (I) in M having a critical
point at p. This is based on the fact that M has local charts given by
global holomorphic functions. This allows us to construct a global
holomorphic function (1)0 in M having a prescribed nondegenerate
critical point, and further to find Morse functions arbitrarily close
to (1)0 using a transversality argument.

3. The next step is to show that if (D is a Morse holomorphic function
with critical point at p, there is a holomorphic amplitude a such that
a(p) : 1 and a vanishes at all other critical points of (I). This follows
from the fact that [V1 is holomorphically separable.

4. Finally, for h > 0 we define

U1 2 (ab/h 0/)

U2 : e’qD/hd.

Here ul is holomorphic and U2 is antiholomorphic, hence both are
harmonic, and one has

02/fu1u2dV2/fe2flm(¢)/hla|2dV.
M M
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Since Im(<I>) is a Morse function having critical point at p E S , and
since a(p) : 1 but a vanishes at the other critical points7 letting
h —> 0 (after multiplying by a suitable power of h) and applying the
stationary phase argument implies that f (p) : 0. Since this holds
for all p in the dense set S 7 we obtain f E 0.

Our argument for treating the linearized Calderon problem relies on the
fact that we can produce solutions of Agu : 0 out of holomorphic or an—
tiholomorphic functions. Dealing with the full nonlinear Calderon problem
would require solutions to the Schrodinger equation (—Ag + q)u : 07 which
are typically obtained via Carleman estimates when LCWs are present.
However7 the manifolds that we are considering do not necessarily admit
LCVVs7 and thus at the moment the methods in this paper are restricted to
the linearized problem.

This paper is organized as follows. Section 1 is the introduction. Section
2 includes some preliminaries related to complex manifolds7 and Section 3
gives the proof of Theorem 1.1.

Acknowledgements. The authors would like to thank Gunther Uhlmann
for helpful discussions related to this topic. CC. is partially supported by
ERC Consolidator Grant IPFLOW. MS. was supported by the Academy of
Finland (Finnish Centre of Excellence in Inverse Problems Research. grant
numbers 284715 and 309963) and by the European Research Council under
FP7/2007—2013 (ERC StG 307023) and Horizon 2020 (ERC COG 770924).

2. PRELIMINARIES

In this section we recall standard facts concerning complex and Kahler
manifolds. We refer to [Hu057 M007] for more details.

2.1. Complex manifolds.

Definition. An n—dlmenslonol complex manifold is a 2n—dimensional smooth
(real) manifold with an open cover Ua and charts (pa : Ua a C" such that
(pg 0 (p51 is holomorphic goa(Ua fl U5) e C".

Definition. If M is a differentiable manifold, an almost complex structure
on M is a (1,1) tensor field J such that the restriction Jp : TpM % TpM
satisfies J]? = —Id for any p in M.

If M is a complex manifold, let 2 = (21, . . . , ,2”) be a holomorphic chart
Ua a C", and write zj = .z'j + iyj. There is a canonical almost complex
structure J on M , defined for holomorphic charts by

8 8 8 8

487987; deal—a7;
Conversely, if M is a difierentiable manifold equipped with an almost com—
plex structure J (so it is necessarily even dimensional and orientable), then
by the Newlander—Nirenberg theorem M has the structure of a complex
manifold if J satisfies an additional integrability condition.

Let M be a complex manifold. From now on we denote by TpM the
complexified tangent space7 and by T;M the complexified cotangent space.
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We also denote by J the (C—linear extension of the almost complex structure.
Locally in holomorphic coordinates,

8 8 n * ,
TpM:C{a—Zj,a—Zj} , TpM:C{d,d}

71

j:1 vj:1

i_l iii-i i_l 3H3
8zj_2 8.x]- 8yj ’ 8Zj_2 89% 83” 7

and the dual basis is

where

d : dmj + idyj, dij : d‘j — idyj.

Since J2 = —Id, the eigenvalues of J acting on TpM are :tz'. We define

Tg’OM = Ker(J — i), :59l = Ker(J + 2').
These are the holomorphic and antiholomorphic tangent spaces. Locally

TPLOM_(C{£} , TEAM—({3}
823' j=1 823‘ 3421

Since J also acts on TSM, we define Tg’MM and Tg’l’kM in the same way
and have that locally

Tpl’0*M : (C {d} TEMM : (C {dgj}:=1 'TL

3-:1:
We move on to differential forms. Because of the splitting TjM :

TZI’WM G9 TSMM, the set AWM) : 00°(M;Ak]fl) of complex valued k-
forms on M splits as

MM): 69 AWM)
p+q=k:

where Apvq(M) : COO(M;AP"1M) with
p q

AIZMIM : (A T2170*M> /\ (ATB’1*M> .

Locally, any form u E Ap7q(M) can be written as

u : Z UJK dz] /\ diK

lJl=p7lKl=q

where dz] = dz{1 /\ . . . /\ dzif for j = (j1,... 7jp) etc. Such forms are said to
be of type (p,q). Clearly

d : Ap’q(M) —> Ap+1’q(M) G3 Ap’q+1(M).

If «M : ARM) a AW(M) is the natural projection (here k: = p + q), we
can define the 8 and 8 operators as follows:

Definition. Let

8 : Apvq(M) —> Ap+1vq(M), 8 2 WWW 0 d7
5 : APv‘KM) a Apvq+1(M), 5 = 737q o d.
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Since d : 8 + 8 and d2 : 0 on forms of type (p, q), we have (8 + 8)2 : 0
on such forms and consequently

62:82:0, 85+58:0.

2.2. Hermitian metrics. For the inverse problem, we want to have a
Laplace—Beltrami operator on M. For this one needs a Riemannian metric.
In the case of complex manifolds, it is natural to assume a compatibility
condition.

Definition. Let 1V1 be a complex manifold with almost complex structure
J. We say that a Riemannian metric g on M is compatible with the almost
complex structure if g(J117 Jw) = g(11, 111) for all 11, 111.

If 2 E M, let hZ(-, -) : (-, -)Z : (-, -) be the sesquilinear extension of
92 to the complexified tangent space. Then

(11,11) > 0 unless 11 : 0,
(11,111) = 0 whenever 11 E Tl’OM, w E To’lM,

(11,111) = (17,1?1).

Conversely, if (-, -)Z is a family on symmetric sesquilinear forms on the
complex tangent spaces, satisfying the above three conditions and varying
smoothly with 2, then the restriction to the real tangent bundle is a com-
patible Riemannian metric.

We call it a Hermitian metric on M, and (M, h) a Hermitian manifold.
It naturally induces a metric on the complex cotangent spaces. One obtains
inner products on the exterior powers and also on the space LZAk (M) of
complex k-forms with L2 coeflicients,

(11,11) : /M(u,11)z dVg(z).

The decomposition

ARM): Q3 11mm)
p+q:k

is orthogonal with respect to this inner product. We extend the Hodge star
operator >I< as a complex linear operator on complex forms. Since then

(11,11) 2 *u /\ W,

the orthogonality implies that >I< maps Ap7q(.M) to A"_q7"_p(M).
The L2 inner product induced by the Hermitian metric allows us to define

the adjoints of 8 and 8 as operators

(1* ; AP+1vq(M) e Ap7q(M), 5* ; Ap’q+1(M) a AP’9(M).
In terms of the Hodge star operator they may be expressed as

— —>s<8*=—>k8>k, 8 :—>1<8>k.
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2.3. Kahler manifolds. If (M, h) is a Hermitian manifold and g is the cor-
responding Riemannian metric, we would like to factor the Laplace—Beltrami
operator A : Ag : d*d acting on functions in terms of the 8 and 5 opera—
tors. The situation is particularly simple on Kahler manifolds.

Definition. A Hermitian manifold (M,h) is called Kc'ihler if the almost
complex structure J satisfies VJ = 0.

There are several equivalent characterizations. If (1V1, h) is a Hermitian
manifold, the fundamental form is the alternating 2—form acting on real
tangent vectors by

w(v,w) = g(Jv,w).
The manifold is Kahler iff dw : O (and then to is called a tler form).
Clearly, the metric g can be recovered from the Kahler form and vice versa.
One knows that on a Kahler manifold, near any point there is a smooth
function f such that

w = 1'85f
Thus, the metric on a Kahler manifold locally only depends on one function.

The important fact for our purposes is the following (this is a special case
of the Kahler identities when acting on 0—forms).

Lemma 2.1. If (M, h) is Kahler, then the Laplace—Beltrami operator on
functions satisfies

A = 28*8 = 25*5.
Here 8* and 5* are the formal adjoints of 8 and 5 in the L2 inner product

as discussed above. Thus

0* : A170(M) —> 000W), 5* ; A011(M) —> (100W).
The following immediate consequence is the crucial point for solving the
linearized Calderon problem.

Lemma 2.2. On a Kahler manifold, the real and imaginary parts of holo—
morphic or antiholomorphic functions are harmonic.

Remark. In the solution of the inverse problem on Riemann surfaces, one
needs to construct holomorphic functions in M with prescribed zeros or
Taylor series in a finite set of points. This was done in [GTll] by using
a version of the Riemann—Roch theorem. There are well known extensions
of the Riemann—Roch theorem to higher dimensional complex manifolds,
such as the Riemann—Roch—Hirzebruch theorem. In this work, instead of us—
ing Riemann—Roch type results, we will construct the required holomorphic
functions directly from the assumption that the manifold has local charts
given by global holomorphic functions.

3. LINEARIZED INVERSE PROBLEM

In this section we will prove Theorem 1.1. This will be done by construct—
ing complex geometrical optics solutions to the Laplace equation, obtained
from holomorphic functions given in the next proposition.
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Proposition 3.1. Let M be a compact complex manifold with C")0 bound-
ary. Assume that M has local charts given by global holomorphic functions,
and that M is holomorphically separable. Let also k 2 2. There is a dense
subset S of M such that for any point p E S and for any h > 0, there is a
holomorphic function

u : ei‘b/ha
where (I) E CHM) fl (9(Mint) satisfies d<I>(p) : 0 and Im(<I>) is Morse in
JVI, and a E 0(M) satisfies a(p) : 1 and a(p1) : ...a(pN) : 0 where
{p,p1, . . . ,pN} are the critical points of Im(<I>) in M. The functions (I) and
a are independent of h.

Proof of Theorem 1.1. Suppose that f E COO(M) vanishes to infinite order
at 8M and

fu1u2 dVg = 0
M

for all W E 00°(M) with Aguj = 0 in M. Since any harmonic function
in H1(M) can be approximated by COO harmonic functions by smoothing
out its boundary data, we may assume that the above identity holds for
harmonic functions in CHM) where k 2 2.

We now use Proposition 3.1: for any point p in the dense subset of S and
for h > 0, we choose holomorphic functions

o/hU126 a,

v2 = crib/ha

so that Im(<l>) is Morse with critical points {19,191, . . . ,pN}, (1(1)) : 1, and
a(p1) : . .. : a(pN) : 0. Define ug : 172. Since 9 is a Kahler metric on M,
ul and 11,2 are harmonic functions in M. We obtain that

fe2ilm(<I>)/h|a,2 dv : 0

M
for all h > 0. Since p is a critical point of Im(<I>), since a(p) : 1 but a
vanishes at all the other critical points of p, and since f vanishes to infinite
order on 8M, the stationary phase argument implies that f (p) = 0. Since
this is true for all p in a dense subset of M, it follows that f E 0. D

The next result is the first step in constructing holomorphic functions with
prescribed critical points. We will later need to perturb these functions so
that their real and imaginary parts become Morse.

Lemma 3.2. Let M be a compact complex manifold with COO boundary.
Assume that M has local charts given by global holomorphic functions.
Then for any p E M, there exists (I) E (9(M) such that p is a nondegenerate
critical point of both Re(<I>) and Im(<I>).

Before the proof, we give an elementary lemma related to critical points.
Recall that if u is a CO0 real valued function in a real manifold M, then
we can define the Hessian as the 2—tensor D2u where D is the Levi—Civita
connection. If for a given point p we have du(p) : 0, then the Hessian
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D2u(p) does not depend on the metric and if a: are local coordinates near p,
one has

82W?) t2 = E J kD u(p) jk 8$j8$k d3: @dx .

Lemma 3.3. Let M be a complex manifold and let f E (9(M). Write
f = u + in where u and v are real valued. If p E M , one has

df(p) = 0 <:> du(p) = 0 <=> dv(p) = 0.

At any point p where df(p) : 0 there is a well—defined holomorphic Hessian
D3101 f (p)7 which is a symmetric bilinear form on the holomorphic tangent
space T171 ’OM , such that if z are complex local coordinates near p one has

2

Dl2iolf(p) I Z a f<p> d J d k.
, 820% 2 ® Z

37k 3

The form D3101 f (p) is nondegenerate on Tg’OM iff D2u(p) is nondegenerate
on TPIVI iff D21)(p) is nondegenerate on TpM.

Proof. The first claim is obvious. The complex Hessian of f at p is simply
given by the Tplp’kM ® Tpl’wM part of the tensor D2f(p). To prove the
second claim, assume that df(p) = 0 and extend D2u(p) and D2v(p) as
complex bilinear forms on CTPZVI. Let 2 be complex local coordinates near
p. We claim that for aj, bj,ck, dk E C,

82f
day-8,2,9

(3.1) (D2u + iD2v)(ajazj —|— (776%, , ckazk —|— dkdgk) = ajck

where everything is evaluated at p (we suppress p from the notation here
and below). The formula (3.1) implies that D3101f : D2u + iD2v is indeed
invariantly defined. To prove the claims concerning non—degeneracy, note
that D3101flzj ajazjw) = 0 for all 10 e Tfi’OM implies that for all u/ e TpM

D2U(Z ejazj + Etjagj7wl) = D2U(Z @382]. + dj82j7w/) = 0.
J J

Thus the non—degeneracy of Dgu or D21} implies non—degeneracy of D3101 f .
Conversely, if D2u(2j ejazj + djagjflul) : 0 for all 11/ E TPM7 then taking
112’ : ckazk + Ekazk and using (3.1) implies that Re(Zj 8:2n (lick) : O
for all ck E (C. Choosing real and imaginary values for ck implies that
Dfiolflzj aj82‘7,w) = O for all 211 E Tpl’OM. A similar statement holds for
D22).

The proof of (3.1) is straightforward. If at E {17 —1}7 one has

D2u((9xj —|— @1383”, (935k —|— 218%) = 833]. (9k — st8yj8yku —|— i(t8$j 8yku —|— 58% 8mm).

Thus

(9% - 82a - 82a - 8%D2: dfldk work d’Jdku Egg-8% Z®Z+8Z02k Z®Z+8282k Z®Z+3232k
j, k- J J J J

dzj ®d2k.
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We now invoke the fact that f is holomorphic, which implies that
1 — 1

aZju : iaZj(f + f) I éazj‘fa

1 _ 1 _
aiju I iafjlf + f) : Eaijf7

and consequently
1 - —.0% 2 fig: azjazkf dzj <29 M + azjazkfdzj ® dzk).

j7k

Similarly
1 . —.D221 : fl: azjazk fdz’ <3: dzk — azjazk f d23 e M).

NC

This proves (3.1). D

Proof of Lemma 3.2. Since M has local charts given by global holomorphic
functions, we can find functions f1, . . ., fn E 0(M) that form a complex
coordinate system near p. By subtracting constants, we can assume that
f1(p) = . . . = fn(p) = 0. The required function (I) will then be given by

«M : 2 19(2)?
[:1

Clearly <1) 6 0(M) and (Mp) : 0. Note that the differential of (I) is given by

d<I> = 2 2 fl dfl.
[:1

Since fl(p) = 0 one has d<I>(p) = 0, so p is a critical point of both Re(<I>) and
1m(<1>).

The holomorphic Hessian of (1) in the (f1, . . . , fn) coordinates is given by

Diego) = 2 Z dfz ® dfz
[*1

Thus Dfi01®(p)(aj0fj) = Zaldfl, showing that Dfiol<1>(p) is nondegenerate on
Tg’OM. Lemma 3.3 implies that p is a nondegenerate critical point both for
Re(<1>) and 1m(<1>). D

The next step is to show that we may approximate the functions in Lemma
3.2 by holomorphic functions whose real and imaginary parts are Morse. For
Riemann surfaces such a result was given in [GT11], based on a transversality
argument from [Uh76]. We will follow the same approach.

Lemma 3.4. Let M be a compact complex manifold with C00 boundary.
Assume that M has local charts given by global holomorphic functions. Let
also If 2 2. There is a dense subset S of M such that for any p E 8, there is
(I) E CHM) fl (9(Mint) having a critical point at p so that both Re(<1>) and
1m(<1>) are Morse functions in M.
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Proof. Define

H = {(Re(f)a1m(f)); f E Ck(M) fl 0(Mint)}-
Fix some COO Riemannian metric g on M and define

k
Hullokmr) = ZHVJUHLMM)

3'70
where V is the Levi—Civita connection and L°°(M) = L°°(M, dVg). Equip
H with the norm H(u, v)H = HuHck(M) + llvll(M)7 which makes H a Banach
space.

We claim that the set

(3.2) {(u, v) E H; u and U are Morse in M}
is dense in H. If this holds7 then for any point 190 E Mint we may use
Lemma 3.2 to find (IJ : 90 +i1p E (9(M) having a nondegenerate critical
point at p0. The density of (3.2) implies that there are <1)” : 90(1) + MW) in
Ck(M) fl 0(Mint) such that 90(1) and 1b“) are Morse and 90(1) —> 90, 1b“) —> w
in CHM). It follows that Hessg(go(l)) —> Hessg(<p) on 1V1. In particular, if
m are Riemannian normal coordinates at m, both matrices (833], 8nd”) and
(8333. 8xkgo) are nondegenerate at p0 for l large, and by the inverse function
theorem the vector fields (8$j<p(l)) and (8% 90) are invertible maps in some
neighborhood of p which is independent of I. It follows that there exist
pm 6 Mint with dtp(l)(p(l)) : 0 and p“) —> 130. This proves that the set

s = {p e M; df(p) = 0 for some f e CHM) m 0(Mint)
with Re(f)7 Im(f) Morse}

is dense in M. The result then follows.
To prove that (3.2) is dense in H7 we repeat the argument in [GTlll and

consider the map

m : H X M —> T*M, m((u,v),p) = (p,du(p))-
We also write mum : M —> T*M7 mufiv(p) : (p, du(p)). We first observe that
p is a critical point of u iff mufl,(p) E T5M , where T5 M is the zero section
of T*M. If p is a critical point7 X E TpM and if 7(15) is a smooth curve in
M with ‘y(0) : X7 we compute

d(mu.v>X : we), du(v(t))) fig : (X. Waco).
Thus we have proved that for (u, v) E H ,

(3.3)

u is Morse

<=> Ran(mu7U) + T( ”(TSJVI) = TpM 63 T;M when mum E TSM.p,dU(p

This means that u is Morse iff mm, is transverse to the zero section Tdk M
in T*M (see [Uh76] for this terminology).

We next show that the set
(3.4) {(71.12) E H; mum is transverse to TSM}
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is residual (i.e. a countable intersection of open dense sets) in H. In fact,
this follows from [Uh76, Transversality theorem 2], see also [GTII], provided
that we can show that m is transverse to TJM. Let (u, v) E H, p E M be
such that p is a critical point of u (i.e. m(u, 11,19) 6 TgM), let (21,13) 6 H and
X E TpM, and let 7 be a smooth curve in M with r'y(0) = X. We compute

: fiwmw + wow») ,:0 : (X. D2u<X> + data».
Thus m is transverse to TJM provided that {du(p) ; (21,23) 6 H} spans T;M
for any p E M. This last fact follows since M has local charts given by global
holomorphic functions. To see this, let p E M and choose f1, . . . , f" E 0(M)
which form a complex chart near 19. Write fj : uj + in, and assume that
for some aj , bj E R one has

(Dumpmxa, 23, X)

Z ajduj(p) + Navy-(p) = 0.
j=1

Since 2uj = fj + f] and 2ivj = fj — )2, we obtain

0: zadfj+cjdfj
3:1

where cj : aj — ibj. Since {dfj, dfj} span the complex cotangent space at p,
we get cj : 0 forj : 1, . . . ,n. Thus aj : bi : 0, and {duj(p),dvj(p)}j:17m7n
span the real cotangent space at p. The fact that Re(—if ) : Im( f) implies
that real parts of functions in O(M) span TJM as well.

We have now proved that the set (3.4) is residual. The observation (3.3)
and Lemma 3.3 show that the set (3.2) is dense in H as required. El

Finally, we invoke the assumption that 1V1 is holomorphically separable
to construct the amplitude in Theorem 3.1.

Proof of Proposition 3.]. Let S be as in Lemma 3.4, let p E S, and lot
(I) E Ck(M) 00(Mint) be the function given in Lemma 3.4 so that d<I>(p) = 0
and Im(<I>) is Morse. Let {19,191, . . . ,pN} be the critical points of Im(<I>) in M.
Since M is holomorphically separable, for each j we may find aj E 0(M)
such that aj(p) = 1 and aj(pj) = 0. It is enough to choose a = a1'~aN. D
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