1% £

Jyvaskylan yliopiston julkaisuarkisto I
Jywiskyld University Digital Archive UNIVERSITY OF JYVASKYLA

This is an electronic reprint of the original article.
This reprint may differ from the original in pagination and typographic detail.

Author(s): Khoromskij, Boris; Repin, Sergey

Title: Rank Structured Approximation Method for Quasi-Periodic Elliptic Problems
Year: 2017
Version:

Please cite the original version:

Khoromskij, B., & Repin, S. (2017). Rank Structured Approximation Method for Quasi-
Periodic Elliptic Problems. Computational Methods in Applied Mathematics, 17(3),
457-477. https://doi.org/10.1515/cmam-2017-0014

All material supplied via JYX is protected by copyright and other intellectual property rights, and
duplication or sale of all or part of any of the repository collections is not permitted, except that
material may be duplicated by you for your research use or educational purposes in electronic or
print form. You must obtain permission for any other use. Electronic or print copies may not be
offered, whether for sale or otherwise to anyone who is not an authorised user.



DE GRUYTER Comput. Methods Appl. Math. 2017; 17 (3):457-477

Research Article

Boris Khoromskij and Sergey Repin*

Rank Structured Approximation Method for
Quasi-Periodic Elliptic Problems

DOI: 10.1515/cmam-2017-0014
Received February 24, 2017; revised April 28, 2017; accepted May 16, 2017

Abstract: We consider an iteration method for solving an elliptic type boundary value problem Au = f, where
a positive definite operator A is generated by a quasi-periodic structure with rapidly changing coefficients
(a typical period is characterized by a small parameter €). The method is based on using a simpler operator
Ag (inversion of Ag is much simpler than inversion of .A), which can be viewed as a preconditioner for A.
We prove contraction of the iteration method and establish explicit estimates of the contraction factor gq. Cer-
tainly the value of g depends on the difference between A and Ay. For typical quasi-periodic structures, we
establish simple relations that suggest an optimal A (in a selected set of “simple” structures) and compute
the corresponding contraction factor. Further, this allows us to deduce fully computable two-sided a poste-
riori estimates able to control numerical solutions on any iteration. The method is especially efficient if the
coefficients of A admit low-rank representations and if algebraic operations are performed in tensor struc-
tured formats. Under moderate assumptions the storage and solution complexity of our approach depends
only weakly (merely linear-logarithmically) on the frequency parameter %

Keywords: Elliptic Problems with Periodic and Quasi-Periodic Coefficients, Precondition Methods, Tensor
Type Methods, Guaranteed Error Bounds
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1 Introduction

Problems with periodic and quasi-periodic structures arise in various natural sciences models and technical
applications. Quantitative analysis of such problems requires special methods oriented towards their specific
features. For perfectly periodic structures, efficient methods are developed within the framework of the ho-
mogenization theory (see, e.g., [1, 3, 8] and other literature cited therein). However, classical homogenization
methods cover only one class of problems (all cells are self-similar and the amount of cells is very large). In
this paper, we use a different idea and suggest another modus operandi for quantitative analysis of boundary
value problems with periodic and quasi-periodic coefficients. It generates approximations converging (in the
energy space) to the exact solution and provides guaranteed and computable error estimates. The approach
is applicable to (see, e.g., Figures 1, 2)

(i) periodic structures, in which the amount of cell is considerable (e.g., 103-10*) but not large enough to

neglect the error generated by the respective homogenized model;
(ii) quasi-periodic structures that contain cells with defects and deformations;
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(iii) multi-periodic structures where the coefficients reflect the combined effect of several functions with dif-
ferent periodicity.
In general terms, the idea of the method is as follows. We consider the problem P:

Au=f, feV", (1.1)

where V is a reflexive Banach space with the norm | - ||y, V* is the space conjugate to V (the respective duality
pairing is denoted by (v*, v)),and A : V — V* isa bounded linear operator. It is assumed that the operator A
is positive definite and invertible, so that problem (1.1) is well posed. However, P is viewed as a very difficult
problem because A is generated by a complicated physical structure, which may contain a huge amount of
details. Therefore, attempts to solve (1.1) numerically by standard methods may lead to enormous expendi-
tures. Similar difficulties arise if we wish to verify the quality of a numerical solution.

Assume that the operator A is approximated by a simplified positive definite operator A. and the inver-
sion of A, is much simpler than the inversion of A. By means of A, we construct an iteration method based
on solving a “simple” problem Py: A.u. = g. In other words, the method is based on the operation g — A 'g.
It also includes the operation v — Av, which can be performed very efficiently by tensor-type decomposition
methods provided that physical structures generated A have low-rank representations. We prove that iter-
ations generate a sequence of functions converging to the exact solution of (1.1) with a geometrical rate.
Furthermore, we deduce explicitly computable and guaranteed a posteriori error estimates adapted to this
class of problems. They evaluate the accuracy of approximations computed on each step of the iteration al-
gorithm. These estimates also use only inversion of A, and operations of the type v — Av. In the iteration
methods and error estimates inversion of the operator A is avoided.

In this paper, we consider one class of problems associated with divergent type elliptic equations where
A=Q*AQand A, = Q*A.Q.Here A : Y — Y is a bounded operator induced by a complicated quasi-periodic
structure while Q : V — Y and Q* : Y — V* are conjugate operators, i.e.,

(v, Qw) = (Q*y,w) forallye Yandw eV,

where Y is a Hilbert space with the scalar product (-, -) and the norm | - ||. The operators Q and Q* are induced
by differential operators or certain finite-dimensional approximations of them. Henceforth, it is assumed that
f €V, where Vis a Hilbert space with the scalar product (-, -)y. This space is intermediate between V and V*,
ie,VeVel*.

The operator A, = Q* A.Q contains the operator A, generated by a simplified structure. We assume that
the operators A and A, are Hermitian (i.e., (Ay, z) = (y, Az) and (A.y, z) = (y, A.z)) and satisfy the conditions

lyl? < (Aoy,y) < Aglyl®> forally e Y,
/lell)/Ilz <(Ay,y) < Ae)")’"z, As < Ag.

Then, the structural operators A and A, are spectrally equivalent:
c1(Aey, y) < (Ay,y) < (Do, y), (1.2)

where the constants are the minimal and maximal eigenvalues of the generalized spectral problem
Ay — pA.y = 0. Obviously, they satisfy the estimates ¢1 > Ao/Ag and ¢, < Ag/Ag (Which may be rather coarse).
Concerning the operator Q, we assume that there exists a positive constant ¢ such that

lQw| = clw|y forallw e V.
Generalized solutions of the problems P and Py are defined by the variational identities
(AQu, Qw) = {f,w) forallw eV, (1.3)

and
(A.Qu., Qw) = (f,w) forallw e V. (1.4)
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In Section 2, we show that a sequence {uy} converging to u in V can be constructed by solving problems (1.4)
with specially constructed right-hand sides fi generated by the residual of (1.3). In proving convergence, the
key issue is analysis of the spectral radius of the operator

B, :=1-pAJtA, (1.5)

and selection of such relaxation parameter p that provides the best convergence rate. Moreover, iteration
procedures of such a type become contracting if the iteration parameter is properly selected. This fact is of-
ten used in proving analytical results (see, e.g., [20], where classical results on existence and uniqueness of
a variational inequality are established by contraction arguments). Also, these ideas were used in the con-
struction of various numerical methods (see, e.g., [7]). However, achieving our goals requires more than the
fact of contraction. We need explicit and realistic estimates of the contraction factor (which are used in error
analysis) and a practical method of finding A, with minimal q. The latter task leads to a special optimization
problem that defines the most efficient “simplified” operator A. among a certain class of “admissible” opera-
tors. This question is studied in Section 3. In general, A and A, can be induced by scalar, vector, and tensors
functions. We show that selection of the optimal structural operator A. is reduced to a special interpolation
type problem, which is purely algebraical and does not require solving a differential problem (therefore a
suitable A, can be found a priori). We discuss several examples and suggest the corresponding optimal (or
quasi-optimal) A., which guarantees convergence of the iteration sequence with explicitly known contraction
factor.

Now, it is worth discussing the main differences between our approach and the classical homogeniza-
tion method developed for regular periodic structures. This method operates with a homogenized boundary
value problem Q* ApQuy = f, where Ay is defined by means of an auxiliary problem with periodical bound-
ary conditions in the cell of periodicity. The respective solution uy contains an irremovable (modeling) error
depending on the cell diameter €. Moreover, if € tends to zero, then typically uy converges to u only weakly
(e.g., in L2). Getting a better convergence (e.g., in H!) requires certain corrections, which lead to other (more
complicated) boundary value problems in the cell of periodicity. The respective “corrected” solution uf; also
contains an error. Typically, the error is proportional to v/ and can be neglected only if the amount of cells
is very large. If our method is applied to perfectly periodical structures then setting A. := Ay is one possible
option. In this case, the homogenized operator (defined without correction procedures) is used for a different
purpose: construction of a suitable preconditioning operator. The latter operator generates numerical solu-
tions converging to the exact solution in the energy norm (i.e., the method is free from irremovable errors)
and can be applied for a rather wide range of €. In addition, the theory suggests other simpler ways of select-
ing suitable A.. In this context, it is interesting to know whether or not the choice A, := Ay always yields the
minimal value of the contraction factor. In Section 3, we briefly discuss this question and present an example
of that the best A, may differ from Ay.

In Section 4, we deduce a posteriori estimates that provide fully computable and guaranteed estimates
of the distance to the exact solution u for any numerical approximation uy,, computed for an approximation
subspace Vj. These estimates are established by combining functional type a posteriori estimates (see [22,
25, 26] and references cited therein) and estimates generated by the contraction property of the iteration
method (see [24, 29]).

The second part of the paper is devoted to a fast solution method for the basic iteration problem (2.1). The
key idea consists of using tensor-type representations for approximations, what is quite natural if both coef-
ficients of the respective quasi-periodic structure and the right-hand side admit low-rank tensor-type repre-
sentations. We notice that the amount of structures representable in terms of low-rank formats is much larger
than the amount of periodic structures covered by the homogenization method. The idea of tensor-type ap-
proximations of partial differential equations traces back to [9]. In computational mechanics this method is
known as the Kantorovich—Krylov (or extended Kantorovich) method. However, it is rarely used in modern
numerical technologies. In part, this is due to restrictions on the shape of the domain imposed by the Kan-
torovich method. Henceforth, we assume that the domain Q satisfies these restrictions, i.e., it is a tensor-type
domain (e.g., rectangular) or a union of tensor-type domains. This assumption induces certain geometrical
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Figure 1. Examples of periodic and modulated periodic coefficients in 1D.

Figure 2. An example of modulated piecewise periodic coefficients in 2D.

limitations. However, they can be bypassed by such methods as coordinate transformation and domain de-
composition, which are widely used in modern computational mathematics (e.g., in iso-geometric analysis).

The recent tensor numerical methods (for steady state and dynamical problems) based on the advanced
nonlinear tensor approximation algorithms have been developed in the last ten years. Literature survey on the
modern tensor numerical methods for multi-dimensional PDEs can be found in [13, 14, 16]. In the context of
problems considered in the paper, we are mainly concerned with another specific feature: very complicated
material structure. In this case, direct application of standard finite element methods suffers from the neces-
sity to account huge information encompassed in coefficients (especially in multi-dimensional problems). We
show that tensor-type methods allow us to reduce computations to a collection of one-dimensional problems,
which can be solved very efficiently using low-rank representations with the small storage requests. Similar
ideas are applied for computing a posteriori error estimates.

Section 5 discusses numerical aspects of the method and exposes several examples. Typical behavior
of quasi-periodic coefficients is described by oscillation around a constant, modulated oscillation around a
given smooth function, or oscillation around a piecewise constant function.

Figure 1 (1D case) represents examples of highly oscillating (left) and modulated periodic coefficients
(right) functions. Figure 2 (2D case) illustrates the well-separable equation coefficient obtained by a sum of
step-type and uniformly oscillating functions, namely,

. . Tw
a(xy, x2) = Cosign(xy) + C1 + sm(;(xl + xz)),
where Cp =5,C1 =6,a=10,and w = 12.
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We show that specially constructed FEM type approximations of PDEs with slightly perturbed or regularly
modulated periodic coefficients on d-fold n x - - - x n tensor grids in R? may lead to the discretized algebraic
equations with the low Kronecker rank stiffness matrix of size n4 x n4, where n = O(%) is proportional to the
large frequency parameter % In this case, the rank decomposition with respect to the d spacial variables is
applied, such that the discrete solution can be calculated in the low-rank separable form, which requires
storage size of only O(dn) instead of O(n9) = O(eld) complexity representations which are mandatory for the
traditional FEM techniques (the latter quickly leads to the bottleneck in case of small parameter € > 0).

The arising linear system of equations can be solved by preconditioned iteration with the simple precon-
ditioner A., such that the storage and numerical costs scale almost linearly in the univariate discrete problem
size n. Numerical examples in Section 5 demonstrate the stable geometric convergence of the preconditioned
CG (PCQG) iteration with the preconditioner A, and confirm the low-rank approximate separable represen-
tation to the solution with respect to d spacial variables even in the case of complicated quasi-periodic
coefficients.

This approach is well suited for applying the quantized-TT (QTT) tensor approximation [15] to functions
discretized on large tensor grids of size proportional to the frequency parameter, i.e., n = O(%), as it was
demonstrated in the previous paper [17] for the case d = 1. The use of tensor-structured preconditioned iter-
ation with the adaptive QTT rank truncation may lead to the logarithmic complexity in the grid size, O(log? n),
see [14, 16, 23] for the rank-truncated iterative methods, [4, 10-12] for various examples of the QTT tensor
approximation to lattice structured systems, and [2] for tensor approximation of complicated functions with
multiple cusps in R?.

In Section 6, we conclude with the discussion on further perspectives of the presented approach for 2D
and 3D elliptic PDEs with quasi-periodic coefficients.

2 The Iteration Method

Letv € V and p € R,. Consider the problem: find u, such that
(A.Quy, Qw) = £, (W) — p&y(w) forallw eV, (2.1)
where
&y(w) := (AQv, Qw) - {f,w) and ¢, (w) := (A.Qv, Qw).

Obviously, the right-hand side of (2.1) is a bounded linear functional on V, so that this problem has a unique
solution u, . Thus, we have amapping T, : V — V, which becomes a contraction if the parameter p is properly
selected. Indeed, for any v; and v, in V, we obtain

(A.Qn, Qw) = (A.Q¢ - pAQ{, Qw) forallw e V,
where uy = Tyvi, up = Tpva, {:=v1 — vy, and 1 := u; — up. Hence

Inll? := (A.Qn, Qn) = (A.Q¢, Qn) - p(AQE, Qn)
= (Q¢, A.Qn) - p(AT'AQE, A.Qn) = (Q¢ - pATTAQE, A.Qn)
< Inll.(A.Q¢ - pAQE, Q¢ — pATIAQY Y. (2.2)

From (2.2) we find that

Inl? < (A.Q¢, Q) - 2p(AQE, Q) + p* (AT AQY, AQQ)
= (Q¢ A.Q)) - 2p(A;TAQE, A.Q)) + p* (AT AATTAQE, A.Q))
= ((M=2pA A +p> ATT AN A)QE, A.QQ) = (AB,Q4, Q9
< (AB;Q¢, B;Q)V*(A.Q4, Q)1V2, (2.3)
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where B, is defined by (1.5). If p is selected such that

2 2 2
(A.B2Q(, Q) < ¢*I{2  forsomeq < 1, (2.4)

then (2.3) shows that T, is a contractive mapping.
It is not difficult to show that p satisfying (2.4) can be always found. Indeed, in view of (1.2),

(AB;Q¢, Q) = (A.Q4, Q) - 2p(AQS, Q) + p*(AATTAQY, Q)
< (1-2pc1)(A.QE, Q) +p*(ATTAQE, AQY). (2.5)

Since A and A. are invertible with trivial kernels, p and y,, are an eigenvalue and the respective eigenfunction
of Ay, = uA.yy if and only if they are an eigenvalue and the eigenfunction of the problem AA:lAyu = ulAyy.
This means that

c1(Ay, y) < (MNP Ay, y) < (MY, y) < ¢35 (A, y).

Hence
(ATTAQE, AQY) < 3 1g)12

and (2.5) implies
(AB;QY, Q) < (1 -2pcy +p*c3)IIZ.

The minimum of the expression in round brackets is attained if p = p.. := ¢1/c3. For p = p.., we find that

2 o 27
q,=1-—5<q":=1- €[0,1).
]

2002

°
(2]

Hence T, is a contractive mapping with explicitly known contraction factor g.. Well-known results in the
theory of fixed points (see, e.g., [29]) yield the following theorem.

Theorem 2.1. Forany ug € V and p = p*, the sequence {uy} € V of functions satisfying the relation
(A.Quyi, Qw) = (A.Qui-1, Qw) - p((AQui-1, Qw) — (f,w)) forallw e V (2.6)
converges touin V and |luy — ull. < q’jlluo —ull, as k — +oo.
Remark 2.2. From (2.3) we obtain
2
— B304 < AHZIB—"HIIGIE.

AO’ 0, min

2
Inlls <

This relation yields a simple (but not very sharp) estimate of the contraction factor.

For further analysis, it is convenient to estimate the right-hand side of (2.3) by a different method. Let [ B, |,
denote the operator norm

1Byl
IBpll. := sup —2—. 2.7)
yer Nyl
Then Byl < [Byll.llyll. and
(ABpy, y) < Byl 2Iyll2.
Hence (2.3) yields the estimate
Il < 1Byl l4l,
which shows that T, is a contraction provided that
IBollo < 1. (2.8)

In applications B, is a self-adjoint bounded operator acting in a finite-dimensional space, so that verification
of this condition amounts to finding p which yields the respective spectral radius of B, (see Section 4).

Brought to you by | Jyvaskylan Yliopisto University
Authenticated
Download Date | 7/18/17 1:04 PM



DE GRUYTER B. Khoromskij and S. Repin, Rank Structured Approximation Method =— 463

3 Selection of A,

In this section, we discuss how to select A, in order to minimize g, which is crucial for two major aspects of
quantitative analysis: convergence of the iteration method and guaranteed a posteriori estimates. We assume
that V, V, and Y are spaces of functions defined in a Lipschitz bounded domain Q (namely y(x) € T for a.e.
x € Q where T may coincide with R, R9, or M?9*9) and the operators A and A, are generated by bounded
scalar functions, matrices or tensors. In this case,

(Ay,y) = J A)yoydx and (A.y,y):= J A0y oy dx,
Q Q
where @ denotes the respective product of scalar, vector, or tensor functions. In view of (2.7) and (2.8), the
value of p should minimize the quantity sup,.y(A.Byy, Byy)/(A.y, y). This procedure yields the contraction
factor
A (X)B,(x)y @ B, (x)y dx
g2 = Q(A, A.) := inf sup Jo P YO P Xy
P yey Jo As(X)y @y dx
whose computation is reduced to solving algebraic problems at a.e. x € Q, i.e.,

) A (X)B,(X)T © By (x)T
Q(A, A.) :=infsupsu
( ) p xeg reil:r) A.(TtoTt

Let $ be a certain set of “simple” operators defined a priori (e.g., it can be a finite-dimensional set formed
by piecewise constant or polynomial functions). Then, finding the best “simplified” operator amounts to solv-
ing the following problem: find A, € $ such that Q(A, A.) is minimal. In other words, the optimal A, is defined
by the problem

A.(x)BB oB
inf sup (0B, (X)T © By (X)T -2

Ao€S ye A.(x)ToT
PER reT

(3.1

Notice that (3.1) is an algebraic problem, which should be solved (analytically or numerically) before com-
putations. The respective solution A, defines the best operator to be used in the iteration method (2.6) and
yields the respective contraction factor. Below we discuss some particular cases, where analysis of this prob-
lem generates an optimal (or almost optimal) A..

Problem (3.1) is explicitly solvable if A, and A have a special structure, namely,

A, =a.(x)I, A=aXx)]I,
where I is the unit operator and a.(x) and a(x) are positive bounded functions defined in Q. Then,

a(x)
a.(x)

By(x) = (1 -h(x)I, h(x):=

and
sup (1-phx)’toTt
TeT I7]?
Define hg := min,cq h(x) and hg := max,cq h(x). It is not difficult to show that

=1 -ph(x)|* forallx e Q.

sup |1 - ph(x)| = max{|1 - phel, |1 - phgl}.

xeQ

Minimization with respect to p yields the best value p.. = ﬁ and the respective value

_ h®—he)2_(1—3(a,ae))2 _he
A, A) = (h$+h6 (i) < d@a)=g. (3.2)
In accordance with (3.1), the identification of the optimal simplified problem is reduced to the problem
sup J(a, a.), (3.3)
apeS

where § is a given set of functions.
We illustrate the above relations by means of several examples.
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Example 3.1 (Constant Coefficients). In the simplest case, we set $ = P°, i.e., ag is a constant. From (3.3) it
follows that g = (a — a)/(a + a), where a := minyeq a(x) and a := maxyeq a(x). Then p. = 2ap/(a + a) and
the iteration procedure (2.6) with p = p. has the form

JQukGdex= J(l - %)Quk_le()wdx+ 52 wadx.

+a
Q Q Q
From Theorem 2.1, it follows that

Q|
[N

)"

Example 3.2 (Oscillation Around a Given Function). Consider a somewhat different example. Let a(x) be a
function oscillating around a certain mean function g(x) so that

Q

+

J |Q(ug — w)|* dx < C(
Q

1

@ e[l-e,1+€¢], €€(0,1).

g8(x)
If g is a relatively simple function, then it is natural to set a.(x) = g(x). By (3.2), we find that hg = 1 + ¢,
hg = 1 - ¢, and g = €. Hence the method is very efficient for small € (i.e., if a oscillates around g with a rel-
atively small amplitude). Figures 1 and 2 illustrate three examples of quasi-periodic coefficients a and re-
spective a. corresponding to the case of oscillation around a constant with smooth modulation, oscillation

around a given smooth function, or oscillation around a piecewise constant function.

Example 3.3 (Piecewise Constant Coefficients). Consider a more complicated case, where Q is divided into
N nonoverlapping subdomains Q; and A.(x) = ¢;Iif x € Q;. Define the numbers

(@ )

ag’ =mina(x), ag = max a(x),
xeQ; xeQ;
(1) (2) (N) 1 () (N)
. (a a a a a a
hezmm{i,i,..., e }, he;:max{i,i,...,i}.
1 G2 CN 1 G2 CN

Since the constants c; are defined up to a common multiplier, we can without a loss of generality assume that

=

)
1

Ai=1, whered;= —. (3.4)

1 Ci

In accordance with (3.3), the maximum of Q(A, A.) is attained if

min{}lla(el), Aza(ez), . ,/\Na(eN)}
5 @ ), ) max, (3.5)
max{liag’, A2ag ..., ANag '}

where A; > 0 and satisfy (3.4). If N = 2, then problem (3.5) has a simple solution, which shows that the ratio
A1/A; (i.e., c2/c1) can be any in the interval [&7, &>], where

a(GZ) aEBZ) 2 (2

a a
glzmin{—,—}, .{zzmax{_e , 2 }
1’ (1) 1> (1)
ag” A ag” Qg

It is interesting to compare these results with those generated by homogenized models in the case of
perfectly periodic structures. For this purpose, we consider a simple one-dimensional problem

(au)' -f=0 1in(0,1)
with

ax)=a®(x) inQ;=(0,p), Be(0,1),
ax) =a?(x) inQ,=(8,1),
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where aP(x) is a perfectly periodical function attaining only two values a D and a ). The Lebesgue measure
of the set where a(x) = aé) is k1|Q1], k1 € (0, 1). Analogously, a®(x) is a periodical function attaining only
two values a(z) and ag . ) The Lebesgue measure of the set where a(x) = a( ) is K2|Q>], x2 € (0, 1). We assume
that ag) < ag), i =1, 2 and the amount of periods is very large. Then, the homogenization method can be

successfully applied. The corresponding homogenized problem has the coefficients (see, e.g., [8])

B 1
o, (1[r_1_ )’1 i @) (L # )’1 i
ag := <ﬁja(1)(x) dx inQq, ay’ = ﬁ 2O dx in Q,.
0

It is easy to see that

1) (1) 2) (2)

1 ala 1 1 2 asal 2 2
a;{) _ O S ) O € (a(e)’ ag;))’ a;{) — o S ) & € (a(e)’ ag;))
K1ag’ +(1-K1)aq K2as” + (1 -x2)aqg
Hence (2) (2) (2) (2) (2)
a . [a ag a
o (¢l ¢y, where ¢ = 22 < mln{ © } &, &= “’ > &

(1) (1) (1)

bt Ag aea

and (&, &) (ff {f). Therefore, the coefficients ag) and aH may not generate the best piecewise con-
stant a., which produces the smallest contraction factor in the iteration procedure (2.6).

4 Error Estimates

4.1 General Estimate

Since T, is a contractive mapping, we can use the Ostrowski estimates (see [24, 26, 29]) of the distance
between v € V and u (the fixed point). The estimates state that

€ €
1+4g(p)’ 1-q(p)

lv—-ul. e { } where € := | Tpv - v|.. (4.1)

This estimate cannot be directly applied because v, := T,V is generally unknown (it is the exact solution of a
boundary value problem). Instead, we must use a numerical approximation v, (in our analysis, we impose no
restrictions on the method by which the function v, € V was constructed). Thus, the difference 17, := v -V,
is a known function and the quantity 6, = ||, . is directly computable. It is easy to see that

8o = Vo = vpllo < lvp = Vllo < 8p + V5 = vpll. (4.2)

To deduce a fully computable majorant of the norm ||V, — v, [l. we use the method suggested in [25, 26]. First,
we rewrite (2.1) in the form

(A.Qvp, QW) = (A.Qv, Qw) — p((AQv, QW) — (f, w)). (4.3)

Foranyy € Y and w € Vp, we have

(A.Q(vp = Vp), Qw) = (A.Q(v - V), Qw) — p((AQv, Qw) — (f, w)) (4.4)
= (A.Q(v -¥,) —pAQv +y, Qw) - (Q"y - pf, w).
We estimate the first term on the right-hand side of (4.4) as follows:
(A.Q(v =Vp) = pAQV +y, Q(vp - Vp)) = (Q(v = V) — pAT AQV + Ay, A.Q(v, - Vp))

< (M.QW = Tp) + Ty, QY = V) + A1) 2 v, = Tyl
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where 7, := y — pAQv. The second term meets the estimate

* - * ~ 1 ® —~
(Q*y —pfivp =7p) <11Q%y - pfllllvy - Vpll < WIIQ y = pfllvp = Vpl.,
(S
where [|[w*| = sup,cy(W*, w)/[|w|. is the dual norm. Hence
_ _ 1,
v =Vl < (AQnp + Ty, Qnp + AT 1))+ —=11Q*y - pfll =t Mo(np, T)). (4.5)

\/g

inf M Ty) = vy = Vpllo-
Yoy o(Mp, Ty) = lvp = Vpll

Notice that

Indeed, set y = A.Q(v, — v) + pAQv (in this case, Ty = A.Q(v, - v)). In view of (4.3), (Q*y - pf, w) =0, and
the majorant is equal to [[v, -V, |2. Thus, estimate (4.5) has no irremovable gap and a propetly selected y
yields a sharp upper bound of the error.

Remark 4.1. Itis not difficult to show that the last term of Mg (1, T) can be estimated via an explicitly com-
putable quantity provided that y has the same regularity as the true flux (see [26]). However, in our sub-
sequent analysis Q*y — pf = 0 and these advanced forms of the majorant are not required. In this case, the
majorant has a simpler form:

MZ(np, Ty) = (A.Qnp, Qnp) + (A1 Ty, Ty) + 2(QNp, Ty)-

Itisimportant that the computation of the majorant Mg does not require inversion of the operator A associated
with a complicated quasi-periodic problem.

Now, (4.1), (4.2), and (4.5) yield the following result.

Theorem 4.2. The error e = v — u is subject to the estimate

, (4.6)

5p - Mg (np, Ty)} 6p + Mg(np, Ty)

lel. < [max{o, 1+4q(p) 1-q(p)

where Mg, is defined by (4.5), Ty := y — pAQv, and y is a functionin Y.

Remark 4.3. Here 1, and §, are directly computable and q(p) is defined in accordance with relations pre-
sented in the previous section. Hence the cost of (4.6) is mainly related to the quantity Me (1, 7)), which is
an a posteriori error majorant of the functional type. The derivation of such estimates is performed by purely
functional methods and does not exploit special features of approximations (e.g., Galerkin orthogonality),
numerical method, and exact solution (e.g., extra regularity). Properties of the majorants are well studied
(see [25, 26] and the literature cited therein). Numerous tests performed for different boundary value prob-
lems have confirmed high practical efficiency of error majorants of the functional type. It was shown that Mg,
is a guaranteed and efficient majorant of the global error and generates good indicators of local errors if y is
replaced by a certain numerical reconstruction of the exact dual solution. There are many different ways to
obtain suitable reconstructions with minimal expenditures (concerning this point we refer to [21] where the
reader will find a systematic discussion of computational aspects in the context of various boundary value
problems). Error majorants of this type can be also used for the evaluation of modeling errors (see [27, 28]).

Usually, the cost of a good estimate (with the efficiency index between 1 and 2) is comparable with the
cost of a numerical solution. However, the proportion essentially depends on the numerical method used.
For the classical FEM schemes the expenditures are maximal (because this method generates rather coarse
approximations of fluxes). For the dual mixed method, finite volume method, isogeometric approximations,
and other methods producing locally equilibrated fluxes, the expenditures may be two to three times smaller
than for the numerical solution.
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4.2 Examples

Now we shortly discuss applications of Theorem 4.2 to problems where Q and Q* are defined by the operators
V and div, respectively, A, = a.(X)I, A = a(x)I, x € Q, and V = HY(Q).

d=1. Let Q = (0, 1). Equation (1.1) has the form (a(x)u')’ - f = 0. In this case, Qw = w', Q*y = -y/, and

(4.3) is reduced to
1

1
I a.(vp-v)'wdx +p J(av’w' +fw)dx =0. 4.7)
0 0

In order to apply Theorem 4.2, we set y = p(g(x) + u), where g(x) = - fg fdx and py is a constant. Then
-y —pf=0and 7 = p(gx) + u) — pav’ = p(u + g — av'). The best constant y is defined by minimization of
M2(n,, 7), which has the form

1
J(ao(n,'))2 +a]' p?(u+g-av')’ + 2mpp(u+g - av')) dx
0

Since jol n/’J dx = 0, the problem is reduced to minimization of the second term and the best y satisfies the

equation
1

I al(u+gx)-av')dx =0.

0
Hence )
_ fpat@ -g)dx
’_1 = }1 = 1 ) .
Jo azl dx
and (4.6) yields the estimate
6, — Ip(v, v 6p +1Is(v,V
lel. € [max{o, p—Ialv Vp)} p +1o(¥. Vp) , (4.8)
1+4(p) 1-q(p)

where
1

(v, V) = J a; (a.(v-7,) +p(i+ 8- av'))? dx.
0
Here v and v, are two consequent numerical approximations (e.g., finite element approximations vy, and
Vk+1,n computed on a mesh Jp). Then

Np = Nih 2= Vich — Vist,n - and 8y = Oin = IVieh — Vil

are directly computable. Since a. is a “simple” function, the integrals

1 1
Fi=|atax, F = ja:lgdx, Fs = J-ao(n;(’h)z dx,
0 0

Fy =

Ot Ot .

1
a;'(u+g)?dx, Fs= J(ﬁ + &)y, dx
0
are easy to compute. Other integrals
1 1
Gy = J a;lavf{’h dx, G,= J avi My 4%,
0 0
1 1
Gs = J(p +gailavl , dx, Gy= Ja:laz(v;(,h)z dx
0 0
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contain a highly oscillating coefficient a multiplied by piecewise polynomial mesh functions. If a and f have
low QTT rank tensor representations [15], then the integrals can be efficiently computed by tensor-type meth-
ods discussed in [17] (see also Section 5 below). We have

-F
I3(v, V) = F5 + 2pGa + 2pF5 + p*(F4 - 2G5 + G4) =1 €, Ji= GlFl =

Notice that the quantity &y j is the value of the majorant, where the flux has been selected in the best way. It
is not difficult to show that

a.(v,-v') =p(g+p) -av

and, therefore,
1

2(v, V) = I a.(vy, - V,)* dx.
0
In other words, this term coincides with the error of the Galerkin solution related to the simplified bound-
ary value problem (4.7), where v = vi 5. In accordance with Section 3, we set p = 2/(he + hg) and find that
q = (hg —hg)/(hg + hg). Now (4.8) yields easily computable lower and upper bounds of the error encom-

passed in vy p:

Oi,n — €k

51( + &k
< Nvien - ulfl, < RRTERR
1+q

1-¢

Remark 4.4. It is worth adding comments on convergence properties of the quantities 8y , and & , entering
(4.9). If the mesh T, is fixed, then v j tends to the Galerkin approximation uj of problem (1.1) on this mesh.
This fact follows from Theorem 2.1 applied to the case where the iterations are performed on the respective
finite-dimensional space Vj, (considered as the space V). Then, |[vi,n — upl. < qk Ivo,n — unll and for any h the
term &y , tends to zero with the geometric rate. The quantity i is equal to the error of the Galerkin solution
to the simplified problem. It has different asymptotic properties. It mainly depends on T, and for a given
mesh it does not tend to zero when k — +co. However, for any given v (which in our example is defined
by vk, n) this term goes to zero if h — 0 provided that the mesh satisfies the standard regularity conditions.
The problem with a. is assumed to be much more regular than the problem with a. Therefore, in terms of h
the approximation error & ; (associated with a.) will decrease faster than the analogous error in the original
problem (e.g., for a, = const, the term &y j, is proportional to h).

Since both quantities 8k » and &, are explicitly known, estimate (4.9) (and other analogous estimates)
contains a very useful information unavailable in the context of purely asymptotic error analysis. Using this
information, we can organize the computational process in the best possible way by comparing iteration
and discretization errors. In this process, rapidly converging iterations with respect to k should be continued
until 6x,n > €x,n. If Ok,n = €k,n, then further iterations on the mesh T are unable to essentially improve the
numerical solution. Instead, we should refine T, project ux,, on the refined mesh, and use it as a starting
point for a new series of iterations generated by problem (4.7). For each step, we compute the right-hand side
of (4.9) and stop the process when it becomes smaller than the desired tolerance.

(4.9)

d = 2. The computation of Mg, for 2D problems can be also reduced to the computation of one-dimensional
integrals. Certainly, on the multidimensional case the amount of integrals is much larger. However, the basic
tensor decomposition methods remain the same. Below we briefly discuss them with the paradigm of a simple
case where

f=fP0)f?00) and a=a®()a? ().

Assume that approximations are represented in the form of series formed by one-dimensional functions (;bl(.l)
and ¢](.2) (which may be supported locally or globally), so that

ny np n; np
v=Y Yyo e (), V=Y Y 7o )P ().
i=1j=1 i=1j=1
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In this case,
non 6(;[) 1) 2) (2)

vnp—<ZZcu ZZ u¢1) ax ) where ¢;j = yij — ¥ij-

i=1j=1 i=1j=1

We define another set of one-dimensional functions W,(fl)(xl) and Wl(z)(xz), which form the vector function

T ow?  ow
(1) l k (2)
=Yg+ oYk, Y Z{W —_y——Ww } 4.10
y=Yo );:11:21 ki Ykl ki K ox, o, (4.10)

Here Y is a given function, which can be defined in different ways. In particular, we set
X1

W oW o0, W 0n) = [V dxr, WY = -pf®.
0

Yo

The functions Yj; must satisfy the usual linear independence conditions in order to guarantee unique solv-
ability of the respective approximation problem. For any smooth function w vanishing on 0Q, we have

J(Yo -Vw - pfw)dx; dx; =0 and JYkl -Vwdxydx; =0
Q Q

Thus, [|Q*y — pfll = 0 and we can use the simplified form of M.
In the simplest case A, = a.I, where a. is a constant. The best y minimizes the quantity

M2, T) = J a.vnp - Vn, dx + j a;ly-ydx+p? J a;ta’vv - vvdx
Q Q Q
-2 j(pa:laVv +Vnp)-ydx+2p J avn, - Vnp dx, (4.11)
Q Q

which shows that y must satisfy the relation y = paVv + a.Vn,. We select oy, that defines the Galerkin ap-
proximation of this function, and we arrive at the system

my mj;

z ZoliYkl-Ystdxl dxz+JY0-Ystdx1 dx;
k=11=1 g o
@)
ny ny a¢( ¢,
=Yy J(payz, +a. cz,)(—¢ ? ¢(1) >'Yst dxy dx;. (4.12)
i=1j=1¢
Introduce the following matrices:
a o) ypr() a
ow,’ ow
1 _pm m _ k ! 1) _ O _ [ wOw®
p® = (D)}, Dy _J e o wh = {w}, wy _ka W, dxy,
0 0
by @ 3@ b
ow,” ow
6)) @) @ _ k ! @ _ (@ @ _ [ @
D® (D}, DY - | S, WO W) W - [ wPw? ax,,
0 0
a (1) a (1)
¢! oW
(1) (1) (1 _ 1 1 _ oM (CON YOS
Y= {Fik }’ Flk _(J)' dxl1 Wk d 1 G( {G }’ le - 6[¢l aX; Xm,
b @ b 1)
ow ¢!
2 2) 2) @ W 2 @) @ i w®
FO={F’}, Fp = J‘{bi o, P ¥ =G’} G :J’ o,
0 0
a 1 a (1)
_ ¢! _ oW
(1) (1) (1) _ 1) A _ a _ ) oWy
FY={F,’}, Fy —Jal(x ) axll W dxy, GV ={G,’}, Gy —Ja (x1)¢; o, dxq,
0 0
b @) b (2)
- - ow _ 00;
) @) @) _ @ W @ _ @ @ _ i w®
FO = (2}, F —Jaz(xz)gbj - da, 69 -G} G —E)[az(x o W e,
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and vectors

( Y
1 1 1 1 2 2 2
gV ={g} gi):jWS)Wi)dxl, g ={g”). &= JWB)'axlz

0

dXz.

Notice that all coefficients are presented by one-dimensional integrals, which can be efficiently computed
with the help of special (tensor-type) methods (see, e.g., [15-19]).
It is not difficult to see that

1 2 1 2
Yiase := JYkl Ysedx = Wlis)Dgt) +D§<s) Wl(t)
Q
and

W) (1) 1 (2) OWL 1.2
JYO-Ystdxl dx; = J Wy W "Wy~ ———dx1dx, = g5 '8,

aXZ
Q Q

where Y = {Yys} is the fourth-order tensor. Hence the left-hand side of the system (4.12) has the form
Yo + gV @ g, In the right-hand side we have the term

> (1) ¢()
jao({ij( (;ple ¢; 2) ¢(1 ) - Ys¢ dxq dxz = a.Hg,
Q

where H = {Hijot}, Houij = Fig iy - G§;>G§.§>. Another term is

o;” _
jPaYu( ¢ ¢(2) b; 1)6_) <Y dxq dx; = Hy,
X2
Q

where H = {(Hyo(}, Hoij = F By - GG
Now (4.12) implies
o =Y 'Hy+aH¢-g"Veg?)

and the value of Mg, is obtained by (4.6), (4.10), and (4.11).

5 Low-Rank Solution of the Discrete Equation

We consider the following elliptic diffusion equation with quasi-periodic coefficient a(x) > 0 (whose oscilla-
tions are characterized by the parameter €):

u = —div(a(x)Vu) = f(x), x=(x1,...,Xq) € Q=(0,1)%, ur=0, (5.1)

where the function f corresponds to the modified right-hand side in problem (4.3). In this case T = 0Q, A = all,
Qw = Vw, and Q*y = —divy.
In what follows we assume that f and a admit low-rank representation i.e.,

f= Zﬁ(xl)fz(m, a—Za (X))@ (x2),

j=1

where the parameters Ry and R, are called the separatlon rank. Then one may assume that the exact FEM
solution can be well approximated by uX(x) = Z] 1(x1)u2(xz) where K depends on the separation rank
of f and a. In some cases this important property can be rigorously proven (e.g., for the Laplacian and other
closely related operators). Similar low-rank approximations can be observed for the QTT tensor approxima-
tions (see [17]). Existence of a low-rank solution means that for some moderate K we have ug ~ u up to the
rank truncation threshold.
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First, we sketch the rank-structured computational scheme. In our set of examples the original problem
is to find u such that
J a(x)Vu - Vw dx = wa dx forallw e Vo := HA(Q).
Q Q
It is approximated by the following Galerkin problem for the low-rank representation uX:
J a(x)vuX - vwK dx = jfwK dx forallwX e VK, (5.2)
Q Q

where V{)( is a subset of V; formed by functions of the type

K . .
wh(x) = 3 ¢ (x1) @ (x2).
j=1
Therefore, in terms of the general scheme exposed in the introduction, the problem P is now problem
(5.2) and we solve it by iterations with the help of the simplified (preconditioned) problem

J a.(x)Vuy - vwK dx = Jfk_le dx forallwk e V| (5.3)
Q Q

where fy_; depends on uI,f_l and a, is a simple function (i.e., it is representable by a sum of terms

ai(x1) ... a5(xz2) with very simple multipliers).

Given the right-hand side, problem (5.3) is much simpler than the initial problem and the stiffness matrix
associated with (5.3) is computed much easier and has a simpler (low Kronecker rank) form that allows a
rank-structured representation of its inverse.

5.1 Kronecker Product Representation of the Stiffness Matrix

Figure 3 illustrates a 2D example of the L x L periodic coefficient with L = 6 corresponding to the choice
€= % In this example, the scalar coefficient is represented by the separable function

a(x) = C+ai(x1)a;(x2), C>0,

where the generating univariate function a; (x;) has the shape of six uniformly distributed bumps of height 1
as shown in Figure 3, right. Figure 3, left, presents the oscillating part of a 2D coefficients function, which is
ai(x1)ai(xz). Here, the coefficient bumps are displaced on the coarse grid of size 8L x 8L in such a way that
bumps occupy the 4 x 4 central box in each of the 8 x 8 cells, which compose the whole L x L lattice-type
decomposition of Q (we have L = 6 in Figure 3, i.e., the size of the coarse grid is 48 x 48, while L = 12 in
Figures 4 and 5, i.e., the size of the coarse grid is 96 x 96). Hence the axis scale 20, 40, 60, 80 denotes the
coarse grid in both x; and x, that describes the construction of coefficient in detail.

The examples of other possible shapes of the equation coefficient corresponding to the cases (i), (ii) and
(iii) specified in Section 1 are presented in Figures 1 and 2.

We apply the FEM Galerkin discretization of equation (5.1) by means of tensor-product piecewise affine
basis functions (instead of “linear finite elements”)

{@i(x0) == @i, (x1) - @i, (xa)}, i=C(i1,...,0q), lp€Jp=1{1,...,n0}, £=1,...,d,

where @;, are 1D finite element basis functions (say, piecewise linear hat functions).

We associate the univariate basis functions with the uniform grid {v;}, j =1, ..., ne, on [0, 1] with the
mesh size h = 1/(ng + 1). In this construction we have N = nin, ... ng basis functions ;. Notice that the
univariate grid size ng is of the order of n, = O(%) designating the total problem size N = O(eld).
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10 20 30 40

Figure 3. Example of the 2D periodic oscillating coefficients (left) and the respective 1D factor a; (x1).

For ease of exposition we first consider the case d = 2, and further assume that the scalar diffusion coef-
ficient a(x1, x») can be represented in the form

R
atx,x2) = Y aP(x)ad (x) > 0
k=1
with a small rank parameter R.
The N x N stiffness matrix is constructed by the standard mapping of the multi-index i into the N-long
univariate index i representing all degrees of freedom. For instance, we use the so-called big-endian conven-
tionford =3 and d = 2:

i—i:= i3 + (lz - 1)7’13 + (il - 1)7’121’13, i—i:= iz + (11 - 1)?12,

respectively. Hence all matrices and vectors are defined on the long index i as usual, however, the special
Kronecker structure allows the low-storage and low-complexity matrix vector multiplications when appro-
priate, i.e., when a vector also admits the low-rank Kronecker form representation. In particular, the basis
function ¢; is designated via the long index, i.e., ¢; = ¢;.

First, we consider the simplest case R = 1 and let d = 2. We construct the Galerkin stiffness matrix
A = [aj;] € RV in the form of a sum of Kronecker products of small “univariate” matrices. Recall that given
p1 x q1 matrix A and p, x q, matrix B, their Kronecker product is defined as a p1p, x g1¢> matrix C via the
block representation

C=A®B=[ay4B], i=1,...,p1,j=1,...,q1.

We say that the Kronecker rank of the matrix A in the representation above equals 1. Now the elements of the
Galerkin stiffness matrix take the form

aij = (Agi, gj) = Ja(l)(xl)a(z)(XZ)V(Pi(X)V(Pj(X)dX

Q
1
o0Q; (x1)6(p (X1)
(1) 11 J1
!a (1) o

1
J a'? (x2) 1, (X2)pj, (x2)dx2
0

09;, (x2) 00j, (Xz) dx
X3 0X> 2

1 1
+ J aD(x1) i, (x1)pj, (x1)dx1 J a?(xz)
0 (0]

which leads to the rank-2 Kronecker product representation

A= [ai]'] =A1 ®M2 +M1 ®A2,
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where ® denotes the conventional Kronecker product of matrices. Here A1 = [a;,j,] € R™™ and A, = [a;,j,] €

R™*™ denote the univariate stiffness matricesand My = [m;,j,] € R™*™ and M, = [m;,j,] € R"™*" define the

corresponding weighted mass matrices, e.g.,
1

iy, = Ja(l)(xl)

09, (x1) 09j, (x1) d

1
o o X1, Myj, = (J)- a®l (x1) @i, (x1)@j, (x1)dx;.

By simple algebraic transformations (e.g., by lamping of the tri-diagonal mass matrices, which does not effect
the approximation order of the FEM discretization) the matrix A can be simplified to the form

A—A=A19D,+D1®A,, (5.4)

where D1, D, are the diagonal matrices. The matrix A corresponds to the FEM discretization of the initial
elliptic PDE with complicated highly oscillating coefficients.
The simple choice of the spectrally equivalent preconditioner A, corresponds to the operator Laplacian.
In this case the representation in (5.4) is simplified to the discrete Laplacian matrix in the form of rank-2
Kronecker sum
A A, =A10 L+ ®A,, (5.5)

where I; and I, denote the identity matrices of the corresponding size. Here the simple tree-diagonal matrices
A; and A, represent the FEM/FDM Laplacian in 1D. This matrix will be used in what follows as a prototype
preconditioner for solving the linear system of equations

Au="f. (5.6)

The matrix A is constructed in general for the R-term separable coefficient a(x;, x2) with R > 1 which leads
to the rank-2R Kronecker sum representation

R
A=Y [A1x®Dyx+ D1k ®Asxl,
k=1

with matrices of the respective size.

5.2 On Existence of the Low-Rank Solution

In this paper we discuss the approach based on the low-rank separable e-approximation of the solution to
equation (5.6) that is considered as the d-dimensional real-valued array u € R™"**"¢, [n general, for the case
R > 1 this favorable property is not guaranteed by the low Kronecker rank representation to the Galerkin
system matrix A, discussed in Section 5.1.

Let R = 1 and d = 2. The existence of the low-rank approximation to the solution of equation (5.6) with
the low-rank right-hand side

Rf
f=>f"ef”, £ R,
k=1

and with the system matrix in the form (5.5) can be justified by plugging the representation (5.5) in the sinc-
quadrature approximation to the Laplace integral transform [5]

M M
ATl = j e~thdt ~ By := Z cre tehe = Z cre i g eliAz (5.7)
R M M

taking into account that the matrices A; and A, commute with I; and I,, respectively. Hence equation (5.7)
represents the accurate rank-(2M + 1) Kronecker product approximation to the preconditioner A;* which can
be applied directly to the right-hand side to obtain

M Ry
u=A"f~Byf= > c ) e kA f(D g o~ tkA2f2)
k=M m=1
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L=12

—n=95
10° —n=143
—n=191
107°
10710
5 10 15
—n=95
—n=143
100 —n=191
10°®
10710
5 10 15 20

Figure 5. Rank decomposition of the solution for the 12 x 12 modulated periodic coefficient.

The numerical efficiency of the representation (5.7) can be explained by the fact that the quadrature
parameters ty, cx can be chosen in such a way that the low Kronecker rank approximation By converges to
A;! exponentially fast in M. For example, under the choice t; = ek, ¢ = hty with h = 1/+VM there holds [5]

IA;Y - Byl < Ce PYM|ATY,

in the Frobenius norm, which means that the approximation error € > 0 can be achieved with the number of
terms Rp = 2M + 1 of the order of Rg = O(|log €|?).

Figures 4 and 5 demonstrate the singular values of the discrete solution on the n x n grid for n = 95, 143
and 191, indicating very moderate dependence of the e-rank on the grid size n. As in the case of Figure 3, in
Figures 4 and 5 we only represent the oscillating part of the coefficients and omit the small constant C > 0.

Further enhancement of the tensor approximation can be based on the application of the quantized-TT
(QTT) tensor approximation which has been already applied in [17] to the 1D equations with quasi-periodic
coefficients. The power of the QTT approximation method is due to the perfect low-rank decompositions ap-
plied to the wide class of function-related tensors [15]. See [17] for a more detailed discussion and a number
of numerical examples.

One can apply QTT approximations to problems with quasi-periodic coefficients, which can be described
by oscillation with smooth modulation around a constant value, oscillation around a given smooth function,
or oscillation around a piecewise constant function, see Figure 1 and examples in [17].

Let the vector x € C¥, N = 2%, be obtained by sampling a continuous function f € C[0, 1] (or even piece-
wise smooth functions), on the uniform grid of size N. For the following examples of univariate functions the
explicit QTT-rank estimates of the corresponding QTT tensor representations are valid uniformly in the vector
size N, see [15]:

(A) r = 1 for complex exponentials, f(x) = ei“*, w ¢ R.

(B) r = 2 for trigonometric functions, f(x) = sin wx, f(x) = cos wx, w € R.

(C) r < m + 1 for polynomials of degree m.

(D) For afunction f with the QTT-rank ro modulated by another function g with the QTT-rank r (say, step-type

function, plain wave, polynomial) the QTT rank of a product fg is bounded by a multiple of r and r,

rankqrr(fg) < rankqrr(f) rankqrr(8)-
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Figure 7. Accuracy of the rank decomposition of the solution vs. rank parameter for the 8 x 8 periodic coefficient and

grid size n x n.

(E) Furthermore, the following result holds [11]: the QTT rank for the periodic amplification of a reference
function on a unit cell to a rectangular lattice is of the same order as that for the reference function.
The rank of the QTT tensor representation to the 1D Galerkin FEM matrix in the case of oscillating coef-

ficients was discussed in [4, 17].

5.3 Numerical Test on the Rank Decomposition of u

Figure 6 represents the right-hand side f; (x1, x,) and the respective solution for the discretization to equation
(5.1) (with the coefficient depicted in Figure 3) on a 400 x 400-grid, where

fi1(x1, x2) = sin(2x4) sin(2x>).

The PCG solver for the system of equations (5.6) with the discrete Laplacian inverse as the preconditioner
demonstrates robust convergence with the rate g < 1. The next example demonstrates the rank behavior in
the singular value decomposition (SVD) of a matrix representing the solution vector u € R"*" to equation
(5.6) with the 12 x 12 periodic coefficient shown in Figure 4, left. Figure 7 represents the rank behavior in
the SVD decomposition of the solution in the case of the 8 x 8 periodic coefficient.

Comparing Figures 4 and 7 indicates that the exponential decay of the approximation error in the rank
parameter is stable with respect to the size of the L x L lattice structure of the coefficient, i.e., the behavior of
the singular values remains almost the same for different parameters € = %
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Our iterative scheme includes only the matrix-vector multiplication with the stiffness matrix A that has
the small Kronecker rank 2R, and the action of the preconditioner defined by the approximate inverse to the
Laplacian type matrix. The latter has low Kronecker rank of order Rz = O(| log £|%) as shown above.

Given rank-1 vector u = u; ® u,, the standard property of the Kronecker product matrices

Au = A1U1 ®M2u2 + M1U1 ®A2U2

indicates that the matrix-vector multiplication enlarges the initial rank by the factor of 2, and similar with the
action of the preconditioner. Hence each iterative step should be supplemented with certain rank truncation
procedure which can be implemented adaptively to the chosen approximation threshold or fixed bound on
the rank parameter.

Remark 5.1. Notice that for d = 3 the transformed matrix A. takes the form
A, :Al ®Iz®[3 +11 ®A2 ®I3 +11 ®Iz ®A3,

and it obeys the d-term Kronecker sum representation. Hence in the general case of d > 2 and R > 1 the
Kronecker rank of the matrix A. is given by

ranKkgron (4.) = dR.

6 Conclusions

We present a preconditioned iteration method for solving an elliptic type boundary value problem in R? with
the operator generated by a quasi-periodic structure with rapidly changing coefficients characterized by a
small length parameter €. We use tensor product FEM discretization that allows to approximate the stiffness
matrix A in the form of a low-rank Kronecker sum. The preconditioner A. is constructed based on certain
averaging (homogenization) procedure of the initial equation coefficients such that the inversion of A, is
much simpler than the inversion of A. We prove contraction of the iteration method and establish explicit
estimates of the contraction factor g < 1. For typical quasi-periodic structures we deduce fully computable
two-sided a posteriori estimates which are able to control numerical solutions on any iteration.

We apply the tensor-structured approximation which is especially efficient if the equation coefficients
admit low-rank representations and algebraic operations are performed in tensor structured formats. Under
moderate assumptions the storage and solution complexity of our approach depends only weakly (merely
linear-logarithmically) on the frequency parameter % Numerical tests demonstrate that the FEM solution
allows the accurate low-rank separable approximation which is the basic prerequisite for application of the
tensor numerical methods to the problems of geometric homogenization.

The approach allows further enhancement based on the quantized-TT (QTT) tensor approximation which
is the topic for future research work. Another direction is related to fully tensor structured implementation of
the computable two-sided a posteriori error estimates. The interesting question arises how far the presented
approach can be extended to the numerical analysis of elliptic equations with rather unstructured jumping
coefficients arising in stochastic homogenization, see, e.g., [6].
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