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ABSTRACT

Mokaev, Timur

Localization and dimension estimation of attractors in the Glukhovsky-Dolzhan-
sky system

Jyvaskyla: University of Jyvaskyld, 2016, 50 p.(+included articles)

(Jyvaskyld Studies in Computing

ISSN 1456-5390; 1456-5390; 240)

ISBN 978-951-39-6689-8 (nid.)

ISBN 978-951-39-6690-4 (PDF)

Finnish summary

Diss.

This thesis studies chaotic attractors in a Glukhovsky-Dolzhansky (GD) system,
which describes fluid convection inside an ellipsoidal cavity, under the influence
of external heating. In contrast to the Lorenz system, which describes convective
fluid flows in 2D, the suggested GD system describes convective fluid flows in
3D. The GD system can be viewed as an approximate model to the Earth’s ocean
or atmosphere.

Computationally, these attractors can be classified according to their basin
of attraction in the phase space. An attractor is called a self-excited attractor if its
basin-of-attraction intersects with small equilibria neighborhoods of a dynamical
system; otherwise, the attractor is called a hidden attractor. Self-excited attractors
can be localized with little computational effort: after determining all equilib-
ria states of the system, a trajectory is computed via integration starting from a
point in an unstable equilibrium neighborhood, using numerical methods. After
a transient process, the computed trajectory will reach the attractor and visualize
the attractor. The aforementioned procedure will not work for finding hidden
attractors, hidden attractors being difficult to localize.

So far, only self-excited attractors have been found in Lorenz systems. This
thesis demonstrates the existence and localization of hidden chaotic attractors in
a GD system. The demonstration is done via numerical methods which were
developed in this thesis.

In addition to the numerical methods developed, this thesis proves the Eden
conjecture for GD systems that is defining the maximum Lyapunov dimension on
an attractor in an equilibrium point.

Keywords: Glukhovsky-Dolzhansky system, Lorenz-like system, chaotic attrac-
tor, hidden attractor, Lyapunov dimension, Lyapunov exponents
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1 INTRODUCTION AND STRUCTURE OF THE
WORK

1.1 Introduction

Theoretical investigations of various hydrodynamic phenomena are typically per-
formed with the help of hydrodynamic models defined by the Euler or Navier-
Stokes equations with an infinite number of degrees of freedom. An important
problem has proved to be the problem of turbulence, i.e., random motion of the
medium accompanied by chaotic property changes. The problem arose in the
middle of the 20 century when there were many gaps between theoretical hy-
drodynamics and applied problems of fluid dynamics (Reynolds, 1883). In or-
der to fill these gaps, various theories of turbulence (e.g., (Richardson, 1922; Kol-
mogorov, 1941)) and onset of turbulence (e.g., (Landau, 1944; Hopf, 1948)) were
developed, but they turned out to be insufficient. A breath of fresh air in the
study of the onset of turbulence was the discovery by Ruelle, Takens (Ruelle and
Takens, 1971), and Smale (Smale, 1967) of strange attractor, i.e., a chaotic attractive
set in the phase space of a dynamical system, which consists of unstable trajec-
tories with a complex behavior. According to this notion, a strange attractor is a
mathematical prototype of stochastic oscillations and turbulence in the system.
Nevertheless, no general theory of turbulence has yet been developed. This
is caused by the inability to obtain general solutions for the Navier-Stokes equa-
tions! and, as a consequence, to the necessity of reducing them to simpler equa-
tions based on the observations and physical concepts of the studied phenom-
ena. For this reason, individual sections of hydrodynamics, e.g., aerodynamics,

1 A great advance in the study of hydrodynamic systems, defined by the Navier-Stokes equa-

tions, was made by Olga Ladyzhenskaya. In the common case for initial boundary-value
problems, she proved the unique solvability for small enough time, as well as the global
unique solvability for small enough data, and, in the two-dimensional case, she proved the
global unique solvability (Ladyzhenskaya, 1969). Later she investigated the case when the
two-dimensional Navier-Stokes equation generates a dynamical system (Ladyzhenskaya,
1972) and proved the finite-dimensionality of its attractor (Ladyzhenskaya, 1982).
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magnetohydrodynamics and sound theory, now form separate sciences. For par-
ticular interest in all these sciences is geophysical hydrodynamics that studies
fluid (or other medium) rotation and covers a wide range of phenomena, e.g.,
ocean and atmosphere of the Earth and atmospheres of other planets. Within this
branch of hydrodynamics, Edward Lorenz suggested a crude three-dimensional
mathematical model for atmospheric convection (Lorenz, 1963). The obtained
model describes a two-dimensional Rayleigh-Bénard convective flow (Getling,
1998). Later, in 1980, Glukhovsky and Dolzhansky suggested a three-mode math-
ematical model that allowed investigating the process of fluid convection con-
tained within a rotating ellipsoidal cavity under a horizontal exterior heating
(Glukhovskii and Dolzhanskii, 1980). Unlike the Lorenz model, it describes a
three-dimensional convective flow and can be interpreted as an approximate model
of the World Ocean or Earth atmosphere. Both Lorenz and Glukhovsky-Dolzhan-
sky systems were obtained using the Galerkin method for reduction of initial
hydrodynamic systems with infinite degrees of freedom to corresponding finite-
dimensional autonomous dissipative nonlinear systems. The main idea of this
method is to expand the fluid dynamical fields into infinite series of time-inde-
pendent basis functions. The series are then truncated and substituted into initial
PDEs, yielding a system of ODEs describing time evolution of the truncated ex-
pansion coefficients. In some cases, the obtained ODEs properly describe the be-
havior of original models and possess similar fundamental properties. Note that
there also exist non-autonomous ocean models (see, e.g., (Pierini et al., 2016)).

The key feature of the Lorenz discovery is that for certain parameter val-
ues, the suggested simple convection model possesses a chaotic attractor (Lorenz,
1963; Stewart, 2000). This attractor can be obtained numerically if, for a trajec-
tory that describes system’s behavior, one chooses the initial point on an unstable
manifold in a neighborhood of an unstable equilibrium. After a transient process,
this trajectory reaches the attractor, visualizing it. In general, for numerical local-
ization of attractor, it is necessary to explore its basin of attraction and choose an
initial point in it. If for a particular attractor its basin of attraction is connected
with the unstable manifold of unstable equilibrium, then the localization proce-
dure is quite simple. From this perspective, the following classification of attrac-
tors is suggested (Leonov and Kuznetsov, 2009; Kuznetsov et al., 2010; Leonov et
al., 2011, 2012; Leonov and Kuznetsov, 2013; PIII; Kuznetsov, 2016,a): an attrac-
tor is called a self-excited attractor if its basin of attraction intersects with any open
neighborhood of equilibrium; otherwise, it is called a hidden attractor. Numeri-
cal localization of hidden attractors is much more challenging and requires the
development of special methods (Zelinka, 2015, 2016).

The problem of hidden attractors is connected with the second part of Hilbert’s
16th problem that arose in 1900 and is related to the question of the number and
possible mutual disposition of limit cycles in two-dimensional polynomial sys-
tems (Hilbert, 1901-1902). Later, this problem came up in engineering tasks: in
the investigation of widely known Markus-Yamabe’s (Markus and Yamabe, 1960),
Aizerman’s (Aizerman, 1949) and Kalman’s conjectures (Kalman, 1957) on abso-
lute stability of automatic control systems, where a unique stable equilibrium
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can co-exist with a stable periodic solution (see (Pliss, 1958; Fitts, 1966; Bara-
banov, 1988; Bernat and Llibre, 1996; Bragin et al., 2011; Leonov and Kuznetsov,
2011a,b; Kuznetsov et al., 2011); the corresponding discrete examples were con-
sidered in (Alli-Oke et al., 2012)), in the problem of simulation of phase-locked loops
(Kuznetsov et al., 2014, 2015). At the end of the 20" century, the problem of the
numerical analysis of hidden oscillations arose in simulations of aircraft control
systems (Leonov et al., 2012; Andrievsky et al., 2013b,a, 2015), and in simulations
of drilling systems (Kiseleva et al., 2012; Leonov et al., 2014). Existence of such vi-
brations in systems with external perturbation determines, in addition to the ex-
pected stable solution corresponding to the desired system behavior, other stable
and unstable solutions, which correspond to undesirable and dangerous behav-
iors, often leading to a system crash. Another stimulus to study hidden oscilla-
tions was the discovery, in 2010, of the chaotic hidden attractor in the Chua circuit
— a simple electric circuit with nonlinear feedback (Leonov and Kuznetsov, 2009;
Kuznetsov et al., 2010, 2011; Leonov et al., 2011; Kuznetsov et al., 2011; Leonov et
al., 2012; Kuznetsov et al., 2013). Until that moment, only self-excited attractors
had been detected in the Chua circuit (Chua, 1992).

Today, the concept of hidden attractors has become widespread. Let us re-
member that in 2016 “Localization of hidden Chuas attractors” (Leonov et al., 2011)
became the most cited Physics Letters A article published since 20112; "Hidden
attractor in smooth Chua systems” made the list of the most cited Physica D: Nonlin-
ear Phenomena articles published since 201 13; and "Hidden Attractors in Dynamical
Systems. From Hidden Oscillations in Hilbert-Kolmogorov, Aizerman and Kalman Prob-
lems to Hidden Chaotic Attractors in Chua Circuits” (Leonov and Kuznetsov, 2013)
was the most read and one of the most cited International Journal of Bifurcation
and Chaos articles*. A special edition of The European Physical Journal Special Top-
ics: Multistability: Uncovering Hidden Attractors was published in 2015. It includes
the recent results in this area obtained by scientists from 14 countries all over the
world (see (Shahzad et al., 2015; Brezetskyi et al., 2015; Jafari et al., 2015; Zhusub-
aliyev et al., 2015; Saha et al., 2015; Semenov et al., 2015; Feng and Wei, 2015;
Li et al., 2015; Feng et al., 2015; Sprott, 2015; Pham et al., 2015; Vaidyanathan et
al., 2015)). Also, in 2015, plenary lectures devoted to the topic of hidden attrac-
tors were presented at 4th IFAC Conference on Analysis and Control of Chaotic
Systems (Japan, 2015) by Guanrong Chen (Chen, 2015) and at International Con-
ference on Advanced Engineering Theory and Applications 2015 (Vietnam, 2015)
by Nikolay Kuznetsov (Kuznetsov, 2016). In 2016, a review article, "Hidden At-
tractors in Dynamical Systems", was accepted for publication in the leading in-
ternational scientific journal "Physics Reports" (JCR 2015 Impact Factor 20.033)
(Dudkowski et al., 2016).

All known chaotic attractors in the Lorenz system are self-excited. In the
case when all three equilibria are unstable, the attractor is self-excited with re-
spect to three equilibria. In the case when only zero equilibrium is unstable, it is

http://www.journals.elsevier.com/physics-letters-a/most-cited-articles/
http:/ / www.journals.elsevier.com / physica-d-nonlinear-phenomena/most- cited-articles/
http:/ /www.worldscientific.com /worldscinet/ijbc?null=&&journal Tabs=cited



14

self-excited with respect to that one equilibrium. The existence of a hidden attrac-
tor in the Lorenz system is still an open question. The Glukhovsky-Dolzhansky
system, which in comparison with the Lorenz system has one additional non-
linear term, also possesses a self-excited attractor (Glukhovskii and Dolzhanskii,
1980). This work also studies the possible existence of hidden attractors in the
Glukhovsky-Dolzhansky system. A numerical procedure of hidden attractor lo-
calization for the Glukhovsky-Dolzhansky system is presented in Section 2.2 (see
also PII; PIII).

One of the main characteristics of the system’s chaotic behavior is the Lya-
punov dimension of its attractor (see, e.g., (Farmer et al., 1983; Frederickson et
al., 1983; Kuznetsov, 2016b)). The concept of Lyapunov dimension was intro-
duced by Kaplan and Yorke (Kaplan and Yorke, 1979) and was further developed
in (Constantin and Foias, 1985; Eden, 1989, 1990; Eden et al., 1991). Along with
commonly used numerical methods for estimating and computing the Lyapunov
dimension (see, e.g., MATLAB realizations of methods based on QR and SVD de-
compositions in (PI; PIII)), there is an effective analytical approach proposed by
Gennady Leonov in 1991 (Leonov, 1991) (see also (Leonov and Boichenko, 1992;
Boichenko et al., 2005; Leonov, 2008; Leonov et al., 2015; Kuznetsov, 2016b)). It is
based on the invariance of dimensions with respect to diffeomorphisms and the
direct Lyapunov method. The advantage of this method is that it allows one to
estimate the Lyapunov dimension of an invariant set without localization of the
set in the phase space. In the past two decades, the application of this method
has helped obtain the upper estimate of dimension of attractors for the Rossler,
Hénon, Chirikov, Lorenz and Shimizu-Morioka systems (Leonov, 2012; Leonov
and Kuznetsov, 2015; Leonov et al., 2015, 2016). For some of these systems, fol-
lowing the Eden ideas (Eden, 1990), this method allows one to prove the con-
jecture of achieving the maximum Lyapunov dimension at the equilibrium and,
thereby, to obtain the exact formula of the Lyapunov dimension of the B-attractor.

In this work, using the Leonov method, the upper estimate of the Lyapunov
dimension of its attractor for the Lorenz-like system was obtained and, in the spe-
cial case when this system coincides with the Glukhovsky-Dolzhansky system,
the Eden conjecture was proved, and the exact formula of the Lyapunov dimen-
sion of corresponding attractor was obtained (PIIL; PIV; PV). This analytical result
was justified with the help of the numerical procedure described in PL

1.2 Structure of the work

This work consists of an introduction, a chapter that presents the problem state-
ment and the main results of the work, a conclusion, a list of references, three
appendices, and included articles (Figure 1). The first section of the main chapter
is based on (Dolzhansky et al., 1974; Glukhovskii and Dolzhanskii, 1980; Gledzer
etal., 1981), and is devoted to the statement of the physical problem and to obtain-
ing a corresponding mathematical model. The second and third sections present
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the main results of the thesis. The second section presents a localization of the
hidden attractor in the considered Glukhovsky-Dolzhansky system (PII; PIII). In
the third section for the Lorenz-like system, the upper estimate of the Lyapunov
dimension of its attractor is obtained and, in the special case when the Lorenz-
like system can be transformed to the Glukhovsky-Dolzhansky system, the exact
formula of Lyapunov dimension is obtained (PIIL; PIV; PV). The first appendix is
based on (Leonov, 1991; Kuznetsov, 2016b) and describes the Leonov method for
estimation of Lyapunov dimension. The second and third appendices give the
MATLAB implementations of algorithms for numerical approximation of Lya-
punov exponents, for numerical justification of the Eden conjecture and for hid-
den attractor localization in the Lorenz-like system.

Introduction and
structure of work
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and main results

N.V. Kuznetsov,
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2014

G.A. Leonov,
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motion in the rotating cavity,
CNSNS, 28(1), pp. 166-174,
2015
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{n the Glukhovsky-Dolzhansky system,

arXiv preprint arXiv:1509.09161
2015
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6

Conclusion
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1.3 Included articles and author’s contribution

The main results were published in the five included articles. In article PI, the
author developed the algorithm of numerical justification of the Eden conjecture
and implemented this algorithm for two of the three Rossler systems. In articles
(PIL; PIII), the algorithm for hidden attractor localization in the Lorenz-like sys-
tem is implemented by the author. In articles (PIII; PIV; PV), the theorems about
the Lyapunov dimension of attractors are due to the author.

The results of this study were also reported at the Seventh International
Conference on Differential and Functional Differential Equations" (Russia, 2014)
and the 13th International Conference of Numerical Analysis and Applied Math-
ematics (Greece, 2015).



2 PROBLEM STATEMENT AND MAIN RESULTS

2.1 Glukhovsky-Dolzhansky system describing fluid convection
motion in the rotating cavity

In this section, following (Dolzhansky et al., 1974; Glukhovskii and Dolzhanskii,
1980; Gledzer et al., 1981), let us consider the physical problem of fluid convection
inside an ellipsoidal cavity under external heating and present a rigorous deriva-
tion of the Lorenz-like system for this problem. In general form, the statement of
the physical problem is as follows. Viscous incompressible fluid bounded by an
ellipsoid surface

2 2 2
S(X1, X2, x3) = (x1> + (x2> + (JC:),) —1=0, ay>ay>a3>0,
a1 [75) as

is under the condition of stationary inhomogeneous external heating. We assume
that the ellipsoid as well as the heat sources rotate with constant velocity Qg
around the axis that crosses its center of mass and have a constant angle, «, with
gravity vector g. Vector g is stationary with respect to the ellipsoid motion. The
value of () is assumed to be such that the centrifugal forces can be neglected in
comparison with the influence of the gravitational field.

Behavior of this hydrodynamic system can be described by Navier-Stokes
equations under the Boussinesq approximation (Dolzhansky et al. (1974)):

ov 1
aT K

with the following border condition
(v-V)s=0, if 5=0, 2

where v = v(x,t) = (v1(x,t), va(x,t), v3(x,t)) — fluid velocity vector field,
x = (x1,x2,x3), p — average density, B — coefficient of volume expansion of
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FIGURE 2 Illustration of the problem.

the liquid, T = T(x, t) — temperature deviation from a certain constant value Ty
that is defined by the specific conditions of the problem; hence, term SgT defines
the resultant of the Archimedes and gravity forces, f — internal viscous forces for
which V x f # 0, k — heat transfer per unit mass of liquid caused by the external
heating and thermal conductivity, k¥ supposed to be a linear function of the spa-
tial coordinates (x1, x2, x3), cp — specific heat at a constant pressure, V — nabla
operator, T — time. The energy flux from external sources to fluid is defined by
the Newton-Richman's law (Kays and Crawford (1993))
% = l’l(T - T)/

where j1 is the heat-transfer coefficient and 1/ defines a characteristic damping
time in a stationary medium for deviations from steady-state temperature T. The
latter is assumed to be a linear function of the spatial coordinates.

Using the Galerkin method (Thompson, 1961; Monin, 1972), the solution of
system (1) can be reduced to the solution of a finite system of ordinary differential
equations. Under certain conditions, the motion of a real fluid can be described by
a spatially linear velocity and temperature fields: therefore, the solution of initial
system (1) is sought in the class of functions satisfying the following conditions

82'01' o azT
ijaxk - ijaxk

= 0. 3)

As reference fields in the Galerkin method the following three solenoidal linear

vector fields were used:
ap . 4 a o, ay . ax_ .
wi = ——zxg,] + 30k wr=-——xk+—Lx3i, ws= ——1x21+—2x1],
as an ay as [75) a1
satisfying the boundary condition, (w; - V)S = 0, on surfaces S = const. These
fields are orthogonal in the following sense:

/ wi-wedx =0 for ik
14
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Here V denotes the volume bounded by the ellipsoid. Let us write velocity field
v and temperature field T in the following form

v(x, 1) = wi(H)wi(x) + wa (t)wa(x) + ws(t)ws(x), (4)

T(xt) = x- VT = xlgi + ngfz + mg;, VT = VT(t), T(0,6)=0, (5)

where Poincare parameters w (t), wa(t), ws(t) have the following relation with
the components of vorticity vector 3 = V x v
azas a14a3 ai1az
w) = —5—501, wr=—-5—"5M, w3=—F5—"%
Tara2t Ty VT ara
Multiplying both sides of system (1) by w; and using conditions (3), expan-
sions (4), (5), and orthogonality of w;, system (1) can be transformed (Dolzhansky
et al., 1974) to the following simplified fluid convection system:

v
dr

d
wx (M+2Mo) +gBlox @) =AM, T =wxq+p@-a), ©
where A — effective coefficient of viscosity, w = (w1, w2, w3), vector M has the
following components M; = Zi:l Lixwy, {Iik }i k=123 — diagonal matrix with the
following elements

2 2 2 2 2 2
111 = a3 + as, 122 =m + as, 133 =m + as.

The components My, = Zi:l Iixwops of vector My can be expressed via compo-
nents of )y
aa aya ayan
01 = Qo1 02 Qo2 03 =5 503
2+a5 24ad a? + a3

Components of vectors q and § denote temperature differences and steady-state
temperature differences along the principal axis of the ellipsoid, respectively

(a7 0T aTy (ot ot af

1= alaxl’ azaXQ, a38x3 2 alaxl' azaxz’ QBBX3 '
Vector g = (a1 cos y1, a cos 7y, a3 cos 7y3) determines the orientation of the ellip-
soid and has the same direction as g, the gravity vector. Here cos y; — direction
cosines of the gravity vector.

Term 2w X M) in the first equation of (6) represents the Coriolis force in the
considered velocity fields class. For initial system (1), this force is represented by
term 20y X v in its left hand side (see, e.g., (Greenspan, 1968)).

Consider the case when the rotation of the ellipsoid occurs about the x3
axis and vector g is placed in plane x;x3 and steady-state temperature difference
AT = (g0, 0, 0) is generated along the x axis (Figure 2). Then

lp = (aysing, 0, —agcosa), Qo= (0,0, Qyp),
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and equations (6) written in the coordinate form are as follows:

% = Iﬁl [(133 — 122)w2w3 + 2aza,Qogwy + gﬁ&l3 Ccos aqz] — Awy,
o2 = (I — Iss)wiws — 2a1a;Q0w — gPas cos agy — ghay sinags] — Aws,
% = 13T31 [(Inp — [11)wiwy + gBay sinaga] — Aws,
B = wyg3 — wsga + ulgo — @),
Z{z = W3q1 — w143 — Hq2,
. — W12 — w1 — Hqs.
@)
Let

1
Eziw'M+ngIO'q

denotes the full energy of the system.

In order to simplify system (7) in the study of geophysical flows, the co-
called geostrophic wind relation is often used (Obukhov, 1949; Lorenz, 1967;
Greenspan, 1968). It sets the approximate balance (geostrophic balance) between
the Coriolis forces and the pressure gradient. Here, after expansion in the small

parameter ¢ = @ /)y, where @ = \/ E/ (a% + a% + ag), for equations (6), we get
the following relations up to terms of order ¢ (Glukhovskii and Dolzhanskii, 1980)

2((4) X M()) —‘rgIB(lo X q) =0,

or

gpas 8P

- - _8Pas
2(11[1200 €os & 211111200

— TN cosaqy,  (8)

w1 = sinags, wy =

expressing geostrophic balance for the considered model. After substitution of
expressions (8) into equations (7), we obtain the geostrophic model, which has
the following equations of motion

4X-AYZ — BZU + CZ + DU — 0X,
= XZ+R,—Y,

=Xy +PU*-Z,
d—_pzu-u,

©)

in dimensionless variables

X = -1 gpas cos y — 8P 7 _ _8Pas _ 8P
# (w3+ 2a1a,00 )7 2a1a2)\yq1’ 2a1a2)tyq2’ u 2ayaAp

qs-

Here derivatives are taken with respect to dimensionless time ¢ = y 7, the param-
eters being:

2 2 2
a; —a _ a1as . _ 2a5ay .
A= ; %coszchu 1, B = %staTu 1, C= %USIHD&,
ay +a; az(aj + a3) az(aj + a3)
ai

D= (c—1)cosaTl; 2, P==2T12sing,

as
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and the following numbers

A C A Y YV

are external parameters, which are naturally interpreted as Prandtl, Rayleigh and
Taylor numbers, respectively.

According to the numerical experiments (Glukhovskii and Dolzhanskii, 1980),
the invariant surface U = 0 (the case, when g3 = 0) is an attractor of system (9).
On this surface, the motion of system (9) is described by the following equations:

X=—0X+CZ+AYZ,
Y=R,—Y—-XZ, (10)
Z=-7Z+XY.

From the physical point of view, this corresponds to an indifferent vertical strati-
fication.
The following affine change of coordinates

X—>x, Y— Cily, 7 —C 1z
transforms system (10) to the Glukhovsky-Dolzhansky system

X=—0ox+z+ Az,
y=Rc—y—xz (11)
Z=—z+ xy.

where

A
T

Consider the following three-dimensional Lorenz-like system

R.=R,C>0, A > 0.

X=—-0x+oy—ayz
y=rx—y—xz (12)
Z=—bz+xy.

This system with 7,0,b > 0 was first introduced in (Rabinovich, 1978), and for
a = 0 it coincides with the classical Lorenz system (Lorenz, 1963).
Now let us consider the connection between system (11) and system (12).
Suppose that
o > ar. (13)

Then after the following affine change of coordinates

xX—x, y— zZ, z—7T—

g —ar g —ar

y (14)
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system (12) can be transformed to system (11) with the following parameters:

a
RC:7’<0-—QT)>O, Aczm>0, b:]. (15)
Let us note that if the following relations
A0 R,
= = — (AR +1). 1
"= AR i T g ARt (16)

hold, then the inverse transformation has the following form:

g (o4

R.— - v
xX—x, y—R AcRc+1Z/ Z—>ACRC+1y

(17)
Our particular interest to systems (12) and (11) is connected with the exis-
tence of chaotic attractors in their phase spaces.

2.2 Attractors in the Glukhovsky-Dolzhansky system

2.2.1 Self-excited and hidden attractors

Following (Milnor, 1985; Ott, 2002; Leonov and Kuznetsov, 2013; PIII), from the
computational perspective one can consider the following non-rigorous defini-
tion of attractor (rigorous definition are discussed, e.g., in PIII). An oscillation can
generally be easily numerically localized if the initial data from its open neigh-
borhood in the phase space (with the exception of a minor set of points) lead to a
long-term behavior that approaches the oscillation. Such an oscillation (or set of
oscillations) is called an attractor, and its attracting set is called the basin of attrac-
tion (i.e., a set of initial data from which the trajectories tend to the attractor).

The study of an autonomous system typically begins with an analysis of
the equilibria, which are easily found numerically or analytically. Therefore,
from a computational perspective, it is natural to suggest the following classi-
fication of attractors (Kuznetsov et al., 2010; Leonov et al., 2011, 2012; Leonov
and Kuznetsov, 2013), which is based on the simplicity of finding their basins of
attraction in the phase space:

Definition 1. (Kuznetsov et al., 2010; Leonov et al., 2011, 2012; Leonov and Kuznetsov,
2013) An attractor is called a self-excited attractor if its basin of attraction intersects
with any open neighborhood of a stationary state (an equilibrium), otherwise it is called a
hidden attractor.

The basin of attraction for a hidden attractor is not connected with any
equilibrium. For example, hidden attractors are attractors in systems with no
equilibria or with only one stable equilibrium (a special case of multistability:
coexistence of attractors in multistable systems). Note that multistability can be
inconvenient in various practical applications (see, for example, discussions on
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problems related to the synchronization of coupled multistable systems in (Kap-
itaniak, 1992, 1996; Pisarchik and Feudel, 2014; Kuznetsov and Leonov, 2014)).
Coexisting self-excited attractors can be found with the help of a standard compu-
tational procedure, whereas there is no standard way of predicting the existence
or coexistence of hidden attractors in a system.

2.2.2 Self-excited attractor localization in the Glukhovsky-Dolzhansky system

It can be shown (Leonov and Boichenko, 1992) that for positive parameters, if
r < 1, system (12) has a unique equilibrium Sy = (0,0,0), which is globally
asymptotically Lyapunov stable. If r > 1, then (12) possesses three equilibria: a
saddle Sy = (0,0,0) and symmetric (with respect to z = 0) equilibria

81,2 = (Zl:X1, :tylrzl)/ (18)
where
_ 0V/g _ . ag
e o+ ag’ n=vi n= ol+ag’
and

&= 2;;2 [a(r—z)—(r—f— ((r—ar)2—|—4aa].

Following (Glukhovskii and Dolzhanskii, 1980), let us take o = 4 and define
the stability domain of equilibria S 5. Using the Routh-Hurwitz criterion, we can
obtain the following (see PIII):

Lemma 1. The equilibria Sy, are stable if
8ar® + a(7a — 64)r* + (288a + 128)r + 256a — 2048 < 0. (19)
Consider the following parameters for system (12)
oc=4, a=0.0052.

According to Lemma 1, if rj ~ 16.4961242... < r < r; ~ 690.6735024, the
equilibria 51, of system (12) become (unstable) saddle-focuses. For example, if
r = 17, the eigenvalues of the equilibria of system (12) are the following

So: 5.8815 -1, —10.8815
S1p: 0.0084 £4.5643i, —6.0168

and there is a self-excited chaotic attractor in the phase space of system (12). We
can easily visualize this attractor (Figure 3) using the standard computational
procedure with initial data in the vicinity of one of the equilibria, Sp;2, on the
corresponding unstable manifolds. To improve the approximation of the attrac-
tor, one can consider its neighborhood and compute trajectories from a grid of
points in this neighborhood.
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(a) Initial data near equilib- (b) Initial data near equilib- (c) Initial data near equilib-
rium S. rium S7. rium S,.

FIGURE 3 Numerical visualization of the self-excited attractor in the Glukhovsky-
Dolzhansky system with » = 17, 0 = 4, b = 1, a = 0.0052 by using the
trajectories that start in small neighborhoods of the unstable equilibria, Sg ;5.

2.2.3 Hidden attractor localization in the Glukhovsky-Dolzhansky system

Following (Leonov et al., 2011; Leonov and Kuznetsov, 2013; PIII), we apply a
special analytical-numerical procedure for localization of the hidden attractor of
system (12). The main idea of this procedure is to construct a sequence of similar
systems such that the initial data for numerical localization of the starting attrac-
tor for the first (starting) system can be obtained rather simply. For example, in
some cases it is possible to consider a starting system with a self-excited starting
attractor. Then we numerically track the transformation of the starting attractor
while passing between systems.

Let us construct a line segment on the plane (g, r) that intersects a boundary
of the stability domain of equilibria S, (see Figure 4). We choose point P;(r =
700,a = 0.0052) as the end point of the line segment. The eigenvalues for the
equilibria of system (12) that correspond to parameters P; are the following:

So: 504741, -1, -—55.4741,
S12: —0.1087 £10.4543i, —5.7826.

This means that equilibria S; » become stable focus-nodes. Now we choose point
Py(r = 687.5,a = 0.0052) as the initial point of the line segment. This point corre-
sponds to the parameters for which system (12) has a self-excited attractor, which
can be computed using the standard computational procedure. Then we choose
a sufficiently small partition step for the line segment and compute a chaotic at-
tractor in the phase space of system (12) at each iteration of the procedure!. The
last computed point at each step is used as the initial point for the computation
at the next step (the computation time must be sufficiently large).

In our experiment, the length of the path was 3.25 and there were 3 itera-
tions. Here, for the selected path and partition, we can visualize a hidden attrac-
tor of system (12) (see Figure 5). The results of a continuation procedure are given
in (PII; PIII).

1

Here, for system (12) we use the so-called stability of the basin of attraction (see, e.g., (Menck
et al., 2013)) with respect to variable parameter r.
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- P,(0.0052: 700)
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FIGURE 4 Paths [Py, P1] and [P,, D3] in the plane of parameters {a, r} used in the contin-
uation procedure.

X(1) = (1), (1), (1), te[0,T], X{-initial point in vicinity of S, ,, X[ - final point, Xj'=X]

~

STEP 3 : r =700, hidden attractor

STEP 1 : r=0687.5, self-exc. | STEP2: r=0693.75, self-exc.
attractors with respect to S, , 1 attractor with respect to S,

FIGURE 5 Chain of transformation in the continuation procedure.

Note that the choice of path and its partitions in the continuation proce-
dure are not trivial. For example, a similar procedure does not lead to a hidden
attractor for the following path on the plane (a,7). Consider r = 33.51541181,
a = 0.04735056... (the rightmost point on the stability domain) and take a starting
point Py: r = 33.51541181, a = 0.046 near it (Fig. 4). If we use partition step 0.001,
then there are no hidden attractors after crossing the boundary of the stability
domain. For example, if the end point is P5: r = 33.51541181, a = 0.048, there is
no chaotic attractor but only trivial attractors (equilibria Sy ).
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Also, let us note that a hidden attractor was localized in system (12) in the
case when a < 0, 0 = —ar (Kuznetsov et al., 2015). For these parameters, system
(12) coincides with the famous Rabinovich system that describes the interaction
of waves in plasma (Rabinovich, 1978; Pikovski et al., 1978).

2.3 Formula of the Lyapunov dimension of attractor for the Glukhov-
sky-Dolzhansky system

One of the main characteristics of chaos in system is the Lyapunov dimension
of its attractor. The concept of Lyapunov dimension was introduced by Kaplan
and Yorke (Kaplan and Yorke, 1979). Their rigorous definitions are discussed in
Appendix 1.

2000
1500
1000

500

-500|
—-2000

500 1000 1500

2000 ~1500 —1000 -500 0

FIGURE 6 Attractors localization for a Lorenz-like system.

Using the Leonov method? (Leonov, 1991; Kuznetsov, 2016b), the assertion
concerning the Lyapunov dimension dim;, K of attractor K of system (12) can be
formulated:

Theorem 1. Suppose that either inequality b < 1 or inequalities b > 1, o > b are valid.
If
2 (b+1)(b
(r + %) < w, (20)

then any solution of system (12), bounded on [0, +00), tends to an equilibrium as t —
+o00.
If
2 1
(r+2) > b1k +o) (21)

7
a

see a detailed discussion in Appendix 1.
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then
2(c+b+1)

c+1+ \/(0—1)24—11(%4—1’)2
Proof is presented in PIV. O

dileCgﬁ’v—

(22)

For the numerical computation of the Lyapunov dimension of attractor i,
it is possible to use the following procedure®. For numerical integration of the
system that possesses K, we consider a sufficiently large time T and choose a suf-
ficiently dense grid of points Kg,;; on the attractor as the initial datum. For each
grid point and obtained trajectory we compute the local Lyapunov dimension by
the corresponding Kaplan-Yorke formula and then find the maximum over the
computed values. It is also interesting to numerically check the Eden conjecture?
(Eden, 1990) claiming that the maximum of the local Lyapunov dimension on the
attractor is achieved in the equilibrium. Using this procedure with parameters
h = 0.5, k = 400, abs_tol = rel_tol = 10~8, we obtain the following results (see
Table 1) for the Lorenz-like system (12) that numerically justify the Eden conjec-
ture:

TABLE1 Numerical justification of the Eden conjecture for a Lorenz-like system.

Syst. Grid Step| max dimj x| max dimy x| dim So| (22)
xegrid xegrid
(Benettin alg.) (Stewart alg.)
(12) %(ﬁ+ytua+nx 05 | 21466 21501 | 2.8917 | 2.8955

2
c+r
-2 <
x (Z a+1) ) =1

In the special case, when b = 1 and the Lorenz-like system (12) coincides
with the Glukhovsky-Dolzhansky system (11) we can obtain another upper es-
timation which coincides with the local Lyapunov dimension of the zero equi-
librium and analytically proves the Eden conjecture (see PV). This result is ex-
pressed by the following:

Theorem 2. Let b = 1, r > 2 and the following relations hold

o> #@ ar, if 2<r<4
23
e <3+32\/§ ar, 42 rjizr+1) ar> D a4 (23)
Then ) )
dim, K =3 — (0+2) : (24)
o+ 14+ /(0 —1)2+40r
Proof is presented in (PIII; PV). O

Note that this exact formula coincides with the formula for the classical
Lorenz system (Leonov and Lyashko, 1993; Leonov, 2012; Leonov et al., 2016).

see a description of the procedure in (PI) and MATLAB implementation in Appendix 2.
see a detailed discussion in (PIII; Kuznetsov, 2016b).



3 CONCLUSION

This work studies the Glukhovsky-Dolzhansky system, which provides a math-
ematical model of the fluid convection in a rotating ellipsoid cavity under a hor-
izontal external heating. An analytical-numerical procedure for localization of
the hidden attractors is developed and implemented for this system. Using the
Leonov method, the Eden conjecture on achieveness of maximum Lyapunov di-
mension on the attractor at the equilibrium is proved for this system and, thereby,
an exact formula of the Lyapunov dimension of this attractor is obtained. By
means of special procedure developed in this work, this analytical result is checked
and justified numerically. Also we obtain the upper estimate of Lyapunov di-
mension of attractor for a Lorenz-like system, providing a generalization of the
Glukhovsky-Dolzhansky system.

Further investigations are planned on the Lorenz-like system and on pos-
sible existence of hidden attractors in its phase space. An attempt to obtain the
exact formula of the Lyapunov dimension of Lorenz-like system’s attractors will
be undertaken as well.

Also a deeper look at the correspondence of chaotic behavior of the Glukhov-
sky-Dolzhansky system to a hydrodynamic and atmospheric phenomena will be
taken. Of a particular interest will be the studying of the connection between
the chaos in this system and the El Nifio Southern Oscillation phenomenon. It is
known (Garay and Indig, 2015) that in some cases the Vallis” model for El Nifio
(Vallis, 1986, 1988) can be transformed to the Lorenz system.
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YHTEENVETO (FINNISH SUMMARY)

Attraktoreiden lokalisointi ja dimension estimointi Glykhovsky-Dolzhansky-
jarjestelmissa

Téassa vaitostyossa tutkitaan kaaottisia attraktoreita Glukhovsky-Dolzhansky (GD)
-jarjestelmdssd. GD-jarjestelmd kuvaa nesteen lammon virtausta soikion muo-
toisessa onkalossa, missd lamp6 on ulkopuolinen vaikuttaja. Verrattuna Lorenz-
jarjestelmddn, GD-jdrjestelméd kuvaa nesteen lammon virtausta kolmiulotteisessa
avaruudessa, ja jarjestelmédd voidaan kayttad esimerkiksi valtamerien tai ilmake-
hén mallintamiseen.

Attraktorit voidaan laskennallisesti luokitella kahteen luokkaan, riippuen
attraktoreiden vetovoima-alan faasiavaruudesta. Jos attraktorin vetovoima-ala leik-
kaa dynaamisen jdrjestelman tasapainopisteiden pienymparistdjd, attraktori luo-
kitellaan itsekiihtyviiksi attraktoriksi dynaamisessa jarjestelméssd. Muissa tapauk-
sissa attraktoria kutsutaan piileviksi attraktoriksi. Laskennallisesti itsekiihtyvien
attraktoreiden lokalisointi on helppoa. Riittdd kun méaéritelldan kaikki tasapain-
opisteet jarjestelméssa ja sitten numeerisia menetelmid kayttden integroidaan tra-
jektori aloittaen jostain epdvakaan tasapainoympaériston pisteestd. Piilevien att-
raktoreiden kohdalla edelld mainittu tapa ei onnistu, koska piilevien attraktorei-
den lokalisointi on vaikeaa.

Lorenz-jarjestelmissa on havaittu ainoastaan itsekiihtyvia attraktoreita. Tés-
sd tydssd osoitamme piilevien kaaottisten attraktoreiden olemassaolon GD-jarjes-
telmissd. Nédiden piilevien kaaottisten attraktoreiden lokaalisoinniksi kehiteltiin
numeerisia menetelmid, ja ndma numeeriset menetelmét ovat timan tyon kontri-
buutio.

Téssd tyossda myos todistetaan Eden-konjektuuri GD-jdrjestelmissd, eli to-
distetaan ja mddritellddn attraktorin maksimaalinen Lyapunov-dimensio jarjes-
telmén tasapainopisteessa.
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APPENDIX1 ESTIMATION OF LYAPUNOV DIMENSION
VIA THE LEONOV METHOD

In this section, following (Leonov, 1991; Kuznetsov, 2016b), the notions of the
Hausdorff and Lyapunov dimensions are given, and the Leonov method for their
upper estimation is described.

APPENDIX 1.1 Hausdorff and Lyapunov dimensions

Consider a compact metric space (X, p), subset E C X and the following numbers
d > 0, e > 0. Consider covering of set E by open balls with a radius r; < ¢ and
consider the following notion:

un(E,d,e) = ianr‘-i,
j

where the infimum is taken over all e-coverings of E. It is clear, that uy(E,d,¢)
does not decrease while € decreasing. Therefore, there is a limit (possibly infinite)

up(E,d) =limuy(E,d,¢).
e—0

Definition 2. Function pg(-,d) is called the Hausdorff d-measure.

For a fixed set E, function i (E, -) has the following properties: there exist
number dy, € [0, 0], such that upy(E,d) = oo, ¥d < dy, and py(E,d) = 0, Vd >
dkp; if X C R", then dkp <n.

Definition 3. The number
dimy E = dy, = inf {d | up(E,d) = 0}
is called the Hausdorff dimension of set E.
Consider an autonomous differential equation
x=f(x), f:UCR'—=R" (25)

where f is a continuously differentiable vector-function and U is an open set.
Define by x(t,Xp) a solution of (25) such that x(0,x9) = xo € U, and consider
evolutionary operator ¢(xg) = x(t,Xg). Assume the uniqueness and existence of
solutions of (25) for t € [0,+o0). Then system (25) generates dynamical system
{¢'}+>0. Let nonempty set K C U C R" be invariant with respect to {¢'};>0,
i.e, ¢'(K) = K for all t > 0. Consider the linearization of system (25) along the
solution @' (x):

y=J(¢'(x)y, J(x) =Df(x), (26)
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where J(x) is the n X n Jacobian matrix, which elements are continuous func-
tions of x. Suppose that detJ(x) # 0 Vx € U. Consider a fundamental ma-
trix of linearized system (26) D¢'(x) such that Dg?(x) = I, where I is a unit
n x n matrix. Let 0;(t,x) = 0;(D¢'(x)), i = 1,2,..., n, be the singular values of
Dg'(x) (i.e. 0i(t,x) > 0 and 0;(t,x)? are the eigenvalues of the symmetric ma-
trix D! (x)*Dg' (x) with respect to their algebraic multiplicity)! ordered so that
o1 (t,x) > ... > 0y(t,x) > 0 for any x and > 0. The singular value function of
orderd € [0,n] at x € x is defined as

wa(Dg' (x)) = 01(,%) -+ 714y (X)) 1 (£,)T Y, d € [0,m), (27)
wn(Dth(X)) = Ul(t,X) T U}'I(trx)/
where |d| is the largest integer less than or equal to d.

The concept of the Lyapunov dimension was suggested in the seminal paper
by Kaplan and Yorke (Kaplan and Yorke, 1979), and later it was developed in
a number of papers. The following definitions are considered in (Kuznetsov,
2016b) and inspirited by Douady-Oesterlé (Douady and Oesterle, 1980). The local
Lyapunov dimension of map ¢’ at point x € R" is defined as

dimg (¢',x) = max{d € [0,7n] : wy(D¢'(x)) > 1}
and the Lyapunov dimension of map ¢’ with respect to invariant set K is defined
as
dimy (¢, K) = sup dimy (¢, x) = supmax{d € [0,1] : wy(D¢'(x)) > 1}.
xeK xeK

In the paper of (Douady and Oesterle, 1980), it is rigorously proved that the Lya-
punov dimension of map ¢ with respect to compact invariant set K is an upper
estimate of the Hausdorff dimension of set K. Thus we have

. < . . t .
dimy K < )}gg dimp (¢', K)
Here inf;>( dimy (¢!, K) is called the Lyapunov dimension of dynamical system { @' }1>¢

with respect to invariant set K. For computations, it is important that (see, e.g.,
(Kuznetsov, 2016b))

. . t _1: . . t
%lgg dimy (¢',K) = lggnlgfdlmL(¢ ,K). (28)
Consider the finite-time Lyapunov exponents at point x:
LE;(t,x) = %lno’i(t,x), i=1,2,..,n, t>0.

Ifn > dimL((pt x) > 1,j(t,x) = |dimg(¢',x)],5(t,x) = dim(¢',x) — [dimy(¢’,x)]
then 0 = (w630 (D9'(x))) = 12 LE(5%)+ 5(t,x) LE 011 x) The
following representatlon

LEl(t, X) +---+ LE]’(t’X)(t, X)

dlm trX =] t,X +
L(QD ) ]( ) ‘ LE]'(t,X)+1 (tr X)|

(29)

* denotes matrix transposition.
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corresponds to the Kaplan-Yorke formula (Kaplan and Yorke, 1979) with respect
to the finite-time Lyapunov exponents. Remark that here j(t,x) = max{m :
i1 LE;(t,x) > 0} and LE;(; )1 (t,x) < 0 for j(t,x) < n.

APPENDIX 1.2 Leonov method

In 1991 Leonov proposed an effective analytical method (Leonov, 1991) which
allows one to estimate the Lyapunov dimension of invariant sets without local-
ization of the set in the phase space. This method is based on the following theo-
rems.

Consider a nonsingular n x n matrix, S. Let A;(xo,S), i = 1,2,...,n, be the
eigenvalues of the symmetrized Jacobian matrix

1 - —1yx
5 (81(x(tx0)s ™ + (ST (x(t,x0))S 7)), (30)
ordered so that A1(xg,S) > - -+ > Ay(xo, S) for any Xg.
Theorem 3. Let d = (j+s) € [1,n|, where integer j = |d| € {1,...,n} and real
s = (d— |d]) € [0,1). If there are a differentiable scalar function V : U C R" — R!
and a nonsingular n x n matrix S such that
sup (A1(x,S) + -+ Aj(x,S) +5A141(x,S) + V(x)) <0, (31)
xeK
where V(x) = (grad(V))* f(x), then for sufficiently large T > 0 we have
dimy (¢, K) < j+s.

A proof of this theorem, based on the invariance of Lyapunov dimension
with respect to diffeomorphisms, is given in (Kuznetsov, 2016b) (see also (Leonov
et al., 2015; Kuznetsov et al., 2016)).

Corollary 1. If for d = j + s defined in Theorem 3 at equilibrium point xg) = @' (x¢})
the equality

dimg ({9 }r>0,%5) = j+
holds, then for any invariant set K > xg; we get the formula of exact Lyapunov dimension

dimp K < gl(f) dimy (¢, K) = dimg ({¢'}+>0, Xeg) = J +s.

For the study of continuous time dynamical system in R, the following
result is useful. Consider a certain open set, K. C R", which is diffeomorphic to
a ball, whose boundary 9K is transversal to vectors f(x), x € K. Let set K, be a
positively invariant for the solutions of system (25).

Theorem 4 (see (Leonov, 1991, 2008)). Suppose, a continuously differentiable function
V:UCR" > Rlanda non-degenerate matrix S exist such that

M(x,8) +Aa(x,S) +V(x) <0, Vx € K. (32)

Then any solution of system (25) with the initial data xy € K, tends to the stationary set
ast — +oo.



APPENDIX2 IMPLEMENTATIONS OF ALGORITHMS FOR
NUMERICAL CALCULATION OF THE
LYAPUNOYV DIMENSION OF ATTRACTORS

APPENDIX 2.1 Benettin algorithm implementation

Let us briefly describe the algorithm for Lyapunov dimension calculation based
on the classical Benettin algorithm (Benettin et al., 1980a,b) for numerical ap-
proximation of the Lyapunov exponents. For a certain initial point, Xo, let us
integrate initial system (25) along with its variational equation. Let orthogonal
(n x n)-matrix Q be the initial matrix for variational equation (usually, Qp = I).
On the k-th iteration of the numerical procedure system (25) and its variational
equation are numerically integrated on the small time interval [0, /] with ini-
tial data {x¢_1, Qx_1}. This yields a new trajectory point, x; = x(hk,xp), and
Xt = D¢ (xg) — fundamental matrix of the linearized system (26) at point x;.

Here the unique QR-decomposion of the obtained matrix, Xy, is considered:
X = QiRy, where Qi — orthogonal matrix that will be taken as an initial datum
for the variational equation on the next iteration, Ry — upper-triangular matrix
with positive diagonal entries.

The described numerical procedure has k iterations (k — sufficiently large).
Thus, the approximation of the finite-time Lyapunov exponents can be obtained
! from

1
kh #
]

™=

LEl‘(t, Xo) ~ ln(R](l, Z)), i= 1,2,..., n.

1

LISTING 2.1 computeLCEs.m — computation of the Lyapunov characteristic exponents

function [t, trajectory, LCEs] = computeLCEs (extOde, initPoint, tBegin, .
tStep, iterNum, odeSolverOptions)

% For the given extended system represented by system ODEs and corresponding
% variational equation the function returns array of LCEs.
°
Parameters:

extOde - extended system (ODE system + var. eq.);

initPoint - initial point;

tBegin - initial time value;

t_step - time-step in the reorthogonalization procedure;

tStep number of iterations in the reorthogonalization procedure;
s odeSolverOptions - options for ode45 MATLAB solver;

S0 oo o o o

o© o

% Dimension of the ODE :
dimOde = length(initPoint);

% Dimension of the extended ODE (ODE + Var. Eqg.):
dimExtOde = dimOde * (dimOde + 1);

tBegin = 0; tEnd = tStep;

tSpan = [tBegin, tEnd];
initFundMatrix = eye (dimOde) ;
initCond = [initPoint (:); initFundMatrix(:)];

% Array of norms of vectors of fundamental matrix :
norms = zeros(l, dimOde);

% Array of sums of logarithms of norms :

! see also the corresponding discussion in (Kuznetsov et al., 2016; Kuznetsov, 2016b).
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logSum = zeros(l, dimOde);

o

% Array of lyapunov exponents
currLCEs = zeros(l, dimOde);

% Preallocations for output values :
LCEs = zeros (iterNum, dimOde);

% Main loop:
for iIteration = 1 : iterNum

% Solving extended system :
[currTime, extOdeSolution] = ode45 (extOde, tSpan, initCond, odeSolverOptions);
% Fundamental matrix X at the moment iIteration x tStep :
X = reshape (extOdeSolution(end, (dimOde + 1) : dimExtOde), .
dimOde, dimOde) ;

% QR factorization of X :

[Q, Rl = gr(X);
for = iCoord : dimOde
if R(iCoord, iCoord) < 0
R(iCoord, iCoord) = (-1) * R(iCoord, iCoord);
Q(:, iCoord) = (-1) * Q(:, iCoord);
end
end

% Computing Lyapunov exponents at moment iIteration % tStep :
for iCoord = 1 : dimOde

norms (iCoord) = R(iCoord, iCoord);
logSum(iCoord) = logSum(iCoord) + log( norms (iCoord) );
currLCEs (iCoord) = logSum(iCoord) / (ilteration = tStep);

end

% Saving computations

t = [t; currTime(:)];
trajectory = [trajectory; extOdeSolution(:, 1 : dimOde)];
LCEs (iIteration, :) = currLCEs;

o

% Updating :
currInitPoint = extOdeSolution(end, 1 : dimOde);
currInitFundMatrix = reshape(Q, 1, [1);;

tBegin = tBegin + tStep;

tEnd = tEnd + tStep;

tSpan = [tBegin, tEnd];

initCond = [currInitPoint(:); currInitFundMatrix(:)];

end
end

APPENDIX 2.2 Stewart algorithm implementation

Singular value decomposition (SVD) of fundamental matrix X(t) has the follow-
ing form
X(t) =U)Z()V*(t): U)"Ut) =1=V(t)"V(1),

where U, V — orthogonal matrices, consist of left and right singular vectors, re-
spectively, (t) = diag{cy(t), ..., 04 (t) } — diagonal matrix with the positive di-
agonal elements equal to singular values. Singular values are the square roots of
the eigenvalues of matrix X(¢)*X(¢) (Horn and Johnson, 1994).

Let us describe the Stewart algorithm (Stewart, 1997; Dieci and Elia, 2008)
for the computation of the Lyapunov exponents based on the computation of the
SVD decomposition for the large product of matrices.

Our setup is similar to that in the previous method. We want to calculate
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the singular value decomposition of fundamental matrix X(t;), where t; = hk,
X(0) = I. For sufficiently small }, it is possible to write

X(ty) = X(tg, ty1) - - - X(t1, to),
where X(ty, t_1) is the solution at t; of variational equation

X(tti1) = J(OX(E tr—1), X1, teq) = L

The task is to compute the SVD of X(t;) without forming the product explicitly in
order to avoid overflows and numerical dependency of the columns. The solution
suggested in (Stewart, 1997) is based on the Rutishauser’s LRCH algorithm for
computing the eigenvalues of a symmetric positive semi-definite matrix, B = B
(Rutishauser and Schwarz, 1963):

fori:=1,2,...do
B; = L;L} [Cholesky factorization]
Bit1 < LiL;

end for

Here L; is a lower triangular matrix with positive diagonal entries. It is
known that the limit matrix exists and has the eigenvalues of B on the diagonal.

Since computing the singular values of matrix A is equivalent to computing
the square roots of the eigenvalues of matrix B = A*A, one can use the LRCH
algorithm for this purpose:

fori:=1,2,...do
A; = Q;R} [QR factorization]
Ai1 < R}

end for

If A= Al- A%... A%, then its QR factorization can be computed without
forming the product of matrices:

Qk+1 — 1
forj:=kk—1,...,1do

C+ AQH

C = Q'R/ [QR factorization]
end for

It is easy to see, that A = Q! - R! ... Rk,
Thus, for the computation of the SVD factorization of X(#;) one should cal-

culate all Xll(fj _x (tj, t]-,l), j=1,...,kand then use the following algorithm:

Uy« LV« 1
fori:=1,2,...do
Qi1



44

forj:=kk—-1,...,1do

C « x/Qit!
C= QfR{ [OR factorization]
end for
if i odd then
Ui = U;Q!
else
Vi1 = ViQ}
end if

forj:=1,2,...,kdo

' k—j+1\ 4

X+ (R
end for

end for

As the initial LRCH procedure, this procedure also converges (Stewart, 1997;
Dieci and Elia, 2008). Denote by U* and V* the obtained approximations to the

limits of U; and V;, and by R/ the corresponding limits of R}, j = 1,...,k. The
product SVD factorization of X(t;) is given by

X(t) ~ Ukgk(vky*, gk =R!.R?...RF

and the approximation of the finite-time Lyapunov exponents can be obtained
from
1 & ,
LE;(t,x0) = — ) _In(R/(i,i)), i=1,2,..,n.
tkjil

LISTING 2.2 productSVD.m - computation of the SVD decomposition for the product
of matrices

function [U, R, V] = productSVD(initFactorization, nIterations)
% Parameters:
% initFactorization - array containing factor matrices of the
5 fundamental matrix X, such that:
% X = initFactorization(:,:,1) = ... % initFactorization(:,:,end);
% nlterations - number of iterations in the product SVD algorithm.
% dimOde - dimension of the ODEs, nFactors - number of factor matrices
[~, dimOde, nFactors] = size(initFactorization);
% A - 2D array of matrices storing the factor matrices at each iteration
A = zeros (dimOde, dimOde, nFactors, nlterations);
A(:, :, :, 1) = initFactorization;
% Q - array of matrices storing orhogonal matrices of the QR decomposition
Q = zeros (dimOde, dimOde, nFactors+1l);
% U, V - orthogonal matrices in the SVD decomposition
U = eye(dimOde); V = eye (dimOde) ;
% R - array of upper triangular factor matrices, such that after
% the last iteration \Sigma = R(:,:,1) * ... * R(:,:,end)
R = zeros (dimOde, dimOde, nFactors);
% Main loop
for iIteration = 1 : nIterations

Q(:, :, nFactors + 1) = eye(dimOde, dimOde) ;

for jFactor = nFactors : -1 : 1

C = A(:, :, jFactor, iIteration) % Q(:, :, JjFactor+l);
[o(:, :, jFactor), R(:, :, jFactor)] = gr(C);

for kCoord = 1 : dimOde
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if R(kCoord, kCoord, jFactor) < 0

R(kCoord, :, jFactor) = -1 % R(kCoord, :, jFactor);
Q(:, kCoord, jFactor) = -1 % Q(:, kCoord, jFactor);
end;
end;
end;
if mod(ilteration, 2) == 1
U=Ux*Q(:, :, 1);
else
V=V xQ(:, :, 1);
end

for jFactor = 1 : nFactors
A(:, :, JjFactor, iIteration + 1) = R(:, :, nFactors-jFactor+l)’;
end
end

end
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LISTING 2.3 computeLEs.m — Lyapunov exponents computation

function LEs = computelEs (extOde, initPoint, tStep, .
nFactors, nSvdIterations, odeSolverOptions)

% Parameters:
% extOde - extended ODE system (system of ODEs + var. eq.);
% initPoint - initial point;

o

tStep - time-step in the factorization procedure;

nFactors - number of factor matrices in the factorization procedure;
nSvdIterations - number of iterations in the product SVD algoritm;
odeSolverOptions - solver options (sover = odedb);

o o

o

Dimension of the ODE :
imOde = length(initPoint);

Q. o

% Dimension of the extended ODE (ODE + Var. Eq.):
dimExtOde = dimOde * (dimOde + 1);

tBegin = 0; tEnd = tStep;

tSpan = [tBegin, tEnd];
initFundMatrix = eye (dimOde) ;
initCond = [initPoint (:); initFundMatrix(:)];

X = zeros (dimOde, dimOde, nFactors);

% Main loop : factorization of the fundamental matrix
for iFactor = 1 : nFactors
[~, extOdeSolution] = ode45 (extOde, tSpan, initCond, odeSolverOptions);
X(:, :, iFactor) = reshape(...
extOdeSolution (end, (dimOde + 1) : dimExtOde),

dimOde, dimOde) ;
currInitPoint = extOdeSolution(end, 1 : dimOde);
currInitFundMatrix = eye (dimOde) ;

tBegin = tBegin + tStep;
tEnd = tEnd + tStep;

tSpan = [tBegin, tEnd];

initCond = [currInitPoint (:); currInitFundMatrix(:)];
end
% Product SVD of factorization X of the fundamental matrix
[~, R, ~] = productSVD (X, nSvdIterations);

% Computation of the Lyapunov exponents
LEs = zeros(l, dimOde);
for jFactor = 1 : nFactors
LEs = LEs + log(diag(R(:, :, JFactor))’);
end;
finalTime = tStep * nFactors;
LEs = LEs / finalTime;

end

LISTING 2.4 lyapunovDim.m — Local Lyapunov dimension computation

function LD = lyapunovDim( LEs )

o

% For the given array of Lyapunov exponents of a point the function
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% compute local Lyapunov dimention of this point.

o

Parameters:
LEs - array of Lyapunov exponents.

o

o

Initialization of the local Lyupunov dimention
LD = 0;

% Number of LCEs
nLEs = length(LEs);

% Sorted LCEs :
sortedLEs = sort (LEs, ’'descend’);

% Main loop
leSum = sortedLEs(1);
if ( sortedLEs(1l) > 0 )
for i = 1 : nLEs-1
if sortedLEs (i+1l) ~= 0
LD = i + leSum / abs( sortedLEs (i+1l) );
leSum = leSum + sortedLEs (i+1);
if leSum < 0
break;
end
end
end
end
end

LISTING 2.5 rosslerSystl.m — Rossler system

function OUT = rosslerSystl(t, x, a, b)

% Rossler system with parameters: a b

% Output vector that represents combined system
OUT = zeros(12,1);

o

% Rossler equation:

OUT (1) = - x(2) - x(3);
OUT (2) = x(1);
OUT (3) = -b*x(3) + a*x(x(2) - x(2)*x(2));

% Jacobian at the point [x(1), x(2), x(3)

J = [-sigma, sigma-axx(3), —a*x(2);
r-x(3), -1, -x(1);
x(2), x(1), -bl;

X = [x(4), x(7), x(10);

x(5), x(8), x(11);
x(6), x(9), x(12)]1;

% Variational equation:
OUT (4:12) = J * X;

LISTING 2.6 main.m — numerical justification of the Lyapunov dimension hypothesis
for the Rossler attractor

function main

o

The procedure computes local lyapunov dimention of the fixed point and local Lyapunov dj
of the points on the grid for the 1lst Rossler attractor.

o

o

Values of parameters

a=0.386; b =10.2;

% T - time-step in iterative procedure

T =0.5;

% K — number of iterations of iterative procedure
K = 400;

acc = le-8; RelTol = acc; AbsTol = acc; InitialStep = acc/10;
odeSolverOptions = odeset ('RelTol’, RelTol, ’'AbsTol’, AbsTol,
"InitialStep’, InitialStep, ’'NormControl’, ’'on’);

% eps - step on the grid

mentions
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eps = le-1;

% Equilibrium
equilibrium = [0 0 0];

o

% Attractor is located in cube

xBegin = -1; xEnd = 1.3; % x \in [-1; 1.3];
yBegin = -0.7; yEnd = 1.8; % y \in [-0.7; 1.8];
zBegin = -1.1; zEnd = 0; % z \in [-1.1; O];
xIterations = (xEnd - xBegin) / eps + 1;
yIterations = (yEnd - yBegin) / eps + 1;
zIterations = (zEnd - zBegin) / eps + 1;

% Infinity factor: if trajectory leaves cube with side ’infinity_factor’,
% then we conclude, that trajectory will leave basin of attraction
infinityFactor = 10;

% Result array

gridResults = zeros(xIterationssyIterationsxzIterations, 7);
iRes = 1;

% Computing local lyapunov dimentions of the grid points
for i = 1 : xIterations
for j = 1 : yIterations
for k = 1 : zIterations

currPoint = [xBegin+ (i-1)+eps yBegin+ (j-1)xeps zBegin+ (k-1)*eps];
[~, trajectory, LCEs] = computeLCEs(Q@(t, x) rosslerSystl(t, x, a, b),
currPoint, 0, T, K, odeSolverOptions);

if (abs(trajectory(end, 1)) < infinityFactor
&& abs(trajectory(end, 2)) < infinityFactor .
&& abs (trajectory(end, 3)) < infinityFactor)

% Saving results for current point :
gridResults (iRes, :) = [currPoint lyapunovDim(LCEs(end, : )) ...
LCEs(end, : )];
iRes = iRes + 1;
end
end
end
end

% Computing local Lyapunov dimention of the equilibrium

[~, ~, LCEs] = computeLCEs(Q@(t, x) rosslerSystl(t, x, a, b), equilibrium, 0, T, K,
odeSolverOptions)

equilibLCEs = LCEs(end, : );

% Saving results in file
fid = fopen(’hypothesis_roessler_1l.txt’);
fprintf (fid, ’%4s %4s %4s %10s %10s %$10s %10s\r\n’,...

rx’, 'y’, 'z', 'dim_L’, 'LCE1l’, 'LCE2’, ’'LCE3');
fprintf (fid, ’%.2f, %.2f, %.2f, %.8f, %.8f, %.8f, %.8f\r\n’, gridResults);
fprintf (fid, ’\r\nLyapunov dimension in equilibrium:\r\n’);
fprintf (fid, ’%.2f, %.2f, %.2f, %.8f, %.8f, %.8f, %.8f\r\n’, ...

[x0 lyapunovDim(equilibLCEs) equilibLCEs]);

o~

fclose (fid);
end




APPENDIX3 IMPLEMENTATION OF ALGORITHM FOR
HIDDEN ATTRACTOR LOCALIZATION IN
THE GLUKHOVSKY-DOLZHANSKY SYSTEM

As it was mentioned in Section 2.1, if conditions
oc>ar, b=1

hold, then using the following affine change of coordinates
X — X — Lz Z—=r——
YT e e o—ar’

the Lorenz-like system (12) can be transformed to the Glukhovsky-Dolzhansky
system (11). Thus, in numerical experiments system (12) as well as system (11)
can be simulated (if the corresponding conditions on parameters are satisfied).

LISTING 3.1 LorenzLikeSyst.m — Lorenz-like system (12) combined with variational
equation

function OUT = LorenzLikeSyst(t, x, r, sigma, b, a)

% Lorenz-like system with parameters: r sigma b a
OUT (1) = sigmax(x(2) - x(1)) - a*x(2)*x(3);
OUT (2) = r*x (1) - x(2) - x(1)*x(3);
OUT (3) = -bxx(3) + x(1)*x(2);
% Jacobian at the point [x(1), x(2), x(3)]
J = [-sigma, sigma-axx(3), -axx(2);
r-x(3), -1, -x(1);
x(2), x (1), -bl;
X = [x(4), x(7), x(10);
x(5), x(8), x(11);
x(6), x(9), x(12)1;

% Variational equation
OUT (4:12) = J*X;

LISTING 3.2 continuation.m — continuation procedure for localization of the hidden
attractor in the Glukhovsky-Dolzhansky system

function out = continuation(ode, initPoint, tEnd, parameters, outDir)

% ODE solver parameters

acc = le-8;

RelTol = acc; AbsTol = acc; InitialStep = acc/10;

odeSolverOptions = odeset ('RelTol’, RelTol, ’'AbsTol’, AbsTol,
"InitialStep’, InitialStep, ’'NormControl’, "on’);

% Current initial point
currInitPoint = initPoint;

numlIter = size(parameters, 1);
out = zeros (numlIter, 5);

$ 1lst equilibrium
S0 = [0 0 0];

% Create working directories

if ~exist (outDir, ’dir’)
mkdir (outDir);

end

% Routing the paths for plot directories
currProjDir = [outDir ’/proj’];
if ~exist (currProjDir, ’'dir’)




26 mkdir (currProjDir);

27 | end

28

29 | curr3dDir = [outDir ’/3D’'];

30 |if ~exist (curr3dDir, ’'dir’)

31 mkdir (curr3dDir) ;

32 | end

33

34 | % Main cycle

35 | for iIteration = 1 : numlIter

36

37 % currParameters = [a sigma b r]

38 currParameters = parameters(ilteration, :);

39

40 a = currParameters(1l);

41 sigma = currParameters(2);

42 b = currParameters (3);

43 r = currParameters (4);

44

45 XSI = (sigmaxb)/(2+«a”2)« (ax(r-2)-sigma + sqrt((axr-sigma)2+4*axsigma));
46 X1 = (sigmaxb*sqrt (XSI))/(sigmaxb + axXSI);

47 Y1l = sqgrt (XSI);

48 Z1 = (sigma*XSI)/ (sigma*b + a*XSI);

49

50

51 % 2nd and 3d equilibria

52 S1 = [X1 Y1 z1];

53 s2 = [-X1 -Y1 Zz1];

54

55 % Trajectory defining attractor

56 [~,0deSolution] = oded45(ode, [0 tEnd], currInitPoint, odeSolverOptions);
57

58 % Save starting point

59 out (iIteration, :) = [currParameters(l) currParameters(4) currInitPoint];
60

61 % Make a plot

62 h = figure('Visible’, ’"off’);

63 % Plot equilibria

64 plot3(s0(1), sSO0(2), s0(3), ’.’, 'markersize’, 15, ’Color’, ’red’);
65 text (SO0(1), S0(2), SO0(3),’s_0",’fontsize’, 18);

66 hold on;

67 plot3(s1(l), s1(2), S1(3), '.’, 'markersize’, 15, ’'Color’, ’red’);
68 text (S1(1), S1(2), S1(3),’S_1’,’ fontsize’, 18);

69 hold on;

70 plot3(s2(1l), s2(2), S2(3), '.’, 'markersize’, 15, ’'Color’, ’red’);
71 text (S2(1), S2(2), S2(3),’s_2’,’fontsize’, 18);

72 hold on;

73 % Plot attractor

74 plot3(odeSolution(:,1), odeSolution(:,2), odeSolution(:,3));

75 axis auto;

76 grid on;

77 xlabel (' X');

78 ylabel ('Y");

79 zlabel ("27);

80

81 % Save current plot in different projections

82 % set (h, ’Visible’, ’on’);

83 view(0,90), title(’X-Y")

84 saveas (h, [currProjDir '/’ int2str(ilteration-1) ' - [’ ...

85 num2str(a,’%.6g’) ' ’/ num2str(r,’%.6g’) '] _XY.eps’'], epsc’);
86

87 view (0,0), title(’x-2")

88 saveas (h, [currProjDir '/’ int2str(ilteration-1) ' - [’ ...

89 num2str(a,’%.6g’) ' ’/ num2str(r,’%.6g9’) '] _XZ.eps’'],’ epsc’);
90

91 view (90,0), title('Y-2")

92 saveas (h, [currProjDir '/’ int2str(ilteration-1) ’ - [’ ...

93 num2str(a,’%.6g’) ' / num2str(r,’%.6g’) "1 _YZ.eps’'], epsc’);
94

95 view ([30,24]);

96 saveas (h, [curr3dDir '/’ int2str(ilteration-1) ' - [’ ...

97 num2str(a,’%.6g’) ' ’ num2str(r,’%.6g9’) ’"].eps’], epsc’);
98 % set (h, ’'Visible’, ’'off’);

99

100 % Update starting point

101 currInitPoint = odeSolution(end, : );

102

103 | end

104

105 | end
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LISTING 3.3 main.m - start of the continuation procedure for the
Dolzhansky system with specific parameters

Glukhovsky-

function main

% Constant parameters:

sigma = 4; b = 1; a = 0.0052;
% Varying parameters:
rBegin = 687.5; rEnd = 700;
% Step number in continuation procedure
numSteps = 5;

stepSize = 1 / numSteps;

% Construct matrix of parameters

for i = 1 : numSteps
rCurr = rBegin + 1 % stepSize * (rEnd - rBegin);
rList = [rList rCurr];

end

paramMatrix = [repmat (a, numSteps+l, 1),

repmat (sigma, numSteps+1l, 1),
repmat (b, numSteps+l, 1),
rList’];

% Set initial data corresponding to a self-excited attractor
function OUT = J(X)
OUT = [-sigma, sigma, -a * X(3) - a * X(2);
rBegin - X(3), -1, -X(1);
X(2), X(1), -bl;
end

SO = [0 0 0];

[VO, DO] = eig(J(S0));

[~, IX0] = sort(diag(D0), ’descend’);
rEps0 = 0.1;

x0 = SO0 + rEpsO » VO(:, IX0(1))’;
% Set solver integration time
tEnd = 500;

% Set output directory

outDir = [’./OUT/A=’ num2str(A_end, ’%.4g’) ', r=' num2str(rEnd, ’"%.49’)1];

% Start continaution procedure

results = continuetion(@(t, x) LorenzLikeSyst(t, x, rBegin, sigma, b, a),
%0, tEnd, paramMatrix, outDir);

% Save results

resFileName = [/ ./0OUT/a=" num2str(a, ’'%.4g")

/', r=' num2str(rEnd, ’'%.4g’) ’.txt’];
save (resFileName, ’'results’, ’/-—ascii’,’-double’);
% Print results on screen
type (resFileName)

end
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1. Introduction

Lyapunov exponents (LEs) play an important role in the description of dynamical systems behavior. They were introduced
by Lyapunov [ 1] for the analysis of stability by the first approximation for regular time-varying linearizations, where the neg-
ativeness of the largest Lyapunov exponent indicates stability. Much later, in 1940s, Chetaev tried to prove that for regular
time-varying linearizations, a positive Lyapunov exponent indicates instability in the sense of Lyapunov, but a gap in his
proof was revealed and filled recently for more weak definition of instability [2]). Since there are no general methods for
checking regularity of linearization and there are known Perron effects [3-5,2] of sign inversion of the largest Lyapunov
exponent for nonregular time-varying linearizations, the computation of Lyapunov exponents for linearization of nonlinear
autonomous system along nonstationary trajectories is widely used for investigation of chaos. In this case the positiveness of
the largest Lyapunov exponent is often regarded as the indication of chaotic behavior in the considered nonlinear system.
The various methods, used for the numerical computation of Lyapunov exponents, are described, e.g., in [6-9].

Nowadays various characteristics of attractors of dynamical systems (information dimension, metric entropy etc.) are
studied based on Lyapunov exponents computation. In particular, Kaplan and Yorke defined a quantity they called Lyapunov
dimension and conjectured that it was equal to information dimension [10].

In the work [11] Leonov considered exact formulas of Lyapunov dimension of Lorenz, Henon, and Chirikov attractors. By
analogy with the results for these attractors he conjectured that Lyapunov dimension of Réssler attractor' is determined by a
stationary point embedded in this attractor.

* Corresponding author at: Department of Mathematical Information Technology, 40014 Jyvdskyld, University of Jyvaskyld, Finland. Tel.: +358 40 550 7005.
E-mail address: nkuznetsov239@gmail.com (N.V. Kuznetsov).
! Following [12,13], an attractor is a bounded, closed, invariant, attracting subset of phase space of dynamical system. Since for the considered Rossler
systems there are no analytical estimations of localization of their attractors, it is not feasible to check their boundness and closedness. Usually by Rossler
attractor one means an attracting set obtained as a result of numerical experiments [14,15].
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In the present paper Leonov’s conjecture is checked numerically and it is demonstrated that this conjecture is true for
three different types of Rdssler systems. These three-dimensional systems are simplest and, in a sense, minimal models
for continuous-time chaos. They have only a single nonlinear quadratic term and they generate chaotic attractors with a sin-

gle “leaf” (in contrast to Lorenz attractor). Réssler systems arose as simplified prototypes of some chemical reactions while
Otto Rossler researched different types of chaos in chemical kinetics.

2. Problem statement
2.1. Rossler systems

Consider the following three-dimensional Rdssler systems [14,15]

U=-y—z U=-y-z U=-y—z
11)¢y=u (1.2)s y=u+ay 13)qy=u+ay (1)
z=a(y-y*) -bz z=b-cz+uz z=bu—-cz+uz

with the corresponding standard parameters

(1.1):a=0,386; b =0,2;
(12):a=0,2;b=0,2; c=5,7; (2)
(1.3):a=0,36; b=0,4; c =4,5.
In the phase spaces of these systems, for parameters (2) there exist chaotic attractors and the corresponding stationary
points
Xo = (0,0,0) for systems (1.1) and (1.3),
o — c—Vc2—4ab -2 —4ab c -2 —4ab
0 2 ' 2a ’ 2a

)for system(1.2) (3)
are embedded in these attractors [14,15].

2.2. Lyapunov dimension

Consider a topological characteristic — a local Lyapunov dimension of the point X, in the phase space U of dynamical sys-
tem, which is associated with the Lyapunov spectrum Z;(Xo) > ... > ,(Xo) and is defined by formula

J1(X0) + -+ + 4i(Xo)

dimxo =j+ 4
o= Gl @
Here j € [1,n] is the smallest natural number m such that
. X A(Xo) + -+ Am(X
) 4 It (X0) < 0, dmia(xg) <0, A%t InlXo) g
‘/Lmﬂ (X0)|
Lyapunov dimension of invariant set B C U of dynamical system is defined by the relation
dim;B = supdim;x. (5)

xeB

The properties of Lyapunov dimension are considered in details in the works [16-18]. In particular, it is proved that
Lyapunov dimension is an upper bound for Hausdorff and fractal dimensions.

2.3. Leonov’s conjecture

For Lorenz, Henon, and Chirikov systems a problem of computation of Lyapunov dimension of their attractors is solved in
[19-24].In these works it is obtained analytically exact Lyapunov dimension of attractors of these systemsand in [11] itis given
estimates of Lyapunov dimension of attractor of Rossler system (1.1). Based on these results, Leonov formulated the following.

Conjecture. If a stationary point X, is embedded in attractor A of Rossler systems (1), then

dllTlLA = dilTl]_Xo.

In order to verify this conjecture for attractors of systems (1) with parameters (2) and stationary points (3), in the present
work it is developed a special numerical procedure described below. Note that this procedure can be applied similarly to
various modifications of Rossler system of higher orders (see, e.g., [15,25,26]).
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3. Numerical justification of Leonov’s conjecture

3.1. Lyapunov spectrum computation algorithm
To verify the conjecture, it is used an approach to the computation of Lyapunov spectrum, suggested in the works [6,7]. In
[9] this approach was adapted to computer realization. This method is an iterative process and is a variation of standard QR
algorithm for computation of eigenvalues and eigenvectors [27]. It is based on the following definitions and statements.
Consider system (1) in general form
X =F(x), (6)
where x(t) € R" for any t € R, F: U — R" is C"-smooth function (r > 1) on the open set U ¢ R".

Denote by A(t) = T,F(f(t,Xo)) the Jacobian matrix of system (6), where f(t,xo) is a solution of system (6).
Consider two close points X and (X + Up) in the phase space U, where 1y is a small disturbance of the point xo. Then the
evolution of vector u(t) = f(t,xo + o) — f(t,Xo) can be studied [28] by the following linearized system
U= A(t)u. (7)

The solution of equation (7) can be represented as u(t) = ®(t)up, where ®(t) = T, f(t,Xo) is a fundamental matrix of sys-

tem (7). The exponential rate of divergence (or convergence) of nearby trajectories is given by formula
w— 1 t w— 1
3080, ) = i In Hﬁlu( f‘” = T In (1)) (®)
0

This value is called Lyapunov exponent of order 1 (or, simply, Lyapunov exponent).

It can be considered a generalization of Lyapunov exponent of order 1 to the case of order p, 1 < p < n. Let E} be the p-
dimensional subspace of tangent space E, and U, be the open parallelepiped generated by p linearly independent vectors
e, ..., e, of Ej. Then Lyapunov exponent of order p is defined [6] as

7P (X0, E2) < T, % InVol? (T f (£, Uy)) — Tim,_... % InVol’[@(t)er. ... B(t)e,), )

where Vol’ means p-dimensional volume induced in tangent space by scalar product.
If in (8) and (9) lim, .., can be replaced by lim; ..., then it is said that exact Lyapunov exponent exists.

It is known [1,29,6] that for regular linear systems there exist exact Lyapunov exponents” of order p, 1 < p < n and in the
tangent space E, at the point X, it can be chosen p linearly independent vectors e, ..., e, such that

WP (0, Ep) = M (Xo) + -+ + Ap(Xo), (10)

where Zi(xo) def A(Xo,e;), i=1...p,and 41(Xo) = --- = /(Xo). That is, each Lyapunov exponent of order p is equal to the sum
of p largest Lyapunov exponents of order 1.
In order to calculate all tangent vectors one can solve system (6) together with the matrix-valued variational equation [28]

D¢ (X0) = A(t) De(x0), Do(xo) =1, (11)
where ®;(xo) = Tx,f(t,Xo) and I is identity matrix.

In this case one can go directly to the description of computation procedure. Choose the initial point xo and (n x n) matrix
of orthonormal vectors Q, = [qY, ..., q°]. During the kth iteration, original system (6) is integrated together with variational
equation (11) with the initial data {x;_1,Q,_,} over the chosen small time interval h for obtaining x; = f(hk,x,) and

U = [, .. uk] = Dp(xo).

Then the matrix Uy is QR decomposed, i.e. Uy = Q,Ry, where Q, is orthogonal matrix and Ry is upper triangular matrix. The
p-dimensional volume, defined in (9), increases by the multiplier Rx(1,1) ... Ry (p, p) since VP {uk, ..., u‘;} =Re(1,1)...Re(p,p),
where Ry(i, i) is a norm of the vector u¥, i =1...p. The matrix Qy is taken as the initial datum for variational equation at the
following iteration.

So, formula (9) can be expressed as

O
#(x0,Uo) = lim 22> "In(Ri(1,1)....Ri(p.p), 1<p<n.
; i=1

One repeats this iteration procedure K times. Subtracting /*~! from 2” and using formula (10), one obtains approximate values
of pth Lyapunov exponent of order 1 for the chosen trajectory. By formula (4) a local Lyapunov dimension can also be computed.

3.2. Discussion and results

The algorithm, described in the previous section, is used in the process of justification of Leonov’s conjecture. The entire
computational procedure is implemented in MATLAB. For the orthogonalization of fundamental matrix it is used MATLAB
library function gr, which implements a factorization procedure by using the Householder transformation since a classical
Gram-Schmidt algorithm is numerically unstable and its modified version requires more execution time.

2 The opposite is not true: in the general case the existence of exact Lyapunov exponents does not imply regularity of the system [2].
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Fig. 1. Localization of attractors of systems (1).

Table 1
The results of justification for the following parameters: h = 1, K = 200, abs_tol = rel_tol = 1075,
Rossler system Cube Grid step MaXyegrigdimgx dim;xo
(1.1) [-1;1,3] x [-0,7;1,8] x [~1,05; -0, 03] 0,1 2,4205 2,6042
[-9;12] x [~11;8] x [-0,1;23,9] 05 2,0296 2,0341
[=5;7] x [-7;4] x [-0,2;9,8] 05 2,0340 2,0620

For nonlinear systems (1) there are no exact formulas, describing the solutions of these systems in general form. In this
case it is considered approximated solutions, obtained by numerical integration of this systems, which is based on various
finite-difference and more complex methods [30,31]. For Rossler system (1.2) the problem of analysis of its analytical and
numerical solutions is considered in [32].

In this paper for the integration of systems (1) it is used MATLAB realization (solver ode45) of Runge-Kutta finite-differ-
ence schemes of order 4-5 with an adaptive step. The absolute and relative tolerance are chosen equal to 10~® since smaller
values strongly influence a time of evaluation procedure. The parameter of procedure h, which determines integration time at
each iteration, is chosen sufficiently small for the columns of fundamental matrix to be remained linearly independent. The
parameter K — a number of iterations - must be sufficiently large in order that the trajectory, with the initial point in the
neighborhood of attractor, covered this attractor. For the chosen parameters it was made the following: the number of iter-
ations was increased by 2 times and a step was decreased by 2 times, in which case the result was qualitatively the same.

Since for Rossler systems (1) there are no analytical estimations of localization of their attractors, for estimation it is used
computer experiments [33,34]. For the considered systems (1) their attractors are numerically localized in cubes (Fig. 1) by
standard computational procedure®. On each cube it is chosen a grid with a certain step and at each grid point it is started the
algorithm of computation of local Lyapunov dimension”. The obtained values are compared with a local Lyapunov dimension at
stationary point. Then it is considered the grid points having the values of Lyapunov dimension, which are most close to a value
at stationary point. Around each of these grid points it is considered a grid with a smaller step and at the points of this grid it is
computed local Lyapunov dimensions. These values are also compared with a value at stationary point.

4. Conclusion

In this work Leonov’s conjecture on Lyapunov dimension of various Rossler systems with standard parameters is verified
numerically. While the data, given in Table (1), numerically confirm Leonov’s conjecture, analytical proof of Leonov’s con-
jecture is still an open problem.
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Appendix A. Computation of Lyapunov exponents and Lyapunov dimension in MATLAB

Here it is given the main parts of program, written in MATLAB, which implements the described above algorithm for the
computation of Lyapunov dimension of three-dimensional dynamical system (f.e. it is considered Rossler system (1.1)).

3 From a computational point of view, in nonlinear dynamical systems, attractors can be regarded as self-excited and hidden attractors [35-38]. Self-excited
attractors can be localized numerically by standard computational procedure, in which after a transient process a trajectory, started from a point of unstable manifold
in a neighborhood of equilibrium, reaches a state of oscillation and therefore it can easily be identified. In contrast, for a hidden attractor, its basin of attraction does not
intersect with small neighborhoods of equilibria. While many classical attractors are self-exited attractors and therefore can be obtained numerically by standard
computational procedure, for localization of hidden attractors it is necessary to develop special procedures since there are no similar transient processes
leading to such attractors.

4 Since numerical localization of attractors is considered and there is no effective way to prove ergodicity rigourously, one has to consider a mesh of initial
conditions for investigation of Lyapunov exponents.
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Listing 1: Computation of Lyapunov exponents

function [t, lces, trajectory] = lyapunov_exp(ode, x_start, t_start, ...

t_step, k_iter, rel_tol, abs_tol)

% For the given combined system represented by system of differential
% equations and variational equation this function returns array of
% LCEs for the point x_start.

%

% Parameters:

ode - combined system (system of ODEs + var. eq.);

x_start - initial point;

t_start - initial time value;

t_step - time-step in the reorthogonalization procedure;

k_iter - number of iterations in the reorthogonalization procedure;
rel_tol - relative error in Runge-Kutta 45 method;

abs_tol - absolute error in Runge-Kutta 45 method.

® 00 0P P o0 0P o

% nl - size of the system of ODEs
[~,nl] = size(x_start);

% n2 - size of the combined system
n2 = nl*(nl+l);

%y - initial value for the combined system
y = zeros(n2,1);

% Initializing y :
y(l:nl) = x_start(:);

for i = 1:nl
y((nl+l)*i) = 1.0;
end

% norms - array of norms of vectors in Jacobi matrix
norms = zeros(l,nl);

% log_sum - array of sums of logarithms of norms
log_sum = zeros(l,nl);

% 1_exp - array of lyapunov exponents
lexp = zeros(l,nl);

% t_curr - current moment of time
t_curr = t_start;

% tr_len - current index in the trajectory array
tr_len =

% Preallocations for output values
t = zeros(k_iter,1);
lces = zeros(k_iter,3);

% Set options for MATLAB solver :
options = odeset('RelTol', rel_tol, 'AbsTol', abs_tol);

% Main loop:
for i = 1 : k_iter

% Solving combined system :

sol = oded5(ode, [t_curr t_curr+t_stepl, y, options);
% i_last - the last moment
i_last = numel(sol.x);

% Getting Jacobi matrix PhiT at the moment T

% from vector Y

Y = transpose(sol.y);

PhiT = reshape( Y(i_last, nl+l : n2 ), nl, nl);

% QR factorization of PhiT
[V, R] = gr(PhiT);

for 3 =1 : nl
if R(3,3) <0
R(3,3) = (1) * R(3.3);
Vi:,3) = (-1) * V()
end
end

% Updating y and t_curr

t_curr = t_curr + t_step;
v(1:nl) =v(ilast, 1:nl );
y( nl+l : n2 ) = reshape(V, 1, []);

% Computing lyapunov exponents (in moment t_curr)
n

for k = 1 : nl
norms (k) = R(k,k);
log_sum(k) = log_sum(k) + log( norms(k) ):
lexp(k) = log_sum(k) / (t_curr-t_start);

end

% Saving computations in corresponding vectors
t(i) = t_curr;
lces(i, :) = lexp;

for j = 1 : i_last
trajectory(tr_len,
tr_len = tr_len +
end

= [sol.x(j) sol.y(l:nl, 3)'];

1031
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Listing 2: Computation of Lyapunov dimension

function 1d = lyapunov_dim(lces)
% For the given array of lyapunov exponents of some point this function
% compute local lyapunov dimention of this point.

% Parameters:
% lces - array of lyapunov exponents.

% 1ld - local lyupunov dimention
1d = 0;

% n - number of LCEs
[~,n] = size(lces);

% lambda - sorted array of LCEs
lambda = sort(lces, 'descend');

% Main loop

le_sum = lambda(1);
if ( lambda(l) > 0 )
for 1 =1 n-1
if lambda(i+l) ~= 0

1d = 1 + le_sum / abs( lambda(i+l) );
le_sum = le_sum + lambda(i+l);
if le_sum < 0
break;
end

Listing 3: Rossler system (1.1)

function OUT = rossler_syst_1(t, X)

% Parameters:
global a b

% Output vector that represents combined system :
OUT = zeros(12,1);

% Rossler equation:

OUT(1) = - X(2) - X(3);
OUT(2) = X(1);
OUT(3) = -b*X(3) + a*(X(2) - X(2)*X(2));

% Variational equation:
OUT(4:12) = [0 -1 -1; 1 0 0; 0 a*(1-2*X(2)) -b] ...
* [X(4) X(7) X(10); X(5) X(8) X(11); X(6) X(9) X(12)1];
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Listing 4: Numerical procedure for Rossler system (1.1)

function run_rosslerl

o

This procedure computes local lyapunov dimention of the fixed point
and local lyapunov dimentions of the points on the grid for
the lst Rossler attractor.

o o

% Parameters
global a b

o

Values of parameters
a = 0.386; b = 0.2;

o
=l

- time-step in iterative procedure :
T = 1.0;

% K - number of iterations of iterative procedure
K = 200;

% Relative and absolute errors for Runge-Kutta 45 method :
rel_tol = le-8;
abs_tol = le-8;

% eps - step on the grid :
eps = le-1;

% Fixed point
x0 = [0 0 0];

% Attractor is located in cube

x_begin = -1; x_end = 1.3; % x \in [-1; 1.3];
y_begin = -0.7; y end = 1.8; % y \in [-0.7; 1.8];
z_begin = -1.1; z_end = 0; % z \in [-1.1; 0];
x_iterations = (x_end - x begin) / eps + 1;
y_iterations = (y_end - y_begin) / eps + 1;
z_iterations = (z_end - z_begin) / eps + 1;

% Infinity factor: if trajectory leaves cube with side 'infinity_factor',
% then we conclude, that trajectory will leave basin of attraction :
infinity_factor = 10;

% Result array :
grid_results = zeros(x_iterations*y_iterations*z_iterations, 7);
i_res = 1;

% Computing local lyapunov dimentions of the grid points
for i = 1 : x_iterations
for j = 1 : y_iterations
for k = 1 : z_iterations

% Main logic

curr_point = [x_begin+(i-1)*eps y_begin+(j-1)*eps z_begin+(k-1)*eps];

[~, lces, trajectory] = lyapunov_exp(@rossler_syst_l, curr_point, 0, ...
T, K, rel_tol, abs_tol);

len = size(trajectory, 1);

if (abs(trajectory(len, 2)) < infinity_factor ...
&& abs (trajectory(len, 3)) < infinity_factor ...

&& abs (trajectory(len, 4)) < infinity_factor)

% Saving results for current point

grid_results(i_res, :) = [curr_point lyapunov_dim(lces(end, : ))
lces(end, : )1:
i_res = i_res + 1;
end
end
end
end
% Computing local lyapunov dimention of6 the fixed point
[~, lces, ~] = lyapunov_exp(@rossler_syst_1, x0, 0, T, K, rel_tol, abs_tol);
LCEs = lces(end, : );
% Saving results in file :
fid = fopen('hypothesis_roessler_l.txt');
fprintf(fid, '%4s %4s %4s %10s %$10s $10s %10s\r\n',...
'x', 'y', 'z', 'dim_L', 'lcel', 'lce3', 'lce3');

fprintf(fid, '%.2f, %.2f, %.2f, %.8f, %.8f, %.8f, %.8f\r\n', grid_results);
fprintf (fid, '\r\nLyapunov dimension in fixed point:\r\n');
fprintf(fid, '%.2f, %.2f, %.2f, %.8f, %.8f, %.8f, %.8f\r\n',
[x0 lyapunov_dim(LCEs) LCEs]);
fclose(£id);

end
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1. Introduction

Consider the following physical problem: the convection of viscous incompressible fluid motion inside the ellipsoid

2 2 2
(X—l) +(X—2) +(X_3) =1, a>a=>a=>0,
I a a3
under the condition of stationary inhomogeneous external heating. It is assumed that the ellipsoid together with heat sources
rotates with the constant velocity g around its axis. Vector lg determines the orientation of the ellipsoid in the space and has
the same direction as the gravity vector g. Vector g is stationary with respect to the ellipsoid motion. The value £ is assumed
to be such that the centrifugal forces can be neglected in comparison with the influence of the gravitational field. Consider the
case when the ellipsoid rotates around the axis x3 that has a constant angle « with the gravity vector g (|g| = g) and the vector
g is placed in the plane x;x3. Then 2¢ = (0,0,8p) and ly = (asin«,0, — azcosa ). Let the steady-state temperature difference
AT = (go. 0, 0) be generated along the axis x; (Fig. 1). Corresponding mathematical model (three-mode model of convection)
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Fig. 1. Illustration of the problem setting.

was obtained by Glukhovsky and Dolzhansky [1] in the following form

X=Ayz+ Cz-oxX,
V=-XZ+R; -y, (1
Z=Xy—2.
Here
A 2 ghazqo
7= w Ta= FEN T 2maz i’
2 _ g2 2
= a; ag cosfaT,!, C= %U sina,
af + a3 as(af +a3)
R gPazcos ) _ gPuas
x© = (00 + BB 0 0) . v = 22 a0

gpas
Z(t) = ——————(2 (1),
® 2a1azl.uq2()
and A, w, B are the coefficients of viscosity, heat conduction, and volume expansion, respectively; g;(t), g2(t), and gs(t) (gs(¢)
= 0) are temperature differences on the principal axes of ellipsoid a,, a2, and a3, respectively; w;(t), ax(t), and as(t) are the
projections of the vectors of fluid angular velocities on the axes xq, X2, and x3, respectively. Here
gBas gBas
= ——=——— (0§ = —=——=—— (0§ .
(1) 20,05 aq(t), () 20,05 @ qa(t)
The parameters o, Tq, and Ry are the Prandtl, Taylor, and Rayleigh numbers, respectively.
After the linear transformation (see, e.g.,[1,2]):
a

__ 9 _%
X=X Yo Rogm 0z 2o o5 Oy,

one obtains the following system
X=—0(x-y)-ayz

Yy=rXx—y—xz (2)
Z=—z4Xxy,
where ag = A/C%, R =R, C,
2
- _wo* R
=GR r—a(aoR+]). =

System (2) with a = 0 coincides with the classical Lorenz system [3] with b= 1. Asitis discussed in [2], system (2) can also be
used to describe the following physical processes: waves interaction in plasma [4-7], the convective fluid motion inside rotating
ellipsoid [ 1], the rotation of rigid body in viscous fluid [8], the gyrostat dynamics [9,10], the convection of horizontal layer of
fluid making harmonic oscillations [11], and the model of Kolmogorov's flow [12].

Note that the Glukhovsky-Dolzhansky system is sufficiently different from the classical Lorenz system. [n the Lorenz system,
the convective fluid motion in two dimensions is considered only. In the Glukhovsky-Dolzhansky system, the convective fluid
motion in three dimensions is considered which can be interpreted as one of the models of ocean flow [1].

In[13] forsystem (2) in the case & = +ar a detailed analysis of the equilibria stability and asymptotic behavior of trajectories
is given and the values of parameters are obtained for which system (2) is integrable.

In what follows system (2) will be considered under the condition that the parameter a is positive. In this case if r < 1, then
(2) has a unique equilibrium S = (0, 0, 0), which is globally asymptotically Lyapunov stable [2,14]. If r > 1, then system (2) has
three equilibria: Sg = (0, 0, 0) and

S1.2 = (&x1, £y1, 21). (4)
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(a) r=17.44 (b) r = 7.4430045820796753...

Fig. 2. The birth of homoclinic orbit in system (2) with o = 4, a = 0.0052, r € [7.44, 7.445], § = 0.01.

Here

_9E _ __ot
x1_a+a§" }’1—\/'?_1 Z1_o’+a§"
and the number £ is as follows
=L iar-2)—0+V(o —an?+dac
E= zlar=2) -0+ (o —ar)? + dao].

The stability of equilibria S; ; depends on the parameters o, r, a (see. Section 3.1).

For system (2) with the fixed o, a it is possible to observe the classical scenario of transition to chaos similar to the scenario in
the Lorenz system [ 15]. Next, increasing parameter r > 1, a homoclinic trajectory and a self-excited chaotic attractor are obtained
numerically. Unlike the Lorenz system, for system (2) it is also possible to localize a hidden chaotic attractor.

2. Homoclinic orbit

Consider linearization of the system along the saddle point Sy and denote corresponding Jacobian matrix by J. Consider a
trajectory x(f) of system (2) starting at a certain initial point xg on the eigenvector that corresponds to the positive eigenvalue
of J, from a vicinity of the saddle point Sp. In order to visualize numerically a homoclinic trajectory xp(t) (lim - yeaXp(t) =
limg . —woXp(t) = Sp), one may integrate system (2) with sufficiently small initial data x,.

For some parameters of system (2) this trajectory after a certain time intersects two-dimensional plane M spanned on the
eigenvectors that correspond to negative eigenvalues of J. The parameters have to be chosen in such a way that the point of
intersection belongs to &-vicinity of Sg.

Let us fix the parameters: o = 4 and a = 0.0052 (such values were considered in [1]). For r = 7.44 there is no intersection
of the trajectory x(t) with the plane M (see Fig. 2a) and for r = 7.445 the intersection occurs (see Fig. 2c). So, there exists an
intermediate value r* € [7.44, 7.445] for which one gets the approximation of a homoclinic orbit: r* = 7.4430045820796753 ...
(see Fig. 2b). The approximation of symmetric homoclinic orbit can be obtained by choosing the symmetric (with respect to Sg)
initial data in the computational procedure (see Fig. 3).

From a theoretical point of view, the existence of homoclinic trajectory can be justified by the Fishing principle [ 16-19]. The
Fishing principle is based on the construction of a special two-dimensional manifold such that the separatrix of the saddle point
intersects or does not intersect the manifold for two different values of a parameter. The continuity implies the existence of
some intermediate value of the parameter for which the separatrix touches the manifold. According to the construction the only
possibility for separatrix is to touch the saddle and thus, one can numerically localize the birth of homoclinic orbit.

3. Chaotic attractor
3.1. Local stability analysis and computation of attractors

Let us study the stability of equilibria S;, S» of system (2). By the Routh-Hurwitz criterion, one gets the following
Proposition 1. [fo > 2 and the parameters r and a satisfy the inequality
ps(@, @)’ +pa(o, )1’ +pi(@, Q)T+ polo, @) <0, (5)
where
pilo.a) = d?a?(o - 2),
pa(o,a) = —a2o* — 403 —3ac? + dac + 4a),
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500 +
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Fig.4. Domain of stability of the equilibria S, 3 of system (2) for o = 4.

pile,a) =03 +23Ba— 1)? — 8ao + 8a),
polo,a) = —o3(0® +40° — 16a),

then the equilibria S, ; are stable.

Let us choose the parameter o =4 and, as in [1], construct the domains of stability of the equilibria §; , in dependence on
the values of parameters a and r. For 0 < a < a*, where a* = 0.04735.. ., there are three real positive roots: ry(a) > rz(a) > rs(a);
for @ = a*—two real roots: ry(a) and r3(a) = r3(a); and for @ > a*—one real root: ri(a).

Thus, for 0 < a < a* the equilibria 5y ; are stable for r < r3(a) and ry(a) <r < ry(a); for a > a* the equilibria S, ; are stable for
r <ry(a)(see Fig. 4).

An oscillation in dynamical system can be easily localized numerically if the initial conditions from its open neighborhood
lead to the long-time behavior that approaches the oscillation. Thus, from a computational point of view, it is natural to suggest
the following classification of attractors, based on the simplicity of finding the basin of attraction in the phase space:
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(a) Localization of self-excited attractor from (b) Localization of self-excited attractor from
an initial point in a vicinity of Sy an initial point in a vicinity of Sy

Fig. 5. A self-excited attractor of system (2) for r = 6875, & =4, a = 0.0052.

Definition. ([20-23])Anattractor is called a hidden attractor if its basin of attraction does not intersect with small neighborhoods
of the equilibria of the system, otherwise it is called a self-excited attractor.

3.2. Self-excited attractor visualization

For a self-excited attractorits basinof attractionis connected with an unstable equilibrium and, therefore, self-excited attractors
can be localized numerically by the standard computational procedure in which after a transient process a trajectory, started in a
neighborhood of an unstable equilibrium (from a point of its unstable manifold), is attracted to the state of oscillation and traces
it. Thus self-excited attractors can be easily visualized.

Using the obtained domain of stability (see Fig. 4), one can study qualitative behavior of trajectories of system (2 ) for the fixed
o =4,a=00052, and r € (16.4961242,690.6735024). Consider r = 687.5.

For the above parameters the equilibrium Sy is a saddle and S; ; are saddle-focuses. Having taken an initial point on the
unstable manifold of one of the equilibria Sg 1, > (Fig. 5), one can easily visualize a self-excited chaotic attractor by the standard
computational procedure.

For r € (690.6735024, 830.4169122) the equilibria Sy 2 become stable and the trajectories, starting from the neighborhood of
equilibrium Sy, are attracted to §; or S, .

The question arises whether there exists a hidden chaotic attractor in system (2) for such values of parameters?

Next the computation of hidden attractor in system (2) is considered.

3.3. Hidden attractor visualization

For a hidden attractor its basin of attraction is not connected with equilibria. The hidden attractors, for example, are the
attractors in the systems with no equilibria or with only one stable equilibrium (a special case of multistability-multistable
systems and coexistence of attractors). One of the first well-known problems of analyzing hidden periodic oscillations arose in
connection with the second part of Hilbert's 16th problem (1900) [27] on the number and mutual disposition of limit cycles in
two-dimensional polynomial systems (see, e.g., [28,29]). Later the study of hidden attractors arose in connection with various
fundamental problems and applied models (see, e.g., [30-34]). Recent examples of hidden attractors can be found, e.g,,in[29,35-
57]. Note that while coexisting self-excited attractors can be found by the standard computational procedure, there is no regular
way to predict the existence or coexistence of hidden attractors.

One of the effective methods for numerical localization of hidden attractors in multidimensional dynamical systems is based
on a homotopy and numerical continuation: it is necessary to construct a sequence of similar systems such that for the first (starting)
system the initial point for numerical computation of oscillating solution (starting oscillation) can be obtained analytically, e.g.,
it is often possible to consider the starting system with self-excited starting oscillation. Then the transformation of this starting
oscillation is tracked numerically in passing from one system to another. The last system corresponds to the system in which
hidden attractor is searched.

1 In the Lorenz system for some values of the parameters (see, e.g., [15],[24]) one can numerically visualize a chaotic set which coexists with two stable
equilibria. This chaotic set is self-excited and, as the classical Lorenz attractor [25,26], can be visualized by a trajectory started from an initial point in vicinity of
unstable zero equilibrium.
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Fig.6. (- ) Py, P2 : self-excited attractors, ( - ) Py : hidden attractor, ( - ) P3 : no chaotic attractors.

Let us construct on the plane (a, r) a line segment, intersecting a boundary of the domain of stability of the equilibria §; ; (see
Fig. 6), with the end point Py(r = 700, a = 0.0052). The eigenvalues of equilibria S, ¢, » of system (2) with parameters P, are the
following:

So: 504741, -1, -55.4741,
S12: —0.1087 £10.4543i, —5.7826,

i.e. the equilibria S, ; become stable focus-nodes. Let us choose the point Py(r = 687.5, a = 0.0052) as the initial point of the line
segment. This point corresponds to the parameters for which in system (2) there exists a self-excited attractor, such that it can
be computed by the standard procedure. Then for the considered line segment a sufficiently small partition step is chosen and a
chaotic attractor in the phase space of system (2) at each iteration step of the procedure is computed. The last computed point
at each step is used as the initial point for the computation of the next step.

In our experiment the length of the line segment 2.5 and there are 6 iterations. At each iteration the largest Lyapunov exponent
(LLE) and the Lyapunov dimension (LD) [14,58,59] are computed.?

The results of continuation procedure are shown in Fig. 8. Here for the selected path and selected partition it is possible to
visualize a hidden attractor of system (2) (see Fig. 7).

Note also that in the work [66] the upper estimation of the Lyapunov dimension (LD) of attractor of system (2) is presented:
for r = 700, a = 0.0052, o = 4 it was obtained analytically the estimation LD < 2.8918 that is in a good agreement with the
numerical result LD =2.1322 (see Fig. 8 f).

Note that the choice of path and number of iterations in the continuation procedure is not trivial for the considered system.
There is an example of the path on the plane (a, r) and the number of iterations such that they do not lead to a hidden attractor
(Fig. 6). Consider r=33.51541181, a = 0.04735056.. .. —the rightmost point on the stability boundary and let us take the starting
point P, : r = 33.51541181, a = 0.046 near it. If one takes the partition step 0.001 then there are no hidden attractors after

2 There are two widely used definitions of Lyapunov exponents: the upper bounds of the exponential growth rate of the norms of linearized system solutions
(LCEs) and the upper bounds of the exponential growth rate of the singular values of linearized system fundamental matrix (LEs). While often these two
definitions give the same values, for a particular system, they may be different and there are examples in which Benettin algorithm [60] (see, e.g., its MatLab
implementation in [61]) fails to compute the correct values (see corresponding discussion and examples in [59,62-64]). The existence of different definitions,
computational methods, and related assumptions led to the appeal “Whatever you call your exponents, please state clearly how are they being computed” |65]. Here
we use an algorithm based on SVD decomposition.
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1000

Fig. 7. Hidden attractor (green) in Lorenz-like system (2). Trajectories (gray) from the vicinity of unstable equilibrium S; tend to stable equilibria Sq ;. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

(a) r = 687.5, LLE = 0.9774, (b) r = 690, LLE = 0.9649, (c)r = 692.5, LLE = 1.0315,
LD = 2.1405 LD = 2.1387 LD = 2.1462

(d) r = 695, LLE = 1.0357, (e) r = 697.5, LLE = 0.9824, (f) r = 700, LLE = 0.9148,
LD = 2.1471 LD = 2.1407 LD = 2.1322

Fig. 8. The chain of transformations in continuation procedure for system (2) corresponding to the path (0.0052,687.5) — (0.0052, 700).
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(a) a = 0.046, LLE = 0.4088, (b) a = 0.047, LLE = (¢) a = 0048 LLE =
LD = 2.0642. 0.3824, LD = 2.0596. —0.0185, LD = 0.

Fig.9. The chain of transformations in continuation procedure for system (2) corresponding to the path (0.046,33.51541181) — (0.048,33.51541181).

crossing the border. For example, for parameters that correspond to the end point P3 : r = 33.51541181, a = 0.048 there is no
chaotic attractor and there are only trivial attractors—the equilibria §; ; (see Fig. 9).

4. Conclusions

In the present work by numerical methods the scenario of transition to chaos in physical model (2), describing a convective
fluid motion, is demonstrated. Similarly to scenario in the classical Lorenz system, in system (2) a homoclinic trajectory and self-
excited chaotic attractor are constructed. However, unlike the Lorenz system for system (2) it is possible to localize numerically
a hidden attractor.
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Abstract. In this paper, we discuss self-excited and hidden attrac-
tors for systems of differential equations. We considered the exam-
ple of a Lorenz-like system derived from the well-known Glukhovsky—
Dolghansky and Rabinovich systems, to demonstrate the analysis of
self-excited and hidden attractors and their characteristics. We applied
the fishing principle to demonstrate the existence of a homoclinic or-
bit, proved the dissipativity and completeness of the system, and found
absorbing and positively invariant sets. We have shown that this system
has a self-excited attractor and a hidden attractor for certain parame-
ters. The upper estimates of the Lyapunov dimension of self-excited
and hidden attractors were obtained analytically.

1 Introduction: Self-excited and hidden attractors

When the theories of dynamical systems and oscillations were first developed (see,
e.g., the fundamental works of Poincare and Lyapunov), researchers mainly focused
on analyzing equilibria stability and the birth of periodic oscillations. The structures
of many applied systems (see, e.g., the Rayleigh [148], Duffing [41], van der Pol [144],
Tricomi [162], and Beluosov-Zhabotinsky [13] systems) are such that it is almost obvi-
ous that periodic oscillations exist, because the oscillations are excited by an unstable
equilibrium. This meant that scientists of that time could compute such oscillations
(called self-excited oscillations) by constructing a solution using initial data from a
small neighborhood of the equilibrium, observing how it is attracted, and visualizing
the oscillation (standard computational procedure). In this procedure, computational
methods and the engineering notion of a transient process were combined to study
oscillations.

? e-mail: nkuznetsov239Qgmail.com
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(a) Initial data near the equilib- (b) Initial data near the equi- (c) Initial data near the equilib-

rium Sp librium S; rium Sz

Fig. 1. Numerical visualization of the classical, self-excited, chaotic attractor in the Lorenz
system ¢ = 10(y — z),y = 28z — y — 2,2 = —8/3z + wy by the trajectories that start in
small neighborhoods of the unstable equilibria So,1,2. Here the separation of the trajectory
into transition process (green) and approximation of attractor (blue) is rough.

At the end of the 19th century Poincare considered Newtonian dynamics of the
three body problem, and revealed the possibility of more complicated behaviors of
orbits “so tangled that I cannot even begin to draw them”. He arrived at the conclu-
sion that “it may happen that small differences in the initial positions may lead to
enormous differences in the final phenomena”. Further analyses and visualizations of
such complicated “chaotic” systems became possible in the middle of the 20th century
after the appearance of powerful computational tools.

An oscillation can generally be easily numerically localized if the initial data from
its open neighborhood in the phase space (with the exception of a minor set of points)
lead to a long-term behavior that approaches the oscillation. From a computational
perspective, such an oscillation (or set of oscillations) is called an attractor, and its
attracting set is called the basin of attraction (i.e., a set of initial data for which the
trajectories tend to the attractor).

The first well-known example of a visualization of chaotic behavior in a dynamical
system is from the work of Lorenz [122]. It corresponds to the excitation of chaotic
oscillations from unstable equilibria, and could have been found using the standard
computational procedure (see Fig. 1). Later, various self-excited chaotic attractors
were discovered in many continuous and discrete systems (see, e.g., [23,26,31,50,123,
150,156]).

The study of an autonomous (unperturbed) system typically begins with an analy-
sis of the equilibria, which are easily found numerically or analytically. Therefore, from
a computational perspective, it is natural to suggest the following classification of at-
tractors [80,108,111,112], which is based on the simplicity of finding their basins of
attraction in the phase space:

Definition 1. [80,108,111,112] An attractor is called a self-excited attractor if its
basin of attraction intersects with any open neighborhood of a stationary state (an
equilibrium), otherwise it is called a hidden attractor.

The basin of attraction for a hidden attractor is not connected with any equi-
librium. For example, hidden attractors are attractors in systems with no equilibria
or with only one stable equilibrium (a special case of the multistability: coexistence
of attractors in multistable systems). Note that multistability can be inconvenient
in various practical applications (see, for example, discussions on problems related
to the synchronization of coupled multistable systems in [60,61,70,142]). Coexisting
self-excited attractors can be found using the standard computational procedure!,

1 We have not discussed possible computational difficulties such as Wada and riddled
basins.
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Fig. 2. Visualization of four limit cycles (green represents stable and red represents unstable)
in a two-dimensional polynomial quadratic system & = —(a12? +bizy+c1y* +ar1z+51y), v =
—(a2z® + bozy + coy® + asx + Boy), for the coefficients a; = by = 1 = —1, 1 = aq = 0,
by = —2.2, and ¢z = —0.7,a2 = 10, as = 72.7778, and 32 = —0.0015. Localization of three
nested limit cycles around the stable zero point (green dot) and one limit cycle to the left
of the straight line z = —1.

whereas there is no standard way of predicting the existence or coexistence of hidden
attractors in a system.

Hidden attractors arise in connection with various fundamental problems and
applied models. The problem of analyzing hidden periodic oscillations first arose in
the second part of Hilbert’s 16th problem (1900), which considered the number and
mutual disposition of limit cycles in two-dimensional polynomial systems [51]. The
first nontrivial results were obtained by Bautin (see, e.g., [12]), which were devoted
to the theoretical construction of three nested limit cycles around one equilibrium
in quadratic systems. Bautin’s method can only be used to construct nested, small-
amplitude limit cycles, which can hardly be visualized. However, recently an analytical
approach has been developed, which can be used to effectively visualize nested, normal
amplitude limit cycles in quadratic systems [75,108,113].

Later, in the 1950s-1960s, studies of the well-known Markus-Yamabe’s [125],
Aizerman’s [2], and Kalman’s [59] conjectures on absolute stability led to the dis-
covery of the possible coexistence of a hidden periodic oscillation and a unique stable
stationary point in automatic control systems (see [10,15,20,45,79,104,105,143]; the
corresponding discrete examples were considered in [4]).

The Rabinovich system [146] and the Glukhovsky-Dolghansky system [48] are
among the first known chaotic systems that have hidden chaotic attractors [72,91].
The first one describes the interaction of plasma waves and was considered in 1978 by
Rabinovich [140,146] Another is a model of convective fluid motion and was consid-
ered in 1980 by Glukhovsky and Dolghansky [48] (which we consider in the remainder
of this paper).

Hidden oscillations appear naturally in systems without equilibria, describing var-
ious mechanical and electromechanical models with rotation, and electrical circuits
with cylindrical phase space. One of the first examples is from a 1902 paper [154]
in which Zommerfield analyzed the vibrations caused by a motor driving an un-
balanced weight and discovered the so-called Zommerfield effect (see, e.g., [18,42]).
Another well-known chaotic system without equilibria is the Nose-Hoover oscillator
[63,130] (see also the corresponding Sprott system, which was discovered indepen-
dently [156,157]). In 2001, a hidden chaotic attractor was reported in a power system
with no equilibria [165] (and references within).
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After the idea of a “hidden attractor” was introduced and the first hidden Chua
attractor was discovered [69,73,76,80,103,111,112], hidden attractors have received
much attention. Results on the study of hidden attractors were presented in a num-
ber of invited survey and plenary lectures at various international conferences?. In
2012, an invited comprehensive survey on hidden attractors was prepared for the
International Journal of Bifurcation and Chaos [108].

Many researchers are currently studying hidden attractors. Hidden periodic os-
cillations and hidden chaotic attractors have been studied in models such as phase-
locked loops [68,71], Costas loops [16], drilling systems [65,110], DC-DC converters
[176], aircraft control systems [5], launcher stabilization systems [6], plasma waves
interaction [72], convective fluid motion [91], and many others models (see, e.g.,
[21,24,27,28,38,57,58,63,67,84,118-120,129,134-139,152,158,166-170,175]).

Similar to autonomous systems, when analyzing and visualizing chaotic behaviors
of nonautonomous systems, we can consider the extended phase space and introduce
various notions of attractors (see, e.g., [25,66]). Alternatively, we can regard time ¢ as
a phase space variable that obeys the equation ¢ = 1. For systems that are periodic
in time, we can also introduce a cylindrical phase space and consider the behavior of
trajectories on a Poincare section.

The consideration of system equilibria and the notions of self-excited and hidden
attractors are natural for autonomous systems, because their equilibria can be easily
found analytically or numerically. However, we may use other objects to construct
transient processes that lead to the discovery of chaotic sets. These objects can be
constructed for the considered system or its modifications (i.e., instead of analyzing
the scenario of the system transiting into chaos, we can synthesis a new transition
scenario). For example, we can use perpetual points [145] or the equilibria of the com-
plexified system [134]. A periodic solution or homoclinic trajectory can be used in a
similar way (some examples of theoretical studies can be found in [22,117,127,153];
however the presence of chaotic behavior in the considered examples may not imply
the existence of a chaotic attractor, which can be numerically visualized using the
standard computational procedure).

For nonautonomous systems, depending on the physical problem statement, the
notion of self-excited and hidden attractors can be introduced with respect to either
the stationary states (z(t) = x¢ Vt) of the considered nonautonomous system, the
stationary points of the system at fixed initial time ¢ = tg, or the corresponding
system without time-varying excitations. If the discrete dynamics of the system are
considered on a Poincare section, then we can also use stationary or periodic points
on the section that corresponds to a periodic orbit of the system (the consideration
of periodic orbits is also natural for discrete systems).

In the following, we consider an example of a nonautonomous system (a forced
Duffing oscillator), so that we can visualize the chaotic behavior. The classical example
of a self-excited chaotic attractor (Fig. 3) in a Duffing system #40.05&+x> = 7.5 cos(t)
was numerically constructed by Ueda in 1961, but it become well-known much later
[163]. To construct a self-excited chaotic attractor in this system, we use a tran-
sient process from the zero equilibrium of the unperturbed autonomous system (i.e.,
without cos(t)) to the attractor (Fig. 3) in the forced system.

2 X Int. Workshop on Stability and Oscillations of Nonlinear Control Systems (Russia,
2008), Physics and Control [103] (Italy, 2009), 3rd International Conference on Dynamics,
Vibration and Control (Hangzhou, China, 2010), IFAC 18th World Congress [105] (Italy,
2011), IEEE 5th Int. Workshop on Chaos-Fractals Theories and Applications [106] (Dalian,
China, 2012), International Conference on Dynamical Systems and Applications (Ukraine,
2012), Nostradamus (Czech Republic, 2013) [107] and others.
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Fig. 3. Forced Duffing oscillator: -+0.054+2* = 7.5 cos (t). The (z, &) plane is mapped into
itself by following the trajectory for time 0 < ¢ < 27. After a transition process a trajectory
from the vicinity of the zero stationary point of the unperturbed Duffing oscillator (without
7.5 cos(t)) visualizes a self-excited chaotic attractor in the forced oscillator.

Note that if the attracting domain is the whole state space, then the attractor can
be visualized by any trajectory and the only difference between computations is the
timing of the transient process.

2 A Lorenz-like system
Consider a three-dimensional Lorenz-like system
& =—0o(x—y)—ayz
y=rr—y—az (1)
2= —-bz+uay

For a = 0, system (1) coincides with the classical Lorenz system [122]. For o > ar
and b = 1 after a linear change of variables [99]

=z, y— z, zZ—or— y (2)
o—ar o—ar
system (1) takes the following form
& =—ox+ Cz+ Ayz
y=Ra—y—uaz ®3)
z=—z+uxy
with ( ) )
r(oc —ar C*?a
C>0, Rp=—-++—>>0, A=———=>0. 4
’ C (0 —ar)? ()

System (3) was suggested by Glukhovsky and Dolghansky [48], and describes convec-
tive fluid motion in an ellipsoidal rotating cavity, which can be interpreted as one of
the models of ocean flows (see Appendix A for a description of this problem).

In [99], system (1) was obtained as a linear transformation of the Rabinovich sys-
tem [146]. It describes interactions between waves in plasma [140,146]. Additionally,
system (1) describes the following physical processes [99]: a rigid body rotation in a
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resisting medium, the forced motion of a gyrostat, a convective motion in harmon-
ically oscillating horizontal fluid layer, and Kolmogorov flow. Systems (1) and (3)
are interesting because of the discovery of chaotic attractors in their phase spaces.
Moreover, system (1) was used to describe the specific mechanism of transition to
chaos in low-dimensional dynamical systems (gluing bifurcations) [3].

For system (1) with o = tar, [44] contains a detailed analysis of equilibria sta-
bility and the asymptotic behavior of trajectories, and a derivation of the parameter
values for which the system is integrable. Other researchers have also considered the
analytical and numerical analysis of some extensions of system (1) [121,133].

Further, following [48], we consider system (1) with

b=1, a>0, r>0, o>ar

2.1 Classical scenario of the transition to chaos

For the Lorenz system [155], the following classical scenario of transition to chaos
is known. Suppose that o and b are fixed (let us consider the classical parameters
o = 10, b = 8/3), and that r varies. Then, as r increases, the phase space of the
Lorenz system is subject to the following sequence of bifurcations. For 0 < r < 1,
there is globally asymptotically stable zero equilibrium Sy. For » > 1, equilibrium Sy
is a saddle, and a pair of symmetric equilibria S; » appears. For 1 < r < rj, = 13.9, the
separatrices I'y o of equilibria Sy are attracted to the equilibria Sy ». For r = rj, ~ 13.9,
the separatrices I'; » form two homoclinic trajectories of equilibria Sy (homoclinic
butterfly). For r, < r < r, &~ 24.06, the separatrices I'; and I's tend to Sy and Si,
respectively. For . < r, the separatrices I'; » are attracted to a self-excited attractor
(see, e.g., [155,174]). For r > r,, the equilibria S; » become unstable. Finally, r = 28
corresponds to the classical self-excited Lorenz attractor (see Fig. (1)).

Furthermore, it has been shown that system (1) follows a similar scenario of
transition to chaos. However, a substantial distinction of this scenario is the presence
of hidden chaotic attractor in the phase space of system (1) for certain parameters
values [91].

Let us determine the stationary points of system (1). We can show that for pos-
itive parameters, if r < 1, system (1) has a unique equilibrium Sy = (0,0,0), which
is globally asymptotically Lyapunov stable [19]. If » > 1, then (1) possesses three
equilibria: a saddle Sy = (0,0, 0) and symmetric (with respect to z = 0) equilibria

S12 = (£z1, £91,21), (5)
where Ve
_ oV¢ _ _ €
T = ot aé’ n=vE a= o1+ af’
and

§:2¥22 a(r—2) — o+ (0'7(17")2+4a0]-

The characteristic polynomial of the Jacobian matrix of system (1) at the point
(z, y, ) has the form

x(x, y, 2) = X* +p1(x, y, 2)A° + pa(z, y, 2)A + pa(z, ¥, 2),
where

pi(z,y, 2) =0+2, palx,y,2) =22 +ay’ —az® + (o0 +ar)z —ro+20+1,
p3(z, y, 2) = ox? + ay® — az® — 2azyz + (0 + ar)zy + (0 + ar)z —ro + 0.



Multistability: Uncovering Hidden Attractors 1427

1000 -

500 -

o (af

r3(

0 0.05 0.1 @

Fig. 4. The stability domain of equilibria S1,2 for o = 4.

Following [48], we let 0 = 4 and define the stability domain of equilibria Sy 5. Using
the Routh-Hurwitz criterion we can obtain the following (see Appendix B).

Proposition 1. The equilibria S 2 are stable if
8a’r® 4 a(Ta — 64)r% 4 (288a + 128)r + 256a — 2048 < 0. (6)

The discriminant of the left-hand side of (6) has only one positive real root, a* ~
0.04735. So the roots of the polynomial in (6) are as follows. For 0 < a < a*, there
are three real roots r1(a) > r2(a) > r3(a); for a = a*, there are two real roots: 1(a)
and 72(a) = r3(a); for a > a*, there is one real root r1(a). Thus, for 0 < a < a*, the
equilibria S 5 are stable for r < r3(a) and for r2(a) < r < ri(a); and for a > a* the
equilibria Sy 5 are stable for r < r1(a) (see Fig. 4).

Consider the problem of the existence of a homoclinic orbit, which is important
in bifurcation theory and in scenarios of transition to chaos (see, e.g., [1]). For (1)
and (3), we can prove the existence of homoclinic trajectories for the zero saddle
equilibrium Sy using the fishing principle [87,96,98,109]. The fishing principle is based
on the construction of a special two-dimensional manifold such that a separatrix of
a saddle point intersects or does not intersect the manifold for two different system
parameter values. Continuity implies the existence of some intermediate parameter
value for which the separatrix touches the manifold. According to the construction,
the separatrix must touch a saddle point, so we can numerically localize the birth of
a homoclinic orbit. A rigorous description is given in Appendix E.

For 0 = 4,a = 0.0052, and r ~ 7.443 we numerically obtain a homoclinic trajec-
tory (see Fig. 5).

We come now to the study of the limit behaviors of trajectories and attractors.
We introduce some rigorous notions of a dynamical system and attractor and dis-
cuss the connection with the notions of self-excited and hidden attractors from a
computational perspective.

3 Definitions of attractors
3.1 Dynamical systems and ordinary differential equations

Consider an autonomous system of the differential equations

x=1(x), teR, xeR", (7)
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Fig. 5. Separatrices of the saddle So = (0,0,0) of system (1) for ¢ = 4, a = 0.0052..., and
r & 7.443.

where f : R® — R" is a continuous vector-function that satisfies a local Lipschitz
condition in R™. The Picard theorem (see, e.g., [35,49]) for a local Lipschitz condition
on the function f implies that, for any xo € R™, there exists a unique solution x(¢,xq)
to differential Eq. (7) with the initial data x(tg,xo) = X¢, which is given on a certain
finite time interval: t € I C R. The theorem regarding the continuous dependence on
initial data [35,49]% implies that the solution x(¢,x) continuously depends on xo.

To study the limit behavior of trajectories and compute the limit values, charac-
terizing trajectories, we consider the solutions of (7) for ¢ — 400 or ¢ — *oo. For
arbitrary quadratic systems, the existence of solutions for ¢ € [tg, +00) does not gener-
ally imply the existence of solutions for t € (—oo, to] (see the classical one-dimensional
example & = 22 or multidimensional examples from the work on the completeness of
quadratic polynomial systems [47]). It is known that if f is continuously differentiable
(f € C1), then f is locally Lipschitz continuous in R" (see, e.g., [52]). Additionally, if
f is locally Lipschitz continuous, then for any xo € R™ the solution x(-, x¢) : [ — R"
exists on maximal time interval I = (t_, t4) € R, where —co < t_ < t; < +o0. If
ty < 400, then |[x(t,x0)|| = oo for t — ¢4, and if t_ > —oo, then ||x(¢,x0)|| = o0
for ¢ — t_ (see, e.g., [161]). This implies that a solution of (7) is continuous if it
remains bounded. For convenience, we introduce a set of time values T € {R,R.}.
The existence and uniqueness of solutions of (1) for all ¢ € T can be provided, for
example, by a global Lipschitz condition.

Another effective method for studying the boundedness of solutions for all ¢t € T
is to construct a Lyapunov function.

If the existence and uniqueness conditions for all ¢t € T are satisfied, then: 1) the
solution of (7) satisfies the group property ([35,49])

x(t + s,x0) = x(t,x(s,%x0)), Vit,s€T, (8)

3 Similar theorems on the existence, unicity, and continuous dependence on the initial data
for solutions of system with the discontinuous right-hand side are considered in [64,172].
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and 2) x(+,+) : T x R™ — R™ is a continuous mapping according to the theorem of the
continuous dependence of the solution on the initial data. Thus, if the solutions of (7)
exist and satisfy (8) for all t € T, the system generates a dynamical system [17] on the
phase space (R™,[|-]|). Here ||x|| = /2% + - - - 4+ 22 is an Euclidean norm of the vector
x = (x1,...,2,) € R™, which generates a metric on R™. We abbreviate “dynamical
system generated by a differential equation” to “dynamical system”. Because the
initial time is not important for dynamical systems, without loss of generality we
consider
z(t,zo) : x(0,z0) = xo.

Consider system (1). Its right-hand side is continuously differentiable in R™, which
means that it is locally Lipschitz continuous in R™ (but not globally Lipschitz contin-
uous). Analogous with the results for the Lorenz system [36,126], we can prove that
the solutions of (1) exist for all ¢ € R, i.e. system (1) is invertible. For this purpose,
we can use the Lyapunov function (Appendix C)

V(z,y,Z):%<12+y2+(a+1)(zfzj:’lﬂ> >zo. 9)

Then, system (1) generates a dynamical system and we can study its limit behavior
and attractors.

3.2 Classical definitions of attractors

The notion of an attractor is connected with investigations of the limit behavior of
the trajectories of dynamical systems. We define attractors as follows [9,19,32,34,82,
83,95,160].

Definition 2. A set K is said to be positively invariant for a dynamical system if

x(t,K) C K, Vt >0,

and to be invariant if
x(t,K) =K, Vt >0,

where x(t, K) = {x(t,x0) | xo € K, t > 0}.

Property 1. Invariant set K is said to be locally attractive for a dynamical system if,
for a certain e-neighborhood K () of set K,

lim p(K,x(t,x0)) =0, Vx¢e K(e).

t—+oo
Here p(K,x) is a distance from the point x to the set K, defined as

K,x) = inf [jz -
p(K,x) = inf ||z —x||,

and K (¢) is a set of points x for which p(K,x) < e.
Property 2. Invariant set K is said to be globally attractive for dynamical system if

tBTm p(K,x(t,x0)) =0, Vxo€R"
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Property 3. Invariant set K is said to be uniformly locally attractive for a dynamical
system if for a certain e-neighborhood K (g), any number ¢ > 0, and any bounded set
B, there exists a number ¢(d, B) > 0 such that

x(t, BNK(e)) C K(8), Vt>t(5,B).

Here
x(t, BN K(e)) = {x(t,x0) | xo € BN K(¢)}.

Property 4. Invariant set K is said to be uniformly globally attractive for a dynamical
system if, for any number ¢ > 0 and any bounded set B C R", there exists a number
t(d, B) > 0 such that

x(t,B) C K(d), Yt>t(d,B).

Definition 3. For a dynamical system, a bounded closed invariant set K is:

(1) an attractor if it is a locally attractive set (i.e., it satisfies Property 1);

(2) a global attractor if it is a globally attractive set (i.e., it satisfies Property 2);

(3) a B-attractor if it is a wuniformly locally attractive set (i.e., it satisfies
Property 3); or

(4) a global B-attractor if it is a uniformly globally attractive set (i.e., it satisfies
Property 4).

Remark 1. In the definition of an attractor we assume closeness for the sake of unique-
ness. This is because the closure of a locally attractive invariant set K is also a locally
attractive invariant set (for example, consider an attractor with excluded one of the
embedded unstable periodic orbits). The closeness property is sometimes omitted
from the attractor definition (see, e.g., [8]). Additionally, the boundedness property
is sometimes omitted (see, e.g., [29]). For example, a global attractor in a system de-
scribing a pendulum motion is not bounded in the phase space R? (but it is bounded in
the cylindrical phase space). Unbounded attractors are considered for nonautonomous
systems in the extended phase space. Note that if a dynamical system is defined for
t € R, then a locally attractive invariant set only contains the whole trajectories, i.e.
if g € K, then z(t,z9) € K for Vt € R (see [32]).

Remark 2. The definition considered here implies that a global B-attractor is also
a global attractor. Consequently, it is rational to introduce the notion of a minimal
global attractor (or minimal attractor) [32,34]. This is the smallest bounded closed
invariant set that possesses Property 2 (or Property 1). Further, the attractors (global
attractors) will be interpreted as minimal attractors (minimal global attractors).

Definition 4. For an attractor K, the basin of attraction is a set B(K) C R™ such
that
tLieroo p(K,x(t,x0)) =0, V x¢€ B(K).

Remark 3. From a computational perspective, it is not feasible to numerically check
Property 1 for all initial states of the phase space of a dynamical system. A natural
generalization of the notion of an attractor is consideration of the weaker attrac-
tion requirements: almost everywhere or on a set of the positive Lebesgue measure
(see, e.g., [128]). See also trajectory attractors [30,33,151]. To distinguish an artificial
computer generated chaos from a real behavior of the system one can consider the
shadowing property of the system (see, e.g., the survey in [141]).

We can typically see an attractor (or global attractor) in numerical experiments.
The notion of a B-attractor is mostly used in the theory of dimensions, where we con-
sider invariant sets covered by balls. The uniform attraction requirement in Property 3
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(a) Two trajectories with symmet- (b) A trajectory with initial data (c) A trajectory with initial data

ric initial data near So near 5, near Sz

Fig. 6. Self-excited attractor of system (1) for r = 17, o = 4, and a = 0.0052, computed
from different initial points.

implies that a global B-attractor involves a set of stationary points (S) and the corre-
sponding unstable manifolds W*(S) = {xg € R™ | lim;—,_ o p(S,x(t,%0)) = 0} (see,
e.g., [32,34]). The same is true for B-attractor if the considered neighborhood K (¢)
in Property 3 contains some of the stationary points from S. From a computational
perspective, numerically checking Property 3 is also difficult. Therefore if the basin
of attraction involves unstable manifolds of equilibria, then computing the minimal
attractor and the unstable manifolds that are attracted to it may be regarded as an
approximation of B-attractor. For example, consider the visualization of the classical
Lorenz attractor from the neighborhood of the zero saddle equilibria. Note that a
minimal global attractor involves the set S and its basin of attraction involves the
set W*(S). Various analytical-numerical methods for computing attractors and their
basins of attraction can be found in, for example, [7,39,46,132,164,177].

4 Self-excited attractor localization

In [48] system (3) with o0 = 4 was studied. Consider the following parameters for
system (1)

o=4, a=0.0052.

According to Proposition 1, if 71 ~ 16.4961242... < r < ry =~ 690.6735024, the
equilibria S7 2 of system (1) become (unstable) saddle-focuses. For example, if r = 17,
the eigenvalues of the equilibria of system (1) are the following

So: 5.8815, -1, —10.8815
S1,2: 0.0084 4 4.56431, —6.0168

and there is a self-excited chaotic attractor in the phase space of system (1). We
can easily visualize this attractor (Fig. 6) using the standard computational pro-
cedure with initial data in the vicinity of one of the equilibria Sp 12 on the cor-
responding unstable manifolds. To improve the approximation of the attractor one
can consider its neighborhood and compute trajectories from a grid of points in this
neighborhood.

5 Hidden attractor localization

We need a special numerical method to localize the hidden attractor of system (1),
because the basin of attraction does not intersect the small neighborhoods of the
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Fig. 7. B-attractor of system (1) for fixed o = 4, a = 0.0052, and various r.

unstable manifolds of the equilibria. One effective method for the numerical local-
ization of hidden attractors is based on a homotopy and numerical continuation. We
construct a sequence of similar systems such that the initial data for numerically
computing the oscillating solution (starting oscillation) can be obtained analytically
for the first (starting) system. For example, it is often possible to consider a starting
system with a self-excited starting oscillation. Then we numerically track the trans-
formation of the starting oscillation while passing between systems.

In a scenario of transition to chaos in dynamical system there is typically a
parameter A\ € [aj,as], the variation of which gives the scenario. We can also arti-
ficially introduce the parameter A, let it vary in the interval [aq,as] (where A = ag
corresponds to the initial system), and choose a parameter a; such that we can an-
alytically or computationally find a certain nontrivial attractor when A = a; (often
this attractor has a simple form, e.g., periodic). That is, instead of analyzing the
scenario of a transition into chaos, we can synthesize it. Further, we consider the
sequence Aj, A\1 = a1, Am = a2, Aj € [a1,az] such that the distance between \; and
Aj41 is sufficiently small. Then we numerically investigate changes to the shape of the
attractor obtained for A\; = a;. If the change in A (from A; to Aj41) does not cause
a loss of the stability bifurcation of the considered attractor, then the attractor for
Am = a2 (at the end of procedure) is localized.

Let us construct a line segment on the plane (a,r) that intersects a boundary
of the stability domain of the equilibria Si» (see Fig. 8). We choose the point
Pi(r = 700,a = 0.0052) as the end point of the line segment. The eigenvalues for
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P1(0.0052;700)

P3(0.048;33.5154)

0 0.01 0.02 0.03 0.04 0.05 @

Fig. 8. Paths [Py, P1] and [P2, Ps] in the plane of parameters {a, 7} used in the continuation
procedure.

Fig. 9. Hidden attractor (blue) coexist with B-attractor (green outgoing separatrix of the
saddle Sy attracted to the red equilibria S 2).

the equilibria of system (1) that correspond to the parameters P; are the following:

So: 50.4741, —1, —55.4741,
Sy 5: —0.1087 4 10.4543i, —5.7826.

This means that the equilibria S; 2 become stable focus-nodes. Now we choose the
point Py(r = 687.5,a = 0.0052) as the initial point of the line segment. This point
corresponds to the parameters for which system (1) has a self-excited attractor, which
can be computed using the standard computational procedure. Then we choose a
sufficiently small partition step for the line segment and compute a chaotic attractor
in the phase space of system (1) at each iteration of the procedure. The last computed
point at each step is used as the initial point for the computation at the next step
(the computation time must be sufficiently large).

In our experiment the length of the path was 2.5 and there were 6 iterations. Here
for the selected path and partition, we can visualize a hidden attractor of system (1)
(see Fig. 9). The results of continuation procedure are given in [91].
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Note that the choice of path and its partitions in the continuation procedure is
not trivial. For example, a similar procedure does not lead to a hidden attractor for
the following path on the plane (a,r). Consider r = 33.51541181, a = 0.04735056...
(the rightmost point on the stability domain), and take a starting point Py: r =
33.51541181, a = 0.046 near it (Fig. 8). If we use the partition step 0.001, then
there are no hidden attractors after crossing the boundary of the stability domain.
For example, if the end point is Ps: r = 33.51541181, a = 0.048, there is no chaotic
attractor but only trivial attractors (the equilibria St 7).

6 Analytical localization of global attractor via Lyapunov functions

In the previous sections, we considered the numerical localization of various self-
excited and hidden attractors of system (1). It is natural to question if these attrac-
tors (or the union of attractors) are global (in the sense of Definition 3) or if other
coexisting attractors can be found.

The dissipativity property is important when proving the existence of a bounded
global attractor for a dynamical system and gives an analytical localization of the
global attractor in the phase space. The dissipativity of a system, on one hand, proves
that there are no trajectories that tend to infinity as ¢ — +o0 in the phase space and,
on the other hand, can be used one to determine the boundaries of the domain that
all trajectories enter within a finite time.

Definition 5. A set By C R™ is said to be absorbing for dynamical system (7) if for
any xo € R™ there exists T = T (xo) such that x(t,x¢) € By for anyt > T.

Note that the trajectory x(¢,x¢) with xo € By may leave By for only a finite time
before it returns and stays inside for ¢ > T'.

Remark 4. In [116] the ball Bg = {x € R": |x| < R} was regarded as an absorbing
set. In this case, if there exists R > 0 such that

limsup [x(¢,%0)| < R, for any xo € R",
t—o0

then it is said that a dynamical system is dissipative in the sense of Levinson . R is
called a radius of dissipativity®.

Definition 6 ([32,34]). Dynamical system (7) is called (pointwise) dissipative® if
it possesses a bounded absorbing set.

Theorem 1 ([32,34]). If dynamical system (7) is dissipative, then it possesses a
global B-attractor.

We can effectively prove dissipativity by constructing the Lyapunov function
[92,173]. Consider a sufficient condition of dissipativity for system (7).

4 Because any greater radius also satisfies the definition, the minimal R is of interest for
the problems of attractor localization and definition of ultimate bound.

5 Together with the notions of an absorbing set and dissipative system, [19,83] also con-
sidered the definitions of a B-absorbing set and a B-dissipative system (uniform convergence
of trajectories to the corresponding B-absorbing set). It is known [19] that if a dynamical
system given on (R™, || -||) is dissipative, then it is also B-dissipative.
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(a) Absorbing set (grey), self-excited attractor (blue), (b) Absorbing set (grey), hidden attractor (blue), and

and global B-attractor (blue, green and red) for system global B-attractor (blue, green and red) for system (1)

(1) with the parameters r = 687.5, 0 = 4, and a = with the parameters r = 700, ¢ = 4, and a = 0.0052.
0.0052. n = 238541.3. 0= 30.5.

Fig. 10. Absorbing sets for system (1).

Theorem 2 ([149,171]). Suppose that there ezists continuously differentiable func-
tion V(x) : R™ — R, possessing the following properties.

(1) limy| 00 V(x) = +00, and
(2) there exist numbers R and 3 such that for any solution x(t,xo) of system (7),
the condition |x(t,xo)| > R implies that V (x(t,x0)) < —>.

Then

(a) any solution x(t,x¢) to (7) exists at least on [0,+00), so system (7) generates
a dynamical system for any t > 0 and xo € R™; and

(b) if n > 0 is such that By = {x € R™ | V(x) < n} D {x € R" | ||x|]| < R}, then
By is a compact absorbing set of dynamical system (7).

More general theorems, connected with the application of the Lyapunov functions to
the proof of dissipativity for dynamical systems can be found in [101,147].

It is known that the Lorenz system is dissipative (it is sufficient to choose the
Lyapunov function V(z,y,2) = 2(a® + y*> + (z — r — 0)?)). However, for example,
one of the Rossler systems is not dissipative in the sense of Levinson [115] because
the outgoing separatrix is unbounded. In the general case, there is an art in the
construction of Lyapunov functions which prove dissipativity.

Lemma 1. Dynamical system (1) is dissipative.

The proof is based on Lyapunov function V from (9) (see Appendix C). If R, n are
chosen as in the proof of Theorem 1, Appendix C, then dynamical system (1) has a
compact absorbing set

By = {(m,y,z): V($,y,z)=;<m2+y2+(a+1) (z— ZII) > 577}‘

For example, for o > 1,7 > 1,a < 1 we can choose R = UII
a

1)R? (see Fig. 10). Note that for system (1) the ellipsoidal absorbing set By can be
improved using special additional transformations and Yudovich’s theorem (see, e.g.,
[14]), similarly to [93] for the Lorenz system.

and n = 2(a +
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There is also a cylindrical positively invariant set for system (1) [87],
2a , 2 2 2
C={lz| <r+—r y +(=-r)°<r} (10)
o
because
WP +E—r)) <P+ (E-r))+r2<0 Vz, |y >ror|z]>2r
and
|2* < —olz| +oly| +alyllz] <O |y <7, |2] < 2r 2| > 7+ 2ar® /0.

Thus, as for the Lorenz system [100], we obtain three different estimates of the at-
tractor: the ball Bp, ellipse By, and cylinder C.

7 Upper estimate of the Lyapunov dimension of attractor
7.1 Lyapunov exponents and Lyapunov dimension

Suppose that the right-hand side of system (7) is sufficiently smooth, and consider a
linearized system along a solution x(¢,xp). We have

u=J(x(tx0)u, uelR" teRy, (11)

where 0
J(X(t, XO)) = |: Q}SJX) }x:x(t,xo):|

is the (n x n) Jacobian matrix evaluated along the trajectory x(¢,xo) of system (7).
A fundamental matrix X (¢,xg) of linearized system (11) is defined by the variational
equation

X (t,%0) = J(x(t,%0)) X (t,%0). (12)
We typically set X (0,x9) = I, where I,, is the identity matrix. Then u(t,ug) =
X (t,%0)uo. In the general case, u(t, up) = X (t,x0)X ~*(0,%o)uo. Note that if a solution
of nonlinear system (7) is known, then we have

ox(t,
X(t.xo0) = X(E)T:U)‘

Two well-known definitions of Lyapunov exponents are the upper bounds of the expo-
nential growth rate of the norms of linearized system solutions (LCEs) [124] and the
upper bounds of the exponential growth rate of the singular values of fundamental
matrix of linearized system (LEs) [131].

Let 01(X(t,%x0)) > -+ > 0,(X(t,x0)) > 0 denote the singular values of a
fundamental matrix X (¢,x¢) (the square roots of the eigenvalues of the matrix
X (t,x0)* X (t,%0) are reordered for each t).

Definition 7. The Lyapunov exponents (LEs) at the point xo are the numbers (or
the symbols +00) defined by

1
LE;(x) = liirisup n Ino; (X (t,%0))- (13)
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LEs are commonly used® in the theories of dynamical systems and attractor di-
mensions [11,19,43,55,85,160].

Remark 5. The LEs are independent of the choice of fundamental matrix at the point
xo [74] unlike the Lyapunov characteristic exponents (LCEs, see [124]). To determine
all possible values of LCEs, we must consider a normal fundamental matriz.

We now define a Lyapunov dimension [62]
Definition 8. A local Lyapunov dimension of a point xo in the phase space of a
dynamical system is as follows: dimy,xo = 0 if LE1(z¢) < 0 and dim;xg = n if
> LEY () > 0, otherwise
LEl(Xo) + ...+ LEJ(X())

[LE;j 11 (x0)| '

where LE;(xg) > ... > LE,(x¢) are ordered LEs and j(xo) € [1,n] is the smallest
natural number m such that

dimy xo = j(xo) + (14)

LEl(Xo) +...+ LEm(XO)
[LEm.1(x0)]

The Lyapunov dimension of invariant set K of a dynamical system is defined as

<1

LE;(x0) + ...+ LE;,(x0) >0, LEp11(x0) <0,

dimy, K = sup dimp, zg. (15)
xoEK

Note that, from an applications perspective, an important property of the Lyapunov
dimension is the chain of inequalities [19,55,56]

Here dimy K, dimy K, and dimp K are the topological, Hausdorff, and fractal dimen-
sions of K, respectively.

Along with commonly used numerical methods for estimating and computing the
Lyapunov dimension, there is an analytical approach that was proposed by Leonov
[19,94,95,97,99,109]. It is based on the direct Lyapunov method and uses Lyapunov-
like functions.

5 The LCEs [124] and LEs [131] are “often” equal, e.g., for a “typical” system
that satisfies the conditions of Oseledec theorem [131]. However, there are no effec-
tive methods for checking Oseledec conditions for a given system: “Oseledec proof
is important mathematics, but the method is mnot helpful in elucidating dynamics’
[37, p.118]). For a particular system, LCEs and LEs may be different. For exam-
Lg(t) - g7 (t)
0 1
ordered values: LCE; = max(limsup X[g(¢)],limsup X[g~'(t)]),LCE; = 0; LE;» =

t—+00 t—+oo

ple, for the fundamental matrix X(t) we have the following

max, min(liglilolop X[g(t)],lirilfip X[g~'(t)]), where X(-) = 1log| - |. Thus, in general, the

Kaplan-Yorke (Lyapunov) dimensions based on LEs and LCEs may be different. Note also
that positive largest LCE or LE, computed via the linearization of the system along a trajec-
tory, do not necessary imply instability or chaos, because for non-regular linearization there
are well-known Perron effects of Lyapunov exponent sign reversal [77,78,102]. Therefore for
the computation of the Lyapunov dimension of an attractor one has to consider a grid of
points on the attractor and corresponding local Lyapunov dimensions [81]. More detailed
discussion and examples can be found in [74,102].
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LEs and the Lyapunov dimension are invariant under linear changes of variables
(see, e.g., [74]). Therefore we can apply the linear variable change y = Sx with a
nonsingular n x n-matrix S. Then system (7) is transformed into

¥ =8%=SH(5"y) =)

Consider the linearization along corresponding solution y(t,yo) = Sx(t, S~ xo), that
is,

V= j(y(t,yg)) v, veR"™ (17)
Here the Jacobian matrix is as follows
J(y(t,¥0)) = 8 J(x(t,x0)) S~* (18)

and the corresponding fundamental matrix satisfies Y (¢,yo) = SX (¢,xo).
For simplicity, let J(x) = J(x(¢,x¢)). Suppose that A\1(x,S) > -+ > A\, (x, S) are
eigenvalues of the symmetrized Jacobian matrix (18)

% (ST(x)S™! + (SJ(x)S™H)"). (19)

Theorem 3 ([86,97]). Given an integer j € [1,n] and s € [0,1], suppose that there
are a continuously differentiable scalar function 9 : R™ — R and a nonsingular matriz
S such that

M(x,8) 4 -+ Aj(x,8) 4+ 8Aj11(x, ) +9(x) <0, Vx € K. (20)
Then dimp, K < j + s.
Here 9 is the derivative of ¥ with respect to the vector field f:
9(x) = (grad(d))"£(x).
The introduction of the matrix S can be regarded as a change of the space metric.

Theorem 4 ([19,94,97,99]). Assume that there are a continuously differentiable
scalar function ¥ and a nonsingular matriz S such that

A(x,8) + da(x, 8) + 9(x) <0, Vx € R™. (21)
Then any solution of system (7) bounded on [0,400) tends to an equilibrium as
t — +o0.

Thus, if (21) holds, then the global attractor of system (7) coincides with its stationary
set.
Theorems 3 and 4 give the following results for system (1).

Theorem 5. Suppose that o > 1.
I

2 2 1
(r+9)" < 222D, (22)

a a
then any solution of system (1) bounded on [0,+00) tends to an equilibrium as

t — +o0.

If
o\2 20 +1)
(o) 2o, 2
then ) )
dim, K < 3 — (0+2) (24)

oc+1+ (0—1)2+a(%+r)2.
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Proof. We use the matrix

—a"300
S = 0 10
0 01
Then the eigenvalues of the corresponding matrix (19) are the following
AZ = 71,
o+1 1 o+ar\?|?
A3 =— 3 ii (0—1)2+a<2z—T) :l

To check property (20) of Theorem 3 and property (21) of Theorem 4, we can consider
the Lyapunov-like function

21— s)V(z,y,2)

[(0-12+a(z+0)]

19(1',?/,2) =

1
2

where

o+ar

2(r—1)
Finally, for system (1) with given S and ¢, if condition (23) is satisfied and

Y a
V(z,9,2) = —a + 99" + 7 (1+ ;) Z—2y(r—1)z, y=

—(c+3)+ (0—1)2+a(%+7")2
s> 3
o+1+4/(c—12+a(2+7r)

then Theorem 3 gives (24). If condition (22) is valid and s = 0, then the conditions of
Theorem 4 are satisfied and any solution bounded on [0, +00) tends to an equilibrium
ast — +oo. O

Note that for o = 4, r = 687.5, and a = 0.0052 the analytical estimate of the
Lyapunov dimension of the corresponding self-excited attractor is as follows

dimy, K < 2.890997461...
and the values of the local Lyapunov dimension at equilibria are
dimp, Sp = 2.890833450..., dimp, S1,2 = 2.009763700....

Numerically, by an algorithm in Appendix D, the Lyapunov dimension of the self-
excited attractor is LD = 2.1405.

The analytical estimate of the Lyapunov dimension of the hidden attractor for
o =4, r =700, and a = 0.0052 is as follows

dimy, K < 2.891882349...,
and the local Lyapunov dimension at the stationary points are the following
dimp, Sp = 2.891767634..., dimz, S; o = 1.966483617...

Numerically, the Lyapunov dimension of the hidden attractor is LD = 2.1322.

Thus, the Lyapunov dimensions of B-attractor (which involve equilibrium Sj) and
the global attractor are very close to the analytical estimate.

In the general case the coincidence of the analytical upper estimate with the local
Lyapunov dimension at a stationary point gives the exact value of the Lyapunov
dimension of the global attractor (see, e.g., studies of various Lorenz-like systems
[90,94,97,99,109,114]).
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Fig. 11. Illustration of the problem.

Appendix

A Description of the physical problem

Consider the convection of viscous incompressible fluid motion inside the ellipsoid

2 2 2
x x T
(—1> +<—2> +<—3) =1, a1 >ay>a3>0
ay as as

under the condition of stationary inhomogeneous external heating. We assume that
the ellipsoid and heat sources rotate with constant velocity Qg around the axis.
Vector lp determines the orientation of the ellipsoid and has the same direction
as the gravity vector g. Vector g is stationary with respect to the ellipsoid mo-
tion. The value Qg is assumed to be such that the centrifugal forces can be ne-
glected when compared with the influence of the gravitational field. Consider the
case when the ellipsoid rotates around the axis zz that has a constant angle «
with gravity vector g (|g| = g¢). The vector g is placed in the plane ziz3. Then,
Qo = (0,0, Q) and lp = (a1 sina, 0, —ag cosa). Let the steady-state temperature
difference AT = (go, 0, 0) be generated along the axis z1 (Fig. 11). The corresponding
mathematical model (three-mode model of convection) was obtained by Glukhovsky
and Dolzhansky [48] in the form (see (3))

& = —ox+ Cz+ Ayz,
y=Ras—y—xz

= —z+uzy.
Here
A a3 9Basqo
=2 T =9 R — JUH0
g H’ a e’ a 2a1a2)\ua
2 _ 2 242
A= a; ag cos’a T}, C:%Usina,
ai + a3 as(ai + a3)
_ gBas cos a gBas
t)y=put O+ (1)), y(t) = =i (t),
olt) =1 (nl0) + 2 s()) ) = 520 an(0)

_ gBas
2(t) = 72(11(12)\#%(07

and A, u, B are the coeflicients of viscosity, heat conduction, and volume expansion,
respectively; q1(t), g2(t), and g3(t) (¢3(t) = 0) are temperature differences on the
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principal axes of the ellipsoid; w1 (t), wa(t), and w3(t) are the projections of the vectors
of fluid angular velocities on the axes x1, x2, and x3, respectively. Here
gBas __gPas
2(11&290 2a1a290
The parameters o, Ty, and R, are the Prandtl, Taylor, and Rayleigh numbers, re-
spectively.
The linear change of variables [48]

wi(t) =— cosaq(t), wa(t)= cos a qa(t).

z—x, y—Cly, z—Clz
transforms system (3) into the system

& =—ox+z+ Acyz,

y=R.—y—uzz (25)
z=—z+uxy.
with A
R.=R,C, A.= o

After the linear transformation (see, e.g., [99]):

o g
c ) s 2
SR A o W e W L (26)
system (25) takes the form of (1) with
Ao’ R.
= 20 = (R.A+1). 2
S RmA D o At @7)

B Proof of Proposition 1

For system (1) the characteristic polynomial of the Jacobian matrix of the right-hand
side at the point xo = (2o, %0, 20) € R® has the form

x(x0) = A* + p1(x0) A% + pa(x0) A + p3(x0),
where
p1(x0) =0 +2,
pa(x0) = 2§ + ayd — azg + (0 + ar)zy — ro + 20 + 1,
p3(x0) = oxf + ayd — az2 — 2ax0yozo + (0 + ar)zoyo + (0 +ar)zg — ro + 0.

Applying the Hurwitz criterion, the necessary and sufficient stability conditions for
stationary point xq are the following

p1(x0) >0, (28)
p2(X0) >0, (29)
p3(xp) > 0, and (30)

p1(X0)p2(x0) — p3(x0) > 0. (31)
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Equilibria S 5 exist for 7 > 1, and we can check that x(S1) = x(S2). For further
analysis we can introduce

D=a< ((r—ar)2+4c7a—(o—a1")) > 0. (32)

Then for stationary points (5), condition (29) takes the form

2
Pa(Si2) = 5 (C’l\/(a “ar)? 1 doa — Ci(0 — ar) — 20%a(0 — ar)) >0, (33)
where
C1 =o(0 —ar)® + a’r +ac® > 0.

Because o > ar > 0, we have

Ciy/(oc —ar)2 +40a > Ci(0 —ar) +20%a(oc —ar) iff

202a(c —ar)\”® .
T) iff

40%a(o — ar)? N 40*a®(o — ar)?
o c?

c? > o(0 —ar)?Cy + o3a(o — ar)®.

(0 —ar)? +40a > <(0 —ar) +

iff

4o0a >

The last inequality is satisfied because
1
= (C} = oo —ar)*Cy — 0®a(o — ar)?) = gar(o — ar)® + a(o® + ar)® > 0.
a

This implies (33).
Condition (30) for Si» takes the form

p3(S1,2) = %f (\/ (o0 —ar)?+4ca— (o —ar + Za)) .
- ((0 —ar)® +40a — (0 —ar) m)) > 0. (34)

Since
(0 —ar)? +40a — (0 — ar + 2a)? = 4a*(r —1) > 0

and

(0 —ar)? +40a > (0 —ar)\/(oc —ar)? + 40a iff /(0 —ar)? +4oa > (0 — ar),

condition (34) is also satisfied.
Condition (31) for stationary points Si 2 is as follows

P1(S1,2)p2(S1,2) — p3(S1,2) = % (Cg V(o —ar)? + 4oa—
—Cs(0 — ar) — 20%a(o (0 — ar) — 4a)) > 0, (35)

where
Cy = ((0(c —ar) —a)® + a*(ro + 2r — 1) + ac?(c — 2)) .
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If o > 2, then C3 > 0 and we can derive a chain of inequalities for (35):
s/ (0 — ar)2 + 4oa > Cy(o — ar) + 20%a(o (0 — ar) — 4a) iff

2
(o —ar)* +40a > <(0 —ar) + %ﬂ) iff

40%a(0 — ar)(o(o — ar) — 4a) = 40*a®*(o(o — ar) — 4a)?
+ 2
C, C3

C2 > o(0 —ar)(o(o — ar) — 4a)Cy + o3a(o(o — ar) — 4a)?.

do0a > iff

We can divide the last inequality by (—a?) and rewrite it in the form of polynomial
a’c?(c —2)r3 —a (204 —40% — 3a0” + 4ac + 4a) r* + ° (03 +2(3a — 1)o*—
—8ac +8a) 1 — 0® (0% + 40 — 16a) < 0.

This inequality corresponds to the stability condition for the equilibria S .
O

C Proofs of Lemma 1 and the completeness of system (1)

Suppose that the Lyapunov function has the form

o+r 2
2 2

1 —

z° +y° + (a+ )(z a+1>

Viwy) =1 . (36)

Here V(z,y,2) — oo as |(z,y,2)] — oo. For an arbitrary solution x(t) =
(z(t),y(t), 2(t)) of system (1) we have

V(@,0,2) = a(-om + oy ay2) + ylra —y— 22) + (@ + Dz — (o 4 7)) (= + )
=02~y —(a+1)22+ (0 +7)z
Suppose that € € (0, (a + 1)) and ¢ = min{0,1, (a + 1) — e} > 0. Then
V(z,y,z) = —02? —y? — ((a+1) —e)22 —e2® + (0 +7)z

a 2 a 2
—UIZ—y2—((a+1)—5)22—<\/Ez—(2\;;)) +%

(o +7)?
4e

Suppose that x2 4 32 4 22 > R2. Then a positive s exists such that

2 1 2
7(0 + 1) < —x for R?®> 77(6 +1) .
4e c  4de

We choose a number 7 > 0 such that
{(z,y,2) | V(,y,2) <0} D {(z,9,2) | «® +y° + 2> < R?},

i.e., the relation x2 4+ y? + 22 < R? implies that

IN

—c(x® +y* +2°) +

V(m,y,z) < —cR? +

o+r
a+1

2 2 : 2 2 2 2 (0 +7)?
z*+y +(a+1)<zf ) =z +y +2°+az 72(0+r)z+a7+1§2n
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Since
—2(0+7r)z < 2(0+71)|z| < 2(0+71)R,

it is sufficient to choose n > 0 such that

2
5 (o +7)2 . 1 o+

— < .e. > = .
(a+1)R*+2(c+7r)R+ u 2n, ie 7772(11-5—1) R+a+1

Further, we can apply Theorem 2, which implies the Lemma.
Using Lyapunov function (36), we can prove the boundedness of solutions of sys-
tem (1) for ¢ < 0. Note that

oot P (o ok NP Bean)
a+1 2(a+1)2 2(a+1) 2(a+1)
so the inequality

2 2 2

O PO P (VR R G

2(a+1) a+1 2(a+1)2

is satisfied. This implies that

’ 1, 1,
V=20 —3% +2 —3¥ —2(a+1)
Coo (L) v (Lt s tain(-ootr)) CLetn?
o\ 2 2\ T at1 1 at1

_l(o+r)?
4 a—+1

1(oc+7)?

4 a+1

o+ 2+(0+r)2
y
at+1) T a(at1)2

> 20(=V) +2(=V) + 4(~V)
Suppose that k = 20 + 2 + 4, and m = %% Then
V+EV > —m.
This implies that
%(ektV) =PV 4 keFtV > —eftm.

Thus for ¢ < 0 we have

V(0) — ¥V (t) > (mer* —m)/k
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or

V(t) < e FV(0) + (me™" —m)/k.

This implies that V' does not tend to infinity in a finite negative time. Therefore, any
solution (z(t),y(t), z(t)) of system (1) does not tend to infinity in a finite negative
time. Thus, differential Eq. (1) generates a dynamical system for ¢ € R.

D Computation of Lyapunov exponents and Lyapunov dimension
using MATLAB

The singular value decomposition (SVD) of a fundamental matrix X(¢) has the from
X(t) =U®Z)VT(t): Un)Tu@)=T1=vEH)TV(),

where X(t) = diag{o1(t),...,0,(t)} is a diagonal matrix with positive real diagonal
entries known as singular values. The singular values are the square roots of the
eigenvalues of the matrix X(¢)*X(t) (see [54]). Lyapunov exponents are defined as the
upper bounds of the exponential growth rate of the singular values of the fundamental
matrix of linearized system (see Eq. (13)).

We now give a MATLAB implementation of the discrete SVD method for com-
puting Lyapunov exponents based on the product SVD algorithm (see, e.g., [40,159]).

Listing 1: productsSVD.m — product SVD algorithm.

1 | function [U, R, V] = productSVD(initFactorization, nIterations)

2 |4 Parameters:

s | % initFactorization - array comtaining factor matrices of the

s | % fundamental watrix X, such that:

5 |4 X = initFactorization(:,:,1) # ... # initFactorizatien(:,:,end);
6 | % nlterations - number of iterations in the product SVD algorithm.

8 [% dimOde - dimension of the ODEs, nFactors - number of factor matrices
9 | [7. dimDde, nFactors] = size(initFactorizatien);

10

1t |% A - 2D array of matrices storing the factor matrices at each iteration
12 |A = zeros(dimOde, dimOde, nFactors, nlterations);

13 |AC:, :, i, 1) = initFactorization;

14

15 |% @ - array of matrices storing orhogomal matrices of the QR decomposition
16 |Q = zeros(dimOde, dimOde, nFactors+l);

17

18 [% U, ¥V - orthogonal matrices in the SVD decomposition

10 |U = eye(dimOde); V = eye(dimOde);

20

an [ R - array of upper triangular factor matrices, such that after

22 |4 the last iteration \Sigma = R(:,:,1) = ... % R(:,:,end)

238 |R = zercs(dimOde, dimOde, nFacters);

24

2 [% Main loop

28 |for ilteration = 1 : nlterations

27 Q(:, :, nFactors + 1) = eye(dimQde, dimOde);

28 = nFactors : -1 : 1

20 i, jFactor, teration) * Q(:, :, jFactor+i);

30 :, jFactor), R(:, jFactor)] = gr(C);

3 for kCoord = 1 : dimOde

a2z if R(kCoord, kCoord, jFactor) < 0

a8 R(kCoord, :, jFacter) = -1 * R(kCoord, :, jFactor);

34 Q(:, kCoord, jFacter) = -1 * Q(:, kCoord, jFactor);

35 end;

38 end;

87 end;

an

30 if mod(ilteration, 2) == 1

10 U=0U=#Qq(:, :, 1);

a1 else

a2 V=va*Q(, :, 1);

43 end

2

45 for jFactor = 1 : nFactors

s A(:, :, jFactor, ilteration + 1) = R(:, :, nFactors-jFactor+1)’;
ar end

48 | end

10

s0 | end
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Listing 2: computeLEs.m — computation of the Lyapunov exponents.

i |function LEs = computeLEs (extOde, initPoint, tStep, ...

2 nFactors, nSvdlterations , odeSolverOptions)
3 | % Parameters:

a |4 extOde - extended ODE system (system of ODEs + var. eq.);

s | ¥ initPoint - initial point;

s | % tStep - time-step in the factorization preocedure;

T | L nFactors - number of factor matrices in the factorization procedure;

s | % nSvdIterations - number of iterations im the product SVD algoeritm;

9 |% odeSelverOptions - solver options (sover = odedB);

11 |% Dimension of the ODE :
12 |dimOde = length(initPoint);

14 |4 Dimension of the extended ODE (ODE + Var. Eq.):
15 | dimExtOde = dimOde * (dimOde + 1);

17 | tBegin = 0; tEnd = tStep;

18 | tSpan = [tBegin, tEnd];

19 | initFundMatrix = eye(dimQOde);

20 | initCond = [initPoint (:); initFundMatrix(:)}1;
2z |X = zeros(dimOde, dimOde, nFactors);

24 |% Main leop : factorization of the fundamental matrix

25 |for iFactor = 1 : nFactors

26 [", extOdeSolution] = ode45(extOde, tSpan, initCond, odeSolverOptions);
ar

28 X(:, :, iFactor) = reshape(...

20 ext0deSolution(end, (dim0Dde + 1) : dimExtOde), ...
80 dimDde , dimOde);
a1 currlnitPoint = extOdeSolution(end, 1 : dimDde);

32 currInitFundMatrix = eye(dimOde);

a8

34 tBegin = tBegin + tStep;

35 tEnd = tEnd + tStep;

s tSpan = [tBegin, tEndl;

37 initCond = [currInitPoint(:); currInitFundMatrix(:)];

a8 | end

40 |4 Product SVD of factorization X of the fundamental matrix
“. R, "] = productSVD (X, nSvdlterations);

43 |4 Computation of the Lyapunov exponents
44 |LEs = zeros(l, dim0de);

45 |for jFacteor = 1 : nFactors
48 LEs = LEs + log(diag(R(:, :, jFactor))?);
ar |end;

48 |finalTime = tStep * nFactors;

49 |LEs = LEs / finalTime;

s1 | end

Listing 3: lyapunovDim.m - computation of the Lyapunov dimension.

1 |functien LD = lyapunovDim( LEs )

2 % For the given array of Lyapunov expoments of a point the function
a |% compute local Lyapunov dimention of this point.
4

5 | % Parameters:

o |% LEs - array of Lyapuncv exponents.

7

s |% Initialization ¢f the local Lyupunov dimention
s |LD = 0;

11 |% Humber of LCEs :

12 |nLEs = length(LEs);

14 |4 Sorted LCEs :
15 | sortedLEs = sort{LEs, 'descend’);

17 | % Main loop :
18 |leSum = sortedLEs (1);
10 |if ( sortedLEs (1) > 0 )

20 for i = 1 : nLEs-1

21 if sortedLEs (i+1) "= 0

a2 LD = i + leSum / abs( sortedLEs (i+1) );
23 leSum = leSum + sortedLEs(i+1);

24 if leSum < 0

25 break;

24 end

av end

28 end

20 | end
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Listing 4: genLorenzSyst.m — generalized Lorenz system (1) along with the

variational equation.

s | DUT(3)

P
"

19 | % Variational equation

i+ |function OUT = genlorenzSyst(t, x, r, sigma, b, a)
2
3
4 |4 parameters: r sigma b a
&
6

10 |% Jacobian at the point [x(1), x(2), x(3)]
1n [J = [-sigma, sigma-axx(3), -axx(2):

% Generalized Loremz system with

OUT (1) = sigma=(x(2) - x(1)) - a*x(2)*x(3);
OUT(2) = r*x(1) - x(2) - x(1)#x(3);
= -b*x(3) + x(1)*x(2);

r-x(3), =1 =x(1);
x(2), x(1), -vl;

[x(4), x(7), x(10);
x(6), =(8), x(11);
x(6), x(9), x(12)];

OUT (4:12) = J*X;

punov dimension for the hidden attractor of generalized Lorenz system (1).

Listing 5: main.m — computation of the Lyapunov exponents and local Lya-

function main

% Parameters of gemeralized Lorenz system
% that correspond to the hidden attractor
r = 700; sigma = 4; b = 1; a = 0.00562;

% Initial point for trajectory that visualizes the hidden attractor
x0 = [-14.551336132013954 -173.86811769236883 718.92035664071227];

tStep = 0.1;

nFactors = 10000;

nSvdIterations = 3;

% ODE solver parameters

acc = le-8; RelTol = acc; AbsTol = acc; InitialStep = acc/10;

odeSolverOptions = odeset(’'RelTol’, RelTel, ’'AbsTol’, AbsTol, ...
'InitialStep ', InitialStep, ’'NormComtrol’, ‘on');

LEs = computelEs (0(t, x) genLoremzSyst(t, x, r, sigma, b, a), ...
x0, tStep, nFactors, nSvdIterations, odeSolverOptions);

fprintf ('Lyapunov exponents: %6.4f, ¥6.4f, ¥6.4f\n’, LEs);
LD = lyapunovDim (LEs);
fprintf(’'Lyapunov dimension: %6.4f\n’, LD};

end

E Fishing principle and the existence of a homoclinic orbit in the
Glukhovsky—Dolghansky system

E.1 Fishing Principle

Consider autonomous system of differential equations (1) with the parameter

x=1(x,q), teR, xeR", g R™ (37)

Let v(s), s € [0,1] be a smooth path in the space of the parameter {g} = R™. Consider
the following Tricomi problem [162]: Is there a point gy € ¥(s) for which system (37)
with qo has a homoclinic trajectory?

Consider system (37) with ¢ = ~(s), and introduce the following notions. Let

x(t, s)* be an outgoing separatrix of the saddle point x (i.e. tlir}loo x(t, s)T = xp) with
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x(t,si’-

X0 X0

(a) Separatrix x(t,s)", where s € (b) Separatrix x(t,s)", where s = sp.

[0, 50).
Fig. 12. Separatrix x(t, s)*, where s € [0, so).

a one-dimensional unstable manifold. Define by xq(s)™ the point of the first crossing
of separatrix x(¢, s)* with the closed set (2:

x(t,s)TEQ, te(~o0,T),

x(T,s)" =xq(s)" € Q.
If there is no such crossing, we assume that xq(s)* = () (the empty set).

Theorem 6 (Fishing Principle [87,96,98]). Suppose that for the path (s) there
is an (n — 1)-dimensional bounded manifold Q with a piecewise-smooth edge S that
possesses the following properties.

1. For any x € Q\ 9Q and s € [0,1], the vector f(x,7(s)) is transversal to the
manifold Q \ 09,

. for any s € [0,1], f(x0,7(s)) =0, the point xg € ON is a saddle;

. for s =0 the inclusion xq(0)" € Q\ 0 is valid (Fig. 12a),

. for s =1 the relation xq(1)* = 0 is valid (i.e. xq(1)" is an empty set),

. for any s € [0,1] and y € 90\ xq there exists a neighborhood U(y,d) = {x| |x —
y| < &} such that xo(s)T €U(y,d).

If conditions 1)-5) are satisfied, then there exists so € [0,1] such that x(t,s0)T is a
homoclinic trajectory of the saddle point xo (Fig. 12b).

Grds Lo o

The fishing principle can be interpreted as follows. Figure 12a shows a fisherman
at the point xo with a fishing rod x(¢,s)". The manifold  is a lake surface and
0N is a shore line. When s = 0, a fish has been caught by the fishing rod. Then,
x(t,s)T,s € [0,s80) is a path taken by the fishing rod when it brings the fish to
the shore. Assumption 5) implies that the fish cannot be taken to the shore 9Q\xo,
because 9Q\xg is a forbidden zone. Therefore, only the situation shown in Fig. 12b
is possible (i.e., at s = so the fisherman has caught a fish). This corresponds to a
homoclinic orbit.

Now let us describe the numerical procedure for defining the point I' on the path
7(s), which corresponds to a homoclinic trajectory. Here we assume that conditions
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1), 2), and 5) of the fishing Principle are satisfied. Consider a sequence of paths
7i(8) € {vj-1(s), s € [0,1]} C {y(s), s € [0,1]}, Vs € [0,1] such that the length
{7j(s)} tends to zero as j — +o0. Condition 3) is satisfied for ~;(0) and condition
4) is satisfied for ~;(1). This sequence can be obtained if the paths v and ~; are
sequentially divided into two paths of the same length and we choose the path such
that for its end points condition 3) is satisfied and condition 4) is not satisfied (or
vice versa). Obviously, the sequence v;(s), s € [0,1] is contracted to the point I' €
{7;(s), s € [0,1]}, Vj. This point corresponds to a homoclinic trajectory of system
(37).

Now, consider the conditions of the non-existence of a homoclinic orbit. Consider
the Jacobian matrix of system (37)

of
T6,9) = 5 (,7(5).
Let Ai(x,s,5) = -+ > A\ (x,s,5) denote the eigenvalues of the symmetrized matrix
1
5 (SJT(x,8)87 + (ST (x,5)S7)*),

where S is a nonsingular matrix.
Suppose system (37) has a saddle point xg = x¢(s), Vs € [0, 1], the point x¢ belongs
to a positively invariant bounded set K, and J(xo, s) has only real eigenvalues.

Theorem 7 ([87]). Assume that there are a continuously differentiable scalar func-
tion ¥(x, s) and a nonsingular matriz S such that for system (37) with ¢ = ~(s), the
inequality )

M(x,9) + A2 (x,5) +9(x) <0, Vxe K, Vsel0,1] (38)

is satisfied. Then system (37) has no homoclinic trajectories for all s € [0,1] such
that
lim x(t) = lim x(t) = xg. (39)

t——o0 t—+o0

E.2 Existence of a homoclinic trajectories in the Glukhovsky-Dolzhansky system

Consider the separatrix =t (t),y" (), 27 (t) of the zero saddle point of system (1),
where z(t)* > 0, Vt € (—o0,7), 7 is a number, and ,Jim z(t)* = 0 (i.e. positive
——o00

outgoing separatrix is considered).
Define the manifold Q as

Q={r=0,y<0,ylo—az) <0, y*>+22 < 2r?}.

Check condition 1).
Inside the set Q\0 we have

z=y(oc—az) <0.

Check condition 5).
a) On By = {z =0,y =0, —v/2r < 2 < o/a} system (1) has the solution

z(t) = y(t) =0, z(t) = z(0) exp(—t).
b) On By = {z =0,y <0, z = o/a, y> + 22 < 2r?} we have

T =oy.
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z=0/a ‘r

Q

Fig. 13. Manifold Q.

x10°

7.55 76 7.65 7.7 775 7.8
z

Fig. 14. Local behavior of the trajectories of system (1) in the neighborhood of set Ba
(0 =4, a=0.52, r=10°).

Therefore the local behavior of trajectories in the neighborhood of Bs is shown in
Fig. 14.

c) The set By = {z = 0,y < 0, —/2r < z < g/a, y* + 2% = 2r?} is located
outside of the positively invariant cylinder C' (see Eq. (10)). Thus, the separatrices of
the zero saddle point (which belongs to C') can not reach the set Bs.

Check condition 3).
Consider the development of the asymptotic integration of system (1) [88]. Assume
that

ar =c— X+ 0(e?), (40)
where ¢ and A are some numbers and € = 1/4/7 is a small parameter.
Lemma 2. For any o > ¢,0 > 1 there exists a time T > 0 such that for sufficiently
large v, (z™(T),y™(T),z"(T)) € Q\ dQ (i.e. condition 3) of the fishing principle is
valid).
Proof (sketch). Using the transformation

t
t— —, x—=\rr, y—ry, z-—rz, (41)

7
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we can obtain
i =oy—eox — (c— e+ O(e?))yz
Yy=T—cy— Tz (42)
2= —ez+uy.

a) Consider the zero approximation of system (42) (system (42) without Ae and
e = 0) and its solution (zo(t),yo(¢), z0(t)). There are two independent integrals

V(x0(t),y0(t), 20(t)) = (0 — c)z0(t)? + oyo(t)? — z0(t)? = O,
W= yo(t)2 + Zo(t)z - 220(t) = 02.
Thus, the positive outgoing separatrix g (), yg (), 2 () of the saddle point (z = y =
z = 0) of zero approximation of system (42) belongs to the intersection of surfaces
V=0and W =0, ie.
V(g (8),48 (1), 25 (£) = 0= W(ag (£), 55 (1), 25 (£)), Vt € (—00,+00). (43)
From (43) it follows that z§ (t) # 0, Vt € R™ and

im0 = Lm ut ) — Lm et () —
tl>l+moo o (1) = tlegloo vo (8) = tl>l+moc 2 (6 =0.

b) Consider the first approximation of system (42) (system (42) without
O(¢?)). For the small values of ¢ the outgoing separatrix (7 (t),y] (t), 2 (t))
of the zero saddle point of the first approximation of system (42) is close to
(@ (1), yg (), 25 (£)) on (=00, 7). Therefore for sufficiently small e and some 7 the
separatrix (z] (¢),y] (t), 2] (t)) reaches d-vicinity of the zero saddle. Then there ex-
ists finite 7 = 7 (e, §) such that

[z (r(e, ) < 6, |y (7(e,0))] <8, |2 (7(e,9))| < 6.
Consider two functions
Ve(z,y,2) = (0 —c+Xe)2® +oy? —a?, W =y?+2% 22 (44)

For the derivatives of (44) along the positive outgoing separatrix we have

d

ZVe(t) = %Vs(zf(t),yf(t), 2 (1) = —2eVe (2 (8), 41 (8), 2 (1) + 2e(0 — D)af (8)?,

Dw () = LWt 0,97 0,5 ©) = ~2eW o (0,7 (1), 21 (1) — 2057 (1)

(45)
Integrating (45) from —oo to 7 and taking into account
TOE}IEIOO ‘/E(TO) - TULI}’I}OQ W(TO) = 0’
we obtain
Vo(r) = 2¢(0 — 1) / e 2= (2 (1)) dt = 2¢(0 — 1) My + o(e), (46)
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V=2e(0-1)M,

(a) Zero approximation of system (42): integrals (b)  First approximation of system (42): for
(V — blue, W - red) and separatrices (black) :t:f'('f‘) = 0 the positive outgoing separatrix is
located inside magenta domain {2, and near red

circuit and the border of blue ellipsoid (48)

Fig. 15. o = 2.3445, a = 0.0065, r = 300, c = 2, A = 1.

W(r) =—-2¢ / 13’25(7’5)(23'(3))2 ds = —2eNy + o(e), (47)

—00

where My and Ny are some positive numbers. If z; and z, satisfy

Vz(0,0,21) = 2e(0 — 1)My, W (0,0, 22) = —2e N, (48)

QM()(O'*].) 2N()
N A\ — 49
AEVE T e 2T T (49)

Hence the situation shown in Fig. 15b occurs in the neighborhood of the saddle point
(z =y =z =0) for the surfaces

then

Ve(@,y,2) = 2¢e(0 — 1)My, W(a,y,2) = 2eNo. (50)

The separatrix (z7 (7),y (1), 2] () has to be near the surfaces Vi(z,y,2) and
W (z,y, z). From the mutual disposition of surfaces (50) and different order of small-
ness in (49) it follows that if 27 (7) > 0, then y; () < 0 and &7 (7) < 0 for sufficiently
small . Moreover, 7 (t) < 0 for ¢ > 7 and () < 0. This implies the existence of
T > 7 such that 2] (T) = 0. We can obtain similar results for the case z; (1) < 0
(then y; (1) > 0). The behavior of separatrix (z*(7),y" (), 27 (7) is consistent with
the behavior of (z7 (1), 3 (1), 27 (7).

Check condition 4). We now check condition 4) for system (1) with parameters
(27). For this system it was proved [19, pp. 276-277, 269-272] that if

4(oc+1)

1+/1+84,(c+1)

then condition (38) of Theorem 7 is satisfied for S = I,V (z,s) = 0.

R. < (51)
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Now we can show that if (51) holds, then condition 4) for system (1) is also
satisfied. Consider the path
Re(s), Acls), o(s) =
Ac(0) =0, A1) = A,
2 4 1
Ru(s) o , (c+1) 7
14+ /1+4Ac(s)o 1+ /1 +8A.(s)(o +1)
R:(0) =0o(1+9), (52)

U’

where ¢ is a small positive number.

For s = 0 condition 4) is satisfied (see, e.g., [89,96]). If for some s; € [0, 1] condition
4) is not satisfied, then condition 3) is satisfied for s;. In this case Theorem 6 implies
that there exists so € [0,s1] for which a homoclinic trajectory exists. But Rc(s) is
chosen in such a way that conditions of Theorem 7 are valid and hence the homoclinic
trajectories do not exist. This contradiction proves the fulfillment of condition 4) of
Theorem 6 for all s € [0, 1]. Condition 6) is checked.

Check condition 2). From (52) it is obvious that condition 2 is satisfied.

Remark 6. For ¢ = 0 Lemma 2 is not valid since a positive outgoing separatrix of the
zero approximation of system (42) follows a heteroclitic orbit

: 0 I B 0 — N 0 —
tAI}Eloo xO(t) - tl}?oo Yo (t) - tl>l+moo %0 (t) =2

In this case we may consider a sequence of systems close to (1). For example, instead

of (27) we can consider a = a(fBx) = %

and . lim By = 0, such that path (52) satisfies condition 4) of the fishing principle.
t—+00

, where (3 are a small positive numbers

Then, using Lemma 2 and the fishing principle, we get the sequences of r,’j and
corresponding homoclinic orbits. Choosing a convergent subsequence from Tﬁ and
using Arzela—Ascoli theorem, we can justify the existence of a homoclinic orbit in the
initial system with a(0).

Note also that since a and r are varying in the asymptotic integration, 9 is also
varying.

Finally we get the following

Theorem 8. For any fired A. > 0,0 > 1 there exists a number

R. e 20 +
—_— 400
CT\1+VI+44.0
such that system (1) with parameters (27) has a homoclinic trajectory of the zero

saddle point.

This work was supported by Russian Scientific Foundation (project 14-21-00041) and Saint-
Petersburg State University.
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Abstract

In the past two decades Lyapunov functions are used for the estimation of
attractor dimensions. By means of these functions the upper estimate of Lya-
punov dimension for Rossler attractor and the exact formulas of Lyapunov
dimension for Hénon, Chirikov, and Lorenz attractors are obtained.

In this report the simplest model, suggested by Glukhovsky and Dolzhan-
sky, which describes a convection process in rotating fluid, is considered. A
system of differential equations for this model is a generalization of Lorenz
system. For the Lyapunov dimension of attractor of the model, the upper
estimate is obtained.

Keywords: chaos, chaotic attractor, generalized Lorenz system, Lyapunov
dimension, Lyapunov function, fluid convection

1. Introduction

In the present paper the simplest three-dimensional system, describing the
convection of fluid within an ellipsoidal rotating cavity, is considered. This
system, suggested by Glukhovsky and Dolghansky [4], is as follows

T = —0ox+ 2+ ayz
y=R—y—uxz (1)
z=—z+uay,

where o, R, ay are positive numbers.

Preprint submitted to Elsevier October 1, 2015



After the change of variables

a g

, R—— o 2
T—=r, Y a0R+1Z7 z—>a0R+1y (2)
system (1) takes the form
&= —ox+oy— Ayz
y=rr—y—xz (3)
z = —bz+uwy,
where 5 .
apo )
b=1 A=-———"—, = —(apR+1). 4
' (apR+1)? " a(ao +1) )

This system is a generalization of a classical Lorenz system [20].

System (3) with the parameters 7, o, b > 0 is mentioned first in [23] and
after the corresponding change of variables [14] can be transformed to the
Rabinovich system of waves interaction in plasma [22, 6].

Consider system (3) under the assumption that r, o, b, A are positive.
In this case by [14] one obtains the following: if < 1, then (3) has a unique
equilibrium Sy = (0, 0, 0) (the trivial case). If r > 1, then (3) has three
equilibria: Sy = (0, 0, 0) and Sy 2 = (£z1, £y1, 21), where

_ ob\/€ _ S
“ohrag Ve AT

(a1

and the real number ¢ is defined as

ob

$Sone

Alr—=2)—o+ (AT—U)2+4AU}.

2. Lyapunov functions in the dimension theory

Consider a differential equation

d

= =), xeR’ (5)
with a continuously differentiable vector function f(x). Assume that for
any initial value xo there exists a unique solution of (5) x(¢, %), defined for



t € [0,+00). Here x(0,x¢) = x¢. Let K be an invariant set, i.e. x(t, K) = K
for all ¢ € [0, 400).
Suppose J(x) is the Jacobian matrix of f(x)

J(x) = (3];5() .

Consider a nonsingular (n x n)-matrix S. Suppose that A;(x,5) > -+ >
An(x,.9) are eigenvalues of the matrix

% (S7()S + (S(x)5)). (©)

Here * denotes a matrix transposition.

Theorem 1. [8, 13] Given an integer j € [1,n] and s € [0,1), there is a
continuously differentiable scalar function ¥ : R™ — R and a nonsingular
matriz S such that

A (%,S) 4 - A%, 8) + sha(x, S) +9(x) <0, Vx € R™. (7)

In this case the Lyapunov dimension of the compact set K is estimated as
follows
dim, K < j+s.

Here ¥ is a derivative of the function 9 with respect to the vector field f:
D(x) = (grad(9))" f(x)-

Theorem 2. [12, 13] Suppose that there is a continuously differentiable
scalar function ¥ and a nonsingular matriz S such that

M(x,8) + Aa(x, 8) + 9(x) <0, ¥Vx € R™. (8)

Then any solution of system (5), bounded on [0, +00), tends to an equilibrium
as t — +00.

Thus, if condition (8) holds, then an attractor of system (5) coincides
with its stationary set.



3. Estimation of Lyapunov dimension

In [14] it is proved that system (3) is dissipative, i.e. it possesses a
bounded absorbing set and, thus, has an attractor.

By Theorems 1 and 2 it can be formulated the assertion, concerning the
Lyapunov dimension of an attractor (denote it by K) of system (3). This
assertion is a generalization of the result obtained in [11] for b = 1.

Theorem 3. Suppose that either the inequality b < 1 or the inequalities
b>1, 0 >b are valid.
! (b+1)(b+0)
A b+1)(b+o
(r+%) < =, 9)
then any solution of system (3), bounded on [0, +00), tends to an equilibrium
as t — +00.

If
(7’+%> >(b+1){§b+0)7 (10)
then
200 +b+1)

dim;, K <3 —

o+ 1+ \/(07 12+ A% +7)°
Sketch of the proof. We use the matrix
~A7z 00
S = 0 10
0 01

Then the eigenvalues of the corresponding matrix (6) are the following

Ay = —b,

1
1 2
o+ :I:l
2 2

U+A7'>2

Az = — (0—1)2+A(22—

The goal is to obtain a Lyapunov-like function that allows one to check
property (7) of Theorem 1 and property (8) of Theorem 2.



For considered eigenvalues one can obtain the following relation

200+ A+ sh3) < —(0+1+2b)—s(c+1)+(1—s) {(0—1)2+A<%+r>2}

2(1—s)
[(a —12+A(S+ 7')2]

_|_

w(z,y, 2),

Wl

where
w(z,y,2) = —(0 + Ar)z + Az

Using the following Lyapunov-like function

2(1 = s)V(z,y, 2) 1
[(a —124+A(% +r)2] :

)

N, y,z) =

where

o+ Ar

5 A
Viz,y,2) = —2* + 99" +7 (1 + ;) 2=2(r—1)z 7= B 1)’

one obtains that

V(z,y,z) + w(z,y,2) <0, Va,y,z € K.

Therefore, if condition (10) is satisfied and

—((r+1+2b)+\/(0—1)2+A(%+7')2

s >
U+1+\/(071)2+A(%+r)2

then for system (3) with the given S and ¢ Theorem 1 gives estimation (11).
If condition (9) is valid and s = 0, then the conditions of Theorem 2 are
satisfied and any solution bounded on [0,400) tends to an equilibrium as
t — +o00. O

For system (3) with b = 1 we can obtain another upper estimation [18].

Theorem 4. Let b =1, r > 2 and the following relations hold

J>’3%2\/§Ar, if 2<r<d4

3r4+24/7(2r . 12
06(’322‘/3147‘, 3+2T_f+1)14r>, if >4 (12)

5

1
2

+



Then
2(0+2)

o+ 1++/(c =12 +4or
Sketch of the proof. We use the same idea but choose the following matrix
VI 00
S = 0 10
0 01

dim, K <3 — (13)

and the following Lyapunov-like function

2(1 = s)V(z,y, 2)

19 ? ) = I
(9,2) (0 —1)2 +4or

where
V(w,y,2) =12 + 7y° + (A1 + ) 2° = (0 + Ar)z.

Further it is shown that under conditions of the theorem it is always possible
to choose the parameters v;, 72 such that

V(z,y,2) +w(z,y,z) <0, Va,y,z €K,

where

B (0 +Ar)? , (o —Ar)? ,
w(z,y,z) =—(0c+ Ar)z + e P

Hence, for the chosen S and ¢ the main inequality of Theorem 1

2(1—1s) <w+V>

2(AiHFdatsAs+0) < —(0+43)—s(o+1)+(1—8)\/ (0 — 1)? + dor+ <0.

(0 —1)2+4or
is satisfied and this completes the proof. O
Corollary 1. If
1. 0 =Ar, 4or > (b+1)(b+0)
or
2.b=1,r>2 and
U>_3%2‘/3A7‘, if 2<r <4,

o€ (_3*&2‘/3 Ar, 222 :IFTH) A7‘> ,if r>4,



then the Lyapunov dimension of the zero equilibrium of system (3) with b =1
or o = Ar coincides with (13). Thus for K D (0,0,0) we have
2(0 +2)

o+ 14 /(o0 =12 +4dor’

Note that this exact formula coincides with the formula for the classical
Lorenz system [13].

4. Convection of the rotating fluid

In this section the above results, concerning generalization of Lorenz sys-
tem (3), are applied to system (1), describing the convection of fluid within an
ellipsoidal rotating cavity. Nonsingular linear transformation (2), obviously,
does not change the Lyapunov dimension. In general case, it is known (see,
e.g. [7,9]) the invariance of the Lyapunov dimension under a diffeomorphism.

It is known [4] that for system (1) if R < h, then there exists one equi-
librium Sy = (0, R, 0). Tt is stable if 0 < R < h or qyR?>+ R < 0. If R > h,

then there exist two additional equilibria S 2 = (:I: RT’h, h, £1/(R — h)h)
and they are stable if ag > v or ag < 7, h < R < Ry. Here

hf\/1+4aoo—1 R — oh(h+4) _ o(0—2)
N 2a T T s 22t oh’ 7,<0270+2)2.

In [4] by means of numerical simulations for the case when parameter
o = 4 it was found certain values of the parameters ay and R for which in
system (1) it is observed either a periodic regime (i.e. there exists a limit
cycle) or a chaotic regime (and for system (1) there exists a chaotic attractor).
In [10, 11] for parameters

b=1 o=4, A=0.0052, r=06875 (14)

in the phase space of system (3) there was obtained a chaotic self-excited



attractor! and for parameters
b=1, o—4, A=00052, r=700 (15)

there was localized numerically a chaotic hidden attractor (Fig. 1). Using
linear transformation (2) and relation (4), one can obtain corresponding pa-
rameters for system (1) such that there exists self-excited or hidden attractor.

1000
1000 9

500

Y

(a) A — local self-excited attractor (b) Anidden — local hidden attractor

Figure 1: Self-excited and hidden attractors of system (3).

By numerical methods [11] one can get the following values of Lyapunov
dimension for the local self-excited attractor of system (1):

dimy A = 2.1405
and for the local hidden attractor of system (1):

dimL Ahidden = 2.1322.

! Recently a concept of self-excited and hidden attractors was suggested [16, 17, 15, 11]:
an attractor is called a self-excited attractor if its basin of attraction overlaps with neigh-
borhood of an equilibrium, otherwise it is called a hidden attractor. For example, hid-
den attractors are attractors in systems with no equilibria or with only one stable equi-
librium (a special case of multistability and coexistence of attractors). While coexist-
ing self-excited attractors can be found using the standard computational procedure,
there is no standard way of predicting the existence or coexistence of hidden attrac-
tors in a system. Recent examples of hidden attractors can be found in The Furopean
Physical Journal Special Topics: Multistability: Uncovering Hidden Attractors, 2015 (see
[26, 1, 5, 29, 24, 25, 3, 19, 2, 27, 21, 28]).



These values correspond to the values of Lyapunov dimension for the global
attractor K O (0,0,0) of system (1) obtained in Corollary 1. For (14) (self-
excited local attractor) we have

dim;, K = dimy, Sy = 2.8908.
and for (15) (hidden local attractor) we have

dim;, K = dimy, Sy = 2.8917.
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