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Abstract

We present both theory and an algorithm for solving time-harmonic wave prob-
lems. The time-harmonic solutions will be achieved by computing time-periodic
solutions of the original wave equations. Thus, an exact controllability tech-
nique is proposed for the time-dependent wave equations. We discuss a first
order Maxwell type system, which will be formulated in the framework of al-
ternating differential forms. This enables us to investigate different kind of
classical wave problems at one fell swoop, such as acoustic, electro-magnetic
or elastic wave problems. After a sufficient theory is established we formu-
late our exact controllability problem and suggest a least-squares optimization
procedure for its solution, which itself is solved in a natural way by conjugate
gradient algorithm operating in a purely L2-type Hilbert space. Therefore, one
of the biggest advances of this approach might be that the conjugate gradient
algorithm does not need any preconditioning.
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1 Introduction

Time-harmonic wave propagation is an important phenomenon which has many
obvious applications in acoustics, electro-magnetics and elasticity, among others.
Traditionally, the numerical solution approaches have been based on finite differ-
ences, finite elements or boundary element techniques. As our goal is to consider
heterogeneous media as well, we pay attention to methods based on partial differ-
ential equations. Hence, some kind of tessellation of the spatial domain is necessary.

To obtain accurate results for wave propagation, the discretization mesh needs to
be adjusted to the wavelength. If the time-harmonic case is directly addressed, one
is faced with the solution of a large-scale indefinite linear system which is a difficult
task.

Instead of solving directly the time-harmonic problem for a given frequency
w € R,, it is possible to find the solution by control techniques. Then the solu-
tion is found by searching for an appropriate initial data for the wave equation
which minimizes a quadratic functional that measures the difference between the
initial state and the final state after one time period 7' = 27 /w. A natural quadratic
error functional is the squared energy norm of the system, allowing to minimize
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the cost by the conjugate gradient method operating in Hilbert spaces. This ap-
proach has been successfully applied to acoustics, electro-magnetics and elasticity
[10, 11,12, 16, 17,18, 19, 20, 21, 23, 24, 25, 26]. In practice, the method seems to have
a good asymptotic computational cost. Even though no theory exists, the computa-
tional cost of the method seems to be of order O(n), where n is the number of spatial
degrees of freedom. The drawback of using the traditional (second order in time)
formulation of the wave equations is that the energy norm is then of H'-type, and as
such, the minimization problem is badly conditioned. This is handled by applying
preconditioning to the conjugate gradient minimization. Unfortunately, this means
that a discrete elliptic problem (linear system) still needs to be solved at every con-
jugate gradient iteration step. In recent papers, the linear system has been solved by
an algebraic multi-grid method which still maintains the good asymptotic perfor-
mance of the solution technique, but makes it quite more difficult to implement the
solver to utilize the computing power of modern parallel computers and multi-core
processors.

Hence, an alternative approach has recently been proposed in the short paper
of Glowinski and Rossi [21]. The idea is to formulate the control method for an
equivalent first order system which has an L?-type energy norm, and hence, a well-
conditioned minimization problem results. This eliminates the need for precondi-
tioning the conjugate gradient minimization and, thus, greatly simplifies the paral-
lel implementation of the method. This approach also has drawbacks as the spatial
discretization needs to be based, for example, on mixed finite elements like Raviart-
Thomas elements, which are more difficult to implement than standard finite el-
ements. Initial numerical experiments (still unpublished) support the hypothesis
that the cost of the new approach is also of order O(n).

In our project, we aim at generalizing the approach of [21] to generalized Maxwell
equations formulated in terms of differential forms. The same formulation covers
electro-magnetic, acoustic and elastic waves and it can be naturally discretized by
so-called discrete differential forms (DDF) or discrete exterior calculus (DEC) which
has recently been under very active research [29, 15, 14]. The goal of this is to de-
velop theory and software for efficiently solving the generalized Maxwell equations
using a control approach. We are planing to develop a new solution theory for the
generalized Cauchy problem at hand, such that we can be sure to have uniquely
determined solutions evolving in time. Here the papers [46, 47, 38, 39, 44, 45, 33]
and the work [37] as well as the reports [32, 40, 41, 42, 43] will be useful. More-
over, theoretical questions about the domain truncation procedure have to be con-
sidered. We are planing to use absorbing boundary conditions (ABC), generalized
Dirichlet-to-Neumann operators (DtN), i.e. electric-to-magnetic operators (EtM), as
well as perfectly matched layers (PML). All these techniques have to be developed
for differential forms. The resulting software is targeted to mid-frequency variable
coefficient wave propagation problems in 2D and 3D domains, where the dimen-
sion of the computational domain is 10-100 wavelengths. The software is targeted
for modern parallel computers and multi-core processors.



In this first report we present and explain the basic ideas of the control approach
for wave equations formulated as first order systems using generalized Maxwell
equations formulated by differential forms. First in section 3 we investigate the
Cauchy problem (CP) and establish a solution theory which meets our needs uti-
lizing the spectral calculus for (unbounded) selfadjoint linear operators in Hilbert
space. Then in section 4 we introduce the least squares formulation and discuss the
derivative of the least squares functional, which is the essential ingredient in our
resulting algorithm, since we plan to use a conjugate gradient method (CGM). In
section 5 we discuss the conjugate gradient algorithm (CGA) in some detail. We
shortly explain a general CGA in Hilbert space and then present a CGA for our
problem at hand. In section 6 we translate our formalism using differential forms
to the classical framework of vector analysis and briefly demonstrate, which classi-
cal problems are formulated within our generalized theory. Finally in section 7 we
outline the ongoing work in this project.

2 Problem formulation and notations
Let I := (0,T) with T > 0 be some interval, [ = [0, T'| denote its closure and

QcRY , NeN ,

be an exterior domain. In [21] Glowinski and Rossi tried to find time-7" periodic
solutions u of the prototypical scalar linear wave problem

(02 —c*A)u =0 in Z=IxQ :
Yu =g on :=1x00Q , (D)
uw(0) =u(T) , 0:u(0) =0 u(T) in Q

Y

where they utilized a truncation of 2 introducing an artificial boundary (a sphere
containing RY \ Q) and a homogeneous Neumann-type boundary condition on it,
i.e. just setting the translation of Sommerfeld’s radiation condition to the time de-
pendent formulation (¢™! 8, + ,.)u to zero. Here c is a positive real number and g is
a given right hand side time dependent boundary data. Furthermore, v denotes the
usual scalar trace operator and r the Euclidean norm on R" .

They transformed the latter system via the well known substitution

E:=0,u , H :=Vu

into the first order system of ‘linear acoustics’

(at—[% (1)] [g VO’})(E,H):(O,O) in = ,
YE =0 g on r ,
(E, H)(0) = (E, H)(T) in Q ,



which has a ‘Maxwell-type flavor’, albeit simpler. The advantage is that this second
system allows for its solution an algorithm using

L2(Q) x LA2(Q)V

as control space. In former works there was always at least the first part of the
control space a closed subspace of H'((2), which makes the corresponding numerics
much more difficult due to the need of preconditioning, for instance, in conjugate
gradient algorithms. Such preconditioning is not necessary if one uses a purely
L?(Q)-control space.

We may generalize this problem using the framework of alternating differen-
tial forms of rank ¢, shortly spoken ¢-forms. For this purpose we consider our
exterior domain 2 a smooth N-dimensional differentiable Riemannian manifold
with boundary. Let (U, k) be a chart for 2. We call a g-form v = ), u;dh; (lo-
cally) smooth and write v € C*%(U), if the corresponding component functions
uy = u(9") are C* . (If this holds for one chart 4, then it holds true for all charts of
the atlas.) If u is locally smooth for all charts of the atlas we call © smooth and write
u € C>1(Q). Here we utilized an obvious multi-index notation, i.e. for ordered
multi-indices J := (ji,...,J,) € {1,..., N}? we define the tuples of chart tangential
vectors 0 and the corresponding special (chart) g-forms dh by

o = (0" o

s 05) ,

dhy:i=dhj, A---Adhy,

where A and d denote the exterior product and derivative, respectively. At most we
will use the identity chart, i.e. trivial coordinates, and its differentials {dz,,} ; . But
also polar-coordinates or others coordinates are of course possible and sometimes

useful. In the same way we define the space é“’q(Q) of C*-g-forms with compact
supports in 2. This space admits a scalar product

(E,H) — (E,H)q ::/E/\*HE(C :
Q

where * denotes the Hodge star operator and the bar complex conjugation. Using
this scalar product and its induced norm we may define L*?(Q) as the closure of

éoo’q(Q). Then L?9(2) equipped with the scalar product (-, - )124@) == (-, - )o be-
comes a Hilbert space, the Hilbert space of square integrable ¢g-forms on (2.
Following Hermann Weyl [49] and to remind of the electro-magnetic background

it has become customary to denote the exterior derivative d by rot (rotation) and the
co-derivative ¢ by div (divergence). Thus we have on ¢-forms

div = (=1) DN s rot *

We note rot div +divrot = A, where the Laplacian A is to be understood compo-
nentwise in Euclidean coordinates.



With respect to the latter scalar product the linear operators rot and div are for-

mally skew-adjoint to each other, i.e. for pairs of forms (£, H) € (OEOO"J(Q) x (oot (Q)
we have by the weak version of Stokes” theorem

Oz/rot(E/\*H):/rotE/\*H+(—1)q/EArot*H
Q Q

Q
:/rotE/\*H+(—1)q<N_q+1)/E/\* 1ot * H
Q ——Ja —
=(—1)aN =(-1)eNdivH

= <I‘Ot E, H>L2,q+1(Q) + <E, div H>L2,q(Q)

This yields the possibility of weak versions of rot and div using smooth, compactly
supported forms as test-forms. Hence, we may define rot E for a L*?(Q))-form E and
say E has weak rotation, if

1G € Lz’q+1(Q) Vo e (ojoo,q—&—l (Q) <E, div (I)>L27q(Q) = —<G, (D>L2,q+l(Q)
Of course, we may define a weak divergence in the same way. Then we put

RY(Q) := {E € L*(Q) : rot E € L27(Q)} ,
DUQ) == {H € L29(Q) : div H € L27}(Q)}

Equipped with their natural graph-norms these are Hilbert spaces. Furthermore,
we generalize the (electric) homogeneous boundary condition modeling a perfectly
conducting obstacle, i.e. vanishing tangential trace (*E of a differential form £,
where ¢ : Q — Q denotes the natural embedding of the boundary manifold. For

this purpose we define Po{q(Q) to be the closure of (OEOO"I(Q) in the norm of RY(2).
Indeed by Stokes” theorem and a density argument one may easily check for suf-

ficiently smooth forms that a vanishing tangential trace is generalized in IO%Q(Q)
Surely R9(€2) is also a Hilbert space as a closed subspace of RY({2) . An index 0 at the

lower left corners of the spaces f{q(Q) , R7(2) or D?(£?) indicates vanishing rotation
resp. divergence.
Let us define (formal matrix-) operators

L 0 div L e 0 a1
M'_Lot O] , A.—{O HJ , M:=iA"M ,

where ¢ resp. p is a real, linear, symmetric, bounded and uniformly positive definite
(with respect to the L*?(Q)- resp. L*77(Q)-scalar product) transformation on ¢-
resp. (¢ + 1)-forms, which is independent of time, and i denotes the imaginary unit.
e and ;¢ model material properties, i.e. in classical electro-magnetic theory ¢ is the
dielectricity and p the permeability of the underlying medium. We note that € and



11 are even allowed just to have L>(f2)-entries in their matrix representations v}, ;
given by chart bases

vE=> vh E;dhy i E=) E;dh,
J'J J

Another way to define these Hilbert spaces is to look at the densely defined linear
operator

ROT : C=o(Q) CL24(Q) — C=ol(Q) C L20+(Q)
E — rot K

and its adjoints, which will be marked by a star. Then ROT = ROT" is the weak
rotation on its domain of definition

RY(2) := D(ROT) = C=4(Q)

with closure taken in the graph-norm of ROT, i.e. in R(€2). The kernel of ROT is

just Olo%q(Q) . Tts adjoint operator ROT* = ROT equals by definition the negative
weak divergence — DIV on its domain of definition D?*(Q), i.e.

—ROT* =DIV : Dq+1(Q) C L27‘1+1(Q) . LQ’Q(Q)
H —  divH

This is easy to see: Let H € D(ROT*) and ROT* H = F'. Then by definition
VE € D(ROT) <I'Ot E, H>L2,q+1(Q) = <E17 F>L2,q(Q) 3

which is just the definition of the (negative) weak divergence. Therefore we have
H € D(ROT*) = D7(Q) and ROT* H = — div H .
We note since div div = 0 and rot rot = 0 in the smooth case,

rotrot =0 , divdiv =0
still hold true in the weak sense and we also have
rot div +divrot = A ,

where the Laplacian acts on each Euclidean component. Moreover, we get with
closures taken in L24((2)

(0) (©) (©) (©)
rot R1=1(Q2) C (R(Q2) , div De+1(Q) C (DY(2)

and for sulfficiently smooth functions, i.e. C*, and suitable ¢-forms E we obtain

rot(pFE) = (rot ) AN E + prot E :
div(pE) = (—1)" DN « ((rot @) A*E) + pdivE
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Since ROT and DIV are skewadjoint to each other in this setting the (unbounded)
linear operator

M : DM) c L") — LYt (Q) 2
(E,H) — M(E,H)=i(etdivH, u ' rot E) ’

where
LY9H(Q) = L209H(Q) = L29(Q) x L21H(Q)
as a set equipped with the weighted scalar product ( -, ‘>Li,q,q+1(Q) = (A, )rzaetiq)
and )
D(M) := R4(Q) x DIT(Q) :

is selfadjoint and its spectrum equals the entire real axis. For more details please see
[37, 38, 40] or in the (classical) case of vector analysis [36].

In this paper we investigate 7T-periodic solutions in time of the following gener-
alized Maxwell controllability problem (GMCP)

(8, +iM)(E,H) = (F,G) in = ,
v E =)\ in r : (3)

(E,H)(0) = (£, Ho) in Q ,

(E, H)(T) = (B, H)(0) in Q ,

where 7, denotes the tangential trace, i.e. 7, = +* in the smooth case with the natural
embedding of the boundary ¢ : 9Q — Q regarding 92 as a (N — 1)-dimensional
Riemannian submanifold of . Of course, the first equation may be written more
explicitly

OE—c'divH=F in
OH—p'rotE=G in

(11 1]

Let us outline some heuristics: Assuming enough smoothness on the data we
may compute by the differential equation

(82 ~(AMY?) (B, H) = (&} +M?)(B, H) = (9, — 1 M)(0, +1 M) (E, H)
= (0, +A"'M)(F,G) =: (F,G)
and since the tangential trace and the exterior derivative commute we get
Ve Oy iH = G + 10t E = 7, 1G + Rot A =: A ,

where Rot denotes the exterior derivative don 9{2. Moreover, if the right hand
side (F,G) is time-T" periodic as well, i.e. (F,G)(T) = (F,G)(0), we have by the
differential equation

OB, H)(T) = —i M (E, H)(T) + (F,G)(T) = d,(E, H)(0)

J

—(BEH)0)  =(FG)0)



Thus, (£, H) solves also the (vector) wave equation-type controllability problem
1 7 1
o |e  divuT rot 0 s _
(2 0 p~trot et div JE, H) = (F,G) in
(v E, 77 0y pH) = (X, N) in T , (4

(B, H)(T) = (E,H)(0) in Q
0.(E, H)(T) = d,(B, H)(0) in

[1]

o)

Furthermore, because rot rot = 0 and divdiv = 0 we obtain by differentiation of the
tirst equation in (3)

OydiveE = diveF , Oyrot uH = rot uH

Hence, diveF and rot uH must be constant (in time) for solenoidal data F' and
irrotational data ;/G'. Therefore, in this case diveF and rot /1 vanish, if and only
if the initial data diveE, and rot i H, vanish. Since divrot +rotdiv = A we get for
€0
0
G, Hy the (vector) wave equation controllability problem

constant A = Ay = { ,l? ] , €0, 1o € Ry, aswell as solenoidal F', £y and irrotational
0

(0F —€0 ' ho ' A) (B, H) = (F,G) in = :
("YTE Ho ) 815 ) <>‘ N) in r ) (5)
(E, H)(T) = (E, H)(0) in Q 7
0.(E, H)(T) = 8,(E, H)(0) in Q

This means that for ¢ := 0, (F,G) := (0,0), A :== g, g0 := po := 1/cand u := F the
original problem (1) is recovered. Clearly in this case the assumption diveE = 0 is
trivial and always fulfilled.

On the other hand for a solution (E, H) of (4) we may set (E, H) := 8,(F, H) and
(E,H):=—iM(E,H)=A"'M(E,H). Then

O(E H)+iM(E,H)=(F,G) , 8,(E H)+iM(E,H)=(0,0)
or equivalently
(0, +1M)(E,H) = (F,0) (8, +1M)(E,H) = (0,G)
Moreover, we obtain

’)/TE == at A 3
v iH = Rot A , ’}/T/Lﬁ =\

and hence for (E, H) a Maxwell controllability problem is recovered.



To start our analysis we first have to establish a solution theory for the boundary
value Cauchy problem (CP)

(0 +iM)(E,H) = (F,G) in = ,
v E =\ in r : (6)
(E, H)(0) = (Eo, Ho) in Q

with given right hand sides F', G and X as well as initial data (E,, Hy) belonging to
our control (Hilbert) space
H := Ly (Q)

3 Solution theory for the Cauchy problem

Let us try to solve (6) for some exterior domain 2 C RY with a Lipschitz bound-
ary 0€), which will be fixed from now on. First we want to extend the boundary
data from I' to =.

3.1 Traces and extensions

Recently Weck [47] showed, how to obtain traces of differential forms on Lipschitz
boundaries. Let ), be a bounded Lipschitz domain in RY . Then by [47, Theorem 3]
there exists a linear and continuous tangential trace operator

% RUQy) — RUOD) = {\ € H; V299, : Rot A € H, /244190, )

Moreover, by [47, Theorem 4] v, is surjective. Hence, there exists a corresponding
linear and continuous tangential extension operator (a right inverse of ;)

’V}/T . Rq(a Qb) — Rq(Qb>
Applying the usual Helmholtz decomposition
L29(0) = rot RN () @, HUD) @ e div DIH(Qy)
where we introduce the Dirichlet forms

HUQ) = oRI(Q) N e DY)

and using v, R?(€},) = {0} we receive a linear and continuous tangential extension
operator

Frt RUO D) — RI(Q) N e div DITH(Q,) © RY(Qy) N e LoDY(C)

Now we turn to our exterior Lipschitz domain 2 C RY. Using an usual cut-off-
technique we obtain the following
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Lemma 3.1 There exists a linear and continuous tangential trace operator
7 : RYQ) — RIDQ)
and a corresponding linear and continuous tangential extension operator (right inverse)
¥yt RUOQ) — RI) N e7'DYQN) :
which maps even to forms with compact supports and satisfies on R?(02)
V- =1d

The kernel of v, equals R (Q) and ~y, may also be defined even on R _(Q). ¥, may be
chosen, such that supp ¥, A C QN U, holds for all A\ € RY(02) and for a fixed r > 0 with
RN\ Q C U,. Here U, C RY denotes the open Euclidean ball with radius r > 0 centered at

the origin.
Remark 3.2 If the boundary is sufficiently smooth, i.e. C™*!, then even

v.E € H" Y249 Q)

holds for all forms E € H™4(Q) or E € H:¥(2). Moreover, applied to smooth forms

from C>*4(Q) we have v, = * and of course -y, commutates with the exterior derivative.

Contrarily if A € H™Y249(0Q) we may choose an extension, such that ¥, A € H™4(Q)
holds and 7, X is supported in Q2 N U, . For details see [32, 33].

7- and ¥, may also be defined on time dependent forms. We get bounded linear
operators

Yy S(I, Rq(Q)) — S(I,Rq(aQ))

and
5, S(I,RUDQ)) — S(I,RI(Q) N e ' DUQ))

with similar properties as mentioned above, where the function space S could be,
for instance,
o o L? H'

Finally we also need the corresponding normal trace and extension operators
T = (_1)qN ® 7 * ’ Yo = (_1)q(N—q) * Y- ®

defined on (q + 1)- resp. (¢ — 1)-forms, where ® denotes Hodge’s star operator on
the (N — 1)-dimensional submanifold 02 of (2.

To get more information about traces of differential forms we refer, for example,
to [32].

11



3.2 Solution theory

Now we return to the Cauchy Problem (6). Let A € C' (I, R%(012)) . Then the ansatz
(E,H) = (E,H) = (%:,0)

leads to a problem with homogeneous boundary condition

(O, +iM)(E, H) = (F,G) in = ,
fyTEN' =0 in I 5 (7)
(E, H)(0) = (Ejy, Hy) in Q :

where
(Fu é) = (F7 G) + <_ 815 77')‘7 :u_l rot ;}/T)‘) s (E07 EIO) = (E07 HO) - (;YTA(O)a 0)

Since M from (2) is linear and selfadjoint the spectral theory suggests the solution
(E, H) of (7) defined by

t
(E, H)(t) := exp(—itM)(Ey, Hy) + / exp (—i(t — s)M)(F,G)(s) ds
0
t
:exp(—itM)((E’o,Ho) —i—/ exp(isM)(F,G)(s)ds) , te€[0,00)
0
Let us analyze this solution more thoroughly. For instance, for (Ey, H,) € H and
(F,G) € L2(I,H) we obtain (E, H) € C°(I,H) and thus a solution
(B, H) e CY(LH) | (8)

if (Eo, Hy) € Hand (F,G) € L?(I,H). Assuming stronger assumptions on the data,
i.e. (Ey, Hy) € D(M) and (F,G) € C°(I,H) N L2(1,D(M)), we even get

(E,H) € CY(I,H) N C°(I, D(M))
Hence, we achieve a solution
(E,H) € C(I,H) N C°(I,RYQ) x D (Q)) ,
if, for instance,

(Eo, Hy) € RY(Q) x DITH(Q) with v Eo = A0)
(F,G) € C°(I,H) N L*(I,RY) x D(Q)) with - F(t) =0, \t) (9)
and g 'rot3.A(t) € DTTHQ)

hold for all ¢. Then of course (E, H) is a solution of the CP (6) in the strong sense.
Summing up we obtain:

12



Theorem 3.3 Let A € C*(I,R(9Q)) as well as (Ey, Ho) and (F, G) satisfy (9). Then the
Cauchy problem (6) is uniquely solved in C*(I,H) N C°(I, R%(2) x D(Q)) by

(B, H)(t) = (377, 0)(¢) + exp(— 1 EV0) (o — 3,A(0), Ho)

t
—I—/ exp (—i(t — $)M)(F — 05 %A, G+ p 'rot 4, M) (s)ds , te€l
0

We call (E, H) a ‘strong solution of the Cauchy problem (6) with data (F, G, A, Ey, Hy)'.

Proof: Existence is clear from the latter considerations. However, for the conve-
nience of the reader we have by definition

O(E, H)(t) = —i My (E, H)(t) + exp(— 1tMy ) exp(i th[A)J(Z*:’, G)(t)

=Id

and thus

at(Ev H) - at(’%')‘a O) + at( vf{)
= 0,(%:1,0) —i My(E, H) + (F,G)
i )+ (£,G) + (0, p ot A 0)

-~

= iMA(;%')\:O)

— —iMA(E, H) + (F,G)

By linearity to prove uniqueness we look at (6) with homogeneous data (0,0, 0,0,0),
ie.

(9, +iM)(E, H) = (0,0) in = ,
wE =0 in r ,
(B, H)(0) = (0,0) in QO

By the second equation we have E(t) € f{q(Q) forall¢,ie. (E, H)(t) € D(M) holds
for all ¢t . We compute for all ¢ using the first equation

0 (B, H)(t)|, = 2R(8(E, H)(1), (B, H)(t)),
= 2RI (M(E,H)(t),(E,H)(t))y; =0
~—_———

=M(E,H)(t)

since the scalar product is real because M : D(M) C H — H is selfadjoint. (Of
course the interested reader may calculate this once again by hand using partial
integration.) Hence, the norm |[(E, H)(t)|,, is constant in time, i.e.

[(E, H)(t)], = (B, H)(0)];; = 0

for all ¢ by the third equation. Thus, (£, H) = (0,0). |
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Actually we are interested in the Hilbert space H as control space and even not in

D(M) or R?(2) x D?T1(Q) . Moreover, the constraints (9) are too complicated and the
assumptions on the data much too strong. Thus, we have to weaken our solution
concept. To approach weak solutions we first have to define test forms.

Definition 3.4 For (®y, Vy) € D(M) and t € R the family
(q)v \I})(t) = eXp(_ 1tM) (CDOa \IIO)

defines a strong solution of the homogeneous Cauchy problem

0y +iM)(P,¥) = (0,0) in R x Q :
P =0 in R x 00 ,
((1)7 \Ij)(()) - ((I)o, qjﬁ) in Q

These solutions (®, V) are elements of C*(R, H)NC° (R, D(M)) and we will call them ‘test
forms with initial values (®,, ¥y)".

Next we present the idea of the definition of weak solutions. Thus, let (£, H) be
a strong solution of (6) and (®, V) be a test form with initial value (®,, ¥¢) € D(M).
Then we may compute

(F.G), (2, %))y = ((0: +iIM)(E, H), (2, 9)),
= (0,(E, H),(®, ) >H (M(E, H),(®,9)) 00010,
:at<(E7 ) (I)a\Ij >H_<(E7H)7at<q)7qj)>H
- <I‘0t E, \I’>L2,q+1(g) — <d1V H, (I)>L2,q(Q)
Since ¢ € fo{q(Q) we obtain
<d1V H, q)>L2,q(Q) = —<H, rot (I)>L2,q+1(9)

and assuming for these heuristic arguments that £/, ¥ and 0 2 are sufficiently smooth
we get by Stokes” theorem

/ rot(E A *0) = (rot E, U)12.411(0) + (E, div ¥)124(0)
Q

= / (E A D) = (—1)qN/ VEA®® U = (Ve E, 7 V)12000)
G19) GI9)
Putting all together yields

~(0,0)

— (M%) L0

Hence, we only have to remove the time derivative from the forms (£, H) to get
our weak solutions. (Please compare to Weck [46].)
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Definition 3.5 Let (Ey, Hy) € H, (F,G) € L*(I,H) and X € L*(I, R%(0Y)) . Then the
pair of forms (E, H) is said to be a ‘weak solution of the Cauchy problem (6) with data
(F,G, \, Ey, Hy)', ifand only if (E, H) € C°(I,H) and

<(E7 H>7 ((I)’ \Ij>>H<t> - <<E07 H0)> (q)Ou \PO)>H

- / (((F.6), (@,9))(8) + (A1 W)izaiony(s) ) ds

holds for all t € I and all test forms (®, V) with initial values (g, Vo) € D(M).

Remark 3.6

(i) Since the integrand belongs to L*(I) the scalar product ((E, H),(®,V)) , is weakly
differentiable, i.e. an element of W (I) and then, of course, even of W 2(I). Hence,
we obtain an equivalent formulation in W' (1)

(B, H),(®,9)) (1) = (F,G),(®, %))y, (t) + (A% ¥ 12 (t)

((E,H),(®,7)),(0) <(Eo,Ho), By, W) >H (10)

for all test forms (@, V) and almost all t. If the integrand is even continuous, which
holds, for example, if (F,G) € C°(I,H) and A € C°(I,RY(02)), then the scalar
product ((E, H),(®,V))_ is even an element of C*(I) and (10) holds for all t.

(i) The term (X, 7, V)124(90) needs some detailed interpretation. The normal trace of a
(q + 1)-form from D?"1(Q) is only an element of

DUON) = {\ € H;/*(9Q): Diva e HV2'(0Q)} |

where Div = (—1)=YW =1 @ Rot ® denotes the co-derivative on 92 applied to g-
forms. Please see again [47] for details. Hence, at first sight the scalar product

<>\77V\Il L2.a( 8(2 <)\ >L2 (D) (11)

for almost all s makes only sense as an usual dual pairing
Y = (A(s) > V2990) 1,29 (00)

Thus, \(s) should be an element of HY >9UDQ) for almost all s. But since for (almost)

all s the boundary forms \(s) € R1(0Q) and ~,V(s) € D(0 Q) have more reqularity
than just H;/lf’q@ ), the scalar product (11) still makes sense for almost all s. The
exact meaning of this will be clarified in the next lemma.

Lemma 3.7 The L*9(0 Q)-scalar product may be extended as a continuous bilinear form
to R1(02) x DI(0 Q) (using Stokes” theorem) by the following mapping:

b : RYON) xDY(0Q) — C
(e, B) — (ot Ve, Yo B)r2at1) + (Fra, div Ay B)12.0(0)
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Moreover, for all (E, H) € R4(Q) x D7 (Q) Stokes” theorem
<1”Ot E, H>L2,q+1(Q) + <E, div H>L2,q(Q) = b(’yTE, ’)/Z,H)
remains valid. Further on we will denote b as usual by (-, - )12.4(90) -

Proof: For a € R%(0(2) and 8 € DI(012) the respective extensions ¥,a and 7,5 to €2

are elements of RY(Q2) and D?"!(Q)). Therefore, the definition of b makes sense. To
show that b is well defined, i.e. does not depend on the extensions, we pick some

(E,H) € RYQ) x DI(Q) with 1,E = a and v, H = 3. Since v.(E — ¥,a) = 0

and v, (H — %,3) = 0 we have E — §,a € RY(Q) and H — 4,8 € D?(Q). Thus, by
definition

0= <I’Ot(E - ’77'04)’ H>L2,q+1(ﬂ) + <E - ’?TOZ, div H)szq(ﬂ) 5
0 = (rot Y-, H — %, 8)12041(0) + <%OZ; div(H — %5)>L2,q(g)

hold and addition gives (rot £, H)12.4+1(0) + (E, div H)12.4(0) = b(a, 3) , which proves
also the asserted formula. Finally the continuity of b follows from the Cauchy-Scharz
inequality and the continuity of the extensions, i.e.

|b(ev, B)] < 20Fral goey 1308l pesr gy < clelraoa)lBlouon)

Remark 3.8 From the latter lemma it is clear that the two mappings
a = (o, f)r2ap0) ;B B)rzapo
are elements of the dual spaces R?(0 Q)" and D(0Q)’, respectively, since for the norms

(o, B)r2ap0 (a, B)12a00
oup | 0 < 4oty ,  wp | o)
acrIGON0}  [alrR190) gepaeanfor  1Blpaaa)

< dafrao0)

hold. Therefore, identifying 3 and o with these two respective mappings we have
Do) Cc RIOQ) RI(OQ) C DIOQ)

Of course, in the case of a smooth boundary these inclusions are improved by the well known
formulas
DION) =RY(0Q) RY0Q) =D 0Q)

We are ready to prove the main result of this section.
Theorem 3.9 There exists at most one weak solution of (6). If additionally
AeH' (I,RY(00Q))

then there exists always a unique weak solution of (6). In this case (since T is arbitrary)
there exists a unique weak solution in C°([0, c0), H) .
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Proof: The difference (E, H) of two solutions satisfies ((E, H), (®, ¥))_(t) = 0 for all
t and all test forms (®, U) . Since exp(itM) is an unitary operator and D(M) dense in
H we obtain exp(itM)(E, H)(t) = (0,0) and thus (F, H)(t) vanishes for all ¢, which
proves uniqueness. To show existence we use the solution (£, H) from Theorem 3.3

suggested by spectral theory, which is still well defined and still belongs to C°(7, H)
by (8) even for our weak assumptions. Note that we have replaced the stronger

condition A € C*(1,R%(0Q)) by A € H' (I, R%(9Q)) c C°(I,R%(I)) . So it remains
to check, if (E, H) satisfies the integral equation of Definition 3.5. Let

(@, 0)(t) = exp(— itM)(Dg, Ty) , teR

be a test form with (®y, V) € D(M). We start with the second term in the sum of
the representation of (E, H):

(exp(=1120) (B = 3:A(0), Ho), (2, 9)(8))
= <(Eo —3:A(0), Hy), (®o, ‘Ifo)>H = ((Eo, Ho), (®o, Vo) )y — (97 A(0), Po)p g,

The third term may be handled utilizing Fubini’s theorem as follows:

< /Ot exp (—i(t — s)M)(F — 95 %\, G + p~ " rot 3, M) (s) ds, (@, \If)(t)>

H
t
= / <6Xp(i SM) (F - 85 77'>\7 G+ ;u_l rot ’?7')\) (8)7 ((I)Oa lIIO)>]1.]1 ds
0
t
_ / (F = 0.5\, G + 5 1ot 3,0), (@, 9))._(s) ds
0
t t
— [{FG). @)y ds+ [ (=050 10t3:0). (0,0) 1 (5) ds
0 0
We proceed with calculating the last integral.
t
_ / (0337, £®) ey (5) ds
t ’ t
= — / 83 <’3/7—)\, €(I)>L2,q(Q) (S) ds + / <’3/-,—>\, 9 83 (I)>L2,q(g)<5) ds
0 0
t
= — (5 A, e®)124(0)(t) + (3-A(0), €¢0>L2,q(ﬂ) +/o (e A, div W) 200 (s) ds
Hence, we get

405 o5, (@, ), () s

= — (%A, @) 120(0) (1) + (5-A(0), o), @

t
+ / ( (F:A, div \I/>L2,q(g)(s) + (rot 4, A, \I/>L2,q+1(g)(s) ) ds
0 A 7

-

= (A, %%LM(&Q)(S)
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by Lemma 3.7. Putting all together completes the proof. |

Remark 3.10 We have to be sure that Fubini’s theorem can be applied in the first step
of the calculation of the third term. Introducing the pointwise scalar product on g-forms

(0,9)q = n A and on pairs ((p,a), (¥, B)), = (¢, ¥)q + (a, B),, respectively, we
have so show by Tonelli’s theorem that the absolute value of the measurable function

(s,2) = { exp (= i(t = s)M) (F, G)(s), A(@, 0)(1)) (x)

q,q+1

is an element of L' ((0,t) x Q) . Hence, we compute (denoting the Lebesgue measure on RY

by 1)
[ [ (e (== .0 A 000), )] date) s
< c/ot exp (— it — M) (F, G)(s)]_[(@, 0)(1)] s
< ¢ [ 1E NNl @0, 00 ds < VT 0, )Pz

A shorter justification is the following: Since the scalar product of H is (clearly) continuous
and the integral over I is a limes of elements in H (Bochner’s integral) we can, of course,
interchange the integration over I and the scalar product.

3.3 A new notation

Let us change to a new and shorter notation, which enables us to follow the forth-
coming arguments and basic ideas more easily.
We set 0 := (0,0) as well as

u:= (K H) , f:=(F,QG) ,
ug := u(0) = (Eo, Ho) ; ey :=e(A) := (5:1,0) ,
ur = u(7T) , =80\ = (=05 A pT ot )
With this notation our Cauchy problem (6) reads as
O +iMu=f in = ,
Y,Tu = A in r , (12)
u(0) = ug in Q ;

where for a pair of forms 7 denotes the projection onto the first component. More-
over, u may be decomposed into u = u' + u¢, where u' and u° are the unique weak
solutions of the Cauchy problems

(O +iM)u' =0 : (O +iM)u =f in = :
rrmul =0 , rmul = A in r , (13)
u'(0) = uy : u‘(0)=0 in Q
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u' depends linearly and continuously on the initial data uy and u® is independent
of the initial data uy, i.e. constant with respect to u, . The unique weak solutions of

(12) and (13) exist by Theorem 3.9 in C°(I, H) for all T and all
wel , fel’,H) , XeH'(I,RY(OQ) (14)

and are given by the formulas

u(t) = ey(t) + e 1M (uo — eA(O)) + /t e_i(t_s)M(f +g)\)(s)ds ,
0
ul(t) — e 1My, , (15)

u(t) = ey(t) — e e, (0) +/O e =M 1 o)) (s)ds

4 Least-squares formulation of the controllability prob-
lem

From now on let the right hand side data f and A satisfying (14) as well as the
time 7" > 0 be given and fixed.
In order to solve the controllability problem (3), which reads now as

‘find uy € H, such that u satisfies (12) and ur = uy’, (16)

we investigate the equation
ur —up =0 (17)

more thoroughly. With the help of (15) we obtain

ur = u(7) = u/(T) +u(T) = e "Muy + s :

M _Dug + us

ur —ug = (e
Consequently, with the continuous linear operator in H
Cr:=C(t) :=e 1M1 ,
which satisfies |C;| < 2 for all ¢t and we will call ‘control operator’, we get
ur —ug = Crug + uy . (18)
Hence, we have to solve the linear equation
Crup+ur =0

in the Hilbert space H. Since, of course, Cr is neither symmetric nor selfadjoint we
cannot apply the usual conjugate gradient algorithm for its solution. Thus, we may
consider the corresponding normal equation

CrCrug + Crug =0 : (19)
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where C; = €™ —1 denotes the adjoint operator of C;. We note C;* = C;. Now
clearly C;Cr is selfadjoint and the usual ideas of conjugate gradient methods may
by applied to our problem. Consequently, we are forced to consider and to minimize
the quadratic functional

1 1
Ug — §<C;CT110, 110)]1-]1 -+ 3%<C;11%, 110>H = §<CT110, CTU(]>]H[ + %(u%, CTu0>H

1 (& 1 C
= Slerug + gl - Slasl

which, of course, is minimized, if and only if the quadratic functional

F: H — [0, 00)

uy — 3|Crug +ui|f = Lur —uolf

(20)
is minimized.

4.1 Least-squares formulation and calculation of the derivative of
the least-squares functional

We will investigate the following least-squares formulation:
Find initial data uy € H, such that

vV voeH : F(ug) < F(vo) : (21)

Here u resp. v is the unique weak solution of the Cauchy problem (12) with
initial data u, resp. vy. A solution u, of our controllability problem (16) would
clearly satisfy F(u,) = 0 and thus solve our least-squares problem. As a minimum
u, would then clearly satisfy F'(uy) = 0, provided that F is differentiable. Clearly
this holds true for every local extremum as long as F is differentiable. Moreover,
in order to solve the least-squares problem we will use as indicated a conjugate
gradient algorithm operating in the Hilbert space H. The implementation of such
an algorithm is greatly facilitated by the knowledge of the derivative F'. Thus,
having now two good reasons we may compute the derivative of 7. But this is
quite easy since F is a quadratic functional. To do so, we pick some u, vy € H and
derive

1
F(UO + Vo) = .;E(llo) + §R<CTVO, CTUO + 11%>H + §HCTVO "]%1 . (22)
Thus, F is differentiable in u, with derivative
F'(ug)vg = 3‘%<v0, Cr(Crug + u%)>H = R(vy, C;Crug + Crus)m (23)
and, of course, the normal equation is recovered. In this sense we may identify

F'(ug)  with  CiCrug + Crus
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Furthermore, we receive the representations
D, :=D(t) :=C;C; = ("™ =1)(e7 ' —1) = 2(1 — cos(tM)) : (24)
U, = a(t) := Cru(t) = (™ —1)u‘(t)
t
= (™ —1ex(t) + (e ™M —1)ey(0) + / (1 —e "M M(f 1 g\)(s)ds :
0
where we will call the continuous linear operator D, in H the ‘derivative operator’.
We have |D;| < 4 for all ¢. Finally we obtain
f’(uo)vo = §R<V0, DTUO + ﬁT>]HI . (25)

By (22) we get also
f(ll()) S f(llo + Vg) — F/<LIQ)V0

for all vo € H and thus
Lemma 4.1 For u, € H the following assertions are equivalent:

(i)  ugisasolution of the least squares problem (21).

()  F(u) =0

(iii) Drug+ur =0
We note that (iii) is the normal equation (19).

Using (18) let us interpret the derivative vector

Drug + Gr = Crul = (™M —1)uj € H , u;:=ur—uy € H

little more thoroughly. Clearly the forms u** and u*~ defined by

utt(t) = eltM u; , u”(t) = el(T—tM u;
are the unique weak solutions of the (homogeneous) adjoint Cauchy problems
(0 —iM)u"t =0 . (O FiM)utm =0 in =
Yrru®t =0 , yeru®T =0 in T , (26)
u“"(0) = uj, : u" (T)=up:=u; in Q

and we have u**(T) = u*~(0) = ¢ 7™u;, i.e.

Chup =uwy" —upt =uy T —wy
R * o oK,— * ok, *
=Ur —UYy=4u, —Uy=1uy, —Up

Here the signs + indicate that the wave u™* evolves forward in time, whereas the
wave u*~ evolves backward in time. Of course, this implies a change in the 0;-
term. We note that we define the weak solutions of the adjoint Cauchy problems
analogously to Definition 3.5. We do not want to write down these definitions in
detail here. Finally we obtain two more nice representations of our derivative vector
utilizing the solutions of the adjoint Cauchy problems (26)

i *a+ *a+ *,— *,—
Drug+ur =uy —uy =u, —uy . (27)
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4.2 C(Classical calculation of the derivative

Just for the sake of completeness let us shortly calculate the derivative via the ‘clas-
sical” procedure. The idea is to compute the derivative and then to determine the
vector in Riesz’ representation theorem. This procedure is usually called perturba-
tion analysis.

From (22) and (18) we may assume, that we already know the representation
of the derivative, which is by the way only heuristically clear without using the
spectral theory,

]:/(uo)Vo = §R<VT — Vo, ur — U—O>H = ~SR<VT — Vo, U*T>H )

where u} = ur — uy as well as u and v are the unique weak solutions of the Cauchy
problems

(O +iMu=f : (Ot +iM)v=0 in = :
VT = A , Yrmv =0 in r ,
u(0) = ug : v(0) = vy in Q
All we have to do is to find a vector u € H with
§R<VT — Vp, u}m = §R<VQ, ﬁ>H
Now the classical method proceeds as follows: Putting uy~ := u}. we compute for

the solution u*~ of some adjoint problem, which has to be determined,
R(vr —vo,up Ym = R{vo,uy” —up g+ R(v,u"")u(T) — R(v,u"")u(0)

and show R(v,u* " )g(T) — R(v,u*")x(0) = 0. But if we choose u*~ as the unique
weak solution of the backward in time homogeneous adjoint Cauchy problem (26)
with initial condition uy~ = u}, i.e.

ut (t) — ei(T—t)M u}

)

we get trivially (v, u™ " )g(T) = (v, u*")g(0) since e~ "M is unitary. Actually we have

forallte I

<V7 u*7_>H(t) = <e_itM Vo, ei(T_t)M u}>H - <V07 el 1M u;>H - <V> u*7_>H(0)
——

Consequently,
R(vr —vo,uy Yw = R(vo,uy” —uy )u
and we get like in (25), (27)
.7:/(110)V0 = §R<V0, ug’_ — u*T>H
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Thus, we obtain the representation of the derivative using the solution of the ad-
joint Cauchy problem (26) evolving backward in time. We note that in the classical
computations no weak solutions were considered. Thus, one was forced to calculate

(v Y (T) — (v, ) (0) = /O Oy(v, u" Y (t) dt

- /T (v, (O +iM)u ) (1) dt = 0
0 T

using 0, v = —iMv as well as y,mv = 7,mu*” = 0 and partial integration (or the
selfadjointness of M) to see that this term vanishes, if u*~ is chosen as the unique
backward in time solution of the adjoint Cauchy problem (26).

We finally note, if one wants to use the control space H = Li’q’q“ (), like we do,
in general the forms possess neither strong time- nor spatial-derivatives. Thus, this
method is not applicable in our weak framework.

4.3 Further discussion of the derivative

As already pointed out the derivative vector

A~ ko k  ATM % *
Drug+ur =Cruy =€ uy — u; :

—iTM
u, =Crup+uj=e'"""uy—ug+ug

= ur — uy = uly — ug + u

depends on the initial condition u, both directly and indirectly through the solution
u of the (Maxwell) wave equation (12) and one of the solutions u** of the adjoint
(Maxwell) wave equations (26). Moreover, we saw in (15) that u = u' + u® splits up
in a linear (and continuous) and a constant part (with respect to ug). Of course, the
same holds true for the solutions of the adjoint equations. Let us pick, for instance,
the forward in time solution u* := u**. Then u* depends linearly (and continu-
ously) on the initial data uj and may be decomposed into u* = u*! + u*¢, where u*!
and u™ are the unique weak solutions of the Cauchy problems

(0, —iM)u™ =0 , (0, —iMu*=0 in £,
Yt =0 , ~yrrut¢ = 0 in ' |
u(0) = u)' == ul —uy = Cruy u™(0) =uy“:=uf in Q

*

. l . . .
with u} = uy’' +uy“. Again u*! depends linearly (and continuously) on uy, whereas
u™¢ does not depend on u, . Of course, we have

u*,l (t) _ eitJv[ u;,l , u*’c(t) — eitM u;,c
Putting all together we see

*,1

J— l IS _ *,C c
Druy = uy —up +uy , ur = u; — up
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Finally by the representation (24) of D, we observe that u(t) := D,u, solves in the
weak sense

@ +MHa =2M%u, , uw0)=0 , 9,u(0)=0

resp.

(0P +M>a=2M*ny , w0)=0 , 91u(0)=0 , ~y7ra=0

5 Conjugate gradient method for the least-squares for-
mulation

Although it has become quite customary to use the conjugate gradient algorithm
in Hilbert spaces we want to repeat the main ideas and the algorithm here. For a
solid foundation see [13] and for applications one may have a look at [16, 17, 18, 19,
20] and of course at [21].

5.1 Conjugate gradient method in Hilbert space

Let H be a Hilbert space with scalar product (-, -) and norm | - |. Moreover, let A
be a continuous linear operator in H and let A* denote its adjoint operator.
We want to solve the problem

Au+ f=0

for given f € H, i.e. determine some u € H.
Since in general A might not be symmetric or selfadjoint, we turn to the normal
equation
A Au+A"f =0

Now, of course, A*A is selfadjoint and we try for the solution of the problem the
usual conjugate gradient ansatz. Thus, we want to minimize the quadratic func-
tional

W S (A Au )+ RS, ) = S|l + R(Au, ) = SlAu+ [P = S|P
Consequently, we will try to minimize the quadratic functional

F=F : H — [0, 00)

28
w s HAut f? @8

From the formula

F(u+h) = F(u) + R(Ah, Au+ f) + %||Ah||2 > F(u) + R(Ah, Au + f)
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for all » € H we see two things. First, F'is differentiable with derivative
F'(u)h = R(Ah, Au+ f) = R(h, A" Au+ A" f)
and, second, for some v € H

F(u) = min F(v) & F'(u)=0 & A"Au+ A" f =0

veH

Hence, our minimization problem and our normal equation are equivalent.
We note the following useful formulas, which we be frequently used during the
next two subsections:
1
F(u+h) = F(u)+ F'(u)h + §||Ah||2 > F(u) + F'(u)h
F'(u+v)h = F'(u)h + R{Ah, Av) = F'(u)h + R(h, A* Av)

Moreover, again F"(u) = F{(u) and F(u) may be identified with A*Au + A*f and
A* Au respectively.

5.1.1 Method of steepest descent

Now let us assume that an approximation u,_; of u is given and let us define the

residual
Tn—1 = A*Aunfl + A*f )

where we can identify F”(u,_;) with ,_; . Then we try to find a better approxima-
tion u,, with hopefully F'(u,) < F(u,—1) by a one dimensional line search

Up = Up—1 + Oéndn )

where o,, € R and d,, € H have to be determined. The vector d, should be the
direction of steepest descent. Since we search for the minimum

F(uy,) = min F(u,_1 + a,d,)

an€R

we set the derivative of the real function
1
O = F(up_1 + andy) = Fup_1) + anF' (up_1)d, + 50431 | Ad,,|?

to zero and get

_ F/(Un_l)dn

0= F/(tn-1 + cndo)dy = F'(un1)d + e Ada ' & = ——205

Then we derive

2

1 (F'(tn-1)dy)

2

o
Flun) = F(un-1) = anF'(up1)dn + 5 Ady|* = =5 5
(1) = Fltnor) = 00 F (tn )+ 5 Adu|” = 52—

<0 . (29)
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if and only if F'(u,_1)d, = R(d,, A*Au,_1 + A*f) = R(dn,7—1) # 0. This shows
that the best choice for d,, is the direction of steepest descent d,, = r,,_1 , the residual.
Thus, we put

P

[Arn]?

dn =Tp-1 7 Qp 1=

and consequently
|rna]”

By the equation
rn = AAu, + A f =r, 1+ a, A" Ar, 1

we get a simplification in the determination of r,, without using f . Note that A*Ar,,_4
may be identified with F{(r,_1).
We obtain our first method, the method of steepest descent:

Algorithm 1 Steepest Descent Algorithm (SDA) in H

initialization
setn =20
setu, € H
setr, = A*Au,, + A*f
if r,, small then
goto exit
end if
loop {for n > 1 assuming u,_; and r,,_; # 0 are known}
setd = Ar,,_4
seta = —[r,_.|?/]d|’
setu, =u,_1 +ar,_1
setr, = r,_1 +aA*d
if r,, small then
goto exit
end if
setn=n+1
end loop
exit
take u,, as solution

5.1.2 Method of conjugate gradients

Suppose now that approximate solutions vy, . . ., u,—1 with corresponding search di-
rections d, . .., d,_; are constructed. One may ask, if it is possible to construct this
sequence in a way, such that

Uy = Up_1 + Qpdy,
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even minimizes F' over the space
Un = {up} + Lin{dy,...,d,}

and not only over {u,_,} + Lin{d, } ? To give a positive answer to this question we
look at

un:ug—i—Zamdm:u@jL Zamdm , (=0,....,n—1
m=1 m=~¢+1

and calculate
n 1 n
F(u) = F(ug) + Y amF"(tg)dom + 5| S amAdy|
m=1 m=1

Now we want to use Pythagoras” theorem and hence wish on our search directions
the orthogonality property

which we will call the “A-orthogonal property’. Assuming and utilizing this property
we obtain

n / 1 n
F(un) = F(ug) + Y mF'(tg)dm + 3 > ol [Ad,|?
m=1 m=1

Consequently, our optimization problem over U,, decouples completely into n one
dimensional line search minimization problems. Of course, again by setting the
derivative of the real function

2
i 1= (1) + 22| Ad* = F (g + ) — P ()

to zero we get

F'(uo)d,,

=F dp, m | Ad,, 2 m=————
0 (UO) +a ” ” g o ‘|Adm”2

Furthermore, we note for all n, m

F'(t)dy = F'(ug)dy, + Y yR(Ady, Adyy) = F'(ug)dm + Y by, | Ady|?
=1 =1

(30)
) F'(uo)dm ,ifn<m
) F(uo)dp + o Adp |2 =0, ifn > m
and hence foralln =0,...,m—1
F'(uy)d,,
Oy = ——————
| Ad |?
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At this point for all » we may remind of the equation
F'(un)h = R(h,ry)

Now we try to find A-orthogonal directions of steepest descent d,,. By (29) we see
that again something like d,, = r,,_; would be the best choice. Hence, to ensure also
the A-orthogonality we try an ansatz

n—1
dy=rno1+ Y Budy
(=1

Then by (30) we have
F/(un—l)dn == F,(un—l)rn—l == ‘|rn—1”2 5 (31)
which is the best one can achieve, and form =1,...,n—1
n—1
0 = R(Ad,, Ad,y) = R(Ar,_1, Ady) + > BR(Ady, Ady,)
(=1
= §R<Arn717 Adm> + ﬁm"AAdm“2 )
if we assume that the directions d;,...,d,_; are already A-orthogonal. Thus, our

choice must be

§R<ATn_1, Adg) F/(un_l)A*Adg
= — = — , (=1,...,n—1
& [Ad,? [4d,]?

Let us note two more properties: For m = 0,...,n — 1 we have by (30)

R(ro, rn) = F(n)rm = F' (up)dmr = > BF (un)de =0,

=1
1e.
R(ra,rin) = Onmlral®

and thus

F'(un)A*Ad,,, = R(r,,, A*Ad,,) :

R(Arn, Ady) = R, A" Ady) = —— (Rl 1) — Ry 1)) = 0
with the help of

T =Tn_1+ a,A"Ad, : (32)

28



Of course, we also have

2
Fllug)ra = 72|, F'(up)A*Ad, = R(Ar,, Ad,) = |7l
Qp
But this shows 3, = 0 for / = 0,...,n — 2 and hence our current search direction is
simply
dn =Tp_1+ anldnfl

Summing up we get the following procedure: For some given approximation u,,_;
and last search direction d,,_; we choose

Up = Up—1 + andn ) dn =Tpo1 T+ 6n—1dn—1
with
F/(Un_l)dn F/(Un_1>A*Adn_1
Qp = == ) ﬁnfl = A B
Utilizing (31) we finally have
el PR 1 Oy (o
T Ad " ana[Adn1]*  [rn-of?

and we note that the update of the residual r,, is given by (32).
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We obtain the following conjugate gradient method:

Algorithm 2 Conjugate Gradient Algorithm (CGA) in H

initialization

setn =20

setu, € H

setr, = A*Au,, + A*f

set p, = |r,|?

if p,, small then
goto exit

end if

setd,.1 =1,

loop {for n > 1 assuming u,_; and r,_; # 0, p,—1 as well as d,, # 0 are known}
set d = Ad,
set o = —p,1/|d|
set u,, = u,_1 + ad,
setr, =r,_1 +aA*d
set p, = [r,|?
if p,, small then

goto exit

end if
setp=1/p,_1
set p = ppp
setd, 1 =r, + pd,
setn=n+1

end loop

exit

take u,, as solution

Using |Ad,|* = (A*Ad,, d,) we note that a variant in the loop would be replacing
the sequence

set d= Ad, set d=A"Ad,

set a=—p,i/ld’ by set a=-—p,i/(dd)
set wu, = u,_1 + ad, set wu, = u,_1+ ad,
set r, =r,_1+aA%d set r,=r,_1+ad

Of course, the similar modification is possible in Algorithm 1.

Let us remark that the procedures ry = A*Auy + A*f and d = A*Ad,, may be
regarded as the computations of the derivatives F'(ug) = F}(uo) and Fy(d,,) respec-
tively.
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5.2 Conjugate gradient algorithm for the problem at hand

To solve our least squares problem (LSP) (21) or by Lemma 4.1 equivalently our
normal equation (19)

DTUQ + ﬁT = C;CTUO + C;u% =0

approximately we propose to apply the latter CGA with the indicated variant. Hence,
we set

F=F:=F , H=H , A=C , fi=up , u:=u
We note that the procedure
o = A*AUO + A*f
in the CGA, which reads as

) = CiCruf + Chus | (33)

ie.

' =Ciul = — uj) , u; = Crup + uf = ur — u :
where we picked the forward in time solution u* := u**, needs the solution u at
time T of the inhomogeneous Cauchy problem (ICP) (12) with initial data uf as well
as the forward in time solution u* at time 7" of the homogeneous adjoint Cauchy
problem (HACP+) (26) with initial data uj;. Analogously the procedure

d= A*Ad,
in the CGA, which reads as
d=CpCpd” (34)
ie.
d =Cruf = uj; — u; , u; =Crd" =uy —d” ,

where we once again used the forward in time solution u* := u**, needs the solu-
tion u := u' at time T of the homogeneous Cauchy problem (HCP) (13) with initial
data d" as well as the forward in time solution u* at time 7" of the homogeneous
adjoint Cauchy problem (HACP+) (26) with initial data u.

We recall that the procedure (33) resp. (34) may be identified with the calculation
of the derivative or ‘gradient’ F'(up) = Fc (up) resp. Fy(d") of the least squares
functional

:F:fuCT : H — [0,00) fo  H — [0,00)
1 ez resp. 1 9
uy — 3|Cruo +uzlg u — 5[CruolE

We will present the CGA for the approximate solution of the LSP as our Algo-
rithm 3. In the beginning of the algorithm, before entering the iteration loop, we
choose an initial control vector uj € H and compute the first residual vector r’, i.e.
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the ‘gradient’ of the functional F . at the point uj, which gives the first minimiz-
ing direction d' = r’. The computation of this residual requires the solutions of
the inhomogeneous Cauchy problem ICP (12) with initial control vector uj and of
the homogeneous adjoint Cauchy problem HACP+ (26). Then on each CG iteration
we calculate the solutions of the homogeneous Cauchy problem HCP (13) with ini-
tial vector d" and of the homogeneous adjoint Cauchy problem HACP+ (26). This
gives the ‘gradient” of the functional F at the point d”, which is needed to update
the new residual vector r" and the new control vector ujj . Finally we set the new
minimizing direction d"**.

Algorithm 3 CGA in H with variant for LSP (21)

initialization
setn =20
set initial control vector uj € H
solve ICP (12) with initial vector uj and get u
solve HACP+ (26) with initial vector uj = uy — uj and get u*
compute residual vector (gradient . (uf)) r" = uj — ug
compute norm p" = |r"|%
if p" small then
goto exit
end if
set first minimizing direction d"*!' = r"
loop {for n > 1 assuming uj ' and r"~! # 0, p" ! as well as d" # 0 are known}
solve HCP (13) with initial vector d" and get u
solve HACP+ (26) with initial vector uj = ur — d” and get u*
compute gradient (F(d")) d = u} — u;
compute parameter o« = —p" 1 /(d,d")y
update control vector u? = uj ! + ad”
update residual vector r" = r"! + ad
compute norm p" = |r"|%
if p” small or n = N then
goto exit
end if
compute parameter p = 1/ pt
compute parameter p = p"p
update minimizing direction d"™ = r" + pd"
setn=n+1
end loop
exit
take uy as solution

We note that we may use the backward in time system HACP- (26) instead of
HACP+ as well. Then in this variant by (27) we have to replace the computation of
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* *,74

. . * . s * *,— * : kg%
the residual or gradient vector u}; — uj = u;” — uj by uy” — wj with uj, = u;.

6 Translation to classical vector analysis

We shortly turn out, which classical problems of vector analysis are covered
by our Cauchy problem (6). Hence, in this heuristic section we assume sufficient
smoothness of the boundary 0 (2 and of the differential forms. We may write down
(6) slightly more detailed:

OhE—etdivH=F in =
OH—p'rot E=G in = (35)
wE =\ in r

The condition (£, H)(0) = (Ey, Hy) in 2 stays always the same, so we do not write
it down every time. Since the exterior derivative and the tangential trace operator
commutate the second equation always contains a boundary condition for H as well,

if we assume slightly more regularity on the data, i.e. G € p 'R/ (Q). Applying
v, we obtain in '

Ve Or pH = v,puG + Rot A

or after integration

t
() = [ (oG + RotN)(s)ds -+ yopiHy
0

Furthermore, we may also discuss Neumann problems. Again with little more reg-
ularity on the data we get in I' by applying -

Ve tdivH = 0, A — v, F

In the classical framework, where we use Euclidean coordinates {z1,...,zx}, we
identify tangential vectors 9,, = 9} with unit vectors 9}!(Id) = ¢* € RV . Moreover,
we then identify 0-forms E with functions £ and N-forms E dz; A --- A dzy via the
Hodge star operator with O-forms E and hence also with functions. Furthermore,
we identify 1-forms

N
EzzlEndxn

by Riesz’ representation theorem with vector fields (Ei, ..., Ey)" in RY and also
(N — 1)-forms

N
E= (D)"Y E,xdz,
n=1

33



(again via the Hodge star operator) with 1-forms and thus also with vector fields
(Eb R ,EN)t in RN .

Let N = 3. On the surface 02 we identify 0-forms and 2-forms with func-
tions as well as 1-forms with tangential vector fields. Since we have generally
s = (—1)9V=9 and ®® = (—1)?V~179 we obtain ** = Id and ®® = (—1)?. More-
over, * acts like Id for functions and vector fields, whereas we have

| lag=0]g=1]q=2]
(@] 1d [ vx [ 1d |

where v denotes the exterior unit normal on 9 Q2. The wedge product A in R? is just
the scalar or vector multiplication, i.e.

|EANH [ qg=0] g=1[q¢=2]q=3]
¢g=01] EH | EH | EH | EH
g=1| FH |ExH|E-H
¢=21| EH | E-H 0
¢=3 | EH 0 0

[en) Ren) Naw)

On the boundary 02 we have for A

’E/\HquO‘ g=1 ‘q:Q‘

=0 | EH EH EH
g=11| EH |v-(ExH) 0
q=2 | EH 0 0

The exterior derivative rot = d and co-derivative div = § = (—1)9" x d* in R? turn
to the classical differential operators from vector analysis

grad =V , curl = V x , div=V-

and, therefore, our Sobolev spaces for forms may be identified with the well known
Sobolev spaces. Moreover, the tangential v, = * and normal trace v, = (—1)9" ® *x
need to be translated. We get the following identification table:

| [ ¢=0 | ¢=1 [ ¢=2 [ 4=3 |
rot grad curl div 0
div 0 div —curl grad
RY(Q) | H(grad, Q) | Hiewl, Q) | H(div, Q) L2(Q)
D9(Q2) L%(Q) H(div, ) H(curl, 2) H(grad, 2)
gl Elyo v X Elyg v- Elyq 0
i 0 v-Hlpg | —v X (v x Hlyg) Hlpq

o

We note H(grad, Q) = H'(Q) and H(grad, Q) = H'(Q).
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On the boundary 02 we have for Rot =dand Div=0 =®d®:

| [g=0]q=1] g=2 |
Rot || gradyq | curlpg 0
Div 0 divpo | —cogradyg

Here grad,q, curlyq, divpq resp. cograd,, denotes the surface gradient, (scalar)
rotation, divergence resp. co-gradient. These boundary differential operators may
be defined by extending a function f or a tangential vector field v defined on 0}
arbitrarily to a small neighborhood in R* and then applying the usual differential
operators to the extensions f or © as well as restricting them back to Q2. If necessary
we take the tangential or normal part of the vector. We have

gradyq f = —v x (v x grad f aQ) , cograd,q, f == —v x grad f so
curlpov == v - curl 9], : divopqu = divl,,
and note
cogradyg [ = —v x gradyq f ,
curlpo(v x v) =divgqv , divga(r x v) = —curlyqo

Furthermore, the rules of partial integration

(gradyq f,v)ao = —(f,divaa v)sq , (cogradyg f,v)aa = (f, curlpq v)aq

hold for suitable functions resp. tangential vector fields f, v. As long as the vector
product x or curl are not used all operations still hold true for arbitrary dimensions

N.
Now we obtain the following problems:
q=20:
HE—e'divH =F in =
O, H—p tgrad E =G in =
Elyq=A on r
vx (0 pH)|po =v X pGlyq + gradyg A on r
e MdivH|,, =0 A — Flyg on r
g=N—1:
OFE —ctgradH=F in =
OH—p'divE =G in =
v-Elgg=A on r
y-s_lgradH‘aQ:&f)\—y-FbQ on r
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q = N (trivial case): 0; E = F'and F(0) = Ey. Thus, £ = Ey + fot F(s)ds.

g=1land N = 3:

HE+ecwlH=F in =
OH—ptewlE =G in =
vx Elgg=A on r

v (0ipH)|yo =v - pGlyq + curlpg A on r
l/xs_lcurlH’aQ:—ﬁt)\—f—uxF|BQ on r

We would like to note that the equations of linear elasticity are also covered by
our approach, if we change the tangential boundary condition into the more simple
ones of componentwise scalar Dirichlet boundary conditions in Euclidean coordi-
nates. In detail the system (4) with the corresponding divergence equations, where
we may assume ¢ F' to be solenoidal, reads for N = 3, ¢ = 1 using our isomorphisms
and, for instance, only the equations for £/

PE+etewlpy tewl E=F in = :
diveE = diveFEy in = ,
vx Elygg=2A on I

If we now replace the space ﬁq(Q) by I:)IL‘?(Q) , the closure of (OJOO’Q(Q) in the norm of
HY9(Q), in our formulations and after taking the gradient insert the second equation
into the first one, we get

OPE + et curl p ' curl E 4 grad diveE = F in = ,
Elyg=A on r
Choosing ¢ := —bld and p := —% Id with a,b > 0 we obtain the homogeneous
isotropic linear elasticity operator
02 E + acurlcurl E — bgrad div E = F in = :

where in classical language a = 11, b = 2 + x and p, k are the Lamé constants.

7 Conclusion and outlook

Of course, it is also possible in a very similar way to establish our theory using

the domain of definition R?(2) x f)q“(Q) instead of D(M) for M . Then we always
would have prescribed normal traces.
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This report represents the first part of an ongoing longer research project. It
contains most of the theoretical work. Anyhow, in a forthcoming second report
we wish to investigate the ‘equivalence’ between the time-harmonic and the time-
periodic problem. In a third report we will try to explain some domain trunca-
tion procedures, which are needed for the implementation of the CGA, and study
their approximation properties thoroughly. There we will discuss approximate ra-
diation conditions (ARC), perfectly matched layers (PML), infinite elements (IFE)
and in particular tangential to normal operators (TtN) for differential forms, which
are the counterparts of the classical Dirichlet to Neumann (DtN) or electric to mag-
netic (EtM) operators for Helmholtz” or (time-harmonic) Maxwell’s equations, re-
spectively. For the TtN method we plan to work out a new theory.

Since we formulate our differential equations within the framework of differen-
tial calculus there are two methods for their discretization. One idea is to use the
finite element method (FEM) for differential forms, i.e. the finite element exterior
calculus (FEEC), [28, 1], which is the more common method. However, we intend
to use the discrete exterior calculus (DEC) since the DEC utilizes in a very natural
way the properties and the calculus of differential forms. In fact, this method uses
another approach to discretize the forms. The idea is not to use a variational for-
mulation of the problem and approximate the forms by polynomial forms, which
then would be evaluated at some points, but to measure the action of a differential
g-form E on a ¢g-dimensional volume element ', called g-cell. This mapping from
g-cells to real (or complex) numbers will be denotes by E and equals in fact the in-
tegral of the ¢g-form E over the g-cell. This is even the more physical way of viewing
Maxwell’s equations. The electric field may then be regarded as a 1-form and the
magnetic field as a 2-form. Due to Stokes’ theorem for a differential ¢g-form E we
have on (¢ + 1)-cells C

—_—

(dE,C) ::dE(C):/dE:/ V'E = *E(0C) =: (*E,0C)

(Here again ¢ : 9C — C denotes the natural embedding of the boundary.) Hence,
the exterior derivative d, i.e. a partial differential operator, is transformed into the
‘simple” geometric boundary operation 0 of computing the boundary 0C of C'.
Therefore, the boundary operator 0 is often called the ‘dual” or ‘adjoint” operator
to the exterior derivative d. Thus, roughly spoken, all one needs are operators map-
ping for a given mesh volumes to faces, faces to edges, edges to vertices. These
boundary operators are naturally sparse and consist of entries =1. Of course, also
the star operator needs to be discretized which results in a diagonal matrix. The
proper inner product is then the corresponding quadratic form. For a more detailed
discussion of the DEC we refer to the recent papers [29, 15, 14]. We note that in
special cases the classical Yee-scheme [50] and Yee-like schemes [8, 9] are recovered.

We plan to publish the corresponding numerical results in further forthcoming
reports. First promising numerical experiments are already done.
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