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a b s t r a c t

An in-plane elasto-plastic material model and a hygroexpansivity-shrinkage model for paper and board
are introduced in this paper. The input parameters for both models are fiber orientation anisotropy and
dry solids content. These two models, based on experimental results, could be used in an analytical
approach to estimate, for example, plastic strain and shrinkage in simple one-dimensional cases, but
for studies of the combined and more complicated effects of hygro-elasto-plastic behavior, a numerical
finite element model was constructed. The finite element approach also offered possibilities for studying
different structural variations of an orthotropic sheet as well as buckling behavior and internal stress
situations under local strain differences. A few examples are presented of the effect of the anisotropy
and moisture streaks under stretching and drying conditions on strain differences and buckling. The
internal stresses were studied through a case in which the drying of different layers occurred at different
stages. Both the anisotropy and moisture streaks were capable of rendering the buckling of the sample
visible. The permanency of these defects highly depends on several process stages and tension conditions
of the sheet, as demonstrated in this paper. The application possibilities of the hygro-elasto-plastic model
are diverse, including investigation into several phenomena and defects appearing in drying, converting
and printing process conditions.

� 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Paper and board have elasto-visco-plastic properties, exhibiting
such rheological behaviors as delayed strain recovery, stress relax-
ation and creep (Skowronski and Robertson, 1986; Rance, 1956;
Steenberg, 1947; Gates and Kenworthy, 1963; Lyne and Gallay,
1954). The hygroscopic nature of the pulp fibers causes dimen-
sional changes in the paper or the board when subject to influences
of humidity changes or treatments which involve water intake or
drying (Rance, 1954; Page and Tydeman, 1962; Uesaka, 1994;
Nanko and Wu, 1995). Shrinkage during drying (Wahlström and
Lif, 2003; Hoole et al., 1999; Nanri and Uesaka, 1993; Kiyoaki,
1987) and hygro- and hydroexpansivity (Uesaka, 1991; Salmen
et al., 1987; Larsson and Wagberg, 2008; Lif et al., 1995; Mendes
et al., 2011) are widely studied components of sorption based
dimensional instabilities. Natural fibers and their treatments,
bonds between fibers and their orientation in the fiber network,
additives and manufacturing conditions all affect dimensional
instability and mechanical properties of paper or board (Silvy,
1971; Wahlström and Fellers, 2000; Alava and Niskanen, 2006;
Kouko et al., 2007; Nordman, 1958; Fahey and Chilson, 1963;
Salmen et al., 1987; Uesaka et al., 1992; Uesaka and Qi, 1994;
Mäkelä, 2009; Lyne et al., 1996; de Ruvo et al., 1976; Manninen
et al., 2011; Setterholm and Kuenzi, 1970; Glynn et al., 1961;
Leppänen et al., 2008).

Several models to predict in-plane mechanical and rheological
properties, shrinkage and hygroexpansivity have been introduced
in the literature. Johnson and Urbanik (1984) and Johnson and
Urbanik (1987) have provided a nonlinear elastic model to study
material behavior in stretching, bending and buckling of axially
loaded paperboard plates. Nonlinear elastic biaxial failure criteria
have been studied by Suhling et al. (1985) and Fellers et al.
(1983). In-plane orthotropic elasto-plastic approaches to estimate
the tensile response and deformation of paper have been presented
by Castro and Ostoja-Starzewski (2003), Mäkelä and Östlund
(2003) and Xia et al. (2002). Viscoelastic models have been used
extensively in studying creep or relaxation behavior (Brezinski,
1956; Lif et al., 1999; Lu and Carlsson, 2001; Pecht et al., 1984;
Pecht and Johnson, 1985; Rand, 1995; Uesaka et al., 1980).

A formula for the hygroexpansion of paper relating to the
hygroexpansion of a single fiber and the efficiency of the stress
transfer between fibers has been derived by Uesaka (1994). The
traditional theory of linear thermoelasticity was applied to
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estimate hygroexpansion strains in the study of Lavrykov et al.
(2004). Hygro-viscoelastic models have been applied to estimate
history dependent dimensional stability and hygroexpansivity by
Uesaka et al. (1989), Uesaka (1991), Lif et al. (2005) and Lif
(2006). Mechano-sorptive creep has been studied, for example,
by Urbanik (1995), Strömbro and Gudmundson (2008), Alfthan
(2004) and Haslach (1994). Shrinkage profiles have been modeled
by Wahlström et al. (1999) and Constantino et al. (2005). The mea-
sured moisture dependency of material constants has been
employed within the nonlinear elastic model for an investigation
of the effect of moisture on mechanical behavior by Yeh et al.
(1991). Hygroscopic out-of-plane deformations, such as curling
and buckling, have been studied, using elastic constitutive models,
by Bloom and Coffin (2000), Leppänen et al. (2005) and Kulachenko
et al. (2005); while an elasto-plastic model has been introduced in
Lipponen et al. (2008, 2009). The hygroexpansion coefficients are
independent of moisture content in these models.

In this paper, an in-plane elasto-plastic material model and a
hygroexpansivity-shrinkage model that are functions of the dry
solids content and fiber orientation anisotropy index are intro-
duced. The elasto-plastic model is based on fittings of the uni-axial
stress–strain curves presented by Lipponen et al. (2008) and
Erkkilä et al. (2013). The dependency of the dry paper hygroexpan-
sion coefficient on the anisotropy index was determined using the
measurement results presented in Erkkilä et al. (submitted for
publication). The drying shrinkage strain as a function of the dry
solids content was constructed with an exponential formula based
on the measurements provided by Ivarsson (1954), Kijima and
Yamakawa (1978) and Tydeman et al. (1966) and summarized by
Wahlström et al. (1999) and Wahlström (2004). The relation
between the hygroexpansivity and the solids content was derived
from the drying shrinkage strain function. Usually, the hygroex-
pansivity has been considered to be constant (i.e. independent of
the moisture content level), which estimates the change in dimen-
sions of a dry paper subject to the relative humidity change.
However, in this paper, the dry solids content dependent hygroex-
pansivity, over the entire range from wet to dry, has been intro-
duced. These two models, the elasto-plastic material model and
the hygroexpansivity-shrinkage model, were exploited when
numerical solutions were obtained with the finite element method.
The use of the anisotropy index instead of that of traditional fiber
orientation anisotropy simplified the handling of different in-plane
directions in the case of the anisotropic sheet and, for instance, the
determination of Hill’s yield surface for the finite element
approach is straightforward. Analytical one-dimensional solutions
were used to estimate plastic and hygroscopic strains in simple
cases and the results were compared with numerical simulations.
2. Models

In this section, the one-dimensional elasto-plastic material
model (Section 2.1) and the hygroexpansivity-shrinkage model
(Section 2.2) are presented. The continuum mechanical model is
constructed in Section 2.3 and the numerical solution approach is
described in Section 2.4.
Table 1
The fitting parameters of Eq. (2) and the coefficients of determination r2 for the yield
stress ry , the yield strain ey and the hardening constant H.

A1 A2 A3 n r2

ry �5.9030 (Pan) 3.1959 (Pan) 18.3077 (Pan) 0.1760 (–) 0.965
ey 380.4181 (–) 14.3408 (-) �269.8327 (–) �0.7720 (–) 0.816
H �0.6021 (Pa2n) 4.0423 (Pa2n) 11.3795 (Pa2n) 0.0715 (–) 0.890
2.1. Elasto-plasticity

The stress–strain measurements, used here as the basic data for
constructing the material model, were presented in Lipponen et al.
(2008) and Erkkilä et al. (2013). The stress–strain curve fittings for
the determination of the elastic modulus, yield strain, yield stress
and function for the strain hardening behavior were discussed in
detail in Erkkilä et al. (2013). The following equation was
considered suitable for describing all the uniaxial stress–strain
relationships studied:

r ¼
Ee if e 6 ey

Eey � H
2Eþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H H

4E2 þ e� ey

� �r
if e > ey

8<
: ð1Þ

where r is the stress and e is the strain; the elastic modulus E, the
yield strain ey and the hardening constant H are the fitting parame-
ters. The fitting parameters were determined for different dry solids
contents (Rsc) and anisotropy index (/) levels from the materials
measured in Erkkilä et al. (2013). To construct the material model,
the following equation was used to fit the parameters ry; ey and H
as functions of Rsc and /:

P ¼ A1 þ A2/þ A3Rscð Þ1=n P ¼ ry; ey;H
� �

ð2Þ

where A1; A2; A3 and n are the fitting constants listed in Table 1. In
Erkkilä et al. (2013) the anisotropy index was defined as:

/ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

nþ tan2 c=n
þ n

s
ð3Þ

where n is the fiber orientation anisotropy and c is the angle from the
minor axis of the fiber orientation distribution. The anisotropy index
in the main direction and cross direction (direction perpendicular to
the main direction) obtain values of

ffiffiffi
n
p

and 1=
ffiffiffi
n
p

, respectively.
Table 1 also includes the coefficient of determination r2 values
between the measured parameters from Erkkilä et al. (2013) and
their estimates according to Eq. (2). The elastic modulus is deter-
mined by E ¼ ry=�y, with r2 = 0.985. The material model parameters
as a function of / and Rsc are presented in Fig. 1. Since the functions
fitted according Eq. (2) behave monotonically a reasonable amount
of extrapolation is permitted. This may be needed, for example, if
the local variation of the fiber orientation is considered. The model
has a lower limit for solids content; i.e., it is valid if Rsc > 0:3; the
parenthetical expression of Eq. (2) reaches negative values for yield
stress ry with low solids content if the anisotropy index is also
simultaneously low. The material model can be used directly to cal-
culate the material parameters of the orthotropic sample in any in-
plane direction or at any solids content level. Examples of the
determination of plastic strain as a consequence of stretching either
0.3% or 1% and releasing afterwards are presented in Fig. 2.

2.2. Hygroexpansivity and shrinkage

The hygroexpansivity-shrinkage model is based on the mea-
sured relationships between the dry paper hygroexpansivity bd

and anisotropy index /

bd ¼ k/v ð4Þ

and between the drying strain eds and the dry paper
hygroexpansivity

eds ¼ �
1
a

bd þ
b
a

ð5Þ

where k; v ; a and b are fitted constants for freely-dried (fd) and
restraint-dried (rd) samples made of either softwood pulp (SW),
thermomechanical pulp (TMP) or a mixture of those (MIX); see



Fig. 1. Material parameters as a function of the anisotropy index / and solids content Rsc .

Fig. 2. Plastic strains induced by 0.01 stretching (left) and 0.003 stretching (right) as a function of the anisotropy index / and solids content Rsc .

Table 2
The fitting parameters of Eq. (4)–(6) in the cases freely dried (fd) and restraint-dried
(rd) samples made of SW, TMP or MIX pulp.

k (–) v (–) a (–) b (–)

SW fd 0.1557 �0.9809 2.6599 0.0244
SW rd 0.0535 �0.4987 2.6599 0.0244
TMP fd 0.1037 �1.3436 2.9596 0.0249
TMP rd 0.0687 �0.9002 2.9596 0.0249
MIX fd 0.1098 �1.3015 2.5054 0.0250
MIX rd 0.0439 �0.9015 2.5054 0.0250
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Table 2. The measurements and fitting procedures were presented
in Erkkilä et al. (submitted for publication). In addition to the
freely-dried sheets, the linear relationship between the drying
shrinkage strain and hygroexpansion coefficient (Eq. (5)) can also
be applied to restraint-dried sheets, but its validity does not extend
to the sheets dried under additional stretch (Nordman, 1958). If
bd ¼ 0, the eds is estimated to have a positive strain (stretch) equal
to b/a. The stretch component is subtracted from the term b/a by
approximating the dry sample strain ed with the following equation

ed ¼ �
1
a

bd þ
b
a

1� exp �100
bd

a

� �� �
: ð6Þ



Fig. 3. The relationship between drying shrinkage strain e and hygroexpansion
coefficient b of the dry sample. Measured results of MIX samples are shown for
cross direction in (CD) (with full dots), the machine direction (MD) (with open
dots), the linear fitting Eq. (5) (with a dashed line) and relationship according to Eq.
(6) (with a solid line).
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Now if the hygroexpansion coefficient of the dry sample is bd ¼ 0,
then the shrinkage of sample from wet to dry is ed ¼ 0. The effect
of the modification on the MIX pulp can be seen in Fig. 3. The mea-
sured data points from Erkkilä et al. (submitted for publication) are
also presented.

Wahlström et al. (1999) and Wahlström (2004) introduced a
function for the development of drying shrinkage strain eh0 from
wet to moisture ratio M:

eh0 ¼ ed exp B�Mð Þ ð7Þ

where M is the moisture ratio and B is the fitting constant. For the
freely-dried sheet, the value �2.6 was fitted for B by Wahlström
(2004). As a function of solids content Rsc , Eq. (7) may be written
in the form

eh0 ¼ ed exp B
1

Rsc
� 1

� �� �
: ð8Þ

Assuming that the hygroscopic strain behaves reversibly in
infinitesimal solids content changes, the hygroexpansion coefficient
can be approximated as a negative derivative of eh0 with respect to
solids content Rsc:

b ¼ � @eh0

@Rsc
¼ B

R2
sc

ed exp B
1

Rsc
� 1

� �� �
: ð9Þ
Fig. 4. Hygroexpansion coefficient b (left) and cumulative drying shrinkage
If the requirement b Rsc ¼ 1ð Þ ¼ bd is set, the parameter B can be
solved as

B ¼ bd

ed
: ð10Þ

Lastly, the following equation for the hygroexpansion coefficient as
a function of solids content can be derived:

b ¼ bd

R2
sc

exp
bd

ed

1
Rsc
� 1

� �� �
; ð11Þ

where bd is defined by Eq. (4), and ed by Eq. (6). The hygroscopic
shrinkage strain in the dry solids content interval ½Rsc1Rsc2� can be
expressed as an integral

eh ¼ �
Z Rsc2

Rsc1

bdRsc: ð12Þ

In the case of the isotropic sheet, the hygroexpansivity b as a func-
tion of Rsc and eh for interval ½0;Rsc� are presented in Fig. 4 for freely
and restraint dried SW, TMP and MIX pulp samples. The depen-
dency of b on / and Rsc for freely and restraint dried MIX samples
is presented in Fig. 5.

2.3. Continuum mechanical model

In the continuum mechanical model plane stress is assumed
and the dependence between stress r ¼ ðr1;r2;r12Þ> and strain
e ¼ ð�1; �2; �12Þ> is defined by the generalized Hooke’s law as

r ¼ C e� ehð Þ ð13Þ

where C is the constitutive matrix and eh is the hygroscopic strain
defined as

eh ¼ �
b1

b2

0

0
B@

1
CADRsc ð14Þ

where DRsc is the solids content change and b1 and b2 are the
hygroexpansion coefficients in the main direction and cross direc-
tion, respectively. Hygroexpansivities b1 and b2 and their depen-
dence on / and Rsc are defined by Eq. (11). Hill’s yield function
(Hill, 1948) is used to describe the yield surface. Hill’s yield function
is commonly used for paper and paperboard although there are
known limitations related to it, for example, the origin symmetry
of Hill’s yield surface does not generally hold for paper or paperboard.
An essential factor supporting the usage of Hill’s yield function is the
relatively simplicity of the parameter definition; in the case of paper
the measurements needed for the determination of more exact yield
strain eh (right) of an isotropic sheet as a function of solids content Rsc .



Fig. 5. The dependence of hygroexpansion coefficient b on anisotropy index / and solids content Rsc for restraint dried (left) and freely dried (right) MIX samples.

Fig. 6. The sample setup for the numerical simulations. The locations of the anisotropy (left) and moisture (right) streaks.

Fig. 7. Examples of discretized stress–strain relationships. The three solids content Rsc levels are 0.60, 0.75 and 0.90, and the anisotropy n = 2.0. Whole stress–strain curves
(left), and the beginning of the curves of the left-hand figure (right).
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surface are very complicated. According to Hoffman’s approximation
as found in Lipponen et al. (2008) the yield function has the form

f ðrÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

1 � r1r2 þ
ry;1

ry;2

� �2

r2
2 � r2

12

	 

þ 2ry;1

ry;45�

� �2

r2
12

s
ð15Þ
where r1; r2 and r12 are the components of the stress tensor and
ry;1; ry;2 and ry;45� are the yield stresses in the main direction, cross
direction and the direction deviating 45� from the main direction,
respectively. The elastic modulus is defined for directions 1, 2 and
45� as



Fig. 8. MD stress (left) and CD stress (right) under 0.01 strain. Solids content Rsc = 0.9.

Fig. 9. CD profile of MD stress. The solids content Rsc = 0.9. Stress under 0.01 strain:
the numerical result (solid narrow line), the one-dimensional analytical result
(dashed line). The numerical result after release of the stretching (solid thick line).

Fig. 10. Simulated out-of-plane deformations after the sample was stretched to 0.01 strai
in the surrounding areas n = 1.8. Solids content Rsc = 0.9.

A.-L. Erkkilä et al. / International Journal of Solids and Structures 62 (2015) 66–80 71
Ei ¼
ry;i

ey;i
; ð16Þ

where ey;i is the yield strain in the direction specified by the sub-
script i. All in-plane stress and strain parameters are defined by
Eq. (2). The shear modulus is approximated as in Gibson (1994):

G12 ¼
1

4
E45�
� 1

E1
� 1

E2
� 2m12

E1

� � ; ð17Þ

where m12 is Poisson’s ratio defined as

m12 ¼ 0:015 1� Rscð Þ þ 0:15ð Þ/1; ð18Þ

where /1 is the anisotropy index of the main direction. The depen-
dence of m12 on the anisotropy index and solids content is roughly
based on the results presented in Yeh et al. (1991). By Maxwell’s
relation Poisson’s ratio m21 is defined as m21 ¼ m12E2=E1.

2.4. Sample setup and numerical solution

For the simulation examples, the finite element method (FEM)
was used to obtain the numerical solution. Simulations were per-
formed using ABAQUS/standard and shell element S4R with
n in the MD and released. In the streaks, the fiber orientation anisotropy n ¼ 2:2 and



Fig. 11. Gradient representation of the out-of-plane deformation map in Fig. 10.
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composite structure; see ABAQUS (2013). The sample size was
1500 mm in the machine direction (MD) and 750 mm in the cross
machine direction (CD); see Fig. 6. The thickness of the sample was
0.1 mm. The element size in both MD and CD was 10 mm, and in
the thickness direction, the element was divided into eight layers
of equal thickness. Since there were eight material layers, the
solids content was defined by nine equally spaced interfaces in
the thickness direction. In all simulations, except for the case
where the thickness directional solids content variation was stud-
ied, the solids content was the same in eight of the interfaces. The
solids content of the top surface was 0.5% lower than in other
Fig. 12. The CD profile of the MD plastic strains (left), and the MD profile of the CD plasti
The in-plane deformation of the simulated sample (solid thick line), the strain determine
strain using analytical one-dimensional model (dashed line). Solids content Rsc = 0.9.

Fig. 13. MD out-of-plane profile from the middle of the sample when different number of
figure, result obtained from this normal simulation setup (11250 elements) is compared w
edges (CD = 0 mm and CD = 750 mm), see Fig. 6.
interfaces. This approach was used to eliminate the symmetry of
the sample, enabling the potential out-of-plane deformation.

In the numerical solution approach, the anisotropy, solids con-
tent, and stress–strain curve is discretized. When solids content
and stress–strain space are considered, a linear behavior between
defined points is assumed. In the case of anisotropy, the anisotropy
is rounded to the nearest discrete value. The anisotropy was dis-
cretized with 0.1 intervals covering anisotropies between 1.0 and
6.0. The solids content dependence of the elastic properties, isotro-
pic hardening, Hill’s yield surface and moisture expansion coeffi-
cient was discretized with a resolution of 1%, covering the solids
content values from 55% to 100%. The stress–strain curve was dis-
cretized into 29 unequal intervals; see Fig. 7. The first point from
the origo is the yield point defining the borderline between elastic
and plastic behavior. Higher resolution was used with small plastic
strains, as can be seen from Fig. 7.

The sample may have one of three different anisotropy-solids
content-structures (Fig. 6), contingent on the simulation case
scenario:

1. The solids content is constant throughout the sample, while the
anisotropy has two 100 mm through-thickness MD streaks.
Within the streaks, the anisotropy n is 2.2, while in the sur-
roundings, anisotropy n is 1.8.

2. The anisotropy is constant throughout the sample (n ¼ 2), while
the solids content has two through-thickness MD streaks.

3. The anisotropy is constant throughout the sample (n ¼ 2), while
the solids content varies in the thickness direction.
c strain (right) after the sample was stretched to 0.01 strain in the MD and released.
d using integrated length of the simulated sample (solid narrow line) and the plastic

equal sized elements are used in the numerical solution procedure (left). In the right
ith case where out-of-plane displacement and rotations are restricted in the vertical



Fig. 14. Local MD and CD stresses after the sample was stretched to 0.01 strain in the MD and released. The bottom side MD stress (left), the top side MD stress (middle) and
the bottom side CD stress (right). Dry solids content Rsc = 0.9.

Fig. 15. Simulated out-of-plane deformations after the sample was stretched to 0.01 strain in the MD and released. The solids content Rsc = 0.75 (left) and solids content
Rsc = 0.60 (right). In the streaks, the fiber orientation anisotropy n ¼ 2:2; in the surrounding area n = 1.8.

Fig. 16. CD profile of the MD plastic strains after the sample was stretched to 0.01 strain in the MD and released. The solids content Rsc = 0.75 (left), and the solids content
Rsc = 0.60 (right). The in-plane deformation of the simulated sample (solid thick line), the strain determined using integrated length of the simulated sample (solid narrow
line) and the plastic strain using analytical one-dimensional model (dashed line).
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One or several boundary conditions were used during the sim-
ulation, depending on the case in question. However, throughout
every simulation the following boundary conditions are used:
1. The MD and CD displacement of the middle node
(MD = 750 mm, CD = 370 mm, see Fig. 6) of the sample was
restricted.



Fig. 17. Stress, r, under 0.01 strain and the plastic strain, e, after release.

Fig. 18. Measured fiber orientation anisotropy CD profiles for News, LWC and CWF
samples.
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2. The out-of-plane displacement and rotations of the nodes
located at the horizontal edges (MD = 0 mm and
MD = 1500 mm, see Fig. 6) were restricted.

3. The numerical simulations and one-dimensional analytical
results

3.1. Elasto-plastic deformation

In this section, some examples using elasto-plastic model in
stretching conditions without solids content changes are pre-
sented. In the first case, the sample with the anisotropy streaks
depicted in Fig. 6 had a solids content of 90%. In the simulation,
1% MD stretching was applied to the sheet, while the CD was
unconstrained. The MD and CD stress prevailing during the
stretching is presented in Fig. 8. The simulated MD stresses in
the streaks and other positions were equivalent to MD stresses
determined analytically from the one-dimensional material model,
as can be seen from the CD profiles of the MD stress from Fig. 9.
Through uniform stretching higher tension was created in the
streaks where the anisotropy is higher. After release of the stretch-
ing, the stress dropped back to zero, and only some minor distur-
bance could be detected in the boundary areas of the streaks
(Fig. 9). The out-of-plane deformations appeared after the stretch
was released; see Fig. 10. The out-of-plane deformations were
small compared to the in-plane dimensions of the simulated sam-
ple. For topography examination, the z-axis will henceforth be
zoomed in on, as in Fig. 10 (right). For visual inspection, the MD
gradient image is presented in Fig. 11. The gradient image simu-
lates the inclined illuminated situation and may reveal some
small-scale sharp details that are normally quelled by the higher
amplitude of long wavelengths in the topography map detection.
In reality, the visual appearance of an out-of-plane deformation
depends highly on illumination and the detection angle, the glossi-
ness of the surface and the ratio of the wavelength to detection
distance.

The in-plane deformation and strain in MD and CD are pre-
sented in Fig. 12. The strain of the deformed sample was deter-
mined by discrete integration. The plastic MD strain determined
analytically using a one-dimensional material model (Eq. (2)) is
drawn as dashed line in Fig. 12. The narrowing of CD (see
Fig. 12) was determined by Poisson’s ratio. The plastic strain differ-
ences between the streaks and other areas caused the tight streaks
and buckling in the slack surrounding areas of sheet, as is pre-
sented in Fig. 10. Buckling is highly dependent on boundary condi-
tions, element size, disturbance, etc., so the topography result can
only be considered as approximate or suggestive, see Fig. 13. Local
stresses of the bottom and top sides could be detected, as could be
expected, as being negative to each other: the local curl caused
shrinkage in the concave surface and positive strain in the convex
surface of the local buckle (see Fig. 14). The total stress, however,
reached zero, leaving no global internal stresses, except some dis-
turbances near the interfaces between regions with different ani-
sotropies (as shown in Fig. 9).

For the 75% and 60% solids contents, simulations with 1%
stretching were performed. In the case of 60% solids content, the
decreased stiffness caused a higher frequency in waviness when
compared to 75% or 90% solids contents; see Fig. 15. As can be
expected, the stress applied by the 1% stretching did increase
toward higher dry solids content (Fig. 17). The highest plastic
strain at the middle solids content (75%) results from elasto-plastic
material model, see Fig. 2. This is also consistent with Land’s study
(Land et al., 2008). However, higher plastic strain level did not
increase the plastic strain difference of the streaks and surrounding
areas significantly (see Figs. 16 and 17). In any case, all plastic
strain differences were small, below 0.02%, but buckling behavior
was estimated by the simulations.

1% stretching or even more stretching of a wet sheet is common
when the web is transferred from the press section to the drying
section of a paper machine. In other stages, when the dry solids
content of sheet is higher, a 1% stretch is unusual, since the tension
needed for web runnability rises due to the drying shrinkage. To
clarify the phenomena occurring in these examples, the anisotropy
difference between streaks and other areas was higher than is usu-
ally found in machine made papers. Anisotropy profiles of three
production machine samples – newsprint (News), light weight
coated (LWC) and coated wood free (CWF) – are presented in
Fig. 18. These profiles were measured by layered fiber orientation
measurement (Lipponen et al., 2009) and the anisotropy values
were averaged over the layers. The samples were 192 mm �
192 mm, and the fiber orientation was determined from 20 adja-
cent areas each having a length of 192 mm in the MD and a width
of 192/20 mm in the CD. In these three samples the deviation
(max–min) of the profile was approximately 0.2, while in sim-
ulations, the used difference of anisotropies between streaks and



Fig. 19. Simulated out-of-plane deformations when the surroundings of the streaks are dried from solids content Rsc = 0.90 to Rsc = 0.91. In the upper row the gradient images
and in lower row topography pictures. In the left column the sample has been unconstrained during drying while in right column the MD shrinkage is restricted during
drying. Homogenous structure with anisotropy n ¼ 2.

Fig. 20. CD profiles of MD shrinkage strains when the surroundings of the streaks are dried from dry solids content Rsc = 0.90 to Rsc = 0.91. The in-plane deformation of the
simulated sample (solid thick line), the strain determined using integrated length of the simulated sample (solid narrow line) and the hygroscopic strain using analytical one-
dimensional model (dashed line). Unconstrained drying (left) and MD shrinkage is restricted during drying (right).
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surrounding areas was 0.4. However, it should be noted that aniso-
tropy variations are often clearly higher if different layers or local
deviations are studied (Erkkilä et al., 1998; Lipponen et al., 2009).

3.2. Hygroscopic deformations

In this section, simple examples of the effect of moisture
changes on dimensional deformations using the hygroexpansiv-
ity-shrinkage model are presented. Obviously, even when the pur-
pose is solely to study the effects of hygroexpansivity through finite
element simulations, the results are not independent of the mate-
rial model. However, using Eq. (12), the one-dimensional analytical
results may indeed be solved directly without a material model. In
the first example of this section, the moisture streaks of a struc-
turally homogeneous anisotropic sheet (n = 2) were arranged as
illustrated in Fig. 6. The sample was dried rendering a solids content
change of 90% to 91%, except in the areas of the 100 mm wide
streaks, in which no changes were applied; i.e. the solids content
in those streaks remained at 90%. The drying was performed either
under MD restraint with unconstrained CD, or under no constraint
for both MD and CD, so that the sample was free to deform during
the drying in all directions. The MD restraint sample was released
after drying and allowed to deform freely. The fitting parameters
of the restraint-dried MIX sheet were used in these simulations
(see Table 2 and Eqs. (4) and (6)). The gradient and topography
images are presented in Fig. 19. Freely and restraint-dried cases



Fig. 21. Simulated out-of-plane deformations when in the first step the surround-
ing areas of the streaks were dried from the solids content Rsc = 0.90 to Rsc = 0.91,
and in the second step equal drying was performed for the streaks. Homogenous
structure with anisotropy n ¼ 2.

Fig. 23. Simulated out-of-plane deformation. In the first step, the sample was
stretched to 0.01 strain in the MD and released, and in the second step, it was freely
dried from solids content Rsc = 0.60 to Rsc = 0.65. In the streaks, the fiber orientation
anisotropy n ¼ 2:2; in the surrounding areas n = 1.8.
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were almost identical when the average CD profiles of the MD
shrinkage strain were compared and furthermore were congruent
with the analytical one-dimensional results; see Fig. 20. Visually,
the biggest difference could be detected in the buckling behavior.
The overall low frequency bending of the freely dried sheet lowered
the frequency of waviness in the streaks and smoothed the tensions
slightly in the streak boundaries (the maximum-minimum differ-
ence was 232 kPa for the freely dried sample and 244 kPa for the
MD restraint-dried sample). If in the following step the streak areas
are dried equivalently from 90% to 91% (Fig. 21), all out-of-plane
deformations disappear, the internal stresses are reduced to zero
at every position, and the amount of shrinkage is equal everywhere
and congruent with the one-dimensional hygroexpansivity model.
No plastic deformations arose either in restraint-dried or freely
Fig. 22. The out-of-plane deformation (left), and the CD profile of MD hygroscopic strains
Rsc = 0.60 to Rsc = 0.65. In the right-hand figure, the in-plane deformation of the simula
simulated sample (solid narrow line) and the hygroscopic strain using analytical one-di
dried cases under such a small stress difference (808 kPa
(tension = 80.8 N/m) in the restraint sample) or due to shrinkage
differences, only 0.022% between the surrounding and streak areas.

Also, anisotropy affects hygroexpansivity. A sheet with aniso-
tropy streaks was dried from 60% to 65% solids content without
any constraints in the MD nor CD. The out-of-plane deformation
and CD profile of the MD shrinkage strains are presented in
Fig. 22. The streaks having higher anisotropy levels shrunk less
than the other areas. The strain difference is very small, only
0.0041%. In order to more purely study the behavior of the hygro-
scopic model without the interference of plasticity, the studied
moisture changes were kept low, and all simulation results corre-
sponded well with the results of the one-dimensional hygroexpan-
sivity model.
(right) after the sample containing anisotropy streaks was dried from solids content
ted sample (solid thick line), the strain determined using integrated length of the
mensional model (dashed line).



Fig. 24. Simulated out-of-plane deformation. In the first step, the sample was
stretched to 0.01 strain in the MD and released, and in the second step, it was freely
dried from solids content Rsc = 0.60 to Rsc = 0.75.

Table 3
The strains in the streaks and surrounding areas from Fig. 26.

Streak (%) Surrounding (%) Difference (%)

65 fd 0.4075 0.4213 0.0138
75 fd 0.3543 0.3551 0.0008
65 rd 0.4475 0.4647 0.0173
75 rd 0.4609 0.4771 0.0161
One-dimensional 0.4097 0.4225 0.0128
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3.3. Brief study of interactions between moisture changes and
stretching

The aim in the previous sections was to demonstrate the behavior
of the material model and the hygroexpansivity model separately,
although the finite element simulations of hygroexpansivity are
not independent of the material model in any case. To study
simultaneous and interactive phenomena, including factors of dry-
ing and draw from both the hygroexpansivity model and the mate-
rial model, a few examples are presented here.

Starting with a baseline anisotropy streak case (as presented in
Section 3.1) having a solids content of 60%, the different drying
conditions could be applied. The first step was thus a draw of 1%
in the MD. In the second step, the draw was released, and then
the sheet was dried freely from a solids content of 60% to 65%.
The second step was fundamentally the same as the anisotropy
streak case of Section 3.2, excepting for initial plastic strain
Fig. 25. Simulated out-of-plane deformation. In the first step, the sample was stretched t
solids content Rsc = 0.60 to Rsc = 0.65 (left), and from solids content Rsc = 0.60 to Rsc = 0.7
differences and minor internal stresses at the streak boundaries.
The deformation occurring after this second step is presented in
Fig. 23. After adding up the CD profiles of MD strain solved by
the one-dimensional approach of the first step (Fig. 16, right) and
the second step (Fig. 22), an equivalent profile was achieved as that
of the finite element simulation; see Fig. 26. When the drying in
the second step were continued to a solids content of 75%, almost
all deformations arising from the streaks disappeared (Fig. 24),
since the shrinkage amount is lower in the streak areas. A signifi-
cant change in deformations can be detected if the 1% draw is
not released before the second step drying. The drying shrinkage
increases the MD tension further, resulting in an increase in the
plastic strain level as well as in the difference between the streaks
and surrounding areas in the MD (Figs. 25, 26 and Table 3).

In the second example, the anisotropic homogeneous sample
(n = 2) was freely dried from a solids content of 80% to 90% or
95%, so that in the first step solids content profiles in the thickness
direction were applied through the sample as is presented in
Fig. 27. The profiles used are roughly based on Östlund’s sim-
ulations for symmetric convective drying. The sample with basis
weight 300 g/m2 was dried symmetrically from Rsc = 0.435 to
Rsc = 0.997, for details see Östlund (2006). Only the high solids con-
tent profile (mean Rsc � 0:85) was used. In the second step, the
whole paper would finally achieve a uniform solids content of
90% or 95%. According to the simulations of this study (Fig. 27)
every tested solids content profile generates plastic strain differ-
ences between layers. The simulated stresses (Fig. 27) are same
order of magnitude as measured results in Östlund et al. (2004)
despite of the different material parameters etc. between the stud-
ies. The plastic strains of the layers in the MD and in the CD are
presented in Table 4. The higher plastic strain in the CD than in
the MD resulted from the higher shrinkage tendency and from
the different plasticity properties in the CD than in the MD in the
anisotropic sheet.
o 0.01 strain in the MD, and in the second step, it was dried under MD restraint from
5 (right).



Fig. 26. CD profiles of MD deformations for the cases depicted in Figs. 23–25. The analytical one-dimensional result corresponding to the case of Fig. 23 is presented by a thick
dashed line.

Fig. 27. The MD and CD stress of different layers, when in the first step different through-thickness solids content profiles (top-left) are applied. In the initial situation solids
content trough the sample is Rsc = 0.80 and in the second step every layer is dried either to Rsc = 0.90 (solids content profile 1) or Rsc = 0.95 (solids content profiles 2 and 3).

Table 4
The plastic strains in the layers from Fig. 27.

Profile 1 Profile 2 Profile 3

Layer MD (%) CD (%) MD (%) CD (%) MD (%) CD (%)

1 and 8 0.0068 0.0418 0.0160 0.0838 0.0084 0.0497
2 and 7 0 0 0 0 0 0
3 and 6 �0.0084 �0.0607 �0.0313 �0.1966 �0.0061 �0.0437
4 and 5 �0.0084 �0.0607 �0.0313 �0.1966 �0.0152 �0.1028
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4. Conclusions

The hygro-elasto-plastic model introduced herein offers the
possibility to study several complex phenomena of such orthotro-
pic planar materials as board or paper. The elasto-plastic model
and hygroexpansivity-shrinkage model based on experimental
results can be solved analytically and separately in one dimension,
but the full potential of these models is achieved through the
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numerical solution of a continuum mechanical model. With finite
element analysis, the simultaneous and interactive situations com-
bining these two separate models as well as the effect of plastic
and hygroscopic strains on the buckling behavior of a sheet or
web can be simulated. The time- or history-dependent behaviors
are not implemented on the introduced hygro-elasto-plastic
model. Thus, the applicability of the model on studies of storage
and multi-chained processes is limited. The input parameters of
the model are the fiber orientation anisotropy index (Erkkilä
et al., 2013), the dry solids content, the external strain or stress
and the change in the dry solids content. The use of the anisotropy
index instead of that of traditional fiber orientation anisotropy
simplified the handling of different in-plane directions. Usually,
the hygroexpansion coefficient has been considered to characterize
the deformation of a dry paper subject to a moisture change,
independently of the moisture content level, although some stress
relaxation and moisture history dependence may have been
involved (Uesaka et al., 1992). In this study, the dry solids content
dependent hygroexpansivity, over the entire range from wet to dry,
has been suggested. A few different parameters to model hygroex-
pansivity depending on the pulp type of the sample and on the free
or restrained drying conditions can be selected.

With the use of the finite element method, different sheet struc-
tures and dimensions can be applied, such as sheets or webs
including anisotropy, basis weight or moisture content variation
in-plane and throughout the different layers. The application
possibilities are versatile for studies on paper web or sheet behav-
ior in drying, converting, printing or copying processes. The
corresponding defects may include, for example, shrinkage pro-
files, misregistration in printing, deformation of boxes, different
buckling phenomena such as cockling, curling and heatset web off-
set fluting, internal stresses build up due to the two sidedness of
different processes and the streakiness of the web.

To demonstrate the model responses, a few examples of the
effect of anisotropy and moisture streaks of otherwise homoge-
nous anisotropic sheets on strain differences and buckling have
been presented. Also, the internal stresses caused by the drying
process with different layers drying at different stages have been
discussed. Very small plastic strain differences may cause buckling,
but how visually disturbing these out-of-plane deformation
defects are depends on paper or board grade and usage. This kind
of buckling streakiness is considered as a defect, and is often called
the bagginess of a paper web. The baggy paper web brings up the
risk of wrinkling, which is reported to increase if the strain differ-
ence is higher than 0.1%, although for some thin papers, a strain
difference of only 0.01% is enough to cause noticeable problems
(Roisum, 1996). In the examples of this work, the strain differences
have been more on the order of 0.01% than 0.1%. The simulation
cases were kept simple and the stretching and dry solids content
changes were selected to be small compared to the real total dry-
ing process of a paper machine. This enables to observe the
hygroexpansion and plastic strains separately, to compare the ana-
lytical and numerical in-plane deformations and to understand the
phenomena comprehensively.

The complexity of the interactive and simultaneous behavior of
hygroexpansivity and plasticity was revealed even with the simple
examples presented in this paper. For example, the streaks having
a higher anisotropy level than in the surrounding areas appeared as
tight streaks after stretching in the MD because of the lower plastic
strain in the MD. The free drying performed subsequently to the
stretching-releasing procedure may compensate for the difference
in the plastic strains, because the MD shrinkage tendency of the
high anisotropy streaks is lower than that of the surrounding areas.
However, if drying is done under restraint, the lower shrinkage of
the streaks may even further increase the plastic strain difference
between the streaks and surrounding areas. Land’s experimental
study (Land et al., 2008) of the effect of the moisture streaks on
permanent strain differences also showed that the releasing of ten-
sion at different stage of drying is a significant factor.

According to the simulation results of this study, the buckling
could be caused by both the anisotropy and the moisture streaks.
The more challenging task is to determine in which cases the gen-
erated buckling and strain differences remain as permanent plastic
strain differences, perhaps over subsequent converting processes;
and even further, in which cases they cause problems during paper
making and converting processes. Some problems of moisture
streaks arising from the drying section may well vanish in the coat-
ing or calendaring processes, where moisture or heat is brought to
the paper web. Structural streaks, such as anisotropy or basis
weight streaks, stay in the paper once formed, and may create
problems at any stage of the paper life cycle.
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