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Abstract
We prove the intrinsic Harnack’s inequality for a general form of a parabolic equation that
generalizes both the standard parabolic p-Laplace equation and the normalized version aris-
ing from stochastic game theory. We prove each result for the optimal range of exponents
and ensure that we get stable constants.

Keywords Intrinsic Harnack’s inequality · Viscosity solutions · Nonlinear equation ·
p-parabolic equation
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1 Introduction

We prove the intrinsic Harnack’s inequality for the following general non-divergence form
version of the nonlinear parabolic equation

∂t u = |∇u|q−p div
(|∇u|p−2 ∇u

) = |∇u|q−2 (�u + (p − 2)�N∞u), (1.1)

for the optimal range of exponents. The theorem states that a non-negative viscosity solution
satisfies the following local a priori estimate

γ −1 sup
Br (x0)

u(·, t0 − θrq) ≤ u(x0, t0) ≤ γ inf
Br (x0)

u(·, t0 + θrq) (1.2)

for a scaling constant θ which depends on the value of u. This intrinsic waiting time is the
origin of the name and is required apart from the singular range of exponents where the
elliptic Harnack’s inequality holds [19]. We also establish stable constants at the vicinity of
q = 2.
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T. Kurkinen and J. Siltakoski

When q = p, the Eq. 1.1 is the standard p-parabolic equation for which the intrinsic
Harnack’s inequality was proven by DiBenedetto [7] and Kwong [9], see also [8]. These
results were generalized for equations with growth of order p by DiBenedetto, Gianazza,
and Vespri [4] and by Kuusi [21]. When q �= p, the Eq. 1.1 is in non-divergence form. For
non-divergence form equations parabolicHarnack’s inequalities and relatedHölder regularity
results were first studied by Cordes [3] and Landis [22]. Parabolic Harnack’s inequality for
a non-divergence form equation with bounded and measurable coefficients was proven by
Krylov and Safonov [20]. Further regularity results for general fully nonlinear equations were
proven by Wang [28], see also [15]. To the best of our knowledge, our proof is partly new
even in the special case of the p-parabolic equation since it does not rely on the divergence
structure.

The idea of the proof of the right inequality in Eq. 1.2 is to first locate a local supremum
and establish a positive lower bound in some small ball around this point. Then we use
specific subsolutions as comparison functions to expand the set of positivity over the unit
ball for a specific time slice using the comparison principle. Our proof uses the connection
of Eq. 1.1 and the p-parabolic equation established by Parviainen and Vázquez in [26] to
construct suitable comparison functions. Heuristically, radial solutions to the non-divergence
form problem can be interpreted as solutions to divergence form p-parabolic equation in a
fictitious dimension d , which does not need to be an integer. The proof of the left inequality
is based on estimating the values of a function in the specific time slice by using the other
inequality with suitable radii and scaling of constants.

Our proofs often are split into three different cases because the behavior of solutions to
Eq. 1.1 depends on the value of q . For the degenerate case q > 2, the right-side inequality is
proven in [26] and we prove the singular case q < 2 as well as the case of q near 2. This is
done separately to obtain stable constants as q → 2. For the left-side inequality, the singular
case was proven in [19] and we prove the remaining cases.

DiBenedetto’s proof uses the theory of weak solutions but since the Eq. 1.1 is in non-
divergence form, unless q = p, we use the theory of viscosity solutions instead. Because of
this, we cannot directly use energy estimates as in [4] or in [8]. Even defining solutions is
non-trivial for this type of equations. A suitable definition taking singularities of the problem
into account was established by Ohnuma and Sato [25]. When q = 2, we get the normalized
p-parabolic equation arising from game theory which was first examined in the parabolic
setting in [23]. This problem has had recent interest for example in [11, 12, 18] and [1]. We
also point out that normalized equations have been studied in connection to image processing
[10], economics [24] andmachine learning [2]. The general formofEq. 1.1 has been examined
for example in [13] and [26] in addition to [19].

1.1 Results

We work with the exponent range

q >

{
1 if p ≥ 1+n

2 ,
2(n−p)
n−1 if 1 < p < 1+n

2 ,
(1.3)

which is optimal for the intrinsicHarnack’s inequality aswe prove in Section 7. For the elliptic
version of the inequality where we get both estimates without waiting time, the optimal range
is to assume (1.3) and q < 2, as we proved in [19]. The notation used for space-time cylinders
is defined in the next section.
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Intrinsic Harnack’s Inequality for a General...

Theorem 1.1 Let u ≥ 0 be a viscosity solution to Eq. 1.1 in Q−
1 (1) and let the range condition

Eq. 1.3 hold. Fix (x0, t0) ∈ Q−
1 (1) such that u(x0, t0) > 0. Then there exist γ = γ (n, p, q),

c = c(n, p, q) and σ = σ(n, p, q) > 1 such that

γ −1 sup
Br (x0)

u(·, t0 − θrq) ≤ u(x0, t0) ≤ γ inf
Br (x0)

u(·, t0 + θrq)

where
θ = cu (x0, t0)

2−q ,

whenever (x0, t0) + Qσr (θ) ⊂ Q−
1 (1).

We prove this theorem in Sections 4 and 5 after first introducing prerequisites and proving
auxiliary results in Sections 2 and 3. The theorem is proven by first establishing the right
inequality, from now on called the forward Harnack’s inequality, and then using this result
to prove the left inequality, henceforth called backward Harnack’s inequality. These names
are standard in the literature. We prove the forward inequality by first locating the local
supremum of our function and establishing a positive lower bound in some small ball around
the supremum point. This differs from the integral Harnack’s inequality used by DiBenedetto
for weak solutions at this step [8, Chapter VII]. The proof of this integral inequality uses
the divergence form structure of the p-parabolic equation and thus is not available to us
without a new proof. Next, we expand the positivity set around the obtained supremum point
by using suitably constructed viscosity subsolutions and the comparison principle. In the
singular case, we first expand the set in the time direction using one comparison function and
then expand it sidewise for a specific time slice using another one. In the degenerate case,
a single Barenblatt-type function is enough to get a similar result. Yet we need a different
comparison function to handle exponents near q = 2 if we wish to have stable constants as
q → 2. We construct these viscosity subsolutions in Section 3.

For the backward Harnack’s inequality, the singular case is proven as [19, Theorem 5.2],
and we prove the remaining cases in Section 5. The case q = 2 is a direct consequence of the
forward inequality aswe do not have to dealwith intrinsic scaling. The proof of the degenerate
case follows the proof of the similar result for the p-parabolic equation [6, Section 5.2] and
uses the forward inequality and proceeds by contradiction that the backward inequality has
to hold. In Section 6 we prove covering arguments that take the intrinsic scaling into account.
We do this by repeatedly iterating Harnack’s inequality and choosing points and radii taking
the intrinsic scaling into account. In the last Section 7, we prove that if q does not satisfy
the range condition (1.3), it must vanish in finite time and thus cannot satisfy the intrinsic
Harnack’s inequality. Thus the range condition is optimal.

2 Prerequisites

When ∇u �= 0, we denote

�
q
pu := |∇u|q−p div

(|∇u|p−2 ∇u
) = |∇u|q−2 (�u + (p − 2)�N∞u),

where p > 1 and q > 1 are real parameters and the normalized or game theoretic infinity
Laplace operator is given by

�N∞u :=
n∑

i, j=1

∂xi u ∂x j u ∂xi x j u

|∇u|2 .
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Thus the Eq. 1.1 can be written as

∂t u = �
q
pu.

Let � ⊂ R
n be a domain and denote �T = � × (0, T ) the space-time cylinder and

∂p� := (� × {0}) ∪ (∂� × [0, T ])
its parabolic boundary. We will mainly work with the following type of cylinders

Q−
r (θ) := Br (0) × (−θrq , 0],

Q+
r (θ) := Br (0) × (0, θrq)

where θ is a positive parameter that determines the time-wise length of the cylinder relative
to rq . We denote the union of these cylinders as

Qr (θ) := Q+
r (θ) ∪ Q−

r (θ)

and when not located at the origin, we denote

(x0, t0) + Q−
r (θ) := Br (x0) × (t0 − θrq , t0],

(x0, t0) + Q+
r (θ) := Br (x0) × (t0, t0 + θrq),

(x0, t0) + Qr (θ) := Br (x0) × (t0 − θrq , t0 + θrq).

Apart from the case p = q , the Eq. 1.1 is in non-divergence form and thus the standard
theory of weak solutions is not available, and we will use the concept of viscosity solutions
instead. Moreover, the equation is singular for 2 > q > 1, and thus we need to restrict
the class of test function in the definition to retain good a priori control on the behavior of
solutions near the singularities. We use the definition first introduced in [14] for a different
class of equations and in [25] for our setting. This is the standard definition in this context
and it naturally lines up with the p-parabolic equation (p = q), where notions of weak and
viscosity solutions are equivalent for all p ∈ (1,∞)[17, 26, 27]. See also [16].

Denote

F(η, X) = |η|q−2 Tr

(
X + (p − 2)

η ⊗ η

|η|2 X

)

where (a ⊗ b)i j = aib j , so that

F(∇u, D2u) = |∇u|q−2 (�u + (p − 2)�N∞u) = �
q
pu

whenever ∇u �= 0. Let F(F) be the set of functions f ∈ C2([0,∞)) such that

f (0) = f ′(0) = f ′′(0) = 0 and f ′′(r) > 0 for all r > 0,

and also require that for g(x) := f (|x |), it holds that
lim
x→0
x �=0

F(∇g(x), D2g(x)) = 0.

This set F(F) is never empty because it is easy to see that f (r) = rβ ∈ F(F) for any
β > max(q/(q − 1), 2). Note also that if f ∈ F(F), then λ f ∈ F(F) for all λ > 0.

Define also the set

� = {σ ∈ C1(R) | σ is even, σ (0) = σ ′(0) = 0, and σ(r) > 0 for all r > 0}.
We use F(F) and � to define an admissible set of test functions for viscosity solutions.
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Definition 2.1 A function ϕ ∈ C2(�T ) is admissible at a point (x0, t0) ∈ �T if either
∇ϕ(x0, t0) �= 0 or there are δ > 0, f ∈ F(F) and σ ∈ � such that

|ϕ(x, t) − ϕ(x0, t0) − ∂tϕ(x0, t0)(t − t0)| ≤ f (|x − x0|) + σ(t − t0),

for all (x, t) ∈ Bδ(x0) × (t0 − δ, t0 + δ). A function is admissible in a set if it is admissible
at every point of the set.

Note that by definition a function ϕ is automatically admissible in�T if either∇ϕ(x, t) �=
0 in �T or the function −ϕ is admissible in �T .

Definition 2.2 A function u : �T → R ∪ {∞} is a viscosity supersolution to

∂t u = �
q
pu in �T

if the following three conditions hold.

1. u is lower semicontinuous,
2. u is finite in a dense subset of �T ,
3. whenever an admissible ϕ ∈ C2(�T ) touches u at (x, t) ∈ �T from below, we have

{
∂tϕ(x, t) − �

q
pϕ(x, t) ≥ 0 if ∇ϕ(x, t) �= 0,

∂tϕ(x, t) ≥ 0 if ∇ϕ(x, t) = 0.

A function u : �T → R∪{−∞} is a viscosity subsolution if −u is a viscosity supersolu-
tion. A function u : �T → R is a viscosity solution if it is a supersolution and a subsolution.

The existence and uniqueness for viscosity solutions of Eq. 1.1 is proven in [25, Theorem
4.8]. In our proof of the forward Harnack’s inequality for the singular range we need a version
of the corollary proven in [26, Corollary 7.2] for the case q < 2. The lemma remains largely
the same except we change the signs of the exponents. We present the proof here for the
convenience of the reader.

Lemma 2.3 Let u be a viscosity solution to Eq. 1.1 in Q4r (1) and let the range condition
(1.3) hold and assume q < 2. For any δ ∈ (0, 1), there exists C := C(n, p, q, δ) > 1 such
that the following holds. Suppose that ω0 > 1 is such that for a0 := ω

q−2
0 < 1 we have

oscQr (a0) u ≤ ω0,

and define the sequences

ri := C−i r , ωi := δωi−1, ai := ω
q−2
i

where i = 1, 2, . . . . Then it holds that

Qri+1(ai+1) ⊂ Qri (ai ) and oscQri (ai )
u ≤ ωi .

Proof Observe that Qri+1(ai+1) ⊂ Qri (ai ) ⊂ Qr (1) holds as long as in the time-direction
we have

ai+1r
q
i+1 = ω

q−2
i+1 C

−(i+1)qrq = δq−2C−qω
q−2
i (C−i r)q ≤ air

q
i

which holds if we choose C to satisfy Cqδ2−q ≥ 1. To prove the second claim we will use
induction.

The case i = 0 holds by assumption. Suppose that the claim holds for some i = k meaning

oscQrk (ak ) u ≤ ωk
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and define

uk(x, t) := u(rk x, akr
q
k t) − infQrk (ak ) u

ωk
.

By induction assumption supQ1(1) uk ≤ 1. By change of variables, we can rewrite

oscQrk+1 (ak+1)

u

ωk
= osc(x,t)∈Q1(1)

u(rk+1x, ak+1r
q
k+1t)

ωk

= osc(x,t)∈Q1(1)
u(C−1rk x, δq−2C−qakr

q
k t) − infQrk (ak ) u

ωk

= oscQC−1 (δq−2C−q ) uk (2.1)

Next, we will use the Hölder estimates proved in [13] to estimate the oscillation. By [13,
Lemma 3.1], there exists a constant C1 := C1(n, p, q, ||uk ||L∞(Q4r (1))) such that

sup
t,s∈[−1,1]

t �=s

|uk(x, t) − uk(x, s)|
|t − s| 12

≤ C1 (2.2)

and by using [13, Lemma 2.3] for y = x0 and t = t0, there exists a constant C2 :=
C2(n, p, q, ||uk ||L∞(Q16r (1))) such that

uk(x, t) − uk(y, t) ≤ C2
(|x − y| + |x − y|2) . (2.3)

By our induction assumption and the definition of uk , ||uk ||L∞(Q4r )(1) ≤ 1 and thus C1

and C2 can be chosen independent of the solution.
Now Eq. 2.1 can be estimated with Eqs. 2.2 and 2.3 in the following way: Denote

A := QC−1(δq−2C−q) and let (x̄, t̄) ∈ A be the point where supA uk is obtained and
(ȳ, s̄) ∈ A be the point where inf A uk is obtained. Now for C3 = max{C1,C2}, we have

oscQC−1 (δq−2C−q ) uk ≤ uk(x̂, t̂) − uk(ȳ, s̄) + uk(ȳ, t̄) − uk(ȳ, t̄)

≤ C1
∣∣t̄ − s̄
∣∣
1
2 + C2

(|x̄ − ȳ| + |x̄ − ȳ|2)

≤ C3

([
δq−2C−q] 12 + C−1 + C−2

)

≤ C3

(
δ

3C3
+ δ

3C3
+ δ

3C3

)
= δ (2.4)

where the last inequality holds if we choose

C = max

{
3C3

δ
,
(3C3)

2
q

δ
4−q
q

, δ−1

}

.

Thus by combining Eqs. 2.1 and 2.4, we get

oscQrk+1 (ak+1) u ≤ δωk = ωk+1

as desired. 
�

A standard argument (see [26, Corollary 7.2]) together with the assumptionC ≥ δ−1 now
yields the following oscillation estimate.
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Corollary 2.4 Let u be a viscosity solution to Eq. 1.1 in Q4r (1) and let the range condition
Eq. 1.3 hold. For any given ω0 > 1 such that a0 := ω

q−2
0 satisfies

oscQr (a0) u ≤ ω0,

there exist constants Ĉ = Ĉ(n, p, q) > 1 and ν = ν(n, p, q) ∈ (0, 1) such that for any
0 < ρ < r it hold

oscQρ(a0) u ≤ Ĉω0

(ρ
r

)ν
.

The proof of this well-known result is a direct calculation. This lemma directly generalizes
for functions with time dependence and also for functions u where u(x − x̄) is radial for
some vector x̄ ∈ R

n . When dealing with functions v : R × R
+ → R, we denote the spacial

derivative by v′(r , t) and the time derivative by ∂tv(r , t).
Our proofs use the following comparison principle, which is Theorem 3.1 in [25].

Theorem 2.5 Let � ⊂ R
n be a bounded domain. Suppose that u is a viscosity supersolution

and v is a viscosity subsolution to Eq. 1.1 in �T . If

∞ �= lim sup
�T �(y,s)→(x,t)

v(y, s) ≤ lim inf
�T �(y,s)→(x,t)

u(y, s) �= −∞

for all (x, t) ∈ ∂p�T , then v ≤ u in �T .

3 Comparison Functions

Comparison functions are used in the standard proof for the intrinsic Harnack’s inequality
for the divergence form equation to expand the positivity set around the supremum point
using the comparison principle. In the degenerate case, a single Barenblatt-type solution is
enough to get the estimate but in the singular case, we need two separate subsolutions. The
Barenblatt solutions do not have compact support in the singular range and thus we need to
find another type of comparison function. Because of the connection of the Eq. 1.1 and the
usual p-parabolic equation examined in [26], we can use similar comparison functions as
DiBenedetto in his proof for the singular range. We will need three different subsolutions to
handle the singular case and values of q near q = 2. We denote throughout this section

η := p − 1

q − 1

which is the time-scaling constant connecting Eq. 1.1 to the usual q-parabolic equation in
the radial case.

Assume q < 2. We will use the following subsolution which is a time-rescaled version of
the solution used in the p-parabolic case by DiBenedetto [8, VII.7]. Let

�(x, t) := κρqξ

R(t)ξ

(

1 −
( |x |q
R(t)

) 1
q−1
)2

+
, (3.1)

where
R(t) := ηκq−2t + ρq

and κ and ρ are positive parameters and ξ > 1 is chosen independent of κ and ρ. By (·)+
we denote the positive part of the function inside the bracket.

123



T. Kurkinen and J. Siltakoski

By construction supp�(·, 0) = Bρ(0) and for t ≥ 0, we get the expanding balls

supp�(·, t) = B
R(t)

1
q
(0)

and the estimate
�(x, 0) ≤ �(x, t) ≤ κ for t ≥ 0. (3.2)

We examine � in the domains

Pκ,ξ := B
R(t)

1
q
(0) ×

(
0,

κ2−qρq

ηξ

)
.

We have � ∈ C∞(Pκ,ξ ) ∩C(Pκ,ξ ) and as we see in the following lemma, we can choose
the constant ξ to make � a viscosity subsolution to Eq. 1.1 in this set.

Lemma 3.1 Let the range condition (1.3) hold and q < 2. There exists a constant ξ :=
ξ(n, p, q) so that � is a viscosity subsolution to Eq. 1.1 in R

n ×
(
0, κ2−qρq

ηξ

)
.

Proof The function � ≡ 0 outside Pκ,ξ , so it is enough for us to check that � is a viscosity
subsolution on the boundary and inside this set. Let us first look at the points where∇� �= 0,
because here we can use the radiality of � in spacial coordinates and a simple calculation to
simplify our statement to the form

∂tφ − ∣∣φ′∣∣q−2
(

(p − 1)φ′′ + φ′ n − 1

r

)
≤ 0 in P ′

κ,ξ :=
(
0, R(t)

1
q

)
×
(

0,
κ2−qρq

ηξ

)

(3.3)

where

φ(r , t) := κρqξ

R(t)ξ

(

1 −
(

rq

R(t)

) 1
q−1
)2

+
.

We use the following notation during the calculation

R(t) := ηκq−2t + ρq , F := 1 − z
1

q−1 , z := rq

R(t)
, A := κρqξ

R(t)ξ
.

By direct calculation inside P ′
κ,ξ , we have

F ′ = − 1

q − 1
z

1
q−1−1 qr

q−1

R(t)
= − q

q − 1

z
1

q−1

r

F ′′ = − q

q − 1

(
q

q − 1

z
1

q−1

r2
− z

1
q−1

r2

)

= − q

(q − 1)2
z

1
q−1

r2

φ′ = 2AFF ′ = −2AF
q

q − 1

z
1

q−1

r

φ′′ = 2A
(
(F ′)2 + FF ′′) = 2A

(
q2

(q − 1)2
z

2
q−1

r2
− F

q

(q − 1)2
z

1
q−1

r2

)

= 2A
q

(q − 1)2

(
qz

1
q−1 − F

) z
1

q−1

r2
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Moreover,

∂tφ = − ξκρqξ

R(t)ξ+1F
2ηκq−2 + 2AF

1

q − 1
z

1
q−1−1 rq

R(t)2
ηκq−2

= −ξηκq−1ρqξ

R(t)ξ+1 F2 + ηκq−1ρqξ

R(t)ξ+1 F
2

q − 1
z

1
q−1 . (3.4)

Define an operator L : C2(R) → R by

L(φ) := R(t)ξ+1

ηκq−1ρqξF

(
∂tφ − ∣∣φ′∣∣q−2

((p − 1)φ′′ + φ′ n − 1

r
)

)
.

By the calculations above, we have

L(φ) = −ξF + 2

q − 1
z

1
q−1 − ∣∣φ′∣∣q−2 2

κ2−q R(t)

ηF
q

q − 1

⎛

⎝η

(
qz

1
q−1 − F

)
z

1
q−1

r2
− F z

1
q−1

r

n − 1

r

⎞

⎠

= −ξF + 2

q − 1
z

1
q−1 + ∣∣φ′∣∣q−2 2

κ2−q R(t)

η

q

q − 1

z
1

q−1

r2

⎛

⎝η

⎛

⎝1 − qz
1

q−1

F

⎞

⎠+ n − 1

⎞

⎠

= −ξF + 2

q − 1
z

1
q−1 +

∣
∣∣∣
∣∣
2AF q

q − 1

z
1

q−1

r

∣
∣∣∣
∣∣

q−2

2κ2−q R(t)
q

q − 1

z
1

q−1

r2

⎛

⎝ n − 1

η
+ 1 − qz

1
q−1

F

⎞

⎠

= −ξF + 2

q − 1
z

1
q−1 + (2AF)q−2

(
q

q − 1

)q−1
2κ2−q R(t)

z
q−2
q−1

rq−2
z

1
q−1

r2

⎛

⎝C1 − qz
1

q−1

F

⎞

⎠

= −ξF + 2

q − 1
z

1
q−1 +

(
2q

q − 1

)q−1
(

ρqξ

R(t)ξ
F
)q−2

⎛

⎝n − 1

η
+ 1 − qz

1
q−1

F

⎞

⎠ .

Introduce the two sets

E1 :=
{
(r , t) ∈ P ′

k,ξ | F < δ
}

, E2 :=
{
(r , t) ∈ P ′

k,ξ | F ≥ δ
}

where δ > 0 is a constant to be chosen. Now inside E1 we can estimate what is inside the
last brackets from above

(
n − 1

η
+ 1 − qz

1
q−1

F

)

≤ n − 1

η
+ 1 − q

F
≤ n − 1

η
+ 1 − q

δ
< 0

if we choose δ small enough that the last inequality holds. Notice also that both F ∈ [0, 1]
and ρqξ

R(t)ξ
∈ [0, 1] and thus

(
ρqξ

R(t)ξ
F
)q−2

≥ 1

by our assumption q < 2. Thus inside E1

L(φ) ≤ 2

q − 1
+
(

2q

q − 1

)q−1 (n − 1

η
+ 1 − q

δ

)
< 0. (3.5)

Here we can choose δ to be small enough to guarantee that the right side of the equation
is negative and this can be done without dependence on ξ .
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Let us next focus on E2. By the range of t , we have

(
R(t)ξ

ρqξ

1

F

)2−q

≤
⎛

⎜
⎝

(
ηκq−2 κ2−qρq

ηξ
+ ρq
)ξ

ρqξ

1

F

⎞

⎟
⎠

2−q

≤
(

ξ + 1

ξ

)ξ(2−q)

δq−2 ≤
(e

δ

)q−2

and thus for δ we chose above, we have

L(φ) ≤ −ξF + 2

q − 1

(
R(t)ξ

ρqξ

1

F

)2−q (
n − 1

η
+ 1

)

≤ −ξF + 2

q − 1

(e
δ

)q−2
(
n − 1

η
+ 1

)
(3.6)

in E2. We can now choose ξ to be large enough to guarantee that the right side is negative.
Thus combining the estimates Eqs. 3.5 and 3.6, we have that L(φ) ≤ 0 in the entire Pk,ξ and
thus by just multiplying the positive scaling factor in the definition of L away, we have that
φ is a classical subsolution.

We still need to check the points where ∇� = 0, because there the simplification we
did earlier in Eq. 3.3 does not hold. Also because of the singular nature of the Eq. 1.1, the
concept of a classical solution does not really make sense at these points and we need to use
the definition of viscosity solutions. By similar calculation to the radial case using the same
notation, we have

|∇�(x, t)| =
∣∣∣∣∣
−2AF

(
q

q − 1

) |x | q
q−1−2

R(t)
1

q−1

x

∣∣∣∣∣
= 2A

R(t)
1

q−1

(
q

q − 1

)
F |x | 1

q−1

and thus the gradient vanishes at the origin as 1
q−1 > 0 and in the set ∂B

R(t)
1
q
(0)×
(
0, κ2−qρq

ξ

)

as there F = 0. This latter set happens to be the lateral boundary of the support of �. By our
previous calculation (3.4), the time derivative of � is

∂t� = −ξκq−1ρqξ

R(t)ξ+1 F2 + κq−1ρqξ

R(t)ξ+1 F
2

q − 1
z

1
q−1 ,

which clearly satisfies ∂t� ≤ 0 at the critical points as the first term is negative and the
second is zero if either z = 0 or F = 0. Let ϕ ∈ C2 be an admissible test function touching
� at a critical point (x, t) from above. For any such function ∂tϕ(x, t) = ∂t�(x, t) ≤ 0 and
thus � is a viscosity subsolution in Pκ,ξ . The zero function is also a viscosity subsolution

so � is a viscosity subsolution in the entire R
n ×
(
0, κ2−qρq

ηξ

)
as we already verified the

boundary. 
�
The comparison function � defined in Eq. 3.1 does not give us stable constants as q → 2

because the radius we use it for blows up. We can extend the proof of the degenerate case
slightly below q = 2 with a different comparison function and use this to get stable constants
in our inequality for the whole range (1.3). Let ρ and κ be positive parameters and define the
function

G(x, t) := κρ
ν

λ(ν)

�(t)ν

(

1 −
( |x |

�(t)λ(ν)

) q
q−1
) q

q−1

+
, (3.7)

where
�(t) := ηκq−2ρ

(q−2) ν
λ(ν) t + ρ

1
λ(ν) , t ≥ 0.
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Here ν > 1 is a constant and

λ(ν) := 1 − ν(q − 2)

q
. (3.8)

The function (3.7) is a time-rescaled version of the comparison function introduced by
DiBenedetto in [8, VII 3(i)]. We also introduce a number

q(ν) := 4(1 + 2ν)

1 + 4ν
.

This number q(ν) will define the size of the interval around q = 2, where G is a viscosity
subsolution.

Lemma 3.2 Let q ∈ (4− q(ν), 7/3). There exists a ν := ν(n, p) > 1 independent of q such
that G is a viscosity subsolution to Eq. 1.1 in R

n × R
+.

Proof We prove this statement by first showing that G is a classical subsolution in the support
of this function

S := suppG =
{
(x, t) ∈ R

n × R
+
∣
∣
∣ |x | < �(t)λ(ν), t > 0

}

apart from the points where∇G = 0 and dealingwith the boundary and rest of the space after-
ward. The function G is radial with respect to space and thus we can perform our calculations
in radial coordinates. Define

g(r , t) := κρ
ν

λ(ν)

�(t)ν

(

1 −
(

r

�(t)λ(ν)

) q
q−1
) q

q−1

+
,

and

z := r

�(t)λ(ν)
, F := (1 − z

q
q−1 )+, a :=

(
q

q − 1

)2
, A := κρ

ν
λ(ν)

�(t)ν
, S ′ := supp g.

Again whenever g′ �= 0, we can use the radiality and a quick calculation to simplify our
statement to the form

∂t g − ∣∣g′∣∣q−2
(

(p − 1)g′′ + g′ n − 1

r

)
≤ 0 in R × (0,∞).

Inside S ′, we have

∂t A = −ν
κρ

ν
λ(ν)

�(t)ν+1 ηκq−2ρ
(q−2) ν

λ(ν) = −ν
ρ

(q−1) ν
λ(ν)

�(t)ν+1 ηκq−1

∂tF = − q

q − 1
z

1
q−1 r

−λ(ν)

�(t)λ(ν)+1
ηκq−2ρ

(q−2) ν
λ(ν)

and thus

∂t g = −ν
ρ

(q−1) ν
λ(ν)

�(t)ν+1 κq−1ηF
q

q−1 + A
q

q − 1
F

1
q−1

(
− q

q − 1
z

1
q−1 r

−λ(ν)

�(t)λ(ν)+1
ηκq−2ρ

(q−2) ν
λ(ν)

)

= −ν

(
κρ

ν
λ(ν)

)q−1

�(t)ν+1 ηF
q

q−1 + AaF
1

q−1 z
q

q−1
λ(ν)

�(t)
η
(
κρ

ν
λ(ν)

)q−2

=
(
κρ

ν
λ(ν)

)q−1

�(t)ν+1

(
−νηF + aλ(ν)ηF

1
q−1 z

q
q−1

)
. (3.9)
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For the spatial derivatives, we have

g′ = A
q

q − 1
F

1
q−1F ′ = −AaF

1
q−1

z
1

q−1

�(t)λ(ν)

g′′ = A
q

q − 1

(
1

q − 1
F

1
q−1−1

(F ′)2 + F
1

q−1F ′′
)

= A
q

q − 1

(
q2

(q − 1)3
F

1
q−1−1 z

2
q−1

�(t)2λ(ν)
− F

1
q−1

q

(q − 1)2
z

1
q−1−1

�(t)2λ(ν)

)

= Aa

q − 1

(
q

q − 1
z

q
q−1 − F

)
z

1
q−1−1 F

1
q−1−1

�(t)2λ(ν)

so finally
∣
∣g′∣∣q−2

(
(p − 1)g′′ + g′ n − 1

r

)

=
(

Aa

�(t)λ(ν)

)q−2

(F z)
q−2
q−1

(

Aa
p − 1

q − 1

(
q

q − 1
z

q
q−1 − F

)
z

1
q−1 −1 F 1

q−1 −1

�(t)2λ(ν)
− AaF 1

q−1
z

1
q−1

�(t)λ(ν)

n − 1

r

)

= (Aa)q−1

�(t)(q−2)λ(ν)

(
p − 1

q − 1

(
q

q − 1
z

q
q−1 − F

)
1

�(t)2λ(ν)
− F r

�(t)2λ(ν)

n − 1

r

)

= (Aa)q−1

�(t)qλ(ν)

(
C2z

q
q−1 − C1F

)

for constantsC1 = (n−1)(q−1)+p−1
q−1 andC2 = q(p−1)

(q−1)2
.Wedefine an operatorL : C2(R) → R

by

L(g) := �(t)ν+1

(
κρ

ν
λ(ν)

)q−1

(
∂t g − ∣∣g′∣∣q−2

(
(p − 1)g′′ + g′ n − 1

r

))
.

Therefore by the calculation above, we have

L(g) = −νηF
q

q−1 + aλ(ν)ηF
1

q−1 z
q

q−1 − �(t)ν+1

(
κρ

ν
λ(ν)

)q−1
aq−1

�(t)qλ(ν)

⎛

⎝ κρ
ν

λ(ν)

�(t)ν

⎞

⎠

q−1 (
C2z

q
q−1 − C1F

)

= −νηF
q

q−1 + aλ(ν)ηF
1

q−1 z
q

q−1 + �(t)(2−q)ν+1−qλ(ν)aq−1
(
C1F − C2z

q
q−1

)

= −νηF
q

q−1 + aλ(ν)bF
1

q−1 z
q

q−1 + aq−1
(
C1F − C2z

q
q−1

)
(3.10)

where the exponent of �(t) is zero because of Eq. 3.8. We introduce two sets

E1 : =
{
(x, t) ∈ R × (0,∞) | z q

q−1 ≥ 1

2

(
1 + C1

C1 + C2

)}

E2 : =
{
(x, t) ∈ R × (0,∞) | z q

q−1 <
1

2

(
1 + C1

C1 + C2

)}

and note that as λ is decreasing with respect to q , we have

1

4
= λ(q(ν)) ≤ λ(ν) ≤ λ(4 − q(ν)) = 6ν + 1

8ν
≤ 7

8
for q ∈ [4 − q(ν), q(ν)]. (3.11)

Inside E1, the first term can be small depending on the data but the lower bound we chose

for z
q

q−1 ensures that the rest of the terms are negative on their own without dependence on
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ν. Using Eq. 3.10 and estimate Eq. 3.11, it follows that in E1 it holds

L(g) ≤ −νηF
q

q−1 + aλ(ν)ηF
1

q−1 z
q

q−1 + aq−1
(
C1(1 − z

q
q−1 )+ − C2z

q
q−1

)

≤ aλ(ν)ηF
1

q−1 + aq−1
(
C1 − (C1 + C2)z

q
q−1

)

≤ â

(
λ(ν)η + C1 − 1

2
(C1 + C2)

(
1 + C1

C1 + C2

))

= â

(
λ(ν)η − q(p − 1)

2(q − 1)2

)

≤ âη

(
7

8
− q

2(q − 1)

)
≤ 0 (3.12)

where â = max{a, aq−1}. The last inequality holds because we assumed that q < 7
3 . Notice

that this estimate holds for all ν but only for q ∈ (4 − q(ν), 7
3 ) depending on the ν we pick.

In E2, we have
F ≥ C2

2(C1 + C2)

and we can ensure that L(g) is negative by choosing a suitably large ν. We again estimate
using Eqs. 3.10 and 3.11 that inside E2, it holds

L(g) ≤ −νηF
q

q−1 + aλ(ν)ηF
1

q−1 z
q

q−1 + aq−1
(
C1F − C2z

q
q−1

)

≤ − νη

(
C2

2(C1 + C2)

) q
q−1 + â

(
7

8
b + C1

)
. (3.13)

Choose

ν := max
q∈[8/5,7/3] â

(
7

8
+ C1

η

)(
C2

2(C1 + C2)

)− q
q−1

so that for this ν, we haveL(g) ≤ 0 in E2 by Eq. 3.13. Notice that this choice of ν depends on
n and p but not q and that 4−q(ν) > 8

5 for all ν ≥ 1. Thus for this choise of ν, we get that by
Eqs. 3.12 and 3.13, we have L(g) ≤ 0 in the classical sense in S ′ for all q ∈ (4 − q(ν), 7

3 ).
We still have to check the points where ∇G = 0. The gradient for the original function

(3.7) is

∇G(x, t) = A
q

q − 1
F

1
q−1F ′ = −AaF

1
q−1 z

1
q−1

x

|x | �(t)λ(ν)
= −AaF

1
q−1 |x | 1

q−1−1 x

�(t)qλ(ν)

which exists and vanishes at the origin as 1
q−1 > 0 and also vanishes when F = 0, that is

when x ∈ ∂R. Using the time derivative we calculated in Eq. 3.9, we have that for x ∈ ∂R
it holds ∂tG = 0 and for x = 0, we have

∂tG = −ν

(
κρ

ν
λ(ν)

)q−1

�(t)ν+1 ≤ 0.

Let ϕ ∈ C2 be an admissible test function touching� at a critical point (x, t) from above.
For any such function ∂tϕ(x, t) = ∂tG(x, t) ≤ 0 and thus � is a viscosity subsolution in
S. In
(
R
n × R

+) \ S, any admissible test function touching G from above must have zero
time-derivative and thus G is a viscosity subsolution in the entire Rn × R

+. 
�
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We need one more comparison function to handle expanding the sidewise positivity set in
our proof of the singular forward Harnack’s inequality in Theorem 4.1. This differs from the
degenerate case where only one Barenblatt type comparison function is used [26, Theorem
7.3].

Let k and ν be positive parameters and consider cylindrical domains with annular cross-
section

C(θ) := {ν < |x | < 1} × (0, θ). (3.14)

For these parameters and a constant ζ , we define

�(x, t) := k
(
1 − |x |2)

q
q−1
+

(

1 + k
2−q
q−1 ζ

( |x |q
ηt

) 1
q−1
)− q−1

2−q

. (3.15)

This is a rescaled version of the comparison function introduced by DiBenedetto in [8,
VII 6]. Our set (3.14) has different scaling compared to DiBenedetto’s as we feel this slightly
simplifies the roles of parameters. After finding a suitable ζ to ensure that� is a subsolution,
we can pick k to set what value � attains on the inner lateral boundary and finally pick ν to
set the size of the hole in the annular cross-section of our cylinder to be of suitable radius.
In our proof of the forward inequality these are picked in Eqs. 4.5 and 4.6. We present the
proof in detail for the ease of the reader and to fix some typos in the literature.

Lemma 3.3 Let the range condition (1.3) hold and q < 2. There exist constants ζ :=
ζ(n, p, q) and � := �(n, p, q) such that for every 0 < ν < 1 and k > 0, Eq. 3.15 is
a viscosity subsolution to the equation 1.1 in C(θ) for

θ = νqk2−q�. (3.16)

Proof The function� is radial and thuswewill again do our calculations in radial coordinates.
Define

ψ(r , t) := k
(
1 − r2

) q
q−1
+

(

1 + k
2−q
q−1 ζ

(
rq

ηt

) 1
q−1
)− q−1

2−q

and denote

z := k
2−q
q−1 ζ

(
rq

ηt

) 1
q−1

, F := 1 + z, w := k

F
q−1
2−q

, v := (1 − r2)
q

q−1 ,

so that ψ = vw. Whenever ψ ′ �= 0, we can simplify our statement to the form

∂tψ − ∣∣ψ ′∣∣q−2
(

(p − 1)ψ ′′ + ψ ′ n − 1

r

)
≤ 0 in C′(θ) := {ν < r < 1} × (0, θ).

We have

v′ = − 2rq

q − 1

(
1 − r2

) 1
q−1 = − 2rq

q − 1
v

1
q

v′′ = 4r2q

(q − 1)2
(
1 − r2

) 2−q
q−1 − 2q

q − 1

(
1 − r2

) 1
q−1 = 4r2q

(q − 1)2
v

2−q
q − 2q

q − 1
v

1
q

w′ = k
1 − q

2 − q
F− 1

2−q
q

q − 1
k

2−q
q−1 ζ

(
r

ηt

) 1
q−1 = − q

2 − q

w

F
z

r
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w′′ = −
(

q

2 − q

)[
−
(

q

2 − q

)
w

F2

z2

r2
+
(

q

q − 1

)
w

F
z

r2
−
(

q

q − 1

)
w

F
z2

r2
− w

F
z

r2

]

=
(

q

2 − q

)[(
q

(2 − q)(q − 1)

)
w

F2

z2

r2
− 1

q − 1

w

F
z

r2

]

= q2

(2 − q)2(q − 1)

w

F2

z2

r2
− q

(2 − q)(q − 1)

w

F
z

r2
.

Define operators Q : C2(R) → R and R : C2(R) → R by

Q(ψ) := ∂tψ − ∣∣ψ ′∣∣q−2
(

(p − 1)ψ ′′ + ψ ′ n − 1

r

)

and

R(ψ) := −(p − 1)ψ ′′ − n − 1

r
ψ ′

so thatQ(ψ) = ∂tψ +∣∣ψ ′∣∣q−2 R(ψ). Usingψ ′ = w′v+wv′ andψ ′′ = w′′v+2w′v′+wv′′,
we can estimate R(ψ) to obtain

R(ψ) = − (p − 1)(w′′v + 2w′v′ + wv′′) − n − 1

r
(w′v + wv′)

= −(p − 1)

[(
q2

(2 − q)2(q − 1)

w

F2

z2

r2
− q

(2 − q)(q − 1)

w

F
z

r2

)
v + 4q2

(2 − q)(q − 1)

w

F
z

r
v

1
q

+ w

(
4r2q

(q − 1)2
v

2−q
q − 2q

q − 1
v

1
q

)]
− n − 1

r

(
− q

2 − q

w

F
z

r
v − 2rq

q − 1
v

1
q w

)

= −
[

(p − 1)q2

(2 − q)2(q − 1)

z

F − (p − 1)q

(2 − q)(q − 1)
− (n − 1)q

2 − q

]
w

F
z

r2
v

− 4q2(p − 1)

(2 − q)(q − 1)

z

Fr
wv

1
q − 4r2q(p − 1)

(q − 1)2
wv

2−q
q + 2q(p − 1)

q − 1
wv

1
q + 2(n − 1)q

q − 1
wv

1
q

=: q

2 − q
η

[
d − q

(2 − q)

z

F

]
wz

Fr2
v + A. (3.17)

Here d = (n−1)(q−1)
(p−1) + 1 and A consists of four latter terms. Next, we will prove that A is

negative for suitably large z and we prove the technical part of this as a separate lemma after
finishing this proof. Let Z(p, q, N ) be the positive constant given by the Lemma 3.4 proven
below and note that to use this lemma, we will need to restrict θ to make sure that

z ≥ Z for all (r , t) ∈ C(θ).

The correct choice turns out to be

θ ≤ ζ q−1νqk2−q

η

1

Zq−1 (3.18)

as plugging this into the definition of z, we get

z = k
2−q
q−1 ζ

(
rq

ηt

) 1
q−1 ≥ k

2−q
q−1 ζ

(
νq

ηt

) 1
q−1 ≥ k

2−q
q−1 ζ

(
νq

ζ q−1νqk2−q 1
Zq−1

) 1
q−1

= Z .

Thus by Lemma 3.4

A = −wv
1
q

4q2(p − 1)

(2 − q)(q − 1)

z

Fr
− wv

2−q
q

4r2q(p − 1)

(q − 1)2
+ wv

1
q
2q(p − 1)

q − 1
+ wv

1
q
2(n − 1)q

q − 1
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= 2q

q − 1
wv

1
q

(
−2

q(p − 1)

2 − q

z

Fr
− 2

p − 1

q − 1
v
1−q
q r2 + p + n − 2

)

= 2q

q − 1
wv

1
q

(

−2
q(p − 1)

2 − q

z

(1 + z)

1

r
− 2

p − 1

q − 1

r2

1 − r2
+ p + n − 2

)

≤ 0

and thus combining this with Eq. 3.17, we get

R(ψ) ≤ q

2 − q
ηv

w

F
z

r2

[
d − q

2 − q

z

F

]
. (3.19)

Next, we estimate

∣
∣ψ ′∣∣ = −ψ ′ = −w′v − wv′ = q

2 − q

w

F
z

r
v + w

2rq

q − 1
v

1
q

= w

r

(
q

2 − q

z

F
(1 − r2)

q
q−1 + 2q

q − 1
r2(1 − r2)

1
q−1

)

≤ w

r

(
q

2 − q
+ 2q

q − 1

)
=: C1

w

r

and by direct calculation

∂tψ = v

(
1 − q

2 − q

w

F

(
− 1

q − 1

z

t

))
= 1

2 − q
v

w

F
z

t

and thus we get

∣∣ψ ′∣∣2−q
∂tψ ≤ C2−q

1

2 − q

(w
r

)2−q
v

w

F
z

t
. (3.20)

Set

L(ψ) = (2 − q)Fr2

vwz

∣∣ψ ′∣∣2−q Q(ψ) = (2 − q)Fr2

vwz

(∣∣ψ ′∣∣2−q
∂tψ + R(ψ)

)

and plug in our estimates Eqs. 3.19 and 3.20 to get

L(ψ) ≤ (2 − q)Fr2

vwz

(
C2−q
1

2 − q

(w
r

)2−q
v

w

F
z

t
+ q

2 − q
ηv

w

F
z

r2

[
d − q

2 − q

z

F

])

= C2−q
1 w2−q r

q

t
+ ηq

[
d − q

2 − q

z

F

]
. (3.21)

By our definition of w and z

w2−q r
q

t
=
(

z

1 + z

)q−1 k2−q

(
k

2−q
q−1 ζ
(
rq
ηt

) 1
q−1
)q−1

rq

t
≤ η

ζ q−1

and

ηq

[
d − q

2 − q

z

F

]
= η

q

2 − q

[
d(2 − q) − qz

1 + z

]
= η

q

2 − q

[
d(2 − q) − q + q

1 + z

]

=: η
q

2 − q

[
−λ + q

F

]
.
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Using these we can further estimate Eq. 3.21 to get

L(ψ) ≤ C2−q
1 η

ζ q−1 + η
q

2 − q

[
−λ + q

F

]
. (3.22)

Now finally if we assume

z >
2q

λ
(3.23)

we have q
F = q

1+z < λ
2 and can choose the ζ that satisfies

C2−q
1 η

ζ q−1 − η
q

2 − q

λ

2
≤ 0.

For this ζ , the estimate Eq. 3.22 becomes L(ψ) ≤ 0 and we have that ψ is a classical
subsolution. To ensure that only z satisfying both z ≥ Z and Eq. 3.23 are in our annulus
C′(θ), we need to further restrict θ we picked in Eq. 3.18 to make sure that

t < k2−qζ q−1rq
(

λ

2q

)q−1

η−1

in the set. By the definition of C′(θ), we have r ≥ ν so it suffices to choose

θ ≤
(

λ

2q

)q−1
ζ q−1νqk2−q

η

so picking

θ := ζ q−1

η
min

{(
λ

2q

)q−1

,
1

Zq−1

}

νqk2−q =: �(n, p, q)νqk2−q

all estimates hold and ψ is a classical subsolution in C′(θ). We still have to check the points
where ∇� = 0. By direct calculation, denoting

v = (1 − |x |2) q
q−1 and w = k

(

1 + k
2−q
q−1 ζ

( |x |q
ηt

) 1
q−1
)− q−1

2−q

,

we have

∇�(x) = 2q

q − 1
v

1
q xw + v

(
− q

2 − q

)
k

1
q−1

⎛

⎝1 + k
2−q
q−1 ζ

⎛

⎝ |x |
q

q−1

(ηt)
1

q−1

⎞

⎠

⎞

⎠

− 1
2−q

ζ

⎛

⎝ |x |
2−q
q−1

(ηt)
1

q−1

⎞

⎠ x

and it is easy to see that ∇�(x) = 0 if and only |x | = 1 or x = 0. The origin is outside our
domain so let (y, s) be an arbitrary point such that |y| = 1 and s ∈ (0, θ) and let ϕ ∈ C2 be
an admissible test function touching � from above at (y, s). At such point

∂tϕ(y, s) = ∂t�(y, s) = 1

2 − q
(1 − |y|2) q

q−1
w

F
z

t
= 0

and same trivially holds when touching a point in (Rn \ B1(0)) × (0, θ) and thus � is a
viscosity subsolution in (Rn \ Bν(0)) × (0, θ). This finishes the proof of Lemma 3.3. 
�

Next, we will prove Lemma 3.4 that we used in the above proof to show that A was
negative.
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Lemma 3.4 There exists a constant Z = Z(p, q, n) such that for all z ≥ Z and all r ∈ (0, 1)
we have

E(r) := 2
q(p − 1)

2 − q

z

(1 + z)

1

r
+ 2

p − 1

q − 1

r2

1 − r2
− p − n + 2 ≥ 0.

Proof Let K := max{K1, K2} where

K1 := n − 1

p − 1

2 − q

2q
, K2 :=

(
1 − n − 1

p − 1

)
2 − q

3q
.

We begin by showing that K < 1 using the range condition (1.3).
We first consider the case where p < n+1

2 and q >
2(n−p)
n−1 . Since the latter inequality implies

q

2 − q
>

2(n−p)
n−1

2 − 2 (n−p)
n−1

= n − p

p − 1
,

we obtain

K1 = n − 1

p − 1

2 − q

2q
<

1

2

n − 1

n − p
<

1

2

n − 1

n − n+1
2

= n − 1

2n − n − 1
= 1

using the upper bound on p. Similarly, we estimate

K2 ≤ 1

3

p − 1

n − p

(
1 + n − 1

p − 1

)
= 1

3

(
p + n − 2

n − p

)
<

1

3

n+1
2 + n − 2

n − n+1
2

= 1.

In the case p > n+1
2 , we have directly

K1 = n − 1

p − 1

2 − q

2q
≤ n − 1

n+1
2 − 1

2 − q

2q
= 2

n − 1

n − 1

2 − q

2q
= 2 − q

q
< 1

and

K2 = 1

3

2 − q

q

(
1 + n − 1

p − 1

)
≤ 1

3

2 − q

q

(

1 + n − 1
n+1
2 − 1

)

= 2 − q

q
< 1

so hence we have K < 1 for all exponents satisfying (1.3). Now observe that this implies

z

z + 1
≥ K

if and only if

z ≥ K

1 − K
.

Denote Z = K
1−K so that by above we have

z

z + 1
≥ K for all z ≥ Z . (3.24)
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Now, we estimate E(r) separately in the cases r ≥ 2
3 and r < 2

3 . If we first assume r ≥ 2
3 ,

this implies r2

1−r2
≥ 4

5 =: a so using Eq. 3.24, we can estimate

E(r) ≥ 2
q(p − 1)

2 − q
K1

1

r
+ 2

p − 1

q − 1
a − p − n + 2

= (p − 1)

(
2q

2 − q
K1 + 2a

q − 1
− 1 − n − 1

p − 1

)

= (p − 1)

(
2q

2 − q
K1 + 2a + 1 − q

q − 1
− n − 1

p − 1

)

≥ (p − 1)

(
2q

2 − q
K1 − n − 1

p − 1

)

= 0,

where the last identity follows from the definition of K1. If r ≤ 2
3 , we discard the second

term with r and estimate again using Eq. 3.24 to get

E(r) ≤ 2
q(p − 1)

2 − q

3

2
K2 − p − n + 2

= (p − 1)

(
1

3

q

2 − q
K2 − 1 − n − 1

p − 1

)

= 0,

where we used the definition of K2. 
�

4 Forward Intrinsic Harnack’s Inequality

In their paper [26], Parviainen and Vázquez prove the forward Harnack’s inequality for
viscosity solutions of Eq. 1.1 in the degenerate case q > 2. In this section, we prove the
remaining singular case q < 2 and the case of q near 2. For the proof of the same results
for the standard singular p-parabolic equation see [8, VII.9]. In the proof we first rescale
the equation into a simpler form, locate the local supremum of the function in some specific
cylinder and, use oscillation estimates to show that there exists some small ball on a time
slice where the function is strictly larger than the value depending on the singularity of the
Eq. 1.1. Barenblatt-type solutions have an infinite speed of propagation for q < 2 and hence
do not work as comparison functions similarly to the degenerate case. In the strictly singular
case, we next use a comparison function constructed in Lemma 3.1 to expand the set of
positivity in the time direction to get a similar lower bound extended from one time slice to
a space-time cylinder. Finally, we use a second comparison function constructed in Lemma
3.3 to widen the set of positivity in the spacial direction to fill the entire ball we are interested
in and get the final estimate. At the end of this section, we prove the inequality for values of q
near 2. This case is similar to the degenerate case and only requires one comparison function
but here we use one constructed in Lemma 3.2 instead of the Barenblatt solution used in the
degenerate case. This method gives us stable constants as q → 2 from either side.

Theorem 4.1 Let u ≥ 0 be a viscosity solution to Eq. 1.1 in Q−
1 (1) and let the range condition

(1.3) hold. Fix (x0, t0) ∈ Q−
1 (1) such that u(x0, t0) > 0. Then there exist μ = μ(n, p, q)
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and c = c(n, p, q) such that

u (x0, t0) ≤ μ inf
Br (x0)

u
(·, t0 + θrq

)

where
θ = cu (x0, t0)

2−q ,

whenever (x0, t0) + Q4r (θ) ⊂ Q−
1 (1).

Remark 4.2 The constants μ and c can be picked to be stable as q → 2 from either side as
we show in the proof. As q approaches the lower bound in Eq. 1.3, μ tends to infinity, and c
tends to zero. As q → ∞, both μ and c tend to infinity.

Proof of Theorem 4.1 The proof for the degenerate case q > 2 is given as [26, Theorem 7.3]
and thus we can focus on the singular case q < 2. Consider the rescaled equation

v(x, t) = 1

u(x0, t0)
u(x0 + r x, t0 + u(x0, t0)

2−q trq)

which solves {
∂tv = |∇v|q−p div

(|∇v|p−2 ∇v
)
in Q

v(0, 0) = 1,

where Q = B4(0)× (−4q , 4q). Now it is enough to show that there exists positive constants
c0 and μ0 such that

inf
B1(0)

v(·, c0) ≥ μ0 (4.1)

because then by the definition of v, we have

μ0u(x0, t0) ≤ u(x0, t0) inf
x∈B1(0)

1

u(x0, t0)
u(x0 + r x, t0 + c0u(x0, t0)

2−qrq)

= inf
Br (x0)

u(·, t0 + c0u(x0, t0)
2−qrq).

For the first part of the proof, we make the extra assumption q < 2 and deal with values
near q = 2 afterward. Proof for q = 2 is easy but we need to deal with values near it
separately to ensure that we get stable constants as q → 2 from either side. We will prove
Eq. 4.1 in the following steps.

Step 1: Locating the supremum. First, we will need to locate the supremum of v in Q and
establish a positive lower bound for v in some small ball around the supremum point. We do
this by using Hölder continuity results. For all τ ∈ [0, 1) and σ ∈ (0, 1) to be chosen later
define nested expanding cylinders

Qτ := {(x, t) ∈ Q | |x | < τ, t ∈ (−στ, 0)}
and the numbers

Mτ := sup
Qτ

v, Nτ := (1 − τ)
− q

2−q .

Notice that M0 = 1 = N0 and

lim
τ↗1

Nτ = ∞ and lim
τ↗1

Mτ < ∞
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as v is bounded. Therefore by continuity, the equation Mτ = Nτ must have a largest root
τ0 ∈ [0, 1), which satisfies

Mτ0 = (1 − τ0)
− q

2−q and sup
Qτ

v = Mτ ≤ Nτ for all 1 > τ > τ0.

Especially for τ̂ := 1+τ0
2 we have

Mτ̂ ≤ Nτ̂ = 2
q

2−q (1 − τ0)
− q

2−q .

By continuity of v, it achieves the value Mτ0 at some point (x̂, t̂) ∈ Qτ0(1) and for the
radius R = 1−τ0

2 we have (x̂, t̂) + QR(1) ⊂ Q τ̂ (1) as R + ∣∣(x̂, t̂)∣∣ ≤ 1−τ0
2 + τ0 = τ̂ .

Thus the supremum can be estimated

sup
(x̂,t̂)+QR(1)

v ≤ sup
Q τ̂ (1)

v = Mτ̂ ≤ 2
q

2−q (1 − τ0)
− q

2−q =: ω0 > 1. (4.2)

Let a0 = ω
q−2
0 and note that a0Rq = ω

q−2
0 Rq ≤ Rq and thus by Eq. 4.2, we have

osc(x̂,t̂)+QR(a0) v ≤ osc(x̂,t̂)+QR(1) v ≤ ω0.

Thus we can use Corollary 2.4 to find Ĉ := Ĉ(n, p, q) > 1 and ν := ν(n, p, q) ∈ (0, 1)
such that

oscBρ(x0) v(·, t̂) ≤ Ĉω0

( ρ

R

)ν

for any 0 < ρ < R. Pick ρ = δR for some δ := δ(n, p, q) small enough to satisfy

1 − Ĉδν2
q

2−q ≥ 1
2 so that

v(x, t̂) ≥ inf
BδR(x̂)

v(·, t̂) = sup
BδR(x̂)

v(·, t̂) − oscBδR(x̂) v(·, t̂)

≥ v(x̂, t̂) − Ĉ

(
δR

R

)ν

2
q

2−q (1 − τ0)
− q

2−q

=
(
1 − Ĉδν2

q
2−q

)
(1 − τ0)

− q
2−q ≥ 1

2
(1 − τ0)

− q
2−q =: κ (4.3)

for all x ∈ Bρ(x̂).

Step 2: Time expansion of positivity. We have managed to prove the positivity of v in a
small ball for time t̂ and now we intend to improve this estimate to get positivity in a time
cylinder. Consider the translated comparison function �(x − x̂, t − t̂) introduced in Eq. 3.1
for choices κ and ρ introduced above. By Lemma 3.1, we have thus that � is a viscosity
subsolution to Eq. 1.1 in

(x̂, t̂) + Pκ,ξ := B
(R̂(t−t̂))

1
q
(x̂) ×

(
t̂, t̂ + κ2−qρq

ηξ

)

for time dependent radius R̂(t) := ηκq−2t + ρq . We choose

3σ := κ2−qρq

ηξ
= (1 − τ0)

−qρq

22−qηξ

where σ is the constant we did not yet choose in the definition of our cylinders Qρ . Now by
Eqs. 4.3 and 3.2, it holds

v(x, t̂) ≥ κ ≥ �(x − x̂, t̂ − t̂)
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and by positivity v ≥ � on the spatial boundary. Thus by the comparison principle Theorem
2.5 (See Fig. 1 below)

v ≥ � in
{∣
∣x − x̂

∣
∣q < R̂(3σ − t̂)

}
× {0 < t − t̂ < 3σ

}

so in particular as ρ ≤ (R̂(3σ − t̂))
1
q , we get for t − t̂ ∈ (σ, 3σ) and |x | ≤ ρ

v(x, t) ≥ κρqξ

(
ηκq−2(3σ) + ρq

)ξ

(

1 −
(

ρq

ηκq−2σ + ρq

) 1
q−1
)2

+

=
1
2 (1 − τ0)

− q
2−q

(
1
ξ

+ 1
)ξ

(

1 −
(

3ξ

3ξ + 1

) 1
q−1
)2

+

=: ĉ(n, p, q)(1 − τ0)
− q

2−q . (4.4)

We do not have a way to know the exact location of t̂ inside Qτ0 but we know that
t̂ ∈ (−1, 0) and σ ∈ (0, 1). Thus as

(σ, 2σ) ⊂
⋂

t̂∈(−1,0)

(t̂ + σ, t̂ + 3σ),

we have estimate Eq. 4.4 for all (x, t) ∈ Bρ(x̂) × (σ, 2σ). As q ↗ 2, we have σ ↘ 0 and
hence the set converges towards an empty set. To get the estimate for values of q near 2, we
repeat a similar argument but with a different comparison function.

Step 3: Sidewise expansion of positivity. We will next expand the positivity set of v over
B1(x̂) for a specific time slice using yet another comparison function to finally get the estimate
Eq. 4.1. Choose

k = ĉ(1 − τ0)
− q

2−q , (4.5)

we got from Eq. 4.4,

ν := ρ

3
(4.6)

and let θ be given by Eq. 3.16 for this k and ν.We have Eq. 4.4 for all (x, t) ∈ Bρ(x̂)×(σ, 2σ)

so we have the same estimate with a smaller constant σ̂ = min{θ, σ }. We want to use a
translated and scaled version of the comparison function

�

(
x − x̂

3
,
t − σ̂

3q

)

in the annular cylindrical domain

Ĉ := {ρ <
∣∣x − x̂

∣∣ < 3
}× (σ̂ , 2σ̂ )

where we introduced � in Eq. 3.15. This rescaled � is a viscosity subsolution to Eq. 1.1 in
Ĉ by Lemma 3.3. Notice that this � vanishes for x ∈ ∂B3(x̂) or t = σ̂ and that

�

(
x − x̂

3
,
t − σ̂

3q

)
≤ k = ĉ(1 − τ0)

− q
2−q

everywhere in Ĉ. Combining this estimate with Eq. 4.4 we have

�

(
x − x̂

3
,
t − σ̂

3q

)
≤ v(x, t)
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Fig. 1 Illustration of the time expansion. We use the comparison principle over the light gray cylinder and get
the final estimate over the gray cylinder

for all (x, t) ∈ {∣∣x − x̂
∣∣ = ρ} × (σ̂ , 2σ̂ ) by continuity of v. Thus we can again use the

comparison principle to get � ≤ v in the entire set Ĉ.
In B2(x̂) × {t = 2σ̂ }, for our chosen k = ĉ(1 − τ0)

− q
2−q , we have

v(x, 2σ̂ ) ≥ ĉ(1 − τ0)
− q

2−q

(

1 −
(
2

3

)2)
q

q−1

+

⎛

⎝1 +
[
ĉ(1 − τ0)

− q
2−q

] 2−q
q−1

ζ

(( 2
3

)q

2ησ̂

) 1
q−1
⎞

⎠

− q−1
2−q

≥ inf
0≤τ≤1

ĉ(1 − τ)
− q

2−q

(

1 −
(
2

3

)2)
q

q−1

+

⎛

⎝1 +
[
ĉ(1 − τ)

− q
2−q

] 2−q
q−1

ζ

(( 2
3

)q

2ησ̂

) 1
q−1
⎞

⎠

− q−1
2−q

=: μ0(n, p, q).

Thus by taking infimum over B1(0) ⊂ B2(x̂), we get

inf
B1(0)

v(·, 2σ̂ ) ≥ μ0

so we have proved estimate Eq. 4.1 for c0 := 2σ̂ .

Case of q near 2. The case of q near 2 is quite similar to the proof we presented above. Let
ε > 0 be a small number to be fixed later and assume that q ∈ (2 − ε, 2 + ε). This time we
define a family of nested expanding cylinders by

Qτ := {(x, t) ∈ Q | |x | < τ, t ∈ (−τ q , 0)
}
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so they no longer depend on the constant σ . We define

Mτ := sup
Qτ

v, Nτ := (1 − τ)−β

for β > 0 to be chosen later similar to the proof of the degenerate case. Again let τ0 ∈ [0, 1)
be the largest root of equation Mτ = Nτ to ensure

Mτ0 = (1 − τ0)
−β and Mτ̂ ≤ 2β(1 − τ0)

β

for τ̂ = 1+τ0
2 . By continuity of v, it achieves the value Mτ0 at some point (x̂, t̂) ∈ Qτ0(1)

and for radii R = 1−τ0
2 , we have

sup
QR(1)

v ≤ sup
Q τ̂ (1)

v = Mτ̂ ≤ 2β(1 − τ0)
−β =: ω0 > 1.

For q < 2, we can repeat the same steps as we used to obtain Eq. 4.3 to find ρ := δR for
some δ := δ(n, p, q) small enough so that

v(x, t̂) ≥ v(x̂, t̂) − Ĉ

(
δR

R

)ν

2β(1 − τ0)
−β

=
(
1 − Ĉδν2β

)
(1 − τ0)

−β ≥ 1

2
(1 − τ0)

−β =: κ

for all x ∈ Bρ(x̂). For q ≥ 2, we repeat the same steps but use [26, Corollary 7.2] instead of
Corollary 2.4 and we get the same estimate.

This is where we need the special subsolution constructed in Lemma 3.2. Let κ and ρ be
the constants we set above and

G(x, t) := κρ
ν

λ(ν)

�(t)ν

(

1 −
( |x |

�(t)λ(ν)

) q
q−1
) q

q−1

+
.

Consider the translated version G(x − x̂, t − t̂) which is a viscosity subsolution to Eq. 1.1
in R

n × R
+ as long as our exponent q is close enough to 2. Let ν be the constant given by

Lemma 3.2 and pick ε = min
{
4(1+2ν)
1+4ν − 2, 1

3 ,
1
ν

}
. The first two numbers ensure that G is a

viscosity solution by Lemma 3.2 and the restriction ε ≤ 1
ν
is here to ensure that λ(ν) ≥ 0

for all q in our range.
At time level t = c0, the support of G(x − x̂, c0 − t̂) is the set

suppG(x − x̂, c0 − t̂) =
{
x ∈ R

n
∣∣∣
∣∣x − x̂

∣∣ < �(c0 − t̂)λ(ν)
}

where

λ(ν) = 1 − ν(q − 2)

q

and

�(c0 − t̂) =
(
p − 1

q − 1

)
κq−2ρ

(q−2) ν
λ(ν)
(
c0 − t̂

)+ ρ
1

λ(ν) .

=
(
p − 1

q − 1

)(
1

2
(1 − τ0)

−β

)q−2

(δR)
(q−2) ν

λ(ν)
(
c0 − t̂

)+ ρ
1

λ(ν)

= A(1 − τ0)
(q−2)

(
ν

λ(ν)
−β
)
(
c0 − t̂

)+ ρ
1

λ(ν) .
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Here we used R = 1−τ0
2 and defined

A :=
(
p − 1

q − 1

)(
1

2

(
δ

2

) ν
λ(ν)

)q−2

.

We choose

β = ν

λ(ν)
and c0 = 3

1
λ(ν)

A
+ t̂

and since
∣
∣x̂
∣
∣ < 1 and t̂ ∈ (−1, 0], these choices ensure

suppG(x − x̂, c0 − t̂) =
⎧
⎨

⎩
∣
∣x − x̂

∣
∣ <

(

A

(
3

1
λ(ν)

A
+ t̂ − t̂

)

+ ρ
1

λ(ν)

)λ(ν)
⎫
⎬

⎭
⊃ B3(x̂)

and thus B2(0) ⊂ suppG(x − x̂, c0 − t̂). In the set suppG(x − x̂, t̂ − t̂) = Bρ(x̂), we have

G(x − x̂, t̂ − t̂) = κ

⎛

⎝1 −
(∣
∣x − x̂

∣
∣

ρ

) q
q−1
⎞

⎠

q
q−1

+
≤ κ ≤ v(x, t)

and similarly G ≤ v on the rest of ∂p
(
B2(x̂) × [t̂, c0]

)
because we assumed v to be positive.

Hence by the comparison principle Theorem 2.5

inf
B1(0)

v(·, c0) ≥ inf
B1(0)

G(·, c0)

= κρ
ν

λ(ν)

(
3

1
λ(ν) + ρ

1
λ(ν)

)ν

⎛

⎜⎜
⎝1 −

⎛

⎜
⎝

1
(
3

1
λ(ν) + ρ

1
λ(ν)

)λ(ν)

⎞

⎟
⎠

q
q−1
⎞

⎟⎟
⎠

q
q−1

+

≥ 1

2

(
δ

2

) ν
λ(ν) 1
(
3

1
λ(ν) + ρ

1
λ(ν)

)ν

(

1 −
(
1

3

) q
q−1
) q

q−1

+

≥ 3− ν
λ(ν) 2−(1+2ν)

(
δ

2

) ν
λ(ν)

(

1 −
(
1

3

) q
q−1
) q

q−1

+
=: μ0(n, p, q),

so we have proven Eq. 4.1. Notice that all constants used here are stable as q → 2 from
either side. 
�

5 Backward Intrinsic Harnack’s Inequality

In this section,wewill prove the backward intrinsicHarnack’s inequality for the optimal range
of exponents (1.3). We proved the singular case as Theorem 5.2 in [19] but the degenerate
case has not been proven before to the best of our knowledge for Eq. 1.1. The degenerate
case is proven for the standard p-parabolic equation [6, Section 5.3]. All proofs are based
on using the forward inequality in a specific way taking into account the intrinsic scaling. In
the degenerate case, we move backward in time centered at x0 seeking for a time where the
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function obtains a value larger than μu(x0, t0). We handle the case of such time existing and
not existing separately and show that in both cases we get the backward inequality using the
forward inequality. The main difference to the singular case is that when q ≥ 2, we have to
assume that u(x0, t0) > 0 or the inequality will not hold. The case q = 2 follows directly
from forward Harnack’s inequality as we do not have to worry about the intrinsic scaling. In
the singular case, the amount of space needed around our space-time cylinder depends on n,
p, and q but we improve this result using covering arguments in the next section.

Theorem 1.1 Let u ≥ 0 be a viscosity solution to Eq. 1.1 in Q−
1 (1) and let the range condition

(1.3) hold. Fix (x0, t0) ∈ Q−
1 (1) such that u(x0, t0) > 0. Then there exist γ = γ (n, p, q),

c = c(n, p, q) and σ = σ(n, p, q) > 1 such that

γ −1 sup
Br (x0)

u(·, t0 − θrq) ≤ u(x0, t0) ≤ γ inf
Br (x0)

u(·, t0 + θrq)

where
θ = cu (x0, t0)

2−q ,

whenever (x0, t0) + Qσr (θ) ⊂ Q−
1 (1).

Proof Let c and μ be the constants we get from Theorem 4.1 and let θ = cu (x0, t0)2−q .
Case 1 (q<2): The case q < 2 is Theorem 5.2. in [19] where we get the theorem for constant

σ = 6
α
where α = (2μ)

q−2
q < 1.

Apart from the non-emptyness of Uα this proof extends directly to the case q = 2 but this
can be done easier as we do not have intrinsic time scaling in this case.

Case 2 (q=2): Let t̄ = t0 − cr2 and y ∈ Br (x0). Now by Theorem 4.1 at the point (y, t̄), we
get an estimate

u(y, t̄) ≤ μ inf
Br (y)

u(·, t̄ + cr2) = μ inf
Br (y)

u(·, t0) ≤ μu(x0, t0). (5.1)

This holds for any y ∈ Br (x0) and thus by taking supremum over all of them we get

sup
Br (x0)

u(·, t − cr2) ≤ μu(x0, t0), (5.2)

as desired. The use ofHarnack’s inequality in Eq. 5.1 is justified because in the space direction
B4r (y) ⊂ B5r (x0) ⊂ B 6

α
r (x0) and in the time direction we have

t̄ − c(4r)2 ≥ t0 − cr2 − c(4r)2 = t0 − c(5r2) ≥ t0 − c(σr2),

for any σ > 5.
Inequality (5.2) combined with Theorem 4.1 proves the inequality in the case q = 2.

Case 3 (q>2): Finally, let q > 2 where we again have to deal with the time-scaling. Let ρ

be a radius such that (x0, t0) + Q6ρ(θ) ⊂ Q−
1 (1) for θ = cu(x0, t0)2−q and define the set

T = {t ∈ (t0 − θ(4ρ)q , t0) | u(x0, t) = 2μu(x0, t0)}.
Now T is either empty or non-empty. If it happens that T �= ∅, there exists a largest τ ∈ T

by continuity of u. For a time like this, it must hold that

t0 − τ > cu(x0, τ )q−2ρq = c (2μu(x0, t0))
2−q ρq , (5.3)

because otherwise we can choose β̂ ∈ (0, 1) such that

τ + cu(x0, τ )q−2(β̂ρ)q = t0

123



Intrinsic Harnack’s Inequality for a General...

and use Theorem 4.1 on the point (x0, τ ) for radius β̂ρ to get

2μu(x0, t0) = u(x0, τ ) ≤ μ inf
B

β̂ρ
(x0)

u(·, t0) ≤ u(x0, t0).

This is a contradiction assuming that we have suitable space to use the forward Harnack’s
inequality. This is automatically satisfied in space as we are centered at x0 and in time we
have

τ − cu(x0, τ )2−q(4β̂ρ)q > τ − cu(x0, τ )2−q(4ρ)q = τ − c(2μ)2−qu(x0, t0)
2−q(4ρ)q

> t0 − θ(4ρ)q − (2μ)2−qθ(4ρ)q = t0 − (1 + (2μ)2−q) θ(4ρ)q

> t0 − θ(6ρ)q ,

where the last inequality holds for all μ > 1 as 1 + (2μ)2−q4q < 2 · 4q < 6q for q ≥ 2.
Here we used the fact that τ > t0 − θ(4ρ)q and u(x0, τ ) = 2μu(x0, t0) by the definition of
T . Set

s = t0 − c(2μu(x0, t0))
2−qρq (5.4)

and notice that by Eq. 5.3, it holds s ∈ (τ, t0) and

u(x0, s) ≤ 2μu(x0, t0).

Assume thriving for a contradiction that there exists y ∈ Bρ(x0) such that

u(y, s) = 2μu(x0, t0), (5.5)

and note that
s + cu(y, s)2−qρq = t0.

Therefore assuming there is enough room to use Theorem 4.1, we get

2μu(x0, t0) = u(y, s) ≤ μ inf
Bρ(y)

u(·, s + cu(x0, t0)
2−qρq) = μ inf

Bρ(y)
u(·, t0) ≤ μu(x0, t0).

We have enough room in space as B4ρ(y) ⊂ B5ρ(x0) and by Eqs. 5.4 and 5.5 in time, it
holds

s − cu(y, s)2−q(4ρ)q = t0 − c(2μu(x0, t0))
2−qρq − c(2μu(x0, t0))

2−q(4ρ)q

= t0 − θ

[(
2μ + 4

q
2−q 2μ

) 2−q
q

ρ

]q
> t0 − θ(6ρ)q ,

where the last inequality holds for all μ > 1 because for q > 2 we have

(
2μ + 4

q
2−q 2μ

) 2−q
q

< (2μ)
2−q
q < 1.

Therefore such y ∈ Bρ(x0) cannot exist and we have

u(y, s) < 2μu(x0, t0) for all y ∈ Bρ(x0)

and thus by definition of s

sup
Bρ(x0)

u(·, t0 − c(2μu(x0, t0))
2−qρq) ≤ 2μu(x0, t0) (5.6)
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Let r = (2μ)
2−q
q ρ ≤ ρ and rewrite Eq. 5.6 as

u(x0, t0) ≥ (2μ)−1 sup
Bρ(x0)

u

(
·, t0 − θ

(
(2μ)

2−q
q ρ

)q)
≥ (2μ)−1 sup

Br (x0)
u
(·, t0 − θrq

)
.

This combined with Theorem 4.1 for radius r and taking 2μ gives

(2μ)−1 sup
Br (x0)

u
(·, t0 − θrq

) ≤ u(x0, t0) ≤ μ inf
Br (x0)

u(·, t0 + θrq) ≤ 2μ inf
Br (x0)

u(·, t0 + θrq)

(5.7)
which is what we wanted. If it happens that T = ∅, we have

u(x0, t) < 2μu(x0, t0) for all t ∈ (t0 − θ(4ρ)q , t0) (5.8)

by continuity of u. Assume thriving for a contradiction that

sup
Br (x0)

u(·, t0 − θrq) > 2μ2u(x0, t0) (5.9)

which implies by continuity that there exists a point x∗ ∈ Br (x0) such that

u(x∗, t0 − θrq) = 2μ2u(x0, t0). (5.10)

Assuming we have enough room to use Theorem 4.1 around the point (x∗, t0 − θrq), we
have

u(x∗, t0 − θrq) ≤ μ inf
Br (x∗)

u(·, t0 − θrq + cu(x∗, t0 − θrq)2−qrq). (5.11)

The required space here is (x0, t0) + Q5r ⊂ Q−
1 because we need to make sure that

B4r (x∗) ⊂ B1. In time we do not need more room because

t0 − θrq − cu(x∗, t0 − θrq)2−q(4r)q = t0 − c
[
u(x0, t0)

2−q + 4q
(
2μ2u(x0, t0)

)2−q
]
rq

= t0 − [1 + 4q(2μ2)2−q] cu(x0, t0)
2−qrq

= t0 − θ

([
1 + 4q(2μ2)2−q] 1q r

)q

≥ t0 − θ(6r)q

where the last inequality holds assuming q ≥ 2 and

1 + 4q(2μ2)2−q < 6q

which is true for any μ ≥ 1 as (2μ2)2−q ≤ 1. We can estimate the time level by using Eq.
5.10 to get

t0 − θrq − cu(x∗, t0 − θrq)2−qrq = t0 − c
(
u(x0, t0)

2−q − u(x∗, t0 − θrq)2−q) rq

= t0 − c
(
u(x0, t0)

2−q − (2μ2u(x0, t0)
)2−q
)
rq

= t0 − (1 − (2μ)2−q) θrq < t0,

where the last inequality follows from q > 2 and taking μ > 1. Therefore because x0 ∈
Br (x∗), combining Eqs. 5.11 and 5.8 we get a contradiction

2μ2u(x0, t0) = u(x∗, t0−θrq ) ≤ μu(x0, ·, t0−θrq +cu(x∗, t0−θrq )2−qrq ) < 2μ2u(x0, t0).
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Thus inequality Eq. 5.9 cannot hold and we have

sup
Br (x0)

u(·, t0 − θrq) ≤ 2μ2u(x0, t0).

Dividing both sides by 2μ2 and combining this with Theorem 4.1 gives us

(2μ2)−1 sup
Br (x0)

u(·, t0−θrq) ≤ u(x0, t0) ≤ μ inf
Br (x0)

u(·, t0+θrq) ≤ 2μ2 inf
Br (x0)

u(·, t0+θrq).

(5.12)
as desired. Because T has to be either empty or non-empty, combining Eqs. 5.7 and 5.12
gives us Harnack’s inequality for constant γ = 2μ2.

Our space requirement (x0, t0)+Q6ρ(θ) ⊂ Q−
1 (1) becomes (x0, t0)+Q 6

α
r (θ) ⊂ Q−

1 (1)

for α = (2μ)
2−q
q < 1 so we have the result for σ = 6

α
.


�

6 The Covering Argument

The intrinsic Harnack requires a lot of room around the target cylinder if μ from Theorem
4.1 happens to be large. The amount of needed room can be reduced by using a covering
argument but details about this are hard to find in the literature. In the time-independent case,
this can be done easily by covering by small balls but in our case, the intrinsic scaling in
the time direction can cause problems with the sets. We apply the covering argument in two
steps: We first prove, in Lemma 6.1 below, that we can reduce the needed room as much
as we want in the time variable by relaxing our constant in the space variable. Then by a
second covering argument, we prove that we can gain back what we lost in the space variable
without relaxing the time direction.

We only consider the forward Harnack’s inequality as the presented proof can be directly
modified for the backward version.We point out, however, that since the argument iteratively
applies Harnack’s inequality, it yields different constants c and μ for the backward and
forward versions.

We use right-angled paths connecting two points to deal with space and time variables
separately. Given (x, t), (y, s) ∈ R

n+1, we denote by γ
(y,s)
(x,t) : [0, 1) → R

n+1 a path from
(x, t) to (y, s) such that

γ ([0, 1)) = [(x, t), (y, t)] ∪ [(y, t), (y, s)).
That is, γ (y,s)

(x,t) first moves from (x, t) to (y, t) in space, and then from (y, t) to (y, s) in
time. For a ∈ R, we denote by �a� ∈ Z the number a rounded up to the nearest integer.

Lemma 6.1 Let u ≥ 0 be a viscosity solution to Eq. 1.1 in Q−
1 (1) and let the range condition

Eq. 1.3 hold. Fix (x0, t0) ∈ Q−
1 (1) such that u(x0, t0) > 0. Then for any σt > 1 there exist

μ = μ(n, p, q, σt ), α = α(n, p, q, σt ), c = c(n, p, q, σt ) and σx = σx (n, p, q, σt ) such
that

u(x0, t0) ≤ μ inf
Bαr (x0)

u(·, t0 + θrq)

whenever
(x0, t0) + Bσx r (x0) × (t0 − θ(σt r)

q , t0 + θ(σt r)
q) ⊂ Q−

1 (1),

where θ := cu(x0, t0)2−q .
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Proof Let c̃, μ̃ and σ̃ be the constants given by Theorem 1.1. That is, we have

u(x, t) ≤ μ̃ inf
Bl (x)

u(·, t + c̃u(x, t)2−qlq), (6.1)

whenever

|x | + σ̃ l < 1,

t ± c̃u(x, t)2−q(σ̃ l)q ⊂ [0, 1).
We may assume that σt < σ̃ as otherwise the claim holds by Eq. 6.1. We denote

κ := σ̃ q − 1

σ
q
t − 1

and set

α := κ
− 1

q ,

σx := α(σ̃ max(1, μ
2−q
q �κ�

) + 1),

c := c̃(�κ� + 1)κ−1,

ρi :=
(
μ(2−q)iκ−1

) 1
q
r = μ

(2−q)i
q αr .

Let (x̂, t̂) be the target point, that is, x̂ ∈ Bαr (x0) and

t̂ := t0 + cu(x0, t0)
2−qrq .

It now suffices to prove that u(x0, t0) ≤ μu(x̂, t̂). We proceed by iteration.

Initial step: Set
t∗1 := t0 + c̃u(x0, t0)

2−qρ
q
0 .

Then, since |x − x0| ≤ αr = ρ0, we have by Harnack’s inequality

u(x0, t0) ≤ μ̃u(x̂, t∗1 ).

Now, let (x̂, t1) be the first point along the path γ
(x̂,t̂)
(x̂,t∗1 )

such that

u(x0, t0) = μ̃u(x̂, t1).

If no such point exists, then by continuity we must have

u(x0, t0) ≤ μ̃u(x̂, t̂)

and the claim already holds.

Iteration step: Let i ∈ {2, . . .} and suppose that we have already chosen (x̂, ti−1) such that

u(x0, t0) = μ̃i−1u(x̂, ti−1).

Set
t∗i := ti−1 + c̃u(x̂, ti−1)

2−qρ
q
i .

If u(x̂, ti−1) < μ̃u(x̂, t∗i ), then we move along the path γ
(x̂,t̂)
(x̂,t∗i )

until we find a point (x̂, ti )

such that u(x̂, ti−1) = μ̃u(x̂, ti ) so that

u(x0, t0) = μ̃i−1u(x̂, ti−1) = μ̃i u(x̂, ti ).
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If no such point exists, then by continuity we must have

u(x0, t0) = μ̃i−1u(x̂, ti−1) ≤ μ̃i u(x̂, t̂),

and the claim of the lemma follows.
If the iteration does not end prematurely, we continue until t∗i ≥ t̂ . When that happens,

we apply Harnack’s inequality one more time with a radius ρ ≤ ρi−1 so that we obtain
an estimate at the exact time level t̂ . We define it̂ as the smallest natural number such that
t∗it̂+1 ≥ t̂ . We have

it̂ ≤ �κ�
as otherwise

t∗it̂ ≥ t∗�κ�+1 = t�κ� + c̃u(x̂, t�κ�)2−qρ
q
�κ�

≥ t∗�κ� + c̃μ̃(q−2)�κ�u(x0, t0)
2−qρ

q
�κ�

≥ t0 +
�κ�∑

i=0

c̃μ̃(q−2)i u(x0, t0)
2−qρ

q
i

= t0 + c̃u(x0, t0)
2−q

�κ�∑

i=0

κ−1rq

= t0 + c̃u(x0, t0)
2−q(�κ� + 1)κ−1

= t̂,

which would be against the definition of it̂ . Consequently, the procedure yields the estimate

u(x0, t0) ≤ μ̃�κ�+1u(x̂, t̂).

We still need to verify that there is enough room to apply Harnack’s inequality throughout
the iteration. To this end, notice that the biggest jump in the time direction that we can do is

J = c̃u(x0, t0)
2−qκ−1rq .

Therefore we always have room in time direction, since in the worst case the jump starts
from t̂ − J , and then we have (using that c̃ ≤ c)

t̂ − J + J σ̃ q = t0 + cu(x0, t0)
2−qrq + (σ̃ q − 1)c̃u(x0, t0)

2−qκ−1rq

≤ t0 + cu(x0, t0)
2−qrq + c̃(σ q

t − 1)u(x0, t0)
2−qrq

≤ t0 + cu(x0, t0)
2−q(σt r)

q < 1.

We also have enough room in space direction since

ρi σ̃ + |x̂ − x0| ≤ σ̃ max(ρ0, ρ�κ�) + αr

= α(σ̃ max(1, μ
2−q
q �κ�

) + 1)r

= σxr < 1.


�
We are now ready to prove the general form of Harnack’s inequality.We remark that as the

space required around the intrinsic cylinder (x0, t0)+ Qσr (θ) ⊂ Q1 tends to zero (i.e. when
σ → 1), the waiting time coefficient c blows up if q > 2, and tends to zero if q < 2.
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Theorem 6.2 Let u ≥ 0 be a viscosity solution to Eq. 1.1 in Q−
1 (1) and let the range condition

(1.3) hold. Fix (x0, t0) ∈ Q−
1 (1) such that u(x0, t0) > 0. Then for any σ > 1 there exist

μ = μ(n, p, q, σ ) and c = c(n, p, q, σ ) such that

u(x0, t0) ≤ μ inf
Br (x0)

u(·, t0 + cu(x0, t0)
2−qrq),

whenever
(x0, t0) + Bσr (x0) × (t0 − θ(σr)q , t0 + θ(σr)q) ⊂ Q−

1 (1),

where θ := cu(x0, t0)2−q .

Proof Let c̃, σx , α and μ̃ be the constants that we get from Lemma 6.1 for σt := σ . Then we
have

u(x, t) ≤ μ̃ inf
Bαl (x)

u(·, t + c̃u(x, t)2−qlq) (6.2)

whenever

(x, t) + Bσx l(x) × (t − c̃u(x, t)2−q(σ l)q , t + c̃u(x, t)2−q(σ l)q) ⊂ Q−
1 (1),

i.e.

|x | + σx l < 1,

t ± c̃u(x, t)2−q(σ l)q ⊂ [0, 1).
We denote

� := σ − 1

σx

and

c := c̃�q

⌈
(α�)−1⌉+1∑

k=1

μ̃(q−2)(k−1).

Let (x̂, t̂) be the target point, that is, x̂ ∈ Br (x0) and

t̂ := t0 + cu(x0, t0)
2−qrq .

We now proceed by iteration (see Fig. 2 below).

Initial step: Let ρ := �r and set

t∗1 := t0 + c̃u(x0, t0)
2−qρq .

By the Harnack’s inequality in Eq. 6.2 we have

u(x0, t0) ≤ μ̃u(x∗
1 , t

∗
1 ),

where x∗
1 is the point in Bαρ(x0) that is closest to x̂ . Now, if u(x0, t0) < μ̃u(x∗

1 , t
∗
1 ), then we

move along the path γ
(x̂,t̂)
(x∗

1 ,t∗1 )
until we find a point (x1, t1) such that

u(x0, t0) = μ̃u(x1, t1).

If no such point exists, then by continuity we must have

u(x0, t0) ≤ μ̃u(x̂, t̂),
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Fig. 2 Illustration of the Harnack chain in the proof of Theorem 6.2 when q < 2. If q > 2, the paraboloids
get steeper instead

and we end the iteration.

Iteration step: Let i ∈ {2, . . .} and suppose that we have already chosen (xi−1, ti−1) such
that

u(x0, t0) = μ̃i−1u(xi−1, ti−1).

Set
t∗i := ti−1 + c̃u(xi−1, ti−1)

2−qρq .

By Harnack’s inequality in Eq. 6.2 we have

u(xi−1, ti−1) ≤ μ̃u(x∗
i , t∗i ),

where x∗
i is the point in Bρ(xi−1) that is closest to x̂ . Now, if u(xi−1, ti−1) < μ̃u(x∗

i , t∗i ),

then we move along the path γ
(x̂,t̂)
(x∗

i ,t∗i )
until we find a point (xi , ti ) such that u(xi−1, ti−1) =

μ̃u(xi , ti ) so that
u(x0, t0) = μ̃i−1u(xi−1, ti−1) = μ̃i u(xi , ti ).

If no such point exists, then by continuity we must have

u(x0, t0) = μ̃i−1u(xi−1, ti−1) ≤ μ̃i u(x̂, t̂),

and we end the iteration.
If the iteration does not end prematurely, we continue until t∗i ≥ t̂ . When that happens,

we apply the Harnack’s inequality (6.2) one more time with a radius smaller or equal to ρ so
that we hit t̂ . We define it̂ as the smallest natural number such that t∗it̂+1 ≥ t̂ . That is, tî is the
time from which it remains to apply the Harnack’s inequality (6.2) one more time to reach
the target time t̂ . Next, we show that our selections of the constants ensure the finiteness of
it̂ and that xit̂ = x̂ . For finiteness, we observe that

it̂ ≤ �(α�)−1�.
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Indeed, otherwise

t∗it̂ ≥ t∗�(�α)−1�+1 ≥ t0 +
⌈
(�α)−1

⌉+1∑

k=1

c̃u(xk−1, tk−1)
2−qρq

= t0 +
⌈
(�α)−1

⌉+1∑

k=1

c̃
1

μ̃(k−1)(2−q)
u(x0, t0)

2−qρq

= t0 + c̃u(x0, t0)
2−qρq

⌈
(�α)−1⌉+1∑

k=1

μ̃(q−2)(k−1)

= t0 + cu(x0, t0)
2−qrq

= t̂,

which would be against the definition of it̂ . Next we estimate the smallest ix̂ ∈ {1, . . .} such
that xix̂ = x̂ (observe that the construction ensures that xi = x̂ for all i ≥ ix̂ ). At each
iteration step, unless we have already reached x̂,we move at least αρ closer towards x̂ . Since∣∣x0 − x̂

∣∣ ≤ r , we thus have

ix̂ ≤
⌈

r

αρ

⌉
=
⌈

r

α�r

⌉
= ⌈(α�)−1⌉ .

We want to show that ix̂ ≤ it̂ , as this implies that xit̂ = x̂ . For this end, we may assume

that the Harnack chain does not skip in time direction using the paths γ
(x̂,t̂)
(xi ,ti )

, as otherwise the
chain automatically reaches x̂ . Using this we conclude that ix̂ ≤ it̂ must hold since otherwise

t∗it̂+1 ≤ t∗ix̂ ≤ t∗�(α�)−1�

= t0 + c̃u(x0, t0)
2−qρq

�(ρα)−1�∑

k=1

μ̃(q−2)(k−1)

< t0 + c̃u(x0, t0)
2−qρq

�(ρα)−1�+1∑

k=1

μ̃(q−2)(k−1)

= t̂,

which is against the definition of it̂ . Thus the procedure reaches x̂ before we apply Harnack’s
inequality one last time. This yields the estimate

u(x0, t0) ≤ μ̃
⌈
(α�)−1⌉+1u(x̂, t̂).

We still need to check that we have room to use Harnack’s inequality. The room in space
is clear from the definition of ρ since

∣∣x̂ − x0
∣∣+ σxρ = r + σx

σ − 1

σx
r ≤ r + (σ − 1)r = σr < 1.

For the room in time, observe that we always end the Harnack at most the time level
t̂ . Therefore, the worst-case scenario would be if our biggest possible jump in Harnack’s
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inequality ended up at t̂ . Since the sequence u(xi , ti ) is decreasing, the biggest possible jump
is

J :=
{
c̃u(x0, t0)2−qρq , if q < 2,

c̃u(x0, t�(α�)−1�)2−qρq , if q > 2.

To land on t̂ , the jump would have to start from t̂ − J . Thus it suffices to ensure that

(t̂ − J ) + Jσ q = t̂ + (σ q − 1)J < 1.

This holds, since if q < 2, we have

t̂ + (σ q − 1)J = t̂ + (σ q − 1)c̃u(x0, t0)
2−qρq

= t0 + cu(x0, t0)
2−qrq + (σ q − 1)cu(x0, t0)

2−q(
c̃�q

c
)

≤ t0 + cu(x0, t0)
2−q(σρ)q < 1,

and if q > 2, we have

t̂ + (σ q − 1)J = t̂ + c̃u(x0, tk)
2−qρq(σ q − 1)

= t0 + cu(x0, t0)
2−qrq + cu(x0, t0)

2−qrq(σ q − 1)

(
c̃�qμ(q−2)(

⌈
(α�)−1⌉)

c

)

≤ t0 + cu(x0, t0)
2−q(σr)q < 1.


�

7 Optimality of the Range of Exponents

Intrinsic Harnack’s inequality may fail outside of the range condition (1.3) as for such expo-
nents, viscosity solutions of Eq. 1.1 vanish in finite time as we will prove in this section.
The solutions of the standard p-parabolic equation in the corresponding subcritical exponent
range behave in a similar way. Idea, behind the proof is to use the equivalence result proven
by Parviainen and Vázquez [26] to transfer the problem onto a one-dimensional divergence
form equation and then to prove that a solution to this equation vanishes. We use the weak
formulation for a time-mollified solution with a suitable test function after first proving that
this formulation holds for all weak solutions as the separate lemma. Next, we simplify both
sides of the formulation, estimate using Sobolev’s inequality and ultimately get a vanishing
upper bound for the norm of the solution. We do this first in bounded domains and then prove
the global result using convergence and stability results. This global result Proposition 7.5
gives us a counterexample to the intrinsic Harnack’s inequality 1.1 and thus proves that range
(1.3) is optimal.

As proven by Parviainen and Vázquez, radial viscosity solutions to Eq. 1.1 are equivalent
to weak solutions of the one-dimensional equation

∂t u − p − 1

q − 1
�q,du = 0 in (−R, R) × (0, T ). (7.1)

Here, denoting by u′ the radial derivative of u,

�q,du := ∣∣u′∣∣q−2
(

(q − 1)u′′ + d − 1

r
u′
)
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is heuristically the usual radial q-Laplacian in a fictitious dimension

d := (n − 1)(q − 1)

p − 1
+ 1.

If d happens to be an integer, then solutions to Eq. 7.1 are equivalent to radial weak
solutions of the q-parabolic equation in BR × (0, T ) ⊂ R

d+1 by [26, Section 3]. If d /∈ N,
we still have an equivalence between radial viscosity solutions of Eq. 1.1 and continuous
weak solutions of Eq. 7.1 as proven in [26, Theorem 4.2].

A weak solution of Eq. 7.1 is in a weighted Sobolev space but we are only interested in
continuous solutions and thus will assume this in the following definition. The description of
the exact definition in the elliptic case is in [27, Definition 2.2]. The following definition is
written in a slightly different form but is equivalent to the definition given by Parviainen and
Vazquez [26, Definition 4.1]. We use the notation dz := rd−1 dr dt for the natural parabolic
measure for this problem and denote the distributional derivative of v by v′ and define it by

∫ R

0
v′ϕ dr = −

∫ R

0
vϕ′ dr

for all ϕ ∈ C∞
0 ((0, R)) so it coincides with standard derivative for differentiable functions.

Definition 7.1 Let 0 < T ≤ ∞ and 0 < R ≤ ∞. A function u ∈ C ((−R, R) × (0, T ))

such that u′ ∈ C ((−R, R) × (0, T )) and u′(0, t) = 0 is a continuous weak solution to Eq.
7.1 if we have ∫ t2

t1

∫ R

0
u∂tφ − p − 1

q − 1

(∣∣u′∣∣q−2
u′)φ′ dz = 0

for all 0 < t1 < t2 < T and φ ∈ C∞
0 ((−R, R) × (0, T )).

We define time-mollification and prove a basic result for it in Lemma 7.2 below for the
convenience of the reader. Let ε > 0 and ηε : R → [0,∞) be the standard mollifier such
that supp ηε ⊂ (−ε, ε). The time-mollification of u ∈ L1((0, R) × (0, T )) is defined by

uε(r , t) := ηε ∗ u(r , t) =
∫ T

0
ηε(t − s)u(r , s) ds. (7.2)

Lemma 7.2 Let u be a continuous weak solution to Eq. 7.1 and let uε denote the mollification
(7.2). Then for all 0 < t1 < t2 < T and φ ∈ C∞((0, R) × (0, T )) such that suppφ(·, t) �
(−R, R) for any t ∈ (t1, t2), we have
∫ t2

t1

∫ R

0
uε∂tφ − p − 1

q − 1

(∣
∣u′∣∣q−2

u′)

ε
φ′ dz =

∫ R

0
(uε(r , t2)φ(r , t2) − uε(r , t1)φ(r , t1)) r

d−1 dr

Proof Let first ε > 0 and ϕ ∈ C∞
0 ((−R, R) × (0, T )) be such that suppϕ � (−R, R) ×

(ε, T − ε). Because ηε is even, we have by partial integration (the boundary terms vanish
since ϕ(0, ·) ≡ ϕ(T , ·) ≡ 0)

∂tϕε(t, r) = ∂t

∫ T

0
ηε(t − s)ϕ(r , s) ds =

∫ T

0
−∂tηε(t − s)ϕ(r , s) ds

=
∫ T

0
ηε(t − s)∂sϕ(r , s) ds.
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Thus by Fubini’s theorem
∫ T

0

∫ R

0
u(r , t)∂tϕε(r , t)r

d−1 dr dt =
∫ T

0

∫ R

0

∫ T

0
u(r , t)ηε(t − s)∂sϕ(r , s)rd−1 ds dr dt

=
∫ T

0

∫ R

0

∫ T

0
u(r , t)ηε(t − s) dt ∂sϕ(r , s)rd−1 dr ds

=
∫ T

0

∫ R

0
uε(r , s)∂sϕ(r , s)rd−1 dr ds.

Similarly, for the space derivative we have
∫ T

0

∫ R

0

∣
∣u′(r , t)

∣
∣q−2

u′(r , t)ϕ′
ε(r , t)r

d−1 dr dt

=
∫ T

0

∫ R

0

∫ T

0
ηε(t − s)∂rϕ(r , s)

∣
∣u′(r , t)

∣
∣q−2

u′(r , t) dsrd−1 dr dt

=
∫ T

0

∫ R

0

∫ T

0
ηε(t − s)

∣∣u′(r , t)
∣∣q−2

u′(r , t) dt∂rϕ(r , s)rd−1 dr ds

=
∫ T

0

∫ R

0
(
∣∣u′∣∣q−2

u′)ε(r , s)ϕ′(r , s)rd−1 dr ds.

By the last two displays, we obtain
∫ T

0

∫ R

0
uε∂tϕ − p − 1

q − 1
(
∣∣u′∣∣q−2

u′)εϕ′ dz = 0. (7.3)

Let now 0 < t1 < t2 < T and φ ∈ C∞((−R, R)×(0, T )) be such that φ(·, t) � (−R, R)

for any t ∈ (t1, t2). Define the cut-off function

ξh(t) :=

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

0, t ∈ (0, t1 − h)
1
h (t − t1), t ∈ [t1 − h, t1),

1, t ∈ [t1, t2),
1 − 1

h (t − t2), t ∈ [t2, t2 + h),

0, t ∈ [t2 + h, T ).

Since ϕh := ξhφ is Lipschitz, it satisfies (7.3) by the first part of the proof and a simple
approximation argument. Since by continuity all t1, t2 ∈ (0, T ) satisfy
∫ T

0

∫ R

0
uε∂tϕh dz →

∫ t2

t1

∫ R

0
uε∂tφ dz+

∫ R

0
(uε(r , t2)φ(r , t2)−uε(r , t1)φ(r , t1))r

d−1 dr

as h → 0, the claim of the lemma follows. 
�
Our proof of finite extinction uses the followingSobolev’s inequality,which is heuristically

speaking the Gagliardo-Nirenberg inequality for radial functions in the fictitious dimension
d . The standard formulation of the Gagliardo-Nirenberg inequality requires q < n and hence
does not work for our one-dimensional case.

Theorem 7.3 (Radial Sobolev’s inequality) Suppose that 1 ≤ q < d. Let v ∈ C∞(0,∞) ∩
C[0,∞) be such that v(r) ≡ 0 for all large r > 0. Then there exists C = C(d, q) such that

(∫ ∞

0
|v(r)| dq

d−q rd−1 dr

) d−q
dq ≤ C

(∫ ∞

0

∣∣v′(r)
∣∣q rd−1 dr

) 1
q

.
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Proof Suppose first that q = 1. We denote

g(r) := |v(r)| d
d−1 =

∣
∣
∣
∣

∫ ∞

r
v′(s) ds

∣
∣
∣
∣

d
d−1

.

Since d/(d − 1) > 1, we have g ∈ C1(R) and

g′(r) = d

d − 1
|v(r)| 1

d−1 v′(r) sgn(v(r))

= d

d − 1

∣
∣
∣
∣

∫ ∞

r
v′(s) ds

∣
∣
∣
∣

1
d−1

v′(r) sgn(v(r)).

Integrating by parts and using that g(r) = 0 for large r , we obtain

∫ ∞

0
|v(r)| d

d−1 rd−1 dr = lim
k→∞

∫ k

0
g(r)rd−1 dr

= lim
k→∞

(
g(r)

rd

d

∣
∣
∣
r=k

r=0
−
∫ k

0
g′(r)r

d

d

)

= 1

d

∫ ∞

0
g′(r)rd dr

= 1

d − 1

∫ ∞

0

∣∣∣∣

∫ ∞

r
v′(s) ds

∣∣∣∣

1
d−1

v′(r) sgn(v(r))rd dr

≤ 1

d − 1

∫ ∞

0

(∫ ∞

r

∣∣v′(s)
∣∣ ds
) 1

d−1

r · ∣∣v′(r)
∣∣ rd−1 dr .

This we can further estimate as

1

d − 1

∫ ∞

0

⎛

⎜⎜
⎝

∫ ∞

r

∣∣v′(s)
∣∣ sd−1 r

d−1

sd−1
︸ ︷︷ ︸

≤1

ds

⎞

⎟⎟
⎠

1
d−1

∣∣v′(r)
∣∣ rd−1 dr

≤ 1

d − 1

∫ ∞

0

(∫ ∞

0

∣∣v′(s)
∣∣ sd−1 ds

) 1
d−1 ∣∣v′(r)

∣∣ rd−1 dr

= 1

d − 1

(∫ ∞

0

∣∣v′(s)
∣∣ sd−1 ds

) 1
d−1
∫ ∞

0

∣∣v′(r)
∣∣ rd−1 dr

= 1

d − 1

(∫ ∞

0

∣∣v′(r)
∣∣ rd−1 dr

) d
d−1

so that (∫ ∞

0
|v(r)| d

d−1 rd−1 dr

) d−1
d ≤ C

∫ ∞

0

∣∣v′(r)
∣∣ rd−1 dr . (7.4)

Suppose then that 1 < q < d . Using Eq. 7.4 with v := u
dq−q
d−q , we obtain

(∫ ∞
0

|u(r)|
dq
d−q rd−1 dr

) d−1
d ≤ C

∫ ∞
0

∣
∣u′(r)
∣
∣ |u(r)|

d(q−1)
d−q rd−1 dr

123



Intrinsic Harnack’s Inequality for a General...

≤ C

(∫ ∞
0

∣
∣u′(r)
∣
∣q rd−1 dr

) 1
q
(∫ ∞

0
|u(r)|

dq
d−q rd−1 dr

) q−1
q

,

which implies the desired inequality. 
�
Now we have the needed tools to state and prove the finite extinction of solutions. We

do this by first proving the result for solutions of a Dirichlet problem in simple cylinders
and then expanding this result to the entire space by convergence results. The existence of
global solutions with extinction in finite time is a counterexample for the intrinsic Harnack’s
inequality as we show at the end of this section. The proof uses the following notation for
the weighted Lebesgue norm

||v||Lq (rd−1,(0,R)) :=
(∫ R

0
|v|q rd−1 dr

) 1
q

.

We only consider radially symmetric initial data in what follows. The finite extinction
holds in the general situation by comparison principle.

Proposition 7.4 Assume q does not satisfy the range condition (1.3) and let R > 0. Let u be
a viscosity solution of
⎧
⎪⎨

⎪⎩

∂t u = |∇u|q−p div
(|∇u|p−2 ∇u

)
in BR × (0, T ),

u(·, 0) = u0(·) ≥ 0 where u0 ∈ L∞(BR) ∩ C(BR) is radial,

u(·, t) = 0 on ∂BR for any t ∈ (0, T ).

(7.5)

There exists a finite time T ∗ := T ∗(n, p, q, u0), such that

u(·, 0) ≡ 0 for all t ≥ T ∗

and
0 < T ∗ ≤ C ||u0||2−q

Ls (rd−1,(0,R))

where C := C(n, p, q) and s = d(2−q)
q .

Proof The existence of a solution u ∈ C(BR × [0, T ]) to the Cauchy-Dirichlet problem
(7.5) can be proven for example by modified Perron’s method (see [26, Theorem 2.6]) and
the comparison principle ensures that it is radial. Therefore, by the equivalence result [26,
Theorem 4.2], u is a continuous weak solution to

⎧
⎪⎨

⎪⎩

∂t u − p−1
q−1

∣∣u′∣∣q−2 (
(q − 1)u′′ + d−1

r u′) = 0 in (−R, R) × (0, T ),

u(·, 0) = u0(·) ≥ 0 where u0 ∈ L∞((−R, R)),

u(−R, t) = u(R, t) = 0 for any t ∈ (0, T ).

Let

s = d(2 − q)

q

and notice that s > 1 because we assumed q < 2d
d+1 . We define the test function ϕ :=

us−1
ε,h − hs−1, where uε,h := uε + h for ε, h > 0 and uε denotes the time-mollification. We
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add this h to ensure that our function remains strictly positive as we have negative exponents
during the calculation. Then ϕ is an admissible test function and by Lemma 7.2 we have

∫ t2

t1

∫ R

0
uε∂tϕ dz −

∫ R

0
(uεϕ(r , t2) − uεϕ(r , t1))r

d−1 dr = p − 1

q − 1

∫ t2

t1

∫ R

0
(
∣∣u′∣∣q−2 u′)ε∂r (us−1

ε,h ) dz

=: Aε,h (7.6)

for all 0 < t1 < t2 < T . We rewrite the first term on the left-hand side using integration by
parts and Fubini’s theorem

∫ t2

t1

∫ R

0
uε∂tϕ dz =

∫ t2

t1

∫ R

0
uε∂t u

s−1
ε,h dz

= −
∫ t2

t1

∫ R

0
us−1
ε,h ∂t uε dz +

∫ R

0
(uεu

s−1
ε,h (r , t2) − uεu

s−1
ε,h (r , t1))r

d−1 dr

= −
∫ t2

t1

∫ R

0

1

s
∂t u

s
ε,h dz +

∫ R

0
(uεu

s−1
ε,h (r , t2) − uεu

s−1
ε,h (r , t1))r

d−1 dr

= − 1

s

∫ t2

t1
∂t
∥∥uε,h
∥∥s
Ls (rd−1,(0,R))

dt +
∫ R

0
(uεu

s−1
ε,h (r , t2) − uεu

s−1
ε,h (r , t1))r

d−1 dr .

Hence, since us−1
ε,h − ϕ = hs−1, the Eq. 7.6 becomes

1

s

∫ R

0
(usε,h(r , t1) − usε,h(r , t2))r

d−1 dr − hs−1
∫ R

0
(uε(r , t2) − uε(r , t1))r

d−1 dr = Aε,h .

Since we eliminated the time derivative, we may let ε → 0 to obtain

1

s

∫

0

(
ush(r , t1) − ush(r , t2)

)
rd−1 dr − hs−1

∫ R

0
(u(r , t2) − u(r , t1))r

d−1 dr = Ah . (7.7)

Next, we rewrite Ah as follows

Ah = p − 1

q − 1

∫ t2

t1

∫ R

0

∣∣u′∣∣q−2
u′∂r (us−1

h ) dz = p − 1

q − 1

∫ t2

t1

∫ R

0

∣∣u′
h

∣∣q−2
u′
h∂r (u

s−1
h ) dz

= (p − 1)(s − 1)

q − 1

∫ t2

t1

∫ R

0

∣∣u′
h

∣∣q us−2
h dz,

where by Sobolev’s inequality in Theorem 7.3 forcing vanishing boundary values

∫ t2

t1

∫ R

0

∣
∣u′

h

∣
∣q us−2

h dz =
∫ t2

t1

∫ R

0

∣∣
∣
∣u

′u
s−2
q

h

∣∣
∣
∣

q

dz

=
(

q

s + q − 2

)q ∫ t2

t1

∫ R

0

∣
∣
∣∣∂r (u

s+q−2
q

h (r , t) − u
s+q−2

q
h (R, t))

∣
∣
∣∣

q

dz

≥ C1

(
q

s + q − 2

)q ∫ t2

t1

⎛

⎝
∫ R

0

∣
∣∣
∣u

s+q−2
q

h (r , t) − u
s+q−2

q
h (R, t)

∣
∣∣
∣

dq
d−q

dz

⎞

⎠

d−q
d

.
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Here C1 is the constant in Sobolev’s inequality. Since s = d(2−q)
q , we have by the last two

displays

lim inf
h→0

Ah ≥ C1
(p − 1)(s − 1)

q − 1

(
q

s + q − 2

)q ∫ t2

t1

⎛

⎝
∫ R

0

∣
∣
∣
∣u

s+q−2
q

∣
∣
∣
∣

dq
d−q

dz

⎞

⎠

d−q
d

=: C2

∫ t2

t1

(∫ R

0
|u|s dz

) d−q
d

.

Consequently, letting h → 0 in Eq. 7.7, we obtain

1

s

∫ R

0
(us(r , t1) − us(r , t2))r

d−1 dr ≥ C2

∫ t2

t1

(∫ R

0
|u|s dz

) d−q
d

.

Denoting v(t) := ‖u(·, t)‖Ls (rd−1,(0,R)) and multiplying the inequality by −s, we have

vs(t2) − vs(t1) ≤ −C2s
∫ t2

t1
v(t)s

d−q
d dt . (7.8)

Observe that this implies in particular that v is decreasing. Next, we derive a distributional
inequality which implies that v must in fact vanish for large times. For this end, let κ :=
q − 2 + s and observe that for any 0 < a < b we have

a2−q − b2−q = − 1

bκ

∫ b

a
(2 − q)bκ t1−q dt ≤ − 1

bκ

∫ b

a
(2 − q)tκ t1−q dt

= − 1

bκ

∫ b

a
(2 − q)t s−1 dt

= 2 − q

s

1

bκ
(as − bs).

Let then ϕ ∈ C∞
0 (0, T ) be non-negative. Next, we apply the integration by parts formula

for difference quotients and the fact that v is decreasing together with the above elementary
inequality. This way, we obtain by dominated convergence theorem

−
∫ T

0
v2−q(t)ϕ′(t) dt = − lim

δ→0

∫ T

0
v2−q(t)

ϕ(t − δ) − ϕ(t)

−δ
dt

= lim
δ→0

∫ T

0
ϕ(t)

v2−q(t + δ) − v2−q(t)

δ
dt

≤ lim
δ→0

∫ T

0
ϕ(t)

1

vκ(t + δ)

2 − q

s

vs(t + δ) − vs(t)

δ
dt

Here we can use the estimate (7.8)

(2 − q) lim
δ→0

∫ T

0
ϕ(t)

1

vκ(t + δ)

1

s

vs(t + δ) − vs(t)

δ
dt

≤ −(2 − q)C2 lim
δ→0

∫ T

0
ϕ(t)

1

vκ(t + δ)

1

δ

∫ t+δ

t
v(l)s

d−q
d dl

= −(2 − q)C2

∫ T

0
ϕ(t)

v(t)s
d−q
d

vκ(t)
dt
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= −(2 − q)C2

∫ T

0
ϕ(t) dt,

where the last two identities follow from continuity and the computation

s
d − q

d
− κ = s

d − q

d
+ 2 − q − s = (2 − q)(d(d − q) + dq − d2)

dq
= 0.

Hence we have established the distributional inequality
∫ T

0
−v2−q(t)ϕ′(t) + (2 − q)C2ϕ(t) dt ≤ 0 for all non-negative ϕ ∈ C∞

0 (0, T ).

Since v is continuous up to the boundary, this yields

v2−q(t) − v2−q(0) + (2 − q)C2t ≤ 0 for all t ∈ [0, T ],
which is, recalling v(t) = ‖u(·, t)‖Ls (rd−1,(0,R)), equivalent with

||u(·, t)||Ls (rd−1,(0,R)) ≤ ||u0(·)||Ls (rd−1,(0,R))

(
1 − (2 − q)C2 ||u0(·)||q−2

Ls (rd−1,(0,R))
t
) 1

2−q
.

Thus as long as the original T > 0 is large enough, u vanishes for time T ∗ satisfying

0 < T ∗ ≤ C ||u0(·)||2−q
Ls (rd−1,(0,R))

for C = ((2 − q)C2)
−1.


�
Next, we expand this local result to a global result.

Proposition 7.5 Assume q does not satisfy the range condition (1.3). Let u be a viscosity
solution of
{

∂t u = |∇u|q−p div
(|∇u|p−2 ∇u

)
in R

n × R
+

u(·, 0) = u0(·) ≥ 0 where radial u0 ∈ C0(BR) for some R > 0.
(7.9)

There exists a finite time T ∗ := T ∗(n, p, q, u0), such that

u(·, 0) ≡ 0 for all t ≥ T ∗

and
0 < T ∗ ≤ C ||u0||2−q

Ls (rd−1,(0,R))
(7.10)

where C := C(n, p, q) and s = d(2−q)
q .

Proof Let ui be the radial viscosity solution to the bounded problem (7.5) for R = i ∈ N.
Now by Proposition 7.4 there exists a finite time T ∗

i satisfying

0 < T ∗
i ≤ C ||u0(·)||2−q

Ls (rd−1,(0,i))
,

such that ui (·, t) ≡ 0 for t ≥ T ∗
i . By the comparison principle 2.5 we have ui+1 ≥ ui in

Bi × (0, i) which implies that T ∗
i+1 ≥ T ∗

i and because we assumed that u0 has compact
support this sequence of extinction times has a limit T ∗�R�.

Using the Hölder estimates proven in [13], we have that each ui is Hölder continuous in
both variables and the Hölder constant only depends on n, p, q and ||ui ||L∞(Bi×(0,i)). By
the comparison principle these L∞-norms are bounded from above by ||u0||L∞(Rn×R+) and
thus the sequence (ui )∞i=1 is uniformly equicontinuous. By construction, ui → u converges
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pointwise as i → ∞ passing to a subsequence if necessary and because of the equicontinuity,
the Arzelà-Ascoli theorem ensures that the convergence is uniform.

For any compact subset A ⊂ R
n × R

+, ui is a viscosity solution to Eq. 1.1 in A for i
large enough and thus u is also a viscosity solution in this set by stability result proven by
Ohnuma and Sato [25, Theorem 6.1, Proposition 6.2]. Because A is arbitrary, u is a viscosity
solution in the entire space and by construction, it has the correct initial value. This solution
is unique as proven by [25, Corollary 4.10] and this proves that u vanishes after finite time
T ∗�R� satisfying (7.10). 
�

Now we have the tools needed to show that intrinsic Harnack’s inequality does not hold
for q not satisfying the range condition (1.3). Let u be a viscosity solution to Eq. 7.9 and
T ∗ the finite extinction time given by Proposition 7.5. Choose (x0, t0) ∈ R

n × (0, T ∗) close
enough to satisfy

T ∗ − t0 <
t0
σ q

,

and choose r > 0 to satisfy
cu(x0, t0)

2−qrq = T ∗ − t0

where c and σ are the constants given by Harnack’s inequality. By these choices

t0 − cu(x0, t0)
2−q(σr)q = t0 − σ q (T ∗ − t0

)
> 0

and therefore (x0, t0) + Qσr (θ) ⊂ R
n × R

+ and thus we can use the Harnack’s inequality
to obtain

0 < u(x0, t0) ≤ γ inf
Br (x0)

u(·, T ∗) = 0,

which is a contradiction.
There are some known Harnack-type results with additional assumptions for the p-

parabolic equation in the subcritical range, see for example [5, Proposition 1.1].

Author Contributions Both authors T.K. and J.S. wrote the main manuscript text together and reviewed each
other’s work.

Funding Open Access funding provided by University of Jyväskylä (JYU). Jarkko Siltakoski was supported
by the Magnus Ehrnrooth Foundation.

Availability of data andmaterials Not applicable.

Declarations

Ethical Approval Not applicable.

Competing interests The authors declare no competing interests.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

123

http://creativecommons.org/licenses/by/4.0/


T. Kurkinen and J. Siltakoski

References

1. Andrade, P.D.S., Santos, M.S.: Improved regularity for the parabolic normalized p-Laplace equation.
Calc. Var. Partial. Differ. Equ. 61(5), 196 (2022)

2. Calder, J.: The game theoretic p-Laplacian and semi-supervised learning with few labels. Nonlinearity
32(1), 301 (2019)

3. Cordes,H.O.:Über die ersteRandwertaufgabe bei quasilinearenDifferentialgleichungen zweiterOrdnung
in mehr als zwei Variablen. Math. Ann. 131(3), 278–312 (1956)

4. DiBenedetto, E., Gianazza, U., Vespri, V.: Harnack estimates for quasi-linear degenerate parabolic dif-
ferential equations. Acta Math. 200(2), 181–209 (2008)

5. DiBenedetto, E., Gianazza, U., Vespri, V.: Alternative forms of the Harnack inequality for non-negative
solutions to certain degenerate and singular parabolic equations. Rend. Lincei - Mat. E Appl. 20, 369–377
(2009)

6. DiBenedetto, E., Gianazza, U., Vespri, V.: Harnack’s Inequality for Degenerate and Singular Parabolic
Equations, vol. 165. Springer (2012)

7. DiBenedetto, E.: Intrinsic Harnack type inequalities for solutions of certain degenerate parabolic equa-
tions. Arch. Ration. Mech. Anal. 100(2), 129–147 (1988)

8. DiBenedetto, E.: Degenerate Parabolic Equations. Universitext. Springer, New York (1993)
9. DiBenedetto, E., Kwong, Y.C.: Harnack Estimates and Extinction Profile for Weak Solutions of Certain

Singular Parabolic Equations. Trans. Am. Math. Soc. 330(2), 783–811 (1992)
10. Does, K.: An evolution equation involving the normalized p-Laplacian. Commun. Pure Appl. Anal. 10(1),

361–396 (2011)
11. Dong, H., Peng, F., Zhang, Y.R.-Y., Zhou, Y.: Hessian estimates for equations involving p-Laplacian via

a fundamental inequality. Adv. Math. (N. Y). 370, 40 (2020)
12. Høeg, F.A., Lindqvist, P.: Regularity of solutions of the parabolic normalized p-Laplace equation. Adv.

Nonlinear Anal. 9(1), 7–15 (2019)
13. Imbert, C., Jin, T., Silvestre, L.: Hölder gradient estimates for a class of singular or degenerate parabolic

equations. Adv. Nonlinear Anal. 8(1), 845–867 (2019)
14. Ishii, H., Souganidis, P.: Generalized motion of noncompact hypersurfaces with velocity having arbitrary

growth on the curvature tensor. Tôhoku Math. J. 47, 227–250 (1995)
15. Imbert, C., Silvestre, L.: Introduction to fully nonlinear parabolic equations To cite this version : HAL Id

: hal-00798300 Introduction to fully nonlinear parabolic equations (2013)
16. Julin, V., Juutinen, P.: A new proof for the equivalence of weak and viscosity solutions for the p-Laplace

equation. Comm. Partial Differential Equations 37, 934–946 (2011)
17. Juutinen, P., Lindqvist, P., Manfredi, J.J.: On the equivalence of viscosity solutions and weak solutions

for a quasi-linear equation. SIAM J. Math. Anal. 33(3), 699–717 (2001)
18. Jin, T., Silvestre, L.: Hölder gradient estimates for parabolic homogeneous p-Laplacian equations. J.Math.

Pures Appl. 108(1), 63–87 (2017)
19. Kurkinen, T., Parviainen,M., Siltakoski, J.: EllipticHarnack’s inequality for a singular nonlinear parabolic

equation in non-divergence form. Bull. Lond. Math. Soc. 55(1), 470–489 (2023)
20. Krylov, N.V., Safonov, M.V.: A certain property of solutions of parabolic equations with measurable

coefficients. Math. USSR Izv. 16(1), 151–164 (1981)
21. Kuusi, T.: Harnack estimates for weak supersolutions to nonlinear degenerate parabolic equations. Ann.

della Sc. Norm. Super. di Pisa - Cl. di Sci. 7(4), 673–716 (2008)
22. Landis, E.M.: Second Order Equations of Elliptic and Parabolic Type. American Mathematical Society

(1971)
23. Manfredi, J.J., Parviainen, M., Rossi, J.D.: An asymptotic mean value characterization for a class of

nonlinear parabolic equations related to tug-of-war games. SIAM J.Math. Anal. 42(5), 2058–2081 (2010)
24. Nyström, K., Parviainen, M.: Tug-of-war, market manipulation, and option pricing. Math. Finance 27(2),

279–312 (2014)
25. Ohnuma,M., Sato,K.: Singular degenerate parabolic equationswith applications. Commun. Partial Differ.

Equations 22(3–4), 381–441 (1997)
26. Parviainen, M., Vázquez, J.L.: Equivalence between radial solutions of different parabolic gradient-

diffusion equations and applications. Ann. della Sc. Norm. Super. Di Pisa - Cl. di Sci. 21(Special Issue),
303–359 (2020)

27. Siltakoski, J.: Equivalence of viscosity and weak solutions for a p-parabolic equation. J. Evol. Equations
21(2), 2047–2080 (2021)

123



Intrinsic Harnack’s Inequality for a General...

28. Wang, L.: On the regularity theory of fully nonlinear parabolic equations. Bull. Am. Math. Soc. 22(1),
107–114 (1990)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

123


	Intrinsic Harnack's Inequality for a General Nonlinear Parabolic Equation in Non-divergence Form
	Abstract
	1 Introduction
	1.1 Results

	2 Prerequisites
	3 Comparison Functions
	4 Forward Intrinsic Harnack's Inequality
	5 Backward Intrinsic Harnack's Inequality
	6 The Covering Argument
	7 Optimality of the Range of Exponents
	References


