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ABSTRACT

We introduce and study an axiomatic theory of V-normed U-modules, where V is a Riesz space and U is an
f-algebra; the spaces U and V also have some additional structure and are required to satisfy a compatibility
condition. Roughly speaking, a V-normed U-module is a module over U that is endowed with a pointwise
norm operator taking values in V. The aim of our approach is to develop a unified framework, which is tai-
lored to the differential calculus on metric measure spaces, where U and V can take many different spaces of
functions.

1. INTRODUCTION
1.1. General overview and motivations

In this paper, we introduce and study a class of structures named V-normed U-modules, where V is
a Riesz space and U is an f-algebra (that is, a Riesz space together with a multiplication operation),
which fulfil suitable compatibility requirements. Roughly speaking, a V-normed U-module is a mod-
ule over U (thus in particular, a vector space) equipped with a ‘pointwise norm” operator that takes
values into the positive cone of V. Several structures of these kinds—where, typically, U and V are
function spaces—have been investigated in the literature: we refer to them as ‘functional’ normed
modules. Different theories of functional normed modules were developed in the last 35 years, with
a variety of applications, for example, in analysis, geometry and mathematical finance. Before delv-
ing into a more precise description of our notion of V-normed U-module (in Subsection 1.2), let us
provide a brief overview of various classes of spaces that are covered by our axiomatization.

o Normed spaces, which are R-normed R-modules.
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2 .« D.LUCIC AND E. PASQUALEITO

o Lebesgue—Bochner spaces, that is, spaces of p-integrable maps from a measure space to a normed
space. These spaces are V-normed U-modules, where V is the space of p-integrable functions and
U is the space of bounded measurable functions.

e More generally, direct integrals of Banach spaces [31] and different spaces of measurable sections of a
measurable Banach bundle [34].

e Random normed modules, which were introduced by Guo [25, 26] after the work of Schweizer and
Sklar [37] on probabilistic metric spaces. The theory of random normed modules has been thor-
oughly developed in along series of works (mostly by Guo and his coauthors); see the survey paper
[27]. Particular attention was devoted to the study of random conjugate spaces (see, for example,
[29]), which have applications in mathematical finance and in the modelling of conditional risk
measures [15].

o Randomly normed L°-modules, which were developed by Haydon, Levy and Raynaud in [31] as
a tool to study ultraproducts of Lebesgue-Bochner spaces. In this case, the Riesz spaces under
consideration are K6the function spaces, which are order-dense order-ideals in the space L°(u1)
of measurable functions on a given measure space. This theory and Guo’s one—which were
developed independently and concurrently—are fully consistent.

o IP-normed L°°-modules and their variants, which were introduced by Gigli [20], with the goal of
developing an effective theory of measurable 1-forms and vector fields in the non-smooth setting
of metric measure spaces. This approach was based on the work of Weaver [40] and on his defini-
tion of L°°-module. Similar structures have been widely considered in the framework of Dirichlet
forms (see, for example, [ 14, 33]) and in the investigation of 1-forms induced by Dirichlet spaces
[5]. Gigli’s theory is consistent with the above-mentioned notions of random normed modules
(cf. with [20, Section 1.4] and [28]).

o Normed A-modules in the sense of [8, 9], where A is a suitable f-algebra. This approach, which is
similar in spirit to the one that we adopt in this paper, has been applied to the study of mathematical
models in finance.

Our interest in the language of normed modules is motivated by its applications in the differential
calculus on metric measure spaces. Below, we briefly describe some important concepts and results
from [20]. The goal of this description is 2-fold: to give a heuristic presentation of our definition of V-
normed U-module and to expound the advantages of an axiomatic approach. However, we underline
that our theory may be relevant even beyond the analysis of metric measure spaces.

On metric measure spaces (X, d, m), the study of Sobolev spaces W' (X) for p € (1,00) has been
a fruitful field of research in the last decades (see, for example, [4, 10, 30, 38]). In order to develop
a differential calculus modelled over W' (X), several notions of ‘measurable (co)vector fields’ were
studied, for example, by [ 10] in the setting of doubling spaces supporting a Poincaré inequality. One of
the objectives of [20] was to provide a meaningful notion of ‘space of measurable 1-forms’ for arbitrary
metric measure spaces. This is encoded in the concept of cotangent module, which we are going to
remind. It is proved in [20, Section 2.2.1] that it is possible to construct a vector space L?( T*X) and a
linear operator d: W' (X) — L” (T'X) having the following features:

(i) The elements of L”(T X) can be multiplied by L°(m)-functions; to be precise, L (T X) is a
module over the commutative ring L°°(m).
(ii) There existsamap | - |: LP(T X) — LP(m)" that vanishes only at 0, that satisfies

lw+n| <|w|+|n|, foreveryw,n € LP(TX),

and that is compatible with the L°°(m)-module structure, in the sense that |f - w| = |f]|w]|
for every f € L°°(m) and w € LP(T X). The map | - | is said to be a pointwise norm operator.
Moreover, the norm on L (T X) induced by the pointwise norm via integration, that is,

”w”U’(T'X) = |HWH|U(m)r for every w € LF(T'X),
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is required to be complete.
(iii) The operator d: W' (X) — L*(T X), which is called the differential, satisfies

1100 = (U 5oy + 17115 yy) s for every f € WHP(X),

and has the property that the L°°(m)-module generated by its image is dense in L?(T"X).

Following [20, Definition 1.2.10], any couple (., | - |) verifying i) and ii) is called an L”(m)-Banach
L (m)-module (in fact, in [20] the term ‘L (m)-normed L°°(m)-module’ is used, but in this paper
we need to distinguish between complete and non-complete modules). Nevertheless, a number of
variants of this notion have been considered in [20] and in the subsequent literature:

e It might be convenient (and sometimes necessary) to drop the L’-integrability assumption.
Technically speaking, this is made precise by the notion of L°(m)-Banach L°(m)-module; see
[20, Section 1.3]. For example, the notion of L°-Banach L°-module becomes essential in the
construction of tensor products of L*(m)-Hilbert L°° (m)-modules, cf. with [20, Section 1.5].

e The case p = 00 has been studied as well. Indeed, L>°(m)-Banach L* (m)-modules are funda-
mental in order to apply the lifting theory by von Neumann in the Banach module setting [13],
which in turn allows us to provide ‘fibrewise descriptions’, that is, to show that any Banach module
is the space of sections of some generalized Banach bundle [21]. At present, using fibres is the only
way to provide an explicit characterization of duals and of pullbacks of Banach modules, which are
useful objects for the applications in metric measure geometry.

e Under suitable curvature bounds (for example, in the setting of RCD (K, 00) spaces), one is often
interested in extending the differential calculus to codimension-one measures (for example, to
perimeter measures). The functional-analytic framework that allows us to achieve this goal is based
on the concept of L°(Cap)-Banach L°(Cap)-module, which was introduced in [11]. Here, Cap
denotes the Sobolev capacity, which is an outer measure on X that is not Borel regular.

The aim of this work is to provide a unified theory of Banach modules, which covers—at least—all
the notions of Banach modules discussed above. Indeed, albeit similar on some aspects, the several
variants of Banach module often required different ad hoc definitions and proof strategies. Our goal
is to introduce an ‘axiomatic framework’, where instead of function spaces we consider more general
classes of Riesz spaces and f-algebras, as well as to obtain rather general existence results, which can
be applied in all the specific cases we described above, whenever needed.

1.2. Main definitions

Let us now discuss the various objects we are going to introduce, also motivating the reasons behind
our definitions. First, a key feature of all the ‘functional’ Banach modules from Section 1.1 is the pos-
sibility to multiply by characteristic functions. This is fundamental, for example, when constructing the
cotangent module. Observe that in L°°(m ) the characteristic functions of Borel sets are given exactly
by the idempotent elements, thatis, by those f € L°°(m) satisfyingf> = f. Moreover, two different func-
tion spaces appear in the definition of Banach module: the ring of functions that can be multiplied by
the elements of the Banach module (for example, L°°(m) ), and the vector space of functions where
the pointwise norm takes values (for example, L”(m) ). These two function spaces must be related.
For example, the compatibility requirement between the pointwise norm and the module structure
uses the fact that fg € LF(m) whenever f € L°°(m) and g € LF(m).
Taking all these features into account, we propose in Definition 2.23 the concept of

metric f-structure (U, U, V).

Let us describe informally what a metric f-structure (U, U, V) is:
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4 .« D.LUCIC AND E. PASQUALETTO

e U is an ambient localizable f-algebra (see Definition 2.15), which means that it is an f-algebra
(that is, a Riesz space together with a compatible multiplication operation, see Definition 2.5)
having plenty of idempotent elements (see (eq: idem)). This corresponds, for example, to the fact
that simple functions are order-dense in L°(m).

e (U,dy) is a metric f-algebra (see Definition 2.22) that is an f-subalgebra of U. This means that
U is an f-algebra endowed with a complete distance d; that verifies suitable compatibility condi-
tions. For example, the space L°°(m) is an f-subalgebra of L°(m), and together with (the distance
induced by) its norm, L°°(m) is a metric f-algebra.

e (V,dy) is a metric Riesz space (see Definition 2.20) that is also a Riesz subspace of U satisfying
UV = V. For example, L (m) is a metric Riesz space and L (m) - L’ (m) = Lf(m).

Our axiomatization of a metric f-structure is tailored to the kinds of Banach modules we are interested
in. However, already in the framework of differential calculus on metric measure spaces, some impor-
tant objects studied in the literature (for example, Lipschitz derivations [39] or local vector measures
[6]) are not covered by our theory, roughly speaking because the f-algebra of bounded continuous
functions is not localizable (as characteristic functions are typically not continuous).

As we discussed above, an example of metric f-structure is (L°(m),L°°(m),L?(m)). Taking into
consideration the notion of L¥(m)-Banach L°°(m)-module from Section 1.1, one can think of the
elements of U as those that can be multiplied by the elements of the Banach module, and the role of V
is ‘the space where the pointwise norm takes values), while U is an ambient space where both U and
V can be embedded (which is convenient to formulate the requirement that UV =V ). Having this
discussion in mind, we propose in Definition 3.1 the concept of

V-BanachU-module /.
The definition of V-Banach U-module roughly states the following:

e / is a module over the commutative ring U endowed with a pointwise norm | - |: /# — V7,
which verifies the pointwise triangle inequality and is compatible with the module operations.

o ./ has the gluing property, which means every admissible sequence of disjoint elements (v,),cn
of M can be ‘glued together, thus obtaining a new element ZnGN v, € M. The order structure
of (U, U, V) comes into play here, that is, when declaring which sequences are admissible, see
Definition 3.1 (ii). We also point out that, in general, ) | _ v, is just a formal series, which does
not necessarily coincide with any kind of limit of finite sums.

e The distance d ,, (v, w) := dy, (v —w]|,0) on . is complete.

In the class of L (m)-Banach L*(m)-modules with p € [1,00) we described in Section 1.1, we
did not mention the gluing property, the reason being that in that specific framework it follows
automatically from the other axioms. On the other hand, this is not always the case. For exam-
ple, the gluing property has to be required when dealing with L°°(m)-Banach L°°(m)-modules
(see [20, Example 1.2.5] or [13, Remark 2.22]). Moreover—different from what happens with
L (m)-Banach L (m)-modules, where | >"F_ v, - Y pen Vel = 0in LP(m) — on L% (m)-Banach
L% (m)-modules it is clear that the expression ) _y v, might be only formal: in the space L*°(R)
itself (which is an L°°(R)-Banach L°°(R)-module), the elements , := 1 ne1) forn € Z canbe ‘glued
together, obtaining the constant function 1 ; however, 1 is not the limit in the L°°(R)-norm of the
partial sums Z’:,:_k fi = T_s1) 3 k = 00. In this example, it is still true that the partial sums con-

verge in some sense to the glued object (for example, in the weak ~ topology), but this needs not be
the case for arbitrary L> (m)-Banach L> (m)-modules, which do not always have a predual.

We also mention that taking duals is very useful in differential calculus on metric measure spaces.
For instance, the so-called tangent module L(TX), which can be regarded as the space of ‘g-integrable
vector fields’ on a metric measure space (X,d, m), is defined as the Banach module dual of the cotan-
gent module LP(TX) ; see [20, Definition 2.3.1]. An important observation is that, according to
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[20, Proposition 1.2.14 1) ], the dual of an L¥(m)-Banach L°*(m)-module .# is an L?(m)-Banach
L°°(m)-module .#", where p and g are conjugate exponents. This means that in our axiomatiza-
tion when constructing the dual of a Banach module we have to change also the underlying metric
f-structure. To address this issue, we propose in Definition 2.25 the concept of

dual system of metricf-structures (U, U,V,W,Z).

We omit the details here. However, the definition of dual system is given so that the module dual of
a V-Banach U-module ./ is a W-Banach U-module, see Definition 3.15. More generally, the space
Howm(.4, W) of all homomorphisms (Definition 3.11) from a V-Banach U-module . to a Z-Banach
U-module .#inherits a natural structure of W-Banach U-module (Theorem 3.12). An example of dual
system of metric f-structures is (L°(m),L°°(m),LP(m),L%(m),L' (m)). When proving finer results
about homomorphisms and dual modules, one often has to require a further regularity on the under-
lying f-algebras and Riesz spaces, namely, that they are Dedekind complete and they have the countable
sup property (or CSP, for short); see Definition 2.4. The above assumptions amount to saying that
every set that is bounded from above (resp. from below) has a supremum (resp. an infimum) and that
such supremum (resp. infimum) can be expressed as a countable supremum (resp. a countable infi-
mum) of elements of the given set. These properties are enjoyed, for example, by L¥(m) whenever
p € {0}U[1,00] and m is a o-finite measure (Proposition 4.3), but they fail in L°(Cap) (Exam-
ple 4.4). Dedekind completeness and CSP are also needed, for instance, to construct local inverses
(Proposition 3.6) or to define the support of a metric f-structure (Definition 3.7).

1.3. Main results

Another objective of this work is to provide a rather complete toolbox of results and techniques con-
cerning Banach modules over a metric f-structure, which we plan to apply in the future, as a ‘black
box’, to many particular cases of interest. Our two main achievements are the following:

e Theorem 3.19: Given a metric f-structure (U, U, V'), a vector space 7 and an even sublinear map
1: ¥"— V7, there exists a unique couple (. (wy Ty ), where ./ (g isa V-Banach U-module,
while Ty : 7" — M 1 is alinear operator with ‘generating image’ (in a suitable sense) such that
| Ty V| = (V) for every v € 7. The uniqueness is formulated in categorical terms, that is, via a
universal property (see also Corollary 3.22). This quite general existence result incorporates most
of the existence results for Banach modules considered so far in the related literature. For example,
the cotangent module L? (T"X) and the differential d are given by (L* (T'X),d) == (M ()1 T<wp> ),

where the map ¢),,: W (X) — LP(m)* is defined as ¥,(f) := |Df|. See Section 4.2.5 for this
example, as well as for other relevant constructions of Banach modules induced by an even
sublinear map.

e Theorem 3.16is an existence criterion for homomorphisms of Banach modules. Indeed, given that
the theory of V-Banach U-modules fits well in a categorical framework (see Definition 3.14), it is
natural to couple Theorem 3.19 with an existence result forhomomorphisms. For simplicity of pre-
sentation, let us state here only a corollary of Theorem 3.12: given a dual system (U, U,V, W, Z),
a V-Banach U-module .#, a Z-Banach U-module /4] a ‘generating’ vector subspace 7 of ./ and
a linear operator T': 7" — W/ satisfying |Tv| < b|v| for some b € W, there is a unique extension
T € Hom(A, W) of T, which still satisfies | Tv| < b|v]|.

Finally, we conclude the introduction by briefly mentioning other results we obtain in the paper:

e Using Theorems 3.19 and 3.12, we prove that each homomorphism of metric f-structures induces
a pushforward functor (or, to be more precise, a ‘direct image functor’) in the categories of Banach
modules; see Section 3.3.2.
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6 .« D.LUCIC AND E. PASQUALEITO

e We prove a version of the Hahn-Banach extension theorem for V-Banach U-modules; see Theo-
rem 3.30. It is used, for example, for studying module duals and embedding operators into the
bidual; see Sections 3.4 and 3.4.1.

o We study Hilbert modules, for example, Banach modules whose pointwise norm verifies a point-
wise parallelogram identity; see Definition 3.5. Among the several results we obtain, let us mention
a Hilbert projection theorem and a Riesz representation theorem; see Section 3.5.

e We prove that V-Banach U-modules admit a dimensional decomposition (assuming Dedekind
completeness and CSP of the metric f-structure); see Section 3.6.

In Sections 2 and 3 the whole treatment is at the level of “abstract’ Riesz spaces and f -algebras, without
ever mentioning any kind of function spaces. The applications of our axiomatic theory to the various
classes of Banach modules over spaces of functions are discussed in Section 4.

2. LOCALIZABLE FFALGEBRAS AND METRIC F-STRUCTURES

In Section 2.1 we recall many useful definitions and results concerning Riesz spaces and f-algebras,
which are quite standard and well-established; our presentation is essentially taken from [18, 17]
(see also [1, 2]). In Section 2.2 we study the set of idempotent elements, while in Sections 2.3 and
2.4 we introduce the language of localizable f-algebras and of (dual systems of) metric f-structures,
respectively.

2.1. Reminder on Riesz spaces and f -algebras
Let (P, <) be a partially ordered set, and S # () a subset of P. We recall the following definitions:

(i) We say that S is upwards directed if for every p,p’ € S there exists q € S such that p < q and
p’ < q. We say that S is downwards directed if for every p,p’ € S there exists q € S such that
q<pandq<p’.

(ii) A sequence (p,),cn C Pis said to be non-decreasing provided p, < p,,,, for every n € N, while
it is said to be non-increasing provided p, > p,., for every n € N.

(iii) An element p € P is said to be an upper bound for S provided that s < p holds for every s € S.
We say that p is the supremum of S, and we write p = sup S, provided that p < p’ holds for any
other upper bound p” € P for S. If sup S exists, then it is uniquely determined.

(iv) An element q € P is said to be a lower bound for S provided that g < sholds for every s € S. We
say that q is the infimum of S, and we write q = infS, provided that g’ < g holds for any other
lower bound g’ € P for S. If inf S exists, then it is uniquely determined.

(v) We say that S is order-bounded provided that it has both an upper bound and a lower bound.

(vi) We say that P is Dedekind o-complete provided that every countable non-empty subset of P with
anupper bound has a supremum and every countable non-empty subset of P with alower bound
has an infimum.

(vii) P is Dedekind complete if every non-empty subset of P with an upper bound has a supremum or
equivalently every non-empty subset of P with a lower bound has an infimum.

Amap ¢: P — Q between partially ordered sets P and Q is said to be order-preserving provided

¢(p) < P(q), foreveryp,q € Pwithp <q.

An order-preserving map ¢: P — Q is said to be order-continuous provided that it holds that

Jsup {o(p) | pE€R} =¢(p), wheneverR C Pisupwards directed and 3p := supR € P,
Jinf{4(q) ‘ q€S}=¢(3), wheneverS C Pisdownwards directed and 33 := infS € P.
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We say that an order-preserving map ¢: P — Q is o-order-continuous provided it holds that

Isupé(p,) = ¢( suppn>, whenever (p,),cn C P is non-decreasing and supp, exists,
neN neN neN

= :gé #(q,) = gb(ig;fl qn), whenever (g,,),,cy C P is non-increasing and ig{“ q,, exists,

where sup,. p, stands for sup{p, } ,n- Note that order-continuity implies o-order-continuity.
Alattice is a partially ordered set (P, <) such thatp VV q := sup{p,q} and p A q := inf{p, q} exist for
allp,q € P. AsetS C Pis called a sublattice of P if it is closed under V and A, that is,

pVqgpNqgES, foreveryp,q € S.
Amap ¢: P — Q between lattices P and Q is said to be a lattice homomorphism provided

d(Va)=9()Vole),  dpAq)=0¢(p)Ng(q),  foreveryp,q€P.

For an arbitrary family {P,} ., of partially ordered sets P, = (P, <,), the product P := [ [, P; can be

endowed with the following partial order: for any (p;),c;, (4);c; € [ [,c; P,y we declare that (p;),; <
(4:):e; ifand only if p; <, g; for every i € I. Observe that (P, <) is a lattice if and only if (P, <;) is a
lattice for everyi € I.

2.1.1. The theory of Riesz spaces

A partially ordered linear space (U, <) is a vector space U = (U, +, ) over the field R of real numbers,
together with a partial order < on U such that the following properties are verified:

u+w <v+w, foreveryu,v,w€ Uwithu <,

Au>0, foreveryA € R'andu € Uwithu > 0.
A Riesz space is a partially ordered linear space U = (U, +,, <) that is a lattice. We define
ut:=uVo, u :=(-u) VO, lu] := (—u) Vu,

for every u € U. We have that |u| > 0 holds for every u € U, with equality if and only if u =0.
For a proof of the next result, we refer, for example, to [17, 352D] or [1, Theorem 1.3].

PropPOSITION 2.1 (Basic properties of Riesz spaces) Let U be a Riesz space. Then it holds that

AMuVv)=AuV v, forevery A € Rwith A >0andu,v € U, (1a)
|[Aul = Alu|, forevery A\ € R*andu € U, (1b)
—uVv=_(-u)A(-v), foreveryuv €U, (1¢)

utvVw=(u+v)V(u+w), foreveryuv,wéeU, (1d)
u+tvAw=(u+v) A(u+w), for every u,v,w € U, (1e)
uVv+uAv=u+v, foreveryu,v€ U, (1f)
u=u"-u, foreveryueU, (1g)
lul|=u"Vu =u"+u, foreveryu€e U, (1h)

u"Au =0, foreveryuecU, (1i)
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8 .« D.LUCIC AND E. PASQUALEITO

(u+v)" <u*+v*, foreveryu,v € U, (15)
lu+v] <l|u|+|v|, foreveryuveU, (1k)
uN(w+w) <uAv+ulAw, foreveryuv,w€ U*. (1D

A Riesz subspace of U is a linear subspace which is also a sublattice. A homomorphism of Riesz spaces
¢: U — V isalinear operator such that

d(u) Ap(v) =0, foreveryu,v € Usuchthatu Av=0.

By virtue of [17, 352G], each homomorphism of Riesz spaces ¢: U — V has the following property:

|p(u)| = &(|u|), foreveryu € U. (2)
We denote by U™ the positive cone of a Riesz space U, namely,

U':={ueU|u>0}.

We recall from [ 1, Definition 1.22] that a Riesz subspace V of a given Riesz space U is said to be super-
order-dense in U if for any u € U™ there exists a non-decreasing sequence (u,,),cny C V7 such that
u = sup,,.n U,. Moreover, a Riesz subspace V of a Riesz space U is said to be solid provided thatv € V
holds whenever v € U, and there exists u € V such that |v| < |u|. We also recall from [ 18, Proposition
15B] the following result:

PROPOSITION 2.2 Any Dedekind o-complete Riesz space U is Archimedean, that is, for any
uvc U

nu < v, foreveryn e N = u<O0.

DEerINITION 2.3 (Disjoint set) Let U be a Riesz space. Let S be a non-empty subset of U.
Then we say that S is disjoint provided that it holds that

lu| Alv| =0, foreveryu,v € Ssuch thatu # v.

When § is a finite disjoint set {u,,...,u,} C U, we say that the elements uy, ..., u, are
pairwise disjoint.

Observe thatif : U — V is a homomorphism of Riesz spaces, then it holds that
{¢(u) ’ uec S} C Visdisjoint, forevery) # S C U disjoint. (3)

Indeed, ifu,v € Sand ¢(u) # P(v), thenu# vand |p(u)| A [¢(v)| = ¢(|u]) A d(Jv]) = 0by (2).
We also recall (see [2, p. 3] or [1, Definition 1.43]) the following notion:

DErFINITION 2.4 (CSP) Let U be a Riesz space. Then we say that U has the CSP (or that U isa
CSP space ) if it holds that

V(0 #V C Usuchthat IsupV, 3(v,),eny CV: supv,=supV,
neN

V() # V C Usuchthat 3infV, 3(9,),en CV: in,£ 7, =infV.
ne
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2.1.2. The theory of f-algebras

Next, we recall the definition of f-algebra, which is—roughly speaking—a Riesz space endowed with
a multiplication operation that verifies suitable compatibility properties.

DEFINITION 2.5 ( f-algebra) An f-algebra U = (U,+,-, <, x) is a Riesz space (U, +,+, <)
together withamap x: U X U — U—called a multiplication—such that the following
properties hold:

ux (vxw)=(uxv)xw, foreveryuv,w€ U, (4a)
(u+v) Xw=(uxw)+(vxw), foreveryuv,we U, (4b)
AMuxv)=(Mu) xv, foreveryuv€ Uand ) €R, (4¢)
uxv=vXu, foreveryuveU, (4d)

uxv>0, foreveryuve U, (4e)
(uxw)Av=0, foreveryu,v€ UwithuAv=0andw € U", (4f)
J1,€U: ux1ly=u, foreveryuecU. (4g)

A homomorphism of f-algebras ¢: U — V is a homomorphism of Riesz spaces that is
uniferent, that is, $(1;;) = 1, and preserves the multiplication, that is

d(uxv)=@(u) x ¢(v) forall u,v € U. An f-subalgebra of U is a Riesz subspace V of U
closed under multiplication and with 1,, = 1.

REMARK 2.6 Some comments on Definition 2.5 are in order:
(i) The structure (U, +,-, <, X) introduced in Definition 2.5 is usually called a commutative
f-algebra with multiplicative identity. For the sake of brevity, we call it just an f-algebra.
(ii) It follows from (4a), (4b), (4d) and (4g) that the triple (U, +, X ) is a commutative ring
with identity 1. The field R can be viewed as a subring of U via the map
R3A= Al el
(iii) It follows from (4c) and (4g) that Au = (A1;;) X uholds forevery A € Randu € U,
and thus the multiplicative identity 1;; can be unambiguously denoted by 1.
Given any u,v € U, for the sake of brevity we will typically write uv instead of u x v.
ExampLe 2.7 Therealline R = (R, +,-,<,-) is an f-algebra.
PrOPOSITION 2.8 (Basic properties of f-algebras) Let U be an f-algebra. Then it holds that

utu" =0, foreveryue U, (52)
(w)* =w*, foreveryu € U andv € U, (5b)

lu—v|=|u+v|, foreveryuv € UwithuAv=0, (S¢)
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10 . D.LUCIC AND E. PASQUALETITO

lu+v|=|u|+|v|, foreveryu,v € Uwith|u| Av| =0, (5d)
|uv| = |u||v], foreveryu,ve U, (Se)
w < uw, foreveryu € U andv,w € Uwithv <w. (sf)

Proof. (5a) Given thatu* A u” = 0by (1i) and u~ > 0, we obtain that u"u~ A u~ = 0 by (4f).
Since also u* > 0, by using again (4f) we can conclude that u*u™ = u*u™ Au*u” =0.
(5b) Since v* A v~ =0by (1i) and u > 0, we deduce from (4f) that uv* A uv™ =0, so
(uv)* () (w* —uv™)* @ w* + (™) V (~uwvt) W w —uwt Auwv” = ',
(5¢) Note that (1d) yields (u—v)* = (u-v) VO=u—-uAv=wuand (u-v)” =v. Thenan
application of (1h) gives |u —v| = (u—v)* + (u—v)” = u+v = |u+v|, thus getting (Sc).
(5d) Let us start by observing that

(1)
W+vH)AW +v7) < u Au+vP Au+ut AvT v AV
Wt A +ut Av <2u|Alv|=0.
Hence, (Sc) yields |u+v| = [(u™ +v") = (u™+v7)| = [uF +v* |+ |u” +v7| = |u| + |v].
(Se) Given that u* A u™ =v* Av™ = 0 by (1i), we deduce from (4f) that w A w’ = 0 holds
whenever w,w’ € {u*v*,u"v",u"v*,u"v"} satisfy w # w’. Then by applying (5d) we get

luv| = [(u" = v ) (v =v7)| = |u" v —ut v —uv +uTy|

=uv rutyTru v ru v = (W u) (0 0T) = Jul|v).
(5f) Since w — v > 0, we know from (4e) that uw — uv = (w — v)u > 0, as desired. ]
PROPOSITION 2.9 Let U be an f-algebra. Let S C U be a given non-empty set. Then it holds
Sisdisjoint  =>  uv =0, for every u,v € S such that u # v.
Ifin addition the f-algebra U is Archimedean, then the converse implication is verified as well.

Proof. Let us prove the first part of the statement. Fix any u,v € S with u % vand |u| A |v| = 0.
We can argue as in the proof of (Sa): using (4f) twice, we first obtain that |u||v| A [v| = 0 and
then that |u||v| = |u|[v| A |u||[v] = 0. Therefore, (Se) yields |uv| = 0 and thus accordingly
uv=0.

To prove the second part of the statement, assume that U is Archimedean. We aim to
show that if there exist u,v € S such that w := |u| A |v| % 0, then S is not disjoint. Notice that
there exists n € N such that nw < 1. Denote w, := (nw—1)* and w_ := (nw — 1)7, thus
w, # 0. Observe also that w_ = 1 —nw A 1 by (1c) and (1d) and that
w_ = (Ju| A [v])* < |ul|v]. Therefore,

w,=w,(w_+nwA1l)=ww_+w, (nwAl) () w,(mw A1) <nw(nw A1) < (nw)* < n2|u||v|.

Given that w, # 0, we finally deduce that |uv| = |u||v| # 0, yielding the sought conclusion. [
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2.2. Idempotent elements
Given an f-algebra U, we define the family of all idempotent elements of U as follows:

Idem(U) := {u eU | u? = u}, (6)

where we adopt the shorthand notation

di=yux-xueu, foreveryu € Uand k € N,
~——

ktimes
with the convention that u° := 1. Note that 0 € Idem(U) and 1 € Idem(U) for any f -algebra U.
The content of the next lemma is inspired by [17, 363X(g)]. Although elementary, we provide a
proof for the reader’s usefulness, since we did not find a suitable reference for it.

LeMMA 2.10 (Properties of Idem(U) ) Let U be an f-algebra. Then the following properties hold:

(i) uv € Idem(U) for every u,v € Idem(U).
(i) u+v—2uv € Idem(U) for every u,v € Idem(U).
(iii) 1-u € Idem(U) for every u € Idem(U).
(iv) 0 <u <1 foreveryu € Idem(U). In particular, Idem(U) is order-bounded in U.
(v) Ifu,v € Idem(U) satisfy uww=0, then u+v € Idem(U) andu+v=uV v.
(vi) Ifu € Uandv € Idem(U), then u — uv and v are disjoint.
Proof. (i) Trivially, it holds that (uv)* = uvuv = u*v* = uv.
(ii) It follows from the observation that

(u+v—2uv)2 =1 +uv = 2uPv +vu+ 17 = 2uv” = 2Py — 2uv® + 4uP?
=u+uv—=2u+uv+v—-2uv—-2uv-2uv+4uv =u+v-—2uv.
(iiii) Just observe that (1 —u)(1-u) =1 -2u+u*=1-2u+u=1-u

(iv) Givenanyu € U, itholds u = u* — 4~ and u™u~ = 0 by (1g) and (5a), respectively.
y y\1g P Y
Then

W= - -u) = W) —vtu —uwut+ () = () + (u)* >0,

where the last inequality follows from (4e). In particular, u = u* > 0 for every u € Idem(U).
Since 1 —u € Idem(U) by item (ii), we also have that 1 — u > 0 or equivalently that u < 1.
(v) First, we may compute (u +v)? = u* + 2uv + v* = u + v, which shows that
u+v € Idem(U). Moreover, thanks to the fact that u < u+ v and v < u + v, we have that
u Vv < u+v. Conversely, it holds that u(u +v) = u* < u(u V v) and
(1-w)(u+v)=u+v-v*—uv=(1-u)v < (1-u)(uVv), thus accordingly
urv=u(u+v)+(1-w)(u+v) <u(wVv)+(1-w)(uVv)=uVr.
vi) First of all, we aim to show that (1 —v) A v = 0. Item (iv) ensures that (1 —v) Av > 0.
Conversely, if w € U is a lower bound for {v, 1 — v}, then using (5f) we can estimate

w=ww+(1-v)w<v(1-v)+ (1 -v)v=v-v*+v-1> =0,
which yields (1 - v) A v = 0. Hence, (4f) ensures that [u —uv| Av = (|u|(1-v)) Av=0. O
Observe that if ¢: U — V is a homomorphism of f-algebras, then it holds that
¢(u) € Idem(V), foreveryu € Idem(U). (7)

Indeed, since ¢ preserves the multiplication, we have ¢ (u)* = ¢(u*) = ¢(u) for every u € Idem(U).
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REMARK 2.11 Given an f-algebra U and two elements u,v € Idem(U), it holds that
u<v = uv =u.
Indeed, if uv = u, then u = uv < v. On the other hand, if u < v, thenu = P <uw<u
DEFINITION 2.12 (Finite partition) Let U be an f-algebra. Then a given set

(u;)1, C Idem(U) is said to be a finite partition of an element u € Idem(U) provided that it
is disjoint and it satisfies

We denote by ,'Pf(u) the family of all finite partitions of u.
Thanks to Lemma 2.10 (v), a disjoint family ()., C Idem(U) belongs to P;(u) if and only if
sup{uy,...,u, } = u
Notice also thatif ¢: U — V is a homomorphism of f -algebras, then it holds that
(gb(ui))?:l € .’Pf(d)(u)), for every u € Idem(U) and (1)1, € .’Pf(u). (8)

Indeed, one has ¢(u;) € Idem(¢)(v)) for everyi=1,...,n by (7), the elements ¢(u,), .., ¢(u,) are
pairwise disjoint by (3) and ¢(u;) + ... + P(u,) = ¢(u; + ... + u,) = ¢(u) by the linearity of ¢.

DEFINITION 2.13 (Simple elements) The simple elements of an f-algebra U are defined as

S(U) = {ZAiui

The family of all non-negative simple elements of U is defined as $*(U) := S(U) N U*.

neN,(\)L, CR, (u)t, € ?f(lU)} CcUu.

LEMMA 2.14 Let U be an f-algebra and u € 1dem(U). Then it holds that
(uivj)il]- € ,'Pf(u), for every (u,)1L,, (1)]-);11 S ?f(u). 9)

In particular, the space S(U) is an f-subalgebra of U. More precisely, it holds that
u+v= Z()\i+uj)uivj, uv = Z)xi,ujuivj, uVuv= Z()‘i \/uj)uivj, ulv= Z(Ai/\,uj)uivj,
ij i i ij

foreveryu=3"" A\u, € S(U) andv = 1y, € S(U).

Proof. Let us only check (9). Once (9) is established, the remaining part of the statement
follows via elementary computations. Fix any (u;)}_,, (vj)j"z’l € P;(u). Lemma 2.10 (i)
ensures that wy; € Idem(U) foreveryi=1,...,nandj = 1,...,m. Moreover, whenever
(i,j) # (i',j") we have that (uv;) A () < (; Ay ) A (v; Avy) =0, thus (u),; isa
disjoint set. Finally, it holds that Ei,j u; = (uy + ... +u,) (v + ... +v,,) = u, which gives
(uivj)i’j € P;(u). O

2.3. Localizable f-algebras

Let us now introduce the concept of localizable f-algebra, which is a Dedekind o-complete f-algebra
‘having plenty of idempotent elements’ Namely:
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DEFINITION 2.15 (Localizable f-algebra) Let U be a Dedekind o-complete f-algebra whose
multiplication map is o-order-continuous on U* x U*. Then we say that U is localizable
provided that the space of simple elements S(U) is super-order-dense in U. By a
homomorphism of localizable f-algebras we mean a o-order-continuous homomorphism of

f-algebras.

REMARK 2.16 On any Dedekind o-complete f-algebra U, the sum operator +: U X U — U is
o-order-continuous on U* X U*. Indeed, if (1,),,cn, (V) meny C U™ are non-decreasing
sequences, and we set u := sup, .y, € U and v := sup,, .y v,, € U", thenforanyn,m € N
we have that

u, = (un + vm) -, < (uan + Van) -, < iug(uk + vk) -,
S

Thanks to the arbitrariness of n € N, we deduce that u < sup, . (4 +v) —v,,. By
arbitrariness of m € N, we conclude that u + v < sup, .y (4 + v;). The converse inequality is
trivial.

LEMMA 2.17 Let U be a localizable f-algebra. Then it holds that

supu, € Idem(U), in{l u, € Idem(U),  for every (u,),cn C Idem(U).
neN ne

Proof. Since the set Idem(U) is order-bounded by Lemma 2.10 iv), both v := sup, .\ u, € U*
and w := inf,_u, € U™ exist thanks to the Dedekind o-completeness of U. Define u] := u;
and ), :=u, - >, u,u; for every n > 2. By using items (iii), (v) and (vi) of Lemma 2.10
and an induction argument, one can show that the sequence (1, ),y is disjoint and made of
idempotent elements. Lemma 2.10 (v) also yields sup,,, u;( = sup,.,, u foreveryn € N, so
that accordingly

supu, = supsupu, = supu, = v.

neN neN k<n neN
Now define v, := ZZ:; u; for every n € N. Lemma 2.10 (v) ensures that (v,),,ny C Idem(U)
and that v, = sup,_, u, foreveryn € N, and thus v = sup, v, Given that the sequence
(v,),cn is non-decreasing by construction, the o-order-continuity of the multiplication on
U" x U* guarantees that v* = (sup,_y v,)* = SUp,cy V2 = SUp, .y ¥, = v, proving that
v € Idem(U). Finally, notice that we have 1 —w = sup, .\ (1 - u,) € Idem(U), so that
w € Idem(U) by Lemma 2.10 (iii). O

DEFINITION 2.18 (Countable partition) Let U be a Dedekind o-complete f-algebra. Then a
disjoint family (u,,),,cny C Idem(U) is said to be a countable partition of u € Idem(U)
provided

supu, = u.
neN
We denote by P(u) the family of all countable partitions of u. Observe that P(u) C P(u).
PROPOSITION 2.19 Let U be a localizable f-algebra and u € Idem(U). Then it holds that

(unvm)n,mEN € "P(u)) fOT every (un)nENl (vm)meN € ?(u)

Proof. Lemma 2.10 (i) ensures that u,v,, € Idem(U) for every n,m € N. Arguing as in
Lemma 2.14, we see that (u,,,),.c is a disjoint set. It remains to show that
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V= SUpP, o Uyl = U Since u,v,, < 1 foralln,m € N,wehave v < 1.Letw € U be an
upper bound for (u,v,,), nen- Thenu, (w-v,,) = u,(w—u,v,) > 0 for every n,m € N, so
that u,(w-v,,)* > u,(w-v,,)” holds for every n,m € N as a consequence of (5b), thus
accordingly

(w-v,,)" =supu,(w-v,)" >supu,(w-v,) =(w-v,)", foreverymeN.
neN neN
This means that w > v,, for every m € N, which gives w > 1. We conclude that v =u. O
Observe thatif ¢: U — V a homomorphism of localizable f-algebras, then it holds that
(qﬁ(un))neN € P(¢(u)), foreveryu € Idem(U)and (u,),cn € P(u). (10)

Indeed, the sequence ((b(un))neN
(3) and sup,. #(u,) = ¢(sup, . u,) = ¢(u), thanks to the o-order-continuity of ¢.

C V is made of idempotent elements by (7) and is a disjoint set by

2.4. Metric f-structures
For our purposes, the algebraic and order properties of alocalizable f -algebra are not sufficient. Rather,
we want to consider localizable f-algebras (and Riesz spaces) endowed with a well-behaved complete
distance. In this regard, the first concept we introduce is that of metric Riesz space:

DEFINITION 2.20 (Metric Riesz space) By a metric Riesz space we mean a couple (U, dU) -
where U is a Dedekind o-complete Riesz space and d; is a complete distance on U - such
that

(i) The identity d;;(4,0) = di;(|u|,0) holds for every u € U.
(ii) The distance dy is translation-invariant, in the sense that

dy(u,v) =dy(u+w,v+w), foreveryu,v,we U.

(iii) The distance-from-zero function d;;(-,0): U™ — R™ is order-preserving.

A homomorphism of metric Riesz spaces is a Lipschitz homomorphism of Riesz spaces.

We remark that the notion of homomorphism in the above definition is not intended as a mor-
phism in the categorical sense. In fact, in this paper we will not consider any category of metric Riesz
spaces. The main reason is that the class of metric Riesz spaces includes the function spaces L° (1) (see
Section 4.1). The latter are metrizable topological vector spaces, but —as far as we know—they are
not endowed with a ‘canonical’ distance, and thus neither Lipschitz nor 1-Lipschitz homomorphisms
of Riesz spaces seem to be an effective choice of morphism in the categorical sense. Arguably, one
should introduce, for example, a more general concept of ‘uniform Riesz space’ (that is, a Riesz space
equipped with a compatible uniform structure) in order to have a well-behaved category. A similar
discussion applies to the notions of (homomorphisms of ) metric f-algebras, metric f-structures and
dual systems that we will introduce below.

REMARK 2.21 Given a metric Riesz space (U, d;), it holds that
dy(u+v,0) <dy(s,0)+dy(v,0), foreveryu,ve U. (11)
Indeed, by using the translation invariance of d;;, we obtain that
dy(u+v,0) =dy(u,-v) <dy(u,0)+dy(0,—v) = dyy(4,0) +dy(v,0).

Repeatedly applying (11), we getdy; (D u,0) < >°" dy(u,0) foralluy,...,u, € U.

$20Z JaquiaAoN 0z uo Jasn Alisiaaiun eifisenir Aq y€/2106.2/SS008RY/Y1ewb/E601 0L /10p/a|onie-aoueApe/yrewlb/woo dno-olwapeoe//:sdiy wolj papeojumo(]



AN AXIOMATIC THEORY OF NORMED MODULES VIA RIESZ SPACES . 15

In Definitions 2.22 and 2.23, given two metric spaces (X,dy) and (Y,dy), we will consider the
distance dy x dy on the Cartesian product X X Y, which is given by

(dg x dy) ((x,9), (&,7)) := dy(x,&) + Ay (3,7), forevery (x,9),(%,7) € X X Y.
Next, we introduce the family of metric f-algebras:

DEFINITION 2.22 (Metric f-algebra) By a metric f-algebra we mean a couple (U, d;;), where

(i) Uisalocalizable f-algebra, and (U, dy;) is a metric Riesz space.
(ii) The multiplication X : U X U — U is continuous from (U x U,d;, x d;) to
(U,dy).
(iii) The family S(U) of all simple elements of U is dense in (U, dy;).
(iv) dy(ely,0) — 0ase N\, 0.

A homomorphism of metric f-algebras is a Lipschitz homomorphism of localizable

f-algebras.

For some examples of metric f-algebras in the case of function spaces we are interested in, see Sub-
section 4.2.1. Having the notions of metric Riesz space and of metric f-algebra at our disposal, we can
finally introduce metric f-structures:

DEFINITION 2.23 (Metric f-structure) A metric f-structure is a triple (U, U, V'), where

(i) Uisalocalizable f-algebra.
(i) U= (U,dy) isametricf-algebra such that U is a solid f-subalgebra of U.
(iii) V =(V,d,) is metric Riesz space such that V is a solid Riesz subspace of U.
(iv) Itholds UV =V, and the multiplication is continuous from (U x V,d;; x d;,) to
(v,d,).
(v) Givenany (u,),cn € P(1y) and € > 0, there exists § > 0 such that for any
(V) wen C VFEwith Y dy (u,v,,0) < ditholds that

(u,v,),cnis order-boundedin V, dy ( supu,v O) <e.

n’n’
neN

We say that a metric f-structure (U, U, V) is Dedekind complete (resp. CSP), provided that
the spaces U, U and V are Dedekind complete (resp. CSP).

A homomorphism of metric f-structures between two metric f-structures (U, U, V;) and
(U,,U,,V,) isahomomorphism ¢: U, — U, of f-algebras such that tp\Ul : Uy = U,isa
homomorphism of metric f-algebras and (,0|V1 : V|, = V, aishomomorphism of metric
Riesz spaces.

In the case of function spaces, some examples of metric f-structures are listed in Subsection 4.2.2.
ExampLe 2.24 IfU = (U, d;;) is a metric f-algebra, then (U, U, U) is a metric f-structure.

As we discussed in Section 1, in order to study dual modules (and, more generally, spaces of
homomorphisms) we also have to define the dual systems of metric f-structures:

DEFINITION 2.25 (Dual system of metric f-structures) A quintuplet (U, U,V,W,Z) is said to
be a dual system of metric f-structures provided that the following conditions are verified:

(i) (U, U, V), (U,U,W) and (U, U,Z) are metric f-structures.
(i) Itholds Z = VW and the multiplication is continuous from (V x W,d,, x d,) to
(2,dy).
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16 « D.LUCIC AND E.PASQUALEITO

We say that (U, U, V, W, Z) is a complete dual system of metric f-structures if in addition:

(iti) U, U, V, W, Z are Dedekind complete and the multiplication is order-continuous
from U* X V to V', from U" x W* to W, from U* x Z* to Z* and from
V*x W*to Z".

Also, we say that a complete dual system (U, U, V, W, Z) is CSP if in addition (U, U, V),
(U,U,W) and (U, U, Z) are CSP.

By a homomorphism of dual systems between two given dual systems of metric f-structures
(U, U, v,,W,,Z,) and (U,, U,,V,,W,,Z,) we mean amap ¢: U; — U, thatisa
homomorphism of metric f-structures from (U, U, V,) to (U,, U,, V,), from (U,, U,, W,)
to (U, U, W,) and from (U, Uy, Z,) to (U,, U, Z,).

Some relevant examples of dual systems in the case of function spaces are presented in Section 4.2.3.

ExaMPLE 2.26 Let (U, U, V) be a metric f-structure. Then (U, U, V, U, V) is a dual system of
metric f-structures. If U is Dedekind complete and the multiplication map is
order-continuous from U* X V* to V¥, then (U, U, V, U, V) is a complete dual system of
metric f-structures.

REMARK 2.27 If (U, U,V,W,Z) is a dual system of metric f-structures, then (1, U, W,V,Z) is
a dual system of metric f-structures as well. Moreover, if (U, U, V, W, Z) is a complete (resp.
CSP complete) dual system, then (U, U, W, V,Z) is a complete (resp. CSP complete) dual
system.

3. NORMED MODULES OVERAMETRIC F-STRUCTURE

In Sections 3.1 and 3.2 we introduce the category of Banach modules over a metric f-structure; in
the former we study the objects, while in the latter we study the morphisms. In Section 3.3 we prove
some existence results concerning Banach modules and their homomorphisms, as well as some of their
consequences. In Sections 3.4, 3.5 and 3.6 we study the Hahn-Banach theorem, the class of Hilbert
modules and the dimensional decomposition of a Banach module, respectively.

3.1. Definitions and basic properties

First of all, let us give the definition of normed/Banach module over a metric f-structure:

DerFINITION 3.1 (Normed module) Let (U, U, V) be a metric f-structure and .# a module
over U. Then we say that ./ is a V-normed U-module provided that it is endowed with a map
|-|: M — V" - called a V-pointwise norm operator on .4 —such that the following
properties are verified:

(i) Givenanyu € Uandv,w € ., it holds that

v|]=0 <= wv=0, (12a)
[v+w| < |v]| +|w], (12b)
|u-v| = [uf|v]. (12¢)

(i) GLUING PROPERTY. Let (u,),cn € P(1y) and (v,),cn C A be chosen so that the
family (|u,, - v,|) e is order-bounded in V. Then there exists an element v € .4
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AN AXTIOMATIC THEORY OF NORMED MODULES VIA RIESZ SPACES  « 17

such that

U, v=u,-v,

We call Adm (. ) the set of all families (u,,v,),cn as above, while >\ u, - v,

stands for the element v € ./ satisfying (eq: glueing) —whose uniqueness follows
from Lemma 3.2.

foreveryn € N. (13)

Moreover, we endow the space .# with the distance d ;;, which is defined as
d,(v,w):=d,(Jv-wl|,0), foreveryv,weE /. (14)
Whenever (#,d ;) is a complete metric space, we say that . is a V-Banach U-module.

Some examples of functional normed/Banach modules that are covered by the above definition are
presented in Section 4.2.4.

Lemma 3.2 (Locality property) Let (U, U, V) be a metric f-structure, and let M be a V-normed
U-module. Let (u,),cn € P(1y) andv € M satisfy u,, - v =0 for every n € N. Then v =0.

Proof. Given that the multiplication map is o-order-continuous on U* x U*, we deduce that

o] = ] sup, = supu, ] = suplue, -/ =0,
neN neN neN

whence it follows that v = 0, as we claimed in the statement. ]

Given any non-empty subset S of a V-normed U-module .#, we denote by &(S) C ./ the family
of those elements that can be obtained by gluing together elements of S. Namely, we set

YS) = G, (S) = {Zun v,

neN
Observe that if S is a vector subspace of ., then &(S) is a vector subspace of ./ as well.

(), cn € P(1y), (5)ny C S, (1t,0,), o € Adm(,/%)}.

ProrosiTION 3.3 Let (U, U, V) be a metric f-structure. Then V is a V-Banach U-module, with the
scalar multiplication - : U X V — V being given by the multiplication x in U. Moreover, it holds

Zunvn =supu,v, —supu,v,, forevery (u,v,),cn € Adm(V). (15)
neN neN neN

Proof. The fact that V is a U-module verifying item (i) of Definition 3.1 readily follows from
the very definition of a metric f-algebra. Moreover, the distance on V defined as in (14)
coincides with the original distance dy, itself, which is complete by assumption. It only
remains to check the validity of the gluing property. To this aim, fix any
(tyv,) nen € Adm(V). In particular, both sequences (u,v)) ,cn and (u,v7,),cn are
order-bounded, and thus the Dedekind o-completeness of V yields existence of
W, :=Sup, oy U,vy € V' andw_ :=sup, . u,v, € V'. We claim that
u(w,-w_)=uy, foreveryn€N. (16)
To prove it, notice that u,w, = u,v’, for every n € N : the inequality > is trivial, while to get
the converse one it suffices to observe that (1 - u,)w, +u,v" is an upper bound for
(4,5 men- Similarly, one can show that u,w_ = u,v,, whence it follows that
u,(w, —w_) =u,v: —u,v,,yielding (16). This proves the validity of the gluing property, as
well as formula (15). O
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18 . D.LUCIC AND E. PASQUALETITO

ProprosITION 3.4 (Continuity of normed module operations) Let (U, U, V) be a metric
[-structure and M a V-normed U-module. Then the following properties are verified:

(i) Themap | - |: M — V* is 1-Lipschitz from (M,d ;) to (V,dy,).
(ii) The map +: M X M — M is 1-Lipschitz from (M x M,d , x d ;) to (M,d ;).
(iii) Themap -: U X M — M is continuous from (U x M,dy; x d ) to (M,d ;).

Proof. (i) Given that |v| < |v—w|+ |w|and |w| < |w—v| + |v| hold for every v,w € M, we
deduce that

Hv| - |w|‘ <|v-w|, foreveryv,we€ .

In particular, for any v,w € ./ one has
dy (|v],|w]) =dy (|[v] - [wl],0) <dy(lv=w|,0) = d ,(v,w), which shows that
|-|: M — V*is al-Lipschitz mapping from (.#,d ;) to (V,d;,), as required.
(ii) For any v,v’,w,w” € M wehave |(v+w) = (v' +w")| < [v=v'| + |w —w'|, thus
accordingly

d,(v+wv +w') = dv(|(v+w) - +w')|,0) <d,(jv-v'|+ |w—w/|,0)
<dy(jv=v",0) +dy(|w-w'[,0) =d 4 (v,v") +d 4, (w,w")

= (dﬂ X d/ﬂ)((vlv/)) (WJW/));

for every v,v’,w,w’ € . This proves that + is 1-Lipschitz from (/# x .4,d , x d ;) to
(,d ).

(iii) Fix (u,),cny C Uandu € U with lim,_,  d;(u,,u) = 0. Fix (v,) ey C A and
v € M withlim, ,_d ,(v,,v) = 0. The continuity of | - | : .# — V™ from (i) ensures that
lu,| = |u|in (U,dy) and |v, —v| = 0in (V,d,,). Hence, by letting n — o0 in
lu, v, —u-v| <|u,|v, —v|+|u, —u||v]| we obtain lim,_, _d ,(u, - v,u-v) =0, which
shows that -: U X M — J is continuous. g

Let (U,U,V) be a metric f-structure, and let .# be a V-normed U-module. Then a given U-
submodule A of A is said to be a V-normed U-submodule of M, provided that it satisfies

G (M) = N,

In the case where ./ is a V-Banach U-module and #is d ;-closed in ., we say that /#is a V-Banach
U-submodule of /. These are some useful examples of V-Banach U-submodule:

e The ‘localized’ module u - A := {u-v : v € M} for every u € Idem(U).

o The ‘one-dimensional’ module U - v:={u-v : u € U} foreveryv € /.

e The sum A + /4, := {v tw:veEN,we -/Vz} where /], A, are V-Banach U-submodules of
M. We say that A is the direct sum of /| and A, and we write

M= N ® S,

if M =N+, and N, NN, ={0}. In this case, the map N X N, S (v,w) > v+w € M is

bijective.

If (U, U, V) is a metric f-structure such that V is Dedekind complete, . is a V-Banach U-module
and Ais a V-Banach U-submodule of .Z, then the quotient module 4/ /Vis a V-Banach U-module if
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endowed with the following V-pointwise norm operator:

v+ Me=inf{jv+w||we N} €V, foreveryv+ N E M/N.

DEerINITION 3.5 (Hilbert module) Let (U, U,V,V,Z) be a dual system of metric f-structures.
Then by a V-Hilbert U-module we mean a V-Banach U-module 7 such that

[v+w|?+|v—w|* =2v]* +2|w|*, foreveryv,w € Z. (17)
We refer to (17) as the pointwise parallelogram law of Z.

The pointwise scalar product on Z is defined as follows:
1
HXH>S(vw)>v-w:= E(|v+w|2 -v]*-|w*) €2, foreveryv,w € Z.
One can readily check that the pointwise scalar product is U-bilinear, which means that

HS3visv-z€Z, isU-linear,
HSwrrz-weZ, isU-linear,

for any given z € #. We will study Hilbert modules more in detail in Section 3.5.

3.1.1. Local invertibility

Let (U, U, V) be a Dedekind complete CSP metric f-structure, and .# a V-normed U-module. Then
each v € J is associated with the element x,_q) € Idem(U), which we define as

X {v=0} := SUp {u € ldem(U) | u-v=0} € Idem(U).

The idempotency of X ,_q} follows from Lemma 2.17 and the fact that U is Dedekind complete CSP.
The gluing property of ./ ensures that x(,_q) - v = 0. We also define X ,.} := 1 = X{,-0} € Idem(U),
so that v = x(,q} - v. Similarly, we define x,_,,} := X{,-,—o) and so on.

ProrosITION 3.6 (Local inverses) Let U be a Dedekind complete CSP metric f-algebra. Let
u € U be given. Then there exist a partition (u,),en f X (450} and a sequence (w,) ey C U™
such that

u,(uw,—1)=0, foreveryn € N.

Proof. First, recall that (U, U, U) is a metric f-structure (Example 2.24) and that U is a
U-Banach U-module (Proposition 3.3). Since 8§(U) is super-order-dense in U (as
guaranteed by the very definition of a localizable f-algebra), we can find a non-decreasing
sequence (s,),cny C 8 (U) such that u = sup, s, Note that, setting b, := X, .o for every
n € N, we have x .9y = sup,cn b, Indeed, on the one hand X, .0, < X{y50 for every
n € Nand thussup, b, < X {u>0}- On the other hand, if we denote
$:= X{uo} — SUP, b, € Idem(U), then s = 0 in view of the fact that

su=ssups, =supss, = 0.
neN neN
Moreover, for any n € N there exists a real number A\, > 0 with A\ b, < u. More precisely, if s,
ko ik ik
iswrittenas ) ", A\ u, forsomek, € N, (A}),”, C RN (0,+00) and (u},),”, € Pi(1y), then
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20 . D.LUCIC AND E.PASQUALETTO

k, k,
we have that b, = u,ll V-V u," and that )\,1l A+ A A" can be chosen as \,. Now we define
u,:=b;andu,, :=b,,,(1-b,) for every n € N. Observe that (u,), is a partition of
kJ 1

X {us0}- Next we consider the simple elements £, := ) ./, N
7

i . .
u; for everyj € N. Given any

n € N, we have that the sequence (untj)jzon is non-increasing and satisfies 0 < u,t; < )\%un for

everyj > n. Then the infimum w, := infjgn u,t; € U" exists and, since s;t; = b; > u,, for every
j > n, it holds that

_ -1 -1 ! o1
uuw, = A —uu(N w,—w,) = N uu—u, < S_l>1psj> ()\n u, —}gnfuntj>
jzn =

=Nt u— (supsv) sup(\,'u, —u,b) = X u,u—sup(\,u,s; — u,st;)
o

jZn] j=n 7

=\t u— sup(/\;lunsj —u) =N uu—u, (N u—-1)=u,.
jon

Consequently, the statement is finally achieved. O

3.1.2. Support of a metric f—structure

Given a metric f-structure (U, U, V) that is Dedekind complete and CSP, we can define its support,
which is the ‘largest idempotent element where at least an element of V' does not vanish’ Namely:

DEFINITION 3.7 (Support) Let (U, U, V) be a Dedekind complete CSP metric f-structure.
Then we define S(V) as

S(V) :=sup {X{y0) | v € V'} € Idem(U).
We say that S(V') is the support of V or of the metric f-structure (U, U, V).

Let us check that the previous definition is well-posed. Since Xy, < 1 for every v € V™, the
Dedekind completeness of V ensures that S(V) exists. Moreover, the countable representability
assumption ensures the existence of a sequence (v,),cny C V* such that S(V) = sup, x (v, 20} Taking

into account Lemma 2.17, it also follows that S(V) € Idem(U).

REMARK 3.8 If (U, U,V,W,Z) is a CSP complete dual system of metric f-structures, then it
holds that

S(V) AS(W) < S(2).

In order to prove it, fix two sequences (v;),cyy C V™ and (w]-)jeN C W' with

S(V) =sup, Xy, o} and S(W) = SUD; X {0} Notice that

X0y N X fw#0} < X {0} < S(Z) for every i,j € N. Taking the supremum over i,j € N,
we conclude that S(V) A S(W) < S(Z), as we claimed.

Next we prove two technical results concerning the support of a metric f-structure.

LeMMA 3.9 Let (U, U, V) be a Dedekind complete CSP metric f-structure. Then there exists an
elementh € VT N U such that h < 1 and X 0, = S(V).

Proof. Pickasequence (Vn)neN C V" such thatv, <1 for everyn € N and
S(V) =sup, X {v,+0}- Define u, := X (v, 40} € Idem(U) and, recursively,
Uppt 7= X7, +ﬁéo}(l —uy)...(1-u,) € Idem(U) for every n € N. Notice that (u,),cp isa

$20Z JaquiaAoN 0z uo Jasn Alisiaaiun eifisenir Aq y€/2106.2/SS008RY/Y1ewb/E601 0L /10p/a|onie-aoueApe/yrewlb/woo dno-olwapeoe//:sdiy wolj papeojumo(]



AN AXIOMATIC THEORY OF NORMED MODULES VIA RIESZ SPACES . 21

partition of S(V). Recalling item (v) of Definition 2.23, we can find § > 0 such that

(u,w,) e is order-bounded in V whenever (w,,),cny C V™ is chosen so that

e Ay (1,1,,0) < 6. Now pick (A,),es C (0,1) with dy, (A,,v,,0) < = forall n € N.
Therefore, the element h := ) A, u,v, € V" exists. Notice that h < 1and

X{ntop = S(V). In particular, X g,03 [v] = (1= 8(V)) X,y |v| = 0 for every v € V, whence

the statement follows. 0

LemMMA 3.10 Let (U, U, V) be a Dedekind complete CSP metric f-structure. Let W C U be a
Dedekind complete CSP metric Riesz space such that (U, U, W) is a metric f-structure and
S(V) < S(W).Letv € V* be given. Then there exists a partition (u,) oy C W N 1dem(U) of
X{v-£0} Sch thatu,v € W N U holds for every n € N.

Proof. 'Thanks to Lemma 3.9, we can find an element h € W* N U" such that x .oy = S(W).
We then defines5; := X o <) and f; := X{v£0} X {h>j11,} for everyi,j € N. We claim that

Sups; = Xy,201 = SUpt. (18)
icN b0} jeN !

‘We prove the first equality, since the proof of the second one is similar. Clearly,

Sup;5; < X{y-40}- For the converse inequality, we argue by contradiction: suppose that
§ := X{uto} — SUP;$; # 0. Then ish < v for every i € N, whence it follows (since U is
Archimedean) that sh = 0, which leads to a contradiction. Therefore, the claim (18) is
proved. Now let us define s, :=§, t; := {; and, recursively, s;,; :=3;,; —s; ...55;,; and

by = I‘j+1 -t ... tjfj+1 for every i,j € N. Notice that (18) implies that (s;),cp and (t]-)jeN are
partitions of X, .o} Moreover, sy < ih € W NU" and t; < jh € W* forevery i,j € N, thus
accordingly s,y € W NU" and t; € W*. Relabelling the family {s;t; : i,j € N} as {u, },.en
we finally obtain a partition (u,),ey C W M Idem(U) of the element Xy, 4oy satisfying

u,v € WNU foreveryn € N, as desired.

3.2. Homomorphisms of normed modules

To begin with, we introduce the notion of a homomorphism between normed modules.

DEFINITION 3.11 (Homomorphism of normed modules) Let (U, U,V,W,Z) be a dual
system of metric f-structures, # a V-normed U-module and ./"a Z-normed U-module.

Then we define
Hom(A4, ) = {T: M — N U-linear | Iw € W |Tv| < wlv|,for everyv € ﬂ}

Next, we endow Hom(.#, .#) with a U-module structure. Given any T,S € Hom (4, /) and u €
U, we define the elements T + S € Hom(.#, #) andu - T € Hom( M, /) as

(T+S)v:=Tv+Sv, foreveryv€ M,
(u-T)v:=u-Tv, foreveryv€ M,

respectively. One can readily check that the triple (Hom(#, #),+,-) is a module over U.
In the case where W is Dedekind complete, for any given T € Hom(.#, #) it holds that

3|7 = mf{we w*

|Tv| < wlv|,for everyv € %} eEw.

The space of homomorphisms between two normed modules inherits a normed module structure:
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THEOREM 3.12 Let (U, U,V, W, Z) be a complete dual system of metric f-structures. Let M be a
V-normed U-module, and /N a Z-normed U-module. Let T € Hom(M, V) be given. Then

|Tv| < |T||v|, foreveryv € M.

Moreover, the space (Hom( M, N),| - |) is a W-normed U-module and

Zuﬂ.Tﬂ

neN

= Zun|Tn|, for every (u,, T,,) ,cny € Adm(Hom( M, N)). (19)

neN

If in addition NV'is a Z-Banach U-module, then HoM( M, /) is a W-Banach U-module.

Proof. VERIFICATION OF THE W-POINTWISE NORM AXIOMS. Given any T € Hom( 4, V), we
define

Fri= {WEWJr

|Tv| < w|v|,for every v € %} =+ 0. (20)
Since F; is a sublattice of W*—thus in particular it is downwards directed—we deduce that
|Tv| < inf wiv| = |v| inf w=|T||v|, foreveryve 4,
weF weF

as a consequence of the order continuity of the multiplication from V* x W* to Z". It
readily follows that | - |: Hom(.#, /) — W™ satisfies (12a) and (12b). It is also easy to
check that the identity | AT| = | A||T| holds for every A € Rand T € Hom(.4, /). We now
pass to the verification of (12c). Forany u € U and T € Hom(, /), one has

|(u-T)v| = |u||Tv| < |u||T||v| for every v € M, whence it follows that [u - T| < |u||T|. On
the other hand, we claim that also

|u||T| < |u-T|, foreveryu€ UandT € Hom(M,N). (21)

In the case where u € Idem(U), the inequality stated in (21) follows from the observation
that

Tl =ul(l-u) T+u-T|<u|(l-u) -T|+ulu-T| <u(l-uw)|T|+|u-T|=|u-T|.

Moreover, if u = Zle A\u; € 8*(U) is given, then foranyj = 1, ..., k it holds that

k k
w > M T) <> N | T| = N | T| = Jugu - T| < wlu- T,
i=1 i=1

which implies that u|T| = >°5, A\u,|T| = S5, A\ Ju, - T| < |u- T}, proving (21) for all
u € 8"(U). Givenany u € U*, we can pick (u,),cny C 8*(U) such that
lim dy(u,,u) = 0 and thus

n—0o0
ullT] = lim Ju]|T] < lim Ju, T = Ju- T},
n—oo n—oo
which proves (21) forallu € U™. Finally, given an arbitrary element u € U we have that

- T A - T < | A G| 1) = 0 )] 2

sothat [u- T| = |u*- T|+|u - T| by (5d) and thus

|ul|T| =u*|T|+u”|T| < |u*-T|+|u - T|=]|u-T|. This proves (21) for generalu € U.
Therefore, the proof of the validity of (12c) is complete.
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VERIFICATION OF THE GLUING PROPERTY. To prove that (Hom(4, #),| - |) isa
W-normed U-module, it only remains to show the validity of the gluing property. Fix any
(4,) peny € P(1y) and (T,) ey C HoMm( M, V) with (Ju,, - T,,|),,cn order-bounded in W.
Since |u, - T,| = |u,||T,|, this means that (u,, |T,|),cn € Adm(W) and thus
wi=3y i, T,| € W exists, cf. with Proposition 3.3. Given any v € ./, we have that
lu, - T,v| < |u, - T,||v| for every n € N, which ensures that (u,, T,v),cn € Adm(/A), so it
makes sense to consider Tv := ) | _ u, - T,,v € /. The U-linearity of the resulting map
T: M — NV canbe easily checked. Given that for any n € N and v € # one has that
u,|Tv| = |u, - Tv| = |u, - T,w| <u,|T,||v| = u,w|v|, we deduce that

|Tv| = supu,|Tv| < supu,w|v| =w|v|, foreveryve /.
neN neN

This yields T € Hom(.#,.#) and | T| < w. Note that
(u, T)v=u, -Tv=u,-T,v=(u,-T,)vforeveryv € M,sothat T =) _u,- T, Finally,
foranyn € Nwe haveu, - T, = u, - T and thus u,|T,| = u,| T|, which gives
w= | T, =sup,cnu,|T| = |T|. This proves (19).

COMPLETENESS. Suppose (/,d ;) is complete. Let (T,),.c.ny C HoM(A, /) be a Cauchy
sequence. Until taking a not relabeled subsequence, we may assume that

dy (|T,,, - T,|,0) <2™"foreveryn € N.Define S, := |T,|+>_,_, | T,y — Ti| € W for

everyn € N.If n,m € N are such that n < m, then we have that S,, = S, = > [T, - Ty,
and thus accordingly

dy (IS, S|o><2dw<|Tk+l T, o><2

This shows that (S,),cn isa Cauchy sequence in W7, so that it dW—converges to some
S € W', Notice that (S,),cy is a non-decreasing sequence by construction, and thus in
particular it holds

2k_2nl

|Tn‘:|(Tn-Tn—1)+(Tn—l—Tn—2)+'"+(T2—T1)+T1| SS}'ISS} VneN. (22)

Since the multiplication is continuous from V x W to Zand d,,,(|T,, - T,|,0) — Oas
n,m — 00, for any fixed element v € ./ we have that

d(T,v,T,v) <d,(|T, -T,|[v|,0) — 0asn,m — oo, which shows that (T,v) . is a
Cauchy sequence in ¥ We then define Tv := lim,_, . T,v € /. The resulting mapping
T: M — Nis U-linear, as it is a pointwise limit of U-linear maps. Also,

(22)
|Tv| = lim |T,v| < S|v|, foreveryv € 4,
n—oo
whence it follows that T € HoM(.#,.#) and | T| < S. Now set
= YTy, = Ti| € W for every n,m € Nwith n < m. Arguing as we did before, we

see that (P)) men is dyy-Cauchy, and thus lim,, , Pl = P" for some P" € W*. Note that
P! < P"and dW(P”,O) < 27" Hence,

(T-T,v|= lim |(T,-T,)v| < lim P}|v|=P"|v|, foreveryveE 4,
m—00 m—0o0
which implies | T — T,| < P" — 0 as n — 00. The completeness of Hom(.#, /) follows. [

In the case where the dual system under consideration is CSP complete, the W-pointwise norm
|T| of any given T € Hom(.#, V) can be also characterized as follows:
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LemMa 3.13 Let (U, U,V,W,Z) be a CSP complete dual system of metric f-structures, # a
V-normed U-module and N a Z-normed U-module. Then it holds that

IT| =sup{|Tv| |ve M, |v| <1}, forevery T € Hom( M, N). (23)

Proof. On the one hand, |Tv| < |T||v| < |T|forallv € . with |[v| < 1, and thus the
right-hand side in (23) exists and defines an element b € W* with b < |T'|. On the other
hand, we claim that

|Tv| <blv|, foreveryv e L. (24)

In order to prove it, fix any v € /. By using Lemma 3.10 and Proposition 3.6, we can find a
partition (,),eny of X {40y and a sequence (w,,),,eny C U such thatu,|v] € U and

u,w,|v| = u, for every n € N. Letting v, := (u,w,) - v € M, we have |v,| = u, < 1 and thus
|Tv,| < b. Then

o] = > " (uyw, o) To| = > |0l |Tv,| < u,blv| = blvl.

neN neN neN
This proves (24) and accordingly that b = | T|, thus concluding the proof of the statement. [

Given a dual system of metric f-structures (U, U,V,W,Z), a V-Banach U-module .# and a Z-
Banach U-module ¥, we define the kernel of a homomorphism T € Hom (4, #) as

ker(T) := T ({0}) ={ve .« | Tv=0}.

It can be readily checked that ker(T) is a V-Banach U-submodule of /.
It is natural to introduce the categories of normed modules and of Banach modules:

DEFINITION 3.14 (Category of normed modules) Let (U, U, V) be a metric f-structure. Then
we define the category NormMod y 1, of normed modules over (U, U, V) as follows:

(i) The objects of NormMod y1; v are given by the V-normed U-modules.

(ii) Forany two objects . and ¥ of NormMod y; ; y, the morphisms between ./ and
WV are given by those homomorphisms T € Hom(.#, /) satisfying | Tv| < |v| for
everyv € .

Moreover, we denote by BanMod UUY) the full subcategory of NormMod( UuY) whose
objects are the V-Banach U-modules.

It would be interesting—but outside the scope of this work—to investigate which results of [36]
are valid for Banach modules over a more general class of metric f-structures.
Let us also define the dual of a Banach module:

DEFINITION 3.15 (Dual Banach module) Let (U, U,V,W,Z) be a complete dual system of
metric f-structures, and . a V-normed U-module. Then the dual of ./ is the W-Banach
U-module

M :=Hom(M,Z).

The duality pairing between .# and ./ “is given by

M X M (w,v) > {w,v) = w(v) € Z.
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3.2.1. On the existence of homomorphisms

As we will see later (in Section 4.2), when working with normed modules over a function space, one
often has to prove the existence of homomorphisms of normed modules verifying suitable properties.
All these existence statements can be deduced from the following general result.

THEOREM 3.16 Let (U, U,,V,) be a metric f-structure, and (U,, U,, V,, W,,Z,) a dual system of
metric f-structures. Let ¢ (U, U, V) — (U, U,, V,) be a homomorphism of metric
f-structures. Let M be a V,-normed U,-module, and N a Z,-Banach U,-module. Let 7 be a
vector subspace of M such that E(7) is dense in M. Fix T : ¥"— Nlinear such that for some
b € W, it holds

|Tv| <bg(|v]), foreveryve 7. (29)

Then there exists a unique linear operator T : M — N such that T|= T and
|Tv| <bg(|v]), foreveryv e M. (26)
In particular, the map T : M — N'is continuous. Moreover, it holds that
T(u-v)=¢(u)-T(v), foreveryu€ U, andv € M. (27)

Proof. First of all, we define the operator S: (%) — N as

S<Zun : vn> 1= qu(un) -Tv,, forevery Zun v, € 7).

neN neN neN
Let us check that § is well-defined. Letting z € V" be an upper bound for (u,,|v,|),cn, we
infer from (25) that |¢(u,) - Tv,| = ¢(u,)|Tv,| < bp(u,|v,|) < bo(z) € Z; for every
n € N. Given that (gb(un))neN € P(U,) by (10), we deduce that
(o(u,,), Tvn)neN € Adm(#) and thus accordingly > ° _« #(u,) - Tv, € Nis well-defined.

Also,if Y Nty v, =D oy iy, - T, then

(29)
|3 (i) - Tv, = (i) - T, | = Pu, )| T (v, =5,)| < bo(u,it,|v, =7,])
= b¢(|(unﬁm) v, = (u,i,,) ﬁm|) =0
holds for every n,m € N, which implies that » |« &(u,) -v, = >, - ¢(#,,) - 7,,. Allin all,

the definition of S is well-posed. Observe that S is linear by construction. Moreover, one has
that

(25)
[Sw| =D d(w)|Tv,| < 5> d(u)p(lv,|) =b(w]), Yw=> u,-v,€H7). (28)
neN neN neN

Notice that S is the unique linear map from (%) to / satisfying both S| = T and (28). It
also follows from (28) that the map S is Cauchy-continuous: if a given sequence
(w,);en C E(7) is d ;-Cauchy, then dvz(¢(|wi - wj\),O) — 0asi,j — 00, and thus

—_ (28) —
il]lggodzzqswi_SWjLO) < l.}ggodzz(b‘p(lwi_wjl):o) =0,

which shows that (Sw;,),cy is d ;-Cauchy. Therefore, S can be uniquely extended to a linear,
continuous map T': . — /. Thanks to an approximation argument, we can deduce from
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(28) that T verifies (26), whence the continuity of T immediately follows. Finally, we can
estimate

|T(u-v) = d(u)  T)| < |T(u-v) = p(u) - T(u-v)| +|p(u) - T(u-v) = p(u) - T(v)]
= (1= $)) T v)| + )| T =)
< bp(1-wp(lu- o)) +b BB v 1))
=2b¢(u(1-u)|v]) =0,
for every v € M and u € Idem(U, ), proving (27) when u is idempotent. By linearity, we

deduce that (27) holds whenever u € S(U, ). Thanks to the density of S(U; ) in U, as well
as to the continuity of T, ¢ and the scalar multiplications, we conclude that (27) is verified. [

Let us isolate a useful byproduct of the last part of the proof of Theorem 3.16:

LemMa 3.17 Let (U, U,, V) be a metric f-structure, and (U,, U,, V,, W,, Z,) a dual system of
metric f-structures. Let ¢ (U, U, V) — (U,,U,, V, ) be a homomorphism of metric
f-structures. Let M be a V,-normed U,;-module, and N a Z,-normed U,-module. Let T : M — N
be a linear operator having the following property: there exists an element b € W such that

|Tv] < bo(|v]), foreveryve M. (29)
Then T is a continuous operator satisfying T (u - v) = ¢(u) - T(v) for everyu € U, andv € M.
As an immediate consequence of Lemma 3.17, we obtain a criterion to detect homomorphisms:

COROLLARY 3.18 Let (U, U,V,W,Z) be a dual system of metric f-structures, .# a V-normed
U-module and ./"a Z-normed U-module. Let T: # — /'be alinear operator such that

|Tv| <wlv|, foreveryve 4,

for some w € W*. Then T is U-linear and continuous, and thus in particular

T € Hom( A, /).

Proof. Apply Lemma 3.17 with (U,,U,,V,) := (U, U, V),
(Uy, Uy, Vyy W, Z,) = (U, U, V, W, Z) and ¢ := idy,. 0

3.3. Constructions of normed modules
3.3.1. Banach module induced by an even sublinear map
We fix some terminology. Consider a vector space 7, a Riesz space U and amap t: 7"— U™. Then
we say that 1) is positively homogeneous if )(AV) = A1)(V) for every V € Z’and A € R*, while we say
that v is subadditive if (v + W) < 1)(V) + (W) for every V,W € 7. The map ¥ is said to be sublinear
provided that it is both positively homogeneous and subadditive. Finally, we say that the map 1) is even
provided that it satisfies 1)(-V) = ¢ (V) for everyv € 7.

THEOREM 3.19 (Banach module generated by an even sublinear map) Let (U, U, V) bea
metric f-structure. Let 7 be a vector space, and 1p: 7"— V™ an even, sublinear mapping. Then
there exists a unique couple (‘%(W’ T<¢>)—where My isa V-Banach U-module and the
operator Ty 2 V' —> M is linear—such that the following properties are verified:

(i) | TV = (V) for everyv € 7.
(ii) ?(Tw)("ﬁ)) is dense in M (.
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Uniqueness is up to unique isomorphism: given another couple (M, T ) with the same
properties, there exists a unique isomorphism of V-Banach U-modules ©: M,y — M such that

is a commutative diagram.

Proof. EXISTENCE. Let us denote by F the family of all sequences (u,,V, ),y such that
(4,) peny € P(1y), (V) en € Zand (unw(vn))neN are order-bounded in V. We introduce a

relation ~ on the set F : given any (u,,V,),, (,,V,,),, € F, we declare that
(uyv,), ~ (it,,V,,),, if and only if

u,it, (v, -V, ) =0, foreverynméeN.

One can readily check that ~ is an equivalence relation on F. reflexivity follows from
¥(0) = 0, symmetry from the symmetry of 1) and transitivity from the subadditivity of ).
We then define

F=F/~.

Forany (u,,V,), € F, we denote by [u,,V,], € F its equivalence class with respect to ~. We
set

[un’vn]n + [um'vm]m = [unum’vn + Vm]n,m’ \v/[unlvn]n’ [amlvm]m E -7:)
u- [am)vm]m = [“iam; )‘ivm]i,m; Vu= Z)\,‘”i € S(U), [amlvm]m S
i=1
|,V 1,| =supu,p(v,), V[u,v,], €F.

neN

Routine verifications show the well-posedness of the resulting operations

+: FxF-=F 2 8(U)xF—=F, |-|: F—V* (30)

We also define the map T': 7"— F as T(V) := [1,V] forallv € 7'and the distance d+ on
Fas

ds(w,w) :=d,(J]w-w|,0), foreveryw,w € F.

Next we denote by (4 ,,,d /”«w)) the metric completion of (F,dy) and by v: F — M

the canonical isometric embedding map. Define also TW) V' — M () 38 T(ﬂ)) =10 T.
With a slight abuse of notation, we regard F as a subset of /4 (W) Standard verifications show

that the operations in (30) are Cauchy-continuous, so they can be uniquely extended to
continuous maps

By an approximation argument, one can show that ./, is a U-module, |-|: A Wy = v*
verifies the V-pointwise norm axioms and

dﬂw)(w,ﬁ/) :=d,(|lw—-w|,0), foreveryw,w € M (.-
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In order to prove that . is a V-Banach U-module, it only remains to check the validity of
the gluing property. Fixany (u,),,eny € P(1y) and (w,,),eny C A 1y such that (u,|w,|),en
is order-bounded in V. In view of Definition 2.23 v), for any k € N we can find (Wﬁ)neN cF

such that (u,|w, - wk|),cy is order-bounded in V—thus (u,|w|),cy is order-bounded in
V—and

k 1 1
Zdv(”n|wn—wn|,0)§§, d (supu lw, - wk|, 0) S?
neN neN
Writing wﬁ in the form [f’ﬁ,j’ V’;,j] ;» we define the element ZF e FasF [unu’;], n]] . Then

0, (52 =y (| ~2],0) = dv<sup k= 511,0)

neN

3
ok+1’

<dy, (supum|w’fl —wn|,0> +dv(supu lw, — w1, 0)
neN neN
for every k € N. This implies that (Zk)keN is a Cauchy sequence in (‘%(1#)’ d/%w) ), so that it
converges to some element z € . Forany n € N, we deduce that

. . . 1
d/%<w>(un Z,u, - w,) = klgilod%w(un 25U, w,) = klirgo dy (u,|w, —wk],0) < hm =0,

oo 2k
so that u, - z = u, - w,. This shows thatz =) _ u, - w,, and thus the gluing property is
proved.

To conclude, let us check that (. () T(¢>) verifies (i) and (ii). The mapping Ty is
linear and satisfies | T,y V| = [[1,V]| = (V) for every V € 7 so that (i) is proved. Finally,
T (7)) =Fand 3 - TV, = [, V,], forall [u,,v,], € F.Being F dense in
M (s (ii) is also proved.

UNIQUENESS. It is a consequence of Corollary 3.22. Indeed, initial objects are colimits (of

empty diagrams), and thus in particular they are unique up to a unique isomorphism (cf.
with [35]).

PrOPOSITION 3.20 Let (U;,U,, V) be a metric f-structure, and let (U,,U,,V,,W,,Z,) be a dual
system of metric f-structures. Let ¢p: (U, U, V) — (U,,U,,V,) be a homomorphism of metric

f-structures. Let 7"be a vector space, and 1: 7"— V| an even, sublinear mapping. Let N be a
Z,-Banach U,-module. Let S: 7"— N'be a linear map such that for some b € Wy it holds

V] < b($o D)), foreveryV € V-
Then there exists a unique linear operator ©: M,y — N such that @ o T,y = S and
(Oo] < bO(vl), foreveryv € Ml .
In particular, the map @ : M,y — N'is continuous. Moreover, it holds that
D(u-v)=¢(u) ®(v), foreveryu€ Ujandv € M 1y
Proof. Since Ty is linear, we have that 7#":= T/ (‘7) is a vector subspace of # ()~ Item (ii) of
Theorem 3.19 ensures that &(%) is dense in ﬂ )- Moreover, let us define T': 7' — Vas

T(T V) =SV, foreveryv e 7.

O
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Since |SV| < b(¢po)(V) = b¢(|T<¢>V|) by item (i) of Theorem 3.19, we deduce that T is
well-defined. Notice also that T is linear and satisfies | Tv| < b¢(|v]) for everyv € X
Therefore, the statement follows from Theorem 3.16 applied to the operator T. O

CoroLLARY 3.21 Let (U, U, V) be a metric f-structure. Let 7’be a vector space, and
¥: 7"— V7 an even, sublinear mapping. Let .//'be a V-Banach U-module, and S: 7"— J'a
linear operator such that [SV| < ¢(v) for every v € 7 Let (4 , T ) be asin
Theorem 3.19. Then there exists a unique homomorphism of V-Banach U-modules
®: My — Nwith o Ty =S. Moreover, it holds that [Pv| < [v] for everyv € M ().

Proof. Use Proposition 3.20 with (U,,U},V,) := (U, U, V),
(Uy, U, Vyy Wy, Zy) o= (U, U, V,U, V), ¢ := idy and b := 1. 0

Next, we aim to interpret the couple (. (y T(d))) given by Theorem 3.19 in categorical terms.
Given (U, U, V), 7'and 1) as in Theorem 3.19, we denote by C,, the category defined as follows:

(i) The objects of C,, are the couples (AM,T), with M being a V-Banach U-moduleand T: 7" —
M alinear map satisfying | TV| < (V) for every v € 7.

(i) The morphisms between two objects (#,,T,) and (M, T,) of C,, are given by those mor-
phisms ®: M, — M, in the category BanMod,y; 1) for which

T
v *1> M 1
s
ﬂ 2
is a commutative diagram.

COROLLARY 3.22 Let (U, U, V) be a metric f-structure. Let 7'be a vector space, and
¥: 7"— V" an even, sublinear mapping. Then (., T(d))) is the initial object of the
category C,,, meaning that for any object (M, T) of C,, there exists a unique morphism

Proof. Let (M, T) be an arbitrary object of C,- Then Corollary 3.21 ensures that there exists a
unique morphism ®: (M ), T ) — (M, T)in Cy such that @ o Ty = T, as desired. [

3.3.2. Pushforward of a normed module

As a consequence of Theorem 3.19, we can prove that each homomorphism of metric f-structures
induces a ‘pushforward functor’ between the respective categories of Banach modules:

THeOREM 3.23 (Pushforward of a normed module) Let (U, U,,V,) and (U,,U,,V,) be
metric f-structures. Let ¢ : U, — U, be a homomorphism of metric f-structures. Let M be a
V,-normed U,-module. Then there exists a unique couple (¢ M, p.)—where ¢ M is a
V,-Banach U,-module and the operator ¢«: M — ¢+ M is linear—such that the following
properties are verified:

(i) |p«v| = @(|v]) for every v € M.
(i) G(p«(M)) is dense in P« M.

Uniqueness is up to unique isomorphism: given another couple (N, T') with the same properties,
there exists a unique isomorphism of V,-Banach U,-modules ® : ¢«M — N such that
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oy L)
Vo My

e

M

is a commutative diagmm.

Proof. Definetp: M — V; as1)(v) := ¢(|v|) for every v € M. Notice that 1) is even and
sublinear, and thus it makes sense to consider the V,-Banach U,-module ¢4 := M W) and
the linear operator ¢ := Ty : M — M. Observe that |p«v| = (v) = $(|v|) for every
v € M, which shows (i), while (ii) is only a rephrasing of Theorem 3.19 (ii). This proves the
existence part of the statement. Finally, the uniqueness part follows from the uniqueness
stated in Theorem 3.19. (]

PrOPOSITION 3.24 Let (U;,U,, V) be a metric f-structure, and let (U,,U,,V,,W,,Z,) be a dual
system of metric f-structures. Let o (U, U, V) — (U,,U,,V,) be a homomorphism of metric
f-structures. Fix a V,-normed U, -module M and a Z,-Banach U,-module N. Let T : M — N 'be
a linear operator such that there exists an element b € W, satisfying

ITv| < bo(sl), foreveryv € A (31)
Then there exists a unique homomorphism T € Hom( s M, N) such that
T(pw) = Ty, foreveryv € M. (32)
Moreover, it holds that | Tw| < b|w| for every w € ¢ M.

Proof. Recall from (the proof of ) Theorem 3.23 that, letting ¢: 4 — V, be ¢(v) := ¢(|v]), it
holds (¢pu M, p.) = (M (W) T<¢>). The statement then follows from Proposition 3.20. ([

CoroLLARY 3.25 Let (U,,U,,V,),(U,,U,,V,) be metric f-structures, and ¢: U; — U, a
homomorphism of metric f-structures. Let #, #/'be V,-normed U,-modules. Let
T € Hom(, /) be given. Then there exists a unique homomorphism
&-T € Hom( M, p«N) such that

M —L s ¥

o J»

is a commutative diagram. Moreover, if both U, and U, are Dedekind complete, then it

holds that

¢.T| < o(|T)).

Proof. Define T := p. o T: M — ¢».N.Letw € U; such that | Tv| < w|v| for everyv € M,

| Tv| = [¢:(Tv)| = ¢(|Tv]) < d(wlv]) = p(w)(Jv]), foreveryv € M. (33)

Therefore, the existence and the uniqueness of . T follow from Proposition 3.24 applied to
T. Finally, suppose that U, and U, are Dedekind complete. Then we can choose w := |T| in
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(33), so that we have | (¢ T)w| < ¢(|T|)|w| for every w € ¢4, whence it follows that
¢.T| < o(|T)). O

Combining ~ Theorem 3.23 and Corollary  3.25, any  homomorphism
¢: (U,U,V,) — (U,,U,,V,) induces a functor

d)*: BanMOd(ul,Ul,Vl) - BanMOd(uvUsz)'

We point out that, even though we chose the term ‘pushforward’ by analogy with [20, Section 1.6],
from the categorical perspective the correct term would be the direct image functor.

ReMARK 3.26 Let (U,,U,,V,,V,Z)), (U,,U,,V,,V,,Z,) be dual systems of metric
f-structures. Let ¢: U; — U, be ahomomorphism of dual systems. Let #Z'be a V| -Hilbert
U,-module. Then

¢« #, isaV,-Hilbert U,-module, (34a)

pv-pw=p(v-w), foreveryv,w € Z. (34b)

To prove (34a), notice that Theorem 3.23 (i) implies that the elements of &(¢.(#))—thus
all the elements of ¢. %, thanks to Theorem 3.23 (ii)—satisfy the pointwise parallelogram
law. Also,

1 1
-9 = 26w gl gP) = 9 (e w - o)) = 60-)
hold for every v,w € %, which shows that (34b) is verified.

THEOREM 3.27 Let (U, U,,V,,W,,Z,) and (U,, U,,V,,W,,Z,) be CSP complete dual systems
of metric f-structures. Let ¢ : U, — U, be a homomorphism of dual systems. Let M be a
Vy-Banach U,-module. Then there exists a unique homomorphism I, € Hom (gl (putl)")
such that

<I¢(¢*w),¢w> = o({w,v)), foreveryw € M andv € M. (35)
Moreover, it holds that

s ()| =nl,  for everyn € ¢ " (36)
Proof. Givenanyw € J , we define the operator iy(w): M — Zyas
ig(W)v:=d((wv)), foreveryve M.

Note that i (w) is linear and satisfies [, (w)v| < ¢(|w|)@(|v|) forallv € . Hence, we
know from Proposition 3.24 that there is a unique element i, (w) € (¢ot)" such that

lig(w)| < é(|w]) and
<i¢(w)J¢*V> = 7¢(w)v = ¢(<W; V>)) for everyv € M.

Since the resulting operator i, : " — (¢e M) islinear, by applying Proposition 3.24 again
we deduce that there exists a unique I € Howm(¢..M /4 )*) with |I¢| < 1 such that
(35) holds.
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It remains to check (36). Thanks to Proposition 3.4 (i) and Theorem 3.23 (ii), it suffices
to prove (36) forn € (M), say 1) =y o Uy - Pew, with (u,), € .’P(IUZ) and
(w,), C . Given any n € N, we deduce from Lemma 3.13 that ,
|w,| =sup {(w,,v) : v € 4, |v] < 1}, s0 we can pick a sequence (v, ),y C A such that
[v},| < 1foralli € Nand |w,| = sup,(w,,v,). Then

Puw,| = sup P((w,,v)) @ sup (I, (¢«w,), puvy,). (37)

ieN

P(lw,l) =

Multiplying by u, and summing over 1, we deduce (using Lemma 3.13 again and |¢.v}| < 1)

that

nl=>u,

6] 2Dy SUp (1(65,), 60 = D sup {1y (60,),6)

neN neN ic neN €N
= sup (L (u, 1), @vh) < Y [Ty, -m)| =D u, 1500 = [1,(n)].
neN €N neN neN

Since |1 ¢| < 1yields the converse inequality |I¢ (n)] < |n|, the statement is finally achieved. [

3.3.3. Completion of a normed module

It follows from Theorem 3.23 that each V-normed U-module can be ‘completed’ to a V-Banach U-
module, and much like the metric, completion of a normed space has a Banach space structure:

TueoreM 3.28 (Completion of a normed module) Let (U, U, V) be a metric f-structure, and
let M be a V-normed U-module. Then there exists a unique couple (M, 1) such that M is a
V-Banach U-module and v: M — M is a U-linear map with a dense range satisfying |1v| = |v|

for every v € M. Uniqueness is up to unique isomorphism: given another couple (M, ) with the
same properties, there is a unique isomorphism ® : M — M of V-Banach U-modules such that

M — A

Nk

is a commutative diagram. We say that the couple (M,0), or just M, is the completion of M.

Moreover, if M, N are V-normed U-modules and T € Hom( M, V) is given, then there exists a
unique homomorphism T € Hom(M, /) such that T| ,, = T, where we regard M and .V as
subsets of M and J, respectively. If in addition U is Dedekind complete, then it holds | T| = | T|.

Proof. The identity mapping idy,: U — U is a homomorphism of metric f-structures from
(U, U, V) to itself, and thus we can define ./ := (idy )« and ¢ := (idy,)«: M — M. By
Theorem 3.23, to prove the first part of the statement amounts to showing that ¢ is U-linear
and that ¢(.#) is dense in .. The former property follows from Corollary 3.18. About the
latter, recall that ©(.(.)) is dense in ./, and thus it only remains to show that
(M) =G((M)). The inclusion t(M) C G(L(M)) is trivial. Conversely, fix
W= Uy v, € E(L(M)). Since (u,,1v,),cn € Adm(M), we have that
(4, v,) pen € Adm(A), and thus it makes sense to consider v := Y\ u, - v, € M. We
claim that tv = w, whence it follows that w € +(#) and thus E(.(M)) C 1(M). Given that

u, - w=1u(u,-v)=u(u, v,)=u, w,=u,-w, foreveryneN,

we deduce from Lemma 3.2 that ¢v = w. Therefore, the first part of the statement is proved.

$20Z JaquiaAoN 0z uo Jasn Alisiaaiun eifisenir Aq y€/2106.2/SS008RY/Y1ewb/E601 0L /10p/a|onie-aoueApe/yrewlb/woo dno-olwapeoe//:sdiy wolj papeojumo(]



AN AXIOMATIC THEORY OF NORMED MODULES VIA RIESZ SPACES . 33

About the second part of the statement, observe that T := (idy).T € Hom (A, /) is the
unique homomorphism extending T. Note also that if i € U* satisfies | Tv| < i|v| for all
v € M, then |Tv| < @v| for every v € . by approximation. Finally, borrowing the notation
from the proof of Theorem 3.12 (see (20)), we get that . = F, so that (assuming that U is
Dedekind complete) we conclude that | T| = | T|. O

3.4. Hahn—Banach extension theorem

The aim of this section is to obtain a normed module version of the Hahn-Banach extension theorem
as well as to investigate some of its basic consequences.

Let (U,U,V) be a metric f-structure, and .# a module over U. Then we say that a given map
p: M — V" is U-sublinear if it is subadditive (that is, p(v+w) < p(v) + p(w) for every v,w € M )
and positively U-homogeneous, which means that p(u - v) = up(v) forallu € U" and v € /.

LemMA 3.29 (One-dimensional dominated extension) Let (U, U, V') be a Dedekind complete
CSP metric f-structure, M a V-normed U-module and N C M a V-normed U-submodule of M.
Fix any z € M such that u -z ¢ Nfor every u € Idem(U)\{0}, with u < X{z0)- Let
f+ N — V beaU-linear map, andp: M — V* a U-sublinear map with f < p on N. Define
N, = N+ U - z. Then there exists a U-linear map f : N, — V withf| ;= f such that f < p on
N,

+z*

Proof. Given any v,w € ./, we can estimate
f@) =fw) =f(v-w) <p(v-w) =p(v+z-(w+2)) < p(v+2) +p(-w-2),

whence it follows that —p(-w — z) — f(w) < p(v+2) —f(v) for every v,w € /. Substituting
w =0, we obtain that p(z) < p(v+z) —f(v) for every v € /, and thus the Dedekind
completeness of V ensures that b := inf {p(v+2z) —f(v) : v € N} € V exists. Then we have
that

—-p(-w-2z)—f(w) <b<pWw+z)-f(v), foreveryv,w € N. (38)

Substituting v = w = 0 in (38) and multiplying by X (.o, we deduce that X ,_¢y - b= 0, s0
that

X{z=0} < X{b=0}- (39)
Next we claim that for any v,7 € A and u, @ € U it holds that
vtu-z=v+i-z = v=vand u-b=1au-b. (40)
To prove it, suppose that (u — @) - z = ¥ - v. Pick a partition (u,),,cn of X {5} and
(w,),eny C U such that u, (u—@1)w, = u, for every n € N. Multiplying (u—) -z =7 — v by
u,w,, we obtain

u,-z=(u,(u—)w,) -z=(u,w,) - (7-v) €N, foreveryneN.

Hence, the gluing property of ./’ensures that X f,;, - z € ./, and thus accordingly
X{uta} < X{z=0}- Thisimplies that ¥ —v=u-z—-#-z=0and (recalling (39)) that
u-b=i-b,proving (40). Therefore, the map f : ¥, — V defined as follows is well-posed:

f(v+u-z):=f(v) +u-b, foreveryv€ Sanduc U.

It is immediate to check that f’ is a U-linear extension of f. It only remains to show that f <p
on /. To this aim, fixv € #and u € U\{0}. Pick a partition (u,,),,cn of {u > 0},2
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partition (#,),cn of {u < 0} and (w,,) ey, (W,,) ey € U™ such that u,u*w, = u, and
it,u”w, = ii, for all n € N. It follows from (38) that p(w,, - v+z) —f(w,, - v) > band

—p(w, - v—z)+f(w, - v) < b. Multiplying by u,u* and &1, u”, respectively, we obtain

u, - (f()+u-b) <u,-p(v+u-z)and

i, - (f(v) +u-b) =d, (f(v) -u"-b) <it,-pv-u-2) =it p(v+u-2),

respectively. Using the gluing property, we conclude that
f+u-2)=fW)+u-b<p(v+u-z).

TueoreM 3.30 (Hahn-Banach theorem for normed modules) Let (U, U, V') be a Dedekind
complete CSP metric f-structure. Let M be a V-normed U-module, and let /' C M be a V-normed
U-submodule of M. Letf: N — V be a U-linear map, and p: M — V* a U-sublinear map
with f < p on N. Then there exists a U-linear map f : M — V such that f| ;= f such thatf < p
on M.

Proof. Let us denote by 7 the family of all couples (@, g), where @ is a V-normed
U-submodule of ./ containing #'andg: @ — V is a U-linear extension of f satisfying g < p
on @. Clearly F is non-empty, as it contains (/4 f). We endow F with the partial order <
defined as follows: given (@,g), (@,5) € F, we declare that (@,g) < (@,§) provided @ C @
and §|, = g. It is easy to check that any totally ordered subset € of (&, <) has an upper
bound, namely, (@, g,), where @, := U(@,g)e?@ andg,: @, — Vis given by g,(v) := g(v)
for every (@Q,g) € F with v € @. Hence, an application of Zorn’s lemma yields the existence
of a maximal element (4}, f,) of (F, <). In order to conclude, we aim to show that A}, = /.
We argue by contradiction: suppose that /#\ ./, # (. Fixany z € ./ \/#,. The fact that U is
Dedekind complete and CSP ensures that

3q := sup {u € Idem(U) ‘ u-z € Ny} €1ldem(U).

Moreover, the gluing property implies that g - Z € /. Then we definez := (1-q) -z € /.
Observe that u - z ¢ 4/ holds for every u € Idem(U)\{0}, withu < 1-¢ = X{,0-

Therefore, Lemma 3.29 yields the existence of a map f: Ny+U-z— Vsuch that
(Ny+U-z,f) € Fand (H,,f,) <X (Ny+ U - z,f), which leads to a contradiction with the
maximality of (A;,f;)-

CoroLLARY 3.31 Let (U,U,V,W,Z) be a CSP complete dual system of metric f-structures.
Let ./ be a V-Banach U-module. Let v € . satisfy |[v| € ZN U and X{vto} € W.Then

there exists an element w € /" such that (w,v) = |v| and |w| = X{vt0}-
Proof. Notice that U - visa V-Banach U-submodule of /. We define themap T: U -v — Zas
T(u-v):=ulv|, foreveryuec U.

Clearly, T is well-posed and U-linear. Moreover, we have | T (u - v)| = x {v£0} |u - v| for every
u € U,and thus T € Hom(U - v,Z) and | T| < X{,10}- Now let us define p: M — Z" as
p(w) :=x {v£0} |w| for every w € . It can be readily checked that p is U-sublinear. Since

T <ponU - v, an application of Theorem 3.30 yields a U-linear map w: . — Z satisfying
wly., = Tandw < p on . The latter gives |w(w)| < Xy,0y|w| for every w € M, which
shows that w € " and |w| < x {v-+0}- Notice also that (w,v) = [v] by construction.
Therefore, in order to conclude it suffices to check that |w| > x {v0}- TO this aim, pick a
partition (u,),cn of {v # 0} and a sequence (w,),cny C U such that u,w, |v| = u, holds for

O
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everyn € N. Now fixany g € W satisfying |(w, w)| < g|w| for every w € /. Then for any
n € N we can estimate

u,g = unwn|v|g =g‘(unwn) : 1)| > |<w) (unwn) : v>| = unwn|v| = Uy

which implies that g > X{,..o) thanks to the arbitrariness of n € N. The statement is
achieved. 0

3.4.1. Reflexive Banach modules

Let (U,U,V,W,Z) be a complete dual system of metric f-structures, and let .# be a V-Banach U-
module. Then we denote the bidual of # by M "= (M’)". Here, we are considering the dual of
M with respect to the dual system (U, U, W, V, Z) (recall Remark 2.27), so that ./ " isa V-Banach
U-module.

DEFINITION 3.32 (Embedding into the bidual) Let (U, U,V,W,Z) be a complete dual

system of metric f-structures. Let /# be a V-Banach U-module. Then we define
Juy: M — M Tas

J 4(v),w) := (w,v), foreveryv € Mandw € M .

Notice that the map . x M~ > (v,w) = (J ,(v),w) € Zis U-bilinear. Moreover, one has

|J 4(),w)| < |wl||v], foreveryv € Mandw e M.

It follows that J ,(v) € M~ for every v € M, ] , € Hom(M, M) and |J ,| < 1. Under suitable
assumptions, the homomorphism J , actually preserves the pointwise norm:

ProrosITION 3.33 Let (U, U,V, W, Z) be a CSP complete dual system of metric f-structures.
Suppose that S(V)) < S(W). Let M be a V-Banach U-module. Then it holds that

VW)=, foreveryve M.

Proof. Letv € J be fixed. We aim to show that |J ,,(v)| > |v|. In view of Remark 3.8, we know
that S(V') < S(Z). Hence, applying Lemma 3.10 we obtain a partition (u,),cn of {v # 0}
such thatu,|v| € ZN U and X{u, w0} € W for every n € N. Using Corollary 3.31, we can

find a sequence (w,),cny C  such that (w,,u, - v) = u,|v| and |w,| = X{u, w0} forall
n € N. Then

u,(J 4, (v),w,) = (Wy,u, v) =u,lv|=u,|lw,||v], foreveryne N.
This implies that u,[J ,(v)| > u,|v| for every n € N, whence it follows that [J ,(v)| > |[v]. [
In view of Proposition 3.33, it is then natural to give the following definition of reflexivity:
DEFINITION 3.34 (Reflexive Banach module) Let (U, U,V,W,Z) be a CSP complete dual

system of metric f-structures. Suppose that S(V)) = S(W). Then we say that a V-Banach
U-module ./ is reflexive provided that the embedding operator] , : M — M Tis surjective.
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3.5. Hilbert modules
In this section we investigate the properties of Hilbert modules. Among others, we will prove a
Cauchy-Schwarz inequality (Lemma 3.35) and a Riesz-representation-type result (Theorem 3.38),
we will study orthogonal projections (Theorem 3.36 and Proposition 3.37) and we will show that
Hilbert modules are reflexive (Proposition 3.39).
Let (U, U,V,V,Z) be a dual system of metric f-structures, and % a V-Hilbert U-module. Then

v.w:i|y+w|2—%\v—w|2, for everyv,w € Z. (41)

Indeed, recalling the definition of the pointwise parallelogram law, we obtain that

Lswp=Lpp e Lpps Lo,
4 4 4 2
1 1

~|v-wl*= l|v|2+—|w|2—lv-w.
4 4" 7y 2

Subtracting the second identity from the first one, we get (41).

LemMa 3.35 (Cauchy-Schwarz inequality) Let (U, U,V,V,Z) be a dual system of metric
f-structures, and 7 a V-Hilbert U-module. Then

lv-w| < |v||w|, foreveryv,w € Z. (42)
Proof. Using (41) and the fact that |[v] — |w| < |v+w| < |v| + |w]|, we obtain that

vew = Zlvrwf = 2ol < 2 (o] lwl)? = (vl - ]))
1
= (P w2+ 2lvl] = o = P + 21 w]) = ol

We also have that —(v- w) = (—v) - w < | - v||w| = |v||w]|. Therefore, (eq: CS) is proved. (|

Given a V-Hilbert U-module # and a V-Hilbert U-submodule .4 of #, we define the orthogonal
complement of N'in Z as

Nt = {ve%‘ v-w =0, foreveryw € J}.
One can readily check that .4+ is a V-Hilbert U-submodule of Z.

TueoreM 3.36 (Hilbert projection theorem for Hilbert modules) Let (U, U,V,V,Z) bea
CSP complete dual system of metric f-structures. Let Z be a V-Hilbert U-module satisfying

doy(v,0)> < d,(|v[},0), foreveryv € Z. (43)
Let C + () be a closed, convex subset of Z such that €(C) = C. Let v € J be fixed. We define
lv—C|:=inf{|lv-w| |we C} eV, dy(v,C) ==inf{dz(v,w) |w € C} € R*".
Then it holds that

dy (Jv-C|,0) =dg(v,C). (44)
Moreover, there exists a unique P-(v) € C, the orthogonal projection of v onto C, such that

[v=C|=v=Pc(v)].
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Proof. Applying Lemma 3.9, we can find an element h € V* such that h < 1 and
X{n=0}V = {0}. By our assumptions, there exists a sequence (w;)cn C C such that
|v— C| = inf, . |v — #|. One can readily check that for any n € N there exists a partition
(up)ken Of X 20} such that

wlv=C| <ullv-w| < uZ(\v—C\ + %h), forevery k € N.

In particular, it holds (u}, W} )cny € Adm (%), and thus it makes sense to set
W, = ZkeN u - wy € . Given that C is closed under the gluing operation, we have that
(w,),en C C. Notice also that

|v—C|§|v—wn|§|v—C\+lh, foreveryn € N. (45)
n
Since lim, d;,(n™"h,0) = 0, we deduce from (45) that lim, d,(|v - C|,|v - w,|) = 0,and
thus
dg(v,C) < lim dg(v,w,) = lim dy,(Jv—w,|,0) = d (Jv-C|,0).
n—o0 n—o0

On the other hand, we have |[v— C| < |v-w/|, and thus d,,(|v — C|,0) < do(v,w), for every
w € C. By taking the infimum over w € C, we get d,(|v— C|,0) < dg(v,C). Allin all, (44)
is proved.

The Hilbertianity of 7 and the convexity of C ensure that for any n,m € N it holds that

2

W, +w
lw, —w,,[*=2v-—w,|*+2|v—w,|* - 4|y - "2 -
<L20v-w,|*+2lv-w,|*-4]v-C|? (46)
(45)
<2 A PR Y |v—Cl|h,
n*  m? no m

whence it follows that dy, (|w, —w,, |,0) < +/d,(Jw, —w,,|%,0) — 0asn,m — cc. Hence,
(w,,),cn is a Cauchy sequence in %, and thus lim, dg,(w,,#w) = 0 holds for some w € C.In

particular, we have that d,(|v— C|,|v - w|) = lim, d,(Jv - C|,|v—w,|) = 0, so that
|v— C| = |v—1w|. To prove that  is the unique element of C with this property, fixany w € C
with |v = #| = |[v— C|. Then

w+w

2
0< |w—w)* =2|v—w|* +2|v—w|* - 4|y - <2lv-C|*+2lv-C|*-4|v-C|*=0,

which forces the identity w = w. All in all, the statement is finally achieved. ]
The choice of the terminology ‘orthogonal projection’ is justified by the following result:

ProrosITION 3.37 Let (U, U,V,V,Z) be a CSP complete dual system of metric f-structures. Let
 be a V-Hilbert U-module satisfying (43). Let NV be a V-Hilbert U-submodule of . Then:

(i) v—P {(v) € N foreveryv € .
(ii) It holds that V' N .
(iii) The map P ;: H — N belongs to Hom(F, N).
(iv) v="P (v) +P . (v) and |v|* = |P,(v)|* + |P 4. (v)|* for every v € Z.
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Proof. Fixw € /. Denote w := P {v). Pick a partition (u,),cn of 1;; such that
u,(v—w)-w € U for everyn € N. Since w —u - w € N for every u € U, we have that
|v—w| <|v—mw+u-wl|, and thus

v—w* <|v-w+u-w*=|v-w]*+ulw* - 2u(v-w) - w. (47)

Fixany n € Nand ¢ € R with € > 0. Substituting u = —eu, (v — ) - w into (47), multiplying
both sides by e 'u, and rearranging the various terms, we obtain that

2u,|(v =) - wl* < ew,|(v =) - w]|w].

Letting e \, 0, we get u,|(v—w) - w| = 0 for everyn € N, and thus v - € N+, Then (i) is
proved.

To prove (ii), we aim to show that 4+ 4+ = Z and /N A+ = {0}. For the former, just
observe that any v €  can be written as (v~ P ,(v)) + P ,(v), where v— P ,{v) € #* by (i)
and P ,{v) € /. For the latter, note that if v € AN %, then [v]|> = v- v = 0 and thus v = 0.

Let us now pass to the verification of (iii). Given any v,w € %, we deduce from (i) that

(v+w-P(v+w))+P v+w)=v+w=(v—P{v) +w—P{w))+P(v) + P (w),
L
enNt enN et eN

and thus accordingly (ii) implies that P ,{v + w) = P ,{v) + P ,{w). Similarly, for any element
u€ Uwehavethat (u-v—-P{u-v))+Pu-v)=u-v=u-(v-P,(v))+u-P{v),which
forces the identity P ,{u - v) = u - P ,{v). Allin all, we showed that P ;-is a U-linear map. We
also have that |v|* = [y = P ,{v)|* + |P{v)|* > |P (v)|* for every v € #, and thus
P, € Hom(%, ).

Finally, we prove (iv). Given any w € /', we have that |w — v|* = |w|* + |v|* for every
v € W and thus |w - #* = |w|?, which implies that P ,(w) = 0. Using also (iii), we deduce
that

‘v— (V—P/V(v))‘z = ‘P/V(v)‘z = ’P/,,(v) —P/V(w)‘2 = ’P/V(V—W)‘Z < |v-w|*

for every v € #. Hence, ’v— (V—P/V(V)>| = [v = |, which implies P . (v) = v—P (v).In
particular, one has [v]* = |P,{(v) + P ;| (u)|2 =P (v)]*+|P . (v)|? so (iv) is also proved. [J

TueoreMm 3.38 (Riesz representation theorem for Hilbert modules) Let (U, U,V,V,Z) bea
CSP complete dual system of metric f-structures. Let Z be a V-Hilbert U-module satisfying (43).
We define the operator Roy: H — F as

(Rop(w),v) :=v-w, foreveryv,w € .
Then Ry, is an isomorphism of V-Banach U-modules, #" is a V-Hilbert U-module and
Ry (v) -Ry(w) =v-w, foreveryv,w € Z. (48)

Proof. The properties of the pointwise scalar product and the Cauchy—Schwartz inequality
ensure that Ry(w) € % and |Ry(w)| < |w| forall w € . Then Ry, € Hom(%, %) and
|Ro| <1 (recall Example 2.26). To conclude, it remains to prove that Ry, is surjective and
that it holds that |[R(w)| > |w| for every v € . To this aim, fixany 7 € %\ {0}. We know
that ker(n) is a V-Banach U-submodule of % with ker(7) # 7, so that there exists
w € ker(n)*\{0}. We can find a partition () nen of X {0} and a sequence (a,)pen C UY
such that u, |w|,u,(n,w) € U and u,a,|w| = u, for every n € N. Then we define
w, := (u,(n,w)az) - w € I for every n € N. Notice that |w,| = u,a,|(n,w)| and
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(n,w,) = |w,|. In particular, |w,| < u,|n| foralln € N, and thus it makes sense to define
w =Y. Uy w, € . Itholds that [w| < |n| and (n,w) = |w|>. Pick a partition (i), of
Xfwro} and (b )ey C U™ such that i |w|* € U and i by |w|* = &, for every k € N. Given
any element v € 7, we have that for every k € N it holds that
i (v-w) = (i v = (@ (,v)by) - w) - w+ iy (1, v) by |wl*. (49)

Observe that @iy, - v — (i1, (1,v)b;) - w € ker(7), as a consequence of the following
computation:

(g - v = (i (1, v) by) - w) = g (1, v) = ity (m,v) by (myw) = i (1, v) — iy (V) by [wl* =

It holds w € ker(n)*, whence it follows that (i, - v — (i (17, v)b,) - w) - w = 0, and thus (49)
yields

ity - (v-w) = i (1, v) b Jw|* = i (n,v).

Thanks to the arbitrariness of k € N, we finally conclude that (1,v) = v - w for everyv € %,
which means that 7) = Ry(w) and |[Rg(w)| = |17] > |w|. This completes the proof. O

ProrOSITION 3.39 Let (U, U,V,V,Z) be a CSP complete dual system of metric f-structures. Let
 be a V-Hilbert U-module satisfying (43). Then it holds that I is reflexive.

Proof. Givenanyv € % andw € ¥, we have that

(48)

Ry} () v

(R (Ryp(v)),w) = w-Ryp(v) = Ryp(Ry (w)) - Rye(v) =
= (Ry (R (w)),v) = (wyv) = Jg(v),w).

This shows that J 5, = Rgy o Ry Since both Ry, and Ry, are surjective by Theorem 3.38, we
conclude that J, is surjective, and thus #’is reflexive, yielding the sought conclusion. O

ProrositioN Let (U}, U,,V,,V,,Z,), (U, U,, V,,V,,Z,) be CSP complete dual systems of
metric f-structures. Let ¢ : U, — U, be a homomorphism of dual systems. Let # be a V-Hilbert
U,-module satisfying (43). Then I : G-I — (¢-F)" is an isomorphism of V,-Banach
U,-modules.

Proof. By Theorem 3.27, it suffices to check that I, : ¢ # " — (¢.%)" is invertible. Recall from
Remark 3.26 that ¢. % is a V,-Hilbert U,-module and ¢.v - ¢.w = ¢(v - w) for all v,w € .
Then

(g0 b0 Ry)(v), Pew) = S((Ry(v), w)) = G(v- w) = pev - paw = (R 5 © ¢-) (v), pew)

for every v,w € . Moreover, ¢. o Ryy: # — ¢ is linear and satisfies = |v]

for every v € , and thus Proposition 3.24 gives an element T € HoM (%, ). ") such
that

N P (b*%*

\/l

is a commutative diagram. Hence, I ; is invertible and I;)l =To R;)l o concluding the

proof. O
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3.6. Dimensional decomposition

Given a commutative ring R and a non-empty subset S of an R-module M, we denote by (S); the
R-submodule of M generated (in the algebraic sense) by S. Namely, we define

n

Se={Dnn

i=1

neN, (Vi)?:l CR, (vi)?:l C S}'

DEFINITION 341 (Independence, generators, local basis) Let (U, U, V) be a metric
f-structure, and ./ a V-Banach U-module. Let v}, ...,v, € # and u € Idem(U) be given.
Then we say that

(i) vy,...,v, are independent of uiffor any uy,...,u, € U it holds that

n
Z(uui)mi:O < uy; =0, foreveryi=1,...,n.
i=1

(i) v,...,v, generate M on uprovided €((u-S)y;) = u- M, where S := {v,,...,v,}.
(iii) vy,...,v, form a local basis of J# on u provided that they are independent of u and
they generate .# on u.

For brevity, in the case where u = 1;; we do not specify ‘on 1;,” in the above terminology.

In order to provide a well-defined notion of local dimension, we first need to show that two local
bases on the same idempotent element must have the same cardinality:

LEMMA 3.42 Let (U, U, V) be a Dedekind complete CSP metric f-structure, and M a V-Banach
U-module. Letv,,...,v, € M andw,,...,w,, € M belocal bases of M onu € Idem(U). Then it
holds that n=m.

Proof. Observe that it suffices to check thatif v, ..., v, generate # onuand w,, ..., w,, are
independent of u, then n > m. Moreover, thanks to a finite induction argument, it is enough
to show thatifk <mandwy,...,w;_;,v,...,v, generate ./ on some u, € Idem(U)\{0}
with uy < u, then there exists u; € Idem(U)\{0} with u; < u, such that
Wiy ooy Wiy Viypy - )V, generate # on u; (up to reordering v, ..., v, ). First of all, we can find
elements iz € Idem(U)\ {0} with & < uyand iy, ...,#, € U such that

k-1 n
i-wy, = ﬂi-wi+Zﬁi~vi. (50)
i=1 i=k
Since wy, ..., w,, are independent of #, it cannot happen that &, = ... = &1, = 0. Hence, until

reordering vy, ..., v,, we can assume that z := X 4oy # # 0. Now take a partition (z;)y of 2
and elements (Z;);cy C U such that z,(#.z; — 1) = 0 for every j € N. There exists j, € N such
thatz; # 0, so that multiplying both sides of (50) by z; Z; ‘we obtain that

k-1 n
g, v = (5,5,0) v = (5,8,) W= Y _(5,5,) wi= D (g,5,8) v
i=1 i=k+1
This implies that, letting u, := z, , it holds that w,, ..., wy, vy, ..., v, generate ./ on u;. u

In view of Lemma 3.42, the following definition is thus well-posed:

DEFINITION 3.43 (Local dimension) Let (U, U, V) be a Dedekind complete CSP metric
f-structure, and let ./ be a V-Banach U-module. Then we say that . has local dimension
n € Nonu € Idem(U) if there exists a local basis vy, ..., v, of /4 on u.
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Finally, we can show that each Banach module admits a (unique) dimensional decomposition:

THeOREM 3.44 (Dimensional decomposition) Let (U, U, V) be a Dedekind complete CSP
metric f-structure, and M a V-Banach U-module. Then there exists a unique partition

(Dn)nENU{oo} of 1, such that

(i) M has local dimension n on D,,, for every n € N.

41

(ii) Given any n € N and u € Idem(U)\{0} such that u < D, it holds that /M does not have local

dimension n on u.
We say that (D,,) ,enooy C Idem(U) is the dimensional decomposition of M.
Proof. Thanks to the countable representability assumption, it makes sense to define
D, :=sup {u € Idem(U) | A has local dimension n on u} €1dem(U), foreveryn €N,

aswellas D, := 1, —sup,.y D, € Idem(U). We know from Lemma 3.42 that D, and D,,
are disjoint whenever n,m € N and n % m, and thus it follows that (D,,),.cny (oo} IS

partition of 1;;. In order to conclude, it suffices to check that .# has local dimension non D,

for every n € N. Using again the Dedekind completeness and CSP assumptions, we can
construct a partition (/) ien of D,, such that ./ has local dimension n on each «/. For any

j € N, take alocal basis 1/1, ,l/n €u- M of M on /. Thanks to Lemma 3.10 and until

further refining the partition (/) e it is not restrictive to require also that |1/1| € U for every

i=1,...,nandj € N. Fixan element / as in Lemma 3.9. The dependence of1/1, o Vhond/

ensures that X{ljs0 = W for everyi=1,...,n,and thus we can find a partition (1/1 k)keN of
and (gi-k)keN C U* such that

HEN

ll

1/]| -1)=0, foreveryk€N.

1

Define v]l:,k = (”é,kz{,kh) 1/1 € M for every k € N. Sin§e |1/1,k| = %ykz{‘kh|1/,:| = 1/1:‘kh and (Lé,k)j,k
is a partition of D,, for any i = 1, ..., n it holds that (L/I » 1/1 )ik € Adm(A), and thus

Elvi = Zlé,k'%,k e M.

jkeN

It is then easy to check that v, ..., v, is local basis of ./ on D,, whence the statement follows. [

REMARK 3.45 At the level of functional Banach modules (cf. with Section 4.2.4), a
dimensional decomposition result has been first obtained in [31, Theorem 6.5] (see also

Lemma 6.4 therein) and a similar result was provided later in [20, Proposition 1.4.5]. Taking

into account [31, Theorem 3.7] together with Remark 4.8, it might be possible to obtain a
version of Theorem 3.44 as a consequence of [31, Theorem 3.7].

4. APPLICATIONS TO FUNCTIONAL NORMED MODULES

In Section 4.1 we introduce the various spaces of functions that are typically used in metric measure
geometry. In Section 4.2 we explain the relation between the ‘functional’ Banach modules and the
axiomatic Banach modules we introduced in this paper. In Section 4.3 we obtain a side result, which

states that every localizable f-algebra can be in fact realized as a space of functions.
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4.1. Function spaces

A measurable space (X,X) is a set X # () together with a o-algebra X. Whenever X is a topological
space, we implicitly assume that ¥ is the Borel o-algebra of X. We define

LX) = {f:Xx—>R ’fis measurable }.

Then £°(3) is an f-algebra if endowed with the following operations: for any f,g € £°(2), we set

(f+g)(x) :=f(x) +g(x), foreveryx € X,
(A)(x) := Af(x), foreveryA € Randx €X,
f<g ifandonlyiff(x) < g(x)foreveryx € X,
(fg)(x) :=f(x)g(x), foreveryx € X.

The space £°°(X) of all bounded measurable real-valued functions on (X, X), which is given by

£2(3) = {f € L) | Iflgoe(sy = suplf|(x) < +oo},

is an f-subalgebra of £°(X). Moreover, (£>°(X), || - || g(x;)) is a Banach space. Given any E € X, we
denote by 1, € £°°(X) the characteristic function of E, which is defined as

[ ifx € E,
Is(x) = { 0, ifxeX\E

The space Sf(X) C £L°(X) of all simple functions on (X, X) is then defined in the following way:

SH(E) = {iAqu[

neN, (N\)L, CR,(E)L, C 3 partition ofX}.

ReEMARK 4.1 (Density of simple functions) Given any f € £°(2)*, there exists
(f)nen € SF(X) such that 0 < f, <f, ., foreveryn € Nandf = sup, f,. If in addition
f € £5°(%), then the sequence (f, ), can also be chosen so that [[f [ soc (1) = 0, 50
that Sf(X) is dense in £°°(X2). For example, the functions
foi= 2 27 g1y € £°°(E) do the job.

It is immediate to verify that

Idem(£°(X)) = Idem(£>(X)) = {1 | E€ ¥},

(51)
S(L0(%)) = 8(£=(%)) = Si(X).

It then follows from (51) and Remark 4.1 that £°(2) and £°°(X) are localizable f-algebras.

4.1.1. Enhanced measurable spaces

By an enhanced measurable space we mean a triple (X, X, V), where (X, X)) is a measurable space and
N C Y is a 0-ideal, meaning that it verifies the following conditions:

(i) 0 e N.

ii) f N € Nand N" € X satisfy N' C N,then N" € N.

(i) If NandN' €% fy N’ h "eN.
(iii) |J,en N, € NV for every countable family (N, ),cn C V.
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The o-ideal V induces an equivalence relation on £°(X) : given any f,g € £L°(X), we declare that
frag = {fEgh={reX|f(x) #gW)} e
When f ~ g, we say that f = g holds N-almost everywhere or N-a.e. for short. We define
L'N) = £(5)/ ~p,  L(N) = L2(8)/ ~py
We denote by [f]5- € L°(JV) the equivalence class of f € £°(X2). For brevity, we set
=[1z]y, foreveryE € .

ﬂ%\r:

Passing to the quotient, L°(NV') and L°° (V) inherit an f-algebra structure from £°(3) and £ (%),
respectively. Moreover, L°° (V') becomes a Banach space if endowed with the quotient norm

HfHLOO(N) := inf |[fHLoo(E), for every f € L°(V).
felfln

The map £7°(X) 3 f = [f]5 € L () is linear 1-Lipschitz. Note that {(}} is a o-ideal of ¥ and
L0 =£%),  @HOD - liegqoy) = (L =)

ExampLE 4.2 (of enhanced measurable space) Let (X, X.) be a measurable space. Consider
the restriction f1: ¥ — [0,+00] of an outer measure on X. Then the set N, of pi-null sets,
given by

N, :={NeX|uN)=0},

is a o-ideal, and thus (X, X, .7%) is an enhanced measurable space. In this case, we abbreviate
L’ (N,) and L=(V,,) to L°(p) and L°° (1), respectively. Similarly for ~ . [],and 1.

4.1.2. o-Finite measure spaces

A measure space (X,%, 1t) is a measurable space (X,X) together with a o-additive measure . We
assume that the measure £ is o-finite. Given any exponent p € [1,00), we define

220 = {5 € €200l = [ P <00},

It holds that £P (1) is a vector subspace of £°(22) and (LP (), - “U(u)) is a complete seminormed
space. The p-Lebesgue space (LF (1), || - [ 5(,.y) on (X, %, 1) is the Banach space defined as

() = {[f1, €L°(w) | f € LP ()} = L2 (u)/ ~,,
together with the quotient norm | - [1,,,), which is given as follows: for any f € L¥(11), one has
Wl == |[f||u(u), for some (thus, for any) representative f € (f1,.-
Observe that L¥ (1) is also a Riesz subspace of L°(11) for every exponent p € [1,00).

We endow the space L°(1) with the following distance: fix a finite measure /i on (X, ) such that
p <K [f < 1, whose existence is guaranteed by the o-finiteness of 11 ; then we define

dro (F,8) :=/b‘—g|/\1d,u,~ for every f,g € L°(p).

Whenever (i is finite already, we implicitly choose i := . The distance d 19(y) 1s complete, and the
inclusion L¥ () < L°(u) is continuous with a dense image for every p € [1,00]. Notice also that
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the distance djo(,, is not canonical (since it depends on the chosen auxiliary measure i ), but the

induced topology is independent of the specific /i. Givenany (f,),cny C L(1) andf € L°(p), itholds
that lim,,_, . () (f,.f) = 0 if and only if there exists a subsequence (f, );cny of (f,,) e satisfying

£) = lim, ,_f, () for pra.x € X
The following result is well-known:

PROPOSITION 4.3 Let (X, 3, 1) be a o-finite measure space. Then the space L° (1) is Dedekind
complete and CSP. In particular, L¥ (11) is Dedekind complete and CSP for every p € [1,00].

Proof. Thanks to [16,241Y(e)] we know that L°(1) is CSP, which implies that L¥ (1) is CSP
forall p € [1,00]. The Dedekind completeness of L°(1) (and thus of L? (1) for all
p € [1,00] ) follows from [16,211L(c), 211L(d) and 241G]. O

In fact, if p € [1,00), then LF (1) is Dedekind complete for any (possibly non- o-finite) measure
space (X, %, 11) ; cf. with [16, 244L].

4.1.3. Submodular outer measures

Given a metric space (X,d), we denote by 9(X) its Borel o-algebra. If 2 is an outer measure on the
set X, then we say that:

o 1 is boundedly finite if 11(B) < +00 whenever B € Z(X) is bounded.
o i is submodular (see, for example, [12, p. 16]) if it verifies

p(EUF) + u(ENF) < u(E) + u(F) forevery E,F € B(X).

The integral of a Borel function f : X — [0,+00] with respect to an outer measure /1, on X can be
defined via Cavalieri’s formula, in the following way:

lfd,u = [+oou({x €E:f(x)>t})dt foreveryE € B(X).

Observe that the above integral is well-defined because [0,+00) St pu({x € E : f(x) >t})isa
non-increasing function. As proved in [12, Chapter 6] (see also [11, Theorem 1.5]), a given outer
measure /¢ is submodular if and only if the associated integral is subadditive, meaning that

Jéf+gd,u§lfdu+lgd,u for every f,g: X — [0,+00]Borel.

Two classes of boundedly finite, submodular outer measures are particularly relevant to us:

e The outer measure induced (via Carathéodory construction) by a boundedly finite Borel measure
on X.
o The Sobolev p-capacity Capp on a metric measure space, see, for example, [32].

Given any boundedly finite, submodular outer measure y on (X, d), we introduce a distance d Lo(u) @S
follows: we fix an increasing sequence (B,), of bounded open subsets of X with the property that each
bounded subset B of X is contained in B, for some n € N, and we define

drog(fr8) = Zm/v glA1du foreveryf,g € L°(p).

neN
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The submodularity of 1 guarantees that dLO( ) isa distance. Arguing as in [12, Proposition 1.10], one
can see that (f,),cy C L°(1) satisfies dpo¢) (fiuf ) — Oforsome f € L°(w) if and only if

lim u(BN{|f,-f| >€}) =0 foreverye >0andB € %(X) bounded.
i—00

In particular, arguing as in [11, Proposition 1.12] one can see that if ) (f,f) — 0, then there
exists a subsequence (i;);cny C N such that f(x) = lim,f, (x) holds for y-a.e. x € X. The converse
7

implication—different from what happens with boundedly finite Borel measures—might fail (see, for
example, [11, Remark 1.13]).

ExaMPLE 4.4 Consider the real line R equipped with the Sobolev 2-capacity Cap%. Since all
singletons have positive capacity, we have N, = {0}, and thus L°(Cap,) = L°(B(R)).
Then

L° (Cap,) is neither Dedekind complete nor CSP.

Indeed, the set {ﬂ{t} :teR}C LO(Capz) has an upper bound and sup, . 1y} = T, but
whenever C C R is a countable set we have sup, . 14, = 1¢ # IR- Also, since LO(Capz) is

the space of ( Cap,-a.e. equivalence classes of ) Borel functions from R to R, we have that
L°(Cap,) is not even Dedekind complete: given any Q C R that is not Borel, we have that
{1y : t € Q} has an upper bound, but does not admit a supremum (which ought to be 1, )

in LO(Capz).

4.2. Normed modules over function spaces
4.2.1. Examples of metric f-algebras

Some examples of metric f-algebras:

e Let (X,3,V) be an enhanced measurable space. Then (L (V), | - HLOO(N)) is a metric f-algebra.
If V' = )N, for some o-finite measure /1 on (X,3), then L°°(11) is Dedekind complete and CSP.

e Let (X,X, ) be a o-finite measure space. Then (Lo(u),dLO(”)) is a Dedekind complete CSP
metric f-algebra.

e Let 1 be a boundedly finite, submodular outer measure on some metric space (X,d). Then
(L), dyo(,,)) is @ metric f-algebra.

Notice also that if (X, %, 1) is a o-finite measure space and p € [1,00), then (L¥(p),| - HU(H)) is a
Dedekind complete CSP metric Riesz space.

4.2.2. Examples of metric f-structures
Below we list some important examples of metric f-structures:

e Let (X,3,V) be an enhanced measurable space. Then
(L>(N), L (N),L*(N))
is a metric f-structure. It is Dedekind complete and CSP if V"= N, for some o-finite measure p

on (X,X).
e Let (X, X, 1) be a o-finite measure space and p € [1,00). Then

(LOCu), L2(p), L)), (LO(p), L2 (), LP (1))

are Dedekind complete CSP metric f-structures.
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e Let yt be a boundedly finite, submodular outer measure on some metric space (X,d). Then
(L(u), (1), L7 (1))

is a metric f-structure.

Let us point out that the example of (L°(11),L°(1),L° (1)) is one of the reasons why we consider
metric rather than just normed f-structures (that is, where the distance is induced by a norm).

4.2.3. Examples of dual systems

Some examples of dual systems of metric f-structures:

e Let (X,%,NV) be an enhanced measurable space. Then
(L>(N),L%(N), L% (N), L% (N), L= ()

isa dual system of metricf-structures. It isa CSP complete dual system if N" = N, for some o-finite
measure L.
e Let (X,3, /1) be a o-finite measure space. Fix p,q,r € [1,00] such that Il’ + é = % Then

(L), L), L2(p), LO(pa), L(pe) ), (L), L2 (p), LP (), L9 (), L (1))

are Dedekind complete CSP metric f-structures.
e Let ;i be a boundedly finite, submodular outer measure on some metric space (X,d). Then

(LOCp), LO(p), LO (), L (), L (1))

is a dual system of metric f-structures.

4.2.4. Examples of functional normed modules

Below we list some classes of Banach modules that have been studied in the literature and fall into the
category of Banach modules over a metric f-structure:

e IP(p)-Banach L°°(11)-modules, where (X,3, 1) is a o-finite measure space and p € [1,00],
which have been introduced in [20, Definition 1.2.10]. We point out that in [20] the terminol-
ogy is different: every L”(11)-normed L> (1+)-module is assumed to be complete (thus a Banach
module with our definitions), and non-complete normed modules are not considered.

o L°(u)-Banach L°(j1)-modules, where (X, 3, 1) is a o-finite measure space. The definition was
given in [19, Definition 2.6], but the concept appeared previously in [20, Section 1.3].

e L°(u1)-Banach L°(p)-modules, where 1 is a boundedly-finite, submodular outer measure on a
metric space (X, d), see [7, Definition 2.1]. In the particular case where 1 is the Sobolev 2-capacity
on a metric measure space, it appeared previously in [11, Definition 3.1].

e £°°(X)-Banach £>°(X)-modules, where (X, X) is a measurable space. See [13, Definition 3.1].

e L>°(N)-Banach L (V)-modules, where (X, X, V) is an enhanced measurable space, which were
introduced in [21, Definition 4.3].

Notice that, given a o-finite measure space (X, %, 1) and an L>(11)-Banach L*°()-module ./, two
different notions of duals of ./ have been considered (corresponding to two different underlying dual
systems of metric f-structures):

e The dual of ./ in the sense of [20, Definition 1.2.6] is an L' (1)-Banach L°°(j1)-module, since
the dual system under consideration is (L°(4¢), L% (), L™ (1), L' (1), L' (1) ).

o The dual of . in the sense of [21, Definition 4.15] is an L° (x)-Banach L*°(+)-module, since
the dual system under consideration is (L (1), L% (1), L% (1), L™ (), L% (11)).
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4.2.5. Some applications

We list some examples of known constructions that follow from Theorems 3.19, 3.16 and 3.23:

e COTANGENT MODULE. Let (X,d, 1) be a metric measure space and p € (1,00). We denote by
W' (X) the p-Sobolev space of (X,d, 1) and by | Df| € L?(11) the minimal weak upper gradient
of f € W'¥(X) (for example, in the sense of [4, 10, 38]; all these approaches are equivalent by
[3]). Consider the metric f-structure (L°(u), L°° (1), LF (1) ), as well as the map Y, wh(X) —
L?(m)* givenby dip(f) := | Df|foreveryf € W'#(X). Then the cotangent module L (T X) and the

differential operator d: W (X) — LP(TX) are
(L(T°X),d) = (/”wp):T(pr-

The cotangent module (for p =2 ) has been introduced in [20, Definition 2.2.1] and refined in
[19, Theorem/Definition 2.8]. Many other generalizations appeared later: for example, one can
drop the L?-integrability assumption (see [23, Proposition 4.18]), one can construct the capaci-
tary tangent module on an RCD(K, 00) space (see [11, Theorem 3.6]) or one can consider the
cotangent modules induced by axiomatic classes of Sobolev-type spaces (see [22, Theorem 3.2]).
Concerning the latter notion, we point out that—thanks to Theorem 3.19—the strong locality
assumption on the D-structure in [22, Theorem 3.2] can be removed.

e PULLBACK MODULE. Let (X, Xy, tty), (Y, Xy, 1ty) be o-finite measure spaces and p: X — Y a
map of bounded compression, that is, ¢ is measurable and there exists a constant C > 0 such that
¢ tx < Cpiy. Notice that ¢ induces a homomorphism of metric f-structures

P: (LO(NY)yLOO(,UY);Lp(/iY)) — (LO(MX)yLOO(,UX)er(NX))

for every exponent p € [1,00) via pre-composition. Namely, given any f € L°(1y) we define

o(f):=[fo ¢l for any f € L°(3y)with [f]uy =f.

Let ./ be an L? (f1y)-Banach L (yiy)-module. Then the pullback module is given by

(O M, ") = (@, p.).

The pullback module was introduced in [20, Definition 1.6.2], [19, Theorem/Definition 2.23]
and has many generalizations: for example, for L’-Banach L°-modules and under the weaker
assumption @ fty <K fly (see [24, Theorem/Definition 3.2]) or for L°°-Banach L°°-modules
(see [21, Theorem/Definition 4.11]).

o L°-compLETION. Let (X,%, 1) be a o-finite measure space, and let .4 be an LP(j1)-Banach
L°°(j1)-module, for some exponent p € [1,00]. Then the L°-completion of /4 (in the sense of
(19, Theorem/Definition 1.7]) is given by

(ﬂ’L) = ('%W’Jﬁ’ T(d"ﬂ)),
where we define v ,,: M — L°(p1)* as 1 ;,(v) := |v| for every v € M.

e vON NEUMANN LIFTING. Let (X, %, 1) be a complete o-finite measure space, £ a von Neumann
lifting of 1 and .4 an L°°(y)-Banach L°°(p)-module. Then the von Neumann lifting of M (see
[13, Theorem 3.5]) is given by

(6‘%’6) = (‘%Wﬁ’ T<1/’e>)’

where we define ¢, : M — L(X)" as 1)y (v) := £(|v]) for everyv € M.
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We point out that, in addition to the objects we discussed above, also the associated existence results
for homomorphisms (for example, the universal property of pullback modules [ 20, Proposition 1.6.3]
or the lifting of a homomorphism [21, Proposition 4.14]) can be deduced from Proposition 3.20.

4.3. The Realization Theorem

In this conclusive section of the paper, we show (see Theorem 4.7) that any localizable f-algebra can
be ‘realized’ as a space of functions.

A Boolean ring is a ring (R,+,-) such that ? = r for every r € R. In particular, r = —r and rs=sr
for every r,s € R. A Boolean algebra is a a Boolean ring (A, +,-) with a multiplicative identity 1.
A ring homomorphism ¢: A — B between two Boolean algebras A and B is said to be a Boolean
homomorphism, provided that it is also uniferent, meaning that ¢(1,) = 15.

Given a set X # () and an algebra ¥ of subsets of X, the triple (3, A,N) is a Boolean algebra with
zero () and identity X. The following fundamental result—which is known as the Stone’s Representation
Theorem for Boolean algebras—states that in fact any Boolean algebra can be expressed as an algebra of
sets. We will employ it in the proof of Proposition 4.6.

THEOREM 4.5 (Stone’s Theorem) Let A be a Boolean algebra. Then there exist a set X and an
algebra X of subsets of X such that (A, +,-) and (X, A,N) are isomorphic as Boolean algebras.

Let U be a given f-algebra. Then we define the operations F: Idem(U) x Idem(U) — Idem(U)
and X : Idem(U) x Idem(U) — Idem(U) on Idem(U) as

ufBv:=u+v-2u, ulXv:=uy, for every u,v € Idem(U).

Their well-posedness follows from items (i) and (ii) of Lemma 2.10. It is easy to check that the triple
(Idem(U), B, X)) is a Boolean algebra with zero element 0 and multiplicative identity 1.

PROPOSITION 4.6 Let U be a Dedekind o-complete f-algebra whose multiplication map is
o-order-continuous on U* x U”. Then the space (Idem(U),H,X) is Boolean isomorphic to a
o-algebra.

Proof. Thanks to Stone’s Representation Theorem 4.5, we can find a set X # (), an algebra 3 of
subsets of X and a Boolean isomorphism I: (Idem(U),H,X) — (X, A,N). We claim that

I(Supun> = U I(u,), forevery (u,),cn C Idem(U). (52)

neN neN

Call u := sup, . u,. Recall that u € Idem(U) by Lemma 2.17. Given any n € N, it holds that
u, < u, and thus Remark 2.11 gives I(u,) N I(u) = I(u,u) = I(u,), which yields

U,.en I(1,) C I(u). Conversely, pick any set E € X with I(u,) C E for every n € N. Calling
v:=1"'(E), we have that I(u,v) = I(u,) N 1(v) = I(u,), so that u,v = v,. Hence, it holds that

u=Supu, =Supu,v =vsupu, = uv,
neN neN neN
thus I(v) NI(u) = I(uv) = I(u). We obtain that I(u) C I(v) = E, whence (52) follows. We
deduce that ¥ is a -algebra, so that (X, X)) is a measurable space. This completes the proof. [

THEOREM 4.7 (Realization Theorem) Let U be a localizable f-algebra. Then there exists a
measurable space (X,3) such that U is isomorphic (as an f-algebra) to an f-subalgebra of £°(X).
More precisely, the measurable space (X, X) can be chosen so that (X, A, N) is isomorphic (as a
Boolean algebra) to (Idem(U),H, ).
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Proof. Proposition 4.6 yields a measurable space (X, X) such that (X, A,N) and
(Idem(U), B, ) are isomorphic as Boolean algebras. We introduce the mapping
t: 87 (U) — L°(X) as follows: given any simple element u = f.‘:I A\u; € 87 (U), we define
the function ¢(u) : X — [0,+00] as

k
v(u)(x) := Z /\iﬂl(ux)(x), for every x € X,
i=1

where I: Idem(U) — X is some fixed Boolean isomorphism. Observe that ¢(u) belongs to
Sf(X). In order to extend the mapping ¢ to U™, we first need to prove the following two
auxiliary results:

(a) Ifu € U and (u,),cn C 87(U) is a non-decreasing sequence satisfying u = sup, . ,, then it
holds that sup, . ¢(u,)(x) < +00 for every x € X.

(b) If u € U and (u,),,en, (v,) ey € 8¥(U) are non-decreasing sequences with u = sup,,.y u,
and u = sup, . v, then it holds that sup, ¢ (u,) (x) = sup,cy ¢(v,) (x) for every x € X.

To prove (a) , we argue by contradiction: suppose that Sup, N L(un) (xo) = +00 for some
%, € X.Foranyn € N, we can find A, € [0,+00) and &1, € Idem(U) with A @, = fi,u, and
xo € 1(@1,). One has A, = t(u,)(x) — +00 asn — 00. Define E := (), 1(#,) € ¥ and
w :=I""(E) € Idem(U). Notice that x, € E and w < @i, for every n € N. Given k € N, there
is n, € N'with )\”k > k, and thus

kw< A a, = u <u

— M ey

Since U is Archimedean by Proposition 2.2, we deduce that w = 0 and thus E = (). This leads
to a contradiction with the fact that x, € E so that (a) is proved. We pass to the verification of
(b). Fix any point x € X. For any n € N, we can pick A, i1, € [0,+00) and @1,,, 7, € Idem(U)
such that A, = @t,u,, 1,9, = 7,v, and x € I(@1,) N1(7,,). Setting

E:=(),en1(@,) N1(5,) € 5, we have x € E, and thus w := I"'(E) # 0. By the o-order
continuity of the multiplication, we obtain

(sup L(un)(x))w = (sup )\n)w =sup \,w = sup\,ii,w = supu,ii,w = (sup un)w = uw

neN neN neN neN neN neN

= (supvn>w =sup p,v,w = (ig}\?ﬂaw = (igg“%)(@)m

neN neN

where we used that &t,w = 7,w = w. This yields sup,, . t(1,) (x) = sup, .y ¢(v,) (x), proving
(b).

We now define the function ¢(u) : X — [0,+00) for any u € U" in the following way:
given any non-decreasing sequence (u,),cn C 8" (U) such that u = sup, . u,—whose
existence is guaranteed by the assumption that the f-algebra U is localizable—we define

t(u)(x) :=supe(u,)(x), foreveryx €X.
neN

The properties (a) and (b) ensure that ¢(u) is well-posed. Notice that t(u) € £L°(X), asa
countable supremum of elements of £°(). The o-order continuity of the sum and
multiplication maps gives

t(w) +1(v) = t(u+v), t(wv) = t(u)e(v), for every u,v € U*. (53)
Finally, we extend ¢ to a mapping ¢: U — £°(X) by setting

t(u) :=v(u") —1(u™), foreveryuc U.
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Using (53), one can easily show that ¢ is a homomorphism of f-algebras. In order to

conclude, it only remains to check that ¢ is injective. To this aim, fix any u € U such that

t(u) = 0. We want to show that u =0. Since u*u~ = 0 by (Sa), we deduce that

t(u")e(u) = 1(u*u”) = 0, which yields ¢ (u*) = t(u”) = 0. Hence, it suffices to prove the
implication (1) = 0 => u = 0 in the case where u € U™. Choose a non-decreasing sequence
(4,)eny C 8 (U) such that u = sup,, .y u,,. We have that sup, .y ¢(1,) = 0, whence it

follows that u, = 0 for everyn € N and thus u = 0. O

REMARK 4.8 Several variants of ‘realization theorems™—regarding even more general
structures, such as Banach/Orlicz lattices—can be found in the literature (see [31]). An
instance of such a result is [31, Theorem 3.7], which provides the following characterization:
a Dedekind complete vector lattice E is isomorphic to an order-dense order-ideal in some
space L°(11) (see the definition of Kéthe function space in [31, p. 17]) if and only if the
Boolean algebra B(E) consisting of the band projections on E is a measure algebra; we refer
to [31] for the precise definitions of the involved concepts. It would be interesting—but
currently unclear and outside the scope of this paper—to understand whether Theorem 4.7
can be actually deduced from [31, Theorem 3.7].
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