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On the singular problem involving fractional g-Laplacian
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ABSTRACT ARTICLE HISTORY

In this paper, we show the existence of weak a solution to the Received 23 June 2024
equation Accepted 6 November 2024

. —q0) COMMUNICATED BY
(=Ag)°u(x) = fE)u) ™% inQ, Y. Zhao

u>0 inQ, KEYWORDS
Y Singular problem; variable
u=0 InR"\Q singularity; fractional
g-Laplacian
. . . N 170 S
yvhere Q isa smooth boupded F,Ioma]n inR g€ C (Q), and (—Ay) 2020 MATHEMATICS
is the fractional g-Laplacian with g is the antiderivative of a Young SUBJECT
function and f in suitable Orlicz space. This includes the mixed frac-  ¢| assIFICATIONS
tional (p, g)—Laplacian as a special case. The solution so obtained is  35g11.35J62; 35A15
also shown to be locally Holder continuous.

1. Introduction

Nonlocal problems have been a subject of immense interest in mathematics recently. Var-
ious studies have been published to verify if the results of the Laplace operator can be
suitably generalized for problems involving fractional Laplacian (—A)*® and its general-
ization. Here and throughout the paper, s is understood to be a number in (0, 1), unless
specified otherwise. Continuing with the spirit of recent developments in the study of
nonlocal operators, in this article, we consider the following problem

(—Agl*u(x) = f@ux) ™1™ inQ,
u>0 inQ, (1)
u=0 inRV\Q,

with Q being a smooth bounded domain in RN and q is a non-negative C' function in Q,
and the fractional g-Laplacian operator is defined as

N A u(x) B u(y) dy
SSICEY R ( = F ) o=y

with g : [0,00) — R is a right continuous function satisfying the following assumptions:
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(Hs) £(0) =0; g(#) > 0for t>0and lim; 4 g(t) = 00
(Hp) gis convex on (0, 00).
(H.) g isnondecreasing on (0, 00), and hence on R \ {0}.

Given g: R — R, we define G : [0,00) — [0, 00), called the N-function or Young’s
function by

t
G(t) := / g(r)dr.
0
We also assume the following additional conditions on G and g:

(He) g = G isabsolutely continuous, so it is differentiable almost everywhere.
(Hy) fo GNg) dr < ocand [ _Al,g)dr = 0.

TN
(Hg) There exist p*, p~ such that

tg'(t)

1<p — —1<x t>0.
P _g(t)‘p -

Note that we will always be assuming conditions (H,)-(Hg) on g and G throughout the
whole paper until otherwise specified. In literature, G is known as a Young function or an
N-function.

Remark 1.1: The following examples of G fits our framework:

(1) Gp(t):= %tp, where p > 2.
(i) If one takes Gy, p, (t) := ‘%tpl + piztm, where p1, p, > 2. One gets,

(_Agm»Pz ) =(= API)S + (= APZ)S'

(iii) Fora, b,c> 0and g(t) = t*log(b + ct) we get,

1+a
_ 2 ct
G(t) = ara? [Hl (l +a,1,2+ a,—z) + (1+a)log(b+ ct) — 1}
with p~ = 1 +a, p* = 2 + a, where H is a hyper geometric function.

Before we start with the preliminaries, let us briefly recall some related literature con-
cerning the singular problems. Singular problems have a long history starting from the
seminal work of Crandall-Rabinowitz-Tartar [1], where for a suitably regular f, the prob-
lem —Au = f(x)u" was considered in a bounded domain and is shown to admit a
classical solution irrespective of the sign of 6 > 0, subject to Dirichlet boundary condition.
The classical solution so obtained was shown to be the weak solution provided0 < § < 3in
another celebrated work of Lazer—-Mckenna [2]. Singularly perturbed problems were also
studied in [3, 4] and the reference therein. The case of f € LP(Q), p > 1 was first treated in
Boccardo-Orsina [5], who showed the existence and regularity results for different cases of
m and J. One may find the p-Laplace generalization of Boccardo—Orsina’s work in Scuinzi
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et al. [6], where the delicate issue of uniqueness was also addressed. Anisotropic Laplacians
with singular nonlinearities have also been dealt with in several papers, see [7-9] to name
a few. In [10], the fractional problem given by

(—A)’u(x) = Af (0)u(x)™" + Muf inQ,
u>0 ingQ, (2)
u=0 inRN \ Q,

was first considered under the condition that n>2s5, M > 0,0<s<1,1 <p <2} —1
and shown to admit a distributional solution for f € L™ () and 4 > 0 small. In [11], the
authors studied the problem

(—Ap)u(0) = fu( ™" inQ,
u>0 inQ,

u=0 inRV\Q,

and proved the existence and uniqueness results. The first instance, to the best of our
knowledge of studying variable exponent singularities was in Carmona-Martinez—Aparicio
[12] where the rather surprising phenomenon of the restriction of the nonlinearity to 1
near the boundary of the domain for a weak solution was studied in contrast to the constant
exponent where such restriction is imposed on the whole domain. Similar problems involv-
ing fractional p-Laplacian with variable exponent may be found in Garain-Mukherjee
[13], Giacomoni-Mukherjee-Sreenadh [14] and Mukherjee-Sreenadh [15]. However, by
considering the Orlicz setup, we can address a large class of interesting problems in one go.

In Section 2, we recall some preliminary results which are already known in literature.
In Section 3, we state and prove our main results Theorems 3.2, 3.3, and 3.4.

2. Preliminaries

Let us start by introducing the reader to the functional setup related to the fractional
Orlicz-Sobolev spaces. A detailed discussion can be found in [16-18]. Throughout the
section, we shall assume Q to be a bounded domain and s € (0, 1). Throughout the rest of
the article, C will stand for a generic constant, which may vary in each of its appearances.
First, we define the modular functions:

If () —f(y)l) dxdy

Mi6q)(f) ::/QG([f(x)l)dx and  Myysc(q)(f) ::/Q/QG( YT =y

The Banach space

L°(Q) := [f : Q — R measurable

34 > 0 such that M6 q, (]Z() < ool

is called the Orlicz space. This space is equipped with the norm

|lfl|LG(Q) .= inf [l >0 ’ MLG(Q) ('g) < 1’ .
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The infimum in the above definition is known to be achieved. The fractional
Orlicz-Sobolev spaces are defined as

wG(Q) == lf e L°(Q) ‘ 34 > 0 such that Myysq(q) (JI() < oo} .
This space is equipped with the seminorm

|Lf||WS,G(Q) .= inf [/1 >0 |MW5,G(Q) (‘g) < 1] .

However, we shall mainly be working with the spaces defined by

loc
) ) dx ]
* /RNg (1 i) Gy S

W36 (Q) = {f e WSORY) [f=00nRY\ Q} .

WG(Q) := i fely ®Y):3U€Q stllfllwsew

and,

It is clear that W(S)’G(Q) C WSG(Q). We equip WS’G(Q) with the norm || - [l yysc gy, Note
that for G(t) = t7; 1 < p < 00, L9(Q) and W9%(Q) are well known Lebesgue space L?(Q)
and the fractional Sobolev space W*P(Q) respectively (see [19, p. 524]).

We now discuss some properties of these spaces which we shall use in the next section.
We start by observing that the assumption (Hg) implies

_<@<p+<oo, t> 0. (3)

2P SGe S

To see this, note that assumption (Hg) implies (tg(t))" < pTG(t). The following two
lemmas will be used frequently in the rest of the article.

Lemma 2.1: Let G be an N-function, and let g = G’ satisfy (H,)-(Hy). Then
WG < GO <P GH) YAi>1, Vt>o, (4)
where pT,p~ is the constant as defined in (Hy). The above inequality is equivalent to
WG > GOt =G Yo<i<l, Vt>o.

Proof: Forany i > 1,

At o — At At o+
log(A? ) =/ P4 5/ 8(x) dr 5/ A - log(/ler).
t T + G(1) t T

This implies

log(#? ) < log (%) < log (,1?*) .

The lemma follows. |
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An immediate consequence of Lemma 2.1 is the following
Lemma 2.2: When |fllyscq) < L
1 Wopmoiqy < Mucia () < IfI
wsG(Q) = W@V ) = wsG(Q)’
and when |lf||Ws,G(Q) > 1,
11 ey < Muwsciay®) < I,
wsG(Q) = WV = WsG(Q)*

Lemma 2.3: Let G be an N-function satisfying (H,)-(Hy). For any two real numbers a and
b, we have

(g(b) —g(@) (b —a) = C(G) G(Ib — al).

for some constant C depending on the N-function G.

Proof: By the symmetry of the inequality, it is enough to prove this lemma for the cases

0 < a < banda <0 <b. In the first case, using Taylor’s theorem with an integral form of
reminder, we have

b—a
Gllb —al) = GO) +gOlb—al +5 [ ¢ -a—nar
0

b—a [, b—t b—a [t
= Ag(t—a)b_adtg 5 /Qg(t)dt

N ORG)
2

the case 0 > a > b follows similarly.
Now suppose a <0 < b. Using convexity of G, we get

[b—al\ _ (b+(—a) 1 1 (bg(b) (—a)g(—a)
6(F57) =6 (H572) = 360 + Ge-ap < 5 (B 4 S
1 1
< 5= = (bg(b) + ag(a) — ag(b) — bg(a)) = 2p—_(g(b) —g(a)(b - a).

Definition 2.4: Let G be an N-function.
(1) The N-function G is called the conjugate of G, and is defined by

G(t) :=/O g(r)ds,

where

g(t) :=sup {rlg(r) < t}.
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(2) The N-function G, defined by

t -1
G;L() :=/ G—(T)dt,
0

N+s
T N

is called the Sobolev conjugate of G.
(3) Gis said to be essentially stronger than an N-function H, written as H << G, if for
any k> 0,

H(kt)
im —— =0
t=oo G(t)

Lemma 2.5 (Holder Inequality): Let G be an N-function, N > 1, and Q C RN, Then, we
have for any u,v: Q — R,

/Q vl < lull o) 17160

An N-function G is said to satisfy the A,-condition if G is doubling, equivalently if the
second inequality in Equation (4) is satisfied.

Lemma 2.6 ([18, Corollary 6.2]): Let G be an N-function which satisfy the A,-condition.
Then there exists a constant C = C(n, G, Q) such that for any u € WS’G (Q),

u(x) — u(y)) dxdy
. .
| owwar<c | [ G( x—yF ) ey

Lemma 2.7 ([20, Theorems 1 and 2] and Lemma 2.6): Let G be an N-function, and let Q
be a bounded open subset of RN with C*-regularity. Then we have the following:

(1) the embedding W(S)’G(Q) — LG+ (Q), is continuous.
(2) Moreover, for any N-function H, the embedding W(S)’G(Q) — LH(Q) is compact if
H << G.

The above result is not optimal. For recent developments in this direction, we refer the
reader to [21], especially to Sections 6 and 9 there.

Lemma 2.8 (Weak Harnack Inequality, [22, Theorem 3.2]): Ifu € WG (Bs-1p) satisfies
weakly

(=Ag’u(x) >0 ifxeQ
ux) >0 ifxe RN

then there exists o € (0, 1) such that

inf u>oRg™! (R™°|u)) dx ).
By-1p £ (BR\%C—le )

2



COMPLEX VARIABLES AND ELLIPTIC EQUATIONS 7

3. Main results

We begin this section by stating the definition of our weak solution.

Definition 3.1 (Weak solutions): The function u € W*° (Q) is said to be a weak solution
of Equation (1) if u> 0in Q, and for any ¢ € CZ°(Q) one has, % e Ll (Q)and

loc

/ / g(u(x)—u(y)) (<0(x)—<0(y))dxdyz/f(x)u(x)—q(X>¢(x)dx. (5)
RN JRN Q

lx — yI* |x — y|NFs

The boundary condition is understood in the sense that

(1) ifg(x) < 1onQs:= {x € Q|dist(x,0Q) <}, thenu € W(S)’G(Q).
(2) Elsewhere one has, ®(u) € W(S)’G(Q), where

D) = /OtG_l (G(1)ﬂ*-1) dr.

Furthermore, we say that u is a subsolution (or supersolution) of Equation (1) if, for any
9 € C (),

/ / g(u(x) —u(y)) @O =90) 4rdy < (or 2) /f(x)u(x)‘q("’w(x) dx. (6)
RN JRN Q

lx — yI* |x — y|N+s

We are now ready to state our main results.
Theoremiz: Let there exist & > 0 such that q(x) < 1on Qs := {x € Q| dist (x, 0Q) < J}
and f € L°*(Q). Then Equation (1) has a weak solution in W(S)’G(Q) with essinfiu > 0 for
any K € Q.

Theorem 3.3: Let g is sub-multiplicative and there exist q* > 1, 0 > 0 such that

lgllz=Q,) < q* and let
p_+q" -1
H(t) = G* t P q*

be an N-function such that f € LH(Q). Then Equation (1) has a weak solution u € Wlslf(Q)
with essinfgu > 0 for any K € Q such that ®(u) € W(S)’G(Q), where

D (1) = /Otc;—l (G(l)ﬂ*—l) dr.

Theorem 3.4: Every weak solution of Equation (1) obtained through Theorems 3.2 and 3.3
belongs to C}, (Q) for some a. € (0, 1).

In order to prove Theorems 3.2, 3.3, and 3.4, we first need to develop some results which
are needed in the proves. The first result is a comparison principle.
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Lemma 3.5 (Comparison Principle): Let u,v € C(RN) with [u ]WSG(RN), [(v] WsGRN) <
oo, and D C RN be a domain such that |RN \ D| > 0. If v > uin RN \ D, and

V(x)—V(y)) P(x) — o) ded
/RN/RNg( lx — yI* |x — y[N+s 4

u(x) — u(y)) 0 =) 4 4
2 /RN/RNg( |x_y|s |x_y|N+5 y

forgp = (u—v)*, thenv > uin RV,

Proof: We need to show that v > u in D. The two integrals can be shown to be finite using
Holder’s inequality and the assumptions on g. Then we have

v(x)—v(y)> (u(x)—u(y))] 0 (x) — (,,(y)dxd
L L[ () - (o) | Wi e

This, and the identity

1
g(t) —g(ty) = (2 — l‘1)/0 gty —t))T +t)dr,

gives

(109 = v0) — u) + ) Qe S ER drdy =0 )
RN JRN yINF

where

- (W(x) — () — u(x) + u())7 + u(x) — u(y)
Q) = /0 ( I — P )

From the assumption on g, we know g’ > 0. So Q(x, y) > 0, and Q(x, y) = 0 if and only if
the integrand is identically zero. Again this happens if and only if v(x) = v(y) and u(x) =

u(y).

Choose ¢ = (u — v)™ and y := u — v. Equation (7), then, becomes

/ / Q(x’y)((p(X)—w(y))(w(y) "'(x))d dy > 0. ®)
RN JRN

|x _y|N+25

We can see that, after choosing ¢ := (u — v)*, and using the fact that w+(y)y = (y) = 0,

(p(x) =) (w () — yw(x)
=—(wt@ -yt -y v T -y @yt (@) <o

This along with Equation (8), and the fact that Q(x,y) > 0 implies Q(x,y) =0 or
—(wt @) =yt =y (YT (x) — w (x)wT(y) = 0almost everywhere. In both the
cases, we must have y¥(x) = yT(y) for a.e. (x,y). Since (u —v)T =0 on RN \ D, by
continuity of u, v, we conclude that wtT =0on RN, This implies v > u on RN, ]
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Lemma 3.6: Let g be sub-multiplicative, that is, there is a constant C>0 for which
Cg(t1t2) < g(t1)g(t2) for any t1,t, > 0. Let F and u be such that

u(x) — U(y)) p(x) — o) B
/RN/RNg( x—yF ) =y dxdy‘/gF”’d"’

forany ¢ € W(S)’G(Q). Then for any convex and Lipschitz function @, we have

, |© @) = @I _drdy
| Fog@wemewmaszc [ [ G( Py ) e

Proof: First, note that, by density argument, we can assume ® to be C!. Choose ¢ =
g(®'(u))y. Then we have

ulx) — ”(y)) g W)y () — g @ W) 4 o
2//{u(x)>u(y)} ( [x —y|* |x — y|N+s xdy

_ / / g(u(x)—u(y))g(@/(u(x)))w(x)—g(@/(u(y)))w(y)
RN JRN

lx — yl* |x — y|N+s

dxdy

~ | Fg@ () dx.
Set u(x) = a, u(y) = b, w(x) = Aand y(y) = B. Then the integrand in the LHS becomes
( a—b ) g (@)A4 — g(@' (1)B

lx — yl* |x — y|NFs

Using the convexity of @, we have
®(a) — D(b) < D'(a)(a—b) and @(a) — ©(b) > ®'(b)(a— D).

We then have

( a=b ) g(®'(@)A — g(P'(b))B

lx — yI* |x — y|NFs

D( }—(D(b) D( Z—CI)(b!
- a—2>b g( aa—b )A_g( aa—b )B
=\ |x — yINFs

_ a—> ®(a) — D(b) A—B
_g(|x—y|5)g( a—b ) jx — yIN

§ Cg((l)(a) - d)(b)) A—B

lx — yI* |x — y|N+s

This, after taking w = ®(u) (note that @ is assumed to be ch, gives

, [P (u(x)) — CI>(w()’))|) dxdy
/QF(x)g(d) ()P (u)dx > C/RN /RN G( P =y
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Lemma 3.7: Let f € L°°(Q) with f > 0, and fis not identically zero. Then the problem

(A)y’u=f, inQ,
u> 0, inQ, 9)
u=020, in RN \ Q

has a unique solution u € W(S)’G (Q) N L*®(Q).

Proof: The existence, uniqueness, and continuity follows from [18, Theorem 6.16],
Lemma 2.8, and the fact that f > 0, so that (—=Ag)*u > 0 on Q, using Lemma 3.5. It
remains to show that u € L% (Q). For this, we shall assume, without loss of generality, that
Q C B(0,1) and fix a0 > 1.

Let us consider

®) o(1 —|x|), when |x|] <1,
Ve (x) =
’ 0, otherwise.

Note that for since o > 1, forany 0 < 1 < 1 we have, using Lemma 2.1 and Equation (3),

e S
the estimate g(a At) > M when ¢ > 0. Again, forx € Q C B(0,1) C B(x, 1 +

|x]) we get

Coguz [ g(H0D)

i>1 Ix —yl° |x — yIN+s

_/ ( Vg (%) ) dy
pio1 S N —yF ) e =y

e _ 1 dy
> p~af N1 — |x)P” 1/ G( )

b L A NPy A

I P pt—1 G( 1 ) dy
pro T =IxD) Abl a+rp) arppr

uniformly as a — oo. Thus, as f is bounded, we can choose a large enough to get
(—A)gVa > (—A)u. Applying Lemma 3.5 we get u < v, in RN, Thus, u is bounded. M

We consider the following approximated problem of Equation (1), where we used the
notation, f, = min{f, n} for all n € N, and assumed q > 0 is C!,

s i fn(x) .
(—Ap)ulx) = W in Q,
u>0 inQ,

u=0 inRV\Q (10)

Lemma 3.8: For a fixed n € N, Equation (10) has a weak solution u,, € ce ™) (Q) where
a(n) € (0,1) VneN
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Proof: Note that W(ﬁ(% € L®°(Q). Hence by Lemma 3.7, there exists a unique

solution w € WS’G(Q) N L*°(Q) to the problem

fn(x)
(Ut (x) + 1)1
w>0 inQ,

w=0 inRV\Q

(= Ag)sw(x) =

>

This allows us to define the operator S : WS’G Q) —» Wé’G(Q) by S(u) = w the solution of

wm—ww)wm 0 () F 00 @)
léwéwg< ko ) e Y= /(M@++ I

Multiplying both sides of this equation by w, we get

w(x) — w(y)) we) = k) 4 o
/RN‘/I;Ng( |x_y|5 |x—y|N+S Ly

_/ f”(x)—w(x)dx nitlale@ |y,
R

(DN

Applying Equation (3), we get

|M@—wm0 dxdy
G
/RN/RN ( |x — yI* Ix — y|N
1 'M”_WwULMM_W@”Md
< p- /RN/]RNg( lx — y|s |X—y|N+5 Ly

_ 1 (w(x) — W(y))) (w(x) —w(y))
P /RN/IRNg( lx — yI* |x — y[NFs dxdy

nitldliroo @) i
S —— Wliye)-
p

Assume ”W”W(s),G(Q) > 1,

[w(x) — W()’)|) dxdy
Iwl? /RN /RN ( lx — yI° |x — y|N

2/’/ ORI W
w S\ IWlgao b = ) Tx =i
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So, we have

n1+”q”L°°(Q)
1wl @)

W: G(Q)

and consequently, by Lemma 2.7,

1 1+Igll oo
<Cn L(Q)
” ||WSG(Q)

1
provided [l 56, > 1. Setting R := max {1, (Cn'tlalzeo@y)p== ], we can see that S
0

maps the ball of radius R in the metric space W(S)’G(Q), into itself. The proof will now be
complete if we show that S is continuous and compact.

Proof of continuity of S: Assume that u; — uin W(S)’G(Q). Set w; = S(u;) and w = S(u).
So that we have for any ¢ € WS’G (Q),

wi(x) — wz-(y)) @O =00 44y — @) L

/RN /ng ( ot ) = Y oy (e gy
w(x) — W(y)) (p(x) — () dedy — Jn(x)p (x) d

/IRN /ng ( =yt ) = TV T g (g 11 "

We have to show that w; — w in W(S)’G(Q). By Lemma 2.7, passing to a subsequence,

ui = uin L% (Q) and u; — ua.e. in Q. Set w; := w; — w. Subtracting Equation (??) from
W) —w(y)

Equation (11), with the choice ¢ = W;, and then applying Lemma 2.3 for a = =T

wi()—wi(y)
and, b = FTE

IWi(x)—Wi(y)I) dedy oo
C(G)/RN/RNG( FESSYER Rramy

1 1
< /Q fn<x)( T R )q(x))(wi(x)—wu))dx.

We apply Lemma 2.2 on the left-hand side and Hélder inequality on the right-hand side
of this equation to get,

, we get

. P~
C(Gy min {llwi = Wity s s = Wil |

1 1
< C|fu(
f”(wuw+>“> @w++>WJ

1 1
< C|fu(
f”(wuw+ 1™ @w++>W0

where the last inequality follows from Lemma 2.6. This gives

LG

LG

. ——1
min {llw; = witfy Iwi = wify o'
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<C

/

LG

1 1
f”(x)((ui(x)+ n %)q(x) B (u()* + %)q(x))

Now observe that

1 1
P"(x)((uxxﬁ + 519wt + %)q“")

Hence, as u; — u pointwise a.e., by DCT it follows that w; = w in WS’G. Thus S is
continuous.

Proof of compactness of S: Assume that u; is a bounded sequence in W(S)’G (Q). As before,
denote w; := S(u;). We wish to show that w; has a convergent subsequence in W(S)’G(Q).
From Equation (11), Lemmas 2.5 and 2.2, we get

< 2nA0+L < gplalioe+1,

] e e wi(x) —wi(y)\ dxdy
mln{”WIHWS,G’ ”WI”Ws,G} = C(G)/RN /RNG( lx — yIs |x_y|N

wi(x) — Wi()’)) (wi(x) — wi(y))
SC(G)/RN/]RNg( Ix — y|s |x_y|N+s dxd

Jn(X)wi(x)
Q (ui(x)t + %)q(x)

< Cnltldlieo@ llwi

= C(G) dx < '@ w11 g

“ WS)G(Q) .

This shows that w; is a bounded sequence in WS’G (Q). From the boundedness of the two
sequences, u;, w;, we conclude that there exists u, w € W(S)’G(Q) such that u; — wandw; —
win WS’G(Q). We now want to show S(u) = w, that is for any ¢ € C°(Q),

W(x)—W(y)) (p(x) — () dedy — Jn()p (x) dx
/]RN /RNg( lx — yI° |x — y|N+s Y Q (u(x)++%)q(x) : (13)

Note that we already know

[ ] () G000 gy, [ 0
RN JRN

— — y|N+ ’
lx — yI° |x — y|N s Q (ui(x)+ + %)q(x)

By DCT, it is seen easily that the right-hand side of Equation (14) converges to the right-
hand side of Equation (13). It remains to show the convergence of the left-hand side. Note
that, under the hypotheses on g, we get that g is a bijection of R onto itself. In this case g, as
defined in Definition 2.4 becomes g . We have, by the definition of conjugate N-function,
change of variable, hypothesis H, o

g(t)

t t
ral _ -1 _ / — —
G(g®) _/0 g (r)dr —/0 tg'(r)dr _/0 g(r)dr = G(1).
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Using this and the fact that w;’s are bounded in W(S)’G(Q), we have that g (W)

1
le—yIN?
quence. Thus we conclude that, up to a subsequence,

(IWi(x) - Wz'()’)l) R (IW(X) - W(}’)I)
lx = yI° lx = yI°

is a bounded sequence in 6 ( RN x RN ) hence it has a weakly convergent subse-

[x—y[N > lx—yl*

|mm—m@5ww—mmdd
/RN/RNg( k=P x— s Y

lwx) — w1\ lp(x) — ()l
- / / g ( s N+s dxd
RN JRN lx =yl lx — ¥l
Since the solution so obtained isin u, € Wf)’G (Q) N L*®(Q) and hence it is C*™ (Q) where
a(n) € (0,1), Vn € Nby Theorem 1.1 of Bonder et al. [22]. |

weakly in La( L RN x RN). Now, since 20—l ¢ 1G (+ RN x RN),

Lemma 3.9: Assume g to be convex on (0,1). The sequence of functions {uy},, found in
Lemma 3.8 satisfies

Un(x) < Upy1(x), for almost every x € Q,

and for any compact set K C Q, there exists a constant | = I(K) > 0 such that for any n,
large enough,

uy(x) > 1 for almost every x € K.

Proof: Set the notation wy(x) = (1 (x) — tp41(x))". Then we note that, for any x € Q,
and f,(x) < fut1(x),

fn®) Jng1(x)
—_— W, d _ : d
/Q(”n(x) + %)q(x) () dx /Q (un+1(X) + nL-H)q(X) wp(x) dx

_ / fn(x) _ Srnr1(x) W (x) dx
a\ () + )™ (s (x) + L))"

" eS|
— fn(x) _ fn+1(x) ~ . »
/"((“n(x> + 5 () + n—il)q(”)(u"(x) 1 ()

@) 14
(un+1 (x) + ;)q - (”n(x) + _)
= / Y ”“(x)( e Ty ) (o = )"
(1 (9> 111 () (tn () + 2™ (thn1 () + 77)

<0.

Then the above calculation and Equation (10) implies

l/ln(x) - un()/)) Wn(x) — Wn(y) ded
/]RN /RN g ( lx — yI* |x — y|N+s x4y
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Unt1(x) — un+1(}’)) Wi () — wn(y) ed
S/RN/]RNg< |x — yI* |x — y|N+s xdy.

Now [22, Theorem 1.1] implies that both u,,, 4,1 are Holder continuous up to the bound-
ary. So, we can apply Lemma 3.5 to get u, < u,1; a.e. on RV, This concludes the proof of
the first part.

The second part follows from the continuity of u,, and Lemma 2.8, which gives u,, > 0
on Q. |

Proof of Theorem 3.2: By Lemma 3.8, Equation (10) has a weak solution u,. Let ¢ €
C° (). We have

u"(x)_u"(y)) 0 =00) 4 oq, - [ SDe®
/RN /RNg( lx — yI* |x—}1|N+$ Xy = a (un(x)_'_%)q(x) X. (15)

First, we claim:

. U (x) —un(y)) p(x) = ()
i dxd
ng]go/RN /]RNg( [x — y|° |x—y|N+5 X

= “(x)_”(y)) 0@ —0() 44
_/RN/RNg( |x — yI* |x — y|N+s X ay. (16)

Proof of the claim: Set ws := Q \ Qs. Then by Lemma 3.9, there exists a constant [ > 0 such
that u, > [ > 0 on ws. We get, using Lemma 2.7, and choosing ¢ = u,,

|un(x)_”n(y)|> dXdy
C(G)/RN/RNG( |x_y|5 |X—}’|N

u”(x) - u”(y)) un(x) - un(y) dxd
S/RN/RNg( lx — yI° Ix — y|N+s xdy

Q (un(x) + %)q(x)
Jn@)4n () Fal)un (%)
Qs (un(x) + %)q(x) * /a),; (un () + 1)q(x) x

n

fn(x)un(x)
= /Q&m{ung}fn(x)dX+/QMun>l}fn(x)un(x) dx+/w(5 W

< Hf”Ll(Q) + (1 + ”l_q(.)||L°°(w,5))|[f”La(Q)”un”LG* Q)
< Ifllzr @) + Cillunll yss q)-

Assuming a = |[uy|| WS (@) > 1, we get, using Lemma 2.1,
lz/L/GC%w_WwU dxdy
RN JRN alx —yl* lx — yIN

SL/ / G(Iun(x)—un(y)l) drdy Wl | 1
af” Jrn Jry ERls lx—yIN 7 ar af” !
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This shows that ||, || WG (qy must be bounded. So u, — uin WS’G weakly. By Lemma 2.7,
0

Q)
u, — u strongly in L!(Q), and hence u,, — u pointwise a.e. up to a subsequence.
Now applying Lemma 2.1

o g(t) t t
Glg(t)) = /0 g(r)dr = /0 (g0 () dr = /0 rg/ () dr.

This implies

(p~ — DGO < G(g®) < (PT = 1DG(1). (17)

This, along with Lemma 2.2, shows that the sequence of functions (x, y) — g (W(Igjc)—;;l?(y))
is bounded in LG (RN RN, dXdl),'\,) So it has a weakly convergent subsequence; without
loss of generality, we assume it to be itself. It is easy to check that the the function (x, y) —
%2_;}?}5()’) RN x RN dr I)”V) Hence Equation (16) follows and the claim is true.

Now, in order to complete the proof, taking into account Equation (15), we only need
to show the convergence of the right-hand side of Equation (15). Note that

Ja®)p (x)
9

(un(x) + )
where we get  from applying Lemma 3.9 on supp (¢). Therefore, we can apply DCT to get
e [ B@e@ [ e

n—00 ( () + )q(x) o u(x)a®

is in LG(

< M9 () ()] € L1(Q),

Hence the proof is complete. |

Lemma 3.10: For any a,b € R, we have

a — blg(lal + |b])
la| + 10]

lg(a) —gb)| < C < Cg(lal + [b)).

Proof:

1
g0 —g@ = [ g+ b-anE-adr
0
Now since ¢’ is increasing one has for t € (0,1), |[a + (b — a)t| < ||a| + |b||. So we get

g(a) — g(b)] < la —blg'(lal + |b)).

The results now follow trivially using the hypothesis on g. [

Lemma 3.11: Let @ : (0,00) — (0,00) be a strictly convex, C'-function such that @' is
increasing and there exists 61,6, > 0 such that qu)—(xl < d'(x) < Hzﬂ For x,y € R and

e > 0, defineSY .= {x > e} N{y >0}, and S) = {x >0} N{y > ¢}. Then for (x,y) € ST U
S,

|®(x) — ©(y)| > CD'(€)|x —y| with C:= max(6,1).
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Proof: By symmetry, without loss of generality, we can assume x > y. Now for some 1 €
(y, x), we have @ (x) — @ (y) = ®'(1)(x — y). If we assume x > y > & > 0, then we have

D) — Q)| = O (Dlx — yl = D'(e)lx — yl.
For, 0 < y < ¢ < x, then by strict convexity of @, we get

W - 0() _ D)
x—y Tox

> 0,0 (x) > 0,9 (¢)

thus concluding the assertion. |

Lemma 3.12: Let @, H, f, q be as in Theorem 3.3, u, be as in Lemma 3.8. Then there is a
constant C> 0, independent of n such that | ® (u,)|| weS(Qy | D (w)]] wsG(q) < C, where u is
0 0

the pointwise limit of uy,.

Proof: We have, for t > 0,

D (1) = /Otc—l (G(mq’“—l) dr,

that is
O (t) == G~ (G(l)ﬂ*-l) ,
which gives, applying the fact that ®’(¢) is increasing and hence @ () < t®@'(t),

D'(D)g(P' (1) GO (NDP(E) _ 4 L @) .
G@'() o =P G(1)t om =P Gt (18)

g ()P() =

Using Equation (18), Lemma 3.6, and the fact g* > 1 we have

| D (u,(x)) — fD(un(y))I) dxdy
G
/]R /R ( |x =yl lx — yIN

- / % (D (1)) (1 (%) dx

( ) )q(x
W (x
=c ( / / / / ) )1 () D 1, ()
Qs,u, <1 Qs,u,>1 Wty <1 ws, Up>1 un(x) —+ )
scf  gwrc|  f@ww (19)
QNfu, <1} QNfu,>1}
Setr:= I#t;*—l We have, for large enough ty, and for any ¢ > #o,

1 ! 1 [t 2 [t
fr= —/ e lde + —/ r7lds < —/ T%_IG_I(G(I))dT
rJo rJi rJi

7 [t —(—r 2 rt (- 2
< -/ G! (G(l)rp : ’) dr < -/ G! (G(m" G )) dr = Z®@p). (20)
" rJo r
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Applying Equation (20) on Equation (19) and then using Holder’s inequality, and finally
the fact that |f,| < |fl], we get

| P (un(x)) — q>(un(y))|) dxdy
G
/]RN /RN ( lx = yI° lx = yI¥

rq*
< C/Qﬁ{und}fn(x) + C/Qm{unZl}fn(x)(D(un(x))

< Cllfull @) + Cllfall g 19 @) iy
< Cllfllza@y + Cllf gy 1P @) llp1q- 21)

)

= inf{ﬂq* > 0 (q)(;,;)rq ) }
(oo | (e )})

= (ine 2> 0 ‘/ (‘D(”"))]) — 10w,

to see the last line recall that G, (¢t) :== H (t’q*). Combining this with Equation (21) gives

[0, () = Dty _dxdy
AméwG( - )I v < Ol + Ol |2 ) I

Observe that

o
H (4n) LH(Q)

:inf{/1>0

From Lemma 2.7, we can write

| (un(x)) — ©(un ()| dxdy
/]RN /RN ¢ ( lx = yI* ) lx —yIN = < Cliflv@ + C”f”L”(Q)”(D(u”)”WSG(Q)

When || ®(u,) || WS > to, using Lemma 2.2, we get

19 .o < Clifll@ + Cllfll g 19 @) I,

Ws G(Q) WS ,G (Q)

From the hypothesis, we have, rq* < p~. This implies that the norm || ® (u,) || WG (q Can-
not increase arbitrarily. So, there exists a constant C> 0, independent of s, such that
19 (W) 56 gy < C.

By Lemma 3.9, u, is a monotone increasing sequence. So, we can define u as the

pointwise limit of u,. Direct application of Fatou’s lemma and Lemma 2.2 implies that

Proof of Theorem 3.3: By Lemma 3.9, u, is a monotone increasing sequence. So, we can
define u as the pointwise limit of u,,. Next, we show that this u is the required solution.
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We know from Lemma 3.8 that there are u,, which satisfy

un(x)—un(y)) p(x) — () dedy — fu(x) (x) d
/RN /RNg( lx — yI° |x_)’|N+S 4 Q (un(x) + %)Q(x) X

Note that, on supp(¢), as f € L1(Q),

Ja(X)¢ (x)

s | < I fllg] € L.
() + 4)*

Hence, by dominated convergence theorem, we get

L[ A8 [ @9
17— 00 ( 20+ 1 )q(x) a u(x)a®

So, we need to show that

. U (x) _un(y)) p(x) —o(y)

| dxd

nggo/RN /RNg( [x — y|* lx — y|N+s ghed
- u(x)—u(y)) 0 () — p(y)
_/RN/]RNg( e =yl° ) lx—y N .

We have, ®(u) € W(S)’G(Q) and by Lemma 2.6, it follows that ® () € L%(Q). Comparing
integrals, where u > 1, it follows that u € LG(Q). We see, using Lemma 3.10,

un(x)—un(y)) 0= 90) (u(x)—u(y)) 00 =00) 4 o
/RN/RNg( =yl ) v T /RN/RNg =y ) =y

oy (un(x)—un(y)) (u(x)—u(y)) 0 =00 4o
RN JRN

lx — yI* lx — yI* lx — y[N+s

ccf [ g(|un(x)—un(y)|+|u<x)—u(y)|) 00 =00y
RN JRN

lx —yI* |x — y|Nts
:C/ / I, (assume)
RN JRN

The proof will be complete if we can show that f]RN fRN I, — 0. To do this, first, set

Sp :=supp¢p, and Qy:= RY x RNy \ (Sp° x S4°).
Now using Holder’s inequality with respect to the measure ld dl};\,, we get for any compact

set K C RN x RN,

o= Lo
R2N\K Q4\K

<C H (|”n(x) — up(Y)| + lu(x) — M(}’)|)
i lx — yI*

G
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y ‘ lp(x) — o (y)]
lx— yI*

(@ it)

NOW, if Hg (|un(x)_un8:)_|‘;|lsu(x)_u(y)|)

< 1, we get

(e )

// I < c‘ lp(x) — ()
RZN\K lx — yI°

Otherwise, we apply Lemma 2.2 and Equation (17) to get

(@)

L

= Iun(x)—Mn()’)|+lu(x)—u(y)|)) dxdy Y’
//RZN\KIn = C(//Q¢\KG<g( lx = yI° |x—J’|N)

y H lp(x) — o ()
lx — yI°

(k)

L

|un<x)—un(y)|+|u(x)—u(y)|) dxdy Y’
C G
= (//QN ( e =y |x—y|N)

« ' lp(x) — ()]
lx — yI°

LG(Q \K, dxdy)

|un(x)—un(y)|) dxdy
C G
: |://Q¢\K ( kot )
|u<x)—u(y)|) drdy 17
G
+//Q¢\K ( = |x—le]

y H lp(x) — o ()
lx — yI°

(@ )

By Lemma 3.9, there exists | = [(Ss) > 0 such that for » large enough, u,(x) > 1. We now
apply Lemma 3.11 on the two integrands of the last line to get

| D (un) (x) — (D(un)(y)|> dxdy
2 <C G
//]RZN\KI = |://Q¢\K ( lx = ylI° |x — yIN

1

|q>(u(x>)—d>(u(y>>|) dedy [7F
G
+//Q¢,\K ( lx = yI* |x—J’|N:|

‘ lp (x) —
% [12X) Z 9
lx =yl

(Q(/,\K dxdy )
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By Lemmas 2.2 and 3.12, it is clear that

// I, < C‘ lp(x) — o ()]
R2N\K lx — yI*

Since ¢ € C°(Q), for a fixed ¢ > 0, there exists K = K(¢) such that

S <
< —.
RZN\KH 2

We, now have to estimate f f x In- For this, we use Vitali’s convergence theorem. Let E C K.
Arguing as above, we can get

[[n< ' |¢(|x> —yqol(yn

This shows that the integrand in LHS is uniformly integrable, that is [[,I, — 0 as
LN(E) — 0. Applying Vitali’s convergence theorem, we get for large enough n, [ Jeln < &
So, from Equation (21), we get fRN fRN I, = 0as n — 00, hence the proof follows. ]

LG(Q \K. dxdy )

dedy \
16 (B2

[x=yl

Proof of Theorem 3.4: Let u be a solution of Equation (1) obtained through Theorems 3.2
and 3.3. Then u is pointwise limit of a sequence of solutions, u,, of Equation (10). Also, by
Lemma 3.9, there exists [(K) > 0 for any compact set K C € such that

u(x) > I(K) > 0 for almostall x € K.

This implies that there exists some Cx > 0 such that u—19) (x) < Ck for all x € K. Fix
xp € Qand r> 0 such that B := B(xp, ) C B(xp,t) C Q. Again, since u is a weak solution
of Equation (1), this implies that for any ¢ € C2°(B(xo,r)), where, with ¢ > 0,

/ / . (u(x)—u()’)) @) =00)) 4 4 / FEuE) ™19 (x) dx
RN JRN ?

|X—y|5 |x_y|N+s

_ v(x) — V(y)) (px) ()
= /zaf(x)¢(x) = /IRN /RN £ ( lx = yI° lx — yINHs dx(dy;
22

where v € WSG(B) N L°(B), is a solution to the problem

(— Ag)SV = CBf, in B,
v >0, in B,
v =0, inRN\ B

obtained through Lemma 3.7. By using Lemma 3.5, we can conclude that u < vin Bif u is
continuous on RN, That is u € L () provided u is continuous on RN,
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Again, since we have, from Equation (22),

u(x) — u(y)) (p(x) — 0(»))
/RN/RNg( lx — yI° |x — y|N+s dxdy < C/B¢(x)dx,

defining the sets

Up := [(x,y) e RN x RN

|u(x) —u)l 1]’
lx—yl* =
L _ Jut) —u@)l
j+1 7 fx—yP

U == [(x,y) e RN x RN

1
<7} for j>1,
J

we get from Lemma 2.1 that

u@) — u®)\ (P& — ()
c/qu(x)dxz/RN/RNg( YT ) e — IV dxdy
_ u(x)—u(y))u(x)—u(y) @@ =p0) .
/RN/RNg ( x—yI° =P @) —u)x—yN 7

_ 0~ U)o = 00)
= [ LS (R o

o~ ] |u(x) — u@) P 2 (u(x) — u()) (P ) — ()

—p ;; G(j+1) . PR dxd
|u(x) — u@) P 2 (u(x) — u()) (P ) — ()

>p” E (;+1)P* ()// e — yNt dxdy

>C / / Ju(x) — u Q)P "2 (x) — uONG® =0,
o RN JRN

|x _),|N—0—sp+

We can now apply Corollary 5.5 of [23] to conclude that there is some o € (0, 1) such that
u € C*(B). This completes the proof. |
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