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ABSTRACT The quantum computing (QC) is emerging as one of the possibilities to replace the conventional
computing to meet the complex computing challenges. Quantum gates are based on the quantummechanical
phenomena such as superposition and entanglement. Moreover, there are several ways to realize the
reversible full adder representing one of the building blocks of the reversible computing. One of the ways
to realize the reversible full adder is by using the controlled V and V+ gates. Spintronics is one of the
quantum technologies to realize the reversible computing physically. Therefore, there is need of spin-torque
based modelling of controlled V and V+ gates for the quantum computing applications in the reversible
computing domain. In this paper, the controlled V and V+ gates are modelled for the spin-torque based
qubit architecture through the optimization at elementary single-qubit rotation and two-qubit entanglement
level. Therefore, the key innovation or unique contribution is to realize the controlled V and V+ gates by
using the minimum number of the elementary operations (single- and two-qubits). Moreover, a quantum
full adder (QFA) composed of controlled V and V+ gates, is optimized and realized with the spin-torque
models of the controlled V and V+ gates to achieve fault tolerant fidelity. Therefore, the novelty is that
the optimization of the controlled V and V+ gates for the reversible full adders is carried out by using the
identity rules.

INDEX TERMS Quantum gates, quantum circuits, spin-torque, optimization.

I. INTRODUCTION
The logic gates are the building blocks of the Boolean
computing. However, there is loss of information in these
gates except NOT gate. The one-bit loss of information
results in KTln2 joules dissipation of the heat [1]. The K
and T are Boltzmann constant and temperature respectively.
Though this heat dissipation is negligible for the individual
irreversible logic gates, however, it needs attention as the
complexity of the computing system increases. The way out

The associate editor coordinating the review of this manuscript and

approving it for publication was Alba Amato .

to get rid of the heat dissipation, is to use the reversible
gates such as CNOT, Toffoli, Fredkin, controlled V, and V+.
These reversible gates have one-to-one mapping from input
to output. The quantum circuits made up of these reversible
gates are suitable for the low-power VLSI [2]. However, the
physical realization of quantum circuits for the reversible
computing becomes very difficult by using the classical com-
plementary metal oxide semiconductors (CMOS) technology
due to one-to-one mapping of the inputs to the outputs uti-
lization of the ancilla qubits and shrink in channel length of
the transistor. The quantum technologies such as Quantum
Dot (QD) [3], Superconducting (SC) [4], Ion Traps (IT) [5],
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FIGURE 1. Controlled V gate (b) Controlled V+ gate.

Rydberg atoms [6], Linear Photonics (LP) [7], Non-Linear
Photonics (NP) [8], and Spin-Torque (ST) [9] are promis-
ing candidates for the physical realization of the reversible
computing. However, every quantum technology has a unique
library of gates to realize the quantum computing and scala-
bility issues which need to be addressed. The spin-torque [8]
based technology has the advantage of operating at room
temperature in comparison to superconducting based qubit
architecture. Therefore, in this paper, the modelling of the
controlled V and controlled V+ gates for the spin-torque
based qubit architecture [10], is presented in terms of their
decomposition, reduction, and optimization [11], [12]. More-
over, the models for the controlled V and controlled V+

are utilized to realize the quantum full adder [13], [14]. The
fidelities of the existing work are presented in Table 1.

TABLE 1. Existing work.

The key contributions of the proposed work in a pointwise
manner.

• Decomposition of the controlled V ad V+ gates at
elementary single-qubit rotation and two-qubit entangle-
ment level for the spin-torque based qubit architecture.

• Modelling of the controlled V and controlled V+ gates
with the help of spin-torque based elementary single -
qubit rotation and two-qubit entanglement.

• The fidelity of the controlled V and V+ obtained is more
than 99%

• The controlled V and V+ gates based reversible full
adder is realized using the spin-torque models for the
controlled V and controlled V+ gates.

FIGURE 2. Spin-torque-based n-qubit reconfigurable architecture.

FIGURE 3. Elementary-level decomposition of (a) Controlled V gate
(b)Controlled V+ gate.

FIGURE 4. Elementary single- and two-qubit rotation-level
decomposition of Controlled V gate.

The paper is divided in five sections including this intro-
duction section. The controlled V and V+ gates and their
significance are presented in section II. The spin-torque
based qubit architecture [10] is discussed in section III.
The decomposition of the controlled V and V+ are pre-
sented and the spin-state evolution of controlled V gate
is discussed in section IV. The identity rules-based opti-
mization of the controlled V and V+ gates, is carried out
in section V. The controlled V and V+ gates based QFA
is implemented in section VI followed by conclusion in
section VII.

164912 VOLUME 12, 2024



A. A. Kulkarni, M. Hagparast: Identity Rules-Based Decomposition, Optimization, and Spin-Torque Modeling

FIGURE 5. Density matrix evolution for the input configurations
∣∣S1

〉
(z=1) and

∣∣S4
〉
(z=1).

FIGURE 6. Density matrix evolution for the input configurations
∣∣S1

〉
(x=1) and

∣∣S4
〉
(x=1).
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FIGURE 7. Density matrix evolution for the input configurations
∣∣S1

〉
(y=1) and

∣∣S4
〉
(y=1).

II. CONTROLLED V AND V+ GATES
The V and V+ gates are represented by a 2 × 2 matrix

V =

[
1+i
2

1−i
2−1−i

2
1+i
2

]
(1)

V+
=

[
1−i
2

1+i
2

1+i
2

1−i
2

]
(2)

The V+ is the Hermitian conjugate of V and called
√
NOT .

The properties of these gates are as follows.

V × V = NOT

V×V+
= V+XV = I

V+ × V+
= NOT

The controlled V and V+ are represented by the following
matrices.

V =
1 + i
2


1
0

0
1

0
0

0
0

0
0

0
0

1
−i

−i
1

 (3)

FIGURE 8. Identity rule-based optimization of Controlled V gate.

V+
=

1 − i
2


1
0

0
1

0
0

0
0

0
0

0
0

1
i

i
1

 (4)

The truth tables for the (V, V+) and Controlled (V, V+) are
given in Table 2 and Table 3, respectively. v, V, w, and W are
intermediate states.
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FIGURE 9. Identity rule-based optimization of Controlled V+ gate.

FIGURE 10. Post-optimization percentage reduction in number of operations.

FIGURE 11. Density matrix evolution for the input configurations
∣∣S1

〉
(x=1) and

∣∣S4
〉
(z=1).
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FIGURE 12. Density matrix evolution for the input configurations
∣∣S1

〉
(z=1) and

∣∣S4
〉
(z=1).

TABLE 2. Truth Table (V and V+ gates).

TABLE 3. Truth Table (controlled V and controlled V+ Gates).

III. SPIN TORQUE BASED QUBIT ARCHITECTURE
The ST-based qubit architecture is shown in Fig. 2. Each arm
of the architecture represents a single spin-qubit associated
with the low and high barriers on either side. The semicon-
ductor channels are present between the qubits. The barrier
height modulation helps to make the architecture reconfig-
urable. The Hall metal-nanomagnet-tunnel barrier assembly
injects the spin polarized electrons (x-/y-/z-directed) into the
semiconductor channel. The injected electronswith velocity v
crossing through the semiconductor channel reach the single
spin-qubit and apply the spin-torque to rotate the qubit’s spin-
state to a desired state. The similar mechanism is applicable
for the two-qubit rotation. The entire mechanism is mod-
elled with the help of transmission and reflection coefficients
in the one-dimensional reconfigurable spin-torque based
qubit-architecture.

The transmission and reflection coefficients of the
spin-torque based architecture are modelled as transmis-
sion [10] and reflection coefficient matrices in equation (5)
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FIGURE 13. Density matrix evolution for the input configurations
∣∣S1

〉
(x=-1) and

∣∣S4
〉
(y=1).

FIGURE 14. Controlled V and V+ gate based QFA [11].

and (6), respectively,

t (2) =
1

(1 + i4�l)I + iS̃(� − (i4�2l(ei2kx0 − 1)))
(5)

where, S̃ is the standard basis matrix, l =
0Rfl
J , � = J/ℏv,

and v is the velocity of the electron, 0Rfl is the height of the

FIGURE 15. Optimal Controlled V and V+ gate based QFA.

reflection barrier G, J is the hyperfine or exchange interac-
tion, and x0 is the distance of the qubit from the barrier, and
ℏ is reduced Plank’s constant.
The reflection matrix is

r (2) = t (2) − I , (6)

where I is the identity matrix.
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FIGURE 16. Optimal decomposition of QFA.

The generalized reflection matrix R(2)F based on equa-
tions (5) and (6) is provided in equation (7) as follows:

R(2)F = r (2) − ei2kx0 t (2)
[
I2n+1 + ei2kx0 I2n+1R0

]−1
I2n+1 t (2),

(7)

where, R0 matrix represents the reflection barrier, and I is
the identity matrix for the n-qubit architecture. The reflection
matrix for the two-qubit interaction on qubits Q1 and Q2 is
given in equations (6) and (7), respectively, and the overall
reflection matrix at the injection side barrier is given in
equation (8).

R(2)F1 = r (2)1 − ei2kx0 t (2)1

[
I2n+1 + ei2kx0 I2n+1R0

]−1
I2n+1 t (2)1

(8)

R(2)F2 = r (2)2 − ei2kx0 t (2)2

[
I2n+1 + ei2kx0 I2n+1R(2)F1

]−1
I2n+1 t (2)2

(9)

R(2)Fb = r (2)b − ei2kx12 t (2)b

[
I2n+1 + ei2kx12 I2n+1R(2)F2

]−1
I2n+1 t (2)b

(10)

The subscripts 1, 2, and (2) represent qubits Q1,Q2, and
second order matrix, respectively.

IV. DECOMPOSTION OF CONTROLLED V AND V+ GATES
AND SPIN STATE EVOLUTION OF CONTROLLED V GATE
The gate level quantum circuits for the controlled V and V+

are shown in Fig.3(a) and Fig.3(b). The spin-torque based
modelling of controlled V and V+ gates need their decom-
position at the elementary single qubit rotation and two-qubit
entanglement. Therefore, the elementary level quantum cir-
cuit of the controlled V is shown in Fig.4.

The quantum gates state evolution from the initial state to
final state is represented by the density matrix. The density

matrix has two components i.e. Real and Imaginary. A density
matrix is defined as a 2 × 2 matrix, which is a linear combi-
nation of the unit/identity matrix and Pauli matrices σx, σy,
and σz as

ρ =
1
2
(I + āσ̄ )

The coefficient ā is known as the Bloch vector and is equal to

ā = Tr(ρσ̄ )

The density matrix evolution for the input state |1001⟩ and
output state for controlled V gate is shown in Figure 5. The
qubit state evolution along the z-axis is shown in Figure 5(a),
6(a), and 7(a). The state evolution along the z-axis is based
on the sequence of single-qubit and two-qubit rotations rep-
resenting the controlled V-gate as shown in figure 4. The spin
state and density matrix evolution of the controlled V gate for
the input configurations |S1⟩(z=1) and |S4⟩(z=1) is shown in
Fig.5 (a) and (b), |S1⟩(x=1) and |S4⟩(x=1) is shown in Fig.6
(a) and (b), and |S1⟩(y=1) and |S4⟩(y=1) is shown in Fig.7
(a) and (b).

V. IDENTITY RULES TO OPTIMIZE THE CONTROLLED V
AND V + GATES
The elementary single-qubit and two-qubit based reduced
decomposition of the controlled V gate is shown in Fig.4. The
quantum library utilized for the elementary decomposition
is {Rx ,Ry,Rz,

√
SWAP} for the reduced decomposition. The

reduced decomposition presented is required to be optimized
to decrease the numeral of operations. The identity rule-based
decomposition [11] is utilized to optimize the elementary
decomposition of the ControlledV gate. The identity rule [11]
is given as below.

R(θ )A = R
( π
2 )
B .R(θ )C .R

(− π
2 )

B (11)
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FIGURE 17. Spin state evolution (a) z-component (b) x-component (c) y-component.

The quantum library utilized for the realization of
the optimal decomposition of the controlled V gate
is {Rx ,Ry,Rz,

√
SWAP}. The identity rules-based opti-

mal decomposition of the controlled V and controlled

V+ gates are presented in Fig. 8 and Fig. 9, respec-
tively. The number of operations is reduced from 19 to
16 and from 26 to 22 for the controlled V and
controlled V+, respectively. The bar chart for the
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FIGURE 18. Density matrix evolution of the QFA for the input state 1110.

optimization of controlled V and controlled V+, is shown in
Fig. 10.

The comparison for the reduction in number of quantum
operations (single-qubit and two-qubits) for the controlled V
and controlled V+, is shown in figure 10. The number of
operations required for realizing controlled V gate is 19 and
16, respectively for the pre- and post-optimization realiza-
tion. The process of optimization is presented in figure 8.
Similarly, the number of operations required for realizing
controlled V+ gate is 26 and 22, respectively for the pre- and
post-optimization realization. The optimization is based on
the identity rules [11].

The post-optimization spin state and density matrix evolu-
tion of the controlled V+ gate for the input configurations
|S1⟩(z=1) and |S4⟩(z=1) is shown in Fig.11 (a) and (b),
|S1⟩(x=1) and |S4⟩(z=1) is shown in Fig.12 (a) and (b), and
|S1⟩(x=-1) and |S4⟩(y=1) is shown in Fig.13 (a) and (b).

The fidelity comparison for the pre- and post-optimization
of the controlled V and controlled V+ gates is given in the
Table 4.

TABLE 4. Fidelity comparison.

VI. QUANTUM FULL ADDER
The controlled V and V+ based quantum full adder (QFA)
[11] is shown in Fig. 14. It consists of 03 controlled V gates,
01 controlled V+ gate, and 02 CNOT gates.

TABLE 5. Comparison.

The quantum circuit is further modified by placing the
controlled V and V+ gates by their optimal counterparts
(see Fig. 15) presented in the previous section. However, the
circuit still needs further optimization. The elementary level
decomposition of the QFA is shown Fig. 16. The number of
operations due to optimization is reduced from 83 to 71.

The spin state evolution of the input 1110 before quantum
circuit optimization, is shown in Fig. 17.

The [15] presented the foundation for the manipulation
of the quantum information using spin-torque in terms of
elementary single qubit rotation and two-qubit entanglement.
Also, the realization of the controlled NOT gate with fault
tolerant fidelity was carried out. The spin-torque models for
the quantum gates like CNOT, Toffoli, and Fredkin were
utilized for the reversible Boolean computing in [16]. Also,
the optimization of the quantum circuits for the reversible
computing is proposed in [16]. The authors observed that
there is need to utilize the quantum circuits with reduced
quantum cost for the spin-torque based reversible computing.
Therefore, authors investigated the performance of the 1-
Toffoli reversible (quantum) full adders in [14]. The fidelities
are compared as 97.65, (98.34%-98.21%), and 97.64 for the
2-Toffoli full adder, 1-Toffoli full adder, and controlled V and
V+ gate based full adder, respectively. The comparison is
presented in the Table 5.

The density matrix evolution for the input state 1110 is
shown in Fig. 18.

VII. CONCLUSION
The performance of QFA is investigated with the help of opti-
mal spin-torque based models of controlled V and V+ gates.
The results in terms of number of elementary operations
required, number of electrons required to realize the QFA,
fidelity, and probability help to realize reversible computing
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with the controlled V and V+ gates as building blocks for the
reversible computing applications.
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