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Abstract

We study first-order Sobolev spaces on reflexive Banach spaces via relaxation, test plans,
and divergence. We show the equivalence of the different approaches to the Sobolev spaces
and to the related tangent bundles.
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List of symbols

Ly Lebesgue measure restricted to [0, 1]; see (2.1).

B, w) A weighted Banach space; see Definition 2.1.

C(B) Shorthand notation for C ([0, 1]; B) x [0, 1]; see (2.2).

e The evaluation map e: €(X) — X, given by e(y, 1) = ¢e;(y) := y;.

Der Derivative map; see (2.4).

|d f|p= The function B 5 x +— ||d, f|lgx € R for f € Cl(B); see (2.6).

Comp(rr) Compression constant of a g-test plan ; see Definition 2.2.

I, ®, n) q-test plans on the weighted Banach space (B, u); see Definition 2.2.

T Shorthand notation for 7 := & ® L1; see (2.8).

(T x}reB Conditional probabilities of the disintegration & = [ 7, d(ex)(x).

whr (B, u) Metric p-Sobolev space on a weighted Banach space (B, 1); see Definition
2.5.

D, f1 The minimal p-weak upper gradient of f € W7 (B, 11); see Definition
2.5.

Sx The ‘support’ of a g-test plan r; see (2.11).

D, (div,,) Domain of the distributional divergence; see Definition 2.8.

div,, The distributional divergence of v € Dy (div,,); see Definition 2.8.

2, (B) Space of p-a.e. defined measurable B-bundles; see Definition 2.10.

ryE) g-section space of a measurable B-bundle E € 7, (B); see (2.14).

=< The natural partial order on 7, (B).

i g-tangent bundle of (B, ); see Definition 2.11.
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ryE:.)
|wp|E*

. TRk
Ly« (X, u; BY)
WIE

Space of weakly* measurable sections of the dual of E.

p-a.e. equivalence class of X 3 x = [ (x)||g(* € R for w € T'p(E} ).
The dual space of L4(X, u; B).

The restriction of w € T',(E?,) to a bundle E € Z,,(B); see Definition
2.14.

dE The restricted Fréchet differential C!'(B) N LIP,(B) > f — d fIE; see
(2.15).

[w]g* The pointwise seminorm of w € L? (X, p; B*) induced by E € Z,,(B); see
(2.16).

b3 The ‘restriction’ operator L7 (X, u; B*) 3 w — wjg € Tp(E!.); see
2.17).

¢*E The pullback bundle; see (2.18).

Ly The functional L y € D, (div,)* associated to f € whreB, n); see (3.1).

WDf:(f; ) (7, p)-weak differentials of f € WP (B, u); see Theorem 3.1 c).

dy The p-weak differential operator d,, : wlp(B, ) = Ty (T, B)*; see (3.2).

Un Vector field induced by a g-test plan «; see Lemma 3.6.

Sz B Multivalued map sending x € B to the support of Deryit ,; see (3.13).

Vi B The bundle obtained as the closure of the span of S;B; see Lemma 3.7.

Der, Equivalence class of Der in L9 (€(B), 7; B); see the proof of Theorem 3.3.

' Velocity field of a g-test plan r; see Remark 4.3.

1 Introduction

During the past couple of decades, Sobolev spaces W17 (X, 1) have been extensively studied
for metric measure spaces (X, d, u). In spaces satisfying a local Poincaré inequality and
measure doubling, called PI-spaces, the strong density of Lipschitz functions [8] implies quite
straightforwardly the equivalence of different approaches to Sobolev spaces. In [4], it was
noticed that the density in energy of Lipschitz functions, valid without the PI-assumption, is
enough for showing the equivalence of notions of upper gradients. In general metric measure
spaces one can also introduce an abstract first-order differentiable structure [20]. With more
assumptions on the space, the structure is given via Lipschitz charts [8] (see also [15]).

If the underlying metric structure is linear, a natural question is to ask if we can connect
the abstract differentiable structures with the linear one. In Euclidean spaces with arbitrary
reference measure this was addressed in [27] and [31] (see also [18] for the BV case) by
starting from the notions of Sobolev space given in [7] and [36]. Although weighted Euclidean
spaces need not be PI-spaces, smooth functions are still strongly dense in the Sobolev space
defined on them [23].

In the current work we consider the infinite-dimensional linear case of reflexive sep-
arable Banach spaces (and, in some results, the larger class of separable Banach spaces
having the Radon—Nikodym property). In this context, it is known from [34] (see also [17,
35]) that suitable algebras .7 of smooth functions on B are dense in energy in the Sobolev
space WP (B, ). One advantage of working with smooth functions is that they have an
everywhere-defined differential, which allows to transfer valuable information from the
ambient space to the Sobolev space with respect to arbitrary reference measures. Notice
that even though our results are stated in the infinite-dimensional case, they are new already
on Euclidean spaces since we allow the exponent p # 2 in W7 Indeed, only the case p = 2
was handled in [31] since there the arguments relied heavily on the Hilbertian structure of the
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Sobolev space W12, Similarly, it would be simpler to prove versions of our results in cases
where one could use the Hilbertian structure, such as for W -2 on infinite-dimensional Hilbert
spaces, or for the cases where one can renorm the Sobolev space to be Hilbert (compare to
[14]).

The paper contains three main results, which are valid for weighted Banach spaces (as
in Definition 2.1) that are reflexive (or some weaker assumptions, as the Radon—Nikodym
property):

e In Theorem 3.1 we prove that the metric notion of Sobolev space via upper gradients
(see Definition 2.5) coincides with other two approaches (in terms of vector fields having
distributional divergence, and via weak differentials) that are tailored to the Banach
setting.

e In Theorem 3.2 we show that also the minimal weak upper gradients corresponding to
the three above approaches do coincide.

e Theorem 3.3 connects different approaches to identifying the directions in the Banach
space that are analytically relevant for W!-7 (B, ). The first approach is via divergence
inspired by Bouchitté—Buttazzo—Seppecher [7] while the other two are via test plans.
This result partly generalises the Euclidean one [31, Theorem 3.16].

2 Preliminaries

Throughout the whole paper, whenever an exponent p € (1, 00) is given, we tacitly denote
by

q:=

ple(l,oo)

its conjugate exponent, and vice versa. Moreover, letting £' be the Lebesgue measure, we
shorten

Ly = £1|[0,1]. 2.1)

In this paper, we focus on the family of weighted Banach spaces, which we define as follows:

Definition 2.1 (Weighted Banach space) We say that a couple (B, u) is a weighted Banach
space if B is a separable Banach space and © > 0 is a finite Borel measure on B.

We underline that in the above definition we assume that B is separable and p is finite.
2.1 Classical notions on Banach spaces
Given a normed space V, we denote by V* its dual Banach space. If B is the Banach space
obtained as the completion of V, then we have that B* = V* meaning that B* can be
canonically identified with V*. The duality pairing between v € V* and v € V will be
denoted by (w, v) € R.

Absolutely continuous curves

Let B be a separable Banach space. We denote by C ([0, 1]; B) the space of all continuous
curves y: [0, 1] — B. It is a complete and separable metric space if endowed with the
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following distance:
deqo.ym (v, 0) = max llyi —orllg forevery y,o € C(10, 1; B).

We then define the complete and separable metric space (¢(B), de(s)) as
¢B) := C([0, 1]; B) x [0, 1] (2.2)
together with the distance

dem)((v, 1), (0,5)) :=dcqo1:B) (¥, 0) + [t —s| forevery (y,1), (o,s5) € €B).

The evaluation map e: €(B) — B is defined as e(y, t) = e;(y) := y, forevery (y, 1) €
¢(B). Notice that e: €(B) — B is continuous and e; : C([0, 1]; B) — B is 1-Lipschitz for
every t € [0, 1]. A curve y € C([0, 1]; B) is said to be g-absolutely continuous (for some
q € [1, 0o]) if there exists a function g € L7(0, 1) such that g > 0 and

t
v — yslp < / g(rydr foreveryO) <s <t <1. 2.3)
s

In the case where ¢ = 1, we write ‘absolutely continuous’ instead of ‘1-absolutely continu-
ous’. We denote by ACY([0, 1]; B) the family of all g-absolutely continuous curves in B. It
holds that ACY9([0, 1]; B) is a Borel subset of C ([0, 1]; B). We write AC([0, 1]; B) instead
of AC'([0, 1]; B).

Radon-Nikodym property and Asplund spaces

A Banach space B is said to have the Radon-Nikodym property provided every absolutely
continuous curve y : [0, 1] — B is £;-a.e. differentiable, which means that

o= lim YTV ¢ B exists for £i-ace. 1 € [0, 1].
h—0 h

By an Asplund space we mean a Banach space B whose dual B* has the Radon-Nikodym
property. Recall that every reflexive Banach space is Asplund and has the Radon—-Nikodym
property. The converse can fail: there exist (separable) Asplund spaces having the Radon—
Nikodym property that are not reflexive, e.g. James’ space [26]. See [16] for a thorough
treatment of these topics.

Given a Banach space B having the Radon—Nikodym property, we define Der: €(B) — B
as

Der(y, £) := { Vr if y € AC([0, 1]; B) and y, exists,

O otherwise. 2.4

Then Der: €(B) — B is a Borel map. For any y € AC([0, 1]; B) the function ||Der(y, -)|B,
which is called the metric speed of y, is the £-a.e. minimal g € L'(0, 1) with g > 0
satisfying (2.3).

Fréchet differential and smooth functions

Given a Banach space B and a function f: B — R, we say that f is Fréchet differentiable
at x € B if there exists an element d, f € B*, called the Fréchet differential of f at x, such
that

i Y = fO) = (defL )l

im

B3v—0 lvils

=0. (2.5)
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Notice that (2.5) determines uniquely d, f and implies that f is continuous at x. Moreover,
we say that f is of class C! if it is Fréchet differentiable at every point of B and B 5 x >
d, f € B* is continuous. We denote by C! (B) the space of real-valued functions of class C'
defined on B. Given any f € C'(B), we define the Borel function |d f|gs: B — [0, +00)
as

|[dflg=(x) := ||dy fllg= foreveryx € B. (2.6)

One can readily check that the function f is locally Lipschitz and it holds that |d f|g+ =
lip(f), where the slope lip(f): B — [0, +00) is defined as lip(f)(x) := 0 if x € B is an
isolated point and

|f () — f )

lip(f)(x) :=lim sup ————— if x € B is an accumulation point.
Bsy—x lx — yls

Lebesgue-Bochner spaces

Given a finite measure space (X, X, ) and an exponent p € [1, oo], we denote by (L” (1), || -
llz»()) the Lebesgue space of exponent p. Recall that L” (i) is a Riesz space if endowed
with the natural partial order relation: given any two functions f, g € L?(u), we declare
that f < g if and only if f(x) < g(x) holds for u-a.e. x € X. Recall that the Riesz space
LP(w) is Dedekind complete, which means that every non-empty subset of L”(u) that is
bounded above has a supremum. Namely, given a set { f;}ic; € LP(u) and g € LP(u) such
that f; < g forevery i € I, then the supremum

f=\fielw

iel

exists. This means that f > f; foreveryi € [, and that f < f whenever f € LP () satisfies
f > f; forevery i € I.In asimilar way, one can define the infimum A;_; fi € LP(u). See
e.g. [6].

We assume the reader is familiar with the basics of Bochner integration; we refer to [25] and
the references therein for a detailed account of this theory. Let us only recall some notation
and results. Given a finite measure space (X, X, i), a Banach space B, and an exponent
q € (1, 00), we denote by L9(X, u; B) the g-Lebesgue-Bochner space from (X, X, ) to
B. The following hold:

L7(X, u; B) is a Banach space and a module over the commutative ring L (u).
LP (X, w; B*) is isomorphic to a subspace of LY (X, u; B)*.

Li1(X, w; B)* = LP(X, u; B*) if and only if B is Asplund.

L9(X, u; B) is reflexive if and only if B is reflexive.

L1(X, u; B) is uniformly convex if and only if B is uniformly convex.

Given any v € L9(X, ; B), the u-a.e. equivalence class |v|p of the function X > x —
lv(x) || belongs to LY (w). If (X, Ex, ux) and (Y, Xy, py) are finite measure spaces, then
each measurable map ¢: X — Y satisfying pguux < Cuy for some C > 0 induces a
pullback operator

@*: LYY, py; B) — LYX, ux; B) 2.7
for every Banach space B and ¢ € (1, 00). Namely, we set ¢*v := v o ¢ forall v €

LAY, py; B).
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48  Page 6 of 21 E. Pasqualetto, T. Rajala

Given a weighted Banach space (B, 1) and f € C'(B) N LIP(B), the map B > x
d, f € B* is Bochner integrable (as it is continuous and bounded), thus we can consider its
equivalence class

df € LP(B, u; B*) forevery p € (1, 00).
For any v € LY(B, u; B), the u-a.e. equivalence class d f (v) of B 3 x — (d, f, v(x)) € R
isin L1 ().
2.2 Sobolev calculus on weighted Banach spaces

Test plans

Following [5], we give the ensuing definition of a g-test plan (over a weighted Banach space):

Definition 2.2 (Test plan) Let (B, ;1) be a weighted Banach space such that B has the Radon—
Nikodym property and let ¢ € (1, 00). Then a Borel probability measure = on C ([0, 1]; B)
is said to be a g-test plan on (B, 1) provided the following two requirements are met:

(1) There exists a constant C > 0 such that
(e;)gm < Cu foreveryt € [0, 1].

The minimal such C is called the compression constant of = and denoted by Comp(r).
(i) The measure & is concentrated on ACY ([0, 1]; B) and has finite Kinetic g-energy, i.e.

1
//0 17211 dr dz () < +o00.

We denote by IT, (B, 1) the family of all g-test plans on (B, ).
We introduce the shorthand notation
x:=m QL foreverym €Il (B, pn). (2.8)

Observe that ez < Comp(m)u, so that in particular eyt < w, for every m € I, (B, p).
We will occasionally consider the disintegration 7 = [ 7, d(e)(x) of & along e, which
means that:

e {7 ,}eB are Borel probability measures on €(B) such that
Ae(€B)\e '(x)) =0 foregr-ae. x €B.

e B > x > 7, is measurable, i.e. B > x > 7, (E) is Borel for every E C €(B) Borel.
o T(E) = [7 (E)d(eym)(x) for every E C €(B) Borel.

The family {7, },cp is exmt-a.e. unique. For a proof of its existence, see e.g. [3, Theorem
5.3.1].

Compatible algebras
For any Banach space B, we call LIP, (B) the algebra of real-valued bounded Lipschitz func-

tions on B. Following [34, Definition 2.1.17], we give the ensuing definition of compatible
algebra:
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Definition 2.3 (Compatible algebra) Let B be a Banach space. Then we say that a set <7 is a
compatible subalgebra of LIP; (B) provided it is a unital subalgebra of LIP;(B) such that

lx — yllg = sup {lf(x) — fO)| | f € LIP,(B) is 1-Lipschitz} forevery x, y € B.

Distinguished examples of compatible subalgebras are LIP, (B) itself, C 1(B) N LIP,(B),
and the smaller space of smooth cylindrical functions on B (defined in [34, Example
2.1.19]). A useful fact concerning compatible algebras, which is proved in [34, Lemma
2.1.27], states the following:

Lemma 2.4 Let (B, ) be a weighted Banach space. Let </ be a compatible subalgebra of
LIP,(B). Then < is strongly dense in L? (1) for every p € [1, 00), and is weakly* dense in
L% ().

Metric Sobolev spaces

Let us recall the definition of the metric Sobolev space via test plans introduced in [5]:

Definition 2.5 (Metric Sobolev space) Let (B, 1) be a weighted Banach space such that B
has the Radon—-Nikodym property and let p € (1, 0c0). Then we say that f € LP(u) is a
p-Sobolev function provided there exists G € L” (i) with G > 0 such that

1
/ FoN — fO0) () < / /O G lI7ls dr dr(y) forevery w € T, (B, o).
2.9)

The p-a.e. minimal G verifying (2.9) is called the minimal p-weak upper gradient of f
and is denoted by |D,, f| € L?(u). The space of all p-Sobolev functions on (B, ) is denoted
by WhP (B, ).

The Sobolev space W7 (B, 1) is a Banach space if endowed with the following norm:

1/p
1 Wz = (11 + 1D f1NEp,)  forevery £ e WP (B, ).

It holds that LIP,(B) € W'P(B, u) and D, f1 < lip(f) forevery f € LIP,(B). Moreover,
the minimal p-weak upper gradient [D,, f| of any given function f € WP (B, 1) can be
equivalently characterised as the pu-a.e. minimal G € L”(u) with G > 0 satisfying the
following property: for every m € I, (B, 1), we have that f oy € w10, 1) holds for
m-a.e. y € C([0,1]; B) and

I(foy) | <G)lyile  for w-ae. (v, 1) € €(B). (2.10)

The following approximation result (which closes the gap with Cheeger’s approach to
metric Sobolev spaces [8], based on a relaxation procedure) was proved in [34, Theorem
5.2.7] after [4]:

Theorem 2.6 (Density in energy of compatible algebras) Let (B, 1) be a weighted Banach
space such that B has the Radon—Nikodym property and let p € (1, 00). Let </ be a compati-
ble subalgebra of LIP,(B). Let WP (B, 1) be a given function. Then there exists a sequence
(fu)n € o such that

fo— f ldfulgs — |D/Af| strongly in L ().
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48  Page 8 of 21 E. Pasqualetto, T. Rajala

Another proof of the density in energy of smooth cylindrical functions (and thus of every
subalgebra of LIP,(B) containing them) has been recently obtained in [28]. Whereas the
results of [4, 34] are for arbitrary metric measure spaces and rely on metric tools, the argu-
ments in [28] are tailored for weighted Banach spaces and are based on a purely smooth
analysis.

It is unknown whether LIP, (B) is strongly dense in whr(B, u). A sufficient condition
for the strong density of all compatible algebras is the reflexivity of W7 (B, u), see [2,
Proposition 42]. Examples of non-reflexive Sobolev spaces are known (see [2, Proposition
44] and [24, Section 12.5]). We also point out that if wLp(B, ) is reflexive, then it is
separable (see again [2, Proposition 42]) and every compatible subalgebra of LIP,(B) is
strongly dense in it.

Remark 2.7 1t is shown in [13] that minimal p-weak upper gradients depend on p, in the
sense that for f € WLP (B, u) N WHP (B, i) with p # p it can happen that the minimal
p-weak upper gradient of f differs from its minimal p-weak upper gradient. Nevertheless,
in our notation |D,, f| we do not specify the exponent p, since the latter will be always clear
from the context. O

Master test plans

Let (B, ) be a weighted Banach space such that B has the Radon—Nikodym property. Fix an
exponent g € (1, 0o). To any g-test plan & € I, (B, ) we associate the Borel set S; C B
given by

d(esm)

Sz ::{erB%

) > 0}. @.11)

The set Sy, is uniquely determined up to z1-a.e. null sets, and u|s, < ex7 and (ex)|p\s, = 0.

It is proved in [32, Theorem 2.6] that one can always find a master ¢-test plan & on
(B, 11), i.e. a g-test plan having the following property: for any f € W7 (B, ), the function
D, f| € LP () is the minimal G € L? () with G > 0 such that (2.10) holds. See also [21,
Theorem A.2] for an alternative proof of the existence of a master g-test plan.

Moreover, it is proved in [33, Proposition 2] that a given & € IT, (B, 1) is a master g-test
plan if and only if for every function f € WP (B, ) it holds that ID,.f| = 0 p-a.e. on
B\S, and

|(f oyl .
Dy fl(x) = esssup Lper0j(y,t)————— Tforesm-ae.x € B, (2.12)

Ty-ae. (y,1) 7B

where # = [ 7, d(ex7)(x) denotes the disintegration of 7 along e.
Distributional divergence

Testing against smooth functions, we can define the space of vector fields with p-divergence:

Definition 2.8 (Distributional pu-divergence) Let (B, 1) be a weighted Banach space and
let g € (1, 00). Then we define D, (div,) S L9(B, u; B) as the space of all vector fields
v € L9(B, u; B) for which there exists a function div,, (v) € L9(u), called the u-divergence
of v, such that

/df(v) du = —/fdivu(v) du forevery f € C'(B) N LIP,(B).
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The function div, (v) € L?(u) is uniquely determined by the density of CY(B) N LIP,(B)
in LP(w).

Some comments on the space of vector fields with distributional p-divergence are in order:

e D,(div,) is a vector subspace of L (B, u; B) and div,, : D, (div,) — L9(u) is a linear
operator.

e The Leibniz rule holds, i.e. forevery h € C 1(B) NLIP,(B) and v € D, (div,,) we have
that

hv € Dy(div,,), div,(hv) = hdiv, () + dh(). (2.13)

Indeed, [df(hv)du = [d(fh)(v)du—[ fdh(v)dpu = — [ f(hdiv,(v)+dh(v))dp
holds for every f € C 1(B) N LIP,(B), whence the validity of (2.13) follows.

o In particular, the space Dy (div) is a C1(B) N LIP,(B)-submodule (thus, a vector sub-
space) of LY (B, wu; B). Since C1(B)NLIP,(B)isa weakly* dense subalgebra of L>(u),
it follows that clzq(®, i.B) (Dy (div,,)) is a L% (u1)-submodule of LY (B, u; B).

2.3 Measurable Banach bundles

According to [1, Definition 18.1], a given multivalued mapping ¢: X — Y between a
measurable space (X, X) and a topological space (Y, 7) is said to be weakly measurable
provided it satisfies

fxeX|ox)NU #2}e X foreveryU € 7.

The following result, which follows from the Kuratowski—Ryll-Nardzewski selection theorem
(see [1, Corollary 18.14]), gives a useful criterion to detect weakly measurable multivalued
mappings:

Proposition 2.9 Ler (X, X) be a measurable space, B a separable Banach space, and
C: X —» B a multivalued mapping such that C(x) is a closed non-empty subset of B for
every x € X. Then C is weakly measurable if and only if there exists a sequence (vy)neN of
measurable maps v, : X — B such that C(x) = clg({v,(x) : n € N}) for every x € X.

Let now us recall the notion of measurable Banach B-bundle that was introduced in [12]:

Definition 2.10 (Measurable B-bundle) Let (X, X) be a measurable space and B a Banach
space. Then a multivalued mapping E: X — B is said to be a measurable B-bundle on X
provided it is weakly measurable and E(x) is a closed vector subspace of B for every x € X.

Given a finite measure space (X, X, u), we denote by 2, (B) the set of measurable B-bundles
on X quotiented up to u-a.e. equality. For any E € 2, (B) and g € (1, 00), the g-section
space

Ty(E) :={veLI(X, u;B) | v(x) € E(x) for p-ae. x € X} (2.14)

is a closed L°°(u)-submodule of L9 (X, ; B), thus it is also a Banach space. Notice that
L1(X, u; B) is the g-section space of the measurable B-bundle on X whose fibers are iden-
tically equal to B.

The space Z,,(B) is endowed with a natural partial order <: given any E, F € 2, (B),
we declare that E < F if and only if E(x) € F(x) for u-a.e. x € X. When B is separable,
it holds that E +— I'; (E) is an order isomorphism between Z,,(B) and the set of all closed
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48  Page 10 of 21 E. Pasqualetto, T. Rajala

L°(w)-submodules of L9 (X, u; B) (ordered by inclusion). See the proof of [31, Proposition
2.22] after [12, 30].
In this paper, the most relevant example of measurable B-bundle is the p-tangent bundle:

Definition 2.11 (u-tangent bundle) Let (B, 1) be a weighted Banach space and let g €
(1, 00). Then we define the g-tangent bundle of (B, 1) as the unique 7,,B € Z,,(B) such
that

Ty (T,B) = clras. ) (Dy (div,,)).

The above definition is well posed thanks to the fact that the space clzq B, ,;B) (Dy (div,,))
is a closed L°(u)-submodule of L4 (B, ; B).

Dual of a section space

Let us now recall a characterisation of the dual of the g-section space of a measurable B-
bundle obtained in [29, Section 3.2]. Let (X, X, 1) be a finite measure space, B a separable
Banach space, E a measurable B-bundle on X, and p € (1, 0o). Then we denote by I", (E? )
the space of p-a.e. equivalence classes of those maps w: X — | |, .x E(x)* that verify the
following properties:

e w(x) € E(x)* forevery x € X.

e The function X 3 x = @ (v)(x) := (@ (x), v(x)) is measurable for every v € I'y(E).

e The p-a.e. equivalence class |w|g+ of the function X 5 x > [|w(x)|gwx)+ belongs to
LP ().

The space I', (E; ) has a natural structure of module over L*° (1) and it is a Banach space
if endowed with the norm @ > |||w|g«||Lr(u). The dual of I';(E) can be identified with
rpE:):

Theorem 2.12 (Dual of a section space) Let (X, X, ) be a finite measure space and q €
(1, 00). Let B be a separable Banach space and E € 2, (B). Then it holds that T'y(E)* =

For the proof of the above result, see [29, Theorem 3.9]. In the case where Eg is the bundle
whose fibers are constantly equal to B, we shall write sz* (X, u; B*) instead of "), ((EB)} ).

Definition 2.13 Let (X, X, 1) be a finite measure space and let ¢ € (1, 00). Let B be a
Banach space and E € Z,,(B). Then a vector subspace V of I'; (E) is said to generate I"; (E)
provided

n
clr, &) ({ Z 1g,vi

i=1

neN, (E))}_; € X partition of X, (v;)]_; € V}) =T,E),

or equivalently that the L°°(u)-linear span of Vis dense in I'; (E). Similarly, we say that a
vector subspace W of I', (E? ) generates I, (E? ) if the L°°(u1)-linear span of WV is dense
in I, (E}.).

Definition 2.14 Let (X, X, 1) be a finite measure space and p € (1, 00). Let B be a separable

Banach space. Assume that E,F € 2, (B) satisfy E < F. Then for any given element
w €T, (F;.) we define wg € T',(E;.) as wg(x) := 0 (X)|gw) € E(x)* for p-ae. x € X.
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Given a weighted Banach space (B, i), abundle E € 2, (B), and an exponent p € (1, 00),
we can consider the restricted Fréchet differential

dig: C'(B) NLIPy(B) — I',(Ef,) = Ty (E)*, (2.15)

w*

which is given by dig f := d fig € T, (E? ) forevery f € C! (B) N LIP,(B).

w*

Remark 2.15 In the case where B is a separable Asplund space and E € 2,(B) is
given, the elements of I',(E}.) can be represented in a more concrete way, which we

are going to describe. Recalling that LY(X, u; B)* = LP(X, u; B*), we can define
[-1g+: LP(X, u; B*) — L9(n) as

[w]g* = \/{w(v) [velyE), vip <1} < |olp- forevery w € LP (X, u; B%).
(2.16)

One can readily check that [ - Jg+ is a ‘pointwise seminorm’ on L” (X, u; B*), meaning that

[wlgx > 0 forevery w € LP (X, u; B¥),
[+ e < [wlgs + [nle-  forevery w, n € LP(X, u; BY),
[fole = | fllwle forevery f € L) and € L7 (X, 11 BY).

Moreover, the ‘restriction’ operator 7g: L? (X, u; B*) — T » (E*w*), which we define as
me(w) == wg € Tp(Ej«) forevery w € LP(X, u; BY), (2.17)

is L°(w)-linear and satisfies |7g(w)|g+ = [w]g+ for every w € L? (X, u; B*). Finally, by
applying the Hahn—Banach theorem, one can prove that 7g is surjective and that for any
@ € I'p(E}.) there exists a (non-unique) w € LP(X, u; B*) such that 7g(w) = & and
lwlps = |@|g* O

Lemma 2.16 Let (X, X, u) be a finite measure space and p € (1,00). Let B be a separa-
ble Banach space and E,F € 2, (B). Assume that Y is a generating vector subspace of
Li* (X, u; B*) such that |wjg|gx < |wix |+ for every @ € W. Then it holds that E < F.

Proof We argue by contradiction: assume there exists P € X with u(P) > 0 and
E(x)\F(x) # @ for u-a.e. x € P. Applying Proposition 2.9, we can find v € I'y(E)
and A > O for which (up to shrinking P) it holds that v(x) ¢ F(x) and ||lv(x)|lp > A
for p-a.e. x € P. By the Hahn—Banach theorem, there exists n € Li* (X, w; B*) such
that n(v) = |v|?E holds w-a.e. on P and n(u) = O for every u € ['y(F). Fix any
e € (0, )ﬂ’l/2). Since W generates Li*(X, w; B*), we can find @ € W such that (up
to shrinking P further) we have that | — w|g* < € holds p-a.e. on P. In particular, we have
that w(u) < n(u) + |w — nlp=lulp < elu|p holds w-a.e. on P for every given u € I';(F),
whence it follows that |wg|p+ < ¢ holds u-a.e. on P. Hence, we have (again, j-a.e. on P)
that

g—1 q
A g < vl

n) < lo@)|+ elvlp < (|wgles + &)|vlp
(lwplps +&)vlp < 2¢|v|s,

IA

so that 29~! < 2¢, which contradicts our choice of &. Therefore, we conclude that E < F. O

We now present another technical result, which will be useful in the later sections:
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Lemma 2.17 Let (B, u) be a weighted Banach space and let p € (1,00). Let </ be a
compatible subalgebra of C'(B) N LIP,(B) containing B*. Then {df : f € </} generates
LP(B, ; B*). Ifin addition the space B is Asplund, then {dg f : f € </} generatesT ,(EZ )
forevery E € 2,,(B).

Proof By the very definition of L? (B, u; B*), for any @ € LP(B, u; B*) and ¢ > 0 we
can find a simple map n = Z:‘l:1 1g;w;, where (E;)!_, is a Borel partition of B and
w1, ..., o, € B*, such that ||o — NllLe@®,wpy < €. Since B* C .« by assumption and
the Fréchet differential of an element of B* coincides with the element itself, the above
shows that {d f : f € &/} generates L? (B, u; B*).

Letus now assume further that B is Asplund. Fixany E € Z,,(B). Givenany w € I",(E} .),
we can find @ € L?(B, u; B*) with &g = o (and |w|g+ = |w|g*), see Remark 2.15. Now
fix ¢ > 0. The first part of the statement yields the existence of functions fi,..., f, € &
and of a Borel partition Ey, ..., E, of B such that n := Z;’zl 1g,df; € LP(B, u; BY)
satisfies |0 — 7llLr (B, ;3% < €. Letting n := N = Y 1gdEfi € I'p(EY.), we have
that ||w — 7)||1“,,(E’;*) < llw—=nllzr@, B+ < €. This shows that {djg f : f € &/} generates
', (E ), thus completing the proof of the statement. O

We point out that the algebra of smooth cylindrical functions on B contains B*. In partic-
ular, Lemma 2.17 can be applied to every (compatible) subalgebra of C!(B) N LIP;(B) that
contains all smooth cylindrical functions.

Pullback bundle

Let (X, dx, ux) and (Y, dy, iy) be complete and separable metric spaces endowed with
finite Borel measures. Let ¢: X — Y be a Borel map satisfying psux < Cuy for some
constant C > 0. Let B be a separable Banach space and let E € Z,,, (B). Following [12,
Definition C.1], we then define the pullback bundle ¢*E € 2, (B) of E as

(¢*E)(x) := E(p(x)) for ux-ae. x € X. (2.18)

For any exponent g € (1, 00), the pullback operator that we considered in (2.7) induces a
pullback operator ¢*: I'; (E) — I'; (¢*E). Furthermore, if Vis a generating vector subspace
of I'y (E), then

{*v|v eV} generates I'y(¢*E). (2.19)

For a proof of the above claim, see [12, Theorem C.3], taking also [12, Remark C.4] into
account.

3 Main results
First, we provide several characterisations of whrB, ) ona weighted (reflexive) Banach
space:

Theorem 3.1 (Identification of the Sobolev space) Let (B, u) be a weighted Banach space
such that B has the Radon—Nikodym property and let p € (1, 00). Let f € LP(u) be a given
Sfunction. Then the following conditions are equivalent:

(a) It holds that f € WLP (B, w).
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(b) There exists a (necessarily unique) element L y € Dy (div,)* = T'y(T;,B)* such that

/Lf(v)du = — / fdiv,(v)du foreveryv € Dy(div,). 3.1

If in addition the space B is reflexive, then (a) and (b) are also equivalent to the following
condition:
¢) Givenany compatible subalgebra <7 of C*(B)NLIP,(B), it holds that WDﬁ(f; A) # D,
where the family WD}, (f; <7) of all (<7, p)-weak differentials of f is given by
WDZ (f; )= {we LP(B, u; B*) | fu—f and d f,—w weakly, for some (f,)n < ;zf}

At the same time, we can also obtain various characterisations of the minimal p-weak
upper gradient |D,, f| of any Sobolev function f € WP (B, w):

Theorem 3.2 (Identification of the minimal weak upper gradient) Let (B, ) be a weighted
Banach space such that B has the Radon—Nikodym property. Let p € (1, 00) be given. Then

duf =Ly e T,(T,B)* forevery f € W'P(B, ) 3.2)

defines a linear map d; : whr, p) — L'y (T,B)*, which we call the p-weak differential,
with

IDuf1 = |4 flz,my for every f € WP (B, ). (3.3)
Moreover, we have that d,, f = di7,B[f holds for every [ € C'(B) N LIP,(B), thus in
particular
df(v)
D, f| = \/ H{U#O}ﬁ forevery f € CI(IB%) N LIP, (B). (3.4)
veD, (div,) viB

If in addition B is reflexive, for any compatible subalgebra </ of C'(B) N LIP,(B) it holds
that

D, f| = |w|g* forevery [ € WP (B, w) and w € WD,’j(f; o). (3.5)

Theorems 3.1 and 3.2 will be proved in Sect. 3.1. Furthermore, we show that the p.-tangent
bundle 7,,B can be alternatively defined in terms of the velocity of curves selected by g-test
plans:

Theorem 3.3 (Identification of the tangent bundle) Let (B, n) be a weighted Banach space
such that B is an Asplund space that has the Radon—Nikodym property. Let g € (1, 00) be
given. Then the p-tangent bundle T, B can be equivalently characterised as follows:

1) T,B is the unique minimal element of (2,,(B), <) such that
vi € T,B(y;) foreverym € I1,(B, u) and T-a.e (y,1) € €(B). 3.6)
it) If w is a given master q-test plan on (B, ), then T,B(x) = {Op} for u-a.e. x € B\S;

and

T.B(x) =clp (span{v eB

ftx<{(y,t) eCB) : lyr —vlp < s}) >0 forall ¢ > 0})

foresm-a.e. x € B, where &t = f 7, d(ex7)(x) denotes the disintegration of T along e.
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See Sect.3.2 for the proof of Theorem 3.3. Combining Theorems 3.1 and 3.2 with well-
known facts in the Banach space theory, we obtain the following useful corollary:

Corollary 3.4 Let (B, 1) be a weighted Banach space and p € (1, 00). Then the following
hold:

i) If B is reflexive, then WP (B, 1) is reflexive.
ii) If the dual B* is uniformly convex, then WP (B, ) is uniformly convex.
iti) IfB is a Hilbert space and p = 2, then W'2(B, 1) is a Hilbert space.

In particular, if the space B is reflexive, then every compatible subalgebra <o of
C'(B) N LIP,(B) is strongly dense in WP (B, ), and the p-weak differential operator
dy: WL (B, u) — [y (T, B)* is the unique linear and continuous extension of the map
d\T,AB: o — Fq(TMB)*.

Proof Endow LP (1) x Dy (div,)* withthe norm [ (£, L)1 == (£ 11750y +IL I, iy, )7
Then

WhP@B, 1) s f > (f, Ly) € LP(u) x Dg(div,)* is alinear isometry,  (3.7)

thanks to the linearity of the map f +— L and to (3.3). Let us now distinguish the three
cases:
i) By well-known stability properties of reflexivity, we have the following chain of implica-
tions:

Breflexive = LI(B, u;B) reflexive = LP(B, u;B*) reflexive
=  Dy(div,)* reflexive = L?(u) x Dgy(div,)" reflexive.

Indeed, the Lebesgue—Bochner space L4 (B, u; B) isreflexive if (and only if) B is reflexive, we
have that L9 (B, u; B)* = L? (B, u; B*) when B is reflexive, and D, (div,,)* is isometrically
isomorphic to a quotient of L? (B, u; B*). Taking also (3.7) into account, the implication in
i) is then proved.

ii) Suppose B* is uniformly convex. Then L? (B, ; B*) is uniformly convex. Since uniformly
convex spaces are reflexive, the previous discussion ensures that D, (div,,)* is isometrically
isomorphic to a quotient of L (B, w; B*). It follows that D, (div,)* is uniformly convex,
so that L7 (u) x Dg(div,)* is uniformly convex. Recalling (3.7) again, we conclude that
whr, ) is uniformly convex.

iii) Suppose B is Hilbert and p = 2. Since D> (div,)* is a quotient of the Hilbert space
L2(B, u; B*), we deduce that D» (div,,)* is Hilbert. Thanks to (3.7), it follows that WL2(@B, p)
is Hilbert.

Finally, assume that B is reflexive, so that wlr(B, w) is reflexive by i) and thus every
compatible subalgebra </ of C L(B)NLIP,(B) is strongly dense in whr(B, ). In particular,
the linear continuous operator dr,g: &/ — I';(T,B)* can be uniquely extended to a linear
continuous operator 7 : whr, p) — Iy (T,B)*. Given that d, is a linear continuous
extension of diz, g by Theorem 3.2, we conclude that T = d,,. This proves the last part of
the statement. O

Remark 3.5 The statements of Corollary 3.4 were already known:

i) was proved in [34, Corollary 5.3.11].

ii) follows from the results of [35].

iii) was proved in [11] (as Hilbert spaces are CAT(0) spaces); see also [34, Corollary 5.3.11].
O
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3.1 Proof of Theorems 3.1 and 3.2

First, we show that each test plan on a weighted Banach space with the Radon—Nikodym prop-
erty induces a vector field. The proof is inspired by [10, Proposition 2.4] and [9, Proposition
7.2.3].

Lemma 3.6 (Vector field induced by a test plan) Let (B, v) be a weighted Banach space such
that B has the Radon—Nikodym property. Let g € (1, 00) and w € I1,(B, u) be given. Let
us define

vy (x) = d(zizn)(x) / v dit (y, 1) € B for u-a.e. x € B. 3.8)

Then it holds that v; € L1(B, u; B) and

1
/hlv,,lB du < // h(yDllvilsdedm(y) forevery h: B — [0, +00) Borel. (3.9)
0

Moreover, it holds that vy € Dy(div,) and

d(eo)gm  d(epym
du dpu

divy, (vy) = (3.10)

Proof First of all, the map v, : B — B is w-measurable thanks to the measurability of
X — 1. Moreover, given any Borel function 4: B — [0, +00), we have that

d A 1
fh|vn|msdu§/h(x) (ZZ”)(x>/||y}||Bdﬁx<y, t)du(x)szo R 7l dr dr (1),

which gives (3.9), thus in particular v, € LY(B, u; B) by Holder’s inequality. Finally, for
any given function f € C 1(B) N LIP,(B) we can compute

1
/ df (ug) du = / / dy, £+ 71) A 5 (v 1) d(eg ) (x) = / /0 (f o) didr(y)

d d
=/f()/1)—f(yo)dn(y) =/f< (edll)L#n B (?;#n>du,

which shows that v; € D, (div,,) and that the identity in (3.10) holds. The proof is complete.
O

Proof of Theorems 3.1and 3.2 Step 1: proof of a) = b) and |d, f|(7,B)* < D, f].
Assume that f € WHP(B, u). Pick any sequence (f,), C C1(B) N LIP,(B) such that

fu— fand |df,|g+ — |D, flin L? (). Then we have that
deivu(wdul =n1_i)moo‘/fndivu(v)du‘ < tim_ [ 1dfulselolg dn = [ 1Dy lols d
(.11

forevery v € Dy (div,). Letting ity := |D, f[|v|Bu, we also define Ty, : CL(B)NLIP,(B) —
R as

Ty(h) == — f fdiv,(hv)du forevery h € C'(B) N LIP,(B).
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By (2.13), the map Ty, is linear. Also, (3.11) gives [Ty (h)| < |21, forall h € c'@®)n
LIP,(B). Since C' (B)NLIP,(B) is dense in L' (11,,) and the dual of L' (1¢,) is L% (i), there
exists a unique function 6, € L° (i) such that |6, < 1 and T, (h) = f h 6, du, for every
h € C'(B) NLIP,(B). Therefore, letting L ¢ (v) := 6y|Dy, fllv|p € L' (), we conclude that
ILf()| < Dy fllvlg and

/th(v) du = — / fdivy(hv)du forevery v € Dy(divy) and h € CI(B) N LIP,(B).
(3.12)

Choosing & := 1, we obtain that L satisfies (3.1), while the weak* density of C'®)n
LIP,(B) in L*(u) ensures that L ¢ is uniquely determined. Since Ly is linear (thanks to
(3.12) and to the linearity of div, ), we conclude that L € D,(div,)* and |d, fla,my =
IL ¢, B)* < IDy f|, proving the inequality > in (3.3). The linearity of d, : WL (B, pw) —
D, (div,)* follows from (2.13).

Step 2: proof of b) = a) and |D,, f| < |d,. fl(7,B)*-
Assume that there exists an element L s € D, (div,)* satisfying (3.1). Fix any = € I1,(B, 1)
and consider the vector field v; € L4 (B, u; B) induced by 7 asin (3.8). Then we can estimate

/ Fon) — F)dm(y) = / Fd(enym — / Fdeoym C29 — / £ div,(v) dut

:/Lf(vn)dﬂ
(3.9) 1 .
§/|Lf|(TM]B)*|U7r|]BdM < /0 IL# |,y (YOl ve e e de (y).

Hence, f € WP (B, u) and D f1 < |Lsl,m)* = |du flz,B)*> thus the proof of (3.3) is
complete.

Step 3: proof of (3.4).
Given that [hLf(v)du = — [ fdivy(hv)dp = [hdf(v)du holds for every f,h €
C'(B) NLIP,(B) and v € D, (div,,), we have that L s (v) = d f(v) forevery f € c'®)n
LIP,(B) and v € D,(div,), sothatd, f = Ly = d|TlL]Bf for every f € Cl(B) N LIP,(B).
In particular, by taking also the identity (3.3) into account, for any f € C L(B) NLIP,(B) we
obtain that

df(v)

D f1 = Idi7,B[l1,B)>* = \/ Liyzoy——— e

ve Dy (divy,)
thus proving the validity of (3.4).

Step 4: proof of a) < c) and (3.5).
Let us now assume in addition that B is reflexive. Let f € WP (B, u) be given. Pick
a sequence (f,), S & such that f, — f and |df,|gx — |Dyf| in LP(u). Since
LP (B, u; B*) is reflexive, up to a non-relabelled subsequence we have that d f,, —~w weakly
in L”(B, u; B*) for some € LP(B, u; B*), so that o € WD/ (f; <7). Notice also that
we have that |w|g+ < |D,, f|. Conversely, let f € L?(u) with WDp w(f; ) # & be given.
Take any w € WDﬁ (f; <) and (f,), C o such that f,— f weakly in L?(n) and d f,— @
weakly in L? (B, u; B*). Thanks to Mazur’s lemma, we can find a sequence (g,), of con-
vex combinations of (fy,), so that g, — f strongly in L? () and dg, — o strongly in
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LP (B, ; B*). In particular, it holds that |dg, |g+ — |w|g* strongly in L? (i), which implies
that f € WP (B, ) and D, f| < |w|g+. All in all, the property (3.5) is proved. O

Notice that the implication WDZ(f; o) £ @ = f e WHP(@B, u) holds for every B

separable.

3.2 Proof of Theorem 3.3

Before passing to the verification of Theorem 3.3, we prove an auxiliary result:

Lemma 3.7 Let (B, ) be a weighted Banach space such that B has the Radon—Nikodym
property. Letq € (1,00) and t € T1,(B, ) be given. Let us define the multivalued mapping
VaB: B — Bas V;B(x) := clg(span Sy B(x)) for pt-a.e. x € B, where we set

spt(Dergit,) foresm-a.e. x € B,

{0z} for p-a.e. x € B\ Sy. (3.13)

SzB(x) := =
Then it holds that Sz B: B — B is weakly measurable and V; B € 2,,(B).

Proof First, notice that V;B(x) is a closed vector subspace of B for -a.e. x € B. Moreover,
(xeB|SyBx)NU #2}={xeB| frx(Der’](U)) > 0} forevery U C B open,

thus the measurability of x + 7, ensures that the multivalued mapping S, B is weakly
measurable, whence it follows that clg(SzB) is weakly measurable. Thanks to Proposition
2.9, we can find a sequence (vi)ken of Borel maps vy : B — B such that clg({vk(x) : k €
N}) = clg(SzB(x)) holds for p-a.e. x € B. Since for u-a.e. x € B we have that

Ve B(x) = c@({ > ai vk (%)

i=1

neN, gy,...,q, €Q, k1,...,kneN}>,

we deduce from Proposition 2.9 that V; B is weakly measurable, thus V;B € 2, (IB). ]

Proof of Theorem 3.3

Step 1: proof of Theorem 3.3 i).

Givenany € I, (B, i), we denote by Der, € LY(C(B), ; B) the equivalence class of the
mapping Der: €(B) — B. We define E; € 2;(B) as E;(y, t) := RDery (y, t) for 7-a.e.
(y,t) € €(B). Since B is Asplund, we have that LZ* (B, u; B*) = LP(B, u; B*). For any
f e o := C'(B)NLIP,(B),

[(e*d f)(Derg)(y, )| I(f oy);l
*d «(y,)y=1 , =1 =
[(€"d B, () (Vs> 1) (Dery £0} (V5 1) Dery 5(r. 1) {Dery #£0} (V5 1) e

< Dpfly) = (dp flez,By* 0 (s 1) = [(€*df)jer7,Bl e 1, By* (v, 1)

for m-a.e. (y,1) € €(B). Since {e*df : f € o} generates LP(E(B), &; B*) thanks to
Lemma 2.17 and (2.19), by using Lemma 2.16 we deduce that E; < ¢*7,B, whence the
property (3.6) follows.

We now prove that 7, B is the minimal element of (2, (B), <) with this property. Let
E € 2,,(B) be such that Der, € I'; (e*E) for every w € I1,(IB, u). Fix a master g-test plan
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m € I1;(B, u). Then
|(f oyl

2.12)
[di7, B f(1,B)*(x) = Dy fl(x) =" 1s, (x) esssup Liperzo}(y, 1) ——
y-ae. (y.t) lvelle

|(e*d f) (Derg)|(y, 1)

= 1s, (x) esssup Lipers0y(y, 1)

y-ae. (y.t) |Derg |B(y, 1)
<1s,(x) esssup [(€*df)eEl@e Ry (¥, 1) < |dEfIE*(X)
Ry-ae. (y,1)

holds for n-a.e. x € B, for every given function f € <. Since {df : f € </} generates
L? (B, u; B*), we finally conclude that 7, B < E thanks to Lemma 2.16. The validity of
Theorem 3.3 i) follows.

De facto, the above proof shows that for any master g-test plan = on (B, ), the bundle
T,,B is the unique minimal element of (2, (B), <) such that y; € T, B(y;) holds for 7-a.c.
(v, 1) € €(B).

Step 2: proof of Theorem 3.3 ii).
Let V;B be as in Lemma 3.7. Then to prove Theorem 3.3 ii) amounts to showing that

VeB =T,B for every master g-test plan = on (B, 1).

First, let us prove that VB < T,,B. Let S;B be as in Lemma 3.7. By Proposition 2.9, we
can find (vi)ren € T'y(VrB) such that clg({vi(x) : k € N}) = clg(SzB(x)) for u-a.e.
x € B. To prove that V;B < T},B, it suffices to show that vy € I';(7,,B) for every k € N.
We argue by contradiction: suppose there exist kp € N, a Borel set E C B, and § > 0 such
that ex7 (B) > 0 and ||vg, (x) — T, B(x)|lg > 8 for egm-a.e. x € E. By the definition of S; B
we have

ftx<{(y, 1) € ¢(B) ’ 17 — v @)l < 5}) >0 foresi-ae. x ¢ E.

By taking the property (3.6) into account, it thus follows that
ext ({x € E | ok, @) - TBo s < 81)

=2 ({00 e ® | 17— v omlls <5}) > 0.
This leads to a contradiction with our choice of kg, E, §. Therefore, we deduce that VB <
7,B.
We now pass to the verification of 7,,B < V;B. For es-a.e. x € B, it holds that

vi = Der(y, 1) € spt(Dergit ) = SzB(y,) € VeB(y;) fora,-ae. (y,1) € €B).

Therefore, we have that y; € VzB(y,) for T-a.e. (y, t) € €(B), so that 7, B < VB thanks
to the last paragraph of Step 1 of this proof. O

4 Consistency with the metric vector calculus

The aim of this conclusive section is to check the consistency of the vector calculus we
develop in this paper with the differential structure for metric measure spaces introduced by
Gigli in [20].

Let (IB, 1) be a weighted Banach space, g € (1, 00), and E € Z,,(B). Then the g-section
space I'; (E) is a (complete) L9 (u)-normed L*°(11)-module, in the sense of [20, Definition
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1.2.10]. Its dual 'y (E)* = T',(E*.) is an L?(j)-normed L° (u)-module, which coincides
with the dual I, (E) in the sense of [20, Definition 1.2.6 and Proposition 1.2.14]. Notice that
the notion of ‘generating vector subspace’ of I'y (E) or ', (E ..) we introduced in Definition
2.13 is consistent with the one of [20, Definition 1.4.2]. We refer to [29] for a more detailed
discussion on these topics.

In [20], the language of L”(w)-normed L°°(u)-modules was used to develop a vector
calculus for arbitrary metric measure spaces. In this regard, an object playing a fundamental
role is the cotangent module, introduced in [20, Definition 2.2.1] (see also [19, Theo-
rem/Definition 2.8] for another axiomatisation and [22, Theorem 3.2] for the case p # 2).
The cotangent module is canonically associated with an abstract differential operator. In
the next result, we show the consistency of our machinery with Gigli’s notions of cotangent
module and abstract differential.

Theorem 4.1 (Cotangent module) Let (B, u) be a weighted Banach space such that
B is an Asplund space having the Radon—Nikodym property. Let p € (1,00). Then
L'y (T,B)* is isomorphic to the cotangent module of (B, i) and the associated differential is
dy: WHP@B, p) — T, (T,B)*

Proof First, {dir,f : f € C!'(B) N LIP,(B)} generates Iy (T, B)* by Lemma 2.17, thus a
fortiori{d, f : f € WP (B, 1)} generates [y (T, B)*. Also, |dy, f|(r,B)* = |D, f|forevery
f € WhP(B, ) by (3.3). The cotangent module and the abstract differential are uniquely
determined (up to a unique isomorphism) by this property (see [22, Theorem 3.2]), thus the
statement is proved. O

Under the assumptions of Theorem 4.1, the tangent module of (B, 1) (which was defined
in [20, Definition 2.3.1] as the dual of its cotangent module) can be different from I'; (7}, B).
Indeed, the g-section space I'y (T, B) is the predual of the cotangent module instead. However:

Corollary 4.2 Let (B, ) be a weighted Banach space with B reflexive and p € (1, 00). Then
the cotangent module of (B, ) is reflexive and Ty (T, B) is isomorphic to the tangent module

of (B, w).

Proof Since LY (BB, 1; B) is reflexive, its subspace I, (T, B) is reflexive, so also the cotangent
module I'y (7,,B)* is reflexive. In particular, the tangent module I';, (7, B)** is isomorphic to
Iy (T,B). ]

We point out that — as far as we know — the reflexivity of the cotangent module might
not follow directly from that of W17 (B, ). It is known that the reflexivity of the cotangent
module implies that of the Sobolev space [20, Proposition 2.2.10], but whether the converse
implication holds is still an open problem, cf. with [20, Remark 2.2.11]. Finally, another
consistency check:

Remark 4.3 (Velocity of a test plan)Let (B, 1) be a weighted Banach space with B reflexive
and let ¢ € (1, 00). Given any g-test plan w € I1,(B, u), one can consider the velocity
n’ € Ty(e*T,B) of m in the sense of [32, Theorem 1.21] (see [20, Theorem 2.3.18] for the
original definition, under extra assumptions). Letting Der, be the -a.e. equivalence class
of Der: €(B) — B, we claim that

Der, =n' forevery m € Iy (B, w). 4.1)
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Indeed, Step 1 of the proof of Theorem 3.3 shows that Der,, € I';(e*7),B), and an application
of the dominated convergence theorem ensures that for every f € WwhP(B, ) it holds that

foen— foe

p =0 forLi-ae.t €]0,1],

Ll(x)

— (e*df)(Derg) (-, 1)

lim
h—0

whence the claimed identity (4.1) follows by the uniqueness part of [32, Theorem 1.21]. O
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