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ARTICLE INFO ABSTRACT

Keywords: This paper discusses the process of optimizing the shape of systems that are controlled by
Shape optimization the Stokes flow with threshold leak boundary conditions. In the theoretical part it focuses on
Stokes problem studying the stability of solutions to the state problem in relation to a specific set of domains. In

Threshold leak boundary condition
Variational inequality
Finite element method

order to facilitate computation, the slip term and impermeability condition are regulated. In the
computational part, the optimized portion of the boundary is defined using Bézier polynomials,
in order to create a finite dimensional optimization problem. The paper also includes numerical
examples to demonstrate the computational efficiency of this approach.

1. Introduction

Control and optimization of fluid mechanics models including shape optimization is nowadays well established discipline with
many practical applications, see [12,19] and references therein. Typically the behavior of the controlled system is governed by
generally nonlinear partial differential equations comprising appropriate boundary conditions. Their solutions are usually smooth
functions of control parameters. Some thirty years ago, mathematicians introduced into fluid models the so-called threshold
boundary conditions which are well-known in contact mechanics of solids as unilateral and friction conditions. Fujita in his
pioneering paper [8] studied two types of such conditions in the Stokes and Navier-Stokes model, namely slip and leak boundary
conditions of Tresca type, when slip, leak on the boundary may occur only if the shear, and normal stress, respectively, attains a
threshold bound given a-priori. A possible way how to express these conditions is to write them in the form of inclusions involving
multivalued mappings which represent the subdifferential of appropriate nonsmooth convex functions. The whole mathematical
model then leads to an inequality type problem whose complexity depends partly on the flow model and partly on the choice of the
slip/leak law see [2,3,18], e.g. Optimization of systems governed by nonsmooth state relations gives rise to possible nonsmoothness
of the whole optimization problem. This fact creates some difficulties from the computational point of view. If we use the original
nonsmooth formulation then (to be correct) discretized models should be solved by methods which are tailored just for this type
of problems [21]. But their successful application needs some elementary knowledge of tools of nonsmooth analysis. On the other
hand, classical gradient type methods when used for solving nonsmooth problems usually fail or give unsatisfactory results. One of
ways how to overcome these difficulties is to replace the original state problem by a sequence of smooth ones and to use them as
the new state relation in optimization. The resulting problem becomes smooth (provided that the cost function is smooth, too) and
so it can be solved by standard methods. Just this way is used in this paper.

The present paper deals with a class of 2D shape optimization problems governed by the Stokes equations with threshold leak
boundary conditions of Tresca—Navier type which are prescribed on an optimized part of the boundary. It extends the previous
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papers [15,16] which are devoted to the Stokes system but with the threshold slip conditions and, in addition it improves several
results obtained there. To simplify our presentation we shall consider a very simple geometry of admissible domains. Moreover, the
optimized part of the boundary will be represented by the graph of C!:! functions which will play the role of the design variables.
The velocity formulation of the state relation leads to a variational inequality of the 2nd kind using the terminology from [10]
due to the presence of the nonsmooth leak term j. To regularize the problem, j is replaced by an appropriate sequence of smooth
functionals j,, € — 0+. There is yet another troublesome thing from the computational point of view: namely the zero tangential
velocity condition u, = 0 prescribed on the optimized part of the boundary. This condition is realized in computations by a smooth
penalty technique. Thus we use simultaneously a penalty and regularization approach for solving the state problem.

The paper is organized as follows: in Section 2, the state and shape optimization problems in their original, i.e. nonsmooth form,
are defined together with the assumptions guaranteeing the existence of a solution. The most important result needed in the existence
analysis is the proof of a stability of solutions with respect to domains. i.e. to show that the solutions to the state problem considered
as a function of domains depend continuously (in an appropriate sense) on domain variations. To this end one needs another very
important property: to show that any test function used in the weak formulation to the Stokes equations on any admissible domain
can be approximated by functions which can be used as test functions on close domains. In [16] this property has been proven
for functions satisfying the impermeability condition v, = 0 on the slip part of the boundary. In the present paper this result is
extended to the more general boundary condition of the form v - s = 0 prescribed on the optimized part of the boundary, where
s is a sufficiently smooth vector field depending continuously on the boundary variations. Shape optimization problems with the
penalized/regularized state equations are introduced in Section 3. Their solutions now depend on the regularization/penalization
parameter ¢. It is shown that if ¢ — 0+, they tend on subsequences to a solution of the original nonsmooth optimization problem.
Also this convergence result is stronger than these ones in [15,16]. Section 5 deals with computational aspects. Optimized part
of the boundary with the leak conditions is parametrized by Bézier polynomials, while the regularized-penalized state problem is
discretized by stable P1-bubble/P1 elements. The gradient of the cost function is evaluated using the algebraic adjoint state approach.
Finally, Section 6 presents computational results for two model problems.

The paper uses the following notation. If Q is a bounded domain in R”, n = 1,2 then H*(Q), k > 0 integer, denotes the standard
Sobolev space of functions defined in Q which are together with their derivatives up to order k square integrable in Q. We set
H%Q) = L*(Q). The norm in H*(Q) will be denoted by || - ||, o, and the scalar product by (, ); o. If X is an ordered vector space
then X, stands for the cone of its non-negative elements. Algebraic vectors and vector functions will be denoted by bold characters.
If a,b are two vectors from R?, d = 1,2,... their scalar product is denoted by a - b. If A=(a;;), B=(b;;) are two n X n matrices then
A : B := g;;b; (the summation convention is used). The symbol ¢ stands for a generic positive constant, which may take different
values at different places of its occurrence.

2. State problem

Let 2 ¢ R? be a bounded domain with the Lipschitz boundary 02 = TUTU'S, where I, I3, and .S are non-empty, disjoint parts
open in 4. The classical formulation of the state problem reads as follows: find the velocity vector u : 2 — R? and the pressure
p . 2 — R such that
—2udiv(Du)+Vp=f in Q,

divu=0 in Q,
u=0 onlr,
2.1)
ocv=o0y oOnly,

u, =0 onsS,

lo, +xu,| <g, (o,+xu)u,+glu|=0 onsS.

Here y > 0 is the dynamic viscosity of the fluid, f € (L%(2))?, oy € (L>(I}))?, g« : S — R, denote an external force, a given value
of the stress vector, a non-negative leak threshold, and leak coefficient, respectively. Further Du = %(Vu + (Vu)T) is the symmetric
part of the gradient of u, v, = are the unit normal, and tangential vector, respectively, to 0€2. Finally, v, = v-v, v, = v- 7 are the
normal, and tangential components of a vector v € R? on 942, respectively, ¢ = 2u(Du) — pI is the stress tensor, and ¢, = ov-v is
the normal component of the stress vector ov on 0.

From (2.1), it follows:

e if u,(x) =0 then |o,(x)| < g(x), x € S, } 2.2)

o if u,(x) # 0 then o, (x) = —k(x)u, (x) — g(x)signu,(x), x € S.
The relation between o, and —u, is depicted in Fig. 1. Thus a leak at x € S occurs only if |o,(x) + k(x)u,(x)| = g(x).
The weak formulation of (2.1) reads:
Find u € V(R2), p € L*(2) such that
aw,v—u)+bw —u,p)+j,,u,) - ju,u)>Lv-u) YveVQ) @»P)
b(u,q) =0 Vg€ L*($),
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Fig. 1. Relation between normal velocity and normal stress on .S.

where
V@) ={reH'(@Q)*|v=00onT, v, =0o0n S},

a(u,v)zZu/]D)u :Dvdx, u,veH(Q)?,
Q
b(v,q>=—/ gdivvdx, ve(H' Q) qe LXQ),
Q
L(v)=/f-vdx+/ oy -vds, feLXQ)?, oy (L2UY)? veH Q)
Q Iy

1) = (el + ko) s sx € LY wv e (1@,
S

Problem (P) has been studied in [8,9] provided that Iy = # and x = 0 on S. Fujita proved that u is unique, whereas p is
determined up to an additive constant which is subject to appropriate constraints arising from the leak conditions (2.1). In our
case the pressure is unique since the boundary condition of Iy fixes the value of p on S.

In what follows we shall suppose that y = % Concerning the existence and uniqueness of the solution to (P) we have the
following

Theorem 2.1.  Problem (P) has a unique solution (u, p) for any f € (L*(R)), oy € (L*(IY)), and g, € L(S). In addition,

1 1
lull; o < —IILIL £ — (I flloq +Ctr||0'N||o,rN) (2.3)
K Ck

and

1/2

Blipllo.o < llallllull, g + ¢ lIglle, s length S1V2 + ¢ lIxll oo s 1l 05 2.4

where cx > 0 is the constant in Korn’s inequdlity, c,. > 0 is the norm of the trace mapping tr : V(Q) — (L*(dR))%, ||all, ||L||, is the norm
of a, and L, respectively, and p > 0 is the constant in the inf-sup condition for b.

Proof. The existence and uniqueness of the solution to (P) follows from V(£)-ellipticity of the bilinear form a which is a consequence
of Korn’s inequality

Jcx = const. > 0 : / Do : Dvdx 2 ckllvl?, Vv e V(Q) (2.5)
o .

and the inf-sup condition satisfied by the form b on V() x L?(®2) [17]:

b(v, q)

3p = const. > 0 :
vevianoy IPlle

> Bllallon Vg€ L) (2.6)

Inserting v = 0, 2u into (P),, we obtain:
a(u,u) + j(u,,u,) = L), 2.7)
a(u,v) + b(w,p) + j(u,,v,) > Lv) Vv e V(Q). (2.8)
From (2.7) and (2.5) we have:

exllull? o, < aGuu) + j(uy.u,) < 1L llull; o 2.9)
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Fig. 2. Decomposition of the boundary of Q(a).

It is readily seen that

LN < N fllo,e + errllonllo, r -

From this and (2.9) the estimate (2.3) follows.
To prove (2.4) we use the inf-sup condition (2.6) and (2.8). It is easy to see that

(dive, q)o0
————= <|lallllull o + ¢, llgll .5 length S|/
vl

holds for any v € V(£2), v # 0. From this and (2.6) the estimate (2.4) follows. []

2
+ ikl sllulli o

3. Optimal shape design problem: definition and existence analysis

The aim of this section is to present and analyze a class of shape optimization problems with the state problem introduced in
Section 2.
To this end we use the following system of admissible domains:

O={Qa)|a eV}
where
Q) = {(x1,x2) | x3 €0, 1), a(x;) <x; <7}
and
Uy ={a e CHI0 1D | =y + 4 <ty € @ < @y <7 in [0, 1],

le?| < C; ae. in [0,1], j=1,2}. 3.1

Here a,, is a real constant and «a,,,,7,C;,C,,4 are positive constants such that V,, # @. By 8 =01x X (—7,7) we denote the
hold-all domain, i.e. 2(a) C 2 Va € V,,,. The boundary of any £(«) will be decomposed as follows: 02(x) = I' U Iy(a) U S(a), where

I'=(0.1)x {1}, S(a) = graph of a, Iy(a) =02(a)\ (I' US(a))

(see Fig. 2).

Since the state problem on £(«) will be defined for variable a € U, we shall suppose that f € (L2(2))? and oy € (LX(I}))?,
where I} is the union of the vertical sides of Q. To define the functions g, ¥ appearing in the leak term j on any S(a),« € U, We
use functions g, & € LY((0, 1)) and set

8(x1.xp) = §(x)),  K(xp.xp) = R(x)) V(x1.xy) € Q.
Hence
1gllco,5@) = NEllco0,1ys  N1Klloo,s5@) = IR llso 0,1y V& € Vigg- (3.2)
On any Q(a), « € U,; we consider the following state problem:
Find (u(a), p(a)) € V(2(a)) x L2(£2(a)) such that
aq(u(a), v—u(@)) + by (w—u(a), p()) + j,@-v*, u(a)-v")
— J@(@)-v*, u(@)-v*) > Ly(v—u(a)) Vv e V(Q(a))
by(u(@),q) =0 Vq € L*(2(a)),

(P())
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where V(2(«)) is the space V(£2) defined in Section 2 with Q := Q(«), S := S(a), and I := Iy(a). To point out that the forms
a,b, L and the leak term j depend on « € U, we use notation a,, b,, L,, and j,, respectively in what follows. The same convention
holds for the vectors v¥, t%.

Finally, let J : V,; x (H 1(.QA))2 X Lz(ﬁ) — R be a cost functional. The optimal shape design problem we shall study reads as

follows:
Find o € UV, such that ®
J(a@*, u(@®), p(a™)) < J(a, u(a), p(a)) Va € Uy,

where (u(«), p(a)) is the solution to (P(a)).
Our aim is to show that under appropriate assumptions on J, problem (P) has at least one solution. We start with

Lemma 3.1. Solutions to (P(a)) are uniformly bounded with respect to a € U,,;: there exists a positive constant ¢, which does not depend
on a € U, such that

llu(@)l1 a0 + 1P@loo@ < ¢ Va € Uy 3.3)

Proof. From (2.3) and the assumptions on f and o it follows:
1
[le(@)l} @) < c—(llfllo,(; + Ctr’l”GN”ofN)~ 3.4
K

The constant ¢y of Korn’s inequality can be chosen to be independent of « € V,; (see [20]). Further ¢+ stands for the norm of the
trace mapping 1r® : V(€(a)) — (L*(02()))>. It is readily seen that #+* can be chosen to be independent of « € V,,; [14]. From this
and (3.4) uniform boundedness of [[u(a)||; o, follows. The prove the same for ||p(@)llg o) We use (2.4):

1
[lp()lo, 0@ < E(”aa”“u(a)“l,g(a) + ¢ llgll o, |1enght S@)|'?

+¢ha 16| o5 14 ] o)) (3.5)
The constant § > 0 of the inf-sup condition can be chosen again to be independent of ¢ € U, [4] and the same holds for ||a,||.

Finally |length S()|'/? < y/1+ Cl2 Va € U, as follows from the definition of V. Taking into account all these facts together with
(3.2), (3.4), (3.5), we obtain uniform boundedness of || P@)lo, o) with respect to a € V,,;. [

The solution (u(a), p(a)) to (P(a)), a € U, will be extended from £(a) on the hold-all domain 0 and denoted as (a(a), p(a)) €
(H'(2))? x L*(R2) in what follows. We can use any extension mapping which preserves the uniform boundedness property of
(@(a), p(a)) with respect to a € U ;:

(3.3)
3e>0: Jla@ll, 5+ 5@l 5 < c(lu@ll) 0@ + 1P@lloow) < ¢ Ya € Uy, (3.6)

where ¢ is a positive constant which does not depend on a € U,

For the pressure p(a) € L*(2(a)) we simply use the extension by zero on I9) \ Q(a). The extension of u(a) € (H!(2(a)))? is more
involved. One can use either a general result from [5] on the uniform extension property of domains satisfying the uniform cone
property or to construct himself an extension mapping taking advantage of a simple shape of Q(a) € O and the condition |a’| < C,
in [0, 1].

The key role in the existence analysis plays

Theorem 3.1. For any sequence {(a,.u,,p,)}, where a, € U,; and (u,.p,) := (u(a,),p(a,)) € V(Q(an)) X Lf([)(a,,)) solves (P(ay,)),
n = oo there exist: its subsequence (denoted by the same symbol) and functions a € U, (,p) € (H'(2))?> x L*(Q) such that
a, » a in C'([0,1]),
4, ~u (weakly) in (H'(2))?, 3.7)
p,—p in Lz(ﬁ), n— oco.
In addition, (E,D| 2 = W(a), p(a)) solves (P(a)).

Proof. The existence of a subsequence satisfying (3.7) results from compactness of U,,; in C 1([0,1]) and (3.6). To prove that (u, E)| Q)
solves (P(a)) we first verify that E| 2@ € V(£(a)). To this end it is sufficient to show that

U5 T =0 on S(a). (3.8)
From Lemma 2.21 in [14] we know that

a,0a, 1=, (x;,a,(x)) —» Hoa in (L*((0,1))%, n— oo
and also

0 = @,0a, - T%oa, — woa - t%0a in L((0, 1))

making use of (3.7);. Thus (3.8) holds and so Elﬁ(a) € V(Q2(a)).
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Let y,. x, be the characteristic functions of Q(a,), and Q(a), respectively and ?,, 7, € Lz(ﬁ) their extensions by zero on Q. From
(3.7), it easily follows that

Pu = 4o in LX), n > co. (3.9)
The definition of (P(«,)), (3.7), and (3.9) yield:
0=b,(,,q) = bsl,, 1,9) = bW, 7,9) = b,(u,q) Vqe LX), (3.10)

where for brevity of notation b, := b, and similarly for other forms in the sequel. Hence divu| g = 0.

To accomplish the proof it remalns to show that the couple (u, p)| @ Satisfies the inequality in (P(a)).

Let v € V(2(a)) be given. Then accordingly to Theorem A.1 and Remark A.2 from Appendix there exist: a sequence {v,},
v, € (H'(2))? and a function v € (H'(2))? such that V)o@ = v and

v, >0 in(H'(D), k> co. (3.11)
Moreover, for any k € N there exists n, € N such that

Vk|2,,) € V(Q(a,, ) (3.12)
and consequently Vk|Qa,,) A0 be used as a test function in (Pay, )

a,, Wy, U —u, )+ b, 0 —u, .p,)+

Jn @V V) = (unk V% u, V) > L, (v —u,) (3.13)

holds for any k € N, where a,, :=a, oY M= v, ete.
Next, we pass to the limit w1th k R o in (3.13). From (3.7),, (3.9) and (3.11) we obtain:

limsup a,, (u, v, —u, ) =1lim sup/A Zn D, Dy —a, )dx

k—o0 k—o0
< /jﬂ))ﬁ i D@ - W dx = a, (@, v — 1) (3.14)
Q
using weak lower semicontinuity of a5 and the fact that v|gq,) = v.
Similarly
Jim b, Wy =y s py) = lim by, Wy py) = bo( = U, D) (3.15)

as follows from (3.10) and
kILIEJ L, (e —u,)=L,(v—uw. (3.16)

Finally, the leak term:

g @Vt V) = / K@V, V) ds + / ¢lv, vl ds
Stay,

S(an)
1
=/ fc(vk~v"k)oa,,k(u,,k~v"k)oank,/1+(a”1k)2dx1
0
1
+/ glvg-v™|oa, 1/1 +(oz;lk)2 dx; = j,(w-v*,u-v®) (3.17)
0

using (3.7);,, (3.11) and convergence of {v"« oa,, } to v¥oa in (L2([0, 11))%. Similarly for the second leak term.
From (3.13)-(3.17) we arrive at the assertion of the theorem. []

Remark 3.1. Besides (3.7), one can prove strong convergence of u, to u(a) in the H IIGE(Q(a))-norrn. Indeed, from (2.7) it follows
that

Il 2,Da, = Da,lly 5 — 112, : Dill, .
From this, (3.7),, and the fact that we already know that u| o, = u(a), we have
[lu(a) —u,ll; p = 0, n — oo, (3.18)

that holds for any subdomain D c Q(a) such that dist (D, S(a)) > 0. The same result has been proven in [16, Remark 3] for the
Stokes system with the threshold slip boundary condition of Tresca type.

Next we show that the sequence {p,} tends strongly to p(x) in the L
Q) \BL5(a), where

[oc(.(z(a))-norm. To this end we introduce the set G4(a) =

BLs(a) = {(x1,x,) € () | x; €(0,1), a(xy) < x, < a(x,)+ 6}
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is the boundary layer along S(«) and 6 > 0 is an arbitrary but sufficiently small. Let such § > 0 be fixed. On any G4(a) we consider
the spaces

Vo(Gs(@) = {v € (H'(G5(@)))* | v=0o0n I'U S5(a), Ss(a)=S(a)+ 5}
and
Vo(Gs(@) = {9 € (H' (D) | D)G,0) = v € V(G@). D =0in 2\ Gya)}.

Owing to (3.7), there exists n; := n,(6) such that [la, — allc(o.1)) < 6/2 ¥n > n;. Hence any function from @O(Gé(a)) can be used as a
test function in (P(a)), and (P(a,)), n > n,. The inequality (2.8) corresponding to (P(a,)) with test functions ¥ € @O(Gé(a)) changes
into the equation

ag(i,. 0) +bs(0.p,) = Lo®) 0 € Vy(Gy(a)). (3.19)
Since v =0 on S(a,), n > ny, the leak term Ja, disappears. From the definition of @O(Gé(a)) we see that (3.19) is equivalent to
G5 U V) + b o), Py) = L, y(v) Vv € V(G5(@)), n 2 ny.
The same holds for the solution (u(«), p(a)) to (P(a)):
ag ;e @(@),v) + bcé(a)(v, p(a)) = Laﬁ(a)(v) Vv € Vy(Gs()).

Subtracting the second equation from the first one we obtain
/ divv(p, — pa)) dx = ag,(a)(u, —u(a),v) Vv € Vo(Gs(a)).
Gs(a)

Finally from this and the inf-sup condition we obtain

(3.18)
Blip, — p(@lo,650) < cllu, —u(@ll ;@) — 0

where ¢ = const. > 0 which does not depend on n. []

To guarantee the existence of a minimizer of J in the optimal shape design problem (P), we shall suppose that J is lower
semicontinuous in the following sense: for any sequence {(a,, y,, z,)}> @, € Usys ¥, € (HY(Q))? and z, € L*(L2) such that

a, - a« in C'([0,1]),
Y=y in (H'(Q)%
z, =~z in Lz(ﬁ), n— oo,

it holds that

li};[_‘l}i(gf I @, Yu| 2wy Zn]2ay) 2 (@ Y] 2@y 2| 2@)- (3.20)

Theorem 3.2. Problem (P) has a solution.
Proof. The result follows from (3.20) using compactness arguments stated in Theorem 3.1. []
Remark 3.2. In the next computational section we shall use two cost functionals:

Jy(a) = %/Ol(uv(a)oa —adx,, @€ L®(0,1)) given,
and

T(@) = S a,(u(@), u(@)),
where u(a) is the velocity component of the solution to (P(a)). It is easy to see that on the basis of Theorem 3.1 both cost functionals
satisfy (3.20) (J; is in fact even continuous).

4. Shape optimization with penalized/regularized state problem

Problem (P) studied in the previous section posseses two inconveniences from the computational point of view. First of all,
the problem is nonsmooth since the state relation is represented by the variational inequality (P(«)). This fact restricts the use of
numerical minimization methods. Secondly, the tangential no-slip condition u, = 0 is prescribed on the designed part S(«). To avoid
these drawbacks we use a penalization to release this condition on .S(«) and a regularization of the nonsmooth leak term.

To simplify the presentation, the smooth part of the leak functional j : (H'(£2()))?> X (H!(2(a)))> = R 4 defined in Section 2 will
be added to the bilinear form a,,a € V,; and the new form will be denoted as

G (W, 0) 1= a,U,0) + (KU -V 0 V) 50y, U U € (H' (Q()) 4.1)
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and set
Ja@ v 1= / glv-vilds, ve(H ()’ (4.2)
S(a)
We use the simplest penalty functional
a ay _ 1 a2 1 2
@t = Lot g, v E H Q). 4.3)

Regularization of j, defined by (4.2) consists in its approximation by an appropriate sequence {,},e — 0+ of smooth functionals
Jj:. We do not specify their particular choice at the moment, only summarize their properties which will be needed in what follows:
« j¢: L%(S(@) — R, are convex, C*-functionals Ve > 0,a € U, (4.4)
a, - a in C([0,1]),a,,a € U,
< Y = ) — V), (4.5)
v,—~vin(H (Q))°, n > x £,—0+
o 3ep>03g>0: jS0)<cy Vee[0,gla €V, (4.6)
On any Q(a),a € U,,; and € > 0 we define the following penalized/regularized state problem:
Find (u®(a), p*(@)) € @(Q(a)) x L*(2(a)) such that
@, oW (@), v) + b, (v, p° (@) + (Vjo (@) - V), v - V) 50
+ LU(@) - T 0 T 5 = L) Vo€ V(@(a)
b (a).q) =0 Vg € L* (),

(Pe(@)

where
V@) = {ve H Q@))*|v=0onT}.
From (4.4) and (4.5) it follows that P,(a) has a unique solution for any € > 0 and « € U,;.!

We define the new shape optimization problem in which the state equation (P, («)) instead of (P(«)) is used: given ¢ > 0,

Find o} € U, such that
)

J(al,u(a)), p*(a)) < J(a,u(), p°(@)) Va € Uy,

where J is the same cost functional as in (P) and (u®(a), p*(a)) solves (P,(a)).

In what follows we shall study if there is a relation between (P) and (P,) as ¢ — 0+. We start with
Lemma 4.1. Solutions to (P,(a)) are uniformly bounded with respect to € > 0 and a € U,;:

e =const. >0 1 [|u @l g + 17 @llo 0 + 14 @ - 12 ) <. “.7)
where ¢ does not depend on € > 0 and a € U,.
Proof. It is well-known that the velocity component u¢(«) solves the following minimization problem:
Find u®(a) € V4, (Q2(a)) such that

Jiw (@)= _min Ji(@©)

vEV iy (2(a)

(4.8)

where

JEW) = 3a,,@,0) + j5@ - V) + 30 - 73 g0y — La®) (4.9)
and

V4in(Q(0)) = {v € V(Q(e)) | dive =0 in Q(a)}. (4.10)
From (4.8), (4.9), nonnegativeness of Jé, ty, Korn’s inequality and (4.6) we have:

%a,(_a(u"(a), u (o) + é llu®(a) - T“II(Z),S(,,) < Jy (@) + L (u(a)

< TEO+ (115 + crellonlly g, ) 14 @Il g < c. (4.11)

where the meaning of &, c,.., and Iy is the same as in Section 3.

1 In fact, the existence and uniqueness of the solution can be established under weaker assumptions (see [10]). The stronger assumptions (4.4)-(4.6) are
needed because j; depends also on @ € U,.
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To prove boundedness of ||p*(a)lly o) We proceed as follows. Let
Vo Q@) = {v € V(Q(a)) | v =0 on S(a)}.
Then the definition of (P,(«)) with test functions v € @0(!2(01)) yields:
a, (@), v) + b, (v, p°(a)) = L,(v) Yve€ YT/O(.Q(a)).

From this, the inf-sup condition for b, on %N/O(Q(a)) x L*(2(a)), and (4.11) uniform boundedness of [Il7*(@)lo.0) and hence (4.7)
follows. []

As before the solutions (uf(a), p®(a)) € %7(.(2(01)) x L2(2(a)) to (P.(a)) will be extented from Q(a) to O and then denoted by
@ (a), p*(a)) € (H 1(.(/2\))2><L2(_QA). We use again the extension mappings which preserve uniform boundedness with respect to « € U,
and € > 0O:

Je=const. >0 : @@l 5+ 5@l 5S¢ VYa € Vyye>0. (4.12)
Next we prove a stability type result which is parallel to Theorem 3.1.
Theorem 4.1. For any sequence {(ay,u}*, p;*)}, where o) € U,y and (u;, p*) := (u (), p* (@) is a solution to (P (o), & = O+
as k — oo, there exist its subsequence (denoted by the same symbol) and functions a« € U, (u,p) € (H 1(.(3))2 X Lz(ﬁ) such that
ay = a in C'([0,1]),

AE

ik ~u in (H'(@Q)7 (4.13)
=7 inLXQ). ask - c.

In addition, (E,E| 2 = W(a), p(a)) solves (P(a)).

Proof. The existence of a subsequence and a couple (u, p) satisfying (4.13) is obvious. It is readily seen that u| g, is divergence
free in Q(a) and u - 7% = 0 on S(«). Indeed,

taking into account (4.13), , and (4.7). Hence

LEk
uk

t3 —
T o, sy = 11" - T Nlo s = 18- 7o, 50) = 0

U@ € V(R(a) and b,@,q) =0 Vg L*(Qa). (4.14)

It remains to verify that (u, P)| o) satisfies the first inequality in (P(a)).
Let v € V(Q(a)) be arbitrary but fixed and v,v;,k — oo be functions from (H 1(.é))2 satisfying (3.11) and (3.12). Since®
Vkla, S V(Q,,k) - V(an) it can be used as a test function in P, (@,,)) which can be equivalently written as follows [10]:

Qe (uf,:, v, — u,ﬁ‘;) + by, vy — uf,‘,z, Pfqt)
ik W - V) = ok V) 2 L, (0 —wt) VK, (4.15)
where {¢, },¢, > 0 is an arbitrary sequence tending to zero. Here we used the fact that the penalty term
1 ny (12 1 Ek ny 112 — L,k 2
Z”vk - Tk ||0’S"k - Z”unk T k”()’snk - _25k ”unk T k”O»Snk < 0
since Vila, € V(Q(ank)). Passing to the limit with kK - oo and using (3.14)-(3.16) and (4.5), we arrive at
Nk

@ g0 =) + by, (V= U, D) + j, (V- V) = o (- V) 2 L,(v — W)

holds for any v € V(Q(a)) using that 17| 2(a) = - From this and (4.14) we may conclude that (u, 5)| 2@ = W(a), p(a)) solves (P(a)). [

Remark 4.1. Similarly to Section 3 one can show that there exists a subsequence of {(u;k, pi")} (denoted by the same symbol)
such that

@}, p) = (@), p(a)) in (H} (2@)*x L}, (2(a)), ask - co. (4.16)
Indeed, from (4.13), it follows:
lim inf / ADak : Dak dx > / Z.Da(a) : Da(a)dx. (4.17)
k—o00 _é\ Q
2 To simplify notation we shall write Q, =a,), T =1, a, = Ayq, » OLC.
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From Theorem A.1 in Appendix we know that there exists a function z € (H'(2))? and a sequence {z,}, z, € (H'(2))* such that
Z| (@ = u(a) and

{zk >z in (H'(Q)?

(4.18)
Zklq,, € ve,)

for an appropriate n, € N. Using z, instead of v, in (4.15) we get:

e, U 2y —uy) > Ly (2 — ") = by, (24 — b, pb)
—inf @ V) Uy V') > 0 as k — o0
making use of the properties of z, (4.18),, and (4.5). Therefore
limsupa, (o upy) < Jim a3k 20) = a, (@), u(@)).
From this and the definition of a,., it easily follows that
lim sup / Ao DY Dtk dx < / Z.Di(a) : Dit(a)dx
k=00 o o
which together with (4.17) gives
Jim A A DA Dityt dx = /@ Z.Da(a) : Di(a)dx.

From this, local convergence of {uik } to u(e) in (H ,loc (2(a)))? follows. To prove that pZ“ tends to p(a) in LIZGC(Q(a)) we proceed exactly
as in Remark 3.1. [J

Due to the choice of the penalty term ¢* and the regularization functional j¢ which satisfies (4.4), state problem (P,(a)) is smooth,
i.e. the control-to-state mapping « — (u®(a), p*(a)) is differentiable with respect to a« € U’,;. Hence, problem (P,) is smooth, provided
that J is smooth, too. This makes it possible to use classical, gradient-type methods for numerical minimization of J.

It remains to establish a relation between (P,) and (P) for e - 0+. We start with

Theorem 4.2. Let (3.20) be satisfied. Then (P,) has a solution for any ¢ > 0.

Proof. By reason of its simplicity we only sketch it. The existence of a solution follows from Lemma 4.1 and the stability type result
for the solution to (P,(a)) with respect to a € U,,; keeping ¢ > 0 fixed. In addition, since functions from V(£(«)) are not subject to
any kinematic constraint on S(a), there is no need to use Theorem A.1 from Appendix. []

Before we pass to the final result we shall need an additional continuity assumption on the cost functional J : U, x (H'! (.(’2\))2 X
L*(2) — R. We shall suppose that for any « € U, fixed, J is continuous function of the remaining two variables. More precisely,
if (y,,2,), n=1,2,... and (y, z) are elements of (H'(2))? x L*(2) such that

{(yn, z) @ = ¥ Do 0 (H'(Q@)* x L(Q()  then

. (4.19)
Him J (@, yu| o) Zn]2@) = I (@ V)o@ 2| aw)
holds for any a € U,,.

Theorem 4.3. Let (3.20) and (4.19) be satisfied. Then for any sequence {(a,u(a}),p®(a}))}, € — O+, where o solves (P,)
and (u®(a}), p*(a))) is the solution to (P(a})), one can find a subsequence (denoted by the same symbol) and a triplet (a*,u*,p*) €
Uy X (H'(2))? x LX(Q) such that

af > a* in C'([0, 1),
ac(@) ~ u* in (H'(Q)?,
ut(af) > u* in (H. ()7, (4.20)

P = p* in LA(D),

@) —p* in Ll (2a*), ase—0+.

In addition, a* is a solution to () and (u*, p*)| Q) = W(@®), p(a*)) solves (P(a*)). Any accumulation point of {(a},u®(a}), p*(a}))} in the
sense of (4.20) has this property.

Proof. The existence of a subsequence and a triplet (a*, u*, p*) such that (u*, P = @a®), pla®) solves (P(a*)) and (4.20) holds
follows from Theorem 4.1 and Remark 4.1. Only what we need to show is that a* solves (P).
The definition of (P,) yields:

J(a:, uE(a:), pg(a:)) < J(a,uf(a), p° (@) Va € Uy, (4.21)
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Let @ € U, be fixed. Then it is well-known that the sequence {(u*(@), p*(@))}, ¢ - 0+ of solutions to (P,(a)) tends to the solution
(u(@), p(a)) of (P(a)):
u (@) - u(@ in (H'(Q@)),
L IR (4.22)
pi(@) — p(a) in L~(£(a)).
Letting £ — 0+ in (4.21) we obtain:
J(a*, u(a™), p(a*)) < lim(i)nf J(a, ut(a]), p*(a)))
=0+
< liI(I)l J(@,uf (@), p* (@) = J (@, u(@), pa))
=0+
making use of (3.20), (4.19) and (4.22). [

5. Approximation and numerical realization of (P,)

In this section we describe how to discretize and realize shape optimization problems governed by the regularized and penalized
Stokes system. The admissible domains (2 are determined by functions a € U,,;. The control variable « € V,; will be discretized by
Bézier functions, while a stable mixed finite element method will be used to discretize the state equation (P, («)).

5.1. Discrete design parametrization and a finite element approximation of the state problem

We define the following finite dimensional parametrization of the leak boundary
S(a,,) = {(x1,x,) | x; €[0,1], xy=a,,(x1)}, @, € Uy

using the mth degree Bézier functions:

m

4, ()= Y @B (x)), (5.1)

i=0

where B}”')(t) = (';)t" (1 — ty", i=0,...,m are the Bernstein polynomials on [0, 1]. Then the discrete design variable vector a =
(ag,ay,...,a,) consists of the coefficients in the linear combination (5.1).

Next we discretize the state problem (P,(«,,)) using the P1-bubble/P1 elements satisfying the LBB condition [1]. Let £,(«,,) be
a polygonal approximation of Q2(«,,) and let 7}, be its triangulation. We define

ﬁh(am) ={v, € C(ﬁh(am)) | vp|lr € LX) VNT €T, vy, =0o0n I'},
B,(ay) = {uh € C(@)(a,) | va|r € span(by) VT €T, }

where by € P5(T) are the “bubble” functions satisfying b; = 0 on oT'. The construction of the reference mesh f’h and its deformation
in x,-direction 7, - 7}, := 7;(«,,) are constructed in the same way as in [15]. Then we introduce the following finite element spaces:

V(@) = V(@) + By,
Oy(@y) = {qh € C(@y(@,)) | gpjr € AT VT €T, }
which are the discretizations of the spaces V(£(«,,)) and L?((a,,)), respectively.
The finite element approximation of the regularized/penalized state problem in the parametrized domain £(a,,) then reads
Find (' (a,). p',(@,)) € V,(a,,) X Q4(a,,) such that
Ay, s ) + b, @, D) + (Vg (W - V), 0y - V) (4,
1 £ a, ma T (P'Sh ((Xm))
+ @y T vy - T 50, = La, Wy) YU, € Vi(ay,)

b, (5. q,) =0 Vg, € Qy(ay,).
5.2. Finite dimensional optimization problem and its sensitivity analysis

After performing the finite element discretization of (Pe"(am)), its algebraic form is given by the following system of nonlinear
algebraic equations:

A+L +1T B][u] [f
r(lupl") = -1 =0 (5.2)
BT ollp 0
where u € R",p € R is the vector of the nodal values of the velocity u and the pressure p, respectively, A € R"*" is a symmetric

and positive definite matrix, B € R"*" is the velocity—pressure coupling matrix, ng € R"*™ is a matrix representation of the
penalized no-slip condition u, = 0, L,(u) € R"*™ is a matrix function representation of the smoothed leak term, and f is the
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discretization of the forcing term L(-). Further n), is the total number of the nodes in 7, n, is the number of the nodes lying on the

leak boundary S(«,,), and n, is the dimension of the solution component representing the velocity. The system (5.2) can be solved
iteratively by using Newton’s method with line search, e.g. Let
U ={ aeR™! | ay,<a;<a

S
a2 =24,y +a;| < 5, i=0,...,m=2 }

. . .
mae =05 ,m; ey — ] < -, i=0,...,m=1,

where C; and C, are the same as in (3.1), be the set of admissible discrete design variables. From the properties of the Bernstein
polynomials [6] it easily follows that if a € U then «,, € V,,;, where q,, is defined by (5.1).
As the residual vector r in (5.2) depends also on the design variable a, we write the algebraic state problem (5.2) in the form

r(a,u@) =0, q@)=[ua),p@)]"

Denote J; : U — R, J;(a) := I,(a, q(a)), where 7, is a discretization of the cost functional J;, i = 1,2, mentioned in Remark 3.2. Then
the discrete optimization problem to be realized reads as follows:

a* € argmin {J,(a) | r(a,q(a)) = 0} . (5.3)
aely

In order to be able to use gradient-based nonlinear programming algorithms for solving (5.3) we need to evaluate the gradient
of J; with respect to the design variable vector a. The cost function J; is continuously differentiable provided that Z; is so owing to
the fact that 7, is a smooth topologically equivalent deformation of ?,, (see [14]). Then, it is well-known that the partial derivatives
of J; with respect to the design variables are given by

Ji 01(a, s

dJi(@ _ dIi(a q(@) ot or(a, q(a)) C k=0....m. (5.4)
day, day, day,

where 7 is the solution to the adjoint equation
T
Jr(a,q(a
r@a@)| g 1 qea)). (5.5)
oq q

The computation of partial derivatives in (5.4) and (5.5) can be done by hand or by using automatic differentiation of computer
programs. For further details, see, e.g., [11,14].

6. Numerical examples

The MATLAB programming language was employed to implement both the state solver and the cost function evaluation [22].
The partial derivatives required in Egs. (5.4) and (5.5) were straightforward enough to be manually computed and implemented. The
minimization process was executed through the utilization of the sequential quadratic programming algorithm (SQP). Specifically,
we employed the SQP implementation provided by the MATLAB Optimization Toolbox, utilizing the wrapper function ‘fmincon’ with
the ‘sqp’ option. The parameters governing the stopping criterion were selected as TolX=10"%, TolFun=10-5, and TolCon=1075.

Example 1
Letu = %, g = 15, and x = 30. Functions f and o 5 appearing on the right hand side of (2.1) are given by f = —2udiv D(Uey,)+Vpeyp

and oy = 2uD(uey)V — peyp v, Where

Uexp(X) = [(l —cos(2xx,)) sin(2zx,), sin(2zx;)(cos2rx,) — 1)],
pexp(x) =27(1 — cos(2wx) + 2 cos(27x,)).

With « = 0, the state problem is then the one used as a test problem in paper [13].

The parameters defining U" are m = 20, ap,;, = —0.1, @ = 0.2, C; = 5, and C, = 10. As the objective function we use
J, (@) with the (fixed) target profile i defined by the monotonic C' cubic spline [7] interpolating the following set of datapoints
(X;, Yy, i =1,...,10, where

X; €{0, 02, 03, 04, 0.5, 0.6, 0.7, 0.8, 0.9, 1},
Y; € {0, 0, 0.06, 0.16, 0.24, 0.26, 0.22, 0.12, 0, 0}

(see Fig. 3).

We solved the discretized shape optimization problem using a reference mesh ?,, consisting of 19604 elements. For regulariza-
tion/penalization parameters we used three different values ¢ = 10-3,1074,1075. In all cases a,, = 0 was used as the initial guess.
These regularization/penalization parameter values represent a compromise. Larger parameter values result in poorly enforced
constraints, while smaller values lead to ill-conditioned state and optimization problems. The selected parameter values strike a
good compromise between accuracy and ill-conditioning.

The optimized «, and convergence histories of the objective function values are shown in Fig. 4. The behavior with respect
to ¢ is reasonably stable justifying the regularization/penalization approach used. The velocity and pressure as well as the normal
velocity component u, and the normal stress o, on S(a?) for £ = 107> are shown in Figs. 5 and 6. It is well-known that the used
descent type optimization method is only guaranteed to find an approximate local minimum. However, by examining Fig. 6, it can
be concluded that the computed solution is close to the global optimum of J, in V.
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0.25 A —— Spline
O Data
0.20 A
0.15 4
0.10 A
0.05 A
0.00 A
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 3. Target profile i defined by the monotonic cubic spline interpolating given data.

0.15 A1

—- £=10"3
——— £=10"% 1073 4
\
0104 % — e=10"°
-4 |
0.05 - 10
a,(x1) Ji(am)
0.00 A
10—5 4
—0.05 A
B 1076 -
—0.10 A
0.0 0.2 0.4 0.6 0.8 1.0 0 20 40 60
X1 work units

Fig. 4. Optimized shapes (left) and convergence histories (right) for different values of parameter e.

1.0
2.025 24
1.800 0.8 18
1.575
12
1.350 0.6
1.125 6
flul 0.4
0.900 :
0
0.675
0.2 -
0.450 6
0.225 0.0 -12
0.000 f T . . !

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 5. Streamlines/velocity (left) and pressure (right) in optimized domain (¢ = 107%).

Example 2
In this example we minimize the objective function J,(a) = %a‘,(u(a), u(a)). Let the state problem be defined by the data u = %,
g=15k=0, 05 =0, and
foy= { @ 12 =02-x)P) ifxe (3. 3% [, 1]
0, 0) otherwise.

The parameters defining U" are m = 40, ay,;, = —0.1, ap,x = 0.1, C; = 5, and C, = 10. As the objective function contains a domain
integral (that can be reduced simply by shrinking the area) we add an additional area constraint meas £(«) = 1 to the problem, i.e.
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0.30 1 i
27N -—- u, (initial) 241 ___ G, (initial) R
/ »  — uy(final) 5y | — ov(final) 7
0.25 7 —.~ U (target) —=g
20 -
0.20 4
18 -
0.15 1
16 -
A
0.10 1
14 -
0.05 A 12 A ’
0.00 1 101
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Fig. 6. Normal velocity u, and normal stress o, (¢ = 107°).

1.0
2.43
15
2.16 0.8 - 10
1.89 5
0.6 1
1.62 0
1.35 _
lul 0.4 - >
1.08 ~10
0.81 -
0.2 A 15
0.54 - . -20
0.27 0.0 -25
T 0.00 T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Fig. 7. Streamlines/velocity (left) and pressure (right) in optimized domain.
we minimize over the set U;d =V ni{al /01 a(x,)dx; = 0}. This added constraint does not cause any significant problems in the

theoretical or numerical analysis.

We solved the discretized shape optimization problem using the same reference mesh as in the previous example. The value of
the regularization parameter was £ = 107 and « = 0 was again used as the initial guess.

The objective function value corresponding to the initial guess was 26.14. After two iterations (and five function evaluations)
the objective value was reduced to 23.16. The low iteration count might be due to the bang-bang like nature of the optimized
shape, i.e. many constraints become immediately active. The velocity and pressure contours in the optimized domain are depicted
in Fig. 7. The normal velocity component , and the normal stress ¢, on S(«;) corresponding the initial and optimized domain are
shown in Fig. 8. Examining the initial and final normal stress distributions, it can be observed that the minimization of J, tends to
produce a more uniform stress distribution. This kind of behavior appears also in shape optimization of an elastic body governed
by the Signorini state problem (see [14, Section 3.3]) and is a consequence of the constant volume constraint in the definition of
vt

ad

7. Conclusions

In the present paper we have considered shape optimization with the state constraint given by the Stokes system with the
threshold leak boundary conditions on a part of the computational domain. In numerical realization, the part of boundary to be
optimized is parametrized using a Bézier function. The state problem is discretized by stable finite elements of the lowest order. The
leak boundary condition is realized approximately using a combination of the penalty method and smoothing of the nondifferentiable
leak term. The numerical examples demonstrate the computational feasibility of our approach.
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=== u, (initial) 7 \\
— u, (final) 14 / \
0.08 1 ;7
12
0.06 A 10
0.04 - 81
6 B
0.02 A 2l -== 0, (initial)
— 0, (final)
0.00 5 -9
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Fig. 8. Normal velocity u, and normal stress o,.
Appendix

The aim of this part is to justify (3.11) and (3.12) in Theorem 3.1 which plays the key role in the existence analysis. Roughly
speaking, we want to prove that any function from the function space on the limit domain which is used in the weak formulation
can be approximated by functions from the same type of spaces on close domains.

Before we start, let us recall some notation which will be used in the sequel. If @,& : O —» R%, Q CRY, d = 1,2, are two vector
functions, then

llell := ll@llo,e = ess suplle()ll,
x€Q

where ||@(x)|| denotes the Euclidian norm of ¢(x) € R? and
@ £:0-R (9 HX)=0x)  &x) Vxe€OQ.

The system of admissible domains is exactly the same as in Section 3. Unlike domains Q2(a) € O considered in Section 3 the
boundaries of which are decomposed into I', I'y(«), S(«), boundaries of domains considered in this appendix are split into two
parts: 0Q2(a) = I'(@) U S(a), S(a) = graph of a.

On any Q(a),a € V,; we define the space

V(a) = {v e (H' (Q@))? |v=0o0n I'(a), v-s* =0 on Sa)},
where s : [0,1] - R? is a given unit vector field defined on S(a):
s%(xy) 1= s%(xq, a(xy))
C1) G o Vx, €(0,1) Va € U,py.
Is“Gepll =1
Let r* : [0,1] — R? be another unit vector field on S(a) which is perpendicular to s* at any point of S(a):
st =0 Vx, €(0,1)Va € U, (A1)
x1 € (0, ae d- .
e Gepll = 1 !
Both these vector fields will be extended from S(a) on the hold-all domain £ = (0,1) X (=7, 7) as follows:

s%(xp, x0) = 8%(xp), r¥(xp,xp) =r%(x;)) Vx=(x],x,) € Q. (A.2)

Convention: from now on the symbols s* and r® will denote the vector fields defined by (A.2) in the whole ©.
Since the pair (s%,r%) is the orthonormal basis at any x € 0 as follows from (A.1), any function v : 0 - R? can be written in
the form

A
v=vs"s" 4+ v, =v-s*s* +vr'r* in Q. (A.3)

In the next theorem we shall need the following assumptions imposed on s* and r*:

. s e (VD)2 Vael,,, (A.4)
« 3C;=const. >0: ||Vs®|| 5 <C; Va€eU,, (A.5)
e a, - ain C'(0,1]), a,.a € U,; => s% — s in (C(2))%. (A.6)
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Theorem A.1. Let (A.4)-(A.6) be satisfied and a,,a € U, be such that a, — « in C'([0,1]). Then for any v € V(a) there exists a
sequence {v,}, v, € (H'(2))? and a function v € (H'(2))? such that V)o@ = v and

v, >0 in(H' (@), k- . (A7)
In addition, for any k € N there exists n, € N such that

Vk|Qay,) € V(a,,). (A.8)

Proof. Let v € V(a), « € U, be fixed and @, — « in C'([0, 1]), as n — co. We denote
@ :=v-5% Y i=ve=vrr" in Qa). (A.9)

From the definition of V(a) it follows that ¢ € HS(.Q(a)) and y € (H'(2(a)))?, w = 0 on I'(a). Using the density arguments we know
that there exist sequences {¢,}, ¢, € Gy (Q() and {y,}, v, € (C®(2()))? such that dist(supp y,, I'(a)) > 0 for all k € N and

{ @p — @ in Hj(Qa), (A.10)
v, -y in (H Q)
Therefore®
{ P — & in HS(QAZ, (A11)
¥~ ¥ in (H(Q)%

Moreover we may suppose that dist(supp y,, I > 0 Vk € N, where
F={0}x(=r.n) U {1} X (=7.7).

To construct the sequence {v, } which satisfies (A.7) and (A.8), let us suppose for the moment that for any k € N there exist: n, € N
such that

o S(a)Nsuppp, =0 Vn>ny (A.12)

and a function N, € (CO1(Q))? satisfying:

© NS = 5" Sy, (A13)

« N, —s° in(H'(@2) as k- co, (A.14)

« 3¢, =const.>0: [IN, [l 5+IIVN, Il g<Cs VkeEN. (A.15)
Then the sequence {v,} is defined as follows:

v =N, +¥, - N, N, . (A.16)

Clearly v, € (H!(2))?, v, =0 on I'(a,) and
@ 5" 500, ) = (@Nny ") 500, ) + Wi 57504, )
~W i Nu)|sca ) Ny - 5" )]s,
= Wi 5" 50, ) ~ @k No|sa, ) =0
making use of (A.12) and (A.13). From (A.16), (A.11), (A.14), and (A.15) we see that
Ve =2, s+ —grsPs® = v in (H' (D)2

Finally from (A.3) and (A.9) it follows that B| Q) = V-
It remains to construct the functions N, and the sequence {n;}, k — oo satisfying (A.13)-(A.15). Let &, € C*([0, )), k — oo be
functions such that 0 < & <1in [0, 00), & 10,172k = 1 k|[1/k,00) = O Yk € N. For any k,n € N we define

N, () = & (Ixy — alx(s™ — s%) + 5% in Q. (A17)
It is readily seen that N, € (C%1(£2))2. Further

NIl 5 <3 VkneN (A.18)

and from (A.17) and (A.6)

N = 5%l o < ls™ —s%llpg >0, n—o0 (A.19)

3 Let us observe that for functions from HO1 (£2(a)) the symbol “ ~ ” above the function means its extension by zero from (a) on Q.
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uniformly with respect to k.
Let k € N be fixed. Since @, — « in C'([0, 1]), there exists an index n;, := ny(k) such that (A.12) holds for any n > n, and so
Nouk|s@,) = 5% |5, 1 = np, i.e. (A.13) is satisfied. To estimate ||VN, |l 5 we only need to estimate the term

r;ag(”v‘skuxz = aGeD||)Is™ = 5%l o157l 6 (A.20)

Since él’( is unbounded on [1/(2k), 1/k] as k — oo, one has to compensate this fact by (A.6). Thus for k fixed, there exists n; := n, (k)
such that the expression (A.20) is bounded by (say) 2 for any » > ;. The remaining terms appearing in VN, , are uniformly bounded
due to (A.5). This, together with (A.18) proves (A.15).

To verify (A.14) it remains to estimate [|[V(N,, — sl 0.0° From (A.17) and the definition of &, is follows:

VN, = 5Dl 5 <

max IVE(Ixy — ax DIl — sa”O@ + [IV(s® — Sa)||o,(|xz_u(xl)|<1/k}
x€R ’

<A1+ CL I o oo lIs® = 5%l 5 + O /K).

where C|,C; are the constants from (3.1) and (A.5). Then we proceed in the same way as in the estimation of (A.20). One can
find n, := n,y(k) € N such that [V, , — s9)ll, 5 = O(1/k) for any n > n,. This, together with (A.19) proves (A.14). The function

N,, :=N,, , having the required properties is defined by (A.17) with n, = max{ny,n;,n,}. O

Remark A.1. It is easy to show that the assertion of Theorem A.1 remains valid also for the space V(2(a)), Q2(a) € O introduced
in Section 3 when I'y # #.

Remark A.2. In the previous part of the paper we use Theorem A.1 with s* := 7%, and r* := v*, where 7%, v* are the unit
tangential, and outward normal vectors at points of S(a), a € U, respectively. Since
!/ ! -1

1 o a a

it is effortless to show that (A.4)-(A.6) are satisfied. This justifies the use of Theorem A.1 to this particular choice of s, r®.

a
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