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dim(X 4 sY) < min{1,dim X + dimY'} (1.1)
llf)gg’:: € Q. Here and in the following, dim denotes the (lower) Hausdorff
dimension for both sets and measures. This conjecture was one of several that aimed
to capture the idea that if llzgg o
no common structure: Indeed, the right-hand side of (1.1) is always an upper bound for
dim (X +sY"), while the strict inequality (1.1) implies that many of the fibers {(z, y) € X x

sY : x+y = z} are large, which means that X and Y should have arithmetically similar

implies that

¢Z Q, then expansions in base m and n should have

structure in many places. The phenomenon (1.1) is usually referred to as resonance: X
and Y are said to resonate if they satisfy (1.1) for some s, and otherwise they are said
to dissonate.

It is also natural to ask if a similar phenomenon holds in a more general setting:
For dynamical systems X and Y, does (1.1) imply some kind of algebraic or arithmetic
similarity between the sets or the dynamics? The first result in this direction is due to
Moreira [33] from 1998, who proved that for two self-conformal sets on the line, (1.1)
cannot hold in the presence of an irrationality assumption if one of the sets is totally
non-linear. Recall that a set K C R is called self-conformal if

K = _U fi(K) (1.2)

for some C'*c-contractions f;.

In 2009, Peres and Shmerkin [36] established analogous results for sums of self-similar
sets on the line: The dimension of the sum is maximal unless the contraction ratios
of the defining similarities form an arithmetic set. A set A C R is called arithmetic if
A C aN for some «a € R. Recall that a set is self-similar if it satisfies (1.2) with f; being
similarities. An analogous result for convolutions of Cantor measures on the line was
obtained shortly after by Nazarov, Peres and Shmerkin [34]: Indeed, by replacing sum
with convolution in (1.1), one can formulate the concept of resonance for measures.

A major breakthrough on the topic of resonance between dynamical systems was
achieved by Hochman and Shmerkin in 2012 [29], who introduced a powerful method
called the local entropy averages to attack problems regarding projections (and therefore
sums) of dynamically defined fractals. Hochman and Shmerkin managed to both prove
the original conjecture of Furstenberg, and extend to the setting of measures the existing
results on the sums of self-similar and self-conformal sets on the line.

Namely, they proved that if {f;}ier and {g;}jea are families of C**¢-contractions on
R that satisfy the open set condition, then for any associated self-conformal measures p
and v,

dim(p * v) = min{1,dim g + dim v} (1.3)

unless the asymptotic contraction ratios of ¢; and 1; form an arithmetic set. Recall that
w is self-conformal if
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for a probability vector (p;);cr and f; as above. Due to well-known variational principles,
the result for self-conformal measures implies the result for sets as well. Recently, an
analogue of (1.3) was proven by Bruce and Jin [12] for a rich class of measures on
homogeneous self-similar sets without requiring any separation conditions, in particular
measures satisfying (1.4) with f; being similarities. For self-conformal measures, (1.3)
was recently verified without requiring any separation conditions by Barany, Kdenmaki,
Wu and the author [5].

Perhaps surprisingly, almost nothing seems to be known of this phenomenon in higher
dimensions. While there certainly exists literature on bounding the size of sums or convo-
lutions from below, such as the famous inverse theorem of Hochman [26,27], it primarily
focuses on showing that, for very general X and Y, the sum (or convolution) X + Y is
strictly larger than X, unless X and Y have a very special structure. See also [20,38] and
the references therein for progress in related phenomena. However, the existing results do
not aim to capture the spirit of the phenomenon predicted by Furstenberg, that “geomet-
ric resonance” of dynamically defined sets should imply a kind of “algebraic resonance”
between the dynamics.

The purpose of the present work is to provide an extension of this principle to the
planar setting. However, in formulating an extension beyond the line, one has to be
careful: The direct extension, that

dim(X 4+Y) < min{2,dim X + dimY'} (1.5)

unless there is algebraic resonance between the dynamics of X and Y, breaks down easily.
Indeed, one can of course isometrically embed any sets X and Y on the line to the plane,
and their sum will always have dimension at most 1. It is also not difficult to construct
examples of X and Y with dimension strictly greater than one by taking product sets.
Thus, in order to expect (1.5) to imply algebraic resonance, one has to assume that X
and Y are “spread out” in sufficiently many directions, in some sense.

In this paper, we consider the size of p % v when p and v are self-affine measures
on the plane, that is, they satisfy (1.4) with f; being invertible affine contractions on
R2. Let RP! denote the collection of one-dimensional subspaces of R2. For a 2 x 2-
matrix A, let [A1(A)] < [A2(A)| denote its eigenvalues. Let A also denote the action
induced by A on RP'. We say that an iterated function system (an IFS for short)
® = {fi(x) = A;x + a; }ier of affine contractions on R? satisfies

1) the strong separation condition if there exists a bounded open set V' # ) such that
for every i # j € T, fi(cl(V)) CV and f;(cl(V)) N f;(cl(V)) = 0,

2) hyperbolicity if there exists n € N and a word (i1,...,4,) € I'™ such that
[Ar(Aiy o A )] < IA2(4y, .. A,



4 A. Pyorali / Advances in Mathematics 451 (2024) 109770

3) total irreducibility if for every finite set © C RP!, there exists ¢ € I' such that
A;© # 0O, and

4) the domination condition if there exists a multicone C € RP?, i.e. a finite union of
closed cones, such that A;C C int(C) for each ¢ € I.

Under the domination condition, [A1(A;)| < |[A2(A;)] for every i € T by [4, Corollary 2.4],
and total irreducibility is equivalent to the a-priori weaker condition of irreducibility, that
for every § € RP' there exists i € I' such that A;0 # 0; see [7, Lemma 2.10].

Theorem 1.1. Let ® = {p;(z) = Aixz + aj}tier and ¥ = {Y;(z) = Bjz + bj}jcn be
systems of affine contractions on R? that satisfy the irreducibility, domination and strong
separation conditions. Let p and v be fully supported self-affine measures associated to
® and ¥ with dim p > dimv. If

dim(p * v) < min{2, dim o + dim v},
then dimp > 1 > dimv and
{log|A1(A:)] : 7 € THU {log|A2(Bj)| : j € A}
is an arithmetic set.

For measures which do not satisfy the domination condition, we have a partial result
which holds under a much weaker separation assumption: We say that ® satisfies the
exponential separation condition if there exists a constant ¢ > 0 and a left-invariant
metric d on the group of invertible affine maps on the plane such that for any n and any
pair of words (i1,...,in) # (j1,...,Jn) € I'™, we have d(p;, 0- - -0p;, ,@j, 0---0@; ) > c".
Theorem 1.2. Let & = {p;(x) = Aix + a;}ier and ¥ = {¢;(x) = Bjz + b;}ca be
systems of affine contractions on R? that satisfy the hyperbolicity, total irreducibility and
exponential separation conditions. Let p and v be fully supported self-affine measures
associated to ® and V. Then

dim(p * v) > min{1,dim p} + min{1, dim v}.

In particular, if dim(p * v) < min{2,dimy + dimv}, then dimy > 1 > dimv or
dimv > 1 > dim p. In the proof of Theorem 1.2 we do not confront the exponential sep-
aration condition directly; We only use it to gain access to a result of Barany, Hochman
and Rapaport [2]. We refer the reader to the papers [2,28] for more discussion on the
exponential separation condition.

Let us now comment on the assumptions of Theorem 1.1. The assumption of strong
separation is classical in the study of iterated function systems, since it makes it possible
to view the attractor as a dynamical system, giving access to a multitude of tools from
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ergodic theory. However, during recent years, much attention has been directed towards
establishing existing results without assuming any separation conditions, and we expect
it can be removed from our result as well.

The assumption of hyperbolicity ensures that the systems ® and ¥ are “strictly self-
affine”. This is crucial in our approach, since strictly self-affine measures have a very
special tangential structure that we will heavily use. This structure is formulated in
Proposition 4.1 which is the main technical contribution of this paper, and we believe it
can find applications outside this work as well. Without the hyperbolicity assumption, the
contractions are similarities up to a change of basis, meaning that the self-affine measures
are essentially self-similar. Of course, it would be interesting to find an analogous result
for resonance between planar self-similar measures.

The assumption of total irreducibility is our way to ensure that the measures pu and v
are “spread out” in sufficiently many directions, which is something one has to assume as
explained in the preceding discussion. Without this assumption, it is easy to construct
examples for which the conclusion of the theorem does not hold, by e.g. constructing
measures on Bedford-McMullen carpets. However, we do not know if it is enough to
assume total irreducibility for just one of the systems ® and W.

If it happens that dim p > dimv > 1 or 1 > dim g > dim v, then the strong separation
(even exponential separation), hyperbolicity and total irreducibility are enough to ensure
that p * v has the maximal dimension, by Theorem 1.2. The case dimpu > 1 > dimwv
is more delicate, since now p might be large enough to “absorb” some of v in the con-
volution. However, if the arithmetic conclusion of Theorem 1.1 does not hold, then we
can use the domination condition to show that the measures p and v are “spaced” in
such a manner that this kind of absorption cannot happen. However, it is likely that the
requirement for domination is just a by-product of our method.

Finally, we remark that Theorems 1.1 and 1.2 combined with the variational principle
of Bérdny, Kdenméki and Rossi [6, Proposition 2.4] yield an analogous result for sets:

Corollary 1.3. Let & = {p;(x) = Aix + ai}tier and ¥ = {j(x) = Bjz + bj}jen be
systems of affine contractions on R? that satisfy the domination, irreducibility, and strong
separation conditions. Let X and Y denote the attractors of ® and ¥, and suppose that
dim X >dimY. If

dim(X +Y) < min{2,dim X + dim Y},
then dim X > 1 > dimY and there exists n € N such that
{log| A\ (Asy - A (1, ,00) €T U{log [ Aa(By, ... Bj,)| + (1,---,7n) € A"}
is an arithmetic set.

Proof. Suppose that dim(X +Y) < min{2,dim X + dimY} and let ¢ > 0 be small.
Using [6, Proposition 2.4], choose n € N and fully supported self-affine measures p and
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v associated to the systems {@;, 0 -0 @;, }iy,..inyern and {1hj, 00 b g yenn,
such that dim y > dim X — ¢ and dimv > dimY — €. Then, since p * v is supported on
X +Y, for small enough £ we have

dim(p *v) < dim(X +Y) < min{2,dim X + dimY} — 3¢ < min{2,dim ¢ + dimv} —e.

The conclusion regarding eigenvalues now follows from Theorem 1.1. In addition, we
have dimp > 1 > dim v, which implies that dim X > 1 > dimY if € was chosen small
enough. If it were that dimY = 1, then dimy > 1 > dimv > 1 — ¢, and Theorem 1.2
would assert that dim(u * v) > 2 — & which is a contradiction. Thus dimY < 1 and the
proof is complete. 0O

1.1. On the proofs of Theorems 1.1 and 1.2

We begin with the proof of Theorem 1.2. Our proof is based on the local entropy
averages of Hochman-Shmerkin [29]: instead of proving directly that dim(u * ) is large,
we will show that the average of the finite-scale entropies of uy * v over many k € N
is large, where yy and v, are magnifications (at scale 27%) of u and v along properly
chosen filtrations of their supports.

Indeed, magnifying both p and v along the “cylinder ellipses” ¢;, o --- 0 ¢;, (B(0,1))
and 1, o--- o0, (B(0,1)), on the limit they both resemble orthogonal projections of
the original measures, by the hyperbolicity assumption. Relying on the exponential sep-
aration condition and the strong projection theorem for self-affine measures [2, Theorem
1.3] due to Bérdny, Hochman and Rapaport, these magnifications will have entropy
close to min{1,dim x} and min{1, dim v}, respectively. Since the irreducibility assump-
tion ensures that the ellipses on which the magnifications are supported on have major
semi-axes pointing in different directions, their convolution has a product-like structure
on the plane and thus has entropy close to min{1, dim p}+min{1, dim v}. This essentially
concludes the proof of Theorem 1.2.

It is a formal consequence of Theorem 1.2 that for self-affine measures 1 and v as in
the statement with dim p > dimwv, the inequality dim(u * v) < min{2,dim g + dim v}
is only possible when dimp > 1 > dimwv. This is the first statement of Theorem 1.1.
Given measures p and v with dimp > 1 > dimv, we show that in the case where
{log |A\i(4;)] : i € T} U {log|X2(By)| : j € A} is not an arithmetic set, we will in
fact have dim(p * v) = min{2,dim x + dim v}, contradicting the assumption of strict
inequality.

As in the proof of Theorem 1.2, we rely on the local entropy averages. However, a
consequence of the assumption dim gz > 1 > dim v is that the magnifications of p along
the cylinder ellipses can no longer store a sufficient amount of the dimension of y for us
to be able to reach the desired lower bound for the dimension of u * v. Instead, we will
magnify p along dyadic squares and v along the cylinder ellipses.



A. Pyorald / Advances in Mathematics 451 (2024) 109770 7

For any such magnifications py and vy, of p and v, and any orthogonal projection ,
applying the chain rule of entropy yields that the entropy of uy * vy is equal to

entropy of wuy * mvp, + conditional entropy of uy * v w.r.t. ™
which in turn is bounded from below by
entropy of wug * mv, + entropy of pp — entropy of 7y, (1.6)

using again the chain rule and the fact that convolution never decreases entropy. This
observation is put to use through our key geometric ingredient: We show that for nearly
every k, the magnification uy has a fiber structure in the sense that wuy is (close to)
a slice measure of p, for a properly chosen w. The precise form of this structure is
stated in Proposition 4.1. Similar fiber structures have been previously observed for
self-affine sets by Kdenméki, Koivusalo and Rossi [30], for self-affine measures on Bedford-
McMullen carpets by Ferguson, Fraser and Sahlsten [19] and for self-affine measures
with an additional projection condition by Kempton [32]. Combining this with the di-
mension conservation phenomenon that follows for planar self-affine measures from the
Ledrappier-Young formula of Bardny [1] and the general fact that when averaged over
many k, the entropy of uy is close to the dimension of u, we see that upon averaging,
(1.6) is in fact close to

entropy of wug * v, + 1, (1.7)

recalling that we are assuming dim p > 1.
Thus, if we manage to show that for most k, for the measures wpuy, and 7y, on the
line we have

entropy of wug * T, > min{1, entropy of muy + entropy of wy,} — o(1), (1.8)

where o(1) denotes a quantity that vanishes as the scale of the entropy decreases, then
we have that the entropy of ux * v, when averaged over many k is at least

min{2, entropy of mur, + 1 + entropy of v} — o(1)
= min{2,dim p + dim v} — o(1)

by (1.7), another application of the dimension conservation of [1] and the projection
theorem of [2]. This would conclude the proof.

Proving (1.8) is the part where the assumption on the eigenvalues of A; and B; steps
in, and where the domination condition is most heavily utilized. According to the classi-
cal projection theorem of Marstrand (combined with some known exact-dimensionality
results), (1.8) would hold if we were allowed to scale either of the measures mpuy or my
by a random real number. Because of this, if we were able to show that the sequence
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(g X Tk )ken equidistributes for a distribution on the space of measures which is
jointly invariant under scaling in horizontal and vertical directions, (1.8) would follow
from an application of Fubini and Marstrand’s theorem.

The first step in establishing the equidistribution of (7pg X TV ) ke is the observation
that since muy is (close to) a slice of p and vy, is an orthogonal projection of v, they both
can be expressed as images of points in certain underlying continuous-time dynamical
systems Z¢ = (Zg, {Ti }ter, o) and Z¢ = (Zy, {St }1er, Av) defined in Section 6. As in
[12,29], this allows us to describe the sequence (mug X 7k )reN as an image of an orbit of
a point in the product system Zg x Zy, and so the study of equidistribution of (7 x
TV )keN in the space of probability measures is reduced to the study of equidistribution
of orbits in Z¢ x Zy. In our setting, the study of equidistribution properties of Z3 X Zy
requires methods which are very different from those of [12,29], where the systems ®
and ¥ were assumed to be self-similar, and which, to our knowledge, have not appeared
before in a fractal-geometric setting.

In the proof of Proposition 6.1, we discover a relation between the eigenvalues of
the systems Z¢ and Zy and the eigenvalues of the linear parts of the functions in ®
and ¥. Using this relation we find out that under the assumption that {log|\;(A4;)] :
i € TYU {log |A2(B;)| : j € A} is not an arithmetic set, the flows Z3 and Zy have no
common eigenvalues and so, applying methods from ergodic theory, we show that typical
orbits in Z¢ X Zy will equidistribute for the product measure Ag X Ay. Consequently, the
sequence (g X TV )keN can be expressed as an image of an orbit which equdistributes
for Ag X Ay, and so the sequence (wu, X TV )ren Will equidistribute for a distribution
with the desired joint invariance under scaling in vertical and horizontal directions.

1.2. Structure

In Section 2 we introduce our setting more rigorously, and collect some general known
results and short lemmas on self-affine measures, dynamical systems and random matrix
products. Section 3 is devoted to translating the local entropy averages machinery of [29]
to our setting, while in Section 4 we state our main technical results, and use these to
conclude the proof of Theorem 1.1. Section 5 is perhaps the most technical one, devoted
to the proof of the main geometric result, Proposition 4.1. The arguments here were
inspired by the work of Kempton [32]. Finally, in Section 6 we investigate the dynamics
of the sequences of magnifications of p and v, and prove the required lower bounds for
their average entropies. The notation used in the paper is summarized in Table 1.

2. Preliminaries

In this paper, a measure refers to a Radon measure on a metrizable topological space.
The notation P(X) stands for probability measures on the space X. For a measure y on
X and a subset Y C X, uly denotes the restriction of u onto Y, uy := u(Y) tuly the
normalized restriction when ;(Y) > 0. For a measurable function f, let fu := po f=!
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Table 1
Notation.
A Finite alphabets
i, j,k,... Infinite words of I'™, AN
a,b,... Finite words
P ={pitier, ¥ = {¢¥;}jen Systems of affine invertible contractions
n,v Bernoulli measures on 'Y and AN
I The natural projections I'N — R? and AN — R?
w, v Projections of p, v through II
7%5) Normalized restriction on D
uP Measure pp linearly rescaled onto [—1,1)¢
o Orthogonal projection onto the line 6
w Projection onto the ith coordinate
11,6 A “slice measure” of u; see (4.1)
St, Ty Scaling by 2* and translation by —x, respectively
Ry A rotation taking 6 onto the y-axis
Yi,0,r,m A rectangle with side lengths 2772 < 27™
Hy, g 0o An affine map rescaling Y; ¢,r,,r, onto R(;l[—l7 1)?
A=UDV™! The singular value decomposition
Li 6k, F(fyi Non-singular linear maps R? — R?2
Qi,0,k Yoti1,0,kN-+log o (ils, ), kN+log as(ils, )
Ei ok The largest ellipse contained in Qi 0 %
0(A) The direction of the longer semi-axis of A(B(0,1))
0(i),07(1),0" (1) Limit orientations; see Lemma 2.2
[|A]| Operator norm of A
Alg The restriction of A onto the line 6

a1(A) < ax(4)
[A1(A)] < [A2(A)]
ik (1), ir(3)

b = (1) _
Hal,, s Vil s HDkN (T1(1))
p(n, (1,0))

Zo = (Z3, Ao, Ts)

Zy = (Zv, 2w, Ts)
24 2l = (Zly, Mg T2)
F: Z3 — P(R?)

G: Zy — P(R?)
F,q

The singular values of A

The eigenvalues of A

Stopping times; || Ay, || & [|By,, || & 27N
An increasing sequence; see (4.2)
Magnifications of p and v; see Notation 3.1
The reflection done by Ai_‘n
A flow related to (TrzuD“N(H(i)))keN; see Section 6

A flow related to (Vﬂ% )keN; see Sectiogn;i

on the line 0

Projections of Zg and Z¢ through =
Coding of w2 P () yia Zg: see (6.6)
Coding of 71'21/]-‘” via Zy; see (6.9)

Functions F' and G without reflection

denote the push-forward. The space of probability measures is always equipped with the

weak-* topology which we metrize using the Lévy-Prokhorov metric dip,

drp(p,v) =inf{e > 0: p(A) <v(A%) +e, v(A) < u(A®%) + ¢ for all Borel A},

where A® denotes the open e-neighborhood of A. We measure the size of measures most

often with the lower Hausdorff dimension,

dim p = dimyg p = inf{dimg(F) : p(E) > 0},

and occasionally with lower and upper local dimensions,

dimyop(x) = lim inf

log p(B(z, 7))

_ I B
dimjec () = lim sup 7og,u( (7))
r—0 logr

)
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where B(z,r) denotes the closed ball centered at x and of radius r. The measure pu is
called exact dimensional if there exists ¢ > 0 such that dim,, u(z) = dimjecp(z) = c al-
most everywhere. The following connection between Hausdorff and lower local dimension
is well-known, see e.g. [17, Theorem 1.2]: For any measure p,

dim p = essinf, ., dim  pu(z).

In particular, if p is exact dimensional, then dimp = dim, pu(z) = dimjoep(z) for u-
almost every z.

2.1. Symbolic dynamics

Let T" be a finite set with #I" > 2, and let ® = {p; };cr be an iterated function system
of contractions on R%. It is well-known that there exists a unique non-empty compact
set K, called the attractor of ®, such that

K = U @i(K).

iel

We refer to Falconer’s book [16] for standard properties of iterated function systems. If
the functions ¢; are of the form p;(x) = A;x + a;, where A; : R — R% are invertible
linear maps with ||4;]] < 1 and a; € R%, then the IFS & is called self-affine and its
attractor a self-affine set.

Write I'* = (J,, I'" for the set of finite words composed of elements of I'. For a finite
word a = igiy ..., € I'* we write p, = @i, 0+ 0 ;. Let |a|] denote the number of
elements in a. For finite words a and b, let ab € I'l2I+Pl denote their concatenation.

For a word i € TN UT* and integer k < |i], let i|x € T'* denote its projection to the
first k coordinates. When k = 0, set i|, = (. For i,j € TN, let i A j := i, where k is
the largest integer for which i|, = j|x. Define a distance d on TN by

d(i,3) =271

for every i,j € TN. For a finite word a € T'*, write [a] for the cylinder set {i € TN :
ilja = a}. It is not difficult to see that the cylinder sets are closed and open in the
topology generated by d.

It is sometimes convenient to consider the two-sided sequence space I'Z. For i =
covi_gi_qyigiriz... € T?Z and m < n € 7Z, write i|?, = imimy1 ... in. The metric d
extends to I'Z by replacing i|x by i|*, in the definition of i A j. The cylinder sets of I'Z

n

are given by [1]” := {j € T% : j|?, = i|™}. There is a natural surjection I’ — I'N given

m
by the restriction to the “positive coordinates”, ...i_q1;ig%1... = i = iT = dgiy....
Similarly, we define the projection to the “negative coordinates” by i~ :=1_1t_o... €

N,
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We let o denote the left-shift on both I'N and I'Z, given by o(ipiy ...) = 4142 ... and
o(i_1;i0i1...) = ...ig;i14o . ... The tuples (I'N, o) and (I'Z, o) are referred to as the one-
sided and two-sided shift spaces, respectively. For any o-invariant probability measure v
on I'? | there is a unique o-invariant probability measure on I'” which we also denote by
v, given by v([i]%) = v([i|%]) for each i € TZ, m < n € Z. This is referred to as the
natural extension of v.

2.2. Linear algebra and random matriz products

Let A be a real-valued 2 x 2-matrix. Recall that the eigenvalues of A are denoted by
A1(A) and Ao (A) with |A1(A)] < [A2(A)]. A matrix A maps the unit ball onto an ellipse
with major semi-axes of length a;(A) < as(A), where a;(A),a2(A) are the singular
values of A. Let 6(A) € RP' denote the line parallel to the longer semi-axis of this
ellipse. The conditions of total irreducibility, hyperbolicity and domination defined in
Section 1 for affine iterated function systems extend in the obvious way for a tuple of
matrices {A;}ier.

For a finite word a = igiy .. .4, € I'*, write Ay = A; A, ... A;, and A7t = (A,)7! =
A Ll AL 1Ai_o 1. We define a distance d on RP', given by the smaller angle between
lines.

Lemma 2.1. Let {A; }ier be a collection of 2 x 2-matrices satisfying the total irreducibility
and hyperbolicity conditions, and let [i be a fully supported Bernoulli measure on T'N.
For fi-almost every i € TN, there exists §(i) € RP' such that any accumulation point of

{||Ai‘n||_1Ai L ne N}

[n
in the strong operator topology is a rank-1 matriz with range 0(1). If { A; }ier additionally
satisfies the domination condition, then this is true for every i € TN,

Proof. The statement for almost every i is included in [10, Theorem I11.3.1]. If {A;};cr

O‘l(Ai\n)
() — 0 as

n — oo, uniformly for every i € I'N, whence any accumulation point of {[|A4;, || ~'A4;

satisfies the domination condition, it is proved in [9, Theorem B] that
‘n :
n € N} is a rank-1 matrix. For a proof that all of these accumulation points have the
same range 0(i), we refer to [37, Lemma 2.1]. O

Lemma 2.2. Let {A;}ier be a collection of 2 x 2-matrices satisfying the total irreducibility
and hyperbolicity conditions, and let [i be a fully supported Bernoulli measure on T'N.
For fi-almost every i € I'N, the following limits exist:

0(i) = lim 6(Ay),),
07 (i) == lim (A "A; " A,

n—00 'n
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0*(1) := nlgréo O(A7 A7 .. AL ).
If {A;}ier additionally satisfies the domination condition, then the above limits exist for
every i € TN, the convergences are uniform, and the functions i — 0(i), i — 0~ (i)
and i+ 6*(1) are Hélder continuous.

Proof. Tt is easy to see that the family {A;};cr being totally irreducible, hyperbolic or
dominated implies the same for the families {A; ' };cr and {A¥};cr, whence the existence
of the limits follows immediately from Lemma 2.1. The other statements are proved in
[37, Lemma 2.1]. O

Lemma 2.3. Let {A;}ier be a collection of 2 x 2-matrices satisfying the total irreducibility
and hyperbolicity conditions. Then for fi-almost every i € T'N and for every 6,60, €
RP'\ {0(1)} and 03,04 € RP*\ {0(1)*},

. —1 —1 . I * *
klggod(Ailkal’ Ai‘keg) = klggod(Ailka& A;

ilk

0,) = 0.

If {A; }ier additionally satisfies the domination condition, then this holds for every i €
N,

Proof. By [10, Lemma I11.4.2],

1 -1 _ _
d(Ailkt91, Ai|k92) - a1 (A;),) lag(Ai‘k) 1
ea AL

d(01,62) I TR il

692” ’

where eg, and ey, are unit vectors of 6; and 6. For § € RP!, let mp : R?2 — 6 denote the
orthogonal projection onto 6. From the singular value decomposition, it is not difficult
to see that for any invertible 2 x 2-matrix A and any x € R?, we have ||[A~lz| >
a1 (A) Hlmgeayr x|, cf. [10, Proof of Proposition IIL.3.2]. Inserting this into the above
estimate we obtain

-1 -1
(A7, 01, Aj02) _ oAy, 1
d(61,62) —aa(Ay),) HWQ(Ai‘k)J-eel||||7r0(Ai|k)1-692H

Since 61,6, € RP*\ {A(i)}, it follows from Lemma 2.2 that the vectors To(A, ) €0,
and 7y Ay )L €0, remain uniformly bounded away from 0 for large k, for p-almost every

(or every, if the domination condition holds) i € I'N. Since limy_,q Z;Ej:k; = 0 for
1k

p-almost every i (or every, if domination is assumed) by Lemma 2.1, it follows that
limg o0 d(A7 01, A 62) = 0. That limy_oo d(Af) 05, A,
gously, using the observation that [|A*z| > az(A)|mgayz| for any 2 x 2-matrix A and
zreR?2 O

04) = 0 is proved analo-
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Lemma 2.4. Let {A;}ier be a collection of 2 x 2-matrices satisfying the total irreducibility
and hyperbolicity conditions. Then for any 6 € RP' and for fi-almost every i € TN, we
have d(6(i),0) >0, d(0—(1),0) > 0 and d(6*(1),6) > 0.

Proof. This is proved in [10, Theorem II1.3.1]. O

For a matrix A, let v;(A) denote the eigenspace associated to \;(A) for ¢ = 1,2.
When A is hyperbolic, that is, [\ (A)| < [A2(A)|, we have v;(A) € RP! for i = 1,2. The
following observation follows immediately from the eigenvalue decomposition.

Lemma 2.5. For a hyperbolic matriz A, lim,_, ., 0(A™) = va(A).
2.83. The Furstenberg measures

Let ® = {p;(z) = A;x + a;}ier be an affine iterated function system satisfying the
total irreducibility and hyperbolicity conditions. It is due to Furstenberg [21] that for
any probability vector (p;);er, there exist unique and non-atomic probability measures
pnr and pj on RP!, called the Furstenberg measures, that satisfy pup = > icr Diltr © Aj
and pj = >, Piptr o (A) 1. Proof of the existence of these measures, and an extensive
discussion on their properties, can also be found in the book of Bougerol and Lacroix
[10, Theorem II.4.1]. If i := pN denotes the Bernoulli measure on I'N with marginal
(pi)ier, the product measures fi X pp and i X p} are invariant and ergodic under the
maps

M: (3,0) = (01, 4;,6),
M, : (1,0) — (01, AL 0),

respectively; see for example [8, Section 1.4]. When ® satisfies the domination condition,
the measures i x pu and i X 1}, are images of the Bernoulli measure p? on T'Z through the
factor maps i — (iT,07(i7)) and i — (iT,6*(i7)), which easily implies the existence,
invariance and ergodicity of i x pup and fi X . It follows from Birkhoff’s ergodic theorem
that the measures ur and pj. are given by

1 n
HF = lirn — E 5A71 A" lg
n—oo 1 e in N0

in

for almost every (i,0) € I'N x RP!. In particular, when ® satisfies the domination
condition, it follows from Lemmas 2.1 and 2.2 that pup and pj are supported on the
closed sets 0~ (T'N) and 6*(TN) = 9(TN)L, respectively.
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2.4. Self-affine measures

Let @ be a self-affine iterated function system, and let K denote its attractor. Let
II: TN — K denote the surjection

i lim gy, (0)

which we call the natural projection. Fix a probability vector p = (p;)ier and let g = pN
denote the Bernoulli measure on T with marginal p. The measure p := IIji = o I~
is called the self-affine measure associated to (®,p), and is well-known to be a Radon
measure supported on K that satisfies

p=Y_pi-pip.

i€l

The following strong projection theorem for self-affine measures is due to by Bérany,
Hochman and Rapaport [2]. For 6 € RP!, let mp : R?2 — 6 denote the orthogonal
projection onto the line 6.

Theorem 2.6 (Theorems 1.3 and 7.1 of [2]). Let u be a self-affine measure associated
to a totally irreducible, hyperbolic system of affine contractions ® with the exponential
separation condition. Then for uy-almost every 0 € RP?,

dim mpp = min{1, dim p}. (2.1)

Moreover, if ® satisfies the strong separation condition, then (2.1) holds for every 6 €
RP'.

The analogous result for self-similar measures was proven earlier by Hochman and
Shmerkin in [29].

It follows from the Ledrappier-Young formula due to Barany [1] that planar self-affine
measures satisfy dimension conservation in directions typical for the Furstenberg measure
pr. The Ledrappier-Young formula was shortly after generalized to higher dimensions
by Bardny and Kédenméki [3]. The application to dimension conservation was recently
generalized by Feng [18] to higher dimensions and for more general self-affine measures.
Let p = [ u8 dmppu(z) denote the disintegration of p with respect to the orthogonal
projection my.

Theorem 2.7 (Corollary of Theorem 2.7 of [1]). Let p be a self-affine measure associated
to an affine system of contractions ® with the strong separation and domination condi-
tions, and pp the associated Furstenberg measure. Then for pp-a.e. 8 and mopu-a.e. x,
the measure % is ezact dimensional and

dim g = dim w1 + dim Mf;-
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2.5. Flows and eigenvalues

In the following, let X be a complete separable metric space and let pu be a Borel
probability measure on X. Let {T; : X — X };cr be a family of measurable functions
with the property that Ty = Id and T o T} = Ts4, for each s,t € R. Recall that a real
number ¢ € R is an eigenvalue of the flow (X, {T;}ier, p) if there exists a measurable
function f : X — C such that f # 0 and f o Ti(x) = e(ct)f(z) for p-almost every
x and every t € R, where we write e(x) := exp(2miz). Such a function f is called an
eigenfunction for c. Recall that the flow (X, {T;}ier, i) is ergodic if and only if 0 is a
simple eigenvalue of (X, {T;}1er, 1), that is, every invariant function is constant almost
everywhere. We now record some standard properties of eigenvalues.

Lemma 2.8. Suppose that T} : X — X 1is continuous for each t € R, and that
(X, {Ti}ier, 1) is ergodic. For any ¢ € R, the discrete-time dynamical system (X, T, p)
is ergodic if and only if no non-zero integer multiple of ¢! is an eigenvalue of

(X, ATt }eer, 1)-

Proof. This is proved in [24, Lemma 3.11] in a slightly different language. For the con-
venience of the reader, we repeat the short proof here.

Let u = [ padu(z) be the ergodic decomposition of p with respect to the map Tt.
From {T}};cr-invariance of p it follows that p = [j Tyudt = [[y Type dt du(z). Since
the function x — foc Tipz dt is {T; }ier-invariant, it is constant almost everywhere and
so we have p = fop Tipe dt for p-almost every z. Fix now such an z, let v := p, and
note that the function F : R/cZ — P(X) given by F(t) = Tyv is well-defined since
Tv=v.Let A={r >0: F(r) = F(0)} denote the set of periods of F. Since F is
Lebesgue measurable (even continuous, see e.g. [15, Proposition 3.1]), either A = R /cZ or
A = {ke/n : 0 <k < n} for some n € N. In the former case, u = [; F(t)dt = F(0) = v
and so p is Te-ergodic. In the latter case, there exists a largest n € N such that Tt ,v = v
and so p = foc/n Tiv dt. In particular, n/c is an eigenvalue of (X, {T}}iecr, p) for the
eigenfunction f : X — C defined by f(z) = e(t(x)n/c) for p-almost every x, where
t(z) € R/en™'Z is the unique number such that limg o 3 Z;f:l Orey = Tymyv. O

Lemma 2.9. The flow (X, {T;}i1er, i) has at most countably many eigenvalues.

Proof. It is not difficult to see that eigenfunctions for different eigenvalues are orthogonal.
Since the space L?(X) is separable when X is complete and separable, any collection of
orthogonal functions has to be countable. O

The following characterization of ergodicity of a product of ergodic systems plays a
key role in the proof of Theorem 1.1.

Proposition 2.10. Let (X, {Ti}ier, 1) and (Y, {St}icr,v) be ergodic flows over complete
separable metric measure spaces (X,p) and (Y,v). The product flow (X x Y, {T; x
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Sttier, o X V) is ergodic if and only if the flows have no common eigenvalues other
than 0.

A detailed proof for the product of discrete-time dynamical systems can be found
for example in [25, Theorem 6.6.6]. While we believe that the result for the product of
ergodic flows is also well-known, we were unable to find a reference in the literature and
so provide a short proof relying on the spectral theorem for unitary operators. The form
of the spectral theorem we require is recorded below.

Theorem 2.11 (Spectral theorem for unitary operators). Let (Ui)icr be a strongly con-
tinuous one-parameter unitary group on a Hilbert space H. Then there exists a finite
measure ) on R x N and a unitary map R : L*(R x N,n) — H such that

U, = RL,R™,

for every t € R, where the operator Ly : L*(R x N,n) — L*(R x N,n) is defined by
Li(a(z,n))(x,n) = e(tx)a(z,n) for every a € L*(R x N,n) and n-almost every (z,n).

Proof. By Stone’s theorem for one-parameter unitary groups [22, Theorem 10.15], there
exists a self-adjoint operator A such that U; = e(tA) = Y2, (2mitA)* /k! for every t € R.
Applying the spectral theorem for self-adjoint operators [14, Theorem 2.5.1] we find a
finite measure n on R x N and a unitary map R : L?(R x N,7n) — H such that e(tA) =
Re(th)R™', where h € L*(R x N, 7) is the map h(z,n) = x. Setting L; = e(th) for every
t € R, we have Uy = RL;R™" and Li(a)(z,n) = e(th(z,n))a(z,n) = e(tx)a(z,n) for
every a € L?(R x N,7) and n-almost every (z,n), as was required. O

Proof of Proposition 2.10. Let f be an invariant function of {7} x S;}ier. It suffices
to show that f is constant p x v-almost everywhere. Let T; and S; denote the linear
Koopman operators on the Hilbert spaces L?(X, i) and L?(Y,v) defined by Trg = go T}
and S; g = goS;. Since T} and S; are measure-preserving, these operators are easily seen
to be unitary. Moreover, the groups (T})icr and (S;);cr are strongly continuous, see
for example [15, Proposition 3.1]. Let {y;};en and {t;};en be orthonormal bases for
L*(X, p) and L*(Y,v). Then {¢;; }; jen forms an orthonormal basis for L?(X xY, uxv),
so we can expand f = 3, ;a; jpih; for some a;; € C. Decomposing T, = RrLTR;!
and S, = Rst Rgl using Theorem 2.11, we may further decompose

T, ® S; = (Rr @ Rs) (LT @ LY)(R:' ® RgY). (2.2)
Using (2.2) and invariance of f, we have
(Rp' @ R3')f = L @ L (Ry" @ B[

—Za” t(r +y))Ry' @ Rg' i,
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By uniqueness of coordinate representation, for any (i,j) such that a; ; # 0 we have

FloiRg M = e(t(x + y)) Ry wiRg by, in particular, R:'g;(z,n)Rg';(y,m) = 0
whenever y # —z. Fixing any such (4, j), there exists ¢ € R such that R;lcpi(x,n) =0
whenever x # ¢ and Rg'9;(y,m) = 0 whenever y # —c. It easily follows that c is an
eigenvalue of both {T;},cr and {S;};cr for the eigenfunctions ¢; and ;:

p;oTy = RTLfR;lwi = RTe(ct)R;lcpi = e(ct)p;

and similarly, w_jo S = e(ct)z/)_j. Since {T;}ier and {S;}1er have no common eigenvalues
other than 0, we conclude that ¢ = 0. But this implies that ¢, and 1/1_] are invariant
functions for {T}};cr and {S;};cr and therefore constant almost everywhere. Since this
is true for any pair (7,7) such that a; ; # 0 in the representation f = Z” a; j Py, we
conclude that also f is constant almost everywhere. 0O

Let (I'N, ) be a shift space. Given a function f : TN — (0, +-00), we may build a semi-
flow from (I'N, o) by “flowing up” from a point i € I'N until we reach the time f(i), then
switch to the point oi and continue flowing until the time f(oi), and so on. Formally,
we let Z = (I'N x [0,00))/ ~ equipped with the quotient topology, where ~ denotes the
equivalence relation generated by (i, f(i)) ~ (oi,0) for every i € I'N. Denoting each
equivalence class [(i,t)] by the unique representative (i,t) with 0 < ¢ < f(i), we may
write

Z={(,t): ieM™N0<t<f(i)}.

Let T, : (i,t) = (i,t + s) for every s > 0. If there is a o-invariant measure p on I'N
which measures f and [ fdu < oo, a natural {Ty}s>¢-invariant probability measure
on Z is given by A := (u x £)z. The tripet (TN, {T,}s>0,)\) is called the suspension of
(TN, o, 1) under the roof function f. It is easy to see that if (TN, o, i) is ergodic, then so is
(Z,{Ts}s>0,A): For if ¢ were a non-constant invariant function for (Z, {Ts}s>0,A), then
i+ ¢(i,0) would be a non-constant invariant function for (I'N, o, 11). Suspension flows
over the invertible system (I'Z, o) are defined analogously by setting Z = (I'Z x R)/ ~,
where ~ is the equivalence relation generated by (i,t) ~ (oi,t — f(i)) for every (i,t) €
I'N x R, and in this case we let T} : (i,t) — (i,t+ s) for every s € R.

A special property of regular enough suspension flows is that to any eigenvalue cor-
responds a continuous eigenfunction.

Proposition 2.12 (Proposition 6.2 of [35]). Let (Z,{Ts}s>0, ) be the suspension of a
shift space (1"N,U7 w) under a locally Hélder continuous roof function, where 1 is the
equilibrium state for a locally Holder continuous potential on TN. Then a number o € R
is an eigenvalue of (Z,{Ts}s>0, ) for a continuous eigenfunction if and only if it is an
eigenvalue for a measurable eigenfunction.
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It is well-known that Bernoulli measures on I'N are equilibrium states for locally
constant potentials.

Lemma 2.13. Let f : TZ — (0,4+00) be a continuous function such that f(i) = f(j)
whenever it = jt, and let f*: TN — [0,+00) denote the function given by f*(i) =
f(3) for every i € TN and j € TZ such that j* = 1.

Let p be a shift-invariant ergodic measure on T'Z which measures f, and write ut for
the projection onto the positive coordinates. Let (Z,{Ts}s>0,\) =: Z denote the suspen-
sion of (2,0, 1) over f, and (Z+,{Ts}s>0,AT) = Z% the suspension of (TN, o, ut)
over fT.

Then for any eigenvalue o # 0 of Z, there exists n € Z such that na is an eigenvalue
of Z+.

Proof. Let a # 0 be such that na is not an eigenvalue of ZT for any n € Z. Then by
Lemma 2.8, the discrete-time system (Z1, T}/, AT) is ergodic. (By possibly replacing o
by —a, we may assume o > 0.) Our aim is to show that also the system (Z,T} /4, A) is
ergodic. Let U C Z be an open set of the form [i]?, x I for some i € T2, m < n € Z and
an interval I C R. Since any continuous function on Z can be approximated arbitrarily
well (in L') by simple functions on this kind of sets, in order to show that X is ergodic
under T4, it suffices to show that

1
nh_}rgo E#{O <k<n: Tye(it) e Uy =AU)
for a.e. (i,t).

Let £ € N be large enough so that for every (i,t) € T_,/ U, also (j,t) € T_;/oU
whenever j* = i*. Write (T_,/,U)" for the projection of T_,/,U onto ZT, and note
that T_y/,U equals the embedding of (T_,/,U)" to Z.

Let AT be the set of full AT-measure such that for each (j,t) € AT, we have

1
h_)m E#{O <k<n: Tk/a(J7t) € (Tff/aU)Jr} = /\+((T7€/O<U)+) = /\(Tff/aU) = )‘(U)v
by Birkhoff’s ergodic theorem. The second-to-last equality follows from the choice of £,
and the last follows from T}-invariance of A. Now, if A is the embedding of AT to Z,
then T/, A has full \-measure, and for each (i,t) € Ty, 4,

lim l#{OS k<n: Tya(it) €U}

n—00 N

1
lim _#{0 <k<n: T(kff)/a(i?t) € Tff/ozU}

n—oo N

A(U).

Therefore A is ergodic under 7T}/, and by Lemma 2.8, « is not an eigenvalue of Z. O
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2.6. Shannon entropy

For a probability measure ; on R? and any measurable partitions £ and F of R?, we
write H(i,E) = — > peg w(E)log u(E) for the (Shannon) entropy of p with respect to
E,and H(p,E|F) = =3 per m(F)H(pp, €) for the conditional entropy of pu with respect
to &, given F. Write EVF ={ENF: E €& F € F} for the join of £ and F. In the
following, we record some elementary properties of entropy. We refer to [13, Section 2]
and [40, Sections 4.2 and 4.3] for more detailed discussions on the topic.

Lemma 2.14 (Chain rule, Theorem 4.3 of [40]). Let u be a probability measure on R2,
and let £, F be partitions of R2. Then

H(p, €V F) = H(pu, E|F) + H(u, F).

Lemma 2.15 (Concavity and almost-convexity). For any partitions €& and F of R?, the
function p — H(p,E|F) is concave. Moreover, the function p — H(u,E) is almost
convex in the sense that for any probability measures 1, ..., pr and a probability vector

(pla s 7pk)7

! K k
H (sz‘#i,5> <Y piH (i &) =Y pilogpi.
i=1 i=1 i=1

Proof. The concavity of the function p — H(u,E|F) follows essentially from the con-
cavity of x — —xlogx on [0, 1]; For details, we refer to [13, Equations (2.29) and (2.43)
and Theorems 2.7.2 and 2.7.3]. The second claim is immediate from the definition of
entropy:

k k k
H (me,5> = - Zpi Z pi(E) log (me(ﬂ)

=1 Ec€&

k
=Y pi Y wiE)(logp; + log i (E))

<
i—1  EBec
K k
= ZPiH(ﬂia‘S) - Zpi logp;. O
=1 =1

Lemma 2.16. Let ;1 be a probability measure on R%, and let & and F be partitions of R¢
such that each element of £ intersects at most k elements of F and vice versa. Then

Proof. We first note that H(u,EVF) > H(p, E) by [40, Theorem 4.3]. Lemma 2.14 now
asserts that H(u, &) — H(u, F) < H(p,EV F)— H(u, F) = H(u, E|F) and since for each
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F € F, pr is supported on at most k atoms of &, it follows from [40, Corollary 4.21]
that H(u,E|F) < logk. Similarly, H(p, F) — H(u, &) <logk. O

A consequence of concavity is that taking a convolution can decrease entropy at most
by an additive constant.

Lemma 2.17. Let £ and F be partitions of R? such that any translate of £\ F intersects
at most k elements of ENV F and any translate of F intersects at most k elements of F.
Then for any probability measures i and v,

H(p*v,E\F) > H(u, E|F) — 2log k.

Proof. It follows from Lemma 2.15 and Jensen’s inequality that H(u*v, E|F) > [ H(px*
0z, E|F) dv(x). By Lemmas 2.14 and 2.16, H (05, E|F) > H(u, E|F) —2logk for every
reR2 O

Let D, = D,(R?) denote the partition of R? into dyadic cubes of side-length 27"
which we call the “level-n” dyadic partition. For z € R, write D,,(x) for the element of
D,, that contains x. For entropy with respect to the dyadic partition we use the short-
hand notation Hy, (1) = H(p,Dn) = =3 pep, #(D)log u(D). For 6 € RP', let D, (6)
denote the level-n dyadic partition of the line §. The following is a simple application
of the chain rule; Let Ry denote the “shortest” rotation which takes § € RP* onto the
y-axis, with Ru_axis given by the clockwise rotation.

Lemma 2.18. Let ju be a probability measure on R?, and let § € RP'. Then, denoting
Hi(l70) i= H (j, Do (R2) |55 D, (8)), we have

[Hyp (1) — (Hn(mop) + Hy(plmo))| < log9
for every n € N.

Proof. Tt follows from Lemma 2.14 that H(u, D, (R?) V 7, D, (0)) = H(mgp, D (0)) +
H,(u|mg). Tt is not difficult to see that each element of D,(R?) intersects at most two
elements of D, (R?) V 7, 'D,(0) and vice versa. On the other hand, each element of
D, () intersects at most three elements of D, (R?) and vice versa, whence it follows
from Lemma 2.16 that |H,(u) — (Hp(mop) + Hp(u|me))| <log9. O

Lemma 2.19. Let p and v be probability measures on [0,1], and suppose that p is non-
atomic. Then for every r > 0 and € > 0, there exists Ny € N such that for any interval
T with p(I) > r, we have

1

NHN(MI xv) > dim(p*xv)—e

for every N > Njy.
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Proof. Let K, = {(a,b) € R? : pu([a,b]) > r}. We will show that for every r > 0 such
that K, is nonempty, %HN(u[a,b] % V) is continuous in (a,b) € K, (in the subspace
topology) and the continuity is uniform in N.

Let r,e > 0 be given, and let § > 0 be small with respect to € and r. Fix (ag, by) € K,
and let I5 be the largest interval contained in [a,b] for every (a,b) € B((ag,bo),9). If
d is small enough, we have lj(‘[(iéb)]) € [1 —¢,1+¢] for every (a,b) € B((ag,bp),9), by
non-atomicity of x and the assumption p([ag, bo]) > r.

Now, for every (a,b),(a’,b') € B((ag,bo),d), applying bilinearity of convolution and
Lemma 2.15 in the first and second-to-last inequalities, we have

Hy (pta,p) * )
M(LS) ,u(L;)
= ‘u([a’b])HN(:U’Ls * V) + <1 — u([a, b])) HN(M[a,b]\L; * V) +e
<1+ 5)MHN(,UIE *v)+2Ne

p(la’, b))
S (1 —+ E)HN(‘LL[a/,b/] * I/) + 2N€
S HN(/'I/[a’,b'} * V) + 3Ne.

Thus (a,b) — % Hn(pa * ¥) is continuous in K,, uniformly in N. On the other hand,
for every (a,b) € K,

1
. < di < Timinf L
dim(p * v) < dim(ppep * v) < 1}\I[Ii)l(£lof NHN(,U[a,b] * V)

by [17, Theorem 1.3]. By uniform continuity, this convergence is uniform in K., which
is what we wanted to prove. O

2.7. Magnifying measures

For z € R? and r > 0, we let T, : y — y — = denote the translation taking z to the
origin, and S, : x — 2"x the exponential “magnification” operation. We let S denote
the action of S, on measures equipped with normalization and restriction, that is,

Stu(A) = p(B(0,277) (2 AN B(0,277))

for every Borel set A C B(0,1) and measure pu whose support contains the origin.
There is a natural way in which measures on R? give rise to measures on P(R).
Namely, consider the sequence (ST, 1),>0, called the scenery of p at x. The statistical
properties of this sequence are described by the accumulation points of the sequence
% fot 05Tyt dr>t>1, called the scenery flow of p at x. The accumulation points of the

scenery flow in the weak-* topology are measures on P(R9), and are called tangent
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distributions of p at x. The measure p is called uniformly scaling if the scenery flow
converges almost everywhere to a unique tangent distribution P. It is then said that u
generates P.

A remarkable result of Hochman [23] is that tangent distributions at almost every
point are fractal distributions, objects which enjoy strong spatial invariance properties.
We give the definition here for completeness, although we will not use it directly.

Definition 2.20. An S}-invariant measure P on P(R?) is called a fractal distribution if
for any measurable A, P(A) = 1 if and only if for every r > 0, P-almost every v satisfies

ST,veA
for v-almost every = with B(z,e™") C B(0,1).

Theorem 2.21 (Theorem 1.7 of [25]). Let u be a Radon measure on R%. Then for u-almost
every x, every tangent distribution at x is a fractal distribution.

The following is the only property of fractal distributions that we require directly.

Lemma 2.22. Let P be a fractal distribution. Then for P-a.e. v, any line L with v(L) > 0
must contain the origin.

Proof. We first show that P-a.e. atomic measure is the point mass at the origin. This is
almost immediate from the results of [23].

For a contradiction, let A = {v: v({z}) > 0, = # 0} and suppose that P(A) > 0.
Let P’ be an ergodic component of P with P'(A) > 0, and let n € A be a uniformly
scaling measure generating P’. Indeed, by [23, Theorem 1.6], P’-almost every measure is
uniformly scaling. Let  be such that n({x}) > 0. Since 1|} < 7, also 1|} generates
P’ by an application of the Lebesgue-Besicovitch differentiation theorem, whence P’ is
supported on the point mass at the origin. In particular, P/(A) = 0, a contradiction.

Now, to prove the statement of the lemma, suppose that there exists a set B with
P(B) > 0 such that for every v € B, there exists a line L, with ¥(L,) >0and 0 ¢ L,.
Let P’ be an ergodic component of P with P/(B) > 0, and let € B be a uniformly
L, generates

scaling measure generating P’. Now, since n(L,) > 0, also the measure 7
P'. Let L denote the line L, translated so that it contains the origin. Clearly, all tangent
measures of 7|z, are supported on L, whence P’ is supported on measures which are
supported on L. Since any line not containing the origin intersects L in at most one
point, such a line has P’-almost surely zero measure by the above. Thus P'(B) = 0
which is a contradiction. 0O
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2.8. Conditional measures on lines

For a measure ;1 on R? and 6 € RP', let yu = [ puf dmpu(x) denote the disintegration
of 1 with respect to 7. It is well-known that for almost every z € 6, the measure pf is
supported on the line z 4+ 6+, and that ©f is the limit of normalized restrictions of x on
thinner and thinner tubes centered at x 4+ 0. It will be useful for us to know that these
tubes can be replaced by preimages of sets of relatively large measure.

Lemma 2.23. Let p be a measure on R?, let § > 0 and 0 € RP'. For every r > 0, let

mou(I)

Z(z,r,0) ={I C B(x,r): m >

Then for mgu-almost every x, we have

I dip (11 7) =o.
Proof. For every n € N, let F,, C 0 be the compact set given by Lusin’s theorem with
mou(En) > 1—1/n, on which the function y — p is continuous. Since mou (U, cpy Bn) =
1, it suffices to prove the statement for almost every = € F,,, for every n € N. Now, for
almost every x € E,, if B := B(x,r) and I € Z(z,r,9),

mopu(I N Ey) —1_ mopu(l\ En)
mop(I) mop(I)
mou(B\ En) mop(B)
mou(B)  mop(l)

_EWGN(B\En)
=175 Tou(B)
=1-0(1)/0

by an application of the Lebesgue-Besicovitch differentiation theorem. Here o(1) denotes
a quantity that vanishes as r — 0.
Therefore, for any Borel set A C R?, I € Z(x,r,0) and € > 0,

o1 (A7) = —— (T 0 A%)

\%
—
—
I
S
—
-
=
g
(=]
=
=
=
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if 7 is small enough, by continuity of y — /,LZ. Similarly,

1

eyt € s [ (A% dropy) + o(1)/6 < (A% + 0(1) /5 +

INE.

0 dpp(pir-17, p?) < 2¢ for small enough r. Taking ¢ — 0 completes the proof. O
3. On local entropy averages

In this section, we recall the local entropy averages of [29] and introduce the different
notions of magnifications of measures that we use. Let p and v be self-affine measures
associated to iterated function systems ® = {p;(z) = Az + a;}icr and U = {¢;(z) =
Bjx +b;};ea, and denote by fi,  the associated Bernoulli measures. In this section, we
impose no conditions on ® and ¥ other than that ||4;|] < 1 and ||B,|| < 1 for every ¢, j.

Let N be a positive integer. For every i € TN and j € AN, we define the “stopping
times”

ir = ix(1) = min{n € N : [|4;, || < 2_kN},

i =i,(j) =min{n € N: ||By || <27V}

Although the stopping times on TN and AN are denoted by the same letter iy, the
choice of domain will always be clear from the context: for example, il;, = il; )
and jls, := jli,(5)- Note also that we omit the dependence on N from the notation: In
practice, N will always be a large integer fixed beforehand. Below, we collect the different
notions of scale-k magnifications of u and v. Note that they also depend on N.

Notation 3.1. Let N € N. For each i € TN, je AN and k € N, let

Yiliy, = Spn T Y31, Vs
i, = Sin T i), v
pPev@@) = Fup, v i)

where F' denotes the unique homothety taking Dy n(II(1)), the level-kN dyadic square
that contains II(i), onto [—1,1)2.

Note that p;)
and whose major semi-axes have length comparable to 1 and are oriented in the directions

i and vj),, are measures supported on ellipses that contain the origin
Q(Ai‘ik) and G(Bj‘ik ), respectively. On the other hand, p”*¥ (1) is a measure supported
on [—1,1]?, the “dyadic magnification” of j. We require the following form of the local
entropy averages of [29].
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Theorem 3.2. Let p1 and v be self-affine measures associated to ® = {p;(x) = A;x+a;}ier
and ¥ = {1;(x) = Bjz + b; }icn. For any e > 0, there exists Ny € N such that if either

i) liminf, o & Z;é +Hn (p 1) vy, ) = aor

i) liminf, oo % Zz;é %HN(Mi‘ik * vy, ) > @
holds for i x v-a.e. (1,j) and some integer N = N (i, j,e) > Ny, then dim(u*xv) > a—e.

The proof is essentially in [29], but for the convenience of the reader we provide a
sketch for the proof of the statement under the assumption that i) holds for almost every
(i, j)- The proof under the assumption ii) goes through similarly. We begin by recalling
some terminology of [29]. In the following, let X and Y be finite sets, let 0 < p < 1,
and let d be a metric on XN such that pl**'1/C < d(x,x') < Cpl**| for some C > 1.
Following [29], we say that

i) amap g : XN — YN is a tree morphism if, for every n € N and length-n cylin-
der [z1...2,] € XN there exists a length-n cylinder [y;...y,] € YN such that
g(lzr- . n]) S ly1-- - ynl,

ii) a map h : XN — R9 is faithful if there exists a constant ¢ > 1 such that for any
[z1...2,) € XN, no point in f([z;...x,]) is covered by more than ¢ of the sets

1

f([z1...zpz]) for x € X, and f([z1...2,]) contains a ball of radius (¢~ 'p)™ and is

contained in a ball of radius (cp)™.

Proof of Theorem 3.2. Let ¢ > 0 and let Ny € N be large with respect to €. Assume
first that there exists N > Ny € N such that the condition i) holds for g x v-almost
every (i,j). The case where N depends on (i, j) is discussed near the end of the proof.
As in [29], the idea is to lift u x v to a measure 1 on the tree

o= {1,..., 22N 5 AN

and then find a finite collection of symbols Yy, a tree morphism gy : ¥ — YJ§ and a
faithful map Ay : Y1§ — R? such that (hy o gy )n = u * v.
On X, let distance between pairs (k, j) and (k’, j’) be defined as the number

. o N T
max{ZfN{nax{n. k|, =k \n}, 92 N-max{n: jli, =] \1"}}'

In this metric, B((k, j),27"N) = [k|n] x [js,] for every k € {1,...,22N}N 5 € AN and
n € N.

Write Dyn (R?) = {Dy, ..., D2~} and let F, denote the map which sends [—1, 1] onto
the closure of Dy. Define the following projections:

Ip: {1,..., 22NN - [-1,1]%, k> lim Fy, (0)

n—oo
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IIA ZAN — RQ, j— lim wj\k(o)
k—oo
Iy : N — R2, i lim oy, (0)
k—oo
II :¥—R2xR? (k,3) = (IIp(k), A (3))-

By possibly translating g so that the boundaries of dyadic squares have py-measure 0,
p-almost every x € R? has a unique pre-image under IIp and so we may define the
measure i := ' on {1,...,22NIN_ Let 5 := i x ¥ and note that TIn = p x v. If we
let * denote the map R? x R? — R, (z,y) — = + ¥, then (x o II)n = p * v.

We will now construct a tree Y]§ , & tree morphism gy : X — Y]I\7I and a faithful map

hy : Y1§ — R? such that the following diagram commutes:

g
y 5 vy

*h‘ th
R2

Let Yy = {(%7 2%) : 0 <k,0 <2V —1}, and associate to each = € Yy the square @, of
side length 274 and bottom left corner at 2. Then [~1,1]* C |, ¢y, Q.. Writing L,
for the homothety which sends [—1,1]? onto Q,, the map hy : Y — [~1,1]? defined
by hy(x12023...) = limy 00 Ly, 0+ -+ 0 Ly, (0) is a faithful surjection. Let the metric on
Y be given by d(x,y) = 27NV for x,y € Y

We construct gy iteratively. First observe that for any (k, j) € X, we have IIp[k|1] +
il < 27 and therefore diam(IIp[k|;] +
Oaljls]) < 27N*2. Supposing that the sequence aj ...a, € Y3 has been determined

A [j]i,] € Q, for some a; € Yy, since || B

in such a way that Iplk|,] + Ua[jli,] € Qa,..apa,, We choose ani1 € Yy so that
Hp[klps1] + Taljling] € Qay.canany,- Since diam(Qa,..qa,,) — 0, we may let gy : 3 —
Y be defined by gn(k, j) = ajaz . ... It is evident from the construction that gy ([k|,] x
[jli,]) C [a1az ... ay], that is, sets of the form [k|,] x [j|:,] are mapped into cylinders of
YJ§ by gn. Moreover, hy o gy = * o II.

Since hy is faithful, [29, Proposition 5.3] asserts that it essentially preserves entropy
in the sense that

| H (k1) N (9Nl x (515, 1) — Heerry v Wp figy) * Tavyg), 1)) < O(1) (3.1)

for every k € N. Here and in the following, we use the “big-O” notation A < O(B) to
indicate that A < C'B for some universal constant C' > 0 independent of A and B. In
particular, in (3.1) the constant O(1) does not depend on N, k or j. Using the identity
H,(S},¢) = Hpym((B(o,2-m)) which holds for any probability measure ¢ on B(0,1),

Lemma 2.16, and the identities Upfip,] = tmp (x),]) and Hay = wj\ik v, it follows

lig]
from (3.1) that for n-almost every (k, j) and every k,

|H(k+1)N(9N77[k|k]x[j\ik}) - HN(MD’“N(HF(i)) * leik)| < 0(1) (3-2)
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where i € TN is the unique word such that IIr(1) = IIp (k). Therefore, by the assumption
i) and the local entropy averages for the measure 1 on the tree ¥ [29, Theorem 4.4], we
have dim gyn > «. We remark here that in the hypothesis of [29, Theorem 4.4] it is
assumed that gy is a tree morphism, but it is not difficult to verify that just having
the property for sets of the form [k|,] % [jli,] is enough to apply the theorem in our
setting. Finally, taking gnn through the faithful map hy yields p * v and distorts the
dimension by at most O(1/N), by [29, Proposition 5.2], which shows that dim(u * v) >
a—O(1/N) > a—¢ as long as N > Ny is large enough, which is what we wanted to
show.

Suppose then that the condition i) holds for i x v-almost every (i,j) and for some
N = N(4,j,e) > Ny depending on i and j. Let ¢’ < € be small enough so that

dim(p * v) > inf{dim E CR? : pxv(E) > &'} —e. (3.3)

By Egorov’s theorem, we find a set £ C TN x AN and an integer N; > Ny such that i x
v(E) > 1—¢'/2 and the condition i) holds for every (i, j) € E and every N > Nj. Arguing
as above with the measure 7 replaced by the measure 1’ := (II,' o I, 1d)(ji x #) g on ¥,
where (IT;! o TIp, 1d) : (i, j) = (' (TIr (1)), j), the proof proceeds identically up until
the equation (3.1) where we used the identity (* o ﬂ)(n[klk}x[j\ik]) = Upfip,) * Havyy),, -
Unfortunately, this is no longer true if 7 is replaced by 1’ because of the restriction to
E involved in the definition, and instead of (3.1), we arrive at

[H (k1) N (ON T x31,,1) — H ey v (G0 I (g g3, 1)) < O1).

However, since ' < 7, it follows from an application of the Lebesgue-Besicovitch
differentiation theorem (cf. [23, Proposition 3.8]) that

klggo sup |77fk|k]x[j\ik](f4) = M) [31:, ] (A)] = 0

for n’-almost every (k, j), where the supremum is taken over all Borel sets A. In partic-
ular,

Jim |Hrr1yn ((x 0 ﬁ)(nfk\k]x[jhk])) — Hrryn (¢ 0 T (g1 31,,1)) | = 0

where (* OH)(n[k|k]X[j|ik]
tion i) and the local entropy averages for the measure 7 on ¥ [29, Theorem 4.4], we
conclude that dim(x o IT)y’ > o — O(1/N) > a — & when N is large enough, and so
dim(p*v) > a—2e by (3.3). O

) = HD/l[khc] * HAZ—/[j\z‘k]' Combining this with (3.2), the assump-

4. Proof of Theorems 1.1 and 1.2

In this section, we state our key technical results, and apply them to prove Theo-
rems 1.1 and 1.2. We begin with some notation.
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Recall that we defined RP' as the collection of one-dimensional subspaces of RZ2.
Through the identification RP' 2 [0,7) we use 6 € [0,7) to denote both angles and
lines (making that angle with the positive z-axis). Recall that Ry denotes the “shortest”
rotation which takes § onto 0 (the y-axis), and for # = 0, we choose the clockwise
rotation.

For almost every i € I'N and 6 € RP!, we let 1,0 denote the probability measure

0
71'9H(i

disintegration p = [ pf drou(z) = fufmn(i) dpi(i) supported on the line 6+ + TI(1),
translating it by 7Ty(;) and finally rotating it by Rg. That is,

supported on the y-axis, obtained by taking the conditional measure p ) from the

Hip = RQTH(i)Mfren(i)- (4.1)

For t > 0, write 11,9, = Sf pt1,0. The measures pu; g are occasionally called slices of p.

Let now p be a self-affine measure associated to an iterated function system ® as in
Theorem 1.1. The strong separation condition asserts the existence of a bounded open
set V' # () whose closure is mapped into disjoint subsets of V' by the maps ;. For the
sake of notational simplicity, we suppose that V' = int(B(0, 1)); Since all the statements
in the following are local in nature, everything works also for a general V' by restricting
onto small balls centered in the point of interest.

Let N be a large integer so that 27 < min{d(¢;(B(0,1)),¢;(B(0,1))) : 4,5 € T}.
For i € TN and k € N, let £, = £(i) € N be defined by

Op(i) = max{n : ai(4;),) > 2" *"DNy (4.2)
and notice that for every k,

B(II(2),27V) N I(ITN) C gy, (B(0,1)).

le,

Our main geometric observation is that for any self-affine measure p with dim g > 1, the

Din (M) have a fiber structure in the sense that mp( ). p v T3 is very close

measures (4
to a slice of the original measure y, in a direction typical to the Furstenberg measure
pr. This is true also when dim g < 1, but in this case the proof is slightly different.

Throughout the paper, we adopt the convention that —p denotes the push-forward
of  through the map z +— —z. Let 72 : R? — 01 denote the orthogonal projection
onto the y-axis. If v is a measure and I is an interval on the y-axis with v(I) > 0, we
let v! := Fu;, where F' denotes the unique homothety on the y-axis taking the closure
of I onto {0} x [—1,1]. We say that two iterated function systems ® = {¢;}ier and
U = {4, }ier are linearly conjugate if there exists a non-singular linear map A such that
p; = Ao1); 0 A7L. In this case we say that ® is a conjugate of U through A.

Proposition 4.1 (Fiber structure). Let ® = {p;(x) = A;x+a;}icr be a self-affine IFS with
trreducibility, domination and strong separation conditions. For any € > 0, the following
holds after conjugating ® through a linear map:
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Let 1 be a fully supported self-affine measure associated to ® with dimyu > 1. For
fi-almost every i € TN, any large enough integer N and all 6 in a set of positive pip-
measure, there exists a sequence of intervals (I)i of length 1/2 on the y-azis and a set
N. C N with liminf,,_,o w > 1 — ¢ such that

Iy,
de(w2uD’“N(H(l)), (p(gk,(iaa)):u’a[ki,Ai; H,kNlJrlogozl(igk)) ) <e
k

for every k € N-, where €y, is as in (4.2) and p : N x (TN x RP1) — {—1,1} is a cocycle.

The reason for having to pass to a conjugate IFS is purely technical and it arises only
because in applications it is convenient to have the conclusion stated for magnifications
of u along the standard dyadic squares; We leave it for the interested reader to verify
that if 72 is replaced by Tg(1)+ and one chooses to magnify along balls centered at I1(1)
instead of dyadic squares, then no domination condition, no passing to a conjugate IFS
nor the restriction to Iy, is required. Such a modification is not required in the proof of
Theorem 1.1, however. The proof of the proposition is given in Section 5.

Let us briefly compare Proposition 4.1 with the existing results on the scenery of
self-affine measures. First, the result of Ferguson et al. [19] deals with measures on
Bedford-McMullen carpets. In this case, the Furstenberg measure pp equals a point
mass, and the defining matrices involve no reflections, whence the cocycle p above may
be replaced by the identity and the map M is just the left shift on the first argument.
Using the carpet structure, the authors also describe the fibers of PN (1) with respect
to 72, which seems to be difficult in our setting.

The result of Kempton [32], on the other hand, deals with self-affine measures under
the irreducibility and domination conditions. In addition, the methods of [32] assume
that the orthogonal projection of i in pp-almost every direction is absolutely continuous,
and that the defining affine contractions preserve orientation. The projection condition
allows Kempton to deduce that each fiber of pPs~ 1) with respect to 72 is just the
Lebesgue measure, while assuming the defining contractions to be orientation-preserving
allows the cocycle p to be replaced with the identity. Finally, Proposition 4.1 considers
magnifications of p along the dyadic squares instead of balls centered at II(i), which
brings in some additional technical considerations regarding the distribution of p near
the boundaries of dyadic squares.

4.1. Estimating the local entropy averages
Recall from Section 3 that we have to find a lower bound for either 4 Hy (PN TH3) 4
VJ'MC) or %HN (,ui|ik * V3 ), for most k. Bounding the second quantity is easier and can

be done without the domination condition, but the bound we obtain is weaker:

Claim 4.2. Let p and v be as in Theorem 1.2, and let € > 0. For ji-a.e. 1 € I'N, D-a.e.
j € AN and any Ny € N, there exists an integer N > Ny such that
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n—1

1
1 > mi . . . _
lﬂgf - E HN ff;, * vj),, ) = min{l,dim g} + min{1, dim v} —e.

The proof is given in Section 6. Theorem 1.2 is immediate from Claim 4.2.
Proof of Theorem 1.2. For any € > 0, applying Claim 4.2 and Theorem 3.2 yields that
dim(p * v) > min{l, dim g} + min{1, dimv} — 2¢
which proves Theorem 1.2. O

From Theorem 1.2 it readily follows that if u and v satisfy the assumptions of Theo-
rem 1.1 and

dim(p * v) < min{2,dim p + dim v}, (4.3)

then dim gz > 1 > dimv. From now on, we suppose that dimy > 1 > dimv, and that ®
and V¥ satisfy the domination condition.

The strategy of the rest of the proof is to assume that the arithmetic conclusion
of Theorem 1.1 does not hold, and use this assumption to obtain a lower bound for
%HN(/LD’“N(H(:L)) * Vj‘ik) which, when combined with Theorem 3.2, results in a contra-
diction with (4.3). Applying Lemmas 2.17 and 2.18 we see that

Hy (uPsv ) sy (4.4)
> Hy (m?pPov O om0y Hy (uPev @) |22) — 0(1)
= Hy (7T2MDkN(H(1)) * 21 il ) + HN( DkN(H(i))) HN( 2 DkN(H( ))) 0(1)

for every N. Dividing both sides by NV, the average of the terms %HN(NDW(H(”)) over k
is known to equal dim p. Thus, Theorem 1.1 follows from the following estimates together
with the local entropy averages:

Claim 4.3. Let ® be as in Theorem 1.1. For any € > 0, the following holds after conju-
gating ® through the linear map given by Proposition /j.1:

Let p be a fully supported self-affine measure associated to ® with dim p > 1. For any
Ny € N, there exists an integer N > Ny such that for fi-a.e. i € TN, we have

n—1

1 1
lim sup — ZNHN 2 p P MY < dim g — 1 4 ¢.

Claim 4.4. Let ® and U be as in Theorem 1.1, and suppose that there exists (i,7) € T x A

such that % ¢ Q. For any € > 0, the following holds after conjugating ® and ¥

through the linear map given by Proposition 4.1:
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Let v and v be fully supported self-affine measures associated to ® and ¥ with dim p >
1 > dimwv. For any Ng € N there ezists an integer N > Ng such that for ji-a.e. i € TN
and v-a.e. j € AN, we have

n—1
1 1 .
liégioréf ” E NHN(,]TQﬂDkN(H(l)) * 7T2Vj|ik) > min{l,dimy — 1 +dimv} —e.

While the domination condition could be relaxed from Claim 4.3 by slightly modifying
the statement, in the proof of Claim 4.4 it plays a crucial role. These claims are proved
in Section 6. We now show how to conclude the proof of Theorem 1.1.

Proof of Theorem 1.1. Let ® = {g;}icr and ¥ = {9;};ca be as in the hypothesis,
and suppose that there exist fully supported self-affine measures p and v such that
dim g > dim v and dim(g*v) < min{2, dim g+ dim v}. By Theorem 1.2 we have dim p >
1 > dimv. For a contradiction, suppose that

{a(A)] = i e THU{[Aa(B)): j € A}

is not an arithmetic set. It is not difficult to see that there must then exist a pair
(i,7) € T x A such that %Ogl‘il i )I Z Q.

Let € > 0 be small, and conJugate ® and ¥ through a linear map as in Claims 4.3 and
4.4. Since ® and ¥ are conjugated through the same map, it is easy to see that a pair
(i,7) € I' x A and measures p and v as above also exist for the conjugate IFSs. Now, by

[29, Lemma 4.3], we have

dim g = lim inf — Z N Dk-N(H(i)))

n—oo N

for ji-almost every i € I'N and any N € N, so by (4.4) and Claims 4.3 and 4.4, for any
Ny € N there exists N > Ny such that

hmlnffZN p e (@ ))*l/j“k)

n—oo M

v

min{1l,dimpy — 1 4+ dimv} + dim g — (dimp — 1) — 2e — O(1/N)
= min{2,dim y + dimv} — 3¢
for ji-almost every i € TN and v-almost every j € AN. It now follows from Theorem 3.2

that dim(p * v) > min{2,dim u + dimv} — 4e, which is a contradiction if ¢ is small
enough. O



32 A. Pyorali / Advances in Mathematics 451 (2024) 109770

5. The scenery of the self-affine measure

In this section, our aim is to prove Proposition 4.1. We assume throughout the section
that u is a self-affine measure associated to an iterated function system ® = {p;(z) =
Az + a; }ier satisfying the irreducibility, domination and strong separation conditions,
and that dim g > 1. The arguments of this section were inspired by the work of Kempton
[32] on a similar result for a more special class of self-affine measures, and some of our
lemmas are analogous to those in [32].

5.1. Restrictions of p on thin rectangles

Let us begin with the heuristics of why magnifications of p are related to slices of pu.
Let i € TN, let B be a small ball centered at TI(i) and let n be the largest integer so
that ¢, (B(0,1)) 2 B. By the strong separation condition, we have up = ‘Pi\n¢;|i,ﬂ3 =
PiluHyot - Therefore, in order for us to understand the magnifications ppg, it suffices to
understand the measures p el B the restrictions of p on the ellipses <pi_|iB whose major
semi-axes have length comparable to 1 and are parallel to 9(A1_|1) Since Lemma 2.1
asserts that the ellipses ap;‘iB get thinner and thinner as n increases, the measure 'uw; ip
should be close to a slice of p in the direction 9(Ai_|i), when n is large.

In a more rigorous approach, it is better to work with rectangles instead of ellipses.
Fori e N, 0 e RPY, ry >y > 0, write Yi 0.7, ,r, for the rectangle centered at II(i) with
sidelengths 27" > 272 and the longer side oriented in the direction 8. For a rectangle
Y with center at x and major side oriented in the direction 6, write Hy for the map
which translates  to the origin and stretches T, Y onto R;l[—l, 1]2. It follows from
Lemma 2.23 that the measures Hy, , . . fly;, . . have a fiber structure in the following
sense.

Lemma 5.1. For i x pp-a.e. (i,0) € TN x RP' and any e,6,r > 0, there exists t > 0
such that if 0 <7y <7, ro > t, Q is a translate of [0,1/2]? that contains the origin and

ReHYi,e,rl,rQ HYi 6,y rg (Q) > 4,

then

dip (ﬂz((ReHYi,B,rl,rz ILLYi,G,rl,TQ)Q)7 (/’Li,97T1)7T2Q) <E.

For the proof, we record the following elementary observations.

Lemma 5.2 (Lemma 3.3 of [5]). For any r,é > 0, the following holds for all small enough
e>¢e > 0:

If i and v are probability measures on [—1,1]% with dpp(u,v) < €' and B = B(z,7)
is a closed ball with min{u(B),v(B)} > § and v(B(z,r+¢')) < v(B(z,r —¢€')) +¢, then
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dLP(,UfB»VB) < 0(8/(5)

Lemma 5.3. Let i be a probability measure on R. If I C R is a closed interval which
contains 0, then u(x +I) > 0 for p-almost every x € R.

Proof. The distance between any two points in E := {x € R: u(x +I) =0} Nsptp is
at least |I|/2 > 0. In particular, E is countable, and so pu(E) < J,cpu(z +1)=0. O
Proof of Lemma 5.1. Recall from (4.1) that p; ¢ = RGTH(i)Nfren(iy where ufmn(i) is a
conditional measure of y from the disintegration p = [ pf dmop(y) = fuien(i) di(i),
and that p5 9, = S’ pi 9. We claim that

inf{ui g, ({0} x[a,a+1/2]): =1/2<a<0,0<7r <7}>0 (5.1)

for every § € RP! and -almost every i € I'N. Indeed, for every € RP! and myu-almost
every y € 6, the measure ,ufl exists and is supported on the line y + 6. It follows from
Lemma 5.3, applied with y+6 in place of R and for the interval R, ({0} x [0,277/4]) C
6+, that

py (@ + Ry ({0} x [0,277/4])) > 0

for pf-almost every = € y 4 6+. Since my(x) = y for every x € y + 6+, it follows that
pr-1 ()0 ({0} % 0,277 /4]) = ) (x + R, ({0} x [0,277/4])) > 0 for mpu-almost every y
and ,uZ—ahnost every x. But since p = f,uz dmgu(y), this means that

pa0.m ({03 X [0,1/4)) > ps p({0} < [0,277/4]) > 0

for ji-almost every i € TN and every 0 < r; < r. Analogously, s ., ({0} x [~1/4,0]) > 0
for ji-almost every i and every 0 < r; < r. Since the intervals of the form {0} x [a, a+1/2]
considered in (5.1) always contain either {0} x [—1/4,0] or {0} x [0,1/4], (5.1) follows.

Thus, by (5.1), for a given € > 0, there exists ¢ > 0 and a set A; with pxpup(A4:) > 1—¢
such that p5 9.0, ({0} x[a, a+1/2]) > cfor every (1,0) € A., —1/2<a<0and0 <7 <.
Since fi X pr(U,en A1/n) = 1, it suffices to prove the statement for (i,6) € A., for a
given € > 0.

Recall that 7! denotes the orthogonal projection to the z-axis. Lemma 2.23 translated
to the language of this section states that if ¢ > 0 is large enough, then for every ro > t,

drp (Wz(RoHyi,e,rl,,,z Y g0y ) (1) =171 (Q) 5 [i,0,r,) <E.

See Fig. 1. Since dim gt > 1, pt3 9., is non-atomic for ji x pp-almost every (i, ) by Theo-
rem 2.7. Moreover, (71)~!71(Q) N (%) ~'73(Q) = Q and i 9., (7°Q) > ¢, so Lemma 5.2
combined with the above asserts that for a possibly even larger ¢ > 0, for every ro > ¢
and every 0 <r; <,
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dup (7 (RoHy, o, o Y0000 )@ (a0, )m2q) <€

which is what we wanted to prove. O

2 ¢ (0,0)

m2Q + Q:

L) Q)

0 - Hy, 4\ 0y Yi,0,r1,m

Fig. 1. The measure Hy,,, . Mv,,, . Projects close to a slice of p under 72, even when restricted onto

(7"t (Q).

Dy n (TI(

We will next relate the measures p 1) to the measures Hy, To

0, ra Y10, g
make statements more economic, we introduce some additional notation.

5.2. Magnifications of 1

For a € I'*, let A, = U,D,V,~! denote the singular value decomposition, where U,, V,
are orthogonal and D, = diag(a(A4a), @2(A4a)). Recall the definition of the sequence
(i) ren from (4.2). Throughout the following, we will use the short-hand notation

Qi0.k = Yo i,0, kN—2+logai(ile, ), kN —2+log az(ile, )

Then the set @, , 4—1 C R? is the smallest rectangle that contains the ellipse
1,19(141‘( )vk
k

Pyl (B(II(3), 274V+2)),

Proposition 5.4. For every i € TI'N, every large enough N € N and every 6 €
B(0(i)*,1/5), there exists a sequence of non-singular linear maps (Li g k)ren such that

1j¢ 6,k

il

-1
SZN—lTH(i),u = STUl\sz kLi’e’kHQi,Aql o k:uQi a1
i Zk ’

for all large enough k.

An important point of the proposition is that the direction 6 can be chosen arbitrarily
from a large set. In proving this we require the following geometric lemma, analogous to
[32, Lemma 8.2]. Write Ej; g C Qi for the largest ellipse contained in Q; g . Note

-1 .\ 9—kN+42
that Ei,G(A;‘;k),k = g, (BII(1),27H%).
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Lemma 5.5 (Fig. 2). For ji-almost every i € TN and every 6 € B(0(i)*,1/5), for every
large enough k,

S 1Trots) By oA )ik < TH(aek1)Qi,A;|l}k0,k'

~
I

Fig. 2. The ellipse E; oA ).k (light gray) fits completely inside the rectangle Q; A7l 6k after the axes are
s ilg, ) Pl T
scaled by 1/2.

Proof. For any § € RP', i € TN and k € N, we have

tan (A0, 9(A1|k>)=328::; (8, 8(As,)7b). (5.2)

See Fig. 3.

o (i) L
A 1 e
A

£ az(ilk) e

Fig. 3. Here 8 = d(, 6(Ay),)") which is taken to 8’ = d(A; Lo, 0(A ) by A L If the side of length 1
is parallel to 0(A1|k)J‘ (which is the major expanding dlrectlon of Aj k) then 1ts 1mage through A;I: is of
length o (i|x) !

Let n = d(A;liH, G(A:‘i)) and define X = [—aq(i|x), a1(ilx)] X [—a2(ilk), a2(ilk)]
andY = R, ([— al(;"“), al(;"“)] X [— 0‘2(;"“), QQ(;"")}). It is not difficult to see that Y C X
if we have sinn - % + % < a1(ilg), or equivalently,
a1(dlk)

az(ifr)

Since n — 0 as k — oo by Lemma 2.3, we have sinn < 2tann for large enough k.

Therefore, for ji-almost every i € I'N and every 6 € B(6(i)*,1/5), it follows from (5.2)
and Lemma 2.2 that

sinn <

sing < Zon(ily) o nd(f, 0(A;,)"h) < al(?‘k)%an(l/@ < O‘l(ﬂk)
a2(1|k) Oé2(l‘k)
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for all large enough k. O
Proof of Proposition 5.4. Let N be a large enough integer so that
27 < min{d(i(B(0,1)), ¢;(B(0,1)): i,j €T},

let (i,0) € TN x IR]P’1 let k be large, and let ¢ be defined as in (4.2). Write
By, =1U; Dl\@ Uy, - Recalling that E; 6(AT 1k = (c,omk)’lB(l_[(i),2*’“\'”)7 it is
B(Ag, )

ey,
not difficult to see that S;c N_2B 71 is the linear map which scales the origocentric ellipse
L

Usp,, Vi ' T ) 19(,4 Lk onto B(0,1) without rotating it.

ey, ile,, cpl‘

By the strong separamon condition, with this notation we may write

Sin—2Tn (LU= Sin— QTH( YPi

‘ek B, oA )k
ile,

ile,

1

ile, i

i, T )
iley, Lﬂi‘zkn(l)'uEle(A] ).k

= Sin- 2Bl o Ui, Vllngw ‘1 n@)HE, oAy, R

_ —1
= Ui ‘/ilﬂkHQl G(Alll ),kﬂE (AT 1 )k, (5.3)

ley,
1\5

by switching the order of scaling and rotation in the last equality. This is almost
the representation we are seeking. The reason we are not yet content with this
is that we would ultimately like to apply Lemma 5.1 to say that the measure

Rya-1

i . - > 0.
i )HQ1 ooa HE, -1 is close to #f’ekl»"(Auzk)’t for some t > 0. However,

|[ ),k 1\5 ).k

we are able to say this only if G(A;pl ) is replaced by some 6 which is drawn randomly
“k

with respect to pp. Although the sequence (H(Al_‘:

k

for pp, for fi-almost every i € TN it is only in the weak-* sense and the lack of any

))ken does in fact equidistribute

continuity for the function (1, 6) — p; ¢ makes it difficult to say anything about the rela-

tionship of RG(A.—I HQi oAzl ), ME, st v and p_e, ; 9(,4?1 . Therefore, we devote the
"k k
rest of the proof to the technical work of replacing the measure Hqg WE

1,0(A5Y )k noag! )k

| £ \ﬁ
by HQ oohQ 1, in (5.3), where 6 can be drawn freely from a set of posmve

Vk ' Tl
pp-measure, so that we may eventually apply Lemma 5.1.

If we now let § € B(0(i)*,1/5), then by Lemma 5.5 we have

k

ST ) Es giar ) € Tt @i,a-1 ok (5.4)
1‘Zk l\gk

for every large enough k. Using the general fact that ux = (uy)x whenever X C Y C R2,
we obtain from (5.4) that
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TH(Géki)ME (A= ‘ )k
O S- 1T (o Zm)El H(Al‘ ).k
= TH( lkl)MQ ‘ ok
[k S- ITH(aeki)Ei,B(Aql ),k
e,
. -1 . . .

Pushing both measures forward under HQi 9(4;‘1 a© Tn(a@ki) and using the identity
B(0,1) = Hq, e TH(gekl)TH(U[kl)El G(A—l ), Which is immediate from the defini-

h
tions of H and F, we obtain

)k/iE ot 1 = HQLG(AM MO, (5.5)
k

B(0,1/2) K SAl, B(0,1/2)

See Fig. 4.

E;, 9(Aw ),k

Qi,A"l 6,k
tley

Fig. 4. The precise “location” of the line A L 9 in RP! is easier to control than that of 9(A ) even though

the lines are very close to each other. Because of this, we want to consider restrictions of /,L on Q; AT 0.k
ey

instead of on E, G(Alu Yok

Writing
Ligy = HQI oA u )kHéiAi—‘;ks,k
and combining (5.5) with (5.3), we obtain
Sen—1Tm k= S1U. il Vil, LlekHQ 1'2k s Wk“

for all large enough k. This completes the proof. O
Note that because Dy (I1(1)) € B(II(1),27*N*1) it follows that

) (5.6)

6,k

pPe WO = (Siy Ty )@ = (S0, Vi LuosHo, o, 1o,

ileg, Wk
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where @ is a translate of [0,1/2]? that contains the origin. Here and in the following,
if v is a measure on the plane and Q is a square, we write 19 = Fvg where F is the

unique homothety sending the closure of @ onto [—1,1]%. If the map Uilzk Vlv Li o
"k
were just the rotation R Agt o then all that would be left to obtain the fiber structure
e,
of pPr¥ M) were to combine (5.6) and Lemma 5.1; See Fig. 5.

-1
S1Us,, Vi, LrokHe, H,in,A:‘; 0,k
Te, .

il le

(07 0)

Fig. 5. For us to be able to directly apply Lemma 5.1, the above parallelogram would have to be a square
similar to Q.

Unfortunately, because of the involvement of the map L; g 1, the map Ui|£k Vl‘*ei Li o1
is not merely a rotation, and some technical work is required to deal with this additional
distortion. We begin by breaking the map Uy, Vi|? into three components: The reflection,
and two rotations which do not reflect.

5.5. The distortion Uy, V1|_,gl Li gk
k

For a linear map A : R? — R? and 6 € RP?, let Alg: § — R? denote the restriction
of A onto 0. For every 0 € RP!, let ey denote the unit vector of @ with non-negative y-
coordinate. Let O € I'N x RP* be the open set of those (1, 6) for which (es-1p, A;O1€9> <

i0

0. Here (-, -) denotes the Euclidean inner product. Recall that M denotes the map
(1,0) — (oi,Ai_o19). Define the function p: N x (I' x RPY) — {—1,1},

p(n, (1,0)) = ﬁ(*l)lo(Mk(i’e)) (5.7)
k=1

where 1o denotes the indicator of O. The map p captures the reflections done by A;ll
on the line ¢, or by Aj|, on the line A;lie. Indeed, for any « € 0, we may decompose
A7l as

l‘TI,

n

Ajle = \|A;|1x|\R;_1,‘19p(n, (i,60))Rox. (5.8)

In other words, first rotate x to the y-axis, apply the possible reflections, rotate the y-
axis onto the line A;lie, and finally scale. The map p is easily seen to satisfy the cocycle
equation
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p(n+k,(1,0)) = p(n, M*(1,0)p(k, (1,6))
for every n,k € N.

Lemma 5.6. Let i € TN and let Ui, Dy}, V, be the singular value decomposition of Ay, .
For any 0 € RP*\ {0(1)}, we have

nhj{}o ||Ui‘n‘/;Tn1|A;i0 - Re;(li)LP(“» (1, 9))RA;|7119|A;‘7119” =0.
Proof. Let B;), := Dl_I: Ul_li and note that

i‘n

A1|n - B | Bl‘ﬂAl‘n - B \ Ulln 1|
In particular, Uy, V| " = — By, Ay,
Now, by (5.8),

On the other hand, it follows from Lemma 2.5 and some basic geometry that

| Butulo = (0™ AT ol B3 Rola | = 0

asn — oo, for some sequence (ky, ), € {1,2}N. Since B;),, is positive definite and 6 # 6(i),
the sequence (—1)*» has to be eventually constant. By absorbing the eventual value of
this sequence to the definition of p(n, (i,0)), we may without loss of generality assume
that

Jim A, ol T B, lo = Rolo- (5.10)

9(')L

Thus, combining (5.9) and (5.10), we have

Jim 1By, Asy, a1 g = Rogyap(n (1,0) R 16l 421l = 0

which is what we wanted to show. O

It remains to study the behavior of linear map L; g from the Statement of Propo-
vilL; 0,k takes

sition 5.4, as k — oo. The content of the following lemma is that Ui“ e,

the square HQi,Ajl e,in)A;‘; ok = R;rl o1 ,1]? onto a parallelogram of bounded ec-
ile k

centricity and one side in direction 0(1).
Lemma 5.7. For every i € TN and § € RP'\ {0(1)},

1Us

‘Ek 1|g

"Lioy — Rg_(]i)Lp<€k7 (i, 9))F(§,iRA;u} oll =0
k
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ar by - tand(6, H(i)l)

as k — oo, where Fy, = 0 ) for some ay, b, € {—1,1}.
Proof. Recall that Lipr = Ho , . kHél _, - As the map L; g acts on the

i,0( i“{k)’ J i’Ai‘@k 0,k
set R;L oL 1)%, it is first taken to the thin rectangle Hél » RZL oL 1% (see

ey, B, OF Tl
Fig. 6), and then stretched onto a parallelogram by Hg | .
1,9(Awk),k
Qs.S(A:‘;k).k -
Fig. 6. The set Hél ; R;IA,, [-1,1)® is depicted as the thin white rectangle, while the set
1.e(A;‘£k).A~ ( ,\[k)
Hé,l,/r‘l . R;}Z 9[71, 1]? is depicted as the thin gray rectangle.
ilgy, k

The angle between the two thin rectangles in Fig. 6 is d(H(Ai_lj ), A:IZ1 ), so
k k
by (5.2) and basic geometry, the Hausdorff distance between the parallelograms
LiygﬁkR;L 0[—1, 1) and R;(irl )Feki[—l,l]Q tends to 0 as k — oo, where in the defi-
iley, iley, ’

nition of Fj; we have ax = 1 and by € {—1,1} depends on the order of O(A._: ) and

ile,

Ail #. In particular,
Ly

| Liox — R0‘(1A_1 )Fg’iiRA_fl ol =0
iy, il

as k — oo. It follows from Lemma 2.3 that d(G(A;Ij ), A;IZ 6) — 0, so using Lemma 5.6
k k
and incorporating the possible reflection for the line (i) as the value of ay in the

definition of Fek’ ; completes the proof. O
5.4. Proof of Proposition 4.1

We will now explain how to combine Proposition 5.4 and Lemmas 5.1 and 5.7 to prove
Proposition 4.1 and obtain the fiber structure of pP*¥I) In (5.6) we noted that by
Proposition 5.4, the dyadic magnifications of u have the form

pP WO) = (S35 Trgsyu)? = (87U, V) ! Luowllo, o ob@, g s )¢
ey, ™ Tile
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where @ is a translate of [0,1/2]? that contains the origin. Therefore, what stands in
the way of using Lemma 5.1 to relate pP*¥ (1) to a slice of i is the presence of the
distortion Ui| Vlu L; g .

However, because of our freedom in choosing the direction 6, this issue can be resolved
by replacing ® by a conjugate IFS so that 0+ € §—(T'N) and 6(I'N) C B(0,¢) for some

small € > 0. For the conjugated IFS, the map 72Uy, V.7 L; .0,k will be within distance

‘Ek ile,

e of the map 72R g for all 0 in a set of positive uF measure. Recall that we are
e,

assuming the domination condition.

Claim 5.8. For any € > 0, there exists a non-singular linear map A. : R? — R? such
that 0+ € A.(0~(T'N)) and A.(O(TN)) C B(0,¢).

Proof of Claim. Note first that the domination condition ensures that 6~ (I'N)Ng(TN) =
0, in particular d(6~(T'N),0(TN)) > 0 since the sets are compact. Indeed, if C is
the strongly invariant multicone of {4;};cr, then RP' \ int(C) is the strongly in-
variant multicone for {A;'};er and so it follows from Lemma 2.1 that §(T'N) C
int(C) and Gf(FN) C RP!\ int(C). Now, pick any 6y € 6~ (I'N), and set A, =
diag(1/(d(6o,0(T™))e), 1)Rg,. O

We are now ready to prove Proposition 4.1.

Proof of Proposition 4.1. Let ® = {;};cr be an affine iterated function system satisfy-
ing the irreducibility, domination and strong separation conditions. Let € > 0, let £ > 0
be small with respect to € and let ¢ > 0 be small with respect to ;. We will later
see how small these numbers have to be chosen. Let A., be the linear map obtained
by applying Claim 5.8 with parameter €5. We continue to denote the conjugated IFS
{A.,0p;0A_ }Zer‘ by ®. Let u be a self-affine measure associated to @, and denote by i1
the assoc1ated Bernoulli measure on IT'N and by pr the associated Furstenberg measure
on RP*.

Let N € N be large enough as in Proposition 5.4, and let the sequence ({x)ren =
(1.(1))ken be defined as in (4.2). Recall that the IFS ® was conjugated so that §(T'N) C
B(0,e2) and 0+ € sptpup = 6~ (I'N). In particular, pur(B(0+,e2)) > 0 and for every
i € TN we have B(0+,e5) € B(0(i)*t, 2e3).

Now, for ji-almost every i € I'N and pp-almost every 6 € B(0+,e5), it follows from
Proposition 5.4 and Lemma 5.7 that

dLP(SZN ITH(i),LLa

Siplte, OV Ry yHa, 1y e, )0 (31D

i,A7Y 0k

Alz'-)k 1
Ly

as k — oo, where Fj; is as in Lemma 5.7. Since § € B(0(i)*,2¢e2), the map Fj; is
within distance 2e5 of diag(ag,1). In particular, from (5.11) it follows that
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dup (7S 1 Trisy s

7T2STP(£’<7 (179))RA;‘; BHQi gl HQ, -1, k) < ez, (5.12)
k Tl

0,k AL 0,
k Ly

for every large enough k. Now, it would be relatively easy to conclude from Lemma 5.1
that

dup(7*Sin 1 Ty Pk, (1’0»#051«1,14;'21 G,kN71+loga1(i|£k)) < 3e2
k

for most k. However, we are seeking a version of the above for 72PN (1)) which is why
some technical work is still required. In the following, let

ik .= 2*I(i) mod 1,
and note that for any k£ € N,
STy D (11(2)) = T (0,112, (5.13)
Since Dy (T1(i)) € B(TI(i),27*N+1) it follows from (5.13) that

MDkN(H(i)) = (S;N_lTH(i)l’(‘)S_lTikN([0)1]2) (514)
for every k. Now, we would like to return to (5.11) and apply the restriction
(')SflTi’“N([O’I]Z) to both measures while retaining a bound for the distance between the
measures. According to Lemma 5.2, this is possible as long as the square S_1 T~ ([0, 1]2)
has large S} _Tri(s)p-measure, and the neighborhood of its boundary has small mea-
sure. In Claims 5.9 and 5.10, we perform these standard verifications.

Claim 5.9. There exists § > 0 sucill that for fi-almost every i € TN, there exists a set
./\f(_:1 C N such that liminf,,_, w >1—¢/2 and for every k € ./\/61,

Sin 1Ty p(S—1Tien ([0,1]%)) > 6.

Proof of Claim. By Fubini’s theorem, by applying a random translation to u (which
does not affect the dimension of u * ), we may suppose that for g-almost every i, the
sequence (i*V),cn equidistributes for the Lebesgue measure on [—1,1]2. In particular,
for a small enough §y > 0 there exists N/ C N with liminf, w >1-¢/6

such that
B(i*Y,260) € [0,1]?, or equivalently, B(0,80) € S_1Txn ([0, 1]%)

for every k € N!. On the other hand, by [23, Proposition 1.19],
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1 i: log Sy _1T)u(B(0,00))  —

1 T ,
nh—{r;o n 1 log 50 - 1m10cu(H<l)) <
for ji-a.e. i, so there exists a § > 0 and a set '/ C N such that lim inf,,_ « w >

1—¢/6 and
St Trgou(B(0,60)) > 5 > 0
for every k € N. If we now set N} = N/ NN, then for every k € N}, we have
SZN71TH(1)M(571T119N([07 1}2)) >0
which concludes the proof of the claim. 0O

Next we will ensure that the neighborhood of the boundary of S_;Tyx~ ([0, 1]?) has
small measure for most k, which was another requirement of Lemma 5.2.

Claim 5.10. For p-almost every i € FN, there exists a set /\fE2 C N such that
2
limy, o0 w >1—¢/3 and for every k € N2, we have

Sin—1Trayu(S—1Taen ([0,1]%)°2) < Sy Ty p(S—1Tsen ([0,1]%)) + €1.

Proof of Claim. For s,¢ > 0 let As; C P(R?) denote the closed set of probability mea-
sures giving mass at least ¢ to an s-neighborhood of a line within distance at least dg
and at most 1/2 from the origin, that is,

Agr = {v € P(R?): there exists a line £ with o < d(¢,0) < 1/2 and v(¢%) > t}.
If £, was chosen small enough, then for fi-almost every i € I'N we have

, #{O<k<n: Siy T € Acye,}
lim sup <

n—00 n

/3.

Indeed, if this was not the case, then for any n € N we could find a weak-* accumulation
point P, of (% Zi:l 08ty Tawu)eeN such that P,(Ay/, ., ) > /4. In particular, any
accumulation point P of the sequence (P, ),en would have

P <m Al/n@l) = nh_)n;o P(Ai/pe,) > nh_)néo liinjgop Pr(Aijne,) > e/4. (5.15)
For every n, the measure fON S¥ P, dr is a fractal distribution by [23, Proposition 5.5].
Since the function v fON Svdr is continuous and the space of fractal distributions is
closed by [31, Theorem 3.1], also P’ = fON S¥Pdris a fractal distribution. From (5.15) it
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follows that P'((,, A1/n,e,/2) > 0, contradicting Lemma 2.22. Therefore, if we define for
every i € T'N the set N2 = {k € N : Siy_ Tt € Ae,e, }, then for fi-almost every
i we have liminf,_, w > 1—¢/3 as long as e5 is small enough. Clearly, the

statement of the claim holds for every k € N2. O

Let us now resume the main line of the proof. For every k € N1 N N2, it was verified
in Claims 5.9 and 5.10 that the measures in (5.11) satisfy the conditions Lemma 5.2,
and so we have

dup (#D'“N(H(i))7

(Sio(th, (3, 0))ding(ar, VR ,x gHo, o, Ha, ‘M>S—1T1W<[°»”2>)
Zk 1£k

O(e1/9) (5.16)

as long as g5 is small enough with respect to £1. All that remains to be done is to apply
Lemma 5.1. Let e5 > 0 be small enough with respect to ¢ > 0 and N. Let X C TN x RP*
be the set given by Lemma 5.1 and Egorov’s theorem, such that g X pup(X) > 1 — 3
and for all large enough 73 > 12(e3), every 0 < 1y < O(N), every (i,0) € X and any

translate @ of [0,1]* containing the origin and with RyHy, , . . v, (Q) = 94, we

6,r1,72
have

dip ( (R9HY 0,1 o Y5 0,0y TQ)Qv (:U'i,a,rl)fr2Q) < 6/2' (5'17)

For every (1, 6) we let N2 C N be the set of those k for which M**(1,0) € X. For jix jup-
k

almost every (i,6), we have liminf, #{0sksn: MPA0)EX} ~ 1 _ o by Birkhoff’s

ergodic theorem, and since it is not difficult to Verlfy from the definition of ¢ (in (4.2))

that ¢, < On(k), we have liminf, w > 1—¢/3 if e3 was chosen small
enough.

Finally, setting V: = N1 NN2N N3 and combining (5.16) with (5.17), we see that

Iy
drp <7T2ALD’“N(H(1))7 (P(gk» (,0))ti5tns, a1 9,kN1+loga1(i|zk)) ) <e/2+0(e1/d) <e,
k

for every k € Nz, when I}, := 72S_1Tyxn ([0, 1]%). This is what we set out to prove. 0O
6. Bounding the local entropy averages

In this section, we prove Claims 4.2, 4.3 and 4.4. In order to do this, we need to

understand the dynamics of the sequences (f43), )reN, (l/j|ik Jeen and (2 pPen (1))

|1k

keN-
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6.1. Auziliary suspension flows

Let p and v be self-affine measures associated to iterated function systems & =
{pi(z) = Aixz+a;}icr and ¥ = {9;(z) = Bjxz +b;}jen satisfying the total irreducibility
and hyperbolicity conditions. We require a cocycle acting on AN x RP! similar to p
of the previous section, which we also denote by p since it plays an identical role: Let
O C AN x RP' denote the open set of those (j,0) for which (es: 0, B} eg) <0, where
eg denotes the unit vector of 8 with non-negative y-coordinate, and set

k
plk. (3.0)) = [[ (LX), (6.1)
=1

Recall that M, : AN x RP!' — AN x RP! denotes the function (j,6) — (03, B;,0).
Define the Holder continuous functions

f:TZ xRP' - R, (i,0) = —log || As] 41|l
0
g: AZ x RP' - R, (3,0) — —log | BS ||
and the sets

Zo :={(i,0,u,t): 1 eTZ 9 cRP  ue {-1,1},0 <t < f(i,0)},
Zy ={(3,0,u,t): jEA? 0 €RP ue{-1,1},0<t<g(3,0)}

both equipped with the identifications (i,0,u, f(i,0)) = (M(i,0), p(1,(i,6))u,0) and

(3,0,u,9(3,0)) = (M.(3,0), p(1,(3,0))u, 0).
Let 75 denote the flow induced by the positive reals on both Zg and Zy, given by

Ts: (k,0,u,t) — (k,0,u,t+s)

for every s > 0 and (k,0,u,t) € Zo U Zy.
Let v = §_1/2 + 61/2. Denote by Ag the measure i X up X v x L restricted and
normalized on Zg, and let Ay denote the normalized restriction of ¥ x v, Xy x £ on Zyg.
Denote by Zg and Zy the suspensions (Zs, Aa, Ts) and (Zg, Ag, T5). It is not difficult
to see that they are measure-preserving. Since the skew-product maps

(1,0,u) = (M(1,0), p(1, (1,0))u),

(3:0,u) = (M.(3,0), p(1,(3,0))u)
are [i X iy X v- and ¥ X v} X y-ergodic, respectively, by [39, Corollary 5.4], it is standard
that these suspensions are also ergodic.

Let Zj, = w121 Z¢ and 2, = 7131 Zy. Here 1% denotes the projection onto the

first, second and fourth coordinate. The systems Z} and Zj, are suspension flows of
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I'Z x RP! and AZ x RP! over f and g, respectively, and preserve the measures Ap =
fox pp x £and Ny := U x vj x L, restricted and normalized on the sets Z}, = 7121 Z4
and Z}, = 7124 Zy.

The key observation we require on the dynamics of Zj x 2}, is the following. If one
were able to prove this proposition without requiring the domination condition, then it
is very likely that with little work the assumption of domination could be removed from
Theorem 1.1 as well.

Proposition 6.1. If the systems ® and ¥ satisfy the domination condition and there exists
a pair (i,7) € ' x A with

log [A1(A)]

logo(B,)] # &

then for any No € N, the flow 2§ x Z}, is ergodic under the discrete-time map Ty for
some integer N > Njy.

Suppose now that ® and ¥ satisfy the domination condition. Let f’ : I'Z — (0, +00)
denote the map i — f(i*,07(i~)) which is well-defined and Holder continuous by
Lemma 2.2, and let

Z8={(,t): ieTZ0<t< f'(i)}.

Let Ay denote the measure i x L restricted and normalized on Z, and write Z§ =
(Z3,Ts, \y) for the suspension of I'Z over f’. Similarly, let ZJ be the suspension of AZ
over ¢'(3) = g(37,0"(37))-

We will show that the flow ZJ x Z7 is ergodic, which will immediately imply ergodicity
of Zj x Z}, since the latter system is a factor of the former. Borrowing an idea of Bowen
[11], let 7 : T%Z — T'Z denote the function which replaces all the negative coordinates of
...1_1;19%1 ... by 9. Then f’ is cohomologous to h := f’ o r, that is,

f'=h+u—uoo, (6.2)

where u is the continuous function defined by u(i) = > pe,(f'(c*1) — f'(6*r(1))). The
sum converges since f’ is Holder. In particular, the flow Z7 is conjugate to the suspension
of I'Z over h, denoted by Zh = (Z},T:, A1), and the advantage of this is that the function
h depends only on the positive coordinates of T'Z.

Lemma 6.2. If ® satisfies the domination condition, then the eigenvalues of the flow Z§
are contained in the set

M (log [ (4)) Q.

icl
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Proof. Since ZJ is conjugate to Zg and conjugate flows have the same eigenvalues, it
suffices to prove the statement for Z2. Let 3 # 0 be an eigenvalue of Z%. By Lemma 2.13,
there exists n € Z such that nf3 is an eigenvalue of (Z2)*.

Let i € T, and let ig = ... édi... € I%. Now, [Ai(A)|[ " = A2 (A7 D] = 147 gl =
[Ailg- i7" In particular,

F(30) = ~10g [ Ail 415 i | = —log [An(Ay)].

From (6.2) it is clear that also h(ig) = —log |\ (4;)].
Since nf is an eigenvalue of (Zg)+7 Proposition 2.12 asserts that there exists a con-
tinuous eigenfunction ¢ for nf, so we have

¢(Ts(1,1)) = e(nfis)d(i, 1) (6.3)

for every (i,t) € (Z&)* and s > 0. Since (Z2)T is ergodic, |¢| is constant everywhere, so
we may let 1 : (ZB)T — R be the real-valued function defined by ¢(i,t) = |¢le(¢(4,1))
for every (i,t) € (Z2)T. We obtain from (6.3) that

U(Ts(1,1)) = nfs +P(1,t) + m(i,t)
for some integer-valued function m : (Z%)* — Z. Inserting the value s = h(i), we obtain
Y(oi,t) = nBh(i) + ¢(i,t) + m(i,t)
which is equivalent to
h(i) = (nB)"'m(i, 1) + (nB) (1, 1) — (nB) " (0d, ).

In particular, h(ig) = (n3) " tm(io,t) € 71Q since o(ig) = ip. However, we saw above
that h(ig) = —log |A\1(4;)|, whence it follows that 8 € (log |\1(4;)])71Q. O

Lemma 6.3. If U satisfies the domination condition, then the eigenvalues of Zy, are
contained in the set

[ (logX2(B;)) ' Q

jeA
Proof. Let jo=...jjj.... Then jg is a fixed point for o, and
9'(Go) = —log | B} |g. ;| = —log[A2(B;)| = —log [X2(B;)|

and by replacing ZJ with a conjugate flow, we can proceed exactly as in the proof of
the previous claim. O
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Proof of Proposition 6.1. By Lemmas 6.2 and 6.3 and the assumption of Proposition 6.1,
the flows Z% and ZJ, have no common eigenvalues other than 0. Thus by Proposition 2.10,
the product Zf x ZJ is ergodic. Since it has at most countably many eigenvalues by
Lemma 2.9, for any Ny € N there exists a real number N > Ny such that it is also
ergodic under the discrete-time map 7y. By a change of coordinates, we may suppose
further that N is an integer.

Now, since we have the domination assumption in place, the system Zj§ x Zi, is a
factor of the system Z7 x Z[ through the map

(i,t,3,8) = (17,07 (17),4,37,0°(37), 5).
Since factor maps preserve ergodicity, this proves the statement. O
6.2. Dynamics of the sequence (uD’“N(H(i)))kEN

Let ® = {p;(z) = A;x + a;}ier be an affine iterated function system satisfying
the irreducibility, domination and strong separation conditions, let u be a self-affine
measure associated to ® and let Zg be as in the previous section. The reason for re-
quiring domination and strong separation in this section (even though they were not
required in the construction of Zg) is that they allow us to use Proposition 4.1 to relate
(w2 pPen (W)Y, to an orbit of a point in Zg.

Lemma 6.4. For fi-almost every i € T'N and every 0 # 6(i), there exists a constant
C(i,0) > 0 such that

Ai —
. 141, Lol ey
n—oo  ay(Ay,)

Proof. Since ||Ai\n|,4719|| = |A;),B(0,1) N 0], we have

s gzl 4y, BO, 1) N6
al(Ai\n) |Ai|nB(07 N G(Ailn)J“
Ay, B(O,1)N6] Ay, B(0,1) NO(1)"]
| Ay, B(0,1) NO(1)L] [Ay), B(0,1) N O(A;,)*]

In In

| A1, BO,1)NO(E) |

Here, for pi-almost every i, we have lim,,_, Ay BO.1A0(Ay T = 1 by Lemma 2.2 and
|Ay, B(0,1)N6) 3 "

lim,, 00 m = (cosd(#,0(1)*))~! by Lemma 2.2 and basic geometry. This

iln

completes the proof with C(i,6) = —log(cosd(6,0(i)*1)). O
In particular, for /i X pp-almost every (i,0) € TN x RP?,

drp (pasen (i,6),kN+log as (i

1) Mk (1,6) kN +log 116, 1o J—c@,0) =0 (6.4)
e
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as k — oo, where the sequence ({)reny = (£k(1))ren is as in (4.2). Note that for large
enough k,

Uy = max{n : ai(4;,) > 9~ (k=DNY

= max{n : HAi|n|A;‘71L9||_1 < 2k=DHN=CG.0Y

=max{n: —log ||Ai|“ A:\;(’” <(k—1)N-C(4i,0)}.

Combining this with the elementary observation that

||Ai1Aiz|A;21A;119|| = ||Ai1|A;119|| ) ||Ai2|A;21A;119||
we see that in Zg we have the identity

(i,0,u,(k—1)N — C(4,9))
= (Mﬁk (ia 0)’ p(gka (ia 9))“7 (k - 1)N - C(ia 9) + log ||"4iz,C |Ai_‘; GH) (65)

for every (i,0,u) € I'Z x RP' x {—1,1}.
Let F denote the map Zg — P(R?),

(1,6,u,t) — dups g+ n-1, (6.6)

for every (i,6,u,t) with 0 < t < f(i,0), where 4u(-) := p(471-). In short, we will
comment on the reason why we scale by 4.
By (6.5), we have

F(i,0,1d, (k — 1)N — C(4,6))
(6.7)

= 4p(Ly, (1, 9))/~Llwfk(i,e),kN—1+C(i,0)+logHAiL]k gt ol
e,

Let € > 0. If we now replace ® by a linearly conjugate system as in Proposition 4.1 and
w is any fully supported self-affine measure associated to ®, then by equations (6.4) and
(6.7), the following holds:

For ji-a.e. i € I'N and all 6 in a set of positive pp-measure, there exists a sequence of
intervals (Ij,)y with |[Ix| = 2 and a set A; C N such that lim inf,,_, w >1—c¢
and

dup (P OD (F(1,0,1, (k= )N = C(4,0)))"*) <& (6.8)

for every k € N.. Note that because |I),| = 2, the operations (-)/* and (-);, differ only by
a translation. Here it is convenient that we involved the constant 4 in (6.6): Otherwise,
the intervals I}, would be of length 1/2 and the operation (-)/* would involve scaling in
addition to translation, which would cause minor technical inconveniences in the future.
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6.3. Dynamics of the sequence (l/j|ik)keN

Let ¥ = {¢;(z) = Bjxz + b;};ea be an affine iterated function system satisfying the
total irreducibility and hyperbolicity conditions. We remark that in this subsection, no
domination or any separation condition is required. Similarly as in the previous section,
our aim is to relate the sequence (Vj‘ik)keN to an orbit of a point in Zy. In fact, it
turns out to be more useful to study the sequence (7r91/j|ik JkeN, for every 6 € RP!. As
we will demonstrate in this section, this sequence is related to Zg through the function
G: Zy — P(R?),

(3,0,v,t) — S:URQTFQTH(J')V. (6.9)

For any # € RP', z € R? and matrix B, it follows from the identity (Bz, eg) = (x, B*eq)
that

mo(Bzx) = £ Ry | B*|o|| Rp-emp+6(x), (6.10)

were the sign is negative if and only if (eg+g, B*ep) < 0, recalling that ey denotes the
unit vector of § with non-negative y-coordinate. In particular,

7o (B3, B(0,1))| = [|Bj), loll = [I1Bj,loll - - .- 1B}, |35 ...B5 0l (6.11)
and since Tiy(j) o 5, = Bj), © Tri(orj), we have
V3|, = TSN Tii() V31
= Rg_lp(k5 (j?a))S;:N-Hog ”BﬁkIB”RB;‘keﬂ-B;\kgTH(Ukj)V, (612)

where p denotes the cocycle that captures the sign of the right-hand side of (6.10) and
was defined in (6.1). From (6.11) and Lemma 2.2 it readily follows that

B.
L By

= = cosd(0,0(] 6.13
Jim el = cosd(6.0(5) (6.13)

for v-almost every j € AN and 6 # 0(j)*. In particular, recalling that
i =i(j) =min{n € N: |By || <27V}

—min{n € N: || B |6]] <27 *N+oseos(d00G))y,

for every large enough k, it follows from (6.12) and (6.13) that

Jim dpp (v, . R,;'G(T(3,0,1,kN —logcosd(6,0(3))))) =0 (6.14)
— 00

for v-almost every j € AN and every 6 # 0(j)*.
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6.4. Proof of Claims 4.2, /.3 and J.}

We now proceed to prove Claims 4.2, 4.3 and 4.4 using (6.8), (6.14) and Propo-
sition 6.1. Recall that (6.8) holds when ® satisfies the irreducibility, domination and
strong separation conditions, while (6.14) holds when W satisfies the total irreducibility
and hyperbolicity conditions.

Proof of Claim 4.2. Let p and v be as in the statement of the claim. We stress that in
this proof, only total irreducibility, hyperbolicity and exponential separation is assumed
of both measures. It will be convenient to replace the function n — Hp(n) by the weak-*
continuous substitute HN i o fol Hp (0, x n)dz. Tt follows from Lemma 2.16 that
|ﬁN(n) — Hn(n)|] < O(1), whence any bounds for %HN hold also for %HN, up to an
additive error of O(1/N).

Recall that i, = S;NTH(i)goi“ku and Vi, = SI:NTH(J-)’(/}H% v. By Lemma 2.1, any
accumulation points of SkNTH(i)goihk and SkNTn(j)%“k as k — oo are affine maps of
rank 1, with ranges (i) and 0(j), respectively. In particular, for & x v-almost every

(1,3),

]}LH;O dLP('ui‘ik * Vj‘ik, To(1) i * WG(j)leik) =0 (6.15)

liy,

Recall the definition of the function G from (6.9), and note that by Theorem 2.6,
dim G(j,0,v,t) = min{1l,dim v} for Ag-almost every (j,6,v,t). This is the only part in
the proof where the exponential separation is used. Since the flows Zg and Zg have
at most countably many eigenvalues by Lemma 2.9, it follows from Lemma 2.8 that
there exist arbitrarily large real numbers N such that both Z3 and Zy are ergodic
under the map Ty. By a change of coordinates we may suppose that N is an integer.
Let ¢ > 0 and Ny € N. Combining Egorov’s theorem with the well-known fact that
dim 7 < liminfy_ %H ~(n) for any probability measure 1, Birkhoff’s ergodic theorem
applied for Ty for some N > Ny asserts that for Ag-a.e. (j,6,v,t),

I~ 1 -~
nh_}n;O - kzl NHN(G(EN(j,H,U,t))) > min{l, dimv} —&/2.

By continuity of Hy, this actually holds for every 0 < t < 9(j,0). Moreover, we can
replace (j,0,v,t) by (3,6(3), 1, 0) since the orbits of  and (j) under Ty are asymptotic
by Lemma 2.3. Thus, recalling (6.14), we have for s-almost every j € AN that

1~ 1 P
7}1—>H;o - kZ: NHN(TF@(J-)VJ-‘%) > min{l, dimv} —e/2. (6.16)
=1

Repeating the exact same argument for p, we also find that for ji-almost every i € T'N,
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B IR _ .
lim _ZNHN(WG(i)Mi‘ik) > min{l,dim p} — &/2 (6.17)
k=1

Now we wish to estimate the entropy of [, * Vj|;, using (6.15) and the estimates
(6.17) and (6.16). However, for that we need a lower bound for the angle between 6(1)
and 6(j).

By Lemma 2.4 and Fubini, d(6(i),0(j)) > 0 for g x v-almost every (i, j). For ev-
ety n € N, let X,, = {(i,j) € TN x AN : d(6(i),0(j)) > 1/n}, and note that
fx U(Upeny Xn) = 1. Fix now an integer n, and note that for every (i,j) € X,,
To(j)+lo) = Re_é)LRg(i) cosd(0(i),0(3))me(s) where cosd(0(i),0(3)") > 1/2n. It fol-
lows from Lemmas 2.18 and 2.17 that

i

N(ﬂ'e(i)ﬂi\ik * 779(j)”3'|z‘k)

> HN(Sjiogcos d(o(s),00) 1) Tow Ml ) + HN (Tocw) )., * To () V51,

To5)+) — O(1)

Hy p1og cos a(8(3).0(3) ) (To(syal,, ) + Hn (mo5yvs),, Ima(3)+) — O(1)

Y

= Hy f10gcos d(0(3).0() 1) (To@) 1., ) + Hn (Taggyvy),, ) — O(1)

for every (i,j) € X, and k € N, where the last equality follows from the fact that
To(3)V;),, is supported on the line 6(j). Dividing by N and using (6.17), (6.16), (6.15)
and the fact that cosd(6(i),0(3)*) > 1/2n we obtain that for i x v-a.e. (i,j) € X,

R A I ) _ . .
i A, # ) 2 min, dim )+ i1, i) —
k=1

n— oo

as long as NV is large enough with respect to € and n. Since i x (U, ey Xn) = 1, this
completes the proof. O

Proof of Claim 4.3. Let ¢ > 0, and let ® denote the conjugated IFS as in the statement of
the claim. Let p be a fully supported self-affine measure associated to ® with dim g > 1.
Once again, it will be convenient to replace Hy by the continuous substitute Hy defined
in the proof of Claim 4.2. For i X up a.e. (1,6) we have

A}Enoo %FIN(MLG) =dimp; 9 =dimp —1
by Theorem 2.7.

Recall the definition of the function F : Zg — P(R?) from (6.6), and that F': Z§ —
P(R?) is defined by F’(i,60,t) = (i,0,1,t). Since ;¢ is a.s. exact dimensional and non-
atomic, by a slight modification of the proof of Lemma 2.19 there exists Ny € N and a
set S C Zj with M\ (S) > 1 — ¢ such that

%HN((F’(i, 0,t))") <dimpy —1+¢ (6.18)
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for every (i,0,t) € S, every N > Ny and every interval I on the y-axis such that 0 € T
and |I| = 2. Since the function t — %HN((F’(i, 6,t))!) is continuous for ji x pp-almost
every (i,0), (6.18) in fact holds for every 0 <t < f(i,80).

By Proposition 6.1, we may choose N so that Z} is ergodic under the discrete-time
map 7. Birkhoff’s ergodic theorem asserts that for A\j-almost every (1,6,1t),

I -1 -
lim sup — E NHN((F’('ﬁk_l)N(i,9,t)))1’“) <dimp—1+e¢
k=1

n—oo N

for any intervals (Ij)}_, on the y-axis such that 0 € I, and |I;| = 2. As reasoned above,
this in fact holds for every ¢ > 0. Moreover, since the functions F’ and F differ only by
a reflection which does not affect entropy, for i x pp-almost every (i,6) we have

S
|
—

% %fIN(F(i,Q, 1,(k—1)N - C(4,0))™)
k=m

1=ty . ) I,

= " N ~N((F'(1,0,(k = 1)N = C(4,0)))™")
k=m

< dimp—1+¢

for large enough n, where C(i, ) is the constant of Lemma 6.4 and m € N is such that
(m —1)N — C(4,0) > 0. Finally, using (6.8) and fixing the choice of (I), we obtain

n—oo

n—1
1 1 - .

lim sup - ; NHN(ﬂzuD’“N(H(l))) <dimp—1+2¢
for fi-almost every i € TN. O
Proof of Claim 4.4. Let ¢ > 0, and denote by ® and ¥ the conjugated IFSs as in the
statement. Let p and v be fully supported self-affine measures associated to ® and W.
Let Hy denote the continuous substitute of Hy as in the proof of Claim 4.2. Recall the
definitions of the functions F : Zg — P(R?) and G : Zgy — P(R?) from (6.6) and (6.9).

By Marstrand’s projection theorem, if 7 and x are any exact-dimensional Borel measures
on the line, then for Lebesgue-almost every ¢ > 0 we have

dim(S;7 * k) = min{1, dim 7 + dim }.
Combining this with Theorems 2.6 and 2.7, we find that

dim(F(i,01,u,t1) * G(j,02,v,t2)) = min{l,dim g — 1 4+ dim v} (6.19)
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for Ap X Ag-almost every (i,60q,u,t1,j,02,0v,t2). Since u and v are drawn from the
uniform measure on {—1,1}, (6.19) holds for A}, x Aj-almost every (i,61,%1,j,02,t2)
and every (u,v) € {—1,1}2

Now, for fi X pp-a.e. (i,0), any interval that contains the origin has positive p; g-
measure. Therefore, for any € > 0, applying Lemma 2.19, Egorov’s theorem and (6.19)
gives a set S C Zg x Zy, with Ay X Ay (S) > 1 — ¢ and an integer Ny such that

1 -~
NHN(F(iﬂl,u,tl)I*G(jﬂg,v,tg)) > dim(F (1,61, u,t1) * G(j,02,v,t2)) — €

V

min{l,dimpy — 1 +dimv} —¢

for every N > Ny, (i,01,t1,3,02,t2) € S, (u,v) € {—1,1}? and any interval I such that
0 € I and |I| = 2. Since the operations (-)! and (-); differ only by a translation when
|I| = 2, it follows from Lemma 2.16 that also

1 ~
NHN(F(i,Gl,u,tl)I * G(j,02,v,t2)) > min{l,dimp — 1 +dimv} — ¢

for every N > Ny, (i,601,t1,3,02,t2) € S, (u,v) € {—1,1}? and any interval I such that
0€land|I|=2.

Proposition 6.1 asserts that the integer N can be chosen to that 2} x ZJ, is ergodic
under 7y. It follows from Birkhoff’s ergodic theorem that for A} x Aj-almost every
(i,01,t1,3,02,t2), lim, o % Sorei 1s(Ten(i,61.t1,3,02,t2)) > 1 — e and consequently,

Ien 1 -
lim inf — AN (F(Tiw (3,01, 1,t)™ « G(Tin (3, 02,1, 2)))
k=1

n—,oo M
> min{l,dimy — 1+ dimv} — 2e. (6.20)

Arguing as in the proofs of Claims 4.2 and 4.3 and using continuity of convolution, we
see that the above holds for every 0 < ¢; < f(i,6;) and 0 < t9 < g(i,62).

Note that G(j,02,1,t2) is continuous in 5, uniformly over (j,0s,t2) € Zy, and that
for 7 x vi-almost every (j,0) € AN x RP! we have d(B3), 02, B;‘lkOJ-) — 0as k — oo,
by Lemma 2.3. Therefore, we may replace , by 0+ so that (6.20) still holds. Finally,
applying (6.8) and (6.14) to (6.20) with proper choices of ¢; and t2, we obtain

1 n—1
o 2, Dy (TI(i 2 . . .
hnrglgfﬁ Z — Ay (n?pPen MG vj),, ) = min{l,dimp — 1+ dim v} — 6¢

N
k=0

for fi-almost every i € TN and v-almost every j € AN. O
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