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ABSTRACT

This thesis studies a nonlinear parabolic equation that generalizes both the usual p-parabolic
equation and the normalized p-parabolic equation arising from stochastic game theory. Apart
from special cases, the equation is in non-divergence form and we use the concept of viscosity
solutions.

The articles [A] and [B] focus on Harnack’s inequalities. We prove that all non-negative
viscosity solutions satisfy a parabolic Harnack’s inequality with intrinsic scaling. Intrinsic scal-
ing here means that the needed waiting time between time slices depends on the value of the
solution. We also show that for a singular range, this waiting time is not needed and a so-called
elliptic Harnack’s inequality, where we get the estimate on both sides without the waiting time,
holds. Exponent ranges for both inequalities are optimal as shown by counterexamples. We
also show that for very singular exponents, all solutions vanish in finite time.

The article [C] examines boundary regularity for this equation. We prove that there exists a
barrier family at a boundary point if and only if that point is regular. We use this characteri-
zation to prove geometric conditions that also guarantee regularity. These include an exterior
ball condition and a result that shows that all locally time-wise earliest points are regular.
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TIIVISTELMA

Téassa vaitoskirjassa tutkitaan epéalineaarista parabolista yhtéloa, jonka erikoistapauksina
saadaan p-parabolinen yhtalo ja normalisoitu p-parabolinen yhtéld. Yhtalo poikkeustapauksia
lukuunottamatta ei ole divergenssimuotoinen ja tdman takia sopiva ratkaisun kéasite saadaan
viskositeettiratkaisujen teoriasta.

Artikkeleissa [A] ja [B] tutkitaan Harnackin epayhtaloitd. Artikkelissa [A] todistetaan, etté
kaikki positiiviset viskositeettiratkaisut toteuttavat parabolisen Harnackin epayhtalén, jossa
epayhtdlon odotusaika riippuu ratkaisun arvosta tarkastelupisteessd. Artikkelissa [B] todiste-
taan, ettd singulaarisille eksponenteille epayhtalo patee myos ilman odotusaikaa ja saadaan
niin sanottu elliptinen Harnackin epayhtald. Naytamme vastaesimerkeilld, etta epayhtéaloiden
eksponettiehdot ovat optimaaliset.

Artikkelissa [C] tutkitaan yhtdlon reuna-arvosaénnollisyyttd. — Artikkelissa todistetaan
ettd tietynlaisen funktioperheen olemassaolo reunapisteessi on karakterisaatio pisteen
saannollisyydelle. Kayttaen tata karakterisaatiota artikkelissa todistetaan geometrisia ehtoja,
joista jokaisesta seuraa sdannéllisyys. Naitd ovat muun muassa ulkopalloehto ja tulos, jonka
mukaan aikasuunnassa lokaalisti ensimmaiset pisteet ovat aina sddnnollisia.
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1. INTRODUCTION

This thesis studies the viscosity solutions of the following nonlinear parabolic equation in
non-divergence type

(1.1) Bpu = [Vu|7P div (|vu|1f’*2 vu) = |Vu|T 2 (Au+ (p—2)AY0)  in Qr,
where ¢ > 1 and p > 1. When ¢ = p, this reduces to the usual p-parabolic equation
(1.2) Oyu = div <|Vu|p_2 Vu) in Qrp,
and when g = 2, we get the normalized or game theoretic p-parabolic equation

o =Au+(p—2)ANu in Q.

Here the normalized or game theoretic infinity Laplace operator is given by

ij=1 |Vl
This latter equation gets its name from the connection to stochastic tug-of-war games with
noise as shown by Manfredi, Parviainen, and Rossi in [MPRI0].

The p-parabolic equation has been the focus of many books and research papers in the
past fifty years and the normalized equation has had recent interest for example in [BG14],
[JS17],[BBP19], [HL19], [DPZZ20] and [AS22]. The generalized parabolic equation apart
from special cases is fully nonlinear, not uniformly elliptic, and not in divergence form. This
means that we do not have access to energy estimates among many other common tools in
our proofs. Most theory for a general equation of this type remain undeveloped. The general
form of has been examined for example by Imbert, Jin, and Silvestre [LJS19] and Parvi-
ainen and Vézquez [PV20] and falls into the more general form examined by Ohnuma and Sato
[OS97]. Articles [A] and [B] examine Harnack’s inequalities for viscosity solutions of the gener-
alized parabolic equation. Article [A] proves the so-called intrinsic form of parabolic Harnack’s
inequality for viscosity solutions of the generalized parabolic equation. Article [B] focuses on
the singular case ¢ < 2 and shows that here we get the so-called elliptic Harnack’s inequality.
Article [C] examines boundary regularity for the generalized parabolic equation using a barrier
family characterization.
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2. VISCOSITY SOLUTIONS

Given a partial differential equation in some set with a given boundary data, there does not
necessarily exist a solution in a classical sense. For example, solving the one-dimensional eikonal
equation

lu'| -1=0 in (—1,1)
1) {u(:l:l) =0

we can quickly see that there is no hope for the existence of a smooth solution so we need
a more general concept of solutions. When an equation is in divergence form, we can define
weak solutions by partial integration against a smooth test function. Apart from the special
case ¢ = p, equation is in non-divergence form and hence we cannot use the theory of
weak solutions. Evans, Crandall, and Lions introduced the concept of viscosity solutions in
their papers [Eva80] and [CL83|. Evans initially added a so-called ”vanishing viscosity” term
into the equation to have smooth solutions and then defined viscosity solution as a limit when
the added term vanishes. For practical purposes, this definition is often not easy to work with
and the definition given by Crandall and Lions that uses touching test functions has become
standard. A function ¢ touches u from above at point x if u(x) = ¢(x) and u(y) < ¢(y) when
y # x. Touching from below is defined analogously. We test solution u point-wise by touching
it with smooth test functions from above and below and checking if these test functions satisfy
the partial differential equation at the level of an inequality. For example one can verify that
u(x) = 1 — |z| is the unique viscosity solution to by verifying that all ¢ touching from
above satisfy
¢l -1<0

and touching from below the opposite inequality. Notice that there are no smooth test functions
that can touch u from below at x = 0, so the condition is automatically satisfied. One resource
for the basics of this theory is [Cra97]. This definition coincides with the classical solution when
one exists. Viscosity solutions are also exactly the same as the corresponding continuous weak
solutions for many equations such as for all p € (1,00), see [JLMOTl, PV20, [SiI21].

Because we do not assume the order of the exponents p and ¢, equation can be highly
singular and thus the definition at singular points is not immediate. A suitable definition
that takes into account these singularities was established first in [IS95] for a different class of
equations and by Ohnuma and Sato [OS97] for our setting. Compared to the usual viscosity
definition this is done by restricting the class of test functions to retain good priori control on the
behavior near the singularities and to ensure the limits remain well defined when approaching
critical points. To be more exact we require that for each test function ¢ and a critical point
(w0, t0), there are § > 0, f € C%(]0,00)) and o € C'(R) suitably well-behaving functions such
that

[p(,t) — @(xo, to) — Oup(wo, o) (t — to)| < f(lz — wol) + o(t — to),
for all (z,t) € Bs(xo) % (to — 0,10 + 0). The key feature we need is that for g(x) = f(|z|), it
holds that
lim |Vg|?™P div (\ng’—g vu) ~0.
fc—>0
This definition originates from Ohnuma and Sato [OS97] but we use slightly different assump-

tions on the function o used first by Juutinen, Lindqvist, and Manfredi [JLMOI]. These two
definitions are equivalent.

2.1. Radial Equivalence. One of the main tools used in our proofs is the radial equivalence
proven by Parviainen and Vazquez [PV20]. Assume for a moment that u is smooth and radial
classical solution to (L.1)) and d € N for

g (n=D-1)
p—1

2
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Assuming that Vu # 0, a short calculation gives us

dyu(r,t) = [u'(r, t)yH (u”(r, )+ 1= 1u/(r7 )+ (p — 2)u" (r, t))

-1 _ d—1
= ol (R =)
q—1 T
p—1 .4
= ——A%u(r,t),
q _ 1 q ( )
where Agu is the usual g-Laplacian taken over d spacial dimensions. We now see that u is a
classical solution to the scaled g-parabolic equation. So at least for smooth radial solutions with
no critical points, we have a connection between our non-divergence form equation ([1.1)) and
divergence form (|1.2)).
In more generality, Parviainen and Vézquez showed that radial viscosity solutions to (|1.1])
are equivalent to continuous weak solutions of

(2.2) Oy = Z_i /|72 ((q — " + d;1u'> in (—R,R) x (0,T)

with the time scaling 2:—} for all d and if d € N, these are moreover equivalent to radial weak

solutions of the time-scaled g-parabolic equation in Bp x (0,T) C R4 see [PV20, Section 3.

Most comparison and barrier functions used in the proofs in this thesis are radial, and hence
we could use this result to directly translate many known results proven for the g-parabolic
equation to . One of the problems is that d is usually not an integer. The equivalence to
the one-dimensional equation holds for all d and this equation is in divergence form which gives
us tools from the weak theory. We also get good heuristics on what should be true for
by restricting to integer d and comparing to the g-parabolic case. In some cases, it is easier to
prove results for the one-dimensional equation and then use radial equivalence to transfer
the estimates to the n-dimensional setting. We follow this plan when proving finite extinction
of solutions.

3. HARNACK’S INEQUALITIES

3.1. Background. In his book [Har87], Carl Gustav Axel Harnack proved that any non-
negative solution to

Au=0 inQ
satisfies the following inequality
R—1r R+7r
< <
() e < ul) < ()

for any © € Bpg(xg). This result was given the name Harnack’s inequality and it implies
many powerful results, Liouville theorem for example, even though the inequality follows almost
directly from the Poisson formula. Harnack’s results were expanded to other equations and
generalized in the following years. For our approach the relevant formulation follows from
[Kel29, Chapter X, Theorem VII]. This says that a non-negative harmonic function satisfies

(3.1) 771 sup u(c) < ulzg) <7 inf u(:)
Br(m()) BT(IO)

for a constant v := y(n), as long as Ba,(x¢) C Q.
The first parabolic Harnack’s results were proven 67 years after [Har87] for the heat equation.
For non-negative solutions of the standard parabolic heat equation

61}’& =Au in QT,
3



Hadamard [Had54] and Pini [Pin54] individually proved that there exists a constant v := y(n),
such that
(3.2) 7 sup w(-,ty — 1) < u(zo,to) < inf u(-,to +12),

B, (z0) Br(zo
as long as Ba,.(zg) x (tg — (2r)2,to + (2r)?) C Q. The value of the function is bounded between
the infimum taken in the future and the supremum taken in the past. The term 72 in the
time variable is often called a waiting time. Moser shows by counterexample [Mos64] that this

waiting time is necessary as

(z+6)*
u(z,t) = tze

solves the heat equation for n = 1 but for any fixed positive z,

22 e (e+6)? 22 =z
0<wu(0,1)= eTeFe T = eTeéu(m‘, 1)
for any ¢ € R and thus
U(O, 1) E23

im = lim etez =0.
£——00 u(x, 1) £——o00

For more early history about Harnack’s inequalities, we refer to [Kas07].
A nonlinear generalization of the Laplace equation that has been a focus of much research in
the past fifty years is the p-Laplace equation

(3.3) div <yvu|P—2 vu) —0 i

and its parabolic counterpart . If p = 2, these reduce back to the Laplace equation and
the heat equation respectively. These are both nonlinear but it turns out that a non-negative
weak solution u € WHP(Q) of also satisfies Harnack’s inequality for all p > 1, see for
example [Ser64].

The parabolic problem turns out to be more delicate. It might seem possible that weak
solutions of satisfy an inequality similar to (3.2)) with a waiting time cr? for some constant
¢ depending on data but this turns out to be false. If we assume p > 2 and take the usual
Barenblatt solution

p—1
_n p—2 1 [|x] A n
(3.4) B(z,t)=t"x |1 ———=AT» [ — in R" x (0, 00),
p tx
+
where A = n(p —2) + p > 2 and ()4 denotes the non-negative part. This is a non-negative
solution to (1.2)) in R™ x (0, 00) by a direct calculation.

Now we can take (zg,to) to satisfy t9 = \xo\’\ so that B(zg,to) = 0. But for any » > 0 and
¢ > 0, we can increase ty to be large enough so that B,(xo) x {to — crP} intersects with the
support of z — B(x,tg—crP) and thus Harnack’s inequality in the form used above would imply

0 < sup B(-,tg—cr?) < B(zo,to) = 0.
By (zo)

This is illustrated in Figure [I] below.
What solves this problem is a Harnack’s inequality with so-called intrinsic scaling. Assuming
that
2n

3.5 >
(3.5) p n+1

there exists v := v(n,p) and ¢ := ¢(n,p) such that all non-negative weak solutions to (|1.2)
satisfy

7 sup w(-, to — 0rP) < wu(xo,to) <y inf (-, to + OrP),
Br(fbo) By (xo
as long as By.(xg) x (tg — 0(47)P, tg + 0(4r)P) C Qp for 0 = cu(wg,t9)?> P. Now the waiting
time intrinsically depends on the value of the solution. This was proven by DiBenedetto in the

degenerate case p > 2 in [DiB88] and in the singular case p < 2 by DiBenedetto and Kwong
4



B >0
t = [z (70, 10)
B,.(zo)x{to—cr?}
T
(0,0)

FIGURE 1. The support of the Barenblatt function for n = 1 and an illustration
of the counterexample.

in [DK92]. These two use similar strategies establishing a small set of positivity and then
constructing explicit comparison functions and using the comparison principle. The comparison
functions blow up as p — 2 and hence, to get stable constants ¢ and ~ for all p, DiBenedetto
proves a third case of p = 2 separately. These results were generalized for equations with growth
of order p by DiBenedetto, Gianazza, and Vespri [DGV08] and by Kuusi [Kuu0g§]. The range
condition is optimal because DiBenedetto proves in [DiB93| that all p-parabolic functions
vanish in finite time for the so-called subcritical range p < HQ—]:I and hence there is no way for
Harnack’s inequality of this type to hold.

Unlike the heat equation case with the counterexample by Moser, it turns out that the waiting

time is not necessary if
2n

In his book [DiB93], DiBenedetto proves that there exists v := y(n,p) and ¢ := ¢(n,p) such
that all non-negative weak solutions of ([1.2]), satisfy the inequality without waiting time
7 sup w(-,to) < u(zo,to) <y inf (-, tp),
BT(QUO BT(-'EO)
as long as By, () x (to — 0(4r)P,to + 0(4r)P) C Qr for 0 = cu(xg,to)> % This is often called
the elliptic Harnack’s inequality. This is not true for p > 2 as the Barenblatt solution (3.4]) has
compact support and thus works as a counterexample as taking (x¢, o) close to the boundary
of the support of B would imply
0 < u(mo,to) <~ inf wu(-,ty) =0.

By (xo
We generalize these results for (1.1]) in Articles [A] and [B]. Because equation (1.1) is in non-
divergence form, unless p = ¢, we do not have the same tools for our proofs as DiBenedetto and
others. The proof in [DK92| uses a weak Harnack’s type estimate which is not accessible to us
because it is proven by using a specific test function in the weak formulation. DiBenedetto also
uses this weak formulation when proving finite extinctions of solutions in the subcritical range
and here we use the same strategy using the radial equivalence result proven by Parviainen and
Vazquez.

5



3.2. Intrinsic Harnack’s inequality for equation ([1.1)). Article [A] deals with establishing
all the remaining unproven cases for the intrinsic Harnack’s inequality for equation (|1.1]). Using
the radial equivalence, the range condition (3.5)) becomes ¢ > % which can be rewritten as

1 if p> 140
3.6 > - 27
(3.6) 1 {2(”_”) if1<p< 4,

n—1

This turns out to be the optimal range where Harnack’s inequality of this type can hold. The
following is the main result of this article.

Theorem 3.1 (Theorem 1.1 in [A]). Let u > 0 be a viscosity solution to (1.1) in Qr and let
the range condition (3.6) hold. Fiz (xo,to) € Qr such that u(xo,to) > 0. Then there exist
v =7(n.p,q), c=c(n,p,q) and o = o(n,p,q) > 1 such that

v~ sup u(e,tg — Or?) < u(xg,ty) < ’yBinf u(-, to + 0r?)

Br(xo) r(Z0
where
0= CU(.%'(), t0)2_q7

whenever By, (xo) X (tg — 0(or)?,tg + 0(or)9) C Q.

These parabolic inequalities are usually established by separately proving the forward in-

equality
u(zo,to) <~ inf wu(-,tg+ 0r?),
By (xzo

and then suitably using this to prove the backward inequality. The standard idea of the proof
is to first scale the equation and then establish a positive lower bound in some small ball
B,(x0) x {to}. This can be done for example using energy estimates, weak Harnack’s inequali-
ties, or oscillation estimates depending on the equation. After this, you construct a subsolution
that is under this lower bound in the small ball and you use the comparison principle to expand
the set of positivity over a larger ball in a future time slice.

Parviainen and Vézquez proved the forward inequality for ¢ > 2 in their paper [PV20] using
a Barenblatt-type solution for as a comparison function after establishing the initial set
of positivity using an oscillation estimate similar to DiBenedetto in [DiB88]. We prove the
remaining two cases in Article [A]. Similarly to the p-parabolic case, one comparison function
is not enough to get the proper estimate when ¢ < 2 and we need two different viscosity
subsolutions. The intuition behind these is to use the radial equivalence to transfer them from
the g-parabolic case, but because we cannot assume that d € N, we needed to prove their
validity by hand. We also use the Holder continuity for viscosity solutions of proven by
[LJS19] to prove an oscillation estimate in the singular case ¢ < 2 as well and use this instead
of the integral Harnack’s inequality we do not have access to used by DiBenedetto and Kwong
[DK92| to prove the initial positivity. The backward inequality

7_1 sup u(-,tg — 0r?) < u(xo,to)

Br(iUO)

is also proven in three cases. We prove the cases ¢ > 2 and ¢ = 2 in Article [A] and ¢ < 2 in
Article [B]. These are all proven using the forward inequality in different space-time cylinders
in the past which requires room to ensure that assumptions are satisfied for each of these and
then we separately prove a covering argument to show that this extra room is not needed.

3.3. Finite extinction. To prove that the range condition (3.6) is optimal, we prove in Article
[A] that all viscosity solutions to ([L.1)) eventually vanish after a finite time if the range condition
does not hold.

6



Proposition 3.2 (Proposition 7.4. in [A]). Assume q does not satisfy the range condition (3.6)).
Let u be a viscosity solution of

(37) {&tu = |Vu|"Pdiv (]Vu\p_Q Vu) in R" x R
u(-,0) = up(-) >0 where radial ug € Co(BR) for some R > 0.
There exists a finite time T := T*(n, p, q,ug), such that
u(,t) =0  forallt>T"
and

* 2—
0<T"<C ||U0||Ls(qrd—1,(o,R))

where C := C(napa Q)7 s = @ and

R 1
q
HUHLG(Tdfl,(O’R)) = </0 |’U|q7‘d71 d7’>

DiBenedetto has a similar result for the p-parabolic equation and their proof uses the di-
vergence structure. We use the radial equivalence result proven by Parviainen and Vazquez
to transfer the problem to the one-dimensional equation which is in divergence form and
then use the weak formulation for that equation with suitable mollified test functions to get the
estimates we need. Another difference between these two proofs is that because the standard
formulation of the Gagliardo-Nirenberg inequality requires ¢ < n and we are working with one
spacial dimension, we needed to prove a separate weighted radial Sobolev’s inequality to replace
this estimate.

This finite extinction phenomenon is enough to show that an intrinsic Harnack’s inequality
of this type cannot hold. Let u be a viscosity solution to and T the finite extinction time
given by Proposition [3.2 Now choose (g, %) € R" x (0,T*) close enough to satisfy

lo

T —ty < —,
o4

and choose r > 0 to satisfy
cu(zo, to)?Ird = T* — tg

where ¢ and o are the constants given by the intrinsic Harnack’s inequality Theorem By
these choices

to — cu(xg, tg)* Y (or)! =ty — o9 (T* — tg) > 0

and therefore By, () X (to — 0(or)?,ty + 0(or)?) C R™ x RT and thus we can use Harnack’s
inequality Theorem [3.1] to obtain

0 < u(xg,to) <~ inf u(-,T*) =0,
By (zo)
which is a contradiction. There is potential for different kinds of Harnack’s type results in this

range as well. There are some known results for the p-parabolic equation in the subcritical
range, see for example [DGV09, Proposition 1.1] and [BIV10L Section 8].

3.4. Elliptic Harnack’s inequality for equation . Our main result of Article [B] is
that the waiting time is not necessary for ¢ < 2 and the non-negative viscosity solutions to
satisfy the following elliptic Harnack’s inequality. This is possible because equation (1.1)) has
infinite speed of propagation in this range caused by the singular diffusion term |Vu|?" . This
means that every non-negative viscosity solution u in €r is either identically zero or strictly
positive on each time slice Q x {t} for ¢t € [0, T].

7



Theorem 3.3 (Theorem 2.1 in [B]). Let u > 0 be a wiscosity solution to (1.1) in Qp and the
range condition (3.6) holds and q < 2. Fizx (xo,to) € Qp. Then for any o > 1 there exist
v =7(n,p,q,0) and ¢ = c(n,p,q,0) such that
7 sup w(-,to) < u(wo,to) < v inf (-, tp),
By (x0) Br(x0)

whenever By, (xg) X (tg — 0(or)?,tg + 0(or)?) C Qp where
0 = cu(xg, t0)2_q.

Similarly to the p-parabolic case, such inequality cannot hold for ¢ > 2 as the standard
Barenblatt solution of ([1.1)) also has compact support. On the lower bound of the range condition

,wecanletp<"7+1,q=%a“:%and

—4t 2d  2d
u(z,t) = (\xI% + e"‘bt) * . where b= ToiaT1

Short calculation shows that this is a weak solution to the one-dimensional equation (2.2)) and
thus is a radial viscosity solution to (|L.1]) by the radial equivalence. But this u does not satisfy
the elliptic Harnack’s inequality in a similar way as Moser’s counterexample since

d—1
1 rbt 2
(L) B O il i R
tﬁfoou((),t) t——o00 (1+e“bt)

DiBenedetto’s proof for the elliptic Harnack’s inequality in [DiB93] uses the divergence structure
of and thus we cannot use the same type of proof. In our proof we first use the intrinsic
form of Harnack’s inequality to get an estimate over a past time step. We construct an explicit
viscosity supersolution under this known value inside the cylinder and with infinite boundary
values which is only possible when ¢ < 2. We can then use the comparison principle over
a space-time cylinder to get the final estimate at our original time level. To prove the right
inequality, we repeat the same steps but for a space-time cylinder centered at the point where
infp, (5) u(-,to) is attained.

4. BOUNDARY REGULARITY

A point on a boundary of a set is called regular with respect to a partial differential equation
if all solutions to the Dirichlet problem with continuous boundary values attain their boundary
values continuously. To be more precise, let © C R"*! be open and bounded. We define Perron
solutions in the usual way for bounded boundary data f : C(00) — R by setting upper class
Uy to be the class of all viscosity supersolutions u to equation in © which are bounded
from below and such that

liminfu(n) > f(§) for all £ € 0O.
O3n—¢

We define the upper Perron solution of f to be
Hf(€) = inf u(§), €£€80,
UEZ/{f

and lower class and lower Perron solution analogously except taking viscosity subsolutions and
reversing the inequalities. In Article [C]|, we prove many basic results for Perron solutions
and also prove an elliptic form of the comparison principle for equation . With bounded
continuous boundary data, we show that both H f(¢) and H f(£) are viscosity solutions to (1.1
which can be used to prove existence results. Our focus is on the boundary behavior.
We call &y € 00 regular to equation if
lim inf 77/(€) = / (€0)

03¢0

for every f : C(00) — R. Characterizing boundary regularity for different equations has a long
history. The approach through barrier functions seems to date back to Poincaré [Poi90] but
8



were named by Lebesgue in [Leb24] where he characterizes regularity for the Laplace equation
using barriers. For the elliptic p-Laplace equation, boundary regularity can be characterized by
a barrier condition as proven by Granlund, Lindqvist and Martio [GLMS86]. There also exists a
Wiener criterion, which is sufficient by [Maz76] and necessary by [LM85] and [KM94].

The parabolic case is quite delicate compared to the elliptic case and not as well understood.
Petrovskii criterion for the one-dimensional heat equation, presented in [Pet34] and proven in
[Pet35], shows that a boundary point that is regular for the equation

ou = Au
turns out to be irregular for the multiplied equation
20u = Au.

However surprisingly boundary points remain regular for all multiplied p-parabolic equation
when p # 2 as proven in [BBGP15]. We prove a similar result for equation (1.1) when ¢ # 2.

Theorem 4.1 (Theorem 6.3 in [C]). Let {& € 90 and a > 0. If ¢ # 2, the & is regular if and
only if it is reqular to the multiplied equation

adyu = |Vu|" P div (|Vu\p72 Vu) .

The barrier approach in the parabolic setting was first used for the p-parabolic equation by
Kilpeldinen and Lindqvist [KL96] where they established the suitable parabolic Perron method
and suggested a barrier approach. Later Bjorn, Bjorn, Gianazza, and Parviainen proved a
characterization using barrier families in [BBGP15] and showed that a single barrier is not
enough for singular exponents p < 2 in [BBG17] unlike in the elliptic case. Characterization
using a single barrier remains an open problem for p > 2. In Article [C] we establish these
results for . We call a family of functions w; : © — (0,00}, j = 1,2, ..., a barrier family to
in © at point & € 90 if for each j, we have

(a) w; is positive viscosity supersolution to equation in ©,
(b) liminfescg, w;(¢) =0,
c) for each k =1,2,..., there is a j such that

gglgi_Ing(O >k forall £ € 00 with [£ — &| > %
This is slightly different from the definition often seen in the literature. Often condition (a) re-
quires w; to be a positive lower semicontinuous function that satisfies the parabolic comparison
principle in all space-time cylinders or boxes. This class of functions has different names de-
pending on the equation and context. For our proofs, it turned out to be easier to work directly
with viscosity supersolutions and prove the equivalence between these definitions separately.
For p-parabolic and normalized p-parabolic equations such functions are also the same as the
corresponding viscosity solutions as shown in [JLMOI] and [BG14] respectively. Barriers used
in most proofs are radial and thus we can use the radial equivalence connection between
and the d-dimensional g-Laplacian to gain heuristics and construct barriers.

The main theorem of Article [C] proves that the existence of a barrier family at a point is
equivalent to that point being regular.

Theorem 4.2 (Theorem 5.5 in [C]). Let & € 90. The point &y is reqular if and only if there
exists a barrier family at &.

This result is known to be true for the p-parabolic equation [BBGP15, Theorem 3.3]. Notice
that this does not say whether the existence of a single barrier function is enough to characterize
regularity which remains an interesting still open problem. For the normalized p-parabolic
equation, the existence of a single barrier implies the existence of a barrier family, and thus a
single barrier is enough to guarantee boundary regularity [BG14, Theorem 4.5]. When p < 2,
there is a known counterexample to show that a single barrier is not enough for the p-parabolic

9



equation [BBG17, Theorem 1.1 and Proposition 1.2]. We modify their counterexample to fit
equation (|1.1) and get the following result.

Theorem 4.3 (Theorem 6.2 in [C]). Let 1 < ¢<2, K>0and0<s < %. Then there ezists a
single barrier w at (0,0) for the domain

O={(z,t) eR" xR :|z| < K(-t)° and — 1<t <0}
despite (0,0) being irregular.

There are no known counterexamples or proofs for either equation when p > 2 or ¢ > 2
respectively. Theorem is proven by first taking an explicit viscosity supersolution that is
continuous on the boundary but jumps when we approach the origin along the axis x = 0.
Setting this as the boundary data guarantees irregularity but we show by calculation that there
still exists a barrier function at the origin.

By using Theorem[£.2]and constructing suitable barrier families, we also prove three geometric
conditions that imply boundary regularity. One of these is the exterior ball condition. It turns
out that if it is possible to touch the boundary point with an exterior ball where the touching
point is neither the north nor the south pole of the ball, this implies regularity. As an example,
the restriction in the theorem excludes the tops and bottoms of every usual space-time cylinder
Qr. Excluding the top is as expected, since it is well known that the solution of the Dirichlet
problem

Ou = |Vu|T P div <\Vu|p_2 Vu) in Qp
u=gq on 8pQT.

will uniquely determine the values on the top of the cylinder Q x {T'}, so no point in this set
can be regular.

FIGURE 2. A set © with four exterior balls.

Theorem 4.4 (Lemma 7.1 in [C]). Let § = (xo,to) € 0O. Suppose that there exists a
& = (x1,t1) € ©° and a radii Ry > 0 such that Bg,(§1) N O = 0 and & € 0Bg, (1) N 0O.
If x1 # x, then & is regular with respect to ©.

In Figure [2, we see an example set © C R!*! with four chosen boundary points &4, &g,
¢c, and &p and one corresponding exterior ball A, B, C and D for each point respectively.
10



Theorem can verify that points £4 and &g are regular with respect to but it does
not say anything about the regularity of {c and £p. Regularity of £p follows from Lemma 4.5
below.

We prove Theorem by constructing a suitable barrier family at £ with respect to the
set © N B, where B is a small ball containing &, and then use a result about the locality of
boundary regularity to conclude that & is also regular with respect to the set ©.

Finally, it turns out that the earliest points time-wise are always regular. This automatically
implies regularity for all points on the bottom of the set if that is flat like the cylinder Qp for
example.

Lemma 4.5 (Lemma 7.3 in [C]). Let § = (z0,t0) € 00. If & & 00— for
6. ={(z.1) €Ot <t}
then &y is reqular with respect to ©. In particular, this holds if ©_ = ().

To be more precise this gives regularity for & as long as it is locally the time-wise earliest
point of the boundary. We illustrate the case where ©_ # () below in Figure The proof
follows by constructing a suitable barrier family.

t

L.

(,_) _ (ib'otto)

Ficure 3. Illustration of Lemma showing a case ©_ # () and implying
regularity of (z, to).
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Abstract

We prove the intrinsic Harnack’s inequality for a general form of a parabolic equation that
generalizes both the standard parabolic p-Laplace equation and the normalized version aris-
ing from stochastic game theory. We prove each result for the optimal range of exponents
and ensure that we get stable constants.
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1 Introduction

We prove the intrinsic Harnack’s inequality for the following general non-divergence form
version of the nonlinear parabolic equation

du = |Vul9P div (|Vu|""2 Vu) = |Vul!™? (Au+ (p — 2) AN w), (1.1)

for the optimal range of exponents. The theorem states that a non-negative viscosity solution
satisfies the following local a priori estimate

y™' sup uCto = 0r%) < u(x0,10) <y inf uCe1o +0r%) (12)
r (X0

By (x0)

for a scaling constant & which depends on the value of . This intrinsic waiting time is the
origin of the name and is required apart from the singular range of exponents where the
elliptic Harnack’s inequality holds [19]. We also establish stable constants at the vicinity of
q=2.
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When ¢ = p, the Eq. 1.1 is the standard p-parabolic equation for which the intrinsic
Harnack’s inequality was proven by DiBenedetto [7] and Kwong [9], see also [8]. These
results were generalized for equations with growth of order p by DiBenedetto, Gianazza,
and Vespri [4] and by Kuusi [21]. When g # p, the Eq. 1.1 is in non-divergence form. For
non-divergence form equations parabolic Harnack’s inequalities and related Holder regularity
results were first studied by Cordes [3] and Landis [22]. Parabolic Harnack’s inequality for
a non-divergence form equation with bounded and measurable coefficients was proven by
Krylov and Safonov [20]. Further regularity results for general fully nonlinear equations were
proven by Wang [28], see also [15]. To the best of our knowledge, our proof is partly new
even in the special case of the p-parabolic equation since it does not rely on the divergence
structure.

The idea of the proof of the right inequality in Eq. 1.2 is to first locate a local supremum
and establish a positive lower bound in some small ball around this point. Then we use
specific subsolutions as comparison functions to expand the set of positivity over the unit
ball for a specific time slice using the comparison principle. Our proof uses the connection
of Eq. 1.1 and the p-parabolic equation established by Parviainen and Vazquez in [26] to
construct suitable comparison functions. Heuristically, radial solutions to the non-divergence
form problem can be interpreted as solutions to divergence form p-parabolic equation in a
fictitious dimension d, which does not need to be an integer. The proof of the left inequality
is based on estimating the values of a function in the specific time slice by using the other
inequality with suitable radii and scaling of constants.

Our proofs often are split into three different cases because the behavior of solutions to
Eq. 1.1 depends on the value of ¢. For the degenerate case g > 2, the right-side inequality is
proven in [26] and we prove the singular case ¢ < 2 as well as the case of ¢ near 2. This is
done separately to obtain stable constants as ¢ — 2. For the left-side inequality, the singular
case was proven in [19] and we prove the remaining cases.

DiBenedetto’s proof uses the theory of weak solutions but since the Eq. 1.1 is in non-
divergence form, unless ¢ = p, we use the theory of viscosity solutions instead. Because of
this, we cannot directly use energy estimates as in [4] or in [8]. Even defining solutions is
non-trivial for this type of equations. A suitable definition taking singularities of the problem
into account was established by Ohnuma and Sato [25]. When g = 2, we get the normalized
p-parabolic equation arising from game theory which was first examined in the parabolic
setting in [23]. This problem has had recent interest for example in [11, 12, 18] and [1]. We
also point out that normalized equations have been studied in connection to image processing
[10], economics [24] and machine learning [2]. The general form of Eq. 1.1 has been examined
for example in [13] and [26] in addition to [19].

1.1 Results

We work with the exponent range

1 if p > 42,
> - 1.3
T2 2 gy < p < (1-3)

which is optimal for the intrinsic Harnack’s inequality as we prove in Section 7. For the elliptic
version of the inequality where we get both estimates without waiting time, the optimal range
istoassume (1.3)and g < 2, as we proved in [19]. The notation used for space-time cylinders
is defined in the next section.
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Theorem 1.1 Letu > 0 be aviscosity solution to Eq. 1.1 in Q7 (1) and let the range condition
Eq. 1.3 hold. Fix (xo, to) € Q (1) such that u(xo, to) > 0. Then there exist y = y(n, p, q),
c=c(n,p,q)ando =o(n, p,q) > 1 such that

y~lsup u(-, to —0r?) < u(xo, to) <y inf u(-, o+ 60r?)
By (x0) By(x0)
where

6 = cu (xo,10)> 79,

whenever (xq, to) + Qo (0) C Q7 (1).

We prove this theorem in Sections 4 and 5 after first introducing prerequisites and proving
auxiliary results in Sections 2 and 3. The theorem is proven by first establishing the right
inequality, from now on called the forward Harnack’s inequality, and then using this result
to prove the left inequality, henceforth called backward Harnack’s inequality. These names
are standard in the literature. We prove the forward inequality by first locating the local
supremum of our function and establishing a positive lower bound in some small ball around
the supremum point. This differs from the integral Harnack’s inequality used by DiBenedetto
for weak solutions at this step [8, Chapter VII]. The proof of this integral inequality uses
the divergence form structure of the p-parabolic equation and thus is not available to us
without a new proof. Next, we expand the positivity set around the obtained supremum point
by using suitably constructed viscosity subsolutions and the comparison principle. In the
singular case, we first expand the set in the time direction using one comparison function and
then expand it sidewise for a specific time slice using another one. In the degenerate case,
a single Barenblatt-type function is enough to get a similar result. Yet we need a different
comparison function to handle exponents near ¢ = 2 if we wish to have stable constants as
g — 2. We construct these viscosity subsolutions in Section 3.

For the backward Harnack’s inequality, the singular case is proven as [19, Theorem 5.2],
and we prove the remaining cases in Section 5. The case ¢ = 2 is a direct consequence of the
forward inequality as we do not have to deal with intrinsic scaling. The proof of the degenerate
case follows the proof of the similar result for the p-parabolic equation [6, Section 5.2] and
uses the forward inequality and proceeds by contradiction that the backward inequality has
to hold. In Section 6 we prove covering arguments that take the intrinsic scaling into account.
We do this by repeatedly iterating Harnack’s inequality and choosing points and radii taking
the intrinsic scaling into account. In the last Section 7, we prove that if ¢ does not satisfy
the range condition (1.3), it must vanish in finite time and thus cannot satisfy the intrinsic
Harnack’s inequality. Thus the range condition is optimal.

2 Prerequisites

When Vu # 0, we denote
A = |Vul™P div (IVulP~% Vu) = |[Vu|?"? (Au+ (p — 2) A w),

where p > 1 and g > 1 are real parameters and the normalized or game theoretic infinity
Laplace operator is given by

n

Af,vou = Z

i,j=1

Oy U axju Bx,.xju
|Vul?
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Thus the Eq. 1.1 can be written as
o = A%u.
Let @ C R” be a domain and denote Q7 = Q x (0, T') the space-time cylinder and
0,2 1= (2 x {0}) U (32 x [0, T])
its parabolic boundary. We will mainly work with the following type of cylinders
0, () := B, (0) x (=0r?,0],
0} (6) := B, (0) x (0,6r%)

where 6 is a positive parameter that determines the time-wise length of the cylinder relative
to r¢. We denote the union of these cylinders as

0,(0) == 0 (O)U 0, (6)

and when not located at the origin, we denote

(x0, 10) + Q, (8) := By (x0) x (to — 0r9, 1],
(x0, 10) + Q7 () := By (x0) x (to, to + 0r9),
(x0, 10) + O, (0) := Br(xg) x (19 — 0r?, 19 + 6r7).

Apart from the case p = ¢, the Eq. 1.1 is in non-divergence form and thus the standard
theory of weak solutions is not available, and we will use the concept of viscosity solutions
instead. Moreover, the equation is singular for 2 > ¢ > 1, and thus we need to restrict
the class of test function in the definition to retain good a priori control on the behavior of
solutions near the singularities. We use the definition first introduced in [14] for a different
class of equations and in [25] for our setting. This is the standard definition in this context
and it naturally lines up with the p-parabolic equation (p = ¢q), where notions of weak and
viscosity solutions are equivalent for all p € (1, c0)[17, 26, 27]. See also [16].

Denote

_ ®
F(n,X) = [n9 2 Tr <X +(p-2) "m'z" X)
where (a ® b);j = a;bj, so that
F(Vu, D*u) = [Vul"? (Au+ (p — 2) AN u) = Afu
whenever Vu # 0. Let F(F) be the set of functions f € C2([0, 00)) such that
£(0) = f'(0)= f"(0)=0and f’(r) > Oforallr > 0,
and also require that for g(x) := f(|x]), it holds that

lim F(Vg(x). D?g(x)) = 0.
20

This set F(F) is never empty because it is easy to see that f(r) = rB e F(F) for any
B > max(q/(q — 1), 2). Note also that if f € F(F), then L f € F(F) forall A > 0.
Define also the set

Y={o€ CI(R) | o is even, 0(0) = ¢’(0) =0, and o (r) > O for all » > 0}.

We use F(F) and X to define an admissible set of test functions for viscosity solutions.
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Definition 2.1 A function ¢ € C2(Qr) is admissible at a point (xo, fo) € Q7 if either
Vo(xo, t9) # 0 or there are § > 0, f € F(F) and o € ¥ such that
lp(x, 1) — @(x0, t0) — drp(x0, 10)(t — t0)| < f(Ix — x0]) + o (t —1o),

for all (x, t) € Bs(xg) x (to — 8, to + 8). A function is admissible in a set if it is admissible
at every point of the set.

Note that by definition a function ¢ is automatically admissible in 27 if either Vo (x, 1) #
0 in Q7 or the function —¢ is admissible in Q7.

Definition 2.2 A function u : Q7 — R U {00} is a viscosity supersolution to
du=Ahu inQr
if the following three conditions hold.

1. u is lower semicontinuous,
2. u is finite in a dense subset of Q7,
3. whenever an admissible ¢ € C 2(QT) touches u at (x, t) € Qr from below, we have

o, 1) — Alho(x,1) >0 if Vo(x,1) # 0,
drp(x,t) >0 if Vo(x, 1) =0.

A function u : Q7 — RU {—o00} is a viscosity subsolution if —u is a viscosity supersolu-
tion. A function u : Q7 — R s a viscosity solution if it is a supersolution and a subsolution.

The existence and uniqueness for viscosity solutions of Eq. 1.1 is proven in [25, Theorem
4.8]. In our proof of the forward Harnack’s inequality for the singular range we need a version
of the corollary proven in [26, Corollary 7.2] for the case ¢ < 2. The lemma remains largely
the same except we change the signs of the exponents. We present the proof here for the
convenience of the reader.

Lemma 2.3 Let u be a viscosity solution to Eq. 1.1 in Q4,(1) and let the range condition
(1.3) hold and assume q < 2. For any § € (0, 1), there exists C := C(n, p,q,8) > 1 such
that the following holds. Suppose that wg > 1 is such that for ay := a)gfz < 1 we have

0SCQ, (ag) U < wo,
and define the sequences
ri=C7lr, wpi=08wi_1, a:= w?_z
wherei = 1,2, .... Then it holds that

Oriyi(@it1) C Qri(ai) and  0sCo, (@)U < ®;.

Proof Observe that O, (¢j+1) C O, (a;) C Q,(1) holds as long as in the time-direction
we have
aiprf = wl‘.’_:fcf(i“)qrq = Squchw?_z(cf"r)q <ar!
which holds if we choose C to satisfy 4529 > 1. To prove the second claim we will use
induction.
The casei = 0holds by assumption. Suppose that the claim holds for some i = k meaning

0SCQ,, (ap) U = Wk
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and define . .
u(rex, agrit) — merk (a) U

up(x,t) = -
k

By induction assumption sup, () ux < 1. By change of variables, we can rewrite

U(rk 41X, a1 rd g 1)

Wik

u
05CQ;,, (@) o = O5CNeQi(D)

w(C ' rx, 8972 C 4 aprlt) — inf g, (4 u

= 0SC(x,neQ;(1) Wy

= OSCchl (89-2C4) Uy (21)

Next, we will use the Holder estimates proved in [13] to estimate the oscillation. By [13,
Lemma 3.1], there exists a constant Cy := C1(n, p, q, |lukllL(g,,(1y)) such that

lug (x, 1) — up(x, s)| _

Ci (2.2)

t,se[—1,1] [t — sl%
t#s
and by using [13, Lemma 2.3] for y = x¢ and ¢ = 1y, there exists a constant Cp :=

CZ(na P, q, ||uk||L°°(Q16r(l))) such that

up(x, 1) —up(y, 1) < G (|x — yl + Ix — yI?). (2.3)

By our induction assumption and the definition of uy, ||[ux||p =g, 1) < 1 and thus C;
and C, can be chosen independent of the solution.

Now Egq. 2.1 can be estimated with Eqs. 2.2 and 2.3 in the following way: Denote
A= Qc_l(éq‘ZC‘q) and let (¥,7) € A be the point where sup, uy is obtained and
(¥, 5) € A be the point where inf 4 uy is obtained. Now for C3 = max{Cy, C»}, we have

OSCQCq((waqu) up < ug (X, ﬂ —ur(y,8) +ur(y, 1) — up(y, 1)
- 1 _ _ _ _
<C i =52 + 2 (IX =51 + 15 = 5P)

< Cs ([(SHC*Q]% +C'+ c*2>

3 ) )
<CGi|l—+—+—)=9$ 2.4
< 3<3C3+3C3+3C3> (2.4)
where the last inequality holds if we choose

2
czmax[% <3§3>q,5—1}.
5 s

2—q

q

Thus by combining Eqgs. 2.1 and 2.4, we get
0SCQ, . (axs) U = 80k = Wiy1

as desired. O

A standard argument (see [26, Corollary 7.2]) together with the assumption C > §~! now
yields the following oscillation estimate.
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Corollary 2.4 Let u be a viscosity solution to Eq. 1.1 in Q4,(1) and let the range condition
Eq. 1.3 hold. For any given wo > 1 such that ay := a)g_2 satisfies

0SCQ, (qp) U = o,

there exist constants C = é(n, p,q) > landv = v(n, p,q) € (0, 1) such that for any
0<p<rithold

N O\
08CQ,(ap) 4 < Cawxpy (;) .

The proof of this well-known result is a direct calculation. This lemma directly generalizes
for functions with time dependence and also for functions u where u(x — X) is radial for
some vector ¥ € R". When dealing with functions v : R x Rt — R, we denote the spacial
derivative by v/(r, r) and the time derivative by d;v(r, t).

Our proofs use the following comparison principle, which is Theorem 3.1 in [25].

Theorem 2.5 Let Q@ C R" be a bounded domain. Suppose that u is a viscosity supersolution
and v is a viscosity subsolution to Eq. 1.1 in Q7. If

oo # limsup v(y,s) < liminf  u(y,s) # —o0
Qr3(y.5)— (x.1) Qr3(y,8)—=(x.1)

forall (x,t) € 0,Qr, thenv < u in Q7.

3 Comparison Functions

Comparison functions are used in the standard proof for the intrinsic Harnack’s inequality
for the divergence form equation to expand the positivity set around the supremum point
using the comparison principle. In the degenerate case, a single Barenblatt-type solution is
enough to get the estimate but in the singular case, we need two separate subsolutions. The
Barenblatt solutions do not have compact support in the singular range and thus we need to
find another type of comparison function. Because of the connection of the Eq. 1.1 and the
usual p-parabolic equation examined in [26], we can use similar comparison functions as
DiBenedetto in his proof for the singular range. We will need three different subsolutions to
handle the singular case and values of ¢ near ¢ = 2. We denote throughout this section
—r-1
n:= g1
which is the time-scaling constant connecting Eq. 1.1 to the usual g-parabolic equation in
the radial case.
Assume g < 2. We will use the following subsolution which is a time-rescaled version of
the solution used in the p-parabolic case by DiBenedetto [8, VIL.7]. Let

2
. kp?é |x]4 =
D(x,1) = RO (1 — (%> )+, 3.1

R(t) := it + p4

where

and « and p are positive parameters and £ > 1 is chosen independent of k and p. By (-)+
we denote the positive part of the function inside the bracket.
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By construction supp ® (-, 0) = B,(0) and for r > 0, we get the expanding balls
d(,t) =B 0
supp @ (-, 1) o (V)

and the estimate
O(x,0) < P(x,t) <k fort>0. (3.2)

We examine @ in the domains

2—q »q
Pee =B l(O)x(O,K p )
RO né

We have ® € C®(Py.¢) N C(Py ) and as we see in the following lemma, we can choose
the constant £ to make & a viscosity subsolution to Eq. 1.1 in this set.

Lemma 3.1 Let the range condition (1.3) hold and q < 2. There exists a constant & =

2
E(n, p, q) so that ® is a viscosity subsolution to Eq. 1.1 in R" x (O, u r]';p" )

Proof The function ® = 0 outside Py, so it is enough for us to check that ® is a viscosity
subsolution on the boundary and inside this set. Let us first look at the points where V& # 0,
because here we can use the radiality of ® in spacial coordinates and a simple calculation to
simplify our statement to the form

_ 2
R L ((p — ¢ +¢’”r—1> <0 inP, = (0, R(z)i) x (0, "nzf’q> (3.3)

kp9t 74 = :
P Ry “(%) .

We use the following notation during the calculation

where

1 rd qué
R(t) := nic? 2t 4, Fi=1—z4aT, = , = .
W=y O ETRo T Ra
By direct calculation inside 77,2, g we have
1 1y gri! q e
f/:—izfl*l_ = —
q—1 R(?) q—1 r
1 1 1
o4 g zot ozt g oz
- q—1 q—lr2 r2 o (q—l)2 r2
1
qj
¢ =24FF = 2471 =
qg—1 r
2 ¢ g
"=2A((F) +FF") =24 -F
S (P A vy

1

_ q A1 2!
=2 (= 2)
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Moreover,

g,(pqS S 1
R 247
RGyET. M 1 R()?

Enxd—! paé , ki 1pq$ 2
= TR T Y ReE Lo (34)

0 = —

Define an operator L : C 2(R) — R by

(aﬂp 10/ (p = D)¢" + ¢~ ))

By the calculations above, we have

1 1
2 L 2 k> 9R() ¢q L za—1 z9 1 n—1
T |/ ———2 1L -1 _F -F
IZ {¢| nF qg-—1 n(qz r2 r r
1 1
2 L o k24R(r) g z4T qz 97!
=—E(F -1 ) 1- —1
& +q_1z + ¢’ , -1 2 n 7 +n
q-2 11 11
_ q z97 n—1 qz9~
26279 R(t — 1
K ()q—l ) ( , + 7 )

q-2 1 1
q—1 =T ,q-1 —T
=67+ 2 S 1y ame2 () a2apen P T e - 4
q—1 rd=2 2

2 ﬁ 2g )4—1 P - q-2 n_1 1 qzﬁ
T — 11—
-1 (q,l R " F

Introduce the two sets

L(p)=—EF +

_1
za-T

2 L q
=—tF+ 20T + 2AF——
q—1 q—1

r

=—£F +
q

a={ener 1r<sl. a=|ener 172

where § > 0 is a constant to be chosen. Now inside £ we can estimate what is inside the
last brackets from above

1
n—1 qza! n—1 q n—1 q
1— < l-=<—4+1-=<0
( -+ f>_ -+ < 1= <

n n F n

if we choose & small enough that the last inequality holds. Notice also that both F € [0, 1]

and E € [0, 1] and thus
q& q-2
L_F) =i
R(t)%

R(t)
by our assumption g < 2. Thus inside &;

£ 2 2q | q
¢)§q_1+ -1 . +1-+5)<0. (3.5)

Here we can choose § to be small enough to guarantee that the right side of the equation
is negative and this can be done without dependence on &.
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Let us next focus on &. By the range of ¢, we have

2—q
qp‘l

B ok § B
R(I)SL 2—q - (an E +,0q> l - ﬂ §2—q) 542 (E>q—2
pd F - 48 F - £ —\$

and thus for § we chose above, we have

L) = —6F + —— (R(’)S 1>2_q (”_ ! +1)
= q pis F n

2 (©) ’ <”_ Ly 1) (3.6)
g—11\8 1
in &. We can now choose & to be large enough to guarantee that the right side is negative.
Thus combining the estimates Egs. 3.5 and 3.6, we have that £(¢) < 0 in the entire P ¢ and
thus by just multiplying the positive scaling factor in the definition of £ away, we have that
¢ is a classical subsolution.

We still need to check the points where V& = 0, because there the simplification we
did earlier in Eq. 3.3 does not hold. Also because of the singular nature of the Eq. 1.1, the
concept of a classical solution does not really make sense at these points and we need to use
the definition of viscosity solutions. By similar calculation to the radial case using the same

notation, we have
712 24 1
—2A]-'< el )x x| = : < q )]—'lx|qT'
R@yTT \4~ 1

9=/ Ry
1 0)x (0, 2
R(t)1 :
as there F = 0. This latter set happens to be the lateral boundary of the support of . By our
previous calculation (3.4), the time derivative of @ is

A

IA
e
H.“
+

VO (x,1)| =

and thus the gradient vanishes at the origin as q%l > OQandinthesetdB

Exd71 pat ) k9~ pat 2 i
R()EH RO g—1°

g-1
which clearly satisfies 9;® < 0 at the critical points as the first term is negative and the
second is zero if either z = 0 or 7 = 0. Let ¢ € C? be an admissible test function touching
® at a critical point (x, ) from above. For any such function d,¢(x, t) = 9;®(x,t) < 0and
thus @ is a viscosity subsolution in P, ¢. The zero function is also a viscosity subsolution

2—,
so & is a viscosity subsolution in the entire R" x (0, u n‘;p") as we already verified the

B,CIJZ—

boundary. O

The comparison function ® defined in Eq. 3.1 does not give us stable constants as ¢ — 2
because the radius we use it for blows up. We can extend the proof of the degenerate case
slightly below ¢ = 2 with a different comparison function and use this to get stable constants
in our inequality for the whole range (1.3). Let p and k be positive parameters and define the

function
Kp T NERCA

+

where ) ]
() = e 2pU DT 4 pT 1 >0,
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Here v > 1 is a constant and
l—vig—2)
p; .

The function (3.7) is a time-rescaled version of the comparison function introduced by

DiBenedetto in [8, VII 3(i)]. We also introduce a number
A +2v)
qv) = W

This number ¢ (v) will define the size of the interval around ¢ = 2, where G is a viscosity

subsolution.

() = (3.8)

Lemma3.2 Letg € (4 —q(v),7/3). There exists av := v(n, p) > 1 independent of q such
that G is a viscosity subsolution to Eq. 1.1 in R" x R™.

Proof We prove this statement by first showing that G is a classical subsolution in the support
of this function

S :=suppgG = {(x, 1) eR" x R"" x| < =", 1 > 0]
apart from the points where VG = 0 and dealing with the boundary and rest of the space after-
ward. The function G is radial with respect to space and thus we can perform our calculations

in radial coordinates. Define
q

. Kp*(l’“) | r T\ 7T
glr,t) = o \1™ <72(t)/\(u)> . ,

2 v
r A q kp /
= Fi=(1—-z¢T),, =—, A= , S = .
RSOV (1-28y, @ (q - 1) =) “PpE

Again whenever g’ # 0, we can use the radiality and a quick calculation to simplify our
statement to the form

_ —1
g —|g'| 2 <(p - 1g” +g’%> <0 inR x (0, 00).

and

Inside S’, we have

v (q—1) 51
kP o (g=2)5L Mt
UA = Vg e I TP Y = VT K
q L —A(v) q-2 (@=2) 555
= — - v)
nF q— 1Zq r B (1)* 0+l e P
and thus
(q—l)ﬁ q 1 1 —A
e q L q L v) —2 (-7
90 = — alpFa1 4 A FaT | — =T q =2 7
18 v (1)Ut ke n g—1 q— IZ r (1) 0+l K P
( v \q—1
K/OMV)) q 1 g A(v) v \Ng—2
v T 4 AqF Tz ( m)
Vmeir M AT s e
v \q—1
<KPW) 1 q
= W (—\)TIF"'CI)\.(V)T]]:"TIZ"TI) . (3.9)
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For the spatial derivatives, we have

=

1 1 q—

¢ =A—L _FEF = _paFTT S
qg—1 = ()W

¢ =ad (g
qg—1\g—1

2 1
q q 1y zd 1 q 74
=A Fa-1 —Fer 1
q—1 ((q —1)3 ¥ ()2 (g —1)? E(t)zx(v))

1
Aa q 4 1 Fato
= -1 — F )z & ————
g1 (q— r )Z (%)

1

so finally

-2 / n—1
lg'|? ((P* Dg' +g/f>

Aa \17? =2 p—1 q . I Far! L z‘flTl n—1
(E(z)l(v)) (Fe |\ Aa <q -1 7f>z' T AT S
_ (Aa)?—! p—1 q 4 1 r n—1
= T \g=i =15 ) some Frere

(Aa)?”!

4

for constants C1 = % andC = ‘f;’i _])12) . We define an operator £ : C2(R) — R
by

b v+l -~ 1
L(g) = 2O (&g — ¢ ((p - Dg"+ g,%>> .

v \gq—1
=

Therefore by the calculation above, we have

v\ ¢-1
q 1 q ()l ad~1 kp ) q
- _ =T T ,q-1 _ g—T1 _
£g) = —vnF 4=t +arnF otz v -1 s | Ty (CZZ le)
<Kp)L(V)>

_4q 1 g _4q
=—vnFa 1 +ar(v)ynFa-Tlza-1 4+ (1)@ DvH1—grv) 491 <C1.7-' —Cyz qfl)

9 1 g9 9
= —vnFaT 4+ ar()bFa-T70-T 4 g7 <C1}‘— szqfl) (3.10)

where the exponent of X (¢) is zero because of Eq. 3.8. We introduce two sets

51::{(x,r)eRx(o,oo)|szl>l(1+ G )}

-2 Ci+C
_q_ 1 Cq
&= ,1) e R x (0, T < — (1 4+ —>n
2 {(x) x (0,00) | z <2(+C1+C2>}
and note that as A is decreasing with respect to ¢, we have

1 6v+1 7
i AMg) <A(v) =A@ —q)) = 0 < 3 for g € [4—qv),q)]. (.11

Inside &1, the first term can be small depending on the data but the lower bound we chose

for z4-T ensures that the rest of the terms are negative on their own without dependence on
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v. Using Eq. 3.10 and estimate Eq. 3.11, it follows that in &7 it holds
a9 1 g —1 a9 9
L(g) = —vnFTT +arnFTT 27T +at™ (C1(1 = 2T) ) — CozitT)
1
<@ (FTT +at™! (€1 = (€1 + €227 T)
<a(rm+ -2+ f1+ =2t
a v - = —_—
< n 15 2 Ci 1
. g(p—1
=alx - 2
“( T 1)2)

N q
=an <§ - m) <0 (3.12)

where & = max{a, a9~ '}. The last inequality holds because we assumed that g < % Notice

that this estimate holds for all v but only for g € (4 — g (v), %) depending on the v we pick.

In &, we have
16))

Fzo
2(C1 + Cy)

and we can ensure that £(g) is negative by choosing a suitably large v. We again estimate
using Egs. 3.10 and 3.11 that inside &», it holds

1
L(8) < —vnFTT +arIFTTT a0 (C1F — CoatT)

q
) 1 (7
< - S B “b+Ct). 3.13
- vn<2(C1+C2)) +a<8 * l> G-19

() (ree)
vi= max al<c+— )|\
qel8/5.7/31 \8 1 2(C1 + ()

so that for this v, we have £(g) < 01in & by Eq. 3.13. Notice that this choice of v depends on
n and p butnot g and that4 — g (v) > % for all v > 1. Thus for this choise of v, we get that by
Eqgs. 3.12 and 3.13, we have £(g) < 0 in the classical sense in S’ for all ¢ € (4 — g (v), %).

We still have to check the points where VG = 0. The gradient for the original function
3.7)is

Choose

X

1 1
—AaFTT x|
(1))

q I — 11 X

VGx,t) =A——F T F =—AaFaeTze T ——— =
gD =40 N N PIORR
which exists and vanishes at the origin as q—il > 0 and also vanishes when F = 0, that is
when x € 9R. Using the time derivative we calculated in Eq. 3.9, we have that for x € R
it holds 9;G = 0 and for x = 0, we have
v q—l
()

G =—v > (1) ! =<0

Let ¢ € C? be an admissible test function touching & at a critical point (x, 7) from above.
For any such function d,;¢(x, ) = 9,G(x,t) < 0 and thus ® is a viscosity subsolution in
S.In (R" X R*) \ S, any admissible test function touching G from above must have zero
time-derivative and thus G is a viscosity subsolution in the entire R” x R™. O
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We need one more comparison function to handle expanding the sidewise positivity set in
our proof of the singular forward Harnack’s inequality in Theorem 4.1. This differs from the
degenerate case where only one Barenblatt type comparison function is used [26, Theorem
7.3].

Let k and v be positive parameters and consider cylindrical domains with annular cross-
section

CO) :=1{v < |x] <1} x (0,0). (3.14)

For these parameters and a constant ¢, we define

q g 4\ T2
W@Jk:k@—wﬂﬂi'<L+ﬁl§<:r)q) . (3.15)

This is a rescaled version of the comparison function introduced by DiBenedetto in [8,
VII 6]. Our set (3.14) has different scaling compared to DiBenedetto’s as we feel this slightly
simplifies the roles of parameters. After finding a suitable ¢ to ensure that W is a subsolution,
we can pick k to set what value W attains on the inner lateral boundary and finally pick v to
set the size of the hole in the annular cross-section of our cylinder to be of suitable radius.
In our proof of the forward inequality these are picked in Egs. 4.5 and 4.6. We present the
proof in detail for the ease of the reader and to fix some typos in the literature.

Lemma 3.3 Let the range condition (1.3) hold and q < 2. There exist constants { =
¢(n, p,q) and ® := O(n, p, q) such that for every 0 < v < 1 and k > 0, Eq. 3.15 is
a viscosity subsolution to the equation 1.1 in C(0) for

0= quzfq@)' (316)
Proof The function W is radial and thus we will again do our calculations in radial coordinates.
Define

N =
49 _ o q .
wvjy:kﬁ—ﬂﬂﬂ<l+mﬁi<:)q>
n

and denote

2-q rd\ a1 k oL
z:=ka g | — , Fi=142z, w:= T vi=(1—r)Tt,
nt F

q

so that ¢ = vw. Whenever ¢’ # 0, we can simplify our statement to the form

aw-W%”(w—nwwwﬂgi>gohwWy=w<r<nxmﬁy

‘We have
U/:— 2rq (1—}’2)‘1%] = — zrq é
q—1 qg—1
2 72—, 1 2 _
//:L‘%(]_ﬂ)ﬁ_zi‘l(l_rz)qﬁ:4”7‘12,}27"_27‘11,3
(g—1 q—1 (g—1 qg—1
1
w o kLT e 4 pite (L) o4 ®z
2—¢q q—1 nt 2—qFr
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” q q w 12 q w z q wZZ w Z
__<ﬂ> [_ <ﬁ)ﬁﬁ+<qfl) 7”72_<ﬁ>?72_?72}
q q w 72 1 wz
(2—q>[((%q)(q—l))ﬁﬁ_qfl?ﬁ}

q2 wZ2 q w z

T Q-G -DFE Q- DFr*
Define operators Q : CXR) > RandR: C3*[R) »> R by

g
|

_ —1
QW) =y — |91 ((p — Dy 4yt )

r

and
" n—1 ’
RW):=—(p—-Dy" — —v¢
sothat Q(y) = 8, + |1/ﬂ|"‘2 R(Y). Using ¢' = w'v+wv’ and " = w’v+2w'v' +wv”,
we can estimate R (1) to obtain

—1
RW) = — (p = D(W"v + 200 + wv") — = w'v + w)
r

__(_1)[(L£ﬁ_$ﬂi>v+Lﬂiﬁ
- C—q2q-DFr7 Q-qq-DFr C—qg-DFr

2 ~ _
+w 4 vaq— 24 v4l . ! ~ 1 EEv— 2rq vqlw
(g —1)? g—1 r 2—qFr qg—1
:_[ (p=Dg*> z  (p—1lg _(n—l)q]gi
C-9*q-DF Q2-g9g-D 2—q JFr?
4’(p -1 = 1 4rq(p—1)

2-¢ 2 -1 1 2n-1 1
A2 a2 Da g

Te-pq-nrF TED q—1 q—1
_a [, a4 z]wz
_.2_qn[d (Z_Q)J:i|]:r2v+A. (3.17)

Here d = % + 1 and A consists of four latter terms. Next, we will prove that A is
negative for suitably large z and we prove the technical part of this as a separate lemma after
finishing this proof. Let Z(p, g, N) be the positive constant given by the Lemma 3.4 proven
below and note that to use this lemma, we will need to restrict 6 to make sure that

z> Zforall (r,t) € C(O).
The correct choice turns out to be

- cihyag2-a |

0 <
" VAR

(3.18)

as plugging this into the definition of z, we get

2-¢ rd q+l 2—¢ v q%] 2-¢ v a-1
= kit (7) > kit (7) st (— 2 )~z
nt nt gqflvqu*qZL

q—1

Thus by Lemma 3.4
1 4g%(p—1 229 4r2g(p — 1 12g(p—1 12(n—1
A:—quMi—wv ‘1q rap 2)+qu 9(p )+qu (n )
C-q)g—1 Fr (g—1 g—1 qg—1
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2 1 1 -1 1=
=—quf1 q(p ) 2 2p v r2+l7+n—2
1 2—¢q Fr q-—1

2 1 -1 1 -1 2

= i _Zq(p )_z2 -1 . s tprp+n—2
q—1 2—q (I+2)r g—11—r

<0

and thus combining this with Eq. 3.17, we get
q w Z q d
R < —N——|d— ——1.
wo_z_;wfﬂ[ }

Next, we estimate

/ / / / q Wz 2rqg 1
= — = — — = — q
|1/f v w'v — wv g Fr + q—lv
w q 2 2 2q , 2
= — | ———(1 — q—1 1 q—1
2 (G 2a- it Mo - i)
w

and by direct calculation

1-— 1 1
i = v v _ ) = M
2—-qgF qg—1t 2—qg Ft

and thus we get

2—q
P CL(wye v
|I//| 8tlﬁfZ—q(r) Ft
Set
2 2
L) = ﬂ W/ |2 q oY) = ﬂ

and plug in our estimates Eqgs. 3.19 and 3.20 to get

2—)Fr? (C7 jwy2-
( q)r<1 (E) T w4 va[d

L) =

vwz 2—¢q
_ rd z
=C} qwz_qT—H]q [d——q —].

By our definition of w and z

(' oy +R())

q q-1 2—q q
wz,qi = < k r— < il
l1+z t

and

qg 2 q qz q
d———Z|=np—"—1d2—-q) - =n—-I1d@2 -
nq[ 2_qf} nz_q[( q) 1+Z} nz_q[( q) —

I
=
|
>
+
I_‘I
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Using these we can further estimate Eq. 3.21 to get

¢ n q q
L) < =L 4 [—x 7] . 3.2
W) < ca T +772_q +}_ (3.22)
Now finally if we assume
2
7> Tq (3.23)
we have £ = ;L < % and can choose the ¢ that satisfies
2—q
C A
L 7177 - an <0.
< 2—q?2

For this ¢, the estimate Eq. 3.22 becomes £(1/) < 0 and we have that i is a classical
subsolution. To ensure that only z satisfying both z > Z and Eq. 3.23 are in our annulus
C' (), we need to further restrict 6 we picked in Eq. 3.18 to make sure that

A\t
t<k27‘1§‘171r‘1 — rfl
2q

in the set. By the definition of C’(8), we have r > v so it suffices to choose
A9t {qflv"kz*q
6 < (f) gV
2q n

so picking

— gq_l ; P\ 1 qr2—q _. q12—q
f ;= —— min Z » a1 vk =:0(n, p,q)vik

all estimates hold and v is a classical subsolution in C’(8). We still have to check the points
where V¥ = 0. By direct calculation, denoting

q—1

N =
2\ 2— |x]9 7T
v=(1—1|x|7)9! and w=k|1+kde1C T ,
n

we have

2% o A\ (e
1 1 =49 q— q—
VU (x) = q vqxw—l—v(—i)k‘i*' 1 +ka-l¢ x| : ¢ il — | x
a1 2o () 7T () 7T

and it is easy to see that VW (x) = 0 if and only |x| = 1 or x = 0. The origin is outside our
domain so let (y, s) be an arbitrary point such that |y| = 1 and s € (0, 0) and let ¢ € C? be
an admissible test function touching ¥ from above at (y, s). At such point

Doy, 5) = AW(y,5) = ——(1 = yPHTTLE =0
,S = ,S = —_— T —— =
Ly t XY 24 y Fi

and same trivially holds when touching a point in (R" \ B;(0)) x (0, #) and thus W is a
viscosity subsolution in (R” \ B, (0)) x (0, 6). This finishes the proof of Lemma 3.3. O

Next, we will prove Lemma 3.4 that we used in the above proof to show that A was
negative.
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Lemma 3.4 There exists a constant Z = Z(p, q, n) such that forall z > Z and allr € (0, 1)

we have 5
glp—-D z 1 p—1 r

E(r):=2 - 42 —p—n+2>0.

@) 1-g Utor “q-11—p2 P7t==

Proof Let K := max{K, K,} where

n—12—gq n—1\2—gq
K = —, Kry:=|(1- —_— .
p—1 2¢q p—1 3q

We begin by showing that K < 1 using the range condition (1.3).

We first consider the case where p < ”+] andg > 2(,:' 2 Since the latter inequality implies
2(n=p)
n—1 _ n—p

’

2 - =p) 1
-4  2-2-— 2
we obtain

n—12—g¢q 1n—-1 1 n—-1 n—1
1= < = < = = =1
p—1 2 2n—p 2n_% 2n—n— 1

using the upper bound on p. Similarly, we estimate

1p—1 —1 1 -2 12 40 -2
~3n p—1 3\ n—p 3 n—nit

n+1
2 El

In the case p > we have directly

n—12—q< n—12—-q n—12—-q 2-—gq
p—12 ~ml_1 2¢ " Tn-12 ¢

12— 1\ _12- — 1 2
Kr=;—T(147 <z l1+ 2 =1 <1
3 g p=1)73 ¢ 1 q

so hence we have K < 1 for all exponents satisfying (1.3). Now observe that this implies

<1

K| =

and

z S K
z+1
if and only if
- K
22T
Denote Z = K so that by above we have
> K forallz> Z. (3.24)
z+1
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Now, we estimate E (r) separately in the cases r > % andr < % If we first assume r > %,

L 2 . .
this implies ﬁ > % =: a so using Eq. 3.24, we can estimate

—1 1 —1
E(r)zz%lqurzp A= p—n+2
— 0 2q K+ 2a | n—1
-7 2-q ' Tq-1 p—1
2 2a +1— n—1

=(p-—1 cl K+ 4 _

2—¢q g—1 p—1

> ( 1 2q % n—1

> (p PRl

:O7

where the last identity follows from the definition of K. If r < % we discard the second
term with » and estimate again using Eq. 3.24 to get

By <222 D30 i
2—q 2
1 g¢g n—1
=0-n(33t -1 0)
=0,
where we used the definition of K. ]

4 Forward Intrinsic Harnack’s Inequality

In their paper [26], Parviainen and Vazquez prove the forward Harnack’s inequality for
viscosity solutions of Eq. 1.1 in the degenerate case ¢ > 2. In this section, we prove the
remaining singular case ¢ < 2 and the case of ¢ near 2. For the proof of the same results
for the standard singular p-parabolic equation see [8, VIL.9]. In the proof we first rescale
the equation into a simpler form, locate the local supremum of the function in some specific
cylinder and, use oscillation estimates to show that there exists some small ball on a time
slice where the function is strictly larger than the value depending on the singularity of the
Eq. 1.1. Barenblatt-type solutions have an infinite speed of propagation for ¢ < 2 and hence
do not work as comparison functions similarly to the degenerate case. In the strictly singular
case, we next use a comparison function constructed in Lemma 3.1 to expand the set of
positivity in the time direction to get a similar lower bound extended from one time slice to
a space-time cylinder. Finally, we use a second comparison function constructed in Lemma
3.3 to widen the set of positivity in the spacial direction to fill the entire ball we are interested
in and get the final estimate. At the end of this section, we prove the inequality for values of ¢
near 2. This case is similar to the degenerate case and only requires one comparison function
but here we use one constructed in Lemma 3.2 instead of the Barenblatt solution used in the
degenerate case. This method gives us stable constants as ¢ — 2 from either side.

Theorem 4.1 Letu > 0 be aviscosity solutionto Eq. 1.1 in Q7 (1) and let the range condition
(1.3) hold. Fix (xo, to) € Q (1) such that u(xo, to) > 0. Then there exist u = p(n, p, q)
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and ¢ = c(n, p, q) such that
u(xp,t0) < p inf u (', o+ grq)
By (x0)

where
0 = cu (xo, t0)* ™4,

whenever (xg, to) + Qa4r(0) C Q7 (1).

Remark 4.2 The constants i and ¢ can be picked to be stable as ¢ — 2 from either side as
we show in the proof. As g approaches the lower bound in Eq. 1.3, i tends to infinity, and ¢
tends to zero. As ¢ — 00, both u and ¢ tend to infinity.

Proof of Theorem 4.1 The proof for the degenerate case g > 2 is given as [26, Theorem 7.3]
and thus we can focus on the singular case ¢ < 2. Consider the rescaled equation

_ 1 2—q ;.9
v(x,t) = u(xo +rx, to + u(xo, to)~ tr?)

u(xo, to)
which solves
dv = |Vv|?=P div (|Vv[P 2 V) in O
v(0,0) =1,

where Q = B4(0) x (—44,4%). Now it is enough to show that there exists positive constants
co and g such that

inf v(-,co) > o 4.1
B1(0)

because then by the definition of v, we have

_ 1
tou(xo, to) < u(xo,t0) inf ————u(xo +rx, to + cou(xo, t)>~4r9)
x€B1(0) u(xo, to)

= inf u(-, to + cou(xo, t0)*~1r).
- (x0)

For the first part of the proof, we make the extra assumption ¢ < 2 and deal with values
near g = 2 afterward. Proof for ¢ = 2 is easy but we need to deal with values near it
separately to ensure that we get stable constants as ¢ — 2 from either side. We will prove
Eq. 4.1 in the following steps.

Step 1: Locating the supremum. First, we will need to locate the supremum of v in Q and
establish a positive lower bound for v in some small ball around the supremum point. We do
this by using Holder continuity results. For all 7 € [0, 1) and o € (0, 1) to be chosen later
define nested expanding cylinders

O ={x,t)e Q| |x|<rt,t e (—or1,0)}

and the numbers .
M, :=supv, Ny =(1—-1) 29,

O

Notice that My = 1 = Ny and

Iim N; =00 and lim M; < o0
/1 T /1
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as v is bounded. Therefore by continuity, the equation M, = N; must have a largest root
70 € [0, 1), which satisfies

M,=(1—To)72qfq and supv=M; < N;forall >t > 19.
’ 0

we have

- ~_ 1t
Especially for 7 := ~5%

M; < Np =277 (1 —19) 77

By continuity of v, it achieves the value My, at some point (X, f) e @m (1) and for the
radius R = 15 we have (£,7) + Qr(1) C Q: (D) as R+ | (X, 1) < 152 + 19 = £.
Thus the supremum can be estimated

sup v < sup v=M; < Qﬁ(l — ‘L’())_ﬁ =:wy > 1. 4.2)

®.D+Qr(1) 0:(1)
Letap = wg_2 and note that agRY = wg_zR‘f < RY and thus by Eq. 4.2, we have

0SC(2,1)+Qr(ap) ¥ = O5C(2,7)4+Qr(1) ¥ = @0

Thus we can use Corollary 2.4 to find C:= C’(n, p,q) > landv:=v(n, p,q) € (0,1)
such that . oY
0SCB, (xo) V(- 1) < Cag (})

for any 0 < p < R. Pick p = 8R for some § := §(n, p, g) small enough to satisfy
1— 6‘8"22% > % so that

v(x,7) = inf v(-,7) = sup v(-,7) —0sCp, ) V(- 1)
Bsr(¥) Bsr (%)

A%

o~ ~f8R\' __a _a
v(x,t)— C x 224 (1 —19) 24

q

_ Asin Y (1 — o2 = Lo
=(1—-C86"2249) (1 —10) 422(1 70) ¢ =K 4.3)

forall x € B, (%).

Step 2: Time expansion of positivity. We have managed to prove the positivity of v in a
small ball for time  and now we intend to improve this estimate to get positivity in a time
cylinder. Consider the translated comparison function ® (x — £, t — f) introduced in Eq. 3.1
for choices k and p introduced above. By Lemma 3.1, we have thus that & is a viscosity
subsolution to Eq. 1.1 in

o .. K29 pY
X,t)+Peg =B Al()?)x<t,t+ )
(1) + P (Rt—)7 né

for time dependent radius ﬁ(t) := nk972t + p9. We choose
K24p? (1 —19)~pY
né 22ank

where o is the constant we did not yet choose in the definition of our cylinders Q,,. Now by
Eqgs. 4.3 and 3.2, it holds

30 =

v(x, 1) >k > d(x —X,7—1)
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and by positivity v > @ on the spatial boundary. Thus by the comparison principle Theorem
2.5 (See Fig. 1 below)

v>®in {|x—)€|q<1§(3cr—f)}x{0<t—f<3o}

R 1 n
so in particular as p < (R(30 —))4, we getfort — € (0,30) and |x| < p
2

q¢ q %1
i Gt
(nk9=2(30) + p) nki=co +p N

B %(1—10)*ﬁ (1 < 3¢ )ql]>2
_20mm

ey U
=20, p.g)(1 — 1) 7. 4.4)

We do not have a way to know the exact location of f inside Q, but we know that
ie(—1,0)and o € (0, 1). Thus as

(0,20) C ﬂ (f+o0,f+30),
fe(~1,0)

we have estimate Eq. 4.4 for all (x, 1) € B,(X) x (0,20). Asq / 2, we have o \ 0 and
hence the set converges towards an empty set. To get the estimate for values of ¢ near 2, we
repeat a similar argument but with a different comparison function.

Step 3: Sidewise expansion of positivity. We will next expand the positivity set of v over
B (x) for a specific time slice using yet another comparison function to finally get the estimate
Eq. 4.1. Choose

k=&l —10) 7, (4.5)
we got from Eq. 4.4,
0
== 4.6
vi= 3 (4.6)

and let 0 be given by Eq. 3.16 for this k and v. We have Eq. 4.4 forall (x, 1) € B,(X) x (o, 20)
so we have the same estimate with a smaller constant & = min{#, o}. We want to use a
translated and scaled version of the comparison function

xX—X t—0
v ,
( 300 3 )
in the annular cylindrical domain

C:={p<|x—3%| <3} x(5,26)

where we introduced W in Eq. 3.15. This rescaled W is a viscosity subsolution to Eq. 1.1 in
C by Lemma 3.3. Notice that this ¥ vanishes for x € d B3(X) ort = ¢ and that

" X—X t—o0 P —e
3 ) 3q = _C( _TO)

everywhere in C. Combining this estimate with Eq. 4.4 we have

XxX—X t—0
W , <v(x,t)
3 34
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(€))

b Qry

—0To

@1

—0

Fig.1 Illustration of the time expansion. We use the comparison principle over the light gray cylinder and get
the final estimate over the gray cylinder

for all (x,7) € {|x — )2’ = p} x (6,26) by continuity of v. Thus we can again use the
comparison principle to get W < v in the entire set C.

_a
In By(X) x {t = 26}, for our chosen k = ¢(1 — 7p)~ 2=9, we have

q 1 -
2\ a1 2= 2)9\ a1 !
v(x,26) = &1 — 1) T (1 - (%> ) 1+ [6(1 - ro)‘zqfq]‘?* ¢ <_(3)A )
3) ), 06
q L 2L
2\ a1 24 27\ 71 !
= nf &1 -1 (1 - (%) ) tfea-o ] e <(23n)0>
T +
=: po(n, p, q).

Thus by taking infimum over B;(0) C B (x), we get

inf v(-,206) > o
BI(O)( ) > u

so we have proved estimate Eq. 4.1 for ¢p := 26.

Case of g near 2. The case of g near 2 is quite similar to the proof we presented above. Let
& > 0 be a small number to be fixed later and assume that ¢ € (2 — ¢, 2 + ¢). This time we

define a family of nested expanding cylinders by

Or={x.0)e Qx| <t,te(-1,0)}
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so they no longer depend on the constant o. We define
M, :=supv, Ny:=(1-1)""
0:
for B > 0 to be chosen later similar to the proof of the degenerate case. Again let 79 € [0, 1)
be the largest root of equation M, = N; to ensure

My = (1 — ‘L'o)_ﬁ and M; < Zﬁ(l — To)ﬁ

for T = HTTO By continuity of v, it achieves the value M, at some point (X, 1) e @TO(I)

and for radii R = la“’, we have

sup v < sup v=M; < 2’3(1 —1:0)_/3 =:wy > 1.
Or(1) 0z (1)

For g < 2, we can repeat the same steps as we used to obtain Eq. 4.3 to find p := §R for
some 8§ := §(n, p, g) small enough so that

v(x, 1) u(ﬁ,b—é(%> 26(1 — 7p) P

v

. I
(1-¢s"2P) =) = S0 —w)F =i

forall x € B,(X). For g > 2, we repeat the same steps but use [26, Corollary 7.2] instead of
Corollary 2.4 and we get the same estimate.

This is where we need the special subsolution constructed in Lemma 3.2. Let « and p be
the constants we set above and

v q %1
L kp [x] -1\’
G(x,t) = ST (1 - (72(0“”)) )+ )

Consider the translated version G(x — %,  —7) which is a viscosity subsolution to Eq. 1.1

in R" x R as long as our exponent ¢ is close enough to 2. Let v be the constant given by

4(142v) ) 11
1+4v >3

viscosity solution by Lemma 3.2 and the restriction & < % is here to ensure that A(v) > 0
for all g in our range.
At time level ¢ = ¢, the support of G(x — X, co — 7) is the set

Lemma 3.2 and pick ¢ = min { ] The first two numbers ensure that G is a

suppG(x — X, co — 1) = {x e R" |x —)€| < ¥(co —f))‘(v)]

where
1—v(g -2

q

rv) =

and

E(co—f):<p7_l
qg—1

p—T1)\ /(1 B\ @D P
= =1 5(1 — 70) (6R) "W (co = 1) + p)

1

— Al — zo)(q‘z)(ﬁ‘ﬂ) (co—7) + p77.

) quzp(qu)ﬁ (co—1)+ pﬁ.

@ Springer



Intrinsic Harnack’s Inequality for a General...

Here we used R = 172750 and defined
v\ g2
—1 1 /6\*®™
A=(2") (= (2 :
—1)\2\2
‘We choose .
v d 30,
= — = 1
B ) and ¢ 1 +

and since |)?| < land? € (-1, 0], these choices ensure
Av)

A oA L A
+1 —r) +pw>) > By(¥)

1
37

suppG(x — X, co — 1) = { |x — %] < <A< "

and thus B>(0) C suppG(x — X, co — 7). Inthe set suppG(x — X, 7 — 1) = B, (%), we have

4 T
. x—z\T\’
Gx—x,t—1t)=« 1—(||> <k <v(x,1)
0
+

and similarly G < v on the rest of 9, (Bz &) x [f, co]) because we assumed v to be positive.
Hence by the comparison principle Theorem 2.5

inf v(-, co) > inf G(-, co)
B1(0) B1(0)

qu qg—1
K,oﬁ 1 1
. N i L\ A)
<3 A 4 P A(v) ) (3 ) 4 P () )
+

1 /8\ 0 | A
=25z3) ==\l 3
(3 )+ puu))
v 4\ 75
= 2 3

=: no(n, p,q),

so we have proven Eq. 4.1. Notice that all constants used here are stable as ¢ — 2 from
either side. o

5 Backward Intrinsic Harnack’s Inequality

In this section, we will prove the backward intrinsic Harnack’s inequality for the optimal range
of exponents (1.3). We proved the singular case as Theorem 5.2 in [19] but the degenerate
case has not been proven before to the best of our knowledge for Eq. 1.1. The degenerate
case is proven for the standard p-parabolic equation [6, Section 5.3]. All proofs are based
on using the forward inequality in a specific way taking into account the intrinsic scaling. In
the degenerate case, we move backward in time centered at x( seeking for a time where the
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function obtains a value larger than pu(xg, fo). We handle the case of such time existing and
not existing separately and show that in both cases we get the backward inequality using the
forward inequality. The main difference to the singular case is that when ¢ > 2, we have to
assume that u(xg, o) > 0 or the inequality will not hold. The case g = 2 follows directly
from forward Harnack’s inequality as we do not have to worry about the intrinsic scaling. In
the singular case, the amount of space needed around our space-time cylinder depends on 7,
p, and g but we improve this result using covering arguments in the next section.

Theorem 1.1 Letu > 0 be aviscosity solutionto Eq. 1.1in Q| (1) and let the range condition
(1.3) hold. Fix (xq, t9) € Q7 (1) such that u(xg, to) > 0. Then there exist y = y(n, p, q),
c=c(n,p,q)ando =o(n, p,q) > 1 such that

y~! sup ul, to — 0r) < ulxo, fo) < 7 it w0 +0r)
r (X0

B, (XO)
where
0 = cu (xo, t0)* ™7,

whenever (xo, to) + Qs (6) C Q7 ().

Proof Let ¢ and u be the constants we get from Theorem 4.1 and let 0 = cu (xo, to)z_q.

Case 1 (q<2): The case ¢ < 2 is Theorem 5.2. in [19] where we get the theorem for constant
g2

o =2 wherea = (2n) 7 <1
Apart from the non-emptyness of U, this proof extends directly to the case ¢ = 2 but this
can be done easier as we do not have intrinsic time scaling in this case.

Case 2 (q=2): Let7 = 19 — cr?> and y € B, (xg). Now by Theorem 4.1 at the point (y, 7), we
get an estimate

u(y,7) < inf u(, 7+ cr?) = p inf u(-, t0) < pu(xo, fo). 5.1
B (y) B, (y)
This holds for any y € B, (xp) and thus by taking supremum over all of them we get
sup u(-,t — cr’) < pu(xo, to), (5.2)
By (x0)

as desired. The use of Harnack’s inequality in Eq. 5.1 is justified because in the space direction
By (y) C Bsy(x0) C B, (x0) and in the time direction we have

F—cdr)? >ty —cr’ —c@r)? =ty — c(5r%) > tg — c(or?),

for any o > 5.
Inequality (5.2) combined with Theorem 4.1 proves the inequality in the case g = 2.

Case 3 (q>2): Finally, let ¢ > 2 where we again have to deal with the time-scaling. Let p
be a radius such that (xo, fo) + Qg,(8) C Q7 (1) for & = cu(xo, 1)?~9 and define the set

T ={te(to—04p)?. 10) | u(xo, 1) = 2pu(xo, to)}.

Now 7 is either empty or non-empty. If it happens that 7 # J, there exists a largest T € 7
by continuity of u. For a time like this, it must hold that

to— T > cu(xo, 1) 7?p? = ¢ Quu(xo, 10))°~ p?, (5.3)
because otherwise we can choose /§ € (0, 1) such that

T+ cu(xo, 1) 2(Bp)! =19
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and use Theorem 4.1 on the point (xg, 7) for radius /§ p to get

2uu(xg, tg) = u(xp, 7) < Binf

u(-, to) < u(xo, to).
Br X0)

This is a contradiction assuming that we have suitable space to use the forward Harnack’s
inequality. This is automatically satisfied in space as we are centered at xo and in time we
have

T — cu(xo, 1 @Bp)? > T — culxo, T (4p) = T — cu)*u(xo, 10)* I (4p)?
> 10— 0(4p)T — 2 ~10(4p)? =10 — (1+ 21 ~7) (4p)"
> 1 — 6(6p)?,

where the last inequality holds for all u > 1 as 1 + (Qu)?~949 <2 .49 < 64 for g > 2.
Here we used the fact that T > 19 — 6(4p)? and u(xg, 7) = 2uu(xp, tp) by the definition of
7. Set

s = to — cuu(xo, 10))*~ p (5.4)

and notice that by Eq. 5.3, it holds s € (t, f9) and
u(xo, s) < 2pu(xo, to).
Assume thriving for a contradiction that there exists y € B,(xo) such that
u(y, s) = 2pu(xo, 1), (5.5

and note that
s+ cu(y,s)>1p? = 1.

Therefore assuming there is enough room to use Theorem 4.1, we get

2uu(xo, t0) = u(y, s) < pu inf u(-, s + cuxo, 1)> "4 p%) = p inf u(-, 19) < pu(xo, to).
B, (y) B, (y)

We have enough room in space as B4, (y) C Bs,(xo) and by Eqs. 5.4 and 5.5 in time, it
holds

s —cu(y,s)* "1 (4p)? = tg — cuu(xo, 10))* ™1 p? — c2uu(xo, 10))* " (4p)?

2—q

q
=to—9[(2u+42q‘12u) ! p} > 19 — 6(6p)7,

where the last inequality holds for all u > 1 because for ¢ > 2 we have

2—
q 9

(2M + 4@2@7 oW <1,
Therefore such y € B, (xp) cannot exist and we have
u(y,s) < 2uu(xo,to) forall y € B,(xp)
and thus by definition of s

sup u(-, to — cQuu(xo, 0))*~ p?) < 2pu(xo, to) (5.6)
Bp (x0)
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2—,
Letr = (2,u)Tq,o < p and rewrite Eq. 5.6 as
1 2 \* 1
u(xo, 10) > ()~ sup u ( fo—0 ((2M) a p) ) > Qu)~" sup u (- 10—06r?).
B, (x0) By (x0)
This combined with Theorem 4.1 for radius r and taking 2u gives

@~ sup u (- 10— 0r7) < u(xo, 1) < winf uC o +0r?) <2u Binf)u(-,rowr‘f)
r X0

B, (x0) r (x0

5.7

which is what we wanted. If it happens that 7 = ), we have
u(xo, 1) < 2uu(xop, to) forall r € (to — 0(4p)?, 1) (5.8)

by continuity of u. Assume thriving for a contradiction that
sup u(-, 19— 0r?) > 2uu(xo, to) (5.9)

By (x0)
which implies by continuity that there exists a point x, € B, (xop) such that

u(xs, to — 0r?) = 2p%u(xo, to). (5.10)

Assuming we have enough room to use Theorem 4.1 around the point (x,, fo — 6r?), we
have
u(xs, to —0r?) < inf u(-, to — Or? + cu(xy, to — 0r4)>~r9). (5.11)

By (x4)

The required space here is (xo, fp) + Qs C Q[ because we need to make sure that
By, (xy) C Bj.In time we do not need more room because

to — 0rf — cu(xy, to — 0r) > 1(4r)! =19 — ¢ [M(xo, 1)1 + 49 (2p%u (xo, to))%q] rd
=10 — [1+492u»*"] cu(xo. to)*1r4
=1t—6 ([1 4 44 (2;&)2—‘1]‘1l r)q
> 19 — 0(6r)?
where the last inequality holds assuming ¢ > 2 and
1+492u%)> 7 < 64

which is true for any ;o > 1 as (22)>~% < 1. We can estimate the time level by using Eq.
5.10 to get

to — 0r? — cu(xy, to — 0rH)>~4rd =19 — ¢ (u(xo, 10)*79 — u(xy, to — qu)z_q) rd
=t —c (u(xo, 10)>7 — (2% u(xo, to))2_q) rd
=10—(1—Quw*7)0r" <1,

where the last inequality follows from ¢ > 2 and taking u > 1. Therefore because xo €
B, (x4), combining Egs. 5.11 and 5.8 we get a contradiction

212 u(xg, 10) = u(xs, 10— 0r) < pulxg, -, 1o —0r? +culxy, 1o —0r9)>=4r9) < 2uu(xg, 10)-
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Thus inequality Eq. 5.9 cannot hold and we have

sup u(-, to — 0r?) < 2pu(xo, o).
B (x0)

Dividing both sides by 2> and combining this with Theorem 4.1 gives us

QuA™" sup u(-, to—0r?) < u(xg, to) < p 1nf u( t0+6r?) <2u* inf u(, to+6r?).
B, (xo) B (x0)
(5.12)

as desired. Because 7 has to be either empty or non-empty, combining Eqs. 5.7 and 5.12
gives us Harnack’s inequality for constant y = 2u°.
Our space requirement (xo, 70) + Qe (0) C Q7 (1) becomes (xo, to) + Q,(0) C @ (1)

2-q
fora = 2u) ¢ < 1 so we have the result for o = g.

6 The Covering Argument

The intrinsic Harnack requires a lot of room around the target cylinder if © from Theorem
4.1 happens to be large. The amount of needed room can be reduced by using a covering
argument but details about this are hard to find in the literature. In the time-independent case,
this can be done easily by covering by small balls but in our case, the intrinsic scaling in
the time direction can cause problems with the sets. We apply the covering argument in two
steps: We first prove, in Lemma 6.1 below, that we can reduce the needed room as much
as we want in the time variable by relaxing our constant in the space variable. Then by a
second covering argument, we prove that we can gain back what we lost in the space variable
without relaxing the time direction.

We only consider the forward Harnack’s inequality as the presented proof can be directly
modified for the backward version. We point out, however, that since the argument iteratively
applies Harnack’s inequality, it yields different constants ¢ and p for the backward and
forward versions.

We use right-angled paths connecting two points to deal with space and time variables
separately. Given (x, 1), (v,s) € R*!, we denote by y(xy:)) [0,1) — R™*! a path from
(x, 1) to (y, s) such that

y ([0, D) =[x, 1), (v, DIV, 1), (¥, 5)).

That is, y(y ) first moves from (x, 1) to (y, t) in space, and then from (y, ) to (y, s) in
time. Fora € R we denote by [a] € Z the number a rounded up to the nearest integer.

Lemma6.1 Letu > 0 be aviscosity solution to Eq. 1.1 in Q| (1) and let the range condition
Eq. 1.3 hold. Fix (xo, to) € Q (1) such that u(xo, to) > 0. Then for any oy > 1 there exist
M = /'L(nv P4, Ut)r o = a(nv P9, Ot): ¢ = C(l’l, pP.q, Ut) and Ox = Ux(n, pP.q, O't) such
that

u(xgp,t9) < p inf u(-, 19+ 0r?)

Bqyr (x0)

whenever
(%0, 0) 4 Bo,r (x0) X (19 — 8(0y7)?, 19 + 6 (0;r)T) C Q7 (1),

where 6 = cu(xg, to)> 4.
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Proof Let ¢, it and & be the constants given by Theorem 1.1. That is, we have

ux, 1) < [L;Ig)u(-, t+ Cu(x, )>7419), (6.1)
1

whenever
x| +0ol <1,
t4éulx, )2 1@G0H? C [0, 1).

We may assume that o, < & as otherwise the claim holds by Eq. 6.1. We denote

67 —1
K=
ol —1

and set
1

o=k 4,
R 240k
oy i=a(@max(l,u @ "+ 1),

c:=¢&([k]+ e,

Q—q)i

1
pi = (,u(z_q)i/c_l)q r=p 9 ar.
Let (£, ) be the target point, that is, £ € Bg, (xo) and
7= to + cu(xo, to)>"9r9.
It now suffices to prove that u(xq, f) < pu(x, f). We proceed by iteration.

Initial step: Set
1} = to + ¢u(xo, tO)Z—qu_

Then, since |x — xg| < ar = pg, we have by Harnack’s inequality
u(xo, t0) < fiu(x, 17).

Now, let (X, 1) be the first point along the path yg’?) such that
a8

u(xo, 1) = fu(X, 1).
If no such point exists, then by continuity we must have
u(xo, to) < fuu(x, 1)
and the claim already holds.
Iteration step: Let i € {2, ...} and suppose that we have already chosen (%, #;—1) such that
u(xo, t0) = '~ u (R, ti-).

Set

~ A 2—
=ty + eu®, ti_1)* 1 pd.

Ifu(x, ;1) < pu(X, t}), then we move along the path 7/((;’;,3) until we find a point (%, ;)
such that u(x, t;_1) = au(x, ;) so that

u(xo, t0) = i’ 'u(®, ti-1) = fu®, ).
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If no such point exists, then by continuity we must have

u(xo, o) = i ~'u(x, 1) < flu(x, 1),

and the claim of the lemma follows.

If the iteration does not end prematurely, we continue until 1 > f. When that happens,
we apply Harnack’s inequality one more time with a radius p < p;_1 so that we obtain
an estimate at the exact time level 7. We define i; as the smallest natural number such that
tit+1 > f. We have

ip < [k

as otherwise

17 =t = tra +au@, ma)* ol

v

they + e u(xo, 10)* pf
3 .
>1+ Z e u(xo, 1) pf
i=0
Ml
to + u(xg, 19)> 4 Z P
i=0
= to + Cu(xo. 10)* 4 ([k] + D!
= f’

which would be against the definition of i;. Consequently, the procedure yields the estimate
u(xo. 10) < A u(@, ).

We still need to verify that there is enough room to apply Harnack’s inequality throughout
the iteration. To this end, notice that the biggest jump in the time direction that we can do is

J = ulxg, 10)> k119,

Therefore we always have room in time direction, since in the worst case the jump starts
from 7 — J, and then we have (using that ¢ < ¢)

i—J+J67 =19+ culxo, 10)>79r7 + (69 — 1)éu(xo, 10)> i~ r4
< 1o+ cu(xo, 10)*~9r4 + &(of — Du(xo, 10)> r
< to+ cu(xo, 10)* (o) < 1.
We also have enough room in space direction since
piG + |X — xol < 6 max(po, pc1) + ar

— (G 240
=oa(ocmax(l,u ¢ ")+ Dr

=o,r < 1.
O
We are now ready to prove the general form of Harnack’s inequality. We remark that as the

space required around the intrinsic cylinder (xo, f9) + Qs»(#) C Q1 tends to zero (i.e. when
o — 1), the waiting time coefficient ¢ blows up if ¢ > 2, and tends to zero if g < 2.
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Theorem 6.2 Letu > 0 be aviscosity solution to Eq. 1.1 in Q7 (1) and let the range condition
(1.3) hold. Fix (xo,t9) € Q7 (1) such that u(xg, to) > 0. Then for any o > 1 there exist
w=u(n, p,q,0)andc = c(n, p, q,0) such that

u(xo, o) < p inf u(-, 1o + cu(xo, 10)>79r9),
By (x0)

whenever
(%0, 0) 4 Bor (x0) x (1o —60(ar)?, 10 +6(cr)?) C O (1),

where 6 = cu(xg, to)> 4.
Proof Let ¢, oy, @ and i be the constants that we get from Lemma 6.1 for o; := o. Then we

have
u(x, 1) < ﬁLBinf)u(~,t+5u(x, 1)27419) 6.2)

1 (X

whenever

(0, 1) + Bo (x) x (t — u(x, 1)1 (a)?, t + éu(x, )* "1 (o)?) C 0 (1),

i.e.
|x| + oyl < 1,
t £ culx, >~ 9D C [0, 1).
We denote
o—1
Q=
Ox
and
[(@o)~1]+1
¢ = éo? Z pla—2%=0,
k=1

Let (%, ) be the target point, that is, £ € B, (xo) and
7= to + cu(xo, to)>"9r9.

We now proceed by iteration (see Fig. 2 below).
Initial step: Let p := or and set
1 = to 4 éu(xo, t0)> "9 p?.
By the Harnack’s inequality in Eq. 6.2 we have
u(xo, 10) < flu(xy, 1),
where x7 is the point in Eo,p (o) that is closest to X. Now, if u(xo, 10) < ftu(x], t]), then we

(*,0)

move along the path Yok oh)
171

until we find a point (x1, #1) such that

u(xo, to) = ju(xy, 1y).

If no such point exists, then by continuity we must have

u(xo, 10) < fu(x, 1),
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(IT,tT)(Il,tl)

(o, tg To +or
|
- I I
T+ Ogzp T+ ozp

Fig. 2 Tllustration of the Harnack chain in the proof of Theorem 6.2 when ¢ < 2. If ¢ > 2, the paraboloids
get steeper instead

and we end the iteration.

Iteration step: Let i € {2, ...} and suppose that we have already chosen (x;_1, #;_1) such
that ‘
u(xo, t0) = A’ u(xi—1. 1)
Set
1=ty + Cu(xi—y, ti—1)> 4 pl.

By Harnack’s inequality in Eq. 6.2 we have
u(xi-1,ti-1) < pu(x;, 1),

where x is the point in Ep (x,;l)A that is closest to X. Now, if u(x;_1,#;-1) < ju(x}, 1),

then we move along the path y((;cgtt)*) until we find a point (x;, #;) such that u(x;_1,t-1) =
i°%

u(x;, t;) so that

i

u(xo, 10) = i M uxiy, tim) = Wuxi, ;).

If no such point exists, then by continuity we must have

u(xo. 1) = A" uxior, tim1) < Alu(@. D),
and we end the iteration.

If the iteration does not end prematurely, we continue until ¢/ > f. When that happens,
we apply the Harnack’s inequality (6.2) one more time with a radius smaller or equal to p so
that we hit 7. We define i; as the smallest natural number such that tl.’tf = i. Thatis, 1; is the
time from which it remains to apply the Harnack’s inequality (6.2) one more time to reach
the target time 7. Next, we show that our selections of the constants ensure the finiteness of

i; and that Xi; = x. For finiteness, we observe that

i; < [(@o)™"1.
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Indeed, otherwise

[(eo)™1]+1
* * ~ 2—q q
fiy Z oay-1141 Z 10 + E cu(xp—1, 1) 1p
k=1

[(ee)™]+1
= (- 2—q 4
=1+ Z C[L(kfl)(qu) u(xo, to) o
k=1
[(oa)™"]+1
= 1o + cu(xg, t0)> "9 p? Z =200
k=1

= 19 + cu(xo, 10)* 74
= f7

which would be against the definition of i;. Next we estimate the smallest i € {1, ...} such
that x;; = X (observe that the construction ensures that x; = x for all i > i;). At each
iteration step, unless we have already reached X, we move at least ap closer towards x. Since
|xo — )?‘ < r, we thus have

S AEEAR

We want to show that i3 < i;, as this implies that Xi; = X. For this end, we may assume
that the Harnack chain does not skip in time direction using the paths y((;’?l_) s
chain automatically reaches X. Using this we conclude that i; < i; must hold since otherwise

as otherwise the

* * *
lit1 =iy = g1

[(pa)™1

= 1o 4 ¢ulxo, 19)> "9 p? Z a=Dk=D
k=1

[(pe)~"1+1

< o + cu(xy, l‘())zfqpq Z ﬁ(‘/*z)(kfl)
k=1

=1,

which is against the definition of i;. Thus the procedure reaches x before we apply Harnack’s
inequality one last time. This yields the estimate

u(xo, to) < @@ 1y (2, 7).

We still need to check that we have room to use Harnack’s inequality. The room in space
is clear from the definition of p since

—1
|£—x0’+ax,0:r+ax6 r<r+((c—-—Dr=or<l.

X

For the room in time, observe that we always end the Harnack at most the time level
f. Therefore, the worst-case scenario would be if our biggest possible jump in Harnack’s
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inequality ended up at f. Since the sequence u(x;, t;) is decreasing, the biggest possible jump
is
u(xo, 10)*~9p4, ifg <2,

| Guro. 1?04, ifg > 2.
To land on 7, the jump would have to start from  — J. Thus it suffices to ensure that
(t—D+Jol=i+(?-DJ <1
This holds, since if ¢ < 2, we have
i+ (0 —1)J =1+ (09— Déu(xo, 10)* 4 p*
= 1o+ cu(xo, 10)*~7r? + (6 — Deu(xo, ro>2—q(g>
< o+ cu(xo, 10)> U (op)? < 1,
and if ¢ > 2, we have

i+ (09— 1)J =1+ eulxo, tx)* 1plc? — 1)

Zol @2 @)™
= to+ cuxo. 10>~ 9r + culxo, 1)* 179 (07 — 1) ( e

< 1o + cu(xo, t0)> "9 (or)? < 1.

7 Optimality of the Range of Exponents

Intrinsic Harnack’s inequality may fail outside of the range condition (1.3) as for such expo-
nents, viscosity solutions of Eq. 1.1 vanish in finite time as we will prove in this section.
The solutions of the standard p-parabolic equation in the corresponding subcritical exponent
range behave in a similar way. Idea, behind the proof is to use the equivalence result proven
by Parviainen and Vdzquez [26] to transfer the problem onto a one-dimensional divergence
form equation and then to prove that a solution to this equation vanishes. We use the weak
formulation for a time-mollified solution with a suitable test function after first proving that
this formulation holds for all weak solutions as the separate lemma. Next, we simplify both
sides of the formulation, estimate using Sobolev’s inequality and ultimately get a vanishing
upper bound for the norm of the solution. We do this first in bounded domains and then prove
the global result using convergence and stability results. This global result Proposition 7.5
gives us a counterexample to the intrinsic Harnack’s inequality 1.1 and thus proves that range
(1.3) is optimal.

As proven by Parviainen and Vazquez, radial viscosity solutions to Eq. 1.1 are equivalent
to weak solutions of the one-dimensional equation

atu—p—_lAq,duzo in (=R, R) x (0, T). (7.1)
q—

Here, denoting by ' the radial derivative of u,

_ d—1
Ay gu = |u’|q : ((q — Du"” + Tu’)
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is heuristically the usual radial g-Laplacian in a fictitious dimension

_(-D-D
p—1

d:

If d happens to be an integer, then solutions to Eq. 7.1 are equivalent to radial weak
solutions of the g-parabolic equation in Bg x (0, T) C R¥*! by [26, Section 3]. If d ¢ N,
we still have an equivalence between radial viscosity solutions of Eq. 1.1 and continuous
weak solutions of Eq. 7.1 as proven in [26, Theorem 4.2].

A weak solution of Eq. 7.1 is in a weighted Sobolev space but we are only interested in
continuous solutions and thus will assume this in the following definition. The description of
the exact definition in the elliptic case is in [27, Definition 2.2]. The following definition is
written in a slightly different form but is equivalent to the definition given by Parviainen and
Vazquez [26, Definition 4.1]. We use the notation dz := r¢~1 dr dt for the natural parabolic
measure for this problem and denote the distributional derivative of v by v’ and define it by

R R
/ v’godr:—/ vo' dr
0 0

for all ¢ € C5°((0, R)) so it coincides with standard derivative for differentiable functions.

Definition 7.1 Let0 < T < ocoand 0 < R < oo. A function u € C ((—R, R) x (0, T))
such that u’ € C ((—R, R) x (0, T)) and ' (0, t) = O is a continuous weak solution to Eq.

7.1 if we have -
2 p—] na=2 i _

forall0 <t <th < T and ¢ € Cgo((—R, R) x (0, 7)).

We define time-mollification and prove a basic result for it in Lemma 7.2 below for the
convenience of the reader. Let ¢ > 0 and 5, : R — [0, 0co) be the standard mollifier such
that supp n. C (—¢, €). The time-mollification of u € L'((0, R) x (0, T)) is defined by

T
us(r,t) == ne xu(r,t) = / ne(t —s)u(r,s)ds. (7.2)
0

Lemma 7.2 Letu be a continuous weak solution to Eq. 7.1 and let u, denote the mollification
(7.2). Then forall0 < t; <tp < T and ¢ € C*®((0, R) x (0, T)) such that supp ¢ (-, 1) €
(=R, R) foranyt € (t1, ), we have

n R 1 B R
[ [ o = 2= (W17 0) oz = [ g — et g - ar
n Jo q—1 e 0

Proof Let first ¢ > 0 and ¢ € C°((—R, R) x (0, T)) be such that suppp € (=R, R) x
(e, T — ¢). Because 17, is even, we have by partial integration (the boundary terms vanish
since (0, -) = (T, ) =0)

T T
0 pe(t,r) = 3:/ Ne(t — $)o(r,s)ds = / —0ims(t — $)e(r, s)ds
0 0

T
= / Ne(t — 5)05(r, s)ds.
0
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Thus by Fubini’s theorem

T R T R T
/ / u(r,t)a,%(r,t)rd”drdz:/ / / u(r, et — $)ds@(r, )r* ' ds dr dt
0 0 0 0 0
T R T
=/ / / u(r,t)n.(t — s)dt as(p(r,s)rd_]drds
0 0 0

T R
= / / ug(r,s)asga(r,s)rd_ldrds.
0 0

Similarly, for the space derivative we have
T R 5
/ / |u/(r,t)|q7 u/(r,t)(p;(r,t)rd_ldrdt
0 0
T rR T )
:/ / / Ne(t — $)0r9(r, s) |M/(l',t)|q_ W'(r,t)ydsr®=" dr dt
0 0 0
T rR /T 5
:/ / / Ne(t —5) |u’(r,t)|q_ W' (r,t)didro(r, s)ré= "V dr ds
o Jo Jo

T /R .
=/ / (|”/|q u)e(r, )@/ (r, s)r'"V dr ds.
0 0

By the last two displays, we obtain

T R
-1 _
/ f uethy — (/| u)eg dz = 0. (7.3)
o Jo g—1

Letnow0 <t <fp < Tand¢ € C*®°((—R, R)x (0, T)) be suchthat¢(-,7) € (—R, R)
for any t € (#1, t2). Define the cut-off function

0, te 0,1 —h)
=), telt—hn),
En(t) =11, teln,n),
1—3(t—1), telh.n+h),
0, telt+h,T).

Since ¢y, := &,¢ is Lipschitz, it satisfies (7.3) by the first part of the proof and a simple
approximation argument. Since by continuity all #1, #, € (0, T') satisfy

T R th R R
/ / Uugdpn dz — / / Ugdrp dz—l—/ (e (r, ) (r, 1) —ue (r, ), 1)~ dr
0 0 I3t 0 0

as h — 0, the claim of the lemma follows. O

Our proof of finite extinction uses the following Sobolev’s inequality, which is heuristically
speaking the Gagliardo-Nirenberg inequality for radial functions in the fictitious dimension
d. The standard formulation of the Gagliardo-Nirenberg inequality requires ¢ < n and hence
does not work for our one-dimensional case.

Theorem 7.3 (Radial Sobolev’s inequality) Suppose that 1 < q < d. Let v € C*(0, c0) N
C[0, 00) be such that v(r) = 0 for all large r > 0. Then there exists C = C(d, q) such that

d—q .

e d dq 00 1

(/ |v(r>|ﬁrd*1dr> ' sc(/ |v/(r)|qrd*1dr)q.
0 0
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Proof Suppose first that ¢ = 1. We denote

_d_
d—1

g(r) == [u(r)|7T =

/00 V' (s)ds

Sinced/(d — 1) > 1, we have g € CY(R) and

d
d—1
_d

d—1

()77 V' (r) sgn(v(r))

/00 V'(s)ds

Integrating by parts and using that g(r) = O for large r, we obtain

g'(r) =

1
a1

v'(r) sgn(v(r)).

00 d k
/ ()T riVar = lim/ gryrdlar
0 k—o0 Jo
rd r=k k , rd
= 1. — — R
Koo (g(”)d r=0 /0 g(r)d)
1 fOO /( ) dd
== rrédr
dl ¢
[.¢]
=7 | /r V' (s)ds

1 o0

1 00 00 ﬁ

< e (/ [V ()] ds) re o' ()] rd=lar.
- 0 r

1
-1

V' (r) sgn(u(r)rd dr

This we can further estimate as

1
d—1

1 ot I et aar! / d—1
-1 i !v(s)|s T ds |v (r)|r dr
[
<1
1 o0 o0 ﬁ
< — </ |v/(s)| sd-1 ds) ’v/(r)‘ 41 dr
d—1Jo 0
1 00 ﬁ 00
= (/ |v’(s)| s41 ds) / |v’(r)| 4 dr
d—1\Jy 0
1 /oo ’ d—1 >m
= — vi(r)| rf dr
() o
so that
00 d % [}
(f lu(r)|a=T rd_ldr> < c/ ' )| dr. (7.4)
0 0

dg—.
Suppose then that 1 < ¢ < d. Using Eq. 7.4 with v := uﬁ, we obtain

d—1
o0 d. T e dig=1)
(/ ()| 77 rd_ldr> < C/ ' ()| () 4 4L dr
0 0
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gq-—1

1 g1
sc ([T ta) ([T uend atar)
0 0

which implies the desired inequality. O

Now we have the needed tools to state and prove the finite extinction of solutions. We
do this by first proving the result for solutions of a Dirichlet problem in simple cylinders
and then expanding this result to the entire space by convergence results. The existence of
global solutions with extinction in finite time is a counterexample for the intrinsic Harnack’s
inequality as we show at the end of this section. The proof uses the following notation for
the weighted Lebesgue norm

R 1
q
”U”L‘I(rd—l,(o,R)) = (/ |U|q rd—l dr)
0

We only consider radially symmetric initial data in what follows. The finite extinction
holds in the general situation by comparison principle.

Proposition 7.4 Assume g does not satisfy the range condition (1.3) and let R > 0. Let u be
a viscosity solution of

du = |Vul1=P div (|VulP~> Vu) in Bg x (0, T),
u(-,0) =up(:) =0 where uy € L (Bg) N C(BR) is radial, (7.5)
u(-,t)=0 on dBg foranyt € (0, 7).

There exists a finite time T* := T*(n, p, q, ug), such that

u(-,00=0 forallt >T*

and
0<T*< Clluglled L O.R)
where C :== C(n, p,q) and s = @.

Proof The existence of a solution u € C(Bg x [0, T]) to the Cauchy-Dirichlet problem
(7.5) can be proven for example by modified Perron’s method (see [26, Theorem 2.6]) and
the comparison principle ensures that it is radial. Therefore, by the equivalence result [26,
Theorem 4.2], u is a continuous weak solution to

ou — 2= |u |q 2( — Du” + dr;lu/) =0 in(—=R,R) x (0, 7),
u(-, 0) = uo() >0 where ug € L°((—R, R)),
u(—R,t) =u(R,t) =0 forany t € (0, T).
Let
_d2—9q)
g

and notice that s > 1 because we assumed ¢ < 75 +1 We define the test function ¢ :
s—1

U, , — R, where Ugp = ug + h fore, h > 0 and u, denotes the time-mollification. We
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add this & to ensure that our function remains strictly positive as we have negative exponents
during the calculation. Then ¢ is an admissible test function and by Lemma 7.2 we have

R R d—1 _ P 1 (2 (R ng=2 s—1
ugdrpdz — | (uep(r, ) —uep(r, t))r® " dr = —— (' |*77 uNedr 7)) dz
n Jo 0 qa—1Jy Jo ’

= Aep (7.6)

forall 0 < #; <t < T. We rewrite the first term on the left-hand side using integration by
parts and Fubini’s theorem

th rR th rR h
f / ugatq)dzzf f uedpuy - dz
n 0 n 0 ’

th rR R
-1 -1 -1 -
—/t. /(; ”g,h Orue dz-‘r/O (uguiﬂ’h (r,n) — u,suih r ot ar
1

R R
2 LIPS sl s=1o piyrd=1 g
_ b s (i, dz + A (ueuyy, (r.12) —ueu, p, (r, 1))r r
1

1 (2 s R s—1 d—1
== 3 ||u5,h||LS(rd,1’(0’R)) dr + A ey, (ro0) —uguy , (r,o))r™" dr.
1

S
Hence, since u — ¢ = h*~!, the Eq. 7.6 becomes

1 R 3 3 R 3
= / WS o 11) — (o 12 dr — 15 / e (s 12) = s rs )P dr = Agp,
0 0

Since we eliminated the time derivative, we may let ¢ — 0 to obtain

R
%/(ui(r, n) —uy(r, ) r* " dr — ! / u(r,n) —u(r,t)r" " Vdr = A,. (1.7
0 0

Next, we rewrite Aj, as follows

q—l/ / |u|q ua(ukl)dz

q—l/ / ’uh|q Zuha (uy,” YYdz
(p =D =1 f14 o s—
7q_1 /tl /0 |uh|q u, de,

where by Sobolev’s inequality in Theorem 7.3 forcing vanishing boundary values

[ [ e |
(=) [

q 153 R
=ala=) L
S+q—2 1 0

s—2
/ <1

q
dz

s+q—2 s+q—2
or(uy, © (ryt)—uy, ?

q
dz

|
ls

dq d
a—q

dz

st+q=2 st+q=2
uy, ! (rat)_”h T (R, 1)
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Here C| is the constant in Sobolev’s inequality. Since s = @, we have by the last two
displays

-1 -1 q rt R
liminf Ay = ¢, L= DG =D 1 / /
h—0 qg—1 s+qg—2 f 0

n R Tq
: CZ/ (/ lul® dz)
131 0

Consequently, letting # — 0 in Eq. 7.7, we obtain

d—q

dq
d—q

dz

s+q—2
u 4

V

1 R 123 R Tq
—f (Ms(r,ll)—Ms(r,fz))rd_ldrZC2/ (/ u? dz)
s Jo I3l 0

Denoting v(#) := |lu(-, £) | s a-1 (0, gy) @and multiplying the inequality by —s, we have

10}

V() — (1)) < —Cas / vy T dr. (1.8)

n

Observe that this implies in particular that v is decreasing. Next, we derive a distributional
inequality which implies that v must in fact vanish for large times. For this end, let k¥ :=
q — 2 + s and observe that for any 0 < a < b we have

1 b
— b1 = _b7/ Q—q)bt'"9dr < ——/ Q2 —q)it' 4 dr
a

:_7/ Q- tde
2 1
=19 @ =),

Let then ¢ € C3°(0, T) be non-negative. Next, we apply the integration by parts formula
for difference quotients and the fact that v is decreasing together with the above elementary
inequality. This way, we obtain by dominated convergence theorem

T T
—8) —
- / V2 U(1)g/ (1) dt = — lim / a2 e,
0 §—0Jo -0
T W27t 4 8) —v279(r)
= i d
81% 0 QD(I) $ !
T _ s — s
- lim/ o(0) 1 2—qgvi(t+68)—vi(1) dt
=0 Jo vE(t+36) s $

Here we can use the estimate (7.8)

1 lv(l+8)—v(t)
v"(t+8)s 1)

1 1 t+36 d=g
- q)Czllm/ s [ a

v(t)ST
ve(r)

T
e=glin [ oo

IA

T
=—-@2- Q)CQ/O (1) dt
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T
=-(2- q)sz p(t)dt,
0
where the last two identities follow from continuity and the computation
d—q d—q

_ _ Q-q)dd—q)+dq—d*) _
K=s +2—qg—s5s= =
d d dq

Hence we have established the distributional inequality

K 0.

T
/ —v279(1)¢/ (1) + (2 — ¢)Ca(r) dt < 0 for all non-negative ¢ € C°(0, T).
0

Since v is continuous up to the boundary, this yields
V(1) —v¥9(0) + (2 — q)Cat <0 forallz € [0, T],
which is, recalling v(t) = |lu(-, )l s a-1 (0, gy)> €quivalent with

-2 2=
Nt Gy O s ra—1,0.R)) < N0 ps a1 0. RY) (1 -2-9C ||MO(')||i;(rd71_(0,R)) f) ‘.
Thus as long as the original T > 0 is large enough, u vanishes for time 7* satisfying
2— -
0 < T" < ClluoOll (i1 g gy for € = (2—q)C)7"
Next, we expand this local result to a global result.

Proposition 7.5 Assume q does not satisfy the range condition (1.3). Let u be a viscosity
solution of

du = |Vul=P div (|VulP~2Vu) inR" x R*

u(-,0) =up(-) =0 where radial ug € Co(BR) for some R > 0. (7.9
There exists a finite time T* := T*(n, p, q, uo), such that
u(-,0)=0 forallt >T*
and
0 <7 < Clluoll}olums o0y (7.10)
where C :== C(n, p,q) and s = @.

Proof Let u; be the radial viscosity solution to the bounded problem (7.5) for R =i € N.
Now by Proposition 7.4 there exists a finite time T;* satisfying

2—
0 < T < ClluoOly e lasr 9.0

such that u;(-,#) = 0 for t > T;*. By the comparison principle 2.5 we have u; {1 > u; in
B; x (0,i) which implies that 7%, | > T;* and because we assumed that u( has compact
support this sequence of extinction times has a limit T7%;.

Using the Holder estimates proven in [13], we have that each u; is Holder continuous in
both variables and the Holder constant only depends on 7, p, ¢ and ||u;[|z (B, x(0,i))- BY
the comparison principle these L°°-norms are bounded from above by ||ug|| 0 (rn xr+) and

thus the sequence (u;){2, is uniformly equicontinuous. By construction, u; — u converges
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pointwise asi — 0o passing to a subsequence if necessary and because of the equicontinuity,
the Arzela-Ascoli theorem ensures that the convergence is uniform.

For any compact subset A C R" x RY, u; is a viscosity solution to Eq. 1.1 in A for i
large enough and thus u is also a viscosity solution in this set by stability result proven by
Ohnuma and Sato [25, Theorem 6.1, Proposition 6.2]. Because A is arbitrary, u is a viscosity
solution in the entire space and by construction, it has the correct initial value. This solution
is unique as proven by [25, Corollary 4.10] and this proves that # vanishes after finite time
T(*m satisfying (7.10). O

Now we have the tools needed to show that intrinsic Harnack’s inequality does not hold
for g not satisfying the range condition (1.3). Let u be a viscosity solution to Eq. 7.9 and
T* the finite extinction time given by Proposition 7.5. Choose (xg, fp) € R" x (0, T*) close
enough to satisfy

* J— —_—
T ) < et

and choose r > 0 to satisfy
cu(xo, 10)>79r? = T* — 19

where ¢ and o are the constants given by Harnack’s inequality. By these choices
1o — cu(xo, t0)> 4 (or)? =ty — o (T* —1) >0

and therefore (xq, to) + Qyr(9) C R* x R and thus we can use the Harnack’s inequality
to obtain
0 < u(xo,t0) <y inf u(,T%) =0,
By (x0)

which is a contradiction.
There are some known Harnack-type results with additional assumptions for the p-
parabolic equation in the subcritical range, see for example [5, Proposition 1.1].
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1 | INTRODUCTION

In his monograph, DiBenedetto [5, Theorem VII.1.2] proved elliptic Harnack’s inequality for the
divergence form p-parabolic equation in the supercritical case. In this case, the intrinsic wait-
ing time required for degenerate parabolic equations is no longer needed. Instead he established
Harnack’s inequality with the same time level on both sides of the estimate akin to the elliptic case.

In this paper, we prove elliptic Harnack’s inequality for the following general non-divergence
form version of the non-linear parabolic equation:

du = |Vul97Pdiv (|VulP72Vu) = |Vu|?*(Au + (p — 2)AY ), (§8))

for a natural range of exponents. When q = 2, we get the normalized p-parabolic equation arising
from the game theory, and when q = p, it is the standard p-parabolic equation.

Elliptic Harnack’s inequality, Theorem 2.1, states that a non-negative solution satisfies the
following local a priori estimate:

7_1 sup u(-,ty) < ulxg, ty) <y inf u(-,ty).
B,(xg) B,.(xg)

© 2022 The Authors. Bulletin of the London Mathematical Society is copyright © London Mathematical Society. This is an open access article
under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided
the original work is properly cited.
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DiBenedetto’s proof uses the theory of weak solutions. Since the equation is in a non-divergence
form, unless g = p, the usual weak theory based on integration by parts is not available in our
case. Our proof uses the parabolic (forward) Harnack’s inequality proven by Parviainen and
Vazquez [26] to estimate the solution in the past, constructing an explicit supersolution with
infinite boundary values and using the comparison principle to get an estimate at our original
time level. The idea both in the proof of the forward Harnack as well as in the derivation of the
explicit supersolution is based on an equivalence result. Heuristically speaking, radial solutions to
the original non-divergence form problem can be interpreted as solutions to the divergence form
p-parabolic equation, but in a fictitious space dimension d.

Nash discussed the possibility of elliptic Harnack’s inequality for a parabolic equation in [24].
Later Moser [22] pointed out that such an estimate does not hold for the heat equation. For
the p-parabolic equation, elliptic Harnack’s inequality is obviously false if p > 2, and holds for
nz—fl < p < 2. In addition to [5], Harnack’s inequalities in the singular range have been studied,
for example, by Dibenedetto, Gianazza and Vespri in [7, 8] and [9]. The intrinsic forward Har-
nack’s inequality for weak solutions of the p-parabolic equation was proven by Dibenedetto in
[4] and [10], see also [5], and later for equations with growth of order p by Dibenedetto, Gianazza
and Vespri in [6] and by Kuusi in [20]. For non-divergence form equations, parabolic Harnack’s
inequalities and related Holder regularity under additional restrictions were studied by Cordes [3]
and Landis [21]. With bounded and measurable coefficients parabolic Harnack’s inequality was
established by Krylov and Safonov [19].

Since the Equation (1.1) is in non-divergence form except in a special case, the solutions in
this paper are understood in the viscosity sense. The suitable concept of viscosity solutions to the
general equations (1.1) was established by Ohnuma and Sato [25]. In the special case g = 2, we
get the normalized p-parabolic equation that arises from the stochastic game theory [23]. This
non-divergence form special case as well as the general equation (1.1) have recently received
attention in the works of Jin-Silvestre [17], Imbert-Jin-Silvestre [15], Hoeg-Lindqvist [14], and
Dong-Fa-Zhang-Zhou [12] in addition to [26].

2 | MAIN RESULTS
Denote

Agu = |Vul97P div (|VulP72Vu) = [Vu|7*(Au + (p — 2)AY w), (2.1)

where p > 1 and q > 1 are real parameters and

9y, U 6xju dxixju
ANu = _—_—
o0

2
ij=1 [Vul

so the Equation (1.1) gets the form d,u = Agu. Because the dimensions of the sets play part in
some of the estimates, we shall denote

Q, (6) = B,(0) x (=6r,0],
Q(®) = B,(0) x (0,6r%),



a7 | KURKINEN ET AL.

where 0 is a positive parameter that determines the time-wise length of the cylinder relative to r9.
We denote the union of these sets as

Q) =Qf®)uQ,(®)

and when not located at the origin, we denote

(0 £g) + Q; (6) = B,.(xo) X (£, — 6r, 1],
(X0, to) + Q;F (6) = B,(x) X (ty, ty + 6r9),

(X0, ) + Q1(6) = B.(xy) X (£ — Or, £ + 6r7).

Our main result is that non-negative viscosity solutions to (1.1) satisfy the following elliptic
Harnack’s inequality if the following range condition holds:

1 if p > 22,
2>q> _ 2 (2.2)
1 {—2(:_1") if1<p<1+7".

We inspect the optimality of this range after the formulation of the theorem.

Theorem 2.1 (Elliptic Harnack’s inequality). Let u > 0 be a viscosity solution to (1.1) in Q (1) and
the range condition (2.2) holds. Fix (x, t,) € Q[ (1). Then, forany o > 1, there existy = y(n, p,q,0)
and c = c(n, p, q, o) such that

Y~ sup u(,ty) < u(xg, ty) <y inf u(-,tpy),
B,.(x() B,(xo)

whenever (X, ty) + Q,(6) C Q7 (1) where
6 = cu(x,, ty)* 4.

Our proof relies on comparison principle and parabolic Harnack’s inequality proven for viscos-
ity solutions of (1.1) in [26] and construction of an explicit viscosity supersolution with infinite
boundary values. Existence of such solutions relies on the singularity of the equation and was
proven for the p-parabolic case in [2, Theorem 4.1]. Here, we constructed a concrete solution in
order to obtain an explicit proof at each step. If g approaches either end point of range (2.2), the
constant y tends to infinity and c approaches zero.

Elliptic Harnack’s inequality may fail outside of the range condition (2.2). To illustrate this,
recall a result by Parviainen and Vazquez [26] according to which radial viscosity solutions to
(1.1) are equivalent to weak solutions of the one-dimensional equation

ou— kAgqu =0 in (-R,R) x(0,T). (2.3)

Here, x := (p —1)/(g — 1) and (denoting by u, the radial derivative of u)

) d—1
Aq,du ‘= |ur|q <(q_ Du,, + ’ ur)
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is heuristically the usual radial g-Laplacian in a fictitious dimension

_(-bg-n
p—1

d:

If d happens to be an integer, then solutions to (2.3) are equivalent to radial weak solutions of the
g-parabolic equation in By X (0, T) C R%*!, On the other hand, the counterexamples in [9, p. 140]
show that elliptic Harnack’s inequality for the g-parabolic equation in R%*! holds only in the
range 2d/(d + 1) < q < 2, from which one can derive the range condition (2.2) by recalling the
definition of d. In fact, the counterexample in [9] directly translates into our context even when d
is not an integer. To see this, suppose that1 < p < (1 +n)/2 and set g = 2(n — p)/(n — 1). Then,
in particular g > 1. We define in radial coordinates

2d
u(r,t) := (|r|a1 + e®H)=@=V/2 forallr € R.

By a direct computation, u satisfies (2.3) classically in (=R, —6) U (8, R) for any R > 0 and small
8 > 0. Letting 6 — 0 then shows that u is a weak solution in the sense of [26] and therefore a
viscosity solution to (1.1) in R"*1. However, u fails to satisfy elliptic Harnack’s inequality since
u(0,t)/u(l,t) > 0ast - —oo.

Finally, we point out that in the case g = p, the range condition becomes

2n
n+1

2>p> =D,

the so-called supercritical p-parabolic equation for which we have both intrinsic [6, 20] and elliptic
Harnack’s inequality [5]. As mentioned, in the subcritical case p < p,, both of the inequalities fail
[9] but there are some known Harnack-type results, see, for example, [7, Proposition 1.1].

3 | PRELIMINARIES

Apart from the case g = p, Equation (1.1) is in non-divergence form and we cannot use integration
by parts to define standard weak solutions and will thus use the concept of viscosity solutions.
Moreover the equation is singular when 2 > g > 1, and thus we need to restrict the class of test
functions to retain good priori control on the behavior near the singularities and make sure the
limits remain well defined. We use the definition with admissible test functions introduced in [16]
for a different class of equations and in [25] for our setting. This is the standard definition in this
context. In the case of the p-parabolic equation, that is, g = p, the notions of weak and viscosity
solution are equivalent for all p € (1, o) [18, 26, 27].
Let Q C R" be a domain and denote Q = Q X (0, T') the space-time cylinder and

9,Q = (Qx{ohu (@ x[0,T])

its parabolic boundary. Denote

F(n,X) = |n|"*Tr <X—(p—2)n|§9|2nX> 3D
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so that
F(Vu,D*u) = |Vu|?2(Au + (p — 2)A§’ou) = Agu
whenever Vu # 0. Let F(F) be the set of functions f € C?([0, o)) such that
f(0) = f'(0)= f"()=0and f"(r) > 0forall r > 0,
and also require that for g(x) := f(|x]|), it holds that

lin(l)F(Vg,ng) =0.
X—
x#0

This set F(F) is never empty because it is easy to see that f(r) =rf € F(F) for any
B > max(q/(q — 1), 2). Note also that if f € F(F), then Af € F(F) forall 1 > 0.
Define also the set
Y ={o € C'(R) | oiseven,c(0) = ¢’(0) = 0, and o(r) > 0 for all r > 0}.

We use these F(F) and X to define admissible set of test functions for viscosity solutions.

Definition 3.1. A function ¢ € C?(Qy) is admissible if for any (x,, t,) € Qp with V(x,, t,) = 0,
thereare § > 0, f € F(F) and o € X such that

|p(x, t) — (. tg) — 3,00, to)(t — to)| < f(|x = Xo|) + ot — £y),
for all (x,t) € Bs(xy) X (tx — &, ty + 9).

Note that by definition a function ¢ is automatically admissible in Q if either Vo(x, t) # 0 in
Qg or the function —¢ is admissible in Q.

Definition 3.2. A functionu : Q; — R U {oo} is a viscosity supersolution to
— A9y
du=Apu inQy

if the following three conditions hold.

(1) u is lower semicontinuous,
(2) uisfinite in a dense subset of Qr,
(3) whenever an admissible ¢ € C%(Q;) touches u at (x, ) € Q from below, we have

8,p(x, 1) = Alp(x, 1) > 0 if Vo(x,1) # 0,
O,p(x,t) 20 if Vo(x,t) = 0.

A function u : Qp - RU{—o0} is a viscosity subsolution if —u is a viscosity supersolution. A
function u : Qp — R is a viscosity solution if it is a supersolution and a subsolution.

Our proof uses the following comparison principle, which is Theorem 3.1 in [25].
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Theorem 3.3. Let Q C R" be a bounded domain. Suppose that u is viscosity supersolution and v is
a viscosity subsolution to (1.1) in Q. If

o # limsup ov(y,s)< liminf u(y,s) # —oo
Qra(y,s)—(x,t) Qra(y,s)—(x,t)

forall (x,t) € 8,Qy, thenv < uin Q.
We also use the following forward Harnack’s inequality, which is Theorem 7.3 in [26].

Theorem 3.4. Letu > 0beaviscosity solution to (1.1) in Q7 (1) and the range condition (2.2) holds or
q = 2. Fix(xy, ty) € Q] (1) such that u(x, ty) > 0. Then, there exist u = u(n, p,q) and ¢ = c¢(n, p, q)
such that

u(xg, ty) < p inf u(.,ty + 0r?),
B,.(xp)
where
8 = cu(x,, to)z_q,

whenever (X, to) + Q4,(6) C Q7 (1).

Remark 3.5. Note that the assumption u(x,, t;) > 0 is needed only in the case g > 2. Assuming q
satisfies the range condition (2.2), we can define v(x, t) = u(x, t) + € > 0 for some small constant
€ > 0. Using Theorem 3.4 for this v, we get

u(xp, ty) + € < /,tBir(lf)u(‘, to + c(u(xo, ty) +€)°79r?) + ¢
r(Xo

and letting ¢ — 0 gives us the intrinsic Harnack’s inequality for u by continuity.

4 | AVISCOSITY SUPERSOLUTION WITH INFINITE BOUNDARY
VALUES

In this section, we construct an explicit viscosity supersolution v to (1.1) in Bz(0) X (0, c0) that
takes infinite lateral boundary values and vanishes at the bottom of the cylinder. Recently infinite
point source solutions have been constructed for the supercritical p-parabolic equation in [13].
While it is straightforward to check that our function is a supersolution, it may not be immediately
clear how one obtains its expression and therefore we present the derivation. The construction
is based on the equivalence result between radial viscosity solutions of (1.1) and weak solutions
of (2.3), see [26, Theorem 4.2]. Solutions to the one-dimensional equation (2.3) can be at least
formally obtained via the stationary equation

v
—xA, ;u+ —— =0. 41
q.d 2 — q ( )

1

Indeed, if v solves (4.1) and we set u(r, t) = t2-1v(r), then we have formally

— 1 _ 1
KAg qU = 1<|u,|q_2 <(q - Du,, + %ur> = xt2-4 1Aq’dv =3 i qtz—q "v=d,u,
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so u solves (2.3). Now, Equation (4.1) can be seen as a radial version of the equation

Y

=4 =0 (4.2)

—kAGU +
in a fictitious dimension d. Here, A, denotes the usual g-Laplacian. Equations such as (4.2) have
been widely studied in the literature when d is an integer. In particular, Diaz and Letelier [11]
obtained the existence of local solutions with infinite boundary values to a large class of equa-
tions that includes (4.2). In their proof, they make use of an explicit radial supersolution with
infinite boundary values (see [11, Theorem 5.1]). Our idea is to take this supersolution and use the
above transformations to obtain a supersolution to (1.1). This way one arrives to the expression
(4.3) below.

Lemma 4.1. Suppose that 1 < q <2, p> 1 and let R > 0. Then, there exists a positive constant
A = A(n, p, q) such that the function

= 1
v(x,t) 1= At — . . (4.3)
RT3 (R — |x|31)
is a viscosity supersolution to (1.1) in Bg(0) X (0, c0).
Proof. Let us first consider the case R = 1.
(Step 1) For (r,t) € [0,1) X (0, o), we set
1 4 4
w(r,t) i=At2-9(1 —ra-1)a2,
where 4 = A(n, p, q) is a large constant to be chosen later. We show that w satisfies
1192 nw, n=1, .
8w — |w'|"*((p— Dw” + "==w') >0 in (0,1)x (0, 0). (4.4)
We have
1 IR N
o,w(r,t) = /12—t2—q (1 —raet)a-2,
) = A (49)
wt)=—-1———— - t29r9- —ra1l)a- .
(g-1(q-2)
and
q* q L4, 4 4
w’(r,t) = -2 ( —1> ct2ara-l (1 —ra-1)a2
(g-1(g-2)\g—1
X (4.6)
1
+1 q ( q —1> -tﬁrz(#_l)(l—r‘%)qu_z.
(@-1D*g—-2)\g—2
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Thus, by combining (4.5) and (4.6), we get
(p— D" (.0 + =20

2 - 1
=T g dhyh
(@-1)2(g—-2)

3(p —
Mtﬁr (Ll_ (1_rq l)q -2 -2
(@ —1)%(g—2)

2(n —
_awn=n (n—1) tﬁr%_z(l - rqul)%_
(g—1)g—-2)

T2 4 L _a_ g
<C(n,p,At>aret “(1—rat)e2 (1—rat)+rat).
B 4 4,
<C, p,At2=arat “(1 —ra1)4=2
Combining this with the formula (4.5), we obtain
|w/|q—2 ((p 1w + nT—lw,)

L (g-2)(-L -
< C(n, p, AT 0 GV it y@GE D

1 L_ 2
- At-arat (1—rq l)q 2
q

! €
= C(n, p, AT 170 (1= ri1)iz,

where we used that (g—2)(-L - 1)+ (-L —2)=22 4+ 29 =0 and (q-2)(-L —1)=2.
g-1 q-1 g-1 " g-1 q-2
Hence,
d,w — |w’|q_2 ((p -Dw” + nT_lw’)
1 L, 4 . -
> A5 qtz—q (1 —rat)e2 —C(n, p,q)A1" = 1= rayas

2—q

—q - C(l’l,p, CI))

1 q q
=207 (1 =i )i (;

By taking 4 = A(n, p, q) large enough, the right-hand side of the above display can be made non-
negative. This way we see that w satisfies (4.4).
(Step 2) We set

v(x,t) :=w(|x|,t) forall(x,t) € B; X (0, ).
Suppose first that (x,t) € (B \ {0}) X (0, ) and denote r = |x|. Then, we have

Vo(x, 1) = Zw'(r, ),
r

D2u(x,0) = X @ Xw"(rn )+ 21 - X @ Xyw'(r, 1),
r r r r r
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Therefore, since w satisfies (4.4), we have

o,v— A%v =0,0—|Vu|T 2 Tr <DZU +(p— 2)mD2v>
[Vl
_ -1
=ow— |w|? *(p—Dw” + Mw’) >0.

r

This means that v is a classical supersolution in (B, \ {0}) X (0, o). We still need to consider the
set {0} x (0, c0). Since 1 < g < 2, it follows from the formulas (4.5) of w’ and (4.6) of w’ that
v € C%(B; x (0, 00)) with Vu(0,t) = 0 and 3,v(0,t) > 0 for all t > 0. Therefore, if ¢ € C? touches
v from below at (0, t), we have Vg(0,t) = Vu(0,t) = 0 and J,¢(0, t) = 9,v(0, t) > 0, as required.
Consequently v is a viscosity supersolution in B; X (0, o).

(Step 3) It remains to consider R > 0. Let v be the viscosity supersolution to

8,v=AJv inB; X (0, )

which we constructed in the previous steps. Set 0(x, t) := v(R™'x, R™9¢). Then, for all (x,t) €
Bg(0) \ {0} X (0, c0), we have

8,0(x,1) — AJO(x, 1) = R"90(R"x,R™9) = R™4AJv(R™'x,R™) > 0,

so U'is a viscosity supersolution in By (0) X (0, o). Moreover,

_ e 4\ 72 14 a @ a4
(x, t) = A(R™9t)>4 (1 - ’R_lx’q‘1> = At7 4 (RRT4(RTT — |x|3-1))a-2

as desired. O

5 | APARABOLIC HARNACK’S INEQUALITY

In this section, we prove a both-sided version of parabolic Harnack’s inequality for Equation (1.1)
which is of independent interest and needed for our proof of Theorem 2.1. The proof of the back-
wards estimate is an adaptation of section 6.9 in [9] apart from the non-emptyness of the set U,
below, which we prove using the comparison principle and the explicit supersolution we con-
structed in Lemma 4.1. To this end, we need to reduce the waiting time in the forward Harnack
inequality. This kind of reduction can be achieved by increasing the multiplier u, as made precise
in the following proposition.

Proposition 5.1. Let u > 0 be a viscosity solution to (1.1) in Q7 (1) and the range condition (2.2)
holds. Fix (xo, ty) € Q7 (1) such that u(x, t,) > 0. Let ¢ be as in Theorem 3.4. Then, forany ¢ € (0, ¢),
there exists ft = pu(n, p, q, ¢) such that

U, o) < e nf uCto + 6, 5.1)
r\0

whenever (x,,t,) + Qs,(8) C Q; (1), where 8 = ¢u(x, ty)> 9.
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‘We postpone the proof of Proposition 5.1 to the end of this section and consider the both-sided
Harnack inequality next.

Theorem 5.2. Let u > 0 be a viscosity solution to (1.1) in Q[ (1) and the range condition (2.2) holds.

Fix (xy,t) € Q] (1). Then, there exist u = pu(n, p,q), ¢ = c¢(n, p,q) and a = a(n, p,q) € (0,1) such
that

Wb sup u(s, ty — 6r?) < u(xg, ty) < ,uBi?f)u(-, ty + 6r?),
r(Xo

B,.(xq)
where
_ 2—q
6 - cu(xO’ tO) s

whenever (X, ty) + Qs ,(6) C Q7 (1).

Proof. Without loss of generality, we may assume u(x,, t,) > 0 as stated in Remark 3.5. Let ¢ be
a small positive constant to be chosen later. For this ¢, let i > 2 be given by Proposition 5.1. Let p
be a radius such that (x, t,) + Q6p(é) cQ (D), 6= éu(x,, ty)*~4, and let
Let ¢ € (0,1) be a constant to be chosen later and define the sets
U, = Bap(xo) Nni{x e Eap(xo) | u(x,t) < fu(xy, ty)} =: Bap(xo) ND. (5.3)
We will first show that a can be chosen to make U, open. Assume that U}, is not empty
and fix z € V. Since u is continuous, we can choose a radius ¢ such that B.(z) C Bap(xo)
and
u(y,t) < 2pu(xy,t,) forally € B.(z). (5.4)
For each y € B,(z), construct the intrinsic g-paraboloid
P, D) ={x,) € Q7)) | t =1 > éu(y,1)* 9|x — y|%}.
Selecting
)
a =29, (5.5
we have (X, t,) € P(y,t) whenever y € B,(z), since using (5.4) we can estimate
eu(y, >y — xo|? < 6A* u(x, t5)* 9|y — xo|% < e Tulxg, o)~ (ap)?

< Cuxg, tg)*p% =ty — 1.
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Assume for a moment that u(y, t) > 2u(x,, t,) and pick a radius

so that

Thus, by Proposition 5.1 we have
- o A \2—q » U A
u(y,t) < @t inf u(-,t+cu ,t q>= inf u(-,ty) < fulx,, ty), 5.6
(n.t)  inf) (v.t)" 7p Aot (o) < fru(xg, by (5.6)

where the last inequality holds because from (x,, t;) € P(y, 1), it follows

q to—t  Cu(xg,tp)* 909 Aq
WS =—— = pi.
u(y, 1)*1 cu(y, )4

|xo
The use of Proposition 5.1 here is justified since Bsﬁ(y) C B6p(x0) because

2
“(xo, [o)
2—q

u(y,t) ¢

-4
q

2—

. u(xy, ty) =

5p6+p=5 ptp<S| s——= p+p < 6p,
2u(xo, £o)

where we use our assumption u(y, ) > 2u(x,, t,) and g < 2. In the time direction it holds

2—q
F— eu(y, DF(5p)T = T — cu(y, {1 (M> (5p)?
u(y,t)

=ty — Cu(x, )* 907 — cu(xo, ty)*~9(5p)1

=ty — (1459807 > t, — B(6p)1

and thus there is enough room to use the proposition. The last inequality holds because g > 1.
Ifu(y,t) < 2u(x,, t,), then (5.6) holds automatically since & > 2. We can get inequality (5.6) for
any y € B,(z) and thus B,(z) C U, for a radius ¢ only depending on z. This can be repeated for
any z € U, and thus the set U}, has to be open.
We still need to show that UV}, # . If we assume thriving for a contradiction that U}, = @, then

m = inf u(,t) > fu(x,, ty). (5.7)

Bap(xo
Consider the function

1
2—q 1 +m.

1 i g9
(ap)™ ((ocp)q—l — |x = xo|7 )

w(x,t) i= At —1)
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By Lemma 4.1, w is a viscosity subsolution to (1.1) in Bap(xo) X (t, 00) and satisfies

w(x, 1) =m < u(x,t) for all x € B,,(x,),

li ) =— for all (y,s) € 6B X (£, ).
QTa(xl,gl—»(y,s)w(x )=—co forall(y,s) ap(X0) X (t, )

Thus, by comparison principle Theorem 3.3, we have u > w in Bap(xo) X [f, ), S0 in particular
we have

u(xy, to) = wlxo, ty)

1
= L +m

(o)™ (mmﬁ - o)

= —A(ty — to + Cu(x,, t)*p%)

|

= <—2/162—q + 1>,au(x0,t0)

1
>2 <_2A,é\2_q + 1>u(x0, to),

where the last two inequalities follow from our assumption (5.7) and that &t > 2. By taking ¢ to
be a small enough constant depending only on p, g and n, we can ensure that the coefficient of
u(x,, ty) on the right-hand side is larger than 1, yielding a contradiction. Thus, the set U, cannot
be empty.

We have shown that the set U}, = B,,(x,) N D is open and non-empty. Because u is continuous,
the set D is closed and thus for our a, we must have B ,(x,) C D and thus by definition of the set

sup u(-,t) < fu(xg, ty).
Bap(xo)

Combining this with the right-hand side of the Harnack’s inequality Proposition 5.1, we obtain

A1 sup sty — eulxg, £)*9p7) < uxo, o) < fnf uC.to + Cu(xg, o)~ p%)
PO

Bap(xo)
for the specific a chosen in (5.5). If we let ¢ = a~9¢ and r = ap, we have

i sup u(-, ty — Cu(xo, £6)°~Ir?) < ulxg, to) < fr_inf u(, ty + cu(xo, ty)*~rd)
B,.(xp) B, (x0)

<R oinf ul, to + cu(x, t)*~r9),
r(xO)
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which is what we wanted. The condition (x,, t,) + Q6p(é) C Q7 (1) becomes the stated (xo, £y) +
Qs,(6) C Q7 (D). O

‘We conclude this section with the proof of Proposition 5.1.

Proof of Proposition 5.1. As discussed in Remark 3.5, we may assume that u(x,, t,) > 0. Let u > 1
and c be the constants in Theorem 3.4 and let ¢ < c. We prove (5.1) for & := uft, where fi :=

L R . . )
(c/é)>e.Denotef :=t, + cu(x,, t,)> 9r and let £ € B,(x,) be an arbitrary point. It now suffices
0 0> to r(Xo Iyp
to prove that

u(xo, fo) < Fpuaa(2, D). (538)
To this end, we may suppose that u(x,, t,) > ftu(%, f) because otherwise

N 1
u(x,t) = —ulxgy, ty) > —ulxy, ty),
00 MM 00

=

which would already imply (5.8). Let [(x,, t,), (£, f)] be a segment from (x,, t,) to (%, ), that is,

R X —x f—t
[(xg, o), (£, D)] := {<XO+IA—O,tO+lK> le [0,|fc—x0|]}, Ki= —2 .
|% = x| £ = X
We have

u(®,f) < l%u(xo, to) < u(xo, ty).
Thus, by continuity there exists (x;,t;) € [(xq, to), (%, )] \ {(x0, £y), (%, )} such that
1
u(xy, ty) = ﬁu(xo, to)- (5.9)

Moreover, since (x;, ¢;) lies on the segment, there is [; € (0, |X — x,|) such that

X —x
|% = x|

‘We now have

X —x X —x
|x; = %] = |x0 + 1, — 0 X — |& = Xo| = 01 =(|% Xo| — 1)
Xol £ = X
=<t—t0_t1—t0>:t—t1. 510)
x x x

We set
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because then, since x = (f — t)/|% — x,|, we obtain using (5.9)

A o 1-1 1
-4 (F—1) a(cu(x;, t)* 94
=p

K K

(- tl)l_%(cu(xl, tl)z_q)é
(—ty)

1
or < Cu(?fp t)* 1 > a
i—t,
1
_ cu(xy, t)*71
- pr<éu(x0’ to)z_qrq>

=p< ¢ >q=p. (51)

= ol — x|

q
e—a

Combining (5.10) and (5.11) we see that X € Bp(xl). Moreover, by definition of p, we have ¢; +
cu(x;,t;)>"9p% = {. Consequently, assuming for the moment that we have enough space to apply
Theorem 3.4 at (x;, t;) for radius p, we obtain

u(xl’ tl) < M lnf u(" tl + cu(xl’ tl)z_qu) < Mu(‘)eﬁ f)
B, (x1)
Hence by (5.9)

A 1 1
u(')%’ [) > _u(x >t ) = _~u(x ot )9
u 1>%1 Uit 0> 0

as desired.
Since we use Theorem 3.4 at (x;, t,), t; > t,, we only need to check that the upper boundary of
the cylinder (x;, t;) + Q4,(6) is within the domain of the solution. First, by (5.9), we have

1 1
t—t, q i—t, q
|xo—x;| +4p<r+4( ——— | <r+4( ————

cu(xy, t)*1 cu(xy, t)*1

1 1
Cu(x,, t))>~9rd \ 4 A 7
=r+4<%> =r+4<£,a2‘q> r=5r.
c

cu(xy,t,)*4

Further,

_ _ f_ tl
t 4 culxy, 1)*79(4p) = t; + cu(x,, 1) q4q<m>
1 h

=t +49(1 - 1))

< by + Cu(xy, to)z_q(SV)q.

Thus, the upper boundary of (x;,t;) + Q40(8) is contained in (xo, £y) + QSr(é) C Q7 (1). O
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6 | PROOF OF THE ELLIPTIC HARNACK’S INEQUALITY

To prove Theorem 2.1, we first establish the following version where more space is required around
the point (x,, t,). To prove this proposition, we first use the parabolic Harnack Theorem 5.2 to get
an estimate at an earlier time level, use Lemma 4.1 to construct a super solution with infinite
boundary values at this level and finally use the comparison principle Theorem 3.3 to get an esti-
mate at our original time level. We repeat this process again around a local minimum of u to get
the other side of the inequality.

Proposition 6.1. Let u > 0 be a viscosity solution to (1.1) in Q[ (1) and the range condition (2.2)
holds. Fix (X, ty) € Q7 (1). Then, thereexist7 = 7(n, p,q), ¢ = c(n, p,q)anda = a(n, p,q) € (0,1)
such that

771 sup u(-,ty) < u(xy, ty) <7 inf u(-,ty), (6.1)
B,(xo) B,(xo)

whenever (X, t) + Q13 ,(6) C Q (1) where

6 = cu(xy, ty)* 9.

Proof. We can use parabolic Harnack (Theorem 5.2) for radius 2r to obtain constants u = u(n, p, q)
and ¢ = ¢(n, p, q) such that

u(x,ty —62r)?) < sup u(,ty —62r)?) < uulxy, ty) (6.2)

BZr(x())

for all x € B,,(x,), where 6 = cu(x,, t,)*"9. This is justified because §(2r) < 1;31*. Let

q
2=

q

b(x,1) 1= A — f + 62PN 1

; 7 - + pu(xy, ty).
@)@ = |x = xo|+)

Then by Lemma 4.1, v is a viscosity supersolution in B,,(x,) X (t, — 8(2r)4, co) that satisfies

v > pu(xo, L) on By, (x,) X {t, — 6(2r)1},

lim v(x,t) =00 forall (y,s) € B,,(xy) X (t, —6(2r)1, )
Qra(x,0)—=(y,s)

and we can use comparison principle Theorem 3.3 to get
u < vin (xg, ty) + Q. (0) (6.3)
because u is bounded in (x,, t,) + Q,,(6) and on the bottom of the cylinder we have by (6.2)

u(x, tg — 6(2r)7) < pu(xy, ty) < v(x, o — 6(2r)7).
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The estimate (6.3) and the definition of 8 imply in particular that

q

1 1 9 9 -
sup u(-,ty) < sup v(-, to) = A(0(2r)7)>-4 ((2")1‘q (@rye1 — Vq‘1)> Ty pu(xo, ty)
B,.(xg) B,(xp)

q
1 q

1 q-2
= Alcu(xy, ty)*"929r%) 2= <r2 1-q(24-1 — 1)> ! + uu(xy, to)

q

1 9/ 1 g q-2
Ac2-a22-4q <21-4(2q-1—1)> + 1 fu(xg, ty)

2 7(n, p, Qulxg, L) (6.4)

Dividing by 7 gives us the left-hand side of (6.1). The constant 7 blows up in the limit cases because
Ablows up when g — 2 forall ¢, and i does the same when g approaches the lower bound of (2.2).
Let X be a minimum point of u(-, t,) in B,(x,). We will again use Theorem 5.2 to obtain

sup u(-,ty — 8(2r?) < pu(z, t)s

BZI'(X)

where 8 = c(u(%, t,))*~9. The use of Harnack is justified because 2(2;') +r< gr because a €
(0,1). Let

a
2
1

q q

4 4 _a_

@r)a(@r)et — |x — X[o1)

0(x, t) = A(t — ty + é(zr)q)ﬁ

+ pu(x, ty).

Then again by Lemma 4.1, U is a viscosity supersolution in B,,(%) X (¢, — 8(2r)4, oo) that satisfies

0> uu(®, ty) on B, (%) X {t, — 6(2r)1},
lim  6(x,t) =co forall (y,s) € 0B, (%) x (t, — 6(2r)?, o)
Qpra(x,t)—(y,8)

and we can use comparison principle Theorem 3.3 to get
u < 0in (%,1) + Q,(6)

and thus

q

19 /1 9 q-2
u(xy, ty) < sup u(-, ty) < sup 0(:, ty) = </lcz-5122—‘1 <21-q (291 — 1)> ! + pt)u(fc, to)
(%)

B, B,(%)

=y(n, p,q) inf u(-,ty), (6.5)
B,.(x)

which is the right-hand side of (6.1). Combining (6.4) and (6.5) proves the theorem. O
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Next we combine Proposition 6.1 with a covering argument to prove Theorem 2.1. We first con-
struct a suitable sequence of small balls along an arbitrary radial segment of our set. Then, we
show by induction that there is enough room around cylinders defined on these balls to use Propo-
sition 6.1 to get an Harnack-type estimate over any of these radial segments up arbitralily close to
the boundary. Parabolic intrinsic Harnack chains for the p-parabolic equation have recently been
examined in [1] in the degenerate case p > 2.

Proof of Theorem 2.1. By Proposition 6.1, there exist constants y(n,p,q), ¢'(n, p,q) and
a(n, p,q) € (0,1) such that the elliptic Harnack’s inequality

771 sup u-, to) < u(z, to) < 7 inf u(-,to) (6.6)
B.(2) B.(2)

holds whenever B3 T(z) C B, and

to+ (106—31)qc’u(z, t,)*"9 € (-1,0]. (6.7)

Fix an arbitrary y € 0B,(x,). Let p := ra(oc —1)/13. We define the points

where k =0, ...,K and K > 0 is the smallest natural number such that y € Bp(yK). Since y is on
the boundary of B,(x,) and p is a scaling of r, the number K depends only on o, n, p and q. We will
apply the elliptic Harnack’s inequality in the balls B, (y ). Therefore, we need the corresponding
intrinsic cylinders to be contained within Q7 (1). Since the choice of p ensures that B gp(y) C

B,,(xy) C B, whenever y € B,(x,), it remains to show that (6.7) holds fort = pandz = y;, k =
0, ...,K. We choose

—1\¢ -
c:=c'<a ) pk@=a)
> 14

and proceed by induction to check that we have enough space in the time direction to use
Proposition 6.1 for each of the cylinders (y;, t,) + Qp(c’ u(yk,t)*~9). Note that the assumption
(0, £o) + Qo (6) € Q7 (1) implies

to £ (or)lcu(x,, ty)* 9 € (~1,0]. (6.8)
(Initial step) Since 7 > 1, we have

q (g —1)4
() cutror 1077 = (6 = D)ty 100 = (oYt 010

< (or)leu(xy, ty)* 9. (6.9)

It follows from (6.9) and (6.8) that (6.7) holds with z = y, and © = p. Thus, the elliptic Harnack
inequality (6.6) gives

77_1 sup u(-,ty) < ulxp, ty) <7 inf u(-,ty).
By (yp) B,(yo)
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(Induction step) Suppose that 1 < k < K and that we have

77 sup u(,ty) <ulxg,ty) <7° inf  u(.,ty). (6.10)
B,(¥k-1) B,(Yk—1

Since y, € §p(yk_1), this implies in particular
‘Ll.(yk, tO) < 77ku(x0’ tO)'
Therefore, by definition of p and c we have

q
(Z6) uliot0 7 < (0 = D)7 Dutxy, 1)

/(o — 1)IpkC—
coi

< (or)leu(xy, ty)* 9. (6.11)

= (or)icu(x,, to)z_q

It follows from (6.11) and (6.8) that (6.7) holds for z = y;, and T = p. Consequently by the elliptic
Harnack’s inequality (6.6), we have

7_1 Sup u(',to) < u(yk9t0) < 7 lnf u('at())'
B,() B,(yi)

Since y, € Ep(yk_l), combining the above display with (6.10) yields

u(xg,to) =77 sup u(-,t) = 7 u@p, to) = 7Y sup u(-, t)
Bp(yk—l) Bp(yk)

and similarly

u(xg, tg) <7° inf u(-,ty) < 7 uyy, ty) < 74 o )u(-, to)-

o Yk—1 P Vi
Thus,
7D sup u(-,ty) < ulxg tp) < 7 inf (-, t,) (6.12)
B, Bo O

and the induction step is complete.
By the induction principle, the estimate (6.12) holds for all k = 0, ..., K. Since y € Bp(yK), we

have in particular

7~ Y sup u(-, t5) < uxg, to) <75 inf ul-, 1),
[X,)A?] [xsy]

where [x, §] denotes the segment from x to y. Since y € 0B,(x,)) was arbitrary, the estimate of the
theorem follows for y := pK+1. O
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BOUNDARY REGULARITY FOR A GENERAL NONLINEAR
PARABOLIC EQUATION IN NON-DIVERGENCE FORM

TAPIO KURKINEN

ABSTRACT. We characterize regular boundary points in terms of a barrier family for a general
form of a parabolic equation that generalizes both the standard parabolic p-Laplace equation
and the normalized version arising from stochastic game theory. Using this result we prove
geometric conditions that ensure regularity by constructing suitable barrier families. We also
prove that when ¢ < 2, a single barrier does not suffice to guarantee regularity.

1. INTRODUCTION

We examine the boundary regularity for the following general non-divergence form version of
the nonlinear parabolic equation

Oru = [Vul'™P div(|VulP~>Vu) = |Vul' *(Au+ (p - 2) AN ), (1.1)

where ¢ > 1 and p > 1. When ¢ = p, this reduces to the usual p-parabolic equation and when
q = 2, we get the normalized p-parabolic equation arising from stochastic tug-of-war games.

A boundary point is called reqular with respect to a partial differential equation if all solutions
to the Dirichlet problem with continuous boundary values attain their boundary values
continuously. Thus a given Dirichlet problem in a set is solvable in the classical sense if
and only if all boundary points of the set are regular. Our main result is that the existence
of a family of barrier functions at a point is equivalent to that point being regular. There are
geometric conditions that imply the existence of barrier families and thus also imply boundary
regularity by this characterization. We also show that the existence of a single barrier is not
enough when g < 2. This problem remains open when ¢ > 2. A key idea we use in the proofs
is a radial connection to the p-parabolic case. The radial solutions of (1.1) solve in a suitable
sense a weighted one dimensional g-parabolic equation as proven by Parviainen and Vazquez
[ ]. Thus the radial barrier functions and sets used in the proofs are similar between
these two equations. Using barrier constructions, we prove that the exterior ball condition
and two other geometric conditions guarantee boundary regularity.

Date: April 19, 2024.
2020 Mathematics Subject Classification. 35K61 (primary); 35K65, 35K67, 35D40 (secondary).
Key words and phrases. regular boundary point, barrier, Perron’s method, viscosity solutions, nonlinear
equation, p-parabolic equation, exterior ball condition.
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Parabolic boundary regularity is delicate. Petrovskii criterion for the one-dimensional heat
equation, presented in [ | and proven in | |, shows that a boundary point that is
regular for the equation

Ou = Au
turns out to be irregular for the multiplied equation

20iu = Au.

However surprisingly boundary points remain regular for all multiplied p-parabolic equation
when p # 2 as proven in | ]. We prove that similar phenomenon happens for equation
(1.1) when g # 2. When ¢ = 2, any multiple of a solution is also a solution and thus existence
of a barrier implies the existence of a barrier family. It would seem that this might suggest
that one barrier is not enough when ¢ > 2, but we have not yet found a counterexample or a
proof for the contrary.

Characterizing regular boundary points for different equations has a long history. One of the
most celebrated of these is the original Wiener criterion proven by Norbert Wiener in 1924
[ | for the Laplace equation. Wiener type criterion for the heat equation was proven by

Evans and Gariepy | ] but remains open for the usual p-parabolic equation. For equations
of p-parabolic type, the approach using barrier functions has proven fruitful. These seem to
date back to Poincaré [ | but were named by Lebesgue in | | where he characterizes

regularity for the Laplace equation using barriers. Granlund, Lindqvist, and Martio extended
the Perron method and established the barrier approach to the elliptic p-Laplacian in their
paper [ | and developed it in various papers. An overview of the elliptic results is given
in the book by Heinonen, Kilpeldinen, and Martio [ |. The theory for the p-parabolic
case was initiated by Kilpeldinen and Lindqvist [ ] where they established the parabolic
Perron method and suggested a barrier approach. Bjorn, Bjorn, Gianazza, and Parviainen
characterized boundary regularity using a family of barriers in [ ] and proved that a
single barrier does not suffice for singular exponents in | |. A single barrier turns out
to be enough for the normalized p-parabolic equation as shown by Bannerjee and Garofalo
[ ]. Bjorn, Bjorn, and Parviainen proved a tusk condition and a Petrovskil criterion for
this equation in | |. Boundary regularity for the porous medium equation was examined
in | .

Since equation (1.1) is in non-divergence form except in the special case, we will use the
concept of viscosity solutions. A suitable definition taking account potential singularities was
established by Ohnuma and Sato in | ]. The normalized p-parabolic equation arises from
game theory which was first examined in the parabolic setting in [ ]. This problem
has attained recent interest for example in | I, 1 I, 1 | and | ] in addition
to already mentioned | |. The general form of (1.1) has been examined for example in

[LI519],[PV20],] J and [K523].

The structure of the paper is as follows. In Section 2 we present a suitable definition of

viscosity solutions to equation (1.1) that takes into account the potential singularity of the

equation and state some known results we need later. In Section 3 we present and prove an

elliptic-type comparison principle for equation (1.1). In Section 4 we define Perron solutions
2



and prove some basic properties. Sections 5 and 6 consist of defining boundary regularity and
barriers and proving our main result. We also prove that regularity is a local property and
show by a counterexample that a single barrier is not enough to prove regularity. In Section 7,
we establish the exterior ball condition and a few other geometric conditions by constructing
suitable barrier families. In Section 8, we analyze the connection of our definition for a barrier
and the ones appearing in the literature for other equations.

2. PREREQUISITES

In this paper, we denote the dimension by n and let Q@ C R™ and © C R"*! be open and
bounded sets. Denote Qr = Q x (0,7) and 4, 1, = Q x (t1,%2) the spacetime cylinders and
a parabolic boundary by

OpShy 1y = (2 X {t1}) U (09 x [t1,t2]).

We denote the Euclidean ball of radius r > 0 centered at xg € R™ by B,(z¢) and @, denotes
the scaled cylinder

Qr = Br(0) x (=r?,0].
For ¢ € R"™! and A C R"!, we denote

E+A={¢+alac A}
When Vu # 0, we denote
Adu = |Vul' P div(|Vul”*Vu) = [Vul**(Au + (p — 2)AYw), (2.1)

where p > 1 and ¢ > 1 are real parameters and the normalized or game theoretic infinity
Laplace operator is given by

n

Aévou _ Z 8xiu8xju8xixju'

ij=1 Wu\z
Thus equation (1.1) can be written as
dru = Au.
Denote
F(, X) = [n]"2 Tr <X +(p— 2)"‘7?2”)() (2.2)

where (a ® b);; = a;bj, so that
F(Vu, D*u) = |Vu|" ?(Au+ (p — 2)AN u) = Alu
whenever Vu # 0. This F' is degenerate elliptic, meaning that
F(n, X) < F(n,Y)

for all n € R™\ {0} and X <Y.



We will need to restrict the class of test functions in the definition of a viscosity solution to
deal with the singularity of the equation near critical points. Let F(F") be the set of functions
f € C?([0,00)) such that

f(0) = f(0) = f(0) =0 and f”(r) > 0 for all > 0,
and also require that for g(z) = f(]z|), it holds that
by F(V5(2) Do) =0
This set F(F) is never empty because it is easy to see that f(r) = r® € F(F) for any
B> max(;%7,2). Note also that if f € F(F), then Af € F(F) for all A > 0.
Additionally define the set
¥ ={o € CY(R) | o is even,a(0) = ¢’(0) = 0, and o(r) > 0 for all » > 0}.
We use F(F) and ¥ to define an admissible set of test functions for viscosity solutions.

Definition 2.1. A function ¢ € C%*(©) is admissible at a point (zo,tg) € © if either
V(zo,to) # 0 or there are § > 0, f € F(F) and o € ¥ such that

[p(,t) — @(xo, to) — Oup(wo, o) (t — to)| < f(lo — o) + o (t — to),
for all (x,t) € Bs(xo) X (tg — d,tp + 9).

Note that by definition a function ¢ is automatically admissible at a point (xg, o) if either
V(xg,t0) # 0 or the function —¢p is admissible at a point (zg, o).

Definition 2.2. A function u: © — RU{oc} is a viscosity supersolution to
Ou = Alu in ©
if the following three conditions hold.

(1) w is lower semicontinuous,
(2) w is finite in a dense subset of O,
(3) whenever an admissible p € C%(O) touches u at £ € © from below, we have

{@90(5) — Alp(&) >0 if Vp(§) #0,
dp(§) >0 if Vp(§) = 0.

A function u: © - RU{—o00} is a viscosity subsolution if —u is a viscosity supersolution. A
function u : © — R is a viscosity solution if it is a supersolution and a subsolution.

Note that if no admissible test function exists at a point &, the last condition is automatically
satisfied. If ¢ > 2, then viscosity solutions can be defined in a standard way by using
semicontinuous extensions, see Proposition 2.2.8 in [ -

Our proofs use two different comparison principles. The first is the standard parabolic
comparison principle, which is proven as Theorem 3.1 in | |. Here we assume that the
solutions are ordered on the parabolic boundary of the set.
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Theorem 2.3. Suppose that u is a viscosity supersolution and v is a viscosity subsolution to

(1.1) in Qp. If

co# limsup o(y,s) < liminf  u(y,s) # —oo
Qr3(y,s)—(z,t) Qr3(y,s)—(z,t)

for all (z,t) € 0yQr, then v < u in Qr.

The second is the elliptic-type comparison principle which holds for arbitrary © as long as we
compare over the entire Euclidean boundary. We state and prove this in the next section.

Consider the Dirichlet problem

(2.3)

O = [Vul* P div(|VulP*Vu)  in Qr
u=4gq on 8pQT.

We have the following existence and uniqueness results for simple space-time cylinders.

Theorem 2.4. Let g € C(0,Br). Then there exists a unique viscosity solution u € C(Br)
o (23) with QT = BT.

This theorem follows from | , Theorem 2.4.9] and falls into the general framework studied
by Ohnuma and Sato in | , Section 4], where they prove the existence for the Cauchy
problem in Corollary 4.10.

Imbert, Jin, and Silvestre proved the C“-regularity for solutions to (1.1). The time estimate
we need follows from [ , Lemma 3.1] and the space estimate follows from [ , Corollary
2.4]. Combining these we get the following corollary.

Corollary 2.5. Let u be a viscosity solution to (1.1) in Q4 and a € (0,1). Then there exists
a two positive constants Cy and Cy depending only onn, p, q and ||ul[ g,y such that

1
u(z, ) —u(y, s)| < Crlz —y|* + Coft — 2

for all (z,t), (y,s) € Q1.

Various regularity results for the non-homogeneous version of (1.1) were proven by Attouchi
in | | and Attouchi and Ruosteenoja in | ].

In our proofs, we need the following stability result which is a special case of Theorem 5.2.
in [ ] which follows from Theorem 6.1 in [ ]. We provide a proof by modifying the
proof used for the p-parabolic equation, see [ , Lemma 3.4].

Lemma 2.6. Suppose that (u;)$2, is a locally uniformly bounded sequence of viscosity solutions
to (1.1) in ©. Then there exists a subsequence that converges locally uniformly in © to a
viscosity solution u.

5



Proof. The proof is based on a diagonalization argument. Let (K;){°; be a sequence of
compact sets in © such that K; C K;y; for all ¢ and

UJKi=e.
=1

Let =; = {&1, &2, ... } be the set of points with rational coordinates in K; and define
_ d(K;,00)

B 5

for every i. For each i, define the family of sets

Ui ={& + Qq, | & € Zi} = {Ba,(z5) x (t; — d7,0] | (z5,t;) € B}

The family U; is a countable cover of K; and by compactness and construction has a finite
subcover V; formed over some finite index set Z; C =;.

d;

Because each uy, is a viscosity solution in each &; + ()4, and we chose d; to have enough space
around the set, we can use Holder continuity result Corollary 2.5 to get the estimate

ug(z,t) — u(y, )| < Clo —y|* (2.4)
for any (z,t), (y,t) € §; + Qq;, a¢; € (0,1) and k € N, where C' = C(n, p, q, HukHL“’(&ﬁQwi))'

Because we assume that the sequence (u;)2; is locally uniformly bounded, we can pick a
constants C' independent of k and by taking maximum over all such C' and «, we get that

Jur(z,t) — ug(y,t)] < Cla —y|* (2.5)
holds for every k and some C and &.  This estimate now holds for every
(x,t), (y,t) € Ug ez (& + Qa;) so especially in K;. Similarly by using Corollary 2.5 on each
set and picking constants gets us the estimate

A 1

lug(z,t) — uk(x,s)| < Clt —s|? (2.6)
for every (x,1), (z,5) € Ug,ez (& + Qa,) so especially again in K.

Estimates (2.5) and (2.6) give us that the sequence (u)?2, is equicontinuous with respect to
both space and time in K;. Let (u})$2; be the subsequence given by Arzela-Ascoli theorem
that converges into a continuous function v* in K;. Define a new sequence (vj)72, such that

v = u’,j for all k. Now v has a subsequence that converges locally uniformly in © to some
continuous function wu.

Let us show that u is a viscosity solution. Let By, ;, € © for a ball B. Let v be a viscosity
solution in By, 4,, continuous on By, ¢, and taking the boundary values v = u on 8,B, 4.
Such v exists by Theorem 2.4.

By convergence for any € > 0
V—e=u—€c<u<ute=v+e
on O0pB4, 1, for large enough k. By comparison principle Theorem 2.3, we get

v—e<lup,<v+te
6



in By, 4, for each large k and thus taking the limit as k — oo gives us
v—e<u<v+te

in By, t,. Letting € — 0 gives us that u is a viscosity solution in By, s, because the solution v
given by Theorem 2.4 is unique. g

Later we prove that Perron solutions are actually viscosity solutions and for this proof, we
need the concept of parabolic modification.

Definition 2.7. Let By, 1, € © and u be a viscosity supersolution to (1.1) in © and bounded
in Q. We define the parabolic modification of w in By, 1, as

U . v mn Bt1,t27
u n © \ Bt1,t27

where

v(€) = sup{h(€) | h € C(By, +,) is a viscosity solution to (1.1) and h < u on dpBy, ¢, }-

Clearly U < u in © because by comparison principle Theorem 2.3, each h < u in By, 4+, and
thus also v < u in By, 4,.

Lemma 2.8. Let By, +, € © and u be a viscosity supersolution to (1.1) in © and bounded
in By, t,. Then the parabolic modification U is a viscosity supersolution in © and a viscosity
solution in By, ¢,.

Proof. Let (0;):2, be an increasing sequence of continuous functions on 0,B;, 4, such that
u = lim 6;
11— 00

on OpBy, t,. By Theorem 2.4, there exists a sequence (h;);2; of viscosity solutions on By, 4,
such that h; coincides with 6; on 0,B;, 1,. Using the comparison principle Theorem 2.3
pairwise for each h;, we get that the sequence (h;)$2, is increasing on By, 1, and that the limit
function is v in the definition of the parabolic modification. Moreover, since the sequence is
bounded, the limit function v is also a viscosity solution to (1.1) in By, ¢, by Lemma 2.6. The
function U is a viscosity supersolution in © \ By, ¢, by definition, so only the boundary of two
sets is left.

Let ¢ be an admissible test function touching U from below at £ € 0By, 1,. We have p(§) =
U(¢) and ¢ < U in some neighborhood V of £. This ¢ is also an admissible test function
touching u from below at £ because p(§) = U (&) = u(§) and ¢(¢) < U(¢) < wu(¢) forall ¢ € V.

Because u is a viscosity supersolution in the entire ©, we necessarily have

{@ﬂf) — Alp(€) >0 if Vp(€) # 0,

drp(€) 2 0 if V() = 0.
which now implies that condition (3) of Definition 2.2 holds for U at . Thus U is a viscosity
solution in By, ;, and a viscosity supersolution in the entire ©. g
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3. ELLIPTIC-TYPE COMPARISON PRINCIPLE

The comparison principle for general bounded open sets © has not been proven for equation
(1.1) before and we need it for a few proofs in this paper. Hence we will provide a proof using
the doubling of variables method and the Theorem on sums which is the standard strategy
often used to prove comparison principle for viscosity solutions of equations of this type.

Theorem 3.1. Suppose that v is a viscosity supersolution and v is a viscosity subsolution to
(1.1) in ©. If

o0 # limsup o(y,s) < liminf wu(y,s) # —o0
05(y,s)—(,t) 03(y,s)— (1)

for all (z,t) € 09, then v < u in O.

Before the proof, we will define notation and prove some lemmas we need.

Lemma 3.2. Assume ¢ € C%(O) is an admissible test function at (xo,tg) € © and let
T =sup{t e R| (z,t) € ©O}. If Vo(xo,ty) =0, then

Vi) = oo, t) +

is also admissible at (zo,to) for all v > 0.

Proof. We have 0y)(x,t) = Opp(x,t) + ﬁ Because we assumed that ¢ is admissible at

(x0,t0), there exists a 6 > 0, f € F(F) and o1 € X such that

|9 (2, t) — (20, t0) — Optp(wo,to)(t — to)]

b

= t — to) —
QO(‘T7 )+ T _ ¢ QO('CUCH 0)

- (@CP(%, to) + 7) (t —to)

< fllz —wol) +ou(t —to) + ‘Tv—t - Tjto - ZT(t—_tZ(;)Q

< f(lw = wol) + o1(t = to) + [(t) — (to) — I (o) (t = to)], (3.1)
for all (x,t) € Bs(xg) X (to — 0,t9 + 0) C ©. Here

i
h<t) = T_¢

which is smooth for ¢ € (t9— 9, tp+9) as this interval does not contain 7'. By Taylor’s theorem
using the Lagrange form for the remainder, there exists ¢ € (¢, %) such that

g
T —to

hl/
(E) = hito) + (1o}t — 10) + "2 (1~ 10)?
Because h”(x) is bounded in (top — d,tg + ¢), we can estimate the last term of (3.1) by
h//
|h(t) — h(to) — h'(to)(t — to)| = 2(0) (t—t0)’| < sup  R'(c)(t —to)? = oa(t — to).
cE(to—(S,to-ﬁ-(S)
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This o9 is even, satisfies 02(0) = 04(0) = 0 and o2(r) > 0 for all » > 0 and thus o2 € X.
Combining this with estimate (3.1), we have

() — ¥ (xo,to) — Ot (o, to)(t — to)| < f(|z — xol) + o(t — o), (3.2)
for all (x,t) € Bs(zo) x (to — 0,t9 + 0). Here f € F(F) and 0 = 01 + 02 € ¥ and thus ¢ is
admissible at point (zo, to). O

Next we will define some notation used in the proof of the comparison principle. Let
T =sup{t e R | (z,t) € O}, e>0,7>0and f € F(F) and define

‘I’(ﬂfat,% S) = U(.’I},t) - U(y, 8) - \I/(l',t,y, 8) <33)

where . )
U(z,t,y,8) = — f(|jo — S S S A — 3.4
(2., 008) = ~flw =yl + (= 8P + ==+ = (3.4)

By our assumptions for v and v, the function v(z,t) — u(y, s) is upper semicontinuous and
bounded from above by some constant M in © x ©. Thus it attains its maximum in this set
and by continuity of ¥, so does the function ®.

Lemma 3.3. Let & = (zc,te, Ye, Sc) be the point where ® attains its maximum in O x O and
assume v(xe,t:) — u(ze,t.) = 0 > 0. Then there exists a constant vy > 0, such that

;%|x€ — Y| =0 and glg%\te — 8|/ =0 (3.5)

for all v < ~9. There also exists a constant eg = o(y0) > 0, such that & € © x O for all
e <e€p.

Proof. We will first show a lower bound for ®(x.,t.,ye, s:). If we choose vy to satisfy
2’)/0 0

<77
T—ty — 2

we have that
2y
T —tg

N D

‘P(%,ts,ye, 55) > q)(xsatsaxats) =0- > -, (3'6)

for all v < 9. By equation (3.6), we also have

\Il(x87t87y6786) < U(x&‘at&‘) - u(y575€)‘ (37)

Because we took f € F(F'), we know it is necessarily monotone increasing in R* by definition.
Thus there exists a monotone increasing inverse function f~!: Rt — R*. Using this and the
fact that

f(’[l? - y’) < 5\I/($,t,y, 3)7
we can conclude by inequality (3.7)
’«776 - y€| = fﬁl(f(|x€ - ya‘)) < fﬁl(g\ll(xaataaysvss)) < fﬁl(EM)

and

D=
N

|t5 - 3€| S (qu(xsatsvysa 85))
9
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Taking limits as € — 0 on both sides, these together imply
il_r)r(l)\xa — Y| =0 and il_I}I(l)hfa -5/ =0 (3.8)
for all v < p.

We have all the tools we need to show that £y € © x ©. Thriving for a contradiction, assume
that eo stated in the theorem does not exist. Then necessarily there exists sequences (£;)5°;
and (7;)$2; C (0,70), such that lim; o e; = 0 and ® defined with ¢ = ¢; and v = ~; attains
its maximum at a point (z;,%;,yi,5;) € 0(0 x ©). Because J(O x O) is compact and (3.8)
holds, there exists a point (&,%) € 90, such that

lim x; = limy, =2 and limt¢; = lims; =t
i—00 i—00 i—00 i—00

passing to a subsequence if necessary. But now estimate (3.7) implies

0 < limsup W(x;, t;, yi, S;)

1—00
< limsup(v(z;, t;) — u(yi, 8i))
1— 00
< limsupv(x;,t;) — liminf u(y;, s;)
i—00 1—00
< limsup ov(y,s)— liminf wu(y,s) <0,
©3(y,5)—(8,f) O3 (y,5) > (2:0)

where we used our assumption about the functions on the boundary. This contradiction
proves that there exists a g9 > 0, such that £ € © x © for all € < &g. O

Now we are ready to prove the elliptic-type comparison principle.

Proof of Theorem 3.1. Assume thriving for a contradiction that there exists a (z¢,t.) € O,
such that

(e, te) — u(zeyte) =6 > 0.

Let ® and ¥ be defined as beforginiB.S) and (3.4) and let & = (we,te, Ye, Sc) be the point
where @ attains its maximum in © x ©. Note that this point depends on ¢ and §. By Lemma
3.3, there exists constants vy and ¢ such that £ € © x © for all € < g9 and

glg(l)\xg —y:/=0 and ig%]tg — 8| =0 (3.9)

for all v < 9. Let

1 1 ¥
+ 2
t) == — Z(t— !
P t) = (el + (- s 4
and
- 1 1 2 g
== —y) = =(te —s)® — :
SO (y? S) gf(‘xa y’) 5( 3 S) T_ s
For every ¢ < ¢p and v < 79, there are two possible cases. First if x. = y., we have

Vot (ze,te) = Vo (ye, 5e) = 0. These are admissible test functions at points (z,t.) and
10



(e, se) respectively by Lemma 3.2. The function ¢, adding a constant if necessary, touches
v from above at (z¢,t.), and hence by the definition of a viscosity subsolution, we have

2
—— <0.
(T —t.)? ~

Similarly, ¢~ with a possible added constant touches u from below at (ye, s:), and hence by
the definition of a viscosity supersolution, we have

2
at@+(xsats) = g(ts - 55) +

_ 2
O™ (Ye, 82) = g(ta —8:) —

Hence
_ + . v Y
0 < 81%80 (y€736) —6t(p (xé:vt&) - _(T—S )2 - (T—t )2 < 0’
€ €

which is a contradiction.
In the second case, we have z. # y.. For such ¢ and v, we have Vo' (z.,t.) # 0 and
V¢~ (ye,5:) # 0. We denote parabolic superjet by P?>* and subjet by P?~ and their closures

by PP and P respectively. For definitions of these, we direct the reader to see | ]
We can use elliptic Theorem on sums in dimension n+ 1, see for example | , Lemma 3.6],
with | , Lemma 3.5]. By this, we conclude that there exist matrixes X,Y € S™, such that

(at\p(gﬁ)a vw\p(gﬁ)a X) S fQ’JFU(JL'F,» ts) and (—83\11(55), _vy\lj(fe)a Y) € f277“(:17167 55)7
and X <Y. Notice that because we assumed z. # y., we have
Va¥(&) = =V (&) #0 (3.10)

and F(n,X) is continuous in some neighborhood and we do not have to worry about the
admissibility of test functions. Thus the viscosity solutions can be equivalently defined using
semijets in this neighborhood, see | ]. Since w is a viscosity supersolution, this definition
with (3.10) implies

0< —0,U(E) — F(—V,U(&.),Y) = —(—2@5 s+ 7) L R(VLU(E),Y)

€ (T — s¢)?
N
- (te — se) (T — 35)2 F(V:¥(E),Y) (3.11)
and because v is a subsolution
2
02 0(E) — F(VaW(€), X) = Z(t: — 5:) + ﬁ S F(VLU(E),X). (3.12)

Subtracting (3.11) from (3.12), we get using degenerate ellipticity of F'

0> Gt gyt F(RE)Y) — F(V0(E), X)

Y + Y
(T - t€)2 (T - 56)2
> 0.

>

Both cases lead to a contradiction and this concludes the proof. O
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4. PERRON SOLUTIONS

One common way of solving the Dirichlet problem in arbitrary domains is the Perron method.
For our uses, it is enough to consider bounded domains with bounded boundary data. The
idea is to construct an upper solution to the Dirichlet problem as a point-wise infimum over a
suitable class of supersolutions. We prove that for bounded boundary data, this construction
gives us a viscosity solution inside the set. We use the notation from [ | for Perron
solutions.

Definition 4.1. Let f: 00 :— R be a bounded function. The upper class Uy is defined to be
the class of all viscosity supersolutions u to equation (1.1) in © which are bounded from below
and such that
liminfu(n) > f(&) for all £ € 0O. (4.1)
©3n—¢

The upper Perron solution Of f 5 deﬂned as
H = inf € 0.
f(&) uleuf u(§), ¢

Similarly, the lower class Ly is defined to be the class of all viscosity subsolutions u to equation
(1.1) in © which are bounded from above and such that
limsupu(n) < f(§) for all £ € 00, (4.2)
©353n—¢
and define the lower Perron solution of f by

Hf(§) = sup u(§), £€0.

uGl:f

Note that £y and Uy are always non-empty for bounded f. We in fact have u € U; for any
constant function larger than supgcge f(§) and similar result for the lower class. It is also
clear that for bounded f, the definition of Perron solutions does not change if we restrict Ly
and Uy only to bounded functions.

In the next theorem, we prove that Perron solutions are in fact viscosity solutions. This result
is quite classical and a similar proof works for different equations as it only uses the stability
result, parabolic modification, and basic properties of Perron solutions. We provide a proof
for the convenience of the reader.

Theorem 4.2. If the boundary function f : 90 — R is bounded, then Perron solutions H f
and H f are viscosity solutions to (1.1) in ©.

Proof. We mainly follow the argument in Kilpeldinen and Lindqvist in | , Theorem 5.1].
Fix a space-time cylinder By, ;, € ©. Choose a countable, dense subset

E={&,&, ...}
of By, 4,. For each j =1,2,..., we choose a sequence of functions w; ; € Uy with i =1,2,...,
such that

lim uiﬂ'(fj) = Ff(fj)

1—00
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We may assume that each u; ; is bounded. Now define

i 4(€) = minj{ui,m(f)}

1<m<
for each 7 and i. The minimum of two viscosity supersolutions is also a viscosity supersolution
by standard arguments and by iterating this, we get that each v; ; is a viscosity supersolution
to (1.1) in © and v;; € Uy. By definition v;;(£) > Hf(E) for all i and j and now by
construction v; (&) > v; ;(€) for each k =1,2,...,j. Thus for these indexes, we have

Hf(&r) < vi(&) < vig(ér)

and taking limits as i — oo, we get that for any j, the sequence we now have satisfies
lim v (&) = H f (&) (4.3)
11— 00
foreach k=1,2,...,7.
Let V; ; be the parabolic modification of v; ; in By, 1, according to Definition 2.7. Now
Hf <Vij <vij
by definition and V; ; is a viscosity solution in By, 4,.

By passing to a subsequence if necessary, we get from Lemma 2.6 that for any j, the sequence
(Vij)s2, converges locally uniformly to a viscosity solution v; in By, 4,. Again by Lemma
2.6, the sequence (vj);?il has a subsequence that converges locally uniformly to a viscosity
solution h in By, +,. By the construction, it holds

h>Hf

in By, 4, and by equation (4.3), the equality h = H f holds in the dense subset = C By, 4,.
Take v € Uy and let V' be its parabolic modification in By, ;,. By definition v > V' and
V > Hf in By, +,. Also because h = H f in a dense subset, we have by continuity of V and h
v >V > hin By 4, and thus taking infimum over all v € Uy, we get

h<Hf
in By, 1,. It follows that Hf = h, so it is a viscosity solution for any cylinder By, +, and thus
in ©. The lower Perron solution H f is treated analogously. O

To finish this section, we will prove the so-called pasting lemma that plays a key role in
our proofs. It is kind of similar to the parabolic modification we used before but defined
for arbitrary open sets. This is a useful tool when constructing suitable new viscosity
supersolutions to be used as barriers.

Lemma 4.3. (Pasting lemma) Let G C © be open. Also let u and v be viscosity supersolutions
to (1.1) in © and G respectively, and let

_Jmin{u,v} inG,
| in©\G.

If w is lower semicontinuous, then w is a viscosity supersolution to (1.1) in ©.
13



Proof. By assumption, w is lower semicontinuous and by construction w is finite in a dense
subset of ©. Because the minimum of two viscosity supersolutions is a viscosity supersolution
by standard arguments, we only need to verify the condition (3) of the Definition 2.2 for

£ € 0G.

Let ¢ be an admissible test function touching w from below at £ € 9G. We have ¢(§) = w(§)
and ¢ < w in some neighborhood V of €. This ¢ is also an admissible test function touching
u from below at & because p(§) = w(&) = u(§) and ¢(¢) < w(¢) < u(() for all ¢ € V. Because
u is a viscosity supersolution, we necessarily have

{&w(ﬁ) — Adp(€) >0 if Vip(€) # 0,
dp(€) =0 if Vip(§) = 0.

which now implies that condition (3) holds for w at £. Thus w is a viscosity supersolution in
the entire ©. U

5. BARRIERS AND BOUNDARY REGULARITY

In this section, we define regular boundary points and barrier functions and prove how barriers
can be used to characterize boundary regularity. It turns out that a boundary point is regular
if and only if there exists a family of barrier functions. We show by a counterexample that a
single barrier does not suffice when ¢ < 2 and this remains an open problem for g > 2. This
problem is open even for the usual p-parabolic equation where the barrier approach has been
examined in [ ] and [ ]. We start with definitions.

Definition 5.1. A boundary point & € 0O is regular to equation (1.1) if
lim inf H =
liminf Hf(§) = /(%)

for every f : C(0©) — R. If the set is ambiguous from the context, we will specify that a
point is reqular with respect to the set ©.

Since Hf = —H(—f), regularity can be equivalently defined using lower Perron solutions.

Next, we will define barriers and barrier families.

Definition 5.2. Let {§y € 900. A function w : © — (0,00] is a barrier to (1.1) in © at point
€o if

(a) w is a positive viscosity supersolution to equation (1.1) in ©,
(b) liminfgse—g, w(¢) =0,
(c) liminfgscsew(C) > 0 for £ € 00\ {&o}-

We define barriers to be viscosity supersolutions which is not the standard definition in the
recent literature, where barriers are often defined through the comparison principle. These
two definitions are equivalent as we will prove in Lemma 8.2.

14



Definition 5.3. Let § € 00. A family of functions w; : © — (0,00], j = 1,2,..., is a
barrier family to (1.1) in © at point & if for each j,

(a) wj is positive viscosity supersolution to equation (1.1) in ©,

(b) liminfescg w;(¢) =0,

(c) for each k=1,2,..., there is a j such that

_ 1
gglcglfwj(o >k forall £ € 0O with |£ — &| > =

We say that the family w; is a strong barrier family in © at the point & if, in addition, the

following conditions hold:

(d) wj is continuous in O,
(e) there is a non-negative function d € C(©), with d(z) = 0 if and only if z = & such
that for each k =1,2,..., there is a j = j(k) such that w; > kd in ©.

In the following lemma, we will evaluate the operators for a prototype barrier function. Most
barriers we use consist of sums of these functions and thus these formulas make our calculations
in the proofs easier.

Lemma 5.4. Let C' > 0, 8 € R and
v(z,t) = C’\x]q%ltﬁ.
Then for all t > 0, we have

—1
g _ q \* ( p- q) Bla—1)
Alv(z,t) (C ) n+ — t .

q—1

and .

oz, t) = CBlz|r—TtP L.
Proof. The proof is a direct calculation but is included for the convenience of the reader.
Denote o = q_il. We have

Vo(z,t) = CtPalz|* 2z
and thus
Apv(,t) = div(|Vo(z, )P Vo(a, 1))

(
(‘Ctﬁama 2 ’p thﬁa|x\a2m)

= div
=< t5a>p d1v<\x| )(p—2)+a—2 )

( ) 1;":1( (o= 1)(p—2) + o — [ @ DE-D+a—4,2 | (a1 2)+o¢—2)
— (Ct5a>p_1(n Fla—1)(p—1) — 1)@ DE-D-1,
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It also follows that
Afv(z,t) = [Vo(z, 8)]7 div(|Vo(e, P> Vo(z,t))

— —1
— ‘Ctﬂa‘x|0¢—2x‘q P(Ctﬂa>p (TL + [(Oé - 1)(p N 2) — o — 2])|x’(a—1)(p—2)+a—2

-1
= (0%a)" (4 [f = Dp ~ 2) + @~ 2 fa] 7DDt ia)

= (C?a)" (4 [(a — D)(p — 1) — oD, (5.1)
Finally
(a—1)(g—1)— 1= <El—1>(q—1)—1:0
and
(@—D(p-1)—1= ((131—1)@—1)—1:5__‘;.
Substituting these and « into (5.1), we get exactly what was stated. The time derivative is
clear. 0

In the next theorem, we prove that regularity of a boundary point is characterized by a barrier
family existing at that point. This is our main tool when considering geometric approaches
to characterizing regularity.

Theorem 5.5. Let £y € 00. The point &y is regular if and only if there exists a barrier family
at &.

Proof. First, assume that there exists a barrier family at £ € 00. Take continuous function
f € C(009). By continuity, for each ¢ > 0 there exists a constant § > 0 such that
|f(&) — f(&)| < € whenever |£ — &| < d, £ € 00. Thus if |£€ — &| < §, we get that

£(6) = £(&0) — & < 0 < liminfu;(¢) (5.2)

because w; are assumed to be positive. If |£ — &| > J, we pick k € N such that

B> @ - f() -2 and 52

Now by Definition 5.3 condition (c¢) we know that there exists a j such that
liminfw;({) > k — —e. .
lim infw;(C) = k> f(£) — f(&) —€ (5.3)
Combining estimates (5.2) and (5.3), we get that for some j > 1

l(j)glci_rgwj(o + f(&) +e> f(§) forall £ €00O.

Thus because this is also a supersolution, we have w; + f(§o) + ¢ € Uy, and hence

limsup H f(¢) < leiminfwj(C) + f(&) +e = f(&) +e. (5.4)
03¢—=¢ 3(—¢
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By similar calculation as above, —w; — e + f(&§) € Ly and we obtain that for some j
lim inf H > liminf H > — 5.5
lim inf H#£(C) > lim inf Hf(C) > — + f(20), (5.5)

where the first inequality follows from the fact that Hf > Hf in ©. This is because we can
use the elliptic-type comparison principle Theorem 3.1 for any pair of u € Uy and v € Ly in
the definitions of Perron solutions. Letting ¢ — 0, combining (5.4) and (5.5) gives us that &y
is regular.

For the other direction, let us assume that & € 00 is regular. Without loss of generality, we
may assume that & is the origin. For all (x,t) € R""! we define

P—q
n + =1 2

2 diam ©

-1, o
27T 450

By Lemma 5.4, we have

Moo = (10 1Y g

qg g—1 q—1
and
n + =4
A (x,t) = ja —2L¢,
Thus

' e _ g1 p—q ¢ — )<
O (x,t) — Alj(a,t) = j {n"’_q_l](diam@ t)=0

for all (z,t) € © making v; a subsolution. We will verify that w; = H1); gives us a barrier
family at & by checking the conditions from Definition 5.3. We have

(a): From v; > 0, it follows also that w; > 0. Because the set © is bounded, we get

-1 _a_
Pz, t) < jL diam © 71 + jq_l% diam © < oo
q
for every j. Thus wj is a viscosity supersolution by Theorem 4.2.
(b): Follows directly from the regularity of £y because 1j(&y) = 0 for all j.
(c): Because 1; is a viscosity subsolution bounded above by itself on the boundary, we
have ; € Ly, and thus by definition Hv; > ;. Using this, let £k =1,2,..., and pick

r= % For any £ = (z,t) € © \ B,(&), we have by continuity of ;,

fiminf us(Q) 2 Hming 05(Q) 2 5(6) 2 j4Lritr 1 1 L 2
. : : -
by ing i (©) 2 Bping (0 2 45(€) 23507 4 g 2
where the last inequality holds for large enough j. This implies condition (¢) of
Definition 5.3. g

In some cases, the additional conditions satisfied by strong barrier families prove useful in
practice. Note that condition (e) gives information over the entire ©® and implies condition
(¢), which gives information only over 90. It turns out that the existence of one type of
barrier family implies the other.
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Proposition 5.6. Let £ € 00. There exists a barrier family at & if and only if there exists
a strong barrier family at &.

Proof. A strong barrier family satisfies conditions (a) — (¢) by definition and thus is also a
barrier family. We will prove the other direction.

Assume that there exists a barrier family at £. By Theorem 5.5, the point & is regular. Just
as in the proof of Theorem 5.5, we define
p—4q
ol 4 ot L
q 2 diam ©

bila,t) =30

for all (x,t) € R™ and let w; = Hej. We will prove that w; in fact forms a strong barrier
family. In the proof of Theorem 5.5, we already proved conditions (a) — (c).

(d): Because wj is a viscosity solution by Theorem 4.2, it is continuous for every j.
(e): Let
p—q

q n +
P NI 5.6
et + 2diam © (5.6)

Notice that 1;(z,t) > min(j, j9')d(z,t). This is continuous and non-negative and
d(xz,t) = 0 if and only if (z,t) = (0,0). Pick any & € N. Now by picking j >

max{k, k:q%l}, we get
wj = Hipj > 4p; > min{j, j7 ' Yd(w,t) > kd(,t)
as desired. O

qg—1

d(z,t) =

We get the following restriction result that turns out to be useful in later proofs as a direct
corollary of Theorem 5.5.

Corollary 5.7. Let § € 00 and let G C © be open and such that & € 0G. If & is reqular
with respect to O, then & is reqular with respect to G.

Proof. Because & is regular with respect to ©, we have that by Theorem 5.5 and Proposition
5.6, there exists a strong barrier family {w;}72, in © at point §. Condition (e) from Definition

5.3 gives us a non-negative function d. Define ; = w; |¢ and d = d |g.

Now {w;}32, is a barrier family in G at &y because it clearly satisfies conditions (a), (b)
and (e) now with respect to the smaller set G and condition (e) implies (¢). Thus by using
Theorem 5.5 for this barrier family, we have that & is regular with respect to G. U

We will also prove the following proposition to show that regularity is a local property. This
is needed later in the proof of the exterior ball condition.

Proposition 5.8. Let £, € 00 and B C R™*! be any ball containing &. Then &y is regular
with respect to © if and only if & is reqular with respect to © N B.
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Proof. Using Corollary 5.7, we know that regularity of £y with respect to © implies regularity
with respect to © N B.

Assume & is regular with respect to © N B. By Theorem 5.5 and Proposition 5.6, there exists
a strong barrier family w; in © N B. By condition (e) of Definition 5.3, there now exists a
non-negative function d € C(0© N B) such that for each k € N, there exists a j = j(k) such
that w; > kd in © N B. Now if we denote m = infg ;5 d > 0 and define

min{w;)(§), km} in©NB
km in©\B

and
ien  Jmin{d(§),m} in©NB
46 = {m in R"t1\ B.

Now wj, is lower semicontinuous, so it is a viscosity supersolution by Lemma 4.3. It also
satisfies w), > kd’ in © which can be used to prove remaining condition (c).

Let [ =1,2,..., and take £ € 0O such that |{ — &| > % Now by picking k£ large enough to
satisfy kd'(£) > [, we have

lim inf w’;(¢) > liminf kd'(¢) > 1.
lim inf wj(C) > lim inf kd'(C) = 1

Thus wj, forms a barrier family in ©. This implies regularity with respect to © by Theorem
5.5. g

6. A COUNTEREXAMPLE AND THE MULTIPLIED EQUATION

In this section, we will prove that a single barrier is not enough to guarantee the regularity
of a boundary point when ¢ < 2. We construct a set where the origin is irregular but we can
still find a barrier function on that point. We also prove that multiplying one side of (1.1) by
a constant does not affect boundary regularity. We need the following scaling lemma for our
proof.

Lemma 6.1. (Scaling lemma) Let ¢ # 2, a > 0 and © C R" be a domain such that
(0,0) € 0O. Set

0= {(ax,t) eR": (2,t) € @}.
Then (0,0) is regular with respect to © if and only if it is reqular to (1.1) with respect to ©.
Proof. The proof is almost identical to the p-parabolic case in [ , Proposition 4.1].
Take @ : © — R and define u : © — R by

u(z,t) = Ku(az,t),
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where K = a 73, By direct calculation dyu(x,t) = Kdyu(az,t) and
Alu(z,t) = [Vu(z, )| PAyu
= |KaVi(az, t)|" PKP L aP A yi(az, t)
= K9 a9\ Vi(az, t)|" P Api(az, t)
= KAlu(az,t).

Thus w is a viscosity supersolution to ~(1.1) in O if and only if @ is a viscosity supersolution
to (1.1) in ©. Take arbitrary f € C(90) and define f : 90 — R by

f(x,t) = K f(ax, t).
Denote by H 4 f(z,t) the Perron solution defined over set A for bounded f : 94 — R. By the
calculation above we have }
Hef(x,t) = Hg(K f)(ax,t)
for all (x,t) € © and thus regularity of the origin with respect to © implies the same with

respect to ©. Converse is proven by swapping the roles of ©® and © and replacing a with
1 O
In Theorem 5.5, we proved that the existence of a barrier family is a sufficient condition for
regularity and next, we will prove that the existence of a single barrier is not enough in the
singular case. This corresponds to the same result for the p-parabolic equation and similarly,
the existence of a such counterexample remains open for the degenerate case. The proof is
based on constructing suitable boundary values to prove irregularity of the origin and then
constructing a barrier at that point.

Theorem 6.2. Let 1 <g<2, K>0and0<s < %. Then there exists a single barrier w at
(0,0) for the domain

O={(z,t) eR" xR :|z| < K(-t)° and — 1<t <0}
despite (0,0) being irregular.

Proof. We prove irregularity of (0,0) first. We do this by constructing an explicit viscosity
supersolution that is continuous on the boundary but jumps when we approach the origin
along the axis = 0. This is called an irregularity barrier by [ I, [ |, and | ]
Existence of such function ensures that the boundary point cannot be regular directly from
the definition. Let

qT n P—4q —]. J—
o Teb (L) (=, for (x,t) €8\ {(0,0),
1, for (z,t) = (0,0).
Using Lemma 5.4, we have

s\ 11 — ¢—1n 4 2=
q (), ( p ‘1>:< q > g1
Alu(z,t) (q—l( t) a 1) n—i—q_l 1 ETE
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and by direct calculation

q —
1 ¢=1n 4 2=
ou(z,t) = g5__ |zl < q > i

E + .
q—1(—pattt  \g—1 (=)
Thus d;u > Agu and hence u is viscosity supersolution to (1.1) in ©.

Let f = u |pp€ C(00) and let v € L#(O). By definition of the lower class, we can use the
elliptic-type comparison principle Theorem 3.1 to ensure v < u in O, and thus also H f < w.
But now

liminf Hf(z.t)< liminf ) < liminfu(0,4) =0 < 1 = £(0,0).
@3(;{%g(070)ff(x, ) < @3(%51(0’0)10(:6, ) < lim infu(0,7) < f(0,0)

Hence (0,0) is irregular to equation (1.1) with respect to the set ©.
Next, we will show that there still exists a barrier at (0,0). Assume first that K =1 and let

o(a,1) = (—t)77 (B — [z|77)

-1
where B = min{ (n + M) (Ly (2 —q), 1}. Again by Lemma 5.4, we have

q—1 q—1
q R P—q
Ap”(””’t):_((_wqq—1> Q“*q_1>
B) (i)
= —(—t)*" :
() (i
For the time derivative, we have
1 g-1 _a_ B g-1
) =~ (5= 1a7) = 0

and thus by our choice of B, we have
g \! P—q B g=1
st (25)” o £28) - o

and thus v is a viscosity supersolution to (1.1) in ©. Next, we define
- ¢ B
&— {(:n,t) €O |zt < 2}

and
B\ *wten
M= inf wv(z,t)= (> 0.,
(z,t)c86 2
By the pasting lemma (Lemma 4.3), we know that
Wiz, t) = {min{v(m,t),M} if (x,t) € O,

M if (z,t) € ©\ O,
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is a viscosity supersolution to (1.1) in © because it is lower semicontinuous. It also clearly
satisfies the other two conditions of being a barrier and thus we have found a barrier at (0, 0)
despite this point being irregular. The result for general K > 0 follows from Lemma 6.1. [

If we take a viscosity solution u to equation (1.1) and a constant ¢ > 0, a simple calculation
shows that the function cu is not a viscosity solution unless ¢ = 2. This also happens for the
usual p-parabolic equation with p # 2. We get similar phenomena where cu now solves the
multiplied equation

adu = Alu. (6.1)

for a = ¢972. It quite surprisingly turns out that regular boundary points are the same for all
multiplied equations of this type as long as ¢ # 2 which we will prove next. This is known to
be false for the heat equation by the Petrovskii condition, see | ).

Theorem 6.3. Let &y € 00 and a > 0. If q # 2, the & is regular if and only if it is regular
to the multiplied equation (6.1).

1
Proof. Let w be a viscosity supersolution to (1.1) and let @ = as—2w. Then
1 1
ady — Al = a1+ﬁatw — qujAgw >0

and thus @ is a viscosity supersolution to the multiplied equation (6.1). We get equivalence
1

by replacing a by a=".
1

From this it follows that if u € Uy if and only if as=2u € U, where U is the upper class with

respect to equation (6.1). The equivalence of regularity of & with respect to equation (1.1)

and with respect to equation (6.1) follow directly from the definition. O

When g = 2, our equation becomes the normalized p-parabolic equation, and we know that a
single barrier is enough to characterize the regularity of a boundary point as proven by | ,
Theorem 4.2]. This seems to be the case because invariance with regard to multiplication
means that the existence of a single barrier implies the existence of a barrier family. We will
prove this result to end this section. Based on this it would seem that a single barrier is not
enough when ¢ # 2. We know this to be the case for ¢ < 2 by Theorem 6.2 but the degenerate
case ¢ > 2 remains an open problem.

Proposition 6.4. Let &g € 00 and q = 2. There exists a barrier at & if and only if there
exists a barrier family at &.
Proof. The existence of a barrier family clearly implies the existence of a single barrier. For
the other direction assume that w is a barrier at £ and define

wj = jw
for j € N. Now wj; are all positive viscosity supersolutions to (1.1) by simple calculation

because ¢ = 2 and still clearly satisfy condition (b) for all j. Take k € N and £ € 90 such
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that [¢ — &| > 4. Because w is a barrier, we know that

lim inf =a>0
églclgéw(C) a>

and thus by choosing j > %, we have

lim inf w;(¢) = k.
églcglgwa(C) k

This proves condition (¢) and thus we have a barrier family. O

7. EXTERIOR BALL CONDITION

In this section, we will state and prove an exterior ball condition, which gives a simple
geometric criterion for regularity. It turns out that the existence of an exterior ball touching
the domain at a boundary point implies the existence of a suitable barrier family apart from
a few exceptions. Consider the Dirichlet problem (2.3) set in the usual time cylinder Q7. It
is well known that in this case, the solution will determine values on the top of the cylinder
Q x {T'}, so none of these points can be regular. It turns out that if the tangent point of
the exterior ball is its north pole or south pole the argument does not work. After this, we
prove a different geometric condition that works for the north pole case and end the section
by showing that any point that is time-wise earliest in the set, is always regular.

Lemma 7.1 (Exterior ball condition). Let & = (zo,t0) € 00. Suppose that there ezists a
&1 = (z1,t1) € ©° and a radii Ry > 0 such that Br, (1) N© =0 and & € dBg,(£&1) N0O. If
x1 # x0 then & is regular with respect to ©.

Proof. The case ¢ = 2 is proven in [ , Lemma 4.2], so we may assume ¢ # 2. Without
loss of generality, assume &, = (0,0) and 0Bg, (£1) N 0O = {&}. Let & = (w2, t2) = %51 and
Ry = $Ry. Also pick § = £|z2| > 0 and let ©g = © N Bs(&). Positivity of § follows from our
assumption x1 # xg. For { = (z,t) € ©g and R = |[§ — &| < 2Ry, define

() = 7 (¢ — e-7)

where we will choose j and v = ~(j) > 0 later. We will show that for suitable constants, w;
are a barrier family at . We have
Dw; (&) = 2j7e I (t — 1) > —4jyRae I,
V() = 2j7e 7" (2 — ),
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which means that, £ denoting the i:th coordinate of vector &,

y(€) = div 24637 o - m)\”‘zme—W )

= (2j7)"" 12[( p=1)e 0V g — P2 (@ — ah)?)

(02T g ot —2d)?) + (T - a2
= @t I — a2 [ 2 — Dl — ol +p— 2+ ]
and further

. q-p
Afw;(€) = |2j7e % (2 — 2)|

Apw;(§)
= @) eI e — apl T2 [2(p — Do — ol +p 24 0]
< (2j7)" e TR g — |77 | 2j(p — 1)07 + p— 241,

because |z — x2| > §. Now choose jy > 5]__2% to be an integer, so that for any j > jp, we
have

—2j(p = 1)6% +p -2+ n < —j(p — 1)6?,
which implies

IN

—(257)17 i (p — 1)82e IO DE g gy |92
—Co(2j7)7 ji(p — 1)e DI,

Afw;(§)

IA

where

(2R2)17252%, 1<q<?2,

Co =

09, q> 2.
Based on these calculations we have that w; is a viscosity supersolution to (1.1) for all j > jo
if

4j7Rae I < Co(2j)"(p — VeIV

which is equivalent to

14 Ryei(a-2)R?

th 203(g —1)Co Cjt el (7.1)
for Ch = m Now we choose
.
S L R (2
= = 1 . .
(C’ljl_q)qTQeMR%, q>2.

Because Bpg,(£2) N ©g is empty, we necessarily have R € (Rg,2R>) and thus for this v, the
estimate (7.1) holds and thus w; is a positive viscosity supersolution to (1.1) for all j > jo.

We still need to check the rest of the conditions of Definition 5.3 to ensure that w; forms a
barrier family. Condition (b) clearly holds by continuity of w; at &. For condition (c), let 3
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be the angle between vectors —&; and £ — &) and denote 79 = |£| and r1 = | — &1|. Using the
cosine theorem, we get the equalities

Ri\2
32:rf+<21) —rRycosB and %=1+ R —2r Ry cosf.

Using these one after another and lastly the inequality ry > Ry, we get

2 2
R’ - R} = (Rl) + 72 — 1Ry cosff — (Rl>

2 2
1 1 Rz 1
:T%—i(T%+R%—T(2)):§%—7 57”3
erg.

Using this we can estimate the value of the barrier function. For any » > 0 and £ € @0\ By (x0),
w;(§) = e (1 — ) > e (1 — o747,

Inserting our choices of v from equation (7.2), we have an estimate

J 2

.
(6> QT —emEm, 1<g<2,
- 1 . j
(Crj' )72 e¥ (1 — o727, g > 2.
In either case, the right-hand side tends to co as j — oo for any fixed r. Thus for any & € N
we can pick r = % and equation (7.3) implies

lim inf w; >
lim infw;(C) > k

; (7.3)

for some large j and any £ € ©¢ \ B, (z¢). Thus condition (c) holds and w; forms a barrier
family. Thus by Theorem 5.5 the point &y is regular to equation (1.1) with respect to the set
Og. The regularity with respect to the set © follows from Proposition 5.8. O

Similarly to the p-parabolic case, this proof does not work when &y is the north pole or
the south pole of the ball. In the north pole case, we get a result matching to |
Proposition 4.2].

)

Proposition 7.2. Let © € R be open and (x9,t9) € 00. Assume that for some 6 > 0, we
have

O C {(z,t) | t —to > 0|z — z0|'},
where [ > q%’l if1<q<2,andl>qif q>2. Then (xg,to) is reqular with respect to ©.
Proof. Without loss of generality, we may assume (zo,t9) = (0,0). Let
00 = {(z,4) | t > 0l and — 1<t <0}

and

1 7
Js Js
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where s > 0 will be fixed later. Note that G+ C G; for all j. Now let

-1 4 _
=2 || + (n_+ p‘y)jq‘lt
q q—1

and use Lemma 5.4 to conclude that

and
0utyat) = (n+ 2= )07
q—1
We can see that f; is a viscosity solution to (1.1) in R"!. Define

q
: g—1( 1\t ( p—Q>.19
m; = inf f;=j— —(n+——=)j1
J emacjf] J q <ji> g—1 J js

B (n + p—q>9jq1g_
q q—1

We want m; — oo as j — 00 to construct a barrier family. Note that the coefficient of the
second term is always positive so we only need to take care of the exponents. We must have

q q [
—~ >0 and 1—-—F _>g—1-—-
s(g—1) s(q—1) s

1—

i.e.

q q
s>—— and [>s(¢g—2)+ .
q—1 (a-2) (¢—1)

The latter condition gives us the two cases depending on ¢. If 1 < ¢ < 2, the first term on
the right-hand side is negative and we have

(7.4)

I>-1  forall s>-—1_.

g—1 qg—1
If ¢ > 2, the first term on the right-hand side is positive and we have [ > ¢ if we choose s
sufficiently close to —Z-. But we see that there exists a s that is suitable for both of these

q—1
cases.

Now we define A
b — min{ f;,m;} in G’
T my in Qg \ GY.

Now using the pasting lemma (Lemma 4.3) for f; |5 and m;, we have that h; is a positive
viscosity supersolution to (1.1) in ©¢ provided we choose j large enough. Conditions (a) and
(b) of the definition of a barrier Definition 5.3 are clearly satisfied.

Now for these s and [ satisfying (7.4), we have m; — oo and |{| — 0 for all { € G as j — o0
and thus for any k, we are able to find some large j(k) so condition (c¢) is satisfied. The family
of functions h; is thus a barrier family at (0,0). Thus by Theorem 5.5, the point (0,0) is
regular with respect to ©.
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Regularity with respect to © follows by picking an open ball B containing (0,0), using
Corollary 5.7 for ©g N B and then Proposition 5.8. O

Finally, if the bottom of the set is flat, we get regularity for all of these points from the
following useful lemma. It turns out that the earliest points time-wise are always regular.
Lemma 7.3. Let & = (zg,tp) € 00. If & & 0O_ for

O_ ={(z,t) € © |t < to},
then &y is reqular with respect to ©. In particular, this holds if ©_ = ().

Proof. Let
-1

L - (] —
fifant) = e = a0l + (n+ =) e~ o)

For any (x,t) ¢ 00_, we can use Lemma 5.4 to conclude

AT (2, 1) = o (n + H) — Ouf (),

q—1
which implies that f; are positive viscosity solutions to (1.1) in R™*! for all j. They also
clearly satisfy condition (b) of Definition 5.3 and lastly for any & = 1,2,..., r = % and

£ €0\ By(&), we can ensure

o q—1 ¢ P—4\ .41
| ffi()> -1 — )41 >k
el)gl(glgfg(C)_J . +(n+q_1)j r>
by picking a large j, which implies condition (c¢). Thus f; form a barrier family in © at a
point & and thus by Theorem 5.5, the point & is regular with respect to ©. [

There remain many other geometric conditions known for the p-parabolic equation that could
be expanded for equation (1.1) in the future.

8. SUPERPARABOLIC

Our definition of barriers differs from what was used by Bjorn, Bjorn, Gianazza, and
Parviainen in their paper, and we will prove in this final section that the definitions
coincide. The definition is otherwise the same but they assume the function satisfies the
comparison principle in arbitrary time cylinders instead of directly defining them to be
viscosity supersolutions. This type of function has various names in the literature for different
equations. For the usual p-parabolic equation these are sometimes called p-superparabolic in
the literature and generalized supersolutions for the normalized equation in | ]. We will
just use the term superparabolic for simplicity.

Definition 8.1. A function u : © — (—o00, 0] is superparabolic to equation (1.1) in O if

(i) u is lower semicontinuous,
(ii) w s finite in a dense subset of ©,
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(iii) w satisfies the following comparison principle on each space-time cylinder S, 4,: If
v € C(Qy 1,) is a viscosity solution to (1.1) in Qy, 1, satisfying v < w on 0, +,, then
v<uin Q.

Superparabolic functions defined in this way for p-parabolic and normalized p-parabolic
equations are the same as the corresponding viscosity solutions as shown in [ ] and
[ ]. We will prove this same result for equation (1.1).

Lemma 8.2. In a given domain, the viscosity supersolutions and superparabolic functions to
(1.1) are the same.

Proof. A viscosity supersolution is clearly superparabolic because conditions (i) and (ii)
already match and supersolution satisfies the comparison principle Theorem 2.3.

Let © € R™"! and u be a superparabolic to (1.1) in ©. We assume thriving for a contradiction
that u is not a viscosity supersolution in ©. Then we must have a point (zg,tp) € © and at
least one admissible ¢ € C?(0) that touches u at (xg,tg) from below but we have one of the
following cases.

Case 1: 9yp(wo,to) — Afp(wo, to) < 0 and Vip(wo,tg) # 0. Because the inequality is strict, we
necessarily have that for small p > 0 the function ¢ is a classical subsolution to (1.1) inside
a small cylinder @,. By the definition of touching from below, it is possible for us to choose
p so small that we can pick § > 0 so that

@+ < wuon 0,Q,.

Let v be a viscosity solution to the Dirichlet problem (2.3) with ¢ + § as boundary values on
the set (),. This exists by Theorem 2.4. Because ¢ + § is a subsolution in this set, we can
use the comparison principle Theorem 2.3 to deduce ¢ + 6 < v in Q,. This combined with
condition (iii) from u being superparabolic gives us

o(x,t) +0 < v(z,t) <ulzx,t) for all (z,t) € Q).
But this is a contradiction as this implies ¢(xg,tg) + 0 < u(xg, to) = ¢(xo,to)-

Case 2: 0yp(xo,t9) < 0 and Vo(xg,ty) = 0. Because ¢ is admissible, we have by Definition
2.1, that for some p >0, f € F(F) and g(z) = f(|z|), we have

o2, 1) — p(x0,t0) — Dep(o, to) (t — to)| < g(x — x0) + o(t — to) (8.1)
for all (x,t) € B,(x0) x (to — p,to + p). Define

P(,t) = u(zo, to) + Orp(xo, to)(t — to) — g(x — 20) — ot — to)
which is an admissible test function touching u at (z,to) from below because

[6(2,) = b0, to) = Fpp(20,10)(t — to)| = [d(2,1) — ulo, to) — Drp(0,t0)(t — to)|
< g(x —z0) + o(t —to).
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By definition of F(F), g satisfies
iig{l] Alg(x — z0) = 0. (8.2)
x#0

Because we assumed that Opp(xo,tg) < 0 and o'(t — ) > 0 in some small punctured
neighborhood of ¢y by definition of ¥, a direct calculation using (8.2) yields

Qp(x,t) — Adg(x,t) = dyp(wo,to) — o' (t — to) — Adg(x — x0) <0

in some small punctured neighborhood V* of (zg,tp). This means that ¢ is a classical
subsolution to (1.1) in V*. Because we have 0:¢(xp,tp) < 0, we can conclude by [ ,
Lemma 4.1] that ¢ is a viscosity subsolution to (1.1) in V' = V* U {(zo, to)}.

The rest is similar to Case 1. By the definition of touching from below, it is possible for us
to choose p so small that we can pick § > 0 so that

¢+0<wuondQ;

and 5 C V. Let v be a viscosity solution to the Dirichlet problem (2.3) with ¢ + § as
boundary values on the set ()5. This exists by Theorem 2.4. Because ¢ + 0 is a viscosity
subsolution in this set, we can use the comparison principle Theorem 2.3 to deduce ¢+ < v
in Q5. This combined with condition (iii) from « being superparabolic gives us

d(x,t) + 0 < wv(zx,t) <wu(z,t) for all (z,t) € Qp.

But this is a contradiction as this implies ¢(xo, t9) + d < u(xg, to) = ¢(xo, to).

Both cases lead to a contradiction and thus w is a viscosity supersolution. O
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