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Abstract

Marjamaéki, Joona
Resurgent perturbation theory
Master’s thesis

Department of Physics, University of Jyviskyla, 2024, pages.

The aim of this thesis was to study the theory of resurgence and how it relates to
perturbation theory. Resurgence theory is exponentially accurate asymptotic theory
and it gives us tools to resum divergent series via the Borel resummation procedure.
The essence of resurgence is in the singularities of the Borel transformed asymptotic
series which correspond to exponentially small factors that ordinary perturbation
theory misses, the non-perturbative effects. As an application of resurgence in
quantum mechanics the exact WKB method was studied. The standard WKB
method is known as an approximation method but via resurgence it can be shown
to be an exact method. Using the exact WKB we can find the exact quantization

conditions for spectral problems geometrically using Stokes graphs.
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Tiivistelma

Marjamaéki, Joona
Resurgenttinen héairidteoria

Pro gradu -tutkielma
Fysiikan laitos, Jyvéskylan yliopisto, 2024, sivua

Taman tutkielman tavoitteena oli tutkia resurgenssiteoriaa ja miten se kytkeytyy
hairiéteoriaan. Resurgenssiteoria on eksponentiaalisen tarkka asymptoottinen teoria
ja sen avulla voimme uudelleensummata hajoavia sarjoja Borel summauksen avul-
la. Resurgenssiteorian ydin on Borel muunnetun hajoavan sarjan singulariteeteissé
joihin kytkeytyy eksponentiaalisen pienet tekijat, joita ei voida selvittda tavallisen
héiricteorian avulla, niin kutsutut ei-hairioteoreettiset ilmiot. Resurgenssiteorian
sovelluksena kvanttimekaniikkaan tutkittiin eksaktia WKB menetelméa. Tavallinen
WKB menetelma tiedetdaén olevan approksimatiivinen menetelmé, mutta resurgenssi-
teorian avulla siita saadaan tarkka menetelmé. Eksaktin WKB menetelméaé voidaan
kayttdaa eksaktien kvantisaatioehtojen selvittdmiseksi geometrisesti kéyttéden Stokesin

graafeja.

Avainsanat: Asymptotiikka, Resurgenssi teoria, ei-héirioteoreettiset ilmiot, Eksakti
WKB
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1 Introduction

In physics the problems that are exactly solvable are usually only found in textbooks
so one has to resort to different approximation schemes to find a solution to the
problem at hand. One such a method is perturbation theory where the observable to

be calculated is expanded as a power series in a small variable
O=> a\" (1.1)

where the Oth order term is given by an exactly solvable system and it can lead to
extremely accurate results such as the QED electron anomalous magnetic moment
[1]. However, in many cases the perturbation series is divergent and has a vanishing
radius of convergence. For instance in quantum field theories the perturbation series
are generally divergent [2, 3] or the WKB series in semiclassical quantum mechanics
[4]. These divergent perturbation series are called asymptotic series.

Naturally a question arises how can these asymptotic series give us any meaningful
information if the series diverges? Classical asymtotics answers this by showing
that even though the series is asymptotic it can give accurate approximations when
optimally truncated. Furthermore it has been found that the asymptotic perturbative
expansion contains information about the exact answer in the form of non-pertubative
information. This connection between perturbative and non-perturbative physics is
formalized by the theory resurgence.

Resurgence arose as a need to create a exponentially accurate asympototic theory
5] and was developed by Jean Ecalle [6]. The main aim of the resurgent theory is to
formalize a resummation method for divergent series, that is we can assign a value
to a divergent series. The framework for this is Borel analysis: given a asymptotic
series ¢ with coefficients of at most factorial growth, a, ~ A™"n!, one can improve
the convergence by the means of Borel transform and get a convergent series with
finite radius convergence on a Riemann surface called the Borel plane defined by the
singularities of the Borel transform By. If this new function fulfills certain conditions

about analytic continuation and growth at infinity, the directional Laplace transform
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gives an analytic function with the divergent series being its asymptotic expansion.
This is Borel-Laplace transform is know as the Borel resummation

0

() = [ d¢ e Blg(0) ~ p(N) (12)

If By has a singularity along the direction 6, also known as the Stokes line, the
Borel resummation becomes ambiguous depending on which side the integration
path avoids the singularity. This is the well known Stokes phenomena of asymptotic
expansions and is entirely encoded by the singularities of the Borel transform. The
difference between these two resummations, the discontiuity of the Borel sum along

0 is described by the Stokes automorphism Gy
S =8" 05, (1.3)

and the discontinuity is exponential, that is, non-perturbative in nature.

In quantum mechanics one of the main goals of resurgence is derive the exact
quantization condition in spectral problems using the exact WKB method. The
WKB method, named after Wentzel, Kramers and Brillouin [7H9] is usually known as
an approximation method to high energy-states but via resurgence it can be shown
to exact, applying everywhere in the spectrum. The exact WKB was pioneered by

Voros using the Ecalle theory in [10] and was further developed in [11, [12].

In the exact WKB method the WKB series are made into analytic resurgent
functions via the Borel resummation method and the connection problem is solved
geometrically using Stokes graphs which describe the Borel summability of the WKB
wave functions and the Stokes phenomena. Due to the divergence of the WKB series
at the turning points a certain normalization convention has to be defined. Inside
a Stokes region WKB wave functions normalized at different turning points are
connected by the Voros symbols V,. Solving the connection problem leads to the

exact quantization condition given by the Voros symbols
J(Voy Vo Vi ... ) =0 (1.4)

The above quantization condition is exact because it includes Voros symbols corre-

sponging to the non-perturbative tunneling regions.

The discontinuity of the Borel sum of Voros symbols is encoded by the Delabere-
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Dillinger-Pham (DDP) formula [11]

)(%‘m‘) (1.5)

&V, =1V, (1+ V5,
=2

The discontinuity is non-perturbative and determined by its perturbative expansion.
In this thesis we first give a theoretical background on asymptotics, Borel re-
summation, resurgence theory and the exact WKB method. After which we study
the resurgent perturbation theory via the quantum resurgence of the Airy-type
Schrodinger equation first deriving the asymptotics expansions via the method of
steepest descents focusing the Riemann surface structure, then studying the Stokes
phenomena and finally the resurgence. The Airy-type Schrodinger equation is an
important example understanding the exact WKB as it forms the building blocks of
the Stokes graphs of more complicated potentials. After this we focus on the exact
quantization condition of quantum mechanics and derive these for a few cases using
the exact WKB framework. Finally we discuss the conclusions and future outlook of

resurgence.
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2 General theory

The resurgence theory is a theory for resummation of divergent asymptotic series
and before we delve into resurgence, we have to understand what asymptotic se-
ries, or expansions, are. In this chapter we introduce most definitions, theorems
and results used in asymptotics and resurgence theory. We’ll use an example to

illustrate the definitions and to understand them better. Let’s start with the example:

Example 2.1. Consider the following first order differential equation, also known

as the Euler equationE],
1
J(2) —ap(z) = (2.)
with a € C\ {0} and let’s say that we want to study the behavior of the solutions at
the irregular singular pointz = oo. From the theory of ordinary differential equations

we know that the general solution is

e—at

t

o(z) = Ce™ 4 e** /OO dt (2.2)

Because the homogenous solution is non-analytic at z = oo the constant must be
C = 0. Thus

6—at
t

=e"Ei(az) as z— 0 (2.3)

o(z) = e** /:O dt

where F(z) is the exponential integral and can be expanded as [13]

Ei(z) = —y —logz — f: % (2.4)

where v is the Euler-Mascheroni constant, v = lim,, (3" ; 1/n —Inm) = 0.5772. ...

!The name is due to Euler studying the properties of a divergent series which is a solution of
the equation with z =a = 1.
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Then

o(z) = e** <—7 —logaz — ;::1 o
The convergence of the above expansion becomes very slow as z grows larger. To
get an approximation accurate to three significant digits (with a = 1) for z = 2 we
need 9 terms in the series, for z = 5, 19 terms and for z = 10, 36 terms. So for large
values of z this expansion is very inefficient.

On the other hand we could have tried to solve the equation by making a series

ansatz of the form .
p(z) =D a,z" (2.6)
n=0

which leads to the solution

=3 L
z) = -
7 (az)nt!

n=0

(2.7)

This series, known as the Euler series, has a radius of convergence of 0, which means
that it diverges for all z € C . How can a series which diverges everywhere be of any
use to us? Turns out that these divergent series, which are also called asymptotic
series (see definition , are of great use and play an important role in physics. For
instance, asymptotic series gives an approximation to our solution and often even
just the first terms gives an accurate approximation.

Now the error of the approximation given by the first term of the series, 1/az
(again with a = 1), is 0.596 for z = 1, 0.0104 for z = 5, 0.00156 for z = 10, 0.000409
for z = 20 and 1.94 - 107¢ for z = 100. As one can see, even the first term of the
asympotic series gives more and more accurate approximation z grows.

One difference to the convergent expansion is that we cannot keep adding terms
to inrease accuracy since series diverges. However there exists methods to obtain
more accurate approximations as discussed in [14],]15].

Is there a connection between our two solutions? It turns out that the series
solution is an asymptotic expansion of the integral solution (2.3) and we write
this as

e~alt=2) > (=1)"n!

[e.e] (
o(z) = /Z dt T o(z) = Z%W as z — 00 (2.8)

n=

Now that we have an example what an asymptotic series looks like and why they

are useful we will define them properly.
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2.1 Asymptotics

We'll start by giving the basic definitons of asymptotics in the complex plane, and
then discuss the Stokes phenomena that arises for the asymptotic expansions in the

complex plane. More information can be found in the appendix and for example in
[4, 16].

Definition 2.2 (Asymptotic to). Let o € R and f, g : R — R be functions, such
that g(x) # 0 in a neighbourhood of z, except possibly at xo. Then we say that

flz) ~g(x) as x— m, (2.9)

if the relative error between f and g goes to zero as x — x¢, that is,

f(z) —g(x) =o0(g(z)) as x— xo, (2.10)
where
f(z) =o0(g(x)) as z — x, (2.11)
if (=)
Jim =0 (2.12)

On the real line there is at most two possible directions along which we approach
xo so we can easily distinguish the asymptotic behaviour whether we approach from
below or above zy. On the other hand, in the complex plane the limit z — zy includes
all the possible paths along which z — 2, so we can’t distinguish these two limits
anymore. This leads to nonuniqueness of the asympotic behaviour. Another cause
for nonuniqueness is z approaching infinity as this includes (among all other possible
paths) z — +oo along the real line.

A solution for this problem is to restrict along which paths z can approach zj.

This restriction is called the sectorial domain:

Definition 2.3 (Sectorial domain). A sectorial domain is a simply connected domain
D(01,05) between the rays 2o + €1]0,00) and zy + €12[0,00), 6; < 5. The angle
0y — 60, is called the opening of D. An example is shown in figure [I}

Now we can define the asymptotic relation in the complex plane:
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Definition 2.4 (Asymptotic relation in the complex plane). Let zp € C and f, g :
C — C be complex functions, such that g(z) # 0 in a neighbourhood of zy, except
possibly at zg. Then we say that

f(z) ~g(z) as z— z, (2.13)

it
f(z) —g(z) =0(9(2)) as z— z, (2.14)

such that z — zy along paths that lie in the sector of validity D(6;,6s) that depend

on the functions f and g.

D(Hl, 92)

Re
N
>

Figure 1. The sector of validity D(6,,60:), between angles ¢, and 6, where
the asymptotic relation is valid. The paths along which z — z; must lie in this
region.

Now that we know what it means for two function to be asymptotic, we can

define the asymptotic series. Let’s consider the formal series
p(2) = andn(2), (2.15)
n=0

where a,, € C and ¢,(z) are complex functions. Notice that symbol ¢(z) representing

the formal series is not a function in general since the series is usually divergent.



17

Definition 2.5 (Asymptotic sequence). A sequence (¢,(z)), of complex functions
with a limit point zg in the Riemann sphere C U {00} is an asymptotic sequence if

there exists neighbourhood U of zy such that ¢, (z) # 0, z € U\ {2} and for all n

¢n+1

n

lim
Z—20

=0. (2.16)

Definition 2.6 (Asymptotic expansion in the complex plane). Let f: C — C be a

complex function and (¢,,), be an asymptotic sequence for z — z5. The formal series

90(2) = ;}an¢n<z)> (2'17>

is an asymptotic expansion, in the sense of Poincaré, of f(z) to N as z — zg in the
sectorial domain D(6;,0s), if for all N

. f(Z) - ZnN:O a’ngbn(z)
Jim on(2)

=0 (2.18)

or equivalently, if there exists constant Ky > 0 such that for all N

N-1
f(2) = D angn(2)| < Ky |on(2)], (2.19)
n=0
and we write N
f(z) ~ Y andn(z), z— 2. (2.20)
n=0

Furthermore, the asymptotic expansion of the function f(z) is unique in the sectorial

domain.

Allthough the asymptotic expansion of f(z) is unique, the asymptotic expansion
is not unique to the function f(z): An asymptotic expansion is asymptotic to a class
of functions differing by exponentially small terms. Notice that asymptoticity is
differs from the concept of convergence such that we are interested in what happens
to the partial sum ny a,¢, when z — z5 compared to when N — oo and that
asymptocity is a relative property of the expansion coefficients and the class of
functions which it is asymptotic to. Asymptoticity of an expansion doesn’t mean

anything without knowing the function it is asymptotic to.
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In our example 2.1 we had the series

= (=1)"n!
Z B (2.21)

n=0

with a, = (—=1)"n!/a"™ and ¢, (2) = 27"~ 1. The sequence (27"7!),, is an asymptotic

sequence for z — oo since

Z—(n—i—l)—l
lim ~———— = lim 27! =0 (2.22)

zZ—00  yTn— Z—00

Furthermore, the series is an asymptotic expansion of the function

0 d e_a(t_z) 0 d e—ZC 2 23
p— t pr— / .
/z t 0 ¢ (+a ( )

as z — oo in the sectorial domain Ds = {z € C: |argz| < 7/2 -4, § € (0,7/2)},

shown in figure 2| where we made the change of variables ¢ = a(t — z)/z.

Let Sy_1 = 2N (—=1)"¢"/a™*!. Using the relation

N
CSN,1 =1- aSN,1 + (—1)N_1i-n (224)
we can write 1/({ + a) as
1 (=~ &
= Sn_ 2.25
z+a No1 a¥ a+u (2:25)
and substituting this into the equation ({2.3]) we get
o e—z( 0 (_1)N CN
=/ :/ dc e Sy
/ CC—ira Ge <N1+ aV o oa+u
N-L i ategn ZCCN
N / e
N-1 1" 1 —z( N
:Z ( +)1 HF(n—{—l ere
n=0 a” z" C +a
21l (DY e 6,@
d 2.2
nzz:() az”“ alv /0 ¢ (+a (2:26)
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Then
N-1 (_1)nn| B (_1)N 0 G_ZCCN
| B nz::ﬂ (az)n 1| | aN / d (+a
—CRech
/ e (2.27)

Assume Rea > 0. Then |¢ + a| > |Real. Since z € Dy, sind < Re z/|z|. Thus

ja
~ |Real Jo

oo .
dg €—C|z| sin 5CN

|4l /
d OJ
|Rea| ]z\NH sin §)N+1 ve

|a\ (N +1)
~ |Reaql| |,Z|N+1 (sin §)N+1
= Ky 2| ¥ (2.28)
Thus (1))
> (—=1)"n!
/ C ~ nz% (az)m as z — 0o (2.29)
0
Ds
Re
0 Vgl
1)

Figure 2. The sectorial domain Ds, where |arg z| < § — .
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2.1.1 Stokes phenomenon

As noted in the previous section, to have unique asymptotic behaviour in the complex
plane, we had to restrict our domain to sectorial domains, where the asymptotic
relation was valid. This means for the same analytic function different asymptotic
expansion hold in different sectors, also known as the Stokes phenomenon. These
different sectors are called Stokes regions and the lines separating the regions are
called either Stokes lines or anti-Stokes lines depending on the behaviour of the

expansion along these lines.

Assume that the asymptotic relation f(z) ~ g(z) as z — 2z, holds in some
sectorial domain D(6;,0). By our definition [2.4] this means that f(z) — g(z) is small
compared to ¢g(z) and in f(z) = g(z) + (f(2) — g(z)) we neglect the latter smaller
term, which is called subdominant or recessive compared with with dominant terms
f(z) and g(z). As we approach the boundary of the sector, the subdominant term
f — g becomes less subdominant and at the boundary f — g and g are equal in
magnitude, they are purely oscillatory. This line at boundary where the subdominant
and dominant terms become equal in magnitude is called the anti-Stokes line. Inside
the sector, there is line where the terms are most unequal, they are purely real. This
line is called the Stokes line. Some references as [4] define the Stokes and anti-Stokes

lines oppositely, but our definitions is the one used in the resurgence framework.

When we cross the anti-Stokes line, the subdominant term becomes dominant
and dominant term becomes subdominant. This exchange of roles is the Stokes
phenomenon and was first discovered by G.G. Stokes in 1864 [17].

Another equivalent definitions of the Stokes phenomena, Stokes lines and anti-
Stokes lines are given within the Borel resummation method, exact WKB method

and steepest descent method [18], [19], [20].

In our example the solution for the Euler equation was

e ¢

¢(z):ce‘”+/0 i
=: ¢1(2) + ¢a2(2) (2.30)

and we wanted physical solutions, that is, solutions that don’t blow up at infinity.
Here ¢; is the dominant solution and ¢, subdominant. When the argument of z

becomes +7/2, they become oscillatory. We have found the anti-Stokes line, the
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imaginary axis. After crossing the imaginary axis ¢; becomes subdominant and ¢,
dominant and at the negative real axis they become most subdominant and dominant
respectively. This is the Stokes line. Because the solution ¢ tends to infinity on the

left half-plane the physical solution is

3
¢(z) =Ce* as z— o0, argz € (g,;) (2.31)

2.2 Borel summation

In perturbation theory we expand our physical observable in a small parameter,
0= Z ap A" (2.32)

where for example A = A in WKB, coupling constant A = g in perturbative quantum
field theory. If the perturbation series is divergent asymptotic expansion with zero
radius of convergence how can we calculate the value of the observable? For a series
with coefficients growing not faster than n! the Borel summation gives a method of

resummation of the divergent series.

2.2.1 Borel transformation

In regards to asympotics we want to work at infinity rather than at the origin, so we

set z = 1/X and consider the space of formal power series without a constant term

2 IC[z 71

-1 = Gn Gy | a1 | Gy
2 Clz ].—{gp(z)—nz;)znﬂ—Z+22—|—23+...’an€C} (2.33)

This space becomes an algebra when equipped with the Cauchy product, see |21,
and is called the formal or multiplicative model.
The Borel analysis of divergent formal series starts with improving the convergence

of the divergent series by the means of the formal Borel transform.

Definition 2.7 (Borel transform). The formal Borel transform is a linear map
B: 27'C[z7'] — CJ[(] defined by

oo o0

Bip(z) =Y i = 9(0) = 3 (" (2.34)
n=0 n=0 """
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where CI[(] is the set of formal Borel transforms and it is a convention to use the

indeterminate ¢ and the "hat" notation.

The space C[(] of formal Borel transforms forms a convolutive algebra when

equipped with the convolution product

(@ %) () = By * By (2.35)

and is called the convolutive model.

Because the Borel transform was defined on z7!C[z7!] where the Cauchy product
doesn’t have a unit element, the convolutive algebra has no unit element. This can
be remedied by constructing an extended convolutive algebra on the space C x C[(]
by defining 6 := (1,0) € C x C[¢] and denote the extended algebra by Cé & C[(].

Then we can define the extended Borel transform
B:Clz"']—=CsaC[¢], B(l)=6 (2.36)

and the unital convolutive algebra Co & C[(] with
B(y) =Blc+¢)=cd+ ¢ (2.37)

where ¢ = ¢+ ¢ € C® 27'C[27!]. The complex number c is called the residual
coefficient.

For convergent Borel transforms the convolution product is defined by the convo-
lution integral:

Let ¢, € C6 @ C{¢} and let R < min{p:, p2}, where p; and py are the conver-

gence radii of the analytic germs ¢ and & respectively. Then the formula

A ¢ A
(B 9)(C) = [ dup(u)b(c - u). (2:38)

defines a holomorphic function in the disk B(0,R) with a radius of convergence > R.

The Borel transform has the following properties:

(i)
COé

B = ra Ty

a>—1 (2.39)
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B (is&) — —C3(0) (2.40)
(iii)
B(p(z+c)) = e “p(¢), ceC (2.41)
(iv) )
B(z"'p) = /0 du p(u) (2.42)
(v)
B(zp) = dfcwo (2.43)

Example 2.8. The Borel trasform of the Euler series (2.7)) is

A SN AN N )
- B — B = "= 2.44
?(¢) (p(2)) (7;) (az)+! 7;) an+1 ¢ (+a ( )
A particularly interesting subset of formal power series is a type of series called

Gevrey series and especially Gevrey order 1 series.

n=1 is said to

Definition 2.9 (Gevrey series of order %) A formal series > 07 ja,z~
be of Gevrey order %, or %-Gevrey, if there exists constants a > 0 and A > 0 such

that for all n the coefficients a,, satisfy
lan| < aA™(n!)*. (2.45)

The constants a and A do not depend on n. The set of all %—Gevrey series is denoted

by C[z!]1/s. For 1-Gevrey series we also use the notation Cg[z71].
Example 2.10. The Euler series is a 1-Gevrey series:

|
= 1= A (2.46)

an+1

with a = A =a"'.

The connection between 1-Gevrey series and the Borel tranform is that usually our
formal series is divergent but its coefficients a,, don’t grow faster than the factorial n!.

In the Borel transform we divide the coefficients of the formal series by the factorial
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n! so that we can improve its convergence and get a convergent series in the Borel

(-plane.

Proposition 2.11. A formal power series ¢ € 27 C[271] is 1-Gevrey series if and

only if its Borel transform has a positive radius of convergence, ¢ = By € C{(}.

Proposition 2.12. A formal power series ¢ € 2 *C[27'] is convergent, i.e. ¢ €
2 IC{z7'}, if and only if its Borel transform ¢ = By defines an entire function of

exponential order.

From the above results we can see that if we have a divergent series, its Borel
transform cannot be an entire function, it has singularities in the Borel plane. Thus if
a divergent series ¢ € C[27!] is 1-Gevrey series, its Borel transform ¢ = By € C{(}
defines an analytic germ at the origin in the Borel plane ({-plane) with a radius
of convergence defined by the nearest singularity. This gives us the notion that
analytical continuation can be used in the Borel-plane in hopes of getting a suitable
analytic extension of the original divergent series when transformed back into to the
original complex plane. This transformation is achieved by the Laplace transform:

Using the gamma function
nl =T(n+1) = / dt e~tt" = o+ / d¢ e=*¢n (2.47)
0 0

we can write the formal series as

o0 an o] 0o . Cn
SO(Z):;Z”H:;:%%/U dCe CE
o —z - an n
- /0 dC e >
— L(By)(2) (2.48)

From the above equation we see that the Borel transform is an inverse of the
Laplace transform, B = £71. The equality to the ordinary integral repsesentation of

the inverse Laplace transform can be seen as follows:
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o+ioco o+1i00
il p(z) = [ dzefo(a) = [T dzeto(e) + [ dzeelz)

g—100 g —100

=0, R—oo

) o+iR o+iR €ZC
:Aﬂ(/ﬁ + )dze o(z hm Zan</ . /CR>de”+1

= lim Zan 2mi Res(e* /2" 0)

R—>oo —
dn il ez(
= 271 Z ann' e (z eS|
e %gn (2.49)
n=0 """

where Cg(t) = o + Re", 7/2 <t < 3m/2, and the integral over Cg goes to 0 as R
goes to oo since Re(((o +re™)) = (o + (Rcost and cost < 0 for all 7/2 < ¢ < 37/2.
And thus

Lo = Be. (2.50)

2.2.2 Directional Laplace Transform

If we our Borel transform has singularities along the positive real line we can’t use
the regular Laplace transform. But we can define a Laplace transform along a ray

from the origin other than the positive real line where the Borel transform is analytic.

Definition 2.13 (Directional Laplace transform). The Laplace transform in the
direction 6 is defined as a linear map £

0

(L)) = [ dce=p(0) (2:51)

where the path of integration is a ray from the origin, ( = te?, t € [0,00). If
¢ is analytic and exponentially bounded, [p(¢)| < Ae®¢, A,y > 0, along the ray
¢R* the integral converges and L£%¢ is analytic on the half-plane IT? = {z € C
Re(ze) > ¢g}.

The usual properties of the Laplace transform also apply to the directional Laplace

transform.

The directional Laplace transform maps exponentially bounded analytic functions

along a ray in the Borel (-plane to analytic functions on a half-plane in the original
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complex z-plane. If the exponentially bounded function ¢ is a Borel transform By
of a 1-Gevrey series ¢, then the directional Laplace transform £%p5 admits the series

© as an asymptotic expansion and we write
(L2?)(2) ~ p(2) as 2z — o0 (2.52)

Proof can be found in [21].

2.2.3 Borel summation

Now we can define a composite operator S? := £? o B which maps formal power series
¢ € C[z71] to analytic functions ¢ := 8% = (L% o B)p = £%) on the half-plane
Hgo and 8% is called the Borel-Laplace summation or the Borel sum of the formal
power series . The Borel-Laplace summation gives us a tool for resummation of the

divergent 1-Gevrey series.

Definition 2.14 (Borel-Laplace summation). Let ¢ 1-Gevrey series with a non-zero

residual coefficient. Then we define the linear map S? as

Sp(z) = L(Bo)2) = Lei + D)) =t [ A (25

and the series ¢ is called Borel summable in the direction #. The Borel summation

is an algebra homomorphism.

If a Borel transform of a 1-Gevrey series is exponentially bounded, then replacing

(L9@)(2) by (8%)(z) in (2.52) we get that

(S%0)(2) ~ p(2) as z— o0 (2.54)

Example 2.15. We found before that the Euler series ([2.7))

(—=1)"n!

i o (2.55)

is a 1-Gevrey series and its Borel transform is

¢(¢) = (2.56)
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Formal Series Convergent Series
o Borel Transform ~
Qp, an n
o(x) = > BlelO=> ¢
n=0 n=0
Asymptotic Laplace
Expansion Transform

Analytic function

oet?

S'ola) = [ e BIgl ()
0
Figure 3. Borel summation graph
The Borel transform ¢(¢) is analytic in the disc D = {¢ € C: |(| < |a|} and it can

be analytically continued along any direction 6 # arg(—a) and it is exponentially
bounded with ¢y = 0. Then for all directions 6 # arg(—a) the Borel sum of the Euler

series is
5 = e £ 7
= 2.5
)= [ d (257)
and y - . o
— 2.
/0 C+a nz:: az”“ as 2 — 00 (2.58)

For a > 0 and 6 = 0 this is the same result as in example

2.2.4 Lateral Borel sum

In the last example the Borel sum was well-defined for all directions but arg(—a)
because the function $(¢) = 1/(¢ + a) has a pole at ( = —a. To understand what
happens on the singular direction we deform our path of integration to go around

the singularity.

Definition 2.16 (Lateral Borel sum). Let ¢ be a formal series with residual coefficient



28

-
. N

Figure 4. The lateral Borel sums in the direction of #

¢. Then we define the right (6% > 0) and the left (6~ < 0) lateral Borel sum as

§" gy =ct [ dce () (2.59)
Sp(z) = et [T dCe () (2.60)

where 0* = 0 + ¢ for some small £ > 0.

The name right and left comes from the singularity being seen on the right or on

the left when integrating along the direction 8% or 6.

We know by the monodromy theorem that analytic continuations of ¢ along two
different paths are equal only if the paths are homotopic. Because of the singularity
w the paths corresponging to the lateral Borel sums aren’t homotopic and thus lateral

Borel sums do not give rise to the same analytic continuation.

Example 2.17. For simplicity assume that a > 0. Then the singular direction of

the Borel transform of the Euler series is 8 = 7 and the lateral Borel sums are

e *¢

5™ o(2) :/O_Oo_wdggjw (2.61)
B —o0+1€ —2¢
8™ p(2) :/0 " §6+a (2.62)
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Now the difference between the lateral Borel sums is

it — 0 _
(89+ 89*> ( ) /Ooe ¢ —z¢ € # /Ooe dc e~
7 0 C+a Jo (+a
e *¢
=/ d
A ¢ (+a
e ¢
= d
C. ¢ (+a
= —2mie"” (2.63)
where H is the Hankel contour coming from oo to ( = —a along the negative real
axis, going around the singlularity ( = —1 clockwise along C., the circular path of
radius € around ( = —1, and going back to oo along the negative real axis as shown

in the figure 5] On the third line we used fact that the integrals along the negative
real axis cancel out.

Remembering the general solution of the Euler equation we notice that
the difference between the lateral Borel sums is exactly the homogenous solution.
Due to the properties of the Borel summation the lateral Borel sums are themselves
solutions of the Fuler equation so their linear combination should also be a solution.

Because the lateral Borel sums differ in the singular direction there is a disconti-
nuity in the Borel summation when crossing the singular direction. This shouldn’t
come as a surprise beacuse of the Stokes phenomena and due to this the singular
direction is the Stokes line. The region divided by the Stokes line is the Stokes

region.

Figure 5. The Hankel contour around the point ( = —a.
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2.3 Resurgence theory

As we saw before the Borel transform of a divergent formal series has a finite positive
radius of convergence. This meant that there exist singularities in the Borel plane
and that the Borel transform defines an analytic germ at the origin with the radius
of convergence defined by the nearest singularity. And for the Borel summation to
be well defined the Borel transform had to be analytically continuable along the
direction of integration. In the Euler equation example the Borel transform had only
one singularity and it could analytically continued to C \ {a}. But what if there are
infinitely many singularities such that the Borel transform cannot be analytically
continued along any direction? Well then the Laplace integral isn’t defined and the
Borel sum doesn’t make sense. This leads to having some restriction on the number
of singularities that the Borel transform has. The analytic germs which satisfy these
conditions on the Borel plane are called resurgent functions and the formal series
corresponding to these are resurgent formal series.

Important fact to note is that the Borel plane is a Riemann surface (see Appendix
and that there might be infinitely many singularites. This is nicely illustrated by
the following example:

Consider a formal series whose Borel transform is

(0) = zLog@ L) (2.64)

where Log z is the principal branch of the logarithm. Now the Borel plane is the
Riemann surface of the logarithm. Clearly ( = —1 is a logarithmic singularity and

¢ = 0 is a removable singlarity on the principal sheet. If we analytically continue ¢

such that that path v goes once anticlockwise around ( = —1 the continuation is
. 1 L 2m 1
04(C) = ¢ (Log(¢ + 1) 4+ 2mi) = ra + c Log(¢ +1) (2.65)

Now the removable singularity ¢ = 0 becomes a pole on an other Riemann sheet.
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2.3.1 Simple resurgent functions

As noted above, the Borel plane is a, possibly infinite sheeted, Riemann surface. In
its most abstract definition, a Riemann surface is just a two dimensional manifold
with a complex structure (see Appendix . Now an other way to define the Riemann
surface if we know the positions of all of the singularities is to define it as an universal

covering of the complex plane with the singularities removed.

Definition 2.18 (Riemann surface). Let I' C C be a possibly infinite disrete subset.
Let 3 be the set of equivalence classes of paths 7 : [0,1] = C\ T" with fixed endpoint
homotopy. Then let 7 : & — C \ I be the covering map such that 7(¢) = v(1), where
~v is a representative of the equivalence class ¢ = [y]. Then 3 is a Riemann surface

by pulling back by 7 the complex structure of C \ T

Now we can define the restriction on the singularities of the Borel transform in

the Borel plane.

Definition 2.19 (Endlessly continuable). An analytic germ at the origin ¢ € C{(}
is endlessly continuable on the Riemann surface S if for every R > 0 there exists
finite set I'r(p) € C of singularities of ¢ such that ¢ can be analytically continued
along all paths v whose length is less than R avoiding the singularities I'g ().

Definition 2.20 (Resurgent function). An endlessly continuable function ¢ on the
Riemann surface 3 is called a resurgent function. The formal series whose Borel
transform is a resurgent function is called a formal resurgent series. The space of

resurgent fuctions is denoted by R and the space of formal resurgent series by R.

Sometimes the Laplace transform of a endlessly continuable function is called a
resurgent function [22].

The space of resurgent functions is an algebra when equipped with the convolution
product and it is stable under the convolution. For more details see [21], [23].

For now we will focus on a class of resurgent functions with a certain type of
singularities. We restrict the singularities to be either poles or logarithmic singularities

and call these simple singularities.

Definition 2.21 (Simple Singularity). An analytic function ¢ in a open disk B C C

is said to have a simple singlularity at w, w in closure of B, if there exists a € C and
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Figure 6. The path v of analytic continuation of endlessly continuable germ

two analytic germs at the origin CfD, R € C{(} such that

® b L (¢ w)log(C —w) + R(C —w) (2.66)

0) = 2ri(¢ —w) 2w

for all ¢ € D close enough to w, i.e. |( — w| is small enough. « is the residuum of @,
& the variation or minor of the singularity of ¢ at w and R the analytic terms close
to w. The mapping o,

0, =ad +® e Cs@C{¢} (2.67)

describes the singularity of ¢ at w. Similarly in the formal model we define
cop=a+®cCqoCqlz! (2.68)

where ® = B~1d.

Definition 2.22 (Simple resurgent function). A simple resurgent function is any
¢ € Co @ C{(} endlessly continuable on the Riemann surface R such that for any
w € I' and for each v starting from the origin, avoiding all the singularities and
ending in the disk D, D NT = {w}, the the branch of analytic continuation of ¢ has

a simple singularity at w. The space of simple resurgent is denoted by RS

The space of simple resurgent functions RS is a subalgebra of the convolution
algebra and the algebra of resurgent functions. This means that it is stable under
convolution and the convolution product of simple resurgent functions yields new

singularities which are either poles or logarithmic singularities.

Example 2.23. (i) The Euler series is a simple resurgent series and its Borel
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transform a simple resurgent function since

R 1 211 . Qo
e (B (2.69)

with o« = 27 and w = —a.

(ii) The function ¢(¢) = (! Log(¢ + 1) is a simple resurgent function:

04(C) = 2 (Log(¢ + 1) +2miN) = QWZN + éLog(C +1) (2.70)

where N € Z indexes the Riemann sheets. The singular behaviour is

o+ ®(C) = (2mi)*N + C27_”1

which means that principal sheet we have logarithmic sigularity on all the other

(2.71)

sheet a pole and a logarithmic singularity:.

Then the convolution

and ¥(() =

1 1
Example 2.24. Let ¢ = .
P ¢(¢) = o

product is

1 1

—wi(—Uu— W

@+ 0O = [ dupwic—uw= [ au- 2.72)

Using partial fraction decomposition we get

A . B 1 ¢ 1 ¢ 1
(w*w)(C)—C_(wﬁwQ)QO d“u_w1+/0 duu—wz>

b e (1o S e (1o &
= o) [1g<1 w1>—|—lg<1 wgﬂ (2.73)

(i) if w; = wy =: w, then we can write the convolution as

(B 0)(Q) = 75, (l08(¢ —w) ~ logw + Mir)

2mi M 2 ( — 2w
= 1 1 2.74
(—2w+C—2wa<+ w ) ( )
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(i)

On the other hand we could have written this as

2

(@*0)(C) = mlog(( —w) + R((—w)

(
= 24(¢ —w)log(¢ —w) + R(C —w) (2.75)

From these equations we see that the convolution is a simple resurgent function

with a pole at ( = 2w and a logarithmic singularity at { = w.

if wy # wo, then ¢ x ’JJ is simple resurgent function at ( = w; and at { = wo:

O — 1 g (1-S) proe(1- <
(D)0 = 7o [1g<1 wl)“g<l wﬂ

- log((—w)

a (—wy —wi
Mmi — log(w) S
T o ) o8 (1 >

)
_ ;mcim(c ) 10g(C — @) + Ry (€ — w1) (276)

where R(() is analytic in the disk {|¢ + wi| < |w2|}. Notice that

A 2m ~
b,(0) = oo = 2mi(0) 2.77)
Similarly for ¢ = wo .
.., (C) = CZ_”ZU — 2mi@(C). (2.78)
1

Then the convolution can be written as

(@ )(C) = P(C — wi) log(¢ — wy) + Ruy (¢ — wy) (2.79)
(@ )(C) = @(C — w2) log(¢ — wa) + Ry (¢ — w) (2.80)

For ( = wy + wy we get that the convolution is a simple resurgent function with
a pole at ( = wy + wq: If argw; # arguws, taking any analytic continuation of

¢ + 1) along a path v avoiding w; and w, and taking a path 7 = 7 * [0, w1 + wo
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we get by Cauchy’s integral formula

(@*@Z)W(C =W +wz) = C_(Wi“‘WZ) (/7 uiuwl _[yufii-uo.u)

du du )
/ +
n U — Wi U — Wa

= () + )
2miN
— ot (25

where N is the sum of winding numbers of w; and ws along n. With N =0
¢ = wy + wy is a removable singularity. If argw; = argws =: 6 and |w| # |ws|,
then with w; = r1e? and wy = r9€, 7| # ry taking a path v going from 0 to

w1 + wo avoiding wy and wy by anti-clockwise half-circles we get

oA 1 du du
(@ * )y (w1 +w2) = ¢ — (w1 +wy) </yu—w1+/7u—WQ>

1 du du
- C_ (W1+WQ) (fywl u—l—fyw U)

2

1 —1 ro —1 r1
= + ]+ / + + [+ / >
C - (wl + WQ) (/7‘1 C1 1 —ry 1 1

—1 ( | +mi 41 | +mi+1 )
= —nri+m+nry,—Inryg+m + Inry
C:— (OJl +WQ)
211
_ 2.82
¢ — (w1 +w2) ( )

where 7, is a path from —r; to -1, going around origin to 1 and then going to

ro. Similarly for ~,,.

Looking again at the simple resurgent structure of the convolution in the equations

E70) and (E50)

(& )(C) = D(¢ — wi) log(¢ — wi) + Ruy (¢ — wy) (2.83)
(%) (C) = (¢ — w2) log(¢ — wn) + Ry (¢ — wn) (2.84)

we can see the origin of the name resurgence. At the singularity of the resurgent
function ¢(¢) = 1/(¢ — wq) we find the resurgence or reappearance of the resurgent

function 1(¢) = 1/(¢ — w,) and at the singularity of ¢/ we find the resurgence of .
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2.3.2 Stokes automorphism

In section we noticed that along the singular, or Stokes, direction the Borel
sum is discontinuous and the lateral Borel sums are different functions. There is
an ambiguity in the resummation. How can we can calculate the observable if the
resummation is ambiguous? Turns out, that the lateral Borel sums are conncted via

an automorphism called the Stokes automorphism Sy:
S =8" 05, (2.85)

The Stokes automorphism describes the full discontinuity across the Stokes line.
To understand how the Stokes automorphism behaves we consider a simple

resurgent function

O b —wlog(—w)FRC—w)  (286)

Pe) = 2mi(¢ —w)  2mi

with a singularity at ¢ = w and which is holomorphic along the ray |w|e®[1, c0),
0 = argw. The logarithmic branch cut is along the aforementioned ray and the
argument has values in (6,60 + 27] Then deforming the paths of integrations of the
lateral Borel sums into a Hankel contour, going around w clockwise as in figure [7]

we get

SOt

Figure 7. The the contour of S  along the direction 6~ deformed into contour
of 8" and the Hankel contour.

(87 =87 )e(e) = [ dcep(0)

_ e 1 T
_QM/HdQC_erm/HdCe B(C — w)log(C —w) (2.87)
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The first integral is

d e wi-ee? d e % d e~ % ocoet? J e—%¢
/H CC_W_/Ooeie CC_W+L5 <C—w+\/£;+€ei9 CC_W

—x¢
B /CE a6 Ce— w

= —2mie” (2.88)

where C.(t) =w +ce™™, § <t <60+ 2m. The second integral is

= [ dce o (¢~ w)log(¢ — w)
H

coetftic coetf—ic R
:</ +/ o . ,>dC6‘zC<I>(C—w)1og(§_w)
€ wteetftie w—eeif—ic
ooelftie coetf—ie
— —ZW . —ZC A
—° <~/C'1é + cetf+ic /Eeie—is > dC € ®(C) ]'Ogc (289)

Now C(t) =ece™™, 0+ <t < 60+21—¢, and since ® is analytic germ at the origin
it defines a holomorphic function around the origin and hence is continuous, we can

choose € small enough that ® is bounded in a closed disk which includes €. Then

[ i) log<<>| < [, ldcle 9 [b(0) o]

O+2m—
< 6/ e Edte—acostRe(z)
o O+e

D)

(Ine +1)

—0 €—0 (2.90)

since elne — 0, ¢ — 0. Because of the logarithmic branch cut along the direction 6,
in the limit ¢ — 0 we get log(¢ 4 €*%) — log(¢) — 2mi. Then the integral in (2.89)
is equal to

10

—2mie” ™ /0 T dce (0 (2.91)
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Thus the difference between the lateral Borel sums is

OO@ie N
(89+ - SG_> o(z) = —ae™ ™ — e_m/ d¢ e *®(()
0

iot

C e /0 T dce (a0 + (Q))
= —e*L" (ad + 3(())
_ _e—zw89+ (O[+ @(z)) (292)

where ®(z) = B~1(®(¢)) and we used the fact that integrals along 0 and % are equal

due to Cauchy’s theorem . We can write the above equation as

8" p(z) =8" p(2) + eS8 (a + @)
= 8" o (Id+e *0,) ¢(2) (2.93)

and
8" =8" o (Id+e ™0, (2.94)

As we can see there is a discontinuity along the singular direction # between the

lateral Borel sums. This discontinuity is described by the Stokes automorphism Gy
Sy = Id+e *0, (2.95)

It is an automorphism since the lateral Borel sums are homomorphisms.

CL w2 s w4 /\%/\;9
0\\ YA YA Y Y%
w1 w2 W3 w4
s

Figure 8. The contour of S’ deformed into contour of S’ and the Hankel
contours H; around the points w;. Note that the contours are actually in the
direction 6 since the functions ®,, are holomorphic along the ray |w;|e?[1,00).
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If our simple resurgent function ¢ is not holomorphic along the direction 6
and it has multiple simple singularities on the ray along 6 the above calculation
isn’'t valid anymore. (For example the convolution of ¢ = 1/(¢ 4+ 1) with itself
S x @ = 2/(C+ 2)log(1 + ¢) has two singularities along the negative real line:
logarithmic singularity at ( = —1 and a pole at ( = —2). An easy fix is to deform
the path along #~ into a concatenation of path along 6% and Hankel contours coming
from infinity in the direction 6%, going around the singularities anti-clockwise and
going back to infinity along 6% as shown in the figure 8} Choosing the branch of the

logarithm to be along the direction 8 we get

(S =8T)p= % [ dce=p() (2.96)
wi€lyg Hwi

where I'y is the set of singularities along 6 and H,, is the Hankel contour along the

singularity w;. We can calculate the integrals along the Hankel contours using the

same arguments as before and get

ST p=8"p+ 3 eis” (awi - CI)M)

wiGFg

=8" o (Id—i— > e‘zwiawi) ©(2) (2.97)

wi€lyg

and as an operator

S =8"o <1d+ > e_zwiawi> (2.98)

wing

Now we define the Stokes automorphism in the general case as

Definition 2.25 (Stokes automorphism). The automorphism &4 : RS — R,

So=1d+ ) e ™o, (2.99)
wi€ly
S =8" 05, (2.100)

is called the Stokes automorphism and it describes the discontinuity between the

lateral Borel sums along a singular direction.



40

2.4 Exact WKB

2.4.1 'WKB solutions of the Schréodinger equation

Starting with the Schrodinger equation

d2
<_h2d22 + V(z)) Y(z) = EY(z) (2.101)
we can write it in the form
d? 1
(dz2 + h2p2(2)> Y(z) =0 (2.102)

1/2 A common choice in the

where we defined the momentum p(z) = (£ — V(2))
literature is to use p(z) = —ip(z). We'll keep the "classical momentum" notation.
The domain of the Schrédinger equation is the two sheeted Riemann surface 3 of
the momentum, it is the two-fold covering of C\ P, where P is the set of turning

points and poles of p(z).

Making an ansatz of the form

(z,h) = exp (/z du Y(u,h)) (2.103)

where Y is a formal series of powers of h:

Y(sh) = 3 V() = BYoa(2) + Yo(2) + BY; 4 - (2.104)

n=-—1

translates the Scrodinger equation (2.102)) into a Riccati equation

ay 1

— +Y? = ——=p*(2). 2.105
Y= —p(e) (2.105)
Inserting the series to (2.105)) and comparing the powers of A we get the recursion
relation

Y.y = =Fip(2)

2Y_ 1Yo + Y, YiVi+
jt+k=n

dy, (2.106)
=0
dz
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If the momentum was also a function of A, i.e.

p(z,h) = B"pa(2) (2.107)
n=0
the recursion relation is
Y. = +ip(z)
dyY, 2.108
2Y_ 1Yo + Z Y;Vi+— = Prt2(2) ( )
jtk=n dz

Since we have to possible determinations of the momentum p on the Riemann
surface ¥ defined by it and by the above recursion relation the coefficients Y,, are

odd in p, we have two formal solutions

Y*E(2,h) = fj 'Y E(2) = £h'p(2) + - (2.109)

n=-—1

of the Riccati equation ([2.105)).

Writing Y+ as a sum of its even and odd powers of A
Y = Yeven + Yodad (2110)

and plugging into (2.105) and comparing odd powers of i we get

Yde + 2Yzevenyvodd =0 (2111)
from which we find > ;
1 1
Yipen = ——=2% — _— " logV, 2.112
2Youa 2dz 08 Lodd ( )

Thus the formal solution can be written in terms of only odd powers:

1d
Y (z,h) = —5@1% Yodd + Yodd

1d

where we defined () as odd powers of Y':

Q=Yosg=h 'Y+ 0V, + BV + =Y h Qs (2.114)

n=0
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Thus our ansatz (2.103)) becomes

VE(z,h) = \/1@ exp (ﬂ: /z du Q(u,h)) . (2.115)

These solutions are known as the formal WKB solutions of the Schrédinger
equation ([2.102))
Definition 2.26 (Formal WKB solutions). The formal WKB soltutions of the

Schrodinger equation are

+ = i ex ’ u u
V(=) = e (i/ du Q) ,h)) . (2.116)
where
Q(z,h) = i P Qon1(2) (2.117)
Q-1(z) =Y. =1p(2) (2.118)

is an asymptotic series in 4 and the functions ()9, 1 are multi-valued and holomorphic

on the Riemann surface . Furthermore, defining the action integral as

S(z) =i / du p(u) (2.119)
we can write the WKB solutions as
)

VE(2,h) = \/1@ exp (:I:;S(;:)) exp (i /Z du (Q(u,h) — hp(z))) (2.120)

Definition 2.27 (Well normalized formal WKB solutions). The formal WKB
solutions ([2.116)) are called well normalized in the Riemann surface ¥. Around a
turning point a the coefficients of Q(z,h) have a singularity. The WKB solution

VE(z,h) = \/1@ exp (:I: /az du Q(u,h)> : (2.121)

is well normalized at a turning point if the integral is defined as

/: du Q(u,h) = ;LduQ(u,h) (2.122)

where v is a path around the turning point as shown in figure ??
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_
~ - &

Figure 9. Normalization at a turning point.

This is due to the fact that when crossing to the other Riemann sheet, the

momentum changes sign. Around a pole = oo the normalization is
VE(z,h) = exp ( / dup(u > exp (i /Z du (Q(u,h) — ;p(z))> (2.123)

since (Q — ih~!p is integrable at infinity.

The formal WKB solutions ([2.116)) can be expanded as a formal series in A
Wt (2,8) = exp (i S(z ) > A g (2) (2.124)

an in the leading order

h'/
WE(2,h) = P ( / dup(u ) (2.125)
This is the well-known WKB approximation [4].

2.4.2 Stokes lines and graphs

Definition 2.28 (Stokes lines and Stokes regions). Let a be a turning point of the
Schrodinger equation. Then the Stokes lines of the Schrodinger equation are curves
defined by the equation

Im / duip(u) =0 (2.126)

The regions divided by the Stokes lines are the Stokes regions.

The Stokes lines can be classified to types. An unbounded Stokes line connects a
turning point and oo and bounded Stokes lines connect two turning points as shown
in figure [10]

The Stokes regions cannot be bounded so the bounded Stokes lines cannot be

cyclically connected
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Figure 10. Examples of unbounded and bounded Stokes lines.

The formal WKB solutions (2.116)) are Borel summable in the Stokes regions
[§2.8 19|, [Theorem 5.12 24]

2.4.3 Borel summation of formal WKB solutions

From the properties (2.39) and (2.41]) of the Borel transform [2.7| we can define Borel

transform for formal series with non-integer powers and exponential factors as

Az o~ _On s Gn nt+a—1
: _— A 2.12
B € %Zn—FaHT;F(n—I—a)(C_'— ) ( 7)
where a ¢ Z_
Then the Borel transform of the formal WKB solutions is
nE= + = Qbr:i:(Z) n—l
DE(2,0) = B@E(zh)(Q) = . 0 (£ S(2))" 2 (2.128)
n=0 P(’I’L + 5)
And the Borel sum y
S*(z,h) = /S( ) d¢ e=SMpF(2,0) (2.129)

The formal WKB symbols are Borel summable in the Stokes regions [2.28] This
is proved for example in [19] and [24].

Resurgence properties of formal WKB solutions not fully proved, [19],[24],[22]

Definition 2.29 (Stokes graph). A Stokes graph of the Schrodinger equation is a
graph in the Riemann surface X of the momentum whose vertices are turning points

and poles and edges are the Stokes lines.
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Classically forbidden regions are correspond to the Stokes lines: the tunneling
regions are bounded Stokes lines and Borel resummation is discontinous along this

direction

2.4.4 Airy-type Stokes graph

Locally around every non-degenerate turning point the potential looks like Airy like

potential V' (2) ~ £cz. Thus the Airy-type Schrodinger equation

W(z) — ;w(z) —0 (2.130)

is an important case and its Stokes graphs can be used as a building blocks of the

Stokes graph of the Schrodinger equation with general potential.

The Airy momentum function is
pai(z) = —iz'/? (2.131)
with a turning point at z = 0. The Stokes lines are given by the equation ([2.126])
1/2) 2 3/
0= Im/ dui(—iu Im/ duu'’? = —Tm 37 (2.132)
Thus the Stokes line are given by

argz = — (2.133)

and shown in figure [I1]
The connection formula of the WKB wave fuctions, the Borel sums of the WKB

solutions, across the Stokes line labeled + from the region I to the region II is

SO—w-l- — 80+w+ +i80+¢;11

(2.134)
SO~ szal =S’ @Da I
and across the Stokes line labeled — from the region II to the region III is
R i
“Yan = ¢ 1T (2.135)

S?_MZIZ‘S?’ 1/%111"‘253 waIH
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II1

Figure 11. The Airy-type Stokes graph with the turning point a. The label £
denotes where the WKB solution 1 is dominant and the red line is a branch
cut.

In matrix form we can write these as
+ +
( fjl) = M, (%”) (2.136)
¢a,l wa,H
+ +
“H =M e (2.137)
¢a,l 7VDa,H
where we defined the matrices

1 i 10
M, = and M_ = (2.138)
01 i1

Across the branch cut we have

+ +
(wa,lﬂ) — Mb (1&%1\/) (2139)
1%,111 dja,IV
where

U (1 0) (1 —z') (1 0) (0 —i)
My=M"'M'M"'=| " _ = (2.140)
—7 1 0 1 —7 1 — 0

The above connection formulas are proved in for example [10] and [25] in the

and
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exact WKB formalism and in the section [3.4] using the steepest descent method.

2.4.5 Voros symbols

On the Riemann surface ¥ of the momentum p we define a cycle v to be a path
such that the analytic continuation of momentum along this path gives the same
determination of the momentum. On the two sheeted Riemann surface this means that
if v goes through the branch cut, it has cross it again to give the same determination.
Let A\ be a path between points zy and z in the Riemann surface ¥ not crossing the
branch cut. Then the WKB solution can be written as

W(z,h) = \/1@ exp <//\ du Q(u,h)) (2.141)

Then analytic continuation of the WKB solution along a cycle v is

hy = Q;l/z exp (/ du Q(u,h))
= (- )n(’v)Q 12 exp (/ du Q(u,h) ) exp <7§duQ u,h) )
= (—i)"Dpexp (}é du Q(u,h) —ih'p u))) exp( fdup ) (2.142)

where n(7) is the index of the cycle «, that is the number of times in encircles the
turning points. The multiplier (—i)"") comes from the fact that @ is odd in p so
Q'/? has four fold monodromy. For a cycle that goes around the turning point twice

we have (—i)"") = —1.

In the equation (2.142]) we define the exponential terms as the Voros symbols.

Definition 2.30 (Voros symbols). Let v be a cycle in the Riemann surface ¥ of the

momentum p. Then the Voros symbols for the cycle v are the formal series

v, = exp (f duQun) (2.143)
and
a, = exp <]£ du (Q(u,h) — ih_lp(u)>) (2.144)

The integral
S, = 27{ du p(u) (2.145)
Y
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is called the action integral. The Voros symbols are connected by
V, = a,ed/" (2.146)

Now consider two WKB solutions normalized at different turning points a; and
as, see Definition [2.27] The wave functions are connected by the the Voros symbol

V.. The Voros symbol changes normalization between the turning points:

o) = e (+ [ Q) = e (= ([ [) duoun)

:\}@exp( (L / du uh)

1

= exp <i duQ(u )
2 Y12
1

—exp(j:2 duQuﬁ)

Y12

\_/

\_/

oo 51, )

( uQuh)>

= VE2yE (2,h) (2.147)

Y12

E\HE\H

where the paths 71,72 and 7,5 are shown in figure . This can be written in the

az al

Figure 12. The contours 7, 72 and <2 which define the normalization at
turning points and the Voros symbol V.

+ +
() :Nm( ) 2.
Ve Vay

matrix form as

where
vz o
Noya, = ( e /2) (2.149)
0 V“flz

is the change of normalization matrix.
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2.4.6 DDP formula

The Voros symbols are Borel summable in the Stokes regions but if the path of
integration intersects a bounded Stokes line the Borel summability breaks and there
is a discontinuity between the lateral Borel sums. This means that a bounded Stokes
line causes Stokes phenomena of the Voros symbols. This is due to the changing of
Stokes graphs depending on arg h, as shown in figure [37] in the case of the double
well potential.

This discontinuity between the lateral Borel sums of the Voros symbols is described
by the Delabaere-Dillinger-Pham (DDP) formula [22]. The DDP formula is resurgence
relation: the Voros symbols of a classically allowed region is related to the Voros
symbols of a classically forbidden tunneling region and the discontinuity is non-
perturbative.

Before stating the DDP formula we define an intersection form (v,3) between
two paths v and S on the Riemann surface > of the momentum. It is normalized

such that (x-axis,y-axis) = +1 and the rules are shown in figure

Theorem 2.31 (DDP formula). The lateral Borel sums of the Voros symbols for a
cycle v are related by the DDP formula

(v0,7)

S” V) =8" [V (1+8 [Va])
S [aw] =" [av] (1 +S€+ [avoD7

(2.150)

(v0,7)

(2.151)

where (-,-) is the intersection form of the cycles vy and v and vy a cycle surrounding

the turning points.

Thd DDP formula is originally proved in [11], and a more recent proof can be
found in [19].
Using the Stokes automorphism ([2.85) the DDP formula can be written as

S [ay] = ay (14 a,,) 7 (2.152)
S [V] =V, (14 V4,)" 07 (2.153)
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AN AN
72 Y2
7 §é!
AN Z
7 N
(71,72) = +1 (y1,72) = =1
A AN
: 2 72 !
7 7
,,,,,,,,,,,,,,,,,,,,,,,,,,,,, > <,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
(71,72) = +1 (11,72) = -1

AN
72
Y1
Z ANy
N 7
(’717 72) =0
A
V2
7
e >
(71,72) =0

Figure 13. The rules for finding the intersection number (71,7,). The first path

v1 is drawn horizontally and the second path ~, vertically.
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3 Quantum Resurgence of the Airy equation

The work on this chapter was inspired by work of Jidoumou [1§].

Consider the Airy Schrodinger equation

9'(a) ~ 55a0(a) =0 (3.1)

where ¢ is complex variable. The well known integral representation solutions of the

Airy equation [13] translate to
11,3
Ar(q,h) = —7./ du e nls® 1

d -1 (u,9) 3.9
- 7 5(u, '

where the path v, are shown in figure [14] and where we defined the function

1
s(u) = s(u,q) = §u3 —qu (3.3)
D,
72 Dy
Yo
> Re
"M
D,

Figure 14. The contours 7g, 71 and v, which define the solutions of the Airy
Schrodinger equation
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The two linearly independent solutions of the Schrédinger equation are chosen to
be A := Ay and B :=iAy — A; so the general solution is

¥(q,h) = c1A(q,h) + caB(q,h) (3.4)

The asymptotic expansions of the Airy equation are well know but to illustrate
the Riemann surface structure and the Borel summation procedure we will derive
the expansions using the steepest descent method. For a more detailed introduction
see for example [4].

The steepest contours are those along which exp(—s(u)/h) changes most rapidly
as |1/h| — oo or equivalently those along which Im s(u) is constant, i.e. constant

phase contours. Thus the steepest contours are given by the equation
Im s(u) = constant (3.5)
and some of them are shown in figure [15, The saddle points of s(u) are ¢/ since
Su)=u?—q=0 <= u=+q¢"% (3.6)

For now taking ¢ > 0 real, we have

2 2
SO 1 9 1 1 ) 1
—Res(¢"?) = 2¢"*~ and 1 Res(—q?) = -0 (3.8)

Thus the +¢*/? is the dominant saddle and —¢*/? is the recessive saddle and we
denote them as

ug = +¢"* and wu, == —¢'/% (3.9)

From figure [15| one can see that the contours 7, can only be deformed to steepest
descent contours that go through the saddle points. The steepest descent contours
are shown in figure [I6] and denoted by C.

To find the full asymptotic expansion we start with a change of variables

1 du

¢ = s(u,q) = §u3 —qu, du=

= dcdc (3.10)
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Out+]=

51

10+

-10 -5 0 5 10

Figure 15. Contour plot of s(u) with ¢ = 1: the black lines are some of the
steepest contours, and the color shading gives the level curves such that the
darker colors indicate steepest descent contours and the lighter colors indicate
steepest ascent contours.

and define the function p
A 1 du
and the paths I'y = s(C)) which are shown in the figure Then the solutions to

the Schrédinger equation can be written as

(3.11)

Adg ) = —= [ dcemAQ) (3.12)

2mi Jr,

which is almost in the familiar form of the Laplace transform. The use notation hat-A
and variable ¢ implies that the function A is defined on the Borel (-plane. Next
we'll show that the function A is multi-valued in the complex-plane but well-defined

on Riemann surface of u(().
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A Im u-plane

C 0 C(2

/< > Re

[
[ ]
L

4 Uq

Figure 16. The steepest descent contours C} deformed from ~; in the u-plane.
In reality the contours go through the saddle points, but the above contours are
drawn for clarity.

3.1 Riemann surface structure of the multi-valued function
u(¢)

The inverse of the function ¢ defined by the change of variables (3.10), u(() is a

multi-valued function with branch points

2 2
Ca = s(uq) = —§Q3/2 and ¢, = s(u,) = §q3/2 (3.13)

and the Riemann surface ¥, of u(() is locally around the branch points the Riemann

surface of a square root. This can be seen as follows:

The Taylor expansions of ¢ around the saddle points u, and u, are

9 1
¢= _§q3/2 + ¢ (u— ¢ + 5(“ —q¢'/%)? (3.14)
and
2 3/2 1/2 1/2\2 1 1/2\3
C=§q —q/*(u+q’) +§(U+q ) (3.15)

From these it is easy to see that
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2
u(Q) = ' ~ g7 CH 567 (3.16)

and )
u(C) + ¢M* ~ Fig V(¢ - 5(13/2)1/2 (3.17)

From the above equations one can see that the change of variables ¢ = s(u)
introduces branch cuts to the ( plane because of the square root terms, as shown in
figure |17, The points (; = —(2/3)¢*? and ¢, = (2/3)¢*? are branch points of u(()
and therefore also branch points of A(¢). The Riemann surface 3, is two sheeted
Riemann surface: the multi-valued function u(¢) has 3 different determinations but
the domains of these determinations overlap such that a 2 sheeted Riemann surface
is formed. This can be seen after explicitly giving the paths 'y, = s(Cy).

Now because the paths of steepest descent are also paths of constant phase, that
is

Im s(u) = constant u € |Cy/, (3.18)

the paths C} will transform to paths 'y, determined by
Im ¢ = constant. (3.19)
Since along the steepest descent paths Re s(u) — 0o as |u| — oo we have
Re( — o0 as || — oc. (3.20)

From these conditions we get that the paths I';, come from infinity along the Re (-axis,
turn around at the point (, or (4 and tend back to infinity along the Re (-axis, as
shown in figure [I7

Now that we know how the contours I';, look like we can find what the three

determinations of u(() are:
i) up(¢): defined by I'g, holomorphic in the cut plane C\ [(.,00)

ii) u1(¢): defined by I'y, holomorphic in the cut plane C\ [(4,00), whose extension
from the left is singular at the point (, and extension from the right is holomor-
phic at the point (.. This follows from the path C'; coming from infinity, going
through the saddle point w, first, then uy and finally going back to infinity it
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doesn’t see the point u, again.

iii) wuz((): defined by I'y, holomorphic in the cut plane C \ [(4,00), whose extension
from the left is holomorphic at the point (, and extension from the right is
singular at the point (.. Similarly this follows from the path C5 coming from
infinity, going through the saddle point u, first, then u, where it’s singular and

then going to infinity.

Now using these determinations of u(¢) we can construct the two-sheeted Riemann
surface X, see figures [17] [1§ and [19]

When the path C; comes from infinity, it first goes through the saddle point w,
and then to the saddle point ug4, at same time when the path I'; comes from from
infinity it sees the branch point (. on the left (from the right) and continues to
the branch point (4. From uy C; continues to infinity. On the other hand I'y goes
through the branch cut to the second sheet. Why it has to go to another sheet and
not remain on on first sheet? Because as C; continues to infinity from wy it never
sees the saddle point u,. The same must be true for I'; and the branch point (., it
doesn’t see (. again so I'; must go to infinity on a another sheet.

In the case of I'y it comes from infinity on the second sheet because it doesn’t
see the branch point ¢, and crosses to the first sheet at (3. On the first sheet I'y sees
the branch point ¢, on right (from the left) and continues to infinity along the first
sheet.

Another way to visualize that the Riemann surface will be two-sheeted and not
three-sheeted as it would be in the case is to look at the graph of the function
(= %u?’ — qu shown in figure . From the graph we can see that locally around
the points u, and uy the graph looks like a parabola, which corresponds to square
root like behavior of u(¢) shown in equations and (3.17), and that one branch
around (. agrees with one branch around (;. In the case where ¢ — 0 we’d get the

three-sheeted Riemann surface.
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Figure 17. The paths I'; and the determinations of u;(¢). The colors correspond
to different parts of contours Cj. The "nail" indicates the direction where
singularity is seen.

u — plane

I3 L

Uy Uq

Figure 18. The steepest descent contour divided to different parts I to construct
the Riemann surface.

3.2 Asymptotic expansion of the Airy functions A;(q,h)

In the equations (3.16) and (3.17) we obtained the first and second terms in the
expansion of u(¢). To obtain the full expansion we can use the Lagrange inversion

theorem [26]: for a power series of the form
w=f(z)=fla)+ > br(z —a)*, m>2 bm#0 (3.21)
k=m

with a as a critical point of f, the series of the inverse function z(w) is the Puiseux

series with a algebraic branch point at b = f(a) of order m — 1:

z(w) =a+ i ap(w — b)k/m (3.22)
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(-plane (-plane
1st sheet 1st sheet
. ( .
G S Iy G ¢ Iy
1 1 2nd sheet 1 1 2nd sheet
| | | |
‘ . .
Crf Cr Cd Gr
(-plane
1st sheet
N
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@] Gr

Figure 19. Another visualization of the paths I'y on different sheets of the
Riemann surface

where the coefficients are given by

dk—l
— lim

k! (>a dCR1 (3.23)

ap =

(=) |

Now because our series expansions of ¢ = s(u) are expanded at the saddle points,

the inverse series are given by the Puiseux series

u(Q) = uay + Y ar(¢ = Capr)*? (3.24)
k=2
where the coefficients are given by
1 dk1 U — Ugyy ¥
= 7,0 2
T R K(s(u) —5) &2
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Figure 20. The graph of ¢ = $u® — qu.

The Taylor expansions of ( = s(u) were

1
S(u) = Cd/r + ud/r(u - ud/r>2 + g(u - ud/r>3

29

(3.26)

so the function inside the square brackets in the Puiseux coefficients can be written

as

(u — Uy T)k: 1 —k/2
/ k)2 - <ud/r + g(u - ud/r))
(ud/T(u — uay)? + 3 (u — ud/r)3>
Denoting
1 L .
900 = g+ 50— ugge) with g/(w) = 1/3 and Jim glu) = vay
U—Uq

the Puiseux coefficients can be written as

1 . dF1 k2
o= gt g (00 ™7)

(3.27)

(3.28)

(3.29)
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The derivatives give

(—1)’“—13;1 (g +k— 2) (g +k— 3) e (; + 1) gg(u)_k/z_(k_l)>

L1 (K k k ki
= (—1)k 13k_1 <2+k—2> <2+k—3> <2+1> 51 kA= (k=1)/2 (3.30)

When £ is even, kK = 2m, m € N, we have

k k k k
k=2l (24k=3)---[24+1]2
i) (o) (5

=(m+2m—2)(m+2m—3)---(m+2)(m+1)m
~ I'(m+2m —1)
N ['(m)

I'3m—1)

-~ (3.31)

where we used the formula
e =z(z+D(x+2)---(z4+n—-1)= (3.32)

Thus for even values of k£ the coefficients are

1 IBm—1) _(mi2)a
= m 3.33
2 2m)132n—1 T(m) ° (3:33)

where we used (—1)*! = (=1)2""1 = —1.

Forodd k, k =2m + 1
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o (ires) ()5

= (3m —1/2)((3m —1/2) — 1)+ ((3m — 1/2) — (2m — 2))((3m — 1/2) — (2m — 1))
T((3m — 1/2) + 1)

T I(Bm—1/2) = (2m —1))
_ ['(3m+1/2) (3.34)
['(m+1/2) '
where we used the formula
['(z+1)
— L = —(z—=2)---(z2—k 3.35
Tz— k) 2(z—=1)(z—=2)-(2—k) (3.35)
Thus for odd values of k the coefficients are
1 F(3m+ 1/2) —(6 +1)/4
S m 3.36
G2l = om 1 1)132 T(m + 1/2) ° (3-36)
Thus the expansion of the function «(¢) around the point (g is
W) =uat > azmn1(C— )™+ Y aon (¢ — )™ (3.37)
m=0 m=1

where the the £ refer to the two different branches of the square root around the
point (4. The series converges in the disk D((y4,7) where r is the distance between
the branch points, r = [¢. — (| = 5¢*/*.

Since the saddle point —¢'/? is analytic continuation of ¢*/? by e*™:
_gY/? = emighl? = (e2mig)L2, (3.38)
we can find the expansion around (, by the analytic continuation
q— e*™q (3.39)
Now

P2 32 = B2 (3.40)
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SO

G = G, (3.41)
and

q(—6m+1)/4 N ei(—6m+1)7r/2q(—6m+1)/4 _ i(_l)mq(—6m+1)/4 (342)
q(76m+2)/4 N ei(76m+2)7r/2q(76m+1)/4 — (_1>m+1q(76m+1)/4 (343)

SO
Aom4+1 — i(—l)ma2m+1 (344)
Aoy — (—1)m+1a2m (345)

Thus the expansion around ¢, is given by

U(C) = Uy ) f: <_1)ma2m+1<c - Cr>m+1/2 + i (_1)m+1a2m(c - Cr)m (346)
m=0 m=1

with disk of convergence D (4, 1), 7 = |¢ — Ca| = 5¢%/%

Since the function u(¢) has three determinations defined on Riemann surface R,
it follows from equation (3.11)) that function A(() also has also three determinations

A 1d
Ai(€) = _2%@';? (3.47)

Then the Airy functions can be written as

An(g.h) = /F k d¢ e~/ A, (¢) (3.48)

where the paths G}, are shown in figure 21]

In the following we will denote by ./Zl,': the extension from the right and by fl,;



63

Ay A7 Ay
N
. @i @ A @ v
AL Af A3
Cd Cr Cd Cr Cd Cr

Figure 21. The paths Iy in the (-plane corresponding to the Airy functions Ay
and the extension extensions of Ay from the left and from the right.

the extension from the left of A as shown in figure . Now

Ao(qh) = | d¢ e/ Ag(¢)

— [T d A0 + § e maQ + [ dce Ao

o0

__ : dCe$/" A5 (¢) + /C OO d¢ e " AL(C)

- /C T dc e MAE - A7)(Q) (3.49)

where the second integral was calculated using equations (3.46|) and (3.47):

fc d¢ e~/ Ao (¢)

1 44 -1/4
= %d( e=¢/h (2(CZ—QQ)1/2 + holomorphic )
Z'qfl/él o ,L'gefxse“

= dt ————
T omi o Veeit/?
g~ 1/4 21

. _ 0 __;
. Z\/E dt e—%e¢ it/2
0

—0 as ¢—0 (3.50)

where §. _ means that we integrate along a contour ¢ € 0,27] — (. + ee®. Similar

calculation shows that
d¢e " A1 5(¢) =0 (3.51)

<d7£
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Y+

N
|
7

>
@

Cd Cr Cd Cr

Figure 22. The deformations of paths I'y and I';. The blue color indicates that
the path lies on the second Riemann sheet. Note that the singularity at ¢, is
seen in the first sheet.

Deforming the path I'; and I's as shown in figure 22| we get

Ailah) = [ ¢ Av(Q)
= [ A PA Q)+ dce A + [ dce AT ()
[T PAQ + | dce AT+ [T e ALQ)
_ / dC e M A7 (¢) + / d¢e /" Af(¢)
vt 7t
= [, dce AL - AD)(©) (3.52)

where the path 1 is the path from (; to infinity avoiding (. from the left as shown
in figure [23|

T+
Y-
-
Cd CT Cd Cr

Figure 23. The path v circumvents ¢, above and the path v~ below.



Similarly for Ay, we get

As(q,h) = /F dC e~ Ay (C)

+ [ dce A () + <
__ / ¢ e/" A7 () + / d¢ e " A3 (¢)
. e
:A d¢ e M AY = A3)(¢)

where the path v~ is shown in figure 23]

From the figures |17] and 21| one sees that Aj = fif and ftg = flf, SO

Then defining the functions

we get

Adg) e [Fdo AL+ G)
A(g) = e [ dce " Au(¢ +6)

A ) = = [ e Aal¢ + G

Y

oo ~ ~ Gr A
= [T IO+ f A A + [ e A ()
ACe M Aia(Q) + [ dee AL Q)+

65

(3.53)

(3.54)

(3.57)
(3.58)

(3.59)

where the v and vy~ are the paths shown in figure [23| but shifted such that they

start from origin and the singularity is at ¢, — (4.

One then notices that right hand sides of above equations are in the from of Borel

and lateral Borel sums:

Ao(q.h) = eSO B (A (C+ () = e /NSO A, (¢, )
Ai(g.h) = e ST (B (A(C + G))) == e 4/"S”" Ay(q,h)
As(qh) = —e SO (B7HAd(C + (o)) i= —e S Ay(g,h)

(3.60)
(3.61)
(3.62)
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Now using equations (3.46|) and (3.47) we have

~ 1 du
Ado=—onuc
1 +1 i

[ % W Z_O(—1>ma2m+1(m + 1/2>(< - Cr)m

+ > (=)™ agmm(¢ — ¢) (3.63)

The extension from the right of u(() is given by negative imaginary singular part
in (3.46)) and the expansion from the left is given the positive imaginary part. Then

we get

- le (—i= () i(—l)mazwl(m +1/2)(¢ =&)Y
B 217T(C ) S (<) s (2 1)(C — ) (3.64)

Because the above series converges, it inverse Borel transform is a divergent

asymptotic series:

Ar(q.h) = BHA(C+¢)
1 o0

= o= 2. (=) "azm(2m + DF(m + 1/2)Rm+1/2 (3.65)
m m=0

where the Borel transform was defined by

Cl/

v+1
= T 1)

v£0,—1,—2,... (3.66)

Similarly for A; the extension from the right is given by negative singular part
in (3.37) and from the left by the negative singular part. Then the discontinuity Aq

can be written as



= 5 (1= (1) X s 1720~
S ()Y e (2m 4 1)~ )

m=0

and the inverse Borel transform is

Ad(q.h) = B~ (Aa(¢ + G))
— 2; i Aomi1 (2m + DT (m + 1/2)Rm+1/2

m=0
Using the the equation (3.36)) for as,, 1 we have

agms1(2m 4+ DI(m +1/2) = 32m((627§3)"2$n/(23)m)' —(6m+1)/4.

where we used the Legendre multiplication formula
22710 (2) (2 + 1/2) = [(1/2)T(22).

Thus the formal series A, (¢q,h) and A4(q,h) can be written as

1 0
. B = — 71/4h1/2 1 -1 mbmhm
Adad) = g + 3 (
and »
i o0
B = —— _1/4h1/2 1 bmhm

Ad(Qa ) 2ﬁq +mz::1

where

b — (6m)!

— —3m/2 > 1
32m (207) 145m (3! =

67

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

It can be shown that the Borel series (3.72) and (3.73) can be analytically

continued along the positive real axis and that the Laplace integrals converge, see

for example Appendix 1 in[18]. Thus the Borel sums are asymptotic to the inverse
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Borel transforms

S°A,(q,h) ~ A.(q,h) as h—0 (3.75)
S Ag(q.h) ~ Ag(q,h) as h—0 (3.76)
SY Ay(q,h) ~ Aa(q,h) as h—0 (3.77)

and the asymptotic expansions of the functions Ay (q,h) are given by

1 2
Ao(q,h) ~ mq—l/‘*hlﬂ exp< 34 P ) <1+ Z 1)™b hm> (3.78)
1 2 1
Ai(q,h) ~ ﬁq’l/‘%lﬂ exp <3q3/2h> (1 + Z bmﬁm> , (3.79)
m=1
i 2 .1 > .
As(q,h) ~ _ﬁq VAR axp (3q3/2h> <1 + Z bl ) , (3.80)
m=1

as h — 0. Then the asymptotic expansions of the solutions of the Airy equation are

1 —1/4%1/2 ( 2 3/2 > m m
A(q,h) = Ao(q,h) —Qﬁq h'/* exp 34 1+ E by (3.81)
and

~ —2ie /" Ay(q,h)
_ L e (2 321 = m
= e (o h) 1+ bk (3.82)

m=1

3.3 Stokes phenomena of resurgent symbols ¢ /"4, and
e_cd/hAd

In the steepest descent method the Stokes phenomena occurs when the steepest
descent contour goes through multiple saddle points which happens on the Stokes
lines [20]. Transforming into the Borel plane the Stokes phenoma occurs when the
point corresponging to the recessive saddle point lies on the cut from the point
corresponding to the dominant saddle point [1§].

Now the Stokes lines are defined as the directions in the complex ¢-plane which
correspond to the case where the recessive point (, lies on the cut from the dominant

point (4 to infinity in the complex (-plane (Borel-plane). In the complex u-plane
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this happens when a steepest descent contour goes through a second saddle point.
From equation (3.5) we see that this happens when

Im (s(ud) — s(ur)) =0 (3.83)
or equivalently
Im (Gg—¢) =0 (3.84)
This gives
3/2 3 2]{771—
Im(¢”°) =0 <= §argq:k‘7r — argq = —— (3.85)

Thus the Stokes lines of the Airy function are

Lo = [0, 00), (3.86)
Ly = ™3]0, 00), (3.87)
Ly = e~ 2™3[0, 00) (3.88)

as shown in figure 24 and are exactly the same as we found in [2.4.4]

Ly g-plane
2n So
3
Sh Lo
Sy
Ly

Figure 24. The Stokes lines L;, of the Airy equation and the Stokes regions .Sy,
bounded by the Stokes lines in the comlex ¢-plane.

In deriving the equations (3.61)) and ((3.62)):

Ay (g,h) = eS8 Ay(q,h)
AQ (Q7h) = _eicd/hSO_ Ad(q7h’)
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the deformation of the paths I'y and I's used is not the only possible deformation.
We can deform them by "pulling" the singular part through the cut between the
branch points to the other sheet, as shown in figure 25 and get

Ly=7.%v; and Ty=r,*~] (3.89)

I' I'y

= o

@ Gr Cd Gr

Figure 25. Another deformation of paths I'y and I's. The blue lines indicate
that the path lies on the second Riemann sheet.

Then we have
Av(g.h) = [ dCemAu()
I

:(/ﬁ+/%>d<e</%<g)

= [ dCe AT+ [ e A + f dce A (390)
[T PE O+ f dce A+ [T dce A

= [ dCe M(Af - AT)(0) + /< d¢ e M(Af = A7)(¢) (3.91)
v- r

where we used that A; is integrable at (s and (., v~ is the path shown in figure .

From figure 17| we see that Al_ has the negative imaginary singular part in (3.46)

(the parts [ have the same determination) and by crossing to the another sheet .,éAlf



71

must have the positive imaginary singular part. Then as in (3.64)

A 1 s

(A = A7) = =5 (i = () 3 (1 o+ 1/2)(C = G2
= 5 €= O Y () (2 + (- )
= —A,.(0) (3.92)

Thus we get, after a change of variables ( = ( + (4 and ( = ( + ¢,

Ai(g) = e [ dCe M Aa(C 4+ Ga) e [T age M= A+ G)

Y-

— e~%/"S Ay(q,h) — e~S/"SO A, (q,h) (3.94)
Now a similar calculation for A, gives

As(g.h) = e /M [ d¢e AT — AS)(C+ Ca) + e/ /C T dC e AT — A7)(Q)

Y+

/" [ dCe AN+ G+ e [T AN )

T+

= —¢ /S Ay(q,h) — e < /MSO A, (¢, ) (3.95)

where AJ has the positive imaginary singular part in (3.46) and A5 has the negative

imaginary singular part, so at (,

(A7 = A)(Q) = —A4A(C) (3.96)

Since A, (¢ + ¢,) is holomorphic in a strip along [0,00),

S°A,(q.h) = 8% A (q,h) = S° A.(q,h) (3.97)

we get
Ai(.h) = 8O <e—<d/ﬁ,4d<q,n) - e—wﬁA,,(q,m) (3.98)
As(q,h) = 50*( — el Ay (g ) — e_@/hAr(q,h)> (3.99)

Thus we have two different Borel sums of A;: (3.61)) and (3.98)) and two Borel sums



72

of Ay: (3.62) and (3.99)

A (q.h) = 8 (e—<d/ud(q,h)) (3.100)
Ai(gh) = S8 <e—<d/ﬁAd(q,n) _ e‘C”/ﬁAr(q,h)) (3.101)
As(q,h) =S8 ( - e—Cd/ﬁAd(q,h)> (3.102)
As(q.h) = 8 ( el Ay (g ) — eCT/hAr(q,h)> (3.103)

As mentioned the before, the Stokes phenomena is given be the discontinuity
between the lateral Borel sums. As we can see from the above equations there is
a discontinuity between the lateral Borel sums: when we cross the Stokes line L
from below the recessive point (. (saddle u,) starts to contribute to the asymptotic
expansion. Why it didn’t contribute before we crossed the Stokes line? Below the
Stokes line Lg, the recessive point (. is "hidden" on the second Riemann sheet as
seen in figure 26l As the argument of ¢ varies, the points (; and z, rotate in the
complex (-plane and in the case arg g < 0 the recessive point (, lies on the second

sheet of the Riemann surface defined by the branch point (.

Cr
argqg > 0 1st sheet
[ AVAVAVAVAVAVAVAVAVAN
argqg =0 / Ca 2nd sheet
O NNNNNNVRNNY
Cd C’r
\ Ca 1st sheet
[ AVAVAVAVAVAVAVAVAVAN
0
argq < 2nd sheet
Cr

Figure 26. Rotation the points (; and (, when crossing the Stokes line Ly. The
red lines are the branch cuts.

Another way to see this is to look at how the steepest descent contours in the
u-plane behave as the argument of ¢ varies. When argqg < 0 the contour ~; cor-
responding to A; in (3.2) can be deformed to the steepest descent contour going

through the dominant saddle uy (the intersection of the orange lines) as shown in
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figure [27] so there is no contribution from the recessive saddle w,..

When argq > 0, the deformation of the contour 7; into a steepest descent
contour first goes through the recessive saddle u, (the intersection of the blue lines)
and then the dominant saddle uy (intersection of the orange lines). Thus both saddles
contribute to the asymptotic expansion. The transformation of these contours to the

(-plane are shown in figure [29|

— 600

200

-200

-600

Figure 27. argq = —m/3 Left: the steepest descent contours on the u-plane.
Blue lines cross at the recessive saddle u, = —¢'/? and orange lines cross the
dominant saddle uy = ¢'/2. Right: Level curves.

3.4 Crossing of the Stokes line

What happens to our full solution of the Airy Schrodinger equation (3.4)) when we
cross a Stokes line? Because the function A, is Borel summable along the

positive real axis it holds that
SY (e_CT/hAr(q,h)) =8 (e_cr/hAr(q,h)) =8 (e_c”/hAr(q,h)) (3.104)

so the function A = Ay doesn’t change when crossing the Stokes line Lj. On the

other hand, using the equations (3.100)) - (3.103|) the second linearly independent
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~ 600

200

-200

-600

Figure 28. argq = 7/3 Left: the steepest descent contours on the wu-plane.
Blue lines cross at the recessive saddle u, = —¢'/? and orange lines cross the
dominant saddle ug = ¢'/2. Right: Level curves.

solution B = iA; — iA, can be written as

B (q.h) = 8" (2ie™/" Ag(q,h) + ie /" A, (q,h)) (3.105)
B_(q.h) = 8" (2ie~/" Ag(g,h) — ie” /" A (g,h)) (3.106)

As we saw before, along the Stokes line Ly the asymptotics of B was given by
B ~ —2ie /" A, so crossing the Stokes line introduces the term +iA. On the
anti-Stokes line between the Stokes lines Ly and L; the functions A and B change
roles, A becomes dominant and B becomes recessive. Thus the crossing of the Stokes
line L, yields B — B and A — A +¢B. And similarly for L,. Thus the crossing of

a Stokes line L is given by

BI — BII + i AII
AI — AII

(3.107)

and of L
Al = Al ;g

BII — BIII

(3.108)
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(-plane (-plane
1st sheet
Z Z
< <
C N —
Cd CT‘
2nd sheet
1st sheet
Z
< <
\
gr Cd 4
2nd sheet

Figure 29. Transformations of the rotated steepest descent contours to the
(-plane. Left: argq < 0. Right: argq > 0.

and of Lo
A=AV 4BV
BI — BIV

(3.109)

The above equations are the connection formula for the Airy-Schréodinger equation.

These can also be written in matrix form:

10 1 i
My = Mo = (3.110)
i1 0 1

where 0,1,2 refer to the corresponding Stokes line.

Crossing of the branch cut along the negative real axis is given by the difference
on either side of the branch cut. Above the branch cut in the region III we have

A + 1B and below in the region IV A — ¢B. This leads to the connection formula

Al _ _,BIv
M, = (3.111)
BUL _ AV

0 —
(") s

The four matrices My,M;,My and M, describe the monodromy around the turing

and in the matrix form
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=g

—2f

Figure 30. Behaviour of steepest descent contours on the u-plane when ¢ rotates
in the ¢-plane. Blue lines cross at the saddle u, = —¢'/? and the orange lines
cross at the saddle ug = ¢'/2.

point such that

o 1 0 o —1 -1 —1 -1
MaMyMiMo = (| = My My My M, (3.113)

3.5 Stokes regions

From figure [30] we can see that for the function

1
Aolq,h) = ——— [ due 25w (3.114)

21 Y0

the path 7, can only be deformed to go through the saddle —¢'/? when

2 2
—g <argq < g (3.115)
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g-plane
So
AO
Sh Ly
Sy
Lo

Figure 31. Extension A° of A, in the sector Sy U Sy

Thus the same asymptotic relation for Ay holds in this sector and we will denote it

A° (figure 31)):

2
AY .= extension of e"/" A, in the sector |argq| < % (3.116)

On the Riemann surface this means that the point (4 is "hidden" on the other
sheet and doesn’t contribute to the asymptotic expansion, that is, there is no Stokes
phenomena for A, along L. But when ¢ crosses the Stokes line L; or Lo, (4 crosses
the junction of the two sheets around ¢, and reappears on the same sheet as ¢, and
starts to contribute to the asymptotic expansion. Now the roles of (, and (; have
changed, (. is the dominant term and (4 recessive. Thus on the edges of the sector,

A° is dominant and on the bisector Ly it is recessive.

After crossing the Stokes lines Ly and Ls, (. becomes the dominant term and
(4 recessive, until along the anti-Stokes line arg ¢ = 7 they become same order of
magnitude and purely imaginary (¢*? — —ig*?) . This leads to an oscillating

behaviour rather than exponentially decaying/growing behaviour.
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argq =0 argg =1 argg =T
¢-plane ¢-plane ¢-plane
NN q
Gr
@ Gr
L]
Ga
G
argq:%’”‘ argq:%r argq =m
(-plane (-plane (-plane
-
d
Ca
C C(l
QNANNANNANNANANNNY
Gr
"

Figure 32. Behaviour of the points ¢, and (; as ¢ rotates. At argq = 27/3, (4
appears on the junction of two sheets around ¢, and becomes "visible".

Thus the asymptotic expansion of Ay(g,h) is given by

Ao(g.h) ~ A°(q.h) = ="M A, (q,h)

1 —1/431/2 ( 2 3/2 ) 2m
= —— h 1 ™ < —
Qﬁq exp 3 + Z ,  largq] 3
(3.117)
and
—eo/h ~Ca/h 2 _2r
Ao(q,h) ~ e A.(q,h) +e Aq(q,h), 3 <argq < T or 3 <argq < —m
(3.118)

When finding the explicit expansion we have to use ¢ = |g|e¢'®®9, so the form

depends on the argument of ¢. On the anti-Stokes line arg ¢ = 7 the expansion is
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given by (77?):

e—im/4

™ 2 oo
o o () (14 3 (ot
I eim/4 ’ ‘_1/4 h1/2 ex (_221,‘ ‘3/2> 1+ Z imb,, ’ ‘ hm
N q p 3 q q

1 —1/4 21/2 ( i(2alg?/?-7) —i(2alqP/2— ﬁ>>
— 1 m
RN A G +3 bmldh

H(ei(gmﬁﬂ—z)_e—i(émlq3/2—1)> > bu(lghr™

m=1,3,5...

1, - 2 T\ —
_vawlﬂmmkw( ol = 5) 32 bl

AO(q7h) ~

7.‘_ [oe)
+ sin ( z|q’? - 4) > b2m+1(\q|)h2ml} (3.119)
m=0
For the function
1
h :_7/ du e~ 5(9) 12
Ai(q,h) omi ) ue (3.120)

we see that in the Stokes region Sy the path of steepest descent goes through both
saddles, or equivalently (; and (. lie on the same Riemann sheet in the (-plane,
thus both contributing to the asymptotic expansion. At argq = 7/3, ¢, becomes
the dominant term and after ¢ crosses the Stokes line L; at arg ¢ = 27/3 the point
24, which is maximally subdominant on L;, disappears on the other sheet since it
crosses the cut between the two sheets around the dominant point (.. It reappears
after ¢ crosses the Stokes line Lg since rotation by 47 /3 in the g-plane correspond to

27 rotation in the (-plane. Thus the the asymptotics of A;(g,h) are

-/41 (Qah) ~ e_Cd/hAd(Q7h) - e_cr/hAT<Qah)7 q € SO (3121>

and )
Ai(q,h) ~ —e " A, (q,h), g <argq < 2. (3.122)

and )
Ai(q.h) ~ e~/ Ay (g ), _TW <argq < 0. (3.123)

Similarly for the function A5(q,h) we have
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A2(q7h) ~ _6_Cd/hAd(Q7h) - e_cr/hAT(Qﬁ)v qc SQ (3124)
and A
Ag(q,h) ~ —e= M A (q,h), —g <argq <0. (3.125)
and
4
As(q.h) ~ e SMA(q.h), 0<argq< ?ﬂ (3.126)

For the second solution of the Airy equation
B(q,h) = 1Ay — i Ay (3.127)
we had the asymptotic expansion

B(q,h) ~ —2ie~%/" A,
L a1 2 - —
= VR ( 32, 1) 143 b(g)h™ 3.128
N exp ( 34 + m; () (3.128)
Since the subdominant term becomes of equal magnitude with the dominant term at
the anti-Stokes lines arg g = +m/3 the above relation is valid between these lines,

that is, in the sector
larg q| < g (3.129)

The subdominant term has different coefficients depending on which direction the

Stokes line L is crossed.

3.6 Resurgence

From equation the equation (3.64)

1 & (—1)"T(3m+1/2
A(C+¢) Q—mZ ,(F&H//Q))q (6m+1)/4¢m=1/2 (3.130)
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the structure of simple resurgent function isn’t obvious, but taking the inverse Borel

transform as before we have

1 & 1)™I(3m +1/2) ©
A - m+1)/4hm+1/2
" or mz_o 32m(2m)! ¢
1 —1/431/2 = (=D"TBm+1/2) 4 /2
= h 1 miEpm 131
NG +m2::1 Ja3mem) (3.131)

and define the formal series

> (=1)"T'(3m + 1/2)
Z V732 (2m)!

m=1

R T (3.132)

and denote the coefficients by ¢,,. Now using the Legendre multiplication formula

22710 (2) (2 + 1/2) = [(1/2)T(22). (3.133)
we have L1206
T(3m+1/2) = M (3.134)
o - (=)TT(6m)
" 32m(2m)126m—1T (3m)
_ (=1)"I'(6m)
= S g2nl (2m)T (3m) (3.135)

where we used (2m)! = I'(2m + 1) = 2mI'(2m). Now using the Gauss multiplication

formula )
n— 1 1
[I T2+ k/n) = (27)2" Dn2 T (nz) (3.136)
k=0
we have
1
T'(6m) = (2r) 20796~ yHom 1‘[ I'(m + k/6)

_ (2w)-366m—%r(m)r(m +1/6)T(m + 1/3)T(m + 1/2)T(m + 2/3)T(m + 5/6),
(3.137)
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T'(3m) = (2@*%“*3)33%% ?ﬁl T'(m+k/3)

k=0

= (27)"'8*" 3D (m)T(m + 1/3)T(m +2/3)

and
2.1

1 14—
I'(2m) = (2r) 2172223 H T(m + k/2)
k=

= (27)” 392m=3 L(m)I(m +1/2),

SO

(U7 (2@ Tm 4 1/6)T(m 4 5/6)

m = amgemy, 3m— 222m—5 I'(m)
_ (—1)meom I'(m+1/6)T'(m + 5/6)
T Qp3mdmAg2memy I'(m)
(=™ 3\ T(m+1/6)L'(m + 5/6)
27 <4> m!

where we had

6o 68\ 3\
or32m+3my2m+m | 35 . 44 - (4) :

Now

o) = 3 L (3" Lt YOTm 45/ -y

m)

(m+1)!

m=0

Taking the Borel transform we get

—3/2 &2 " T'(m m
. Z (—1)m <3> I'(m +11/6)0'(m + 7/6) q—3m/2hm+1

(3.138)

(3.139)

(3.140)

(3.141)

. (3.142)

—3/2. > T'(m m m
@T@):B%(gj):j q [(m + 11/6)T(m + 7/6) (_iq_g/@

4 2r = T(m + 2)(m)!
3 ¢2T(11/6)1(7/6) ['(2)
4 or re)  r11/6r (7/6)[
= T'(m+11/6)I'(m + 7/6) 3\
Z T(m + 2)(m)! ( 41 /C) ]
5

_ *32 7 . *32

(3.143)
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where F' is the Gauss hypereometric function

I'lc) & F(n+a)f‘(n+b)zn

F(a,b,c;z) = 144
(a.0,¢32) = 70T @) 2230 2T (n + c) (3.144)
and
5 1 5 1 « 5
rai/e)rr/e)=—--=-1'5/6)'ct—-5/6) == ————=—-2 3.145
using the reflection formula
T
L)1 —z) = Z. 3.146
(-2 =" =¢ (3.146)

Because we have ¢ = 2 = % + % —1 =a+b—1, this leads to the Gauss hypergeometric
function having logarithmic dependence [27] (Theorem 5.1). Now the hypergeometric

function can be written as

F(a,b,a+b—1;2)
~ TI(a+b-1) ‘ 1 T'(la+b-1)
= Tla—nrp-1’ @b 2l —2)lesl =2) + 7= —asras
Fla+b—1) & T(m+a)l(m+0b)
I'(a—1)T(0—-1) mZ::O ['(a)'(b)(m + 1)!
1—-z"
m!

(m+a)+Y(m+0b)

—Y(m+2) —¢(m+1) (3.147)

where 1 is the logarithmic derivative of the gamma function, i.e. the digamma

function

b(z) = —2. (3.148)
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Now using equation (3.147) we get

5 () =D r(2) 1
U I'(11/6)1'(7/6) 1 + gq—:a/zg
I'2) . T(m + 11/6)T(m + 7/6)
+ ['(5/6)I'(1/6) 2:: ['(11/6)I(7/6)(m + 1)! liﬁ(m%- 11/6) +¢(m +7/6)
3.—3/2\m
_¢(m+2)—w(m+1)] (1+4gﬂ ¢) )
3(]73/2
s 2w A(1+ 3q-3/2()
~3/2
— 572.48]7( oo 6,2 1+ 4q 3/2C)(10g(g+ 4 3/2) +log(%q*3/2))

5732 & T(m+11/6)I'(m + 7/6)
- 2148 2= T(1L/6)L(7/6)(m + 1)! l@b(m +11/6) + $(m +7/6)
m 4 _3/2\m
(3.150)

Since the hypergeometric function F'(a,b,c; z) is analytic when ¢ ¢ [1,00), we have
that

F(4,1.2;1+ 2¢7%/2() is analytic when ¢ ¢ [0,00) and the series in the last term
converges for ’C + %q?’/z’ < 3¢*%. Then denoting by R(¢ + 3¢*?) the sum of the

_4,3/2

series term and the analytic term at ¢ = —3¢*“ in the second term we have

3q—3/2 B 5q—3/2
2m - A(1+ 3¢=3/2¢) 2w - 48
+ R(C+ 3¢*?)

a 1
= omic+ I 5 8r(C+ 367 los(C + 3¢°%) + R(C+ 5%)  (3.151)
3

¢r(¢) = — F(A2 12014 3¢732¢) log(¢ + 2¢°/?)

where the residuum is

a=—1i (3.152)
and the minor is
2 —big*” 11 7 o.3,-3/2




85

Then we have the resurgence relation

A

O_s3328r(C) = ad + @,

=0 5?:2“%, 62307
= —i <5 - 5iZ;/2F(€, o Zq‘3/2C)>
= —1(6 = &r(=0)). (3.154)
or equivalently in the formal model
0_ys3gr2pr(h) = —i (L+ ¢, (—h)). (3.155)
where we used
By (=h) = =¢r(—¢) (3.156)
Setting @, (k) := 1+ ¢, (h) we get
O _y3q32Pr(R) = —ig,(—N). (3.157)
Using equation :
Ad(q.h) = 2\2'/#—1/4711/2 (1 + mf;:l bmhm>
= Q\;%q—l/‘*hl/? (1+ a(h)) (3.158)
we get the relation
pa(z) = o(—x). (3.159)

Thus we get the resurgence relations
04353280 (M) = —iPa(h) (3.160)

and
0'4/3q3/2¢d(h) = —Zgbr(h) (3161)
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As we can see the at the Borel singlularity of ¢, we find the resurgence of $; and

vice versa. Furthermore the resurgence relations

GoA, = A, + G A= A, — i A, (3.162)
and

Goda= Ag+ e V3 g s Ay = Ag —ie 3R A, (3.163)

which are exactly the same Stokes phenomena we found before.

The above resurgence relations to show that we would have only needed to know
the asymptotic expansion of one solution to the Airy-Schrodinger equation and from
its properties in the Borel plane we would find the asymptotic series corresponding
to the other solution and the full Stokes phenomena across the Stokes lines. This
shows the power of resurgence, one only needs to find one perturbative asymptotic
expansion and its Borel analysis gives us the whole Stokes phenomena and the

connection formulas.
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Figure 33. Harmonic oscillator potential with positive energy

4 Exact quantization condition

Resurgence and especially exact WKB is a great tool to solve the exact quantization
conditions for spectral problems due to being able capture the non-pertubative
tunneling effects to the energy spectrum. The exact quantization condition is given
by the Voros symbols which are resurgent functions in /& and can be written
implicitly as

J(Vy Vo Vg ... ) =0 (4.1)

4.1 Harmonic oscillator

In this example we study the harmonic oscillator and how the exact WKB formalism
leads to the well known exact quantization condition. The harmonic oscillator

potential is of the form V(q) = ¢* as shown in figure Then the momentum is
p(g) = (E =V (q)"* = (E - ¢*)'? (4.2)

and the turning points are a; = —v E and a, = VE. Now consider the case where
the energy is postive, £ > 0. Locally around the turning points the Stokes graph
is the Airy type Stokes graph and the Stokes graph of the harmonic oscillator with
positive energy is shown figure [34]

To derive the exact quantization condition we analytically continue the wave
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a a2

~ -

Figure 34. The Stokes graph of the harmonic oscillator with £/ > 0. The red
line is a branch cut and blue cycle corresponds to the Voros symbol. The labeling
of Stokes lines is given by the boundary condition.

function form the region I to the region III. The connection formula is then

+ + + +
( t11,1> - M, (wilvﬂ> = M} Noya, (1/"12’11) = M Noyoy My (w“j’m)
¢a1,1 wal,H 77/}(12,11 ¢a2,III
_ w(—;:,HI
- M+Na1a2M+Na2a1 _

a1, 111

[t VIE Loa\ (v v
0 1 0 Vv,.2)\o1 0 VM2 \Yom
_ 1 Z'(1""/712) ¢;,HI

0 1 Yoy 111

_ (w;;,m il + w»w;,m) i3
- . (43)
a,I1T

Now issuing the boundary condition that we have a physical solution in the region I
we get that yr ~ w;{hI because v~ is exponentially growing and ™ exponentially
deacying in I. This leads to the labeling of the Stokes lines shown in figure 7?7 and
that the wave function ¢, yj; is exponentially growing in the region III. To have a

physical solution the the region III the coefficient of ¢, 1; needs to be zero. This
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gives the exact quantization condition

1+V,,=0 (4.4)

(2n+1)m

Because —1 =e¢ the quantization condition gives

1
/ duQ(u,h) = (2n+ 1)m = 2mi (n + ) (4.5)
M2 2
Now the integral on the LHS is

du Q) = -

i ] @+ [ du(hoi+mQi) 4

Using the recursion relation (2.106)) we have

Q1=ip=i/E—¢ (4.7)

i(2E + 3¢%)
Q1= T8(E — )2 (4.8)
Now
ih 2F + 3u?
duh()y = — dy ———— 4.9
[712 " Ql 8 Sy " (E_u2)5/2 ( )

The above integral can be calculated using residues at infinity: with a change of

variables u = 1/t we have

Res(f(u),u = 00) = — Res (1f () ,t:O) (4.10)

Now

1 (1) 2Bt +3t
(

2 \3) = ey

t = (2B +3t)(-1)7" (1 + ZEt2 - O(t4)) (4.11)

Since the above function is analytic at ¢t =0

Res <1f (1) 4= O) =0 (4.12)

t2
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and thus

/ duhiQi = 0 (4.13)

Similar calculations show that the integrals of the higher order terms also vanish.
Thus

/ du Q(u,h) = ! / dup(u) = %/ duVvFE — u? (4.14)
Y12 Y12 Y12
Similarly the residues at infinity give
' E
Res(VE — u?,00) = — Res <t23\/1 — Et?, 0> = 25 (4.15)

and

. |
/m duQ(u,h) = %2%2’25 — —%ZE (4.16)

Now from the exact quantization condition (4.5)) we get

1
E——2h (n 4 2) (4.17)
Because E > 0 above is only valid for n = —1, — 2, ..., therefore
1
Em:2h(m+2>, m=0,1,2, ... (4.18)

which is the familiar harmonic oscillator quantization.

4.2 The double well

In this example we move onto a little more complicated problem and consider the

symmetric double well where the potential is of the form
V(g)=(*—b)? b>0 (4.19)

and that the energy is positive, £ > 0, as shown in figure 35 Now the turning points
are non-degenerate and given by ¢ = +1/b+ V/E. the Stokes graph of the double
well can again be constructed using the Airy-type Stokes graphs at the turning points
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VAN

ay a2 a3 a4

Figure 35. The symmetric double well potential with £ > 0.

and it’s shown in figure [36]

The Stokes line between the turning points ay and ag corresponding to the
tunneling region is a bounded Stokes line. On a bounded Stokes line the Borel
summability of the WKB solutions breaks and the connection formula across this

Stokes line isn’t valid anymore. Furthermore, the Voros symbols V,,, and V-

(3 ATE

not Borel summable along the real axis, an imaginary ambiguity appears depending
on arg h. The Stokes graph with arg ” > 0 is shown in figure

Let’s consider the case arg h > 0 and analytic continuation of the wave function
from the region I to III as shown in figure 37| with the boundary condition 9 ~ ¢~
in I and the parity condition 1(0) = 0 for an antisymmetric(odd) wave function and

Y’ (0) = 0 for a symmetric(even) wave function. Then the connection formula is
+ ¢+
Tbl = M—Na4a3M—Na3a4 lfhm
Va1 Yy 111
7;<1 + V’Ys4) 1 7b;l,III
+
_ ( ‘ ,lvbaiﬂl - ) (420)
i(1+ Vi )¥a, i1 + Yo

Then the full solution is

Ym = Z'(1 + ‘/734)@/1;;,111 + ¢;1,IH (4-21>
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+ o+ + o+

Figure 36. The Stokes graph of the symmetric double well potential with
E>0.

+ o4+ 7 - -

Figure 37. The Stokes graphs of the double well with arg h > 0 and the cycles
corresponding to the Voros symbols. The labeling is given by the boundary
condition Yy ~ ™.
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In the antisymmetric case the parity condition gives

0 = ¢m(0)
= i(1+V,,,) exp (/aj du Q(u,h)) + exp (— /aj du Q(u,h)) (4.22)

Since the momentum doesn’t change its determination between ay and ay the integral

in the exponential can be written as

/O du Q(u,h) = (/3+/0> du Q(u,h)
([ or ] was
— (; ﬁ% +;; 73) du Q(u,h)

= (; fm —|—i 723) du Q(u,h)
(4.23)

where 34 and 7,3 are the cycles surrounding the turning points as, as and as, as

respectively.

Then the parity condition becomes

0=1i(1+V,,)+exp (—2 /ao du Q(u,h))

=11+ Vy,,) +exp ((jij —1—; >duQ(u,h)>

Y32
= i(14 Vi) + Vag, Vo2
— 0=14+V_'—iV/2

734 Y23

=14V, —iV/? (4.24)

Y23

-1 _
where we used V' =V, ,.

In the symmetric case ¢'(0) = 0 we have
Q'(0)
Q2(0)

+ l@%;g(()())) - Q1/2(0)] exp <— /aj du Q(u,h)) (4.25)

ul0) = 104V, [ 0+ 00 e ([ w0t
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Since p'(q) = =3 — V'(q) (E — V(g))""? and the derivative of the potential vanished
at the origin p'(0) = 0. Thus @’ ;(0) = 0 and using the recursion relation (2.106)) we

find that @5, ,(0) =0 for all n = 0,1,2,... . Thus the parity condition reduces to

0
0=i(1+V,,)—exp (—2/ duQ(u,h))
aq
= i<1 + V734) -V V1/2

V34 7 y23

— 0=1+V_ ' 4+iV/2

734 723

=14V, +iV? 4.26
Y12

V23

Thus the exact quantization condition is

1+ V.., —inVY2 =0 4.27
Y12 n

Y23

where 7 = —1 in the antisymmetric(odd) case and n = 1 in the symmetric(even)

case.

4.2.1 Energy splitting

The symmetric double well is a great example where ordinary perturbation theory
fails and leads to a degenerate bound state which are not possible in one dimension.
The tunneling effects, which are non-perturbative(exponential) in nature, gives
the required non-degeneracy and these can be found using the exact quantization

condition.

We will calculate the energy and the energy splitting in first order (for more

detailed discussion see [28]). To make calculations more simple, we set b = 1 in the

2 —1)2. The exact quantization condition

symmetric double well potential, V(q) = (g
was

1+V,, —inV/2=0 (4.28)

Y23

where the cycles 15 and 793 are show in figure . The Voros symbol V... in leading



order is

du @)

ﬁz]
% du
i

ij

| |
@
e
'S

'77.]

J

(
:exp<
(
(

ij

% du
’yl

>+O (R?)

)

) + BQ1(u) + h*Qs(u) +

) + O(h2))>

)
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(4.29)

The action integrals S,,, and S.,,, can be written as [28](derivation for the first one

in Appendix @[)

where oF] is the hypergeometric function [13|. Then in leading order S.,,, is

and S

Y23

5723(E) ~ -

s

()~ 2 F

VIL(T/4)0(5/4) 3

so the Voros symbols in leading order are

T
Vi ~ exp (%E)

8
‘/723 ~ exp <_

Perturbatively the quantization condition is 1 + V,,, = 0 and it gives

1 1
27i (n + 2) = ﬁSMQ ~

s

2h

~.

3h

13
447’

EoF ( 2; E) QHE

(4.30)
(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)
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from which we find

E(nh) ~ 4h (n + ;) (4.38)

Because there is no dependence on the parity of the wave functions the perturbative

ground state is degenerate.

We have to take into account the non-perturbative part —z'nvylsz in the quanti-
zation condition to get the tunneling effects on the ground state and therefore the

non-degeneracy. We’'ll make an ansazt for the energy
1
E(n.h) = 4h <n 4 2) e (4.39)

where ¢ is a small parameter such that the energy deviates from that of the pertur-

bative harmonic energy. Then the Voros symbol V., can be written as

. . 1
Voo~ esp () = e (g5 (41 (n-+ 3) +2))
. 1 i
= exp <27r7, <n + 2)> exp (%5)
= —exp <;;5> (4.40)

Now the exact quantization condition becomes

0=1+V,, —inV/?

Y23
' 4
~1—exp <;7;_L€> — i1 exp (_3h> (4.41)

from which we find that

2h
= e t/3h (4.42)
T
and that the energy in leading order is

1 2h
E(n,h) ~ 4h (n + 2) — ?ne’4/3h (4.43)
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Now the energy splitting between even(n = 1) and odd(n = —1) states is

2
AE(n,h) = E,4q(n,h) — Eeyen(n,h) ~ —he—4/3ﬁ (4.44)

™

4.2.2 Stokes phenomena

The Stokes phenomena of the Voros symbols of the double well shown in figure
are described by the DDP formula [2.31

8 Vo] = 87 [V (1487 [V,,]) 757 (4.45)
8 Vi = 87 (Vi) (1487 [V,,]) 75 (4.46)

+ o+ - -

Figure 38. The Stokes graph of the double well with cycles 712,723 and ~s4.
The small circles indicate the crossing of cycles.

The intersection numbers are calculated using the rules given in [I3] and shown

pictorially in figure

(V23,712) = +1 (4.47)
(723,734) = —1 (4.48)
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N N
Y12 Y12
1 2.

723 V23
D E >
(723,712) =0 (v23,7112) = +1
D E >
723 V23

3 4.
Y34 Y12
' '
(7v23,734) =0 (723,734) = —1

Figure 39. The calculation of intersection numbers of double well cycles
pictorially.

Then the DDP formula becomes

8 Vol = 8" Vo] (148 Vi) (4.49)
8 Vi) = 8" V) (1487 (Vi)™ (4.50)

or using the Stokes automorphism

S [V’Yu} = VW12 (1 + V723)71 (451)
S [V“/34} - V’734 (1 + V’Y23>+1 (452)

These resurgence relations show that the perturbative expansions of the Voros

symbols V,,, and V,,, are related to the non-perturbative expansion of the Voros

V34

symbol V..
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5 Conclusions and outlook

The main goal of this thesis was to learn the basics of resurgent perturbation theory
starting with an introductory approach to asymptotics, continuing to basics of the
resurgence theory and as an application examine the quantum resurgence of the
Airy-type Schroringer equation and the exact quantization conditions arising from
the exact WKB analysis. The Airy equation is a standard example in asymptotics
and it is also great example in resurgence and a important case in exact WKB.

Why resurgence theory? The resurgence theory gives us a tool to make sense of
divergent series and resum them via Borel resummation and makes the theory of
asymptotics more rigorous. The Stoke phenomena is fully encoded in the singularities
of the Borel plane. Furthermore, via resurgence we can generate the non-perturbative
physics from perturbative information. For instance the exact WKB gave us a
method to find the non-perturbative level splitting in the symmetric double well,
which is not possible via standard perturbation theory. More tools in resurgence
which go beyond the scope of this thesis are found using transseries [29] and alien
calculus |20, 21}, 30] and in exact WKB the case of degenerate turning points [22, 31,
32].

Some of the problems and issues encountered in resurgence theory were that
the closure of the algebra of resurgent functions was proved only in cases where
the location of Borel singularities were known a priori. Furthermore the resurgence,
meaning endless continuability, of the WKB wave functions isn’t proved as mentioned
in [19} |22, 24]. However Nikolaev mentions in [24] that a proof could be found. More
practical problems can be found from the fact the full behaviour of the coefficients
of the perturbative expansion is needed to prove asymptocity and the 1-Gevrey class
growth condition.

One of the main difficulties writing this thesis was the mathematical complexity
of resurgence and the theory being scattered mainly in research papers and many
results given without definitive proofs. As such we will end this thesis with a list of
recommended references for a further study resurgence theory. For asymptotics the

book by Bender and Orszag [4] is a great start. Perhaps the most rigorous works are
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done by Sauzin and a great, but mathematically rigorous, introduction is found in
[21]. More friendly introductions which have more details on alien calculus can be
found in |20, 30, 33]. For exact WKB we recommend |19, 25, [32, |34].
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A Asymptotics

A.1 What are asymptotic expansions?

Asymptotic expansions are series expansions that may divergent or convergent.
Examples of asymptotic series were discovered in the early 18th century but the
theory of asymptotic expansions was started by Stieltjes and Poincaré in late 19th
century [16, |35]. The definition given by Poincaré in 1886 was [36]: A divergent
series

A A A,
A0_|_71_|_722_‘_...+7_|_... (A.l)
xr s

./L-TL
where the sum of the first n + 1 terms is S,,, represents asymptotically a function
J(z) if
" (J —Sy) (A.2)

tends to 0 if x grows indefinitely. In fact, if x is sufficiently large, we have

2" (J —S,) <e,
e very small. The error
€
J =5, =—, A3
= (A3)

associated with the function J by taking the first n + 1 terms of the series, is then
extremely small.

In this thesis we will use a little modified definition of asymptotic expansions
than that of originally given by Poincaré. First, we will define notation describing

the relative behaviour of two functions.

Definition A.1. Let z5 € C and f,g : C — C be complex functions, such that
g(z) # 0 in a neighbourhood of zy, except possibly at zy. Then we define the following

relations:

i) Asymptotically bounded: We say that

f(z) =0(g(2)) as z— 2, (A.4)



106

if there exists constants C' > 0 and 6 > 0 such that
|f(2)] < Clg(z)] whenever |z — z| <9,
or equivalently if
‘f(z) is bounded.
9(2)
ii) Asymptotically smaller: We say that
f(z) =olg(2)) as z— 2,

or

f(z)<g(z) as z— z,

if for all € > 0 there is § > 0 such that

|1f(2)| <elg(z)] whenever

Or equivalently if

lim /(z)
=% g(2)

iii) Asymptotic: For f,¢g: R — R we say that

f(x) ~g(z) as

if the relative error between f and g goes to zero as x — x, that is,

=0.

T — Xg,

f(x) = g(x) = o(g(x)) as x— xo,

or equivalently

im M
5 o)

For example we have
a) zsinz =0(z), 2z — 0
b) z=o0(z71), 2—0

c) e +x~e" v — 400

=1.

|z — 20| <9,

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)
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d) 22 <2, 2 =0

e) £~ 0, z — 0. Only the zero function can be asymptotic to zero.

If we have any sequence functions where the next term vanishes faster than the

previous one, we will call it an asymptotic sequence:

Definition A.2 (Asymptotic sequence). A sequence {¢g(2), d1(2), P2(2),...} of
complex functions with a limit point zy € C U {co} is an asymptotic sequence if
there exists neighbourhood U of zy such that ¢, (z) # 0, z € U\ {2} and for all n

z—20 ¢n

= 0. (A.14)

For example the sequence {2"} is an asymptotic sequence for zy = 0 and the

sequence {1/2"} is an asymptotic sequence for zy = 0.

Now we can give the definition of an asymptotic expansion. First we give the
definition for real valued functions of real variable x. There will be two equivalent
definitions. The case for complex valued functions of a complex variable z will be

discussed afterwards.

Definition A.3 (Asymptotic expansion). Let {¢,} be an asymptotic sequence for
x — x. The formal series >, a,¢, is an asymptotic expansion of f(z) to N as

T — xp if for all NV

f(@) = Enp @nn()

xli_)rgo on(2) =0 (A.15)

and we write N
f(@) ~ > andn(z) z— . (A.16)

n=0

From the equation (2.18)) it can be seen that if an asymptotic expansion for a
given asymptotic sequence {¢,} exists, the coefficients a,, are uniquely determined

inductively by

ERRT f(x) - 7]:7;1 an¢n(m>
ay = lim ch(;)

Thus the asymptotic expansion of a function f(x) is unique.

(A.17)
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Although the asymptotic expansion of a function f(z) is unique, the asymptotic
expansion isn’t unique to the function f(z). An asymptotic expansion is asymptotic
to class of functions differing by subdominant, or exponentially small, function. This

can be seen by the following example:

If a function f(x) has an asymptotic expansion f(x) ~ > a,z", x — 0, then the
function g(z) = f(x)+e~/* has the same asymptotic expansion g(z) ~ 3 a,z", x —
0, since e~/ /2" — 0, x — 0, i.e. e Y% =o(z"), x — 0.

Next we will give and prove an equivalent definition of an asymptotic expansion.

Proposition A.4 (Equivalent asymptotic expansion definition). Let {¢,} be an
asymptotic sequence for x — xy. The formal series Y, a,¢, is an asymptotic
expansion of f(x) to N as x — xo if and only if there exists constant Ky > 0 such
that for all N

f(x) - Z angbn(x)

n=0

< Ky [¢n ()] (A.18)

| N-1

Proof. Let f(x) have an asymptotic expansion. Then there exist a neighbourhood of

xo for every € > 0 such that

N-1
‘f(l’) - Z an¢n ‘f + Z an¢n + aNZQSN( )
n=0
) + Z an®n ()| + anon ()|
n=0
< (lan| + ) [¢n]
— Kn |én]. (A.19)

Conversely if the equation (?7) holds then dividing by |¢x_1] and taking the

limit z — xy we get

PN

N-1

f(z) — 7]27;01 AP (T)

< K
ON_1 N

— 0, z — 29 (A.20)

from which we get the equation ([2.18)).
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Remark A.5. i) The Taylor expansion of a function f(x) with a, = f™(zo)/n!
and ¢, (z) = (x — zo)™ fulfills our definition of an asymptotic expansion. Thus

the asymptotic expansion can be a convergent expansion.

ii) On the other hand, the Fourier expansion, which is a convergent expansion, is

not an asymptotic expansion.

iii) The concept of asymptoticity differs from the concept of convergence such that
we are interested in what happens to the partial sum Zé\;o an0n When x — x

compared to when N — oc.

iv) Convergence is a property of the expansion coefficients and convergence can

be proved without knowing the function the expansion converges.

v) Asymptoticity is a relative property of the expansion coefficients and the
function which the expansion is asymptotic to. Asymptoticity of an expansion

doesn’t mean anything without knowing the function it is asymptotic to.

Asymptotic expansions on the complex plane

Why do we need a different definition in the complex plane? Let’s take a look at
the behaviour of the function sinh(1/z) = 3(e'/* — e7'/%) when z — 0. If z € [0, 00),
then we can approach 0 only along one path z — 0Tand our definition 7?7 gives the

following asymptotic relation:
: 1 1/z +
sinh(1/z) ~ 3¢ as z—0". (A.21)

Now, on the other hand, if 2 € C then z — 0 means that z can approach 0 along all
possible paths in the complex plane - even if our starting point is on the positive
real axis. So for the four paths z =t, 2 = —t, z =it and z = —it with t € [0,00)

our definition gives the following asymptotic relations:

1
sinh(1/z) ~ 561/2' as z—0, z=1 (A.22)
1
sinh(1/z) ~ —56_1/2 as z—0, z=—t (A.23)
1
sinh(1/z) ~ —isin (t) as z—0, z =it (A.24)

1
sinh(1/z) ~ isin (t) as z—0, z =it (A.25)
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This means that the our function sinh(1/z) doesn’t have a unique asymptotic behav-

ior in the complex plane as z — 0.

To make the asymptotic relation unique in the complex plane, we have to restrict
the paths along which z — 2 to a sector of validity D(6;,6s), as shown in the figure
[T, where the angles 6; and 6, depend on the functions that are asymptotic.

Definition A.6 (Asymptotic relation in the complex plane). Let z; € C and
f,g : C — C be complex functions, such that g(z) # 0 in a neighbourhood of z,
except possibly at zy. Then we say that

f(z) ~g(z) as z— z, (A.26)

if
f(z) = g(2) = 0(g(2)) as 2= z, (A.27)

such that z — zy along paths that lie in the sector of validity D(6;, 02) that depend

on the functions f and g. An example is shown in figure [I]

D(917 92)

Re
>

Figure 40. The sector of validity D(0y, 65), between angles 0; and 65, where
the asymptotic relation is valid. The paths along which z — 2y must lie in this
region.

For our example of sinh(1/z) the asymptotic relations in the equations (A.22))-



111

(A.25) are valid in the regions |argz| < w/2, 7/2 < argz < 37/2, argz =

/2, argz = —7/2 respectively and the relations are unique in these regions.

Now we are ready to define of the asymptotic expansions in the complex plane:

Definition A.7 (Asymptotic expansion in the complex plane). Let f: C — C be a
comlex function and {¢,} be an asymptotic sequence for z — z5. The formal series
>, Gn®p is an asymptotic expansion of f(z) to N as z — z in the sector of validity
D(01,0,), as shown in figure , if and only if there exists constant Ky > 0 such that

for all N
N-1

f(2) = D2 andn(2)| < Ky [én(2)]- (A.28)

n=0
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B Singularities, branches, branch cuts and branch

points of functions

B.1 Singularities

Definition B.1 (Singular point of a holomorphic function). Let f : U — C be
holomorphic in the open set U C C. We say that a boundary point w € 9U is a
singular point of f if there doesn’t exist a open neighbourhood V' of w, a function g

holomorphic in V' and a open subset U’ C U such that w € 9U’ and

Jiorav = goav. (B.1)

We can further classify singularities into isolated and non-isolated singularities

and branch points (section |B.4)).

Definition B.2 (Isolated singularity). A point zo € C is an isolated singularity of a

function f if f is analytic in the punctured disk B*(zq,r) for some r > 0.

Definition B.3 (Non-isolated singularity). A point zy € C is a non-isolated sin-
gularity of a function f if zy is a singularity of f and for every r > 0 there exists
another singularity of f in the disk B*(zo,r). zo is an accumulation point of isolated

singularities

Definition B.4 (Types of isolated singularities). Let zy € C be an isolated singularity

of a function f. 2 is

(i) a removable singularity if there exists a function g analytic on B(z,r) and
g(z) = f(2) for every z € B*(z,r).

Or if a,, = 0 when n < 0 in the Laurent series expansion of f

(ii) @ pole of f if there exists a function g analytic on. B(z,r), g(20) # 0 and
n € N such that f(z) 92 _ for all z € B*(z,r). The order of the pole is

= (2—20)™
min {n € N: f(2) = 22},

Or if a,, # 0 for finitely many n < 0 in the Laurent series expansion.
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(iii) an essential singularity if it is neither a removable singularity nor a pole.

Or if a,, # 0 for infinitely many n < 0 in the Laurent series expansion.

Example B.5. i) The point z = 0 is a removable singularity of the function

f(z) = =22 since

Sinz_ _1 1, 1 .
— =% (93—3!2 +az +--- (B.2)
=1 Lo la B.3

ii) The point ( = w is a third order pole of

1

—_— B.4
=y 4

iii) The point z = 0 is an essential singularity of the function
fz) =e"? (B.5)

since it is neither a pole or a removable singularity.

B.2 Branches of functions

Let f : U — C be holomorphic in the open set U C C. If f is not injective, it doesn’t
have an inverse, that is, there doesn’t exist a function g such that f(g(z)) = 2z Vz € U.
An example of such function is the complex exponential function for which the familiar
inverse, the logarithm, isn’t well-defined on C. But if we were to define the logarithm
on a open connected set D such that the exponential function becomes injective, the
complex logarithm becomes well defined. A way to do such a restriction is to define
Das D={ze€C:arg(z) € (0,0 + 2kn], k € R}. Then exp(log(z)) = z, Vz € D.
Noticing that the chosen domain D is not unique (in fact there are uncountable many
choices), we’ll call the complex logarithm defined on D a branch of the logarithm.

This leads to the following definition

Definition B.6 (Branch of a (inverse) function). Let f : U — C be holomorphic
in the open set U C C and D C f(U) be a domain (open and connected). Then a
function g : D — U is a branch of the inverse function f~! if g is continuous on D
and f(g(z)) =z forall z € D
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B.3 Branch cuts

Let f(z) = arg(z), that is, the argument of a complex number. Since the complex
exponential is 27i-periodic any complex number z has multiple different representa-

targz Tp order to have only a single representation of z a

tions in polar form, z = re
common solution is to limit the range of arg z to an interval (6 — 27,6|. But as a

consequence, this makes the function arg 2 discontinuous along the line ¢?[0, 00):

Let § = 7, so argz € (—m,7]. Let z be in the negative real axis, z = —x and
let’s try to approach z along a line parallel to the imaginary axis. Now
lim (arg(—x +ig) —arg(—x — ze)) =7m1—(—m) = 21 #0. (B.6)
e—0
Thus the argument function is not continuous at any point on the negative real axis.

This line of discontinuity is called a branch cut of the function, and we will define it

as follows:

Definition B.7 (Branch cut). A branch cut of a holomorphic multi-valued function
is a curve in the complex plane across which the function is discontinuous. Most
commonly the the branch cut is chosen along the negative real axis and choosing
this branch as a principal branch of the function but the branch cut doesn’t need to

be a straight line.

Equivalently we can say that a branch cut for a multivalued-function f is a curve
in the plane on whose complement we can pick a holomorphic branch of f. Thus a

branch cut must contain all the branch points

Example B.8. i) The square root function y/z and the logarithm log z can have
a branch cut along any direction but the usual choice is the negative real axis

and this is called the principal branch.

ii) The function v/1 — 22 has a branch cut [—1,1].
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B.4 Branch points

Definition B.9 (Branch point). The following are equivalent definitions:

i) A branch point of a multi-valued function f is a point z such that there doesn’t
exist an open neighbourhood U of z on which the function f has a single-valued

branch.

ii) A branch point of a multi-valued function f is a point z such that if the function
f is m-valued at that point, all of its neighbourhoods contain a point at which

the function has more than n—values.

iii) A point z is a branch point of a function f if analytically continuing f along a

closed path around the point z leads to a different function.
Let’s illustrate these definitions with an examples

Example B.10. i) Let f(z) = /2. Then z = 0 is a branch point of f: The
square root function is single-valued at the origin, f(0) = 0. But if we take
a neighbourhood of 0, B(0,¢), then for any w € B(0,¢), Vw = /re?/? =
Vet = Jreis (—1)" n € N. Thus /Z is two-valued at any w € C \ {0}.

On the other hand if we analytically continue /z along a circle path around
2 = 0 starting at z = 1, that is arg z goes from 0 to 27, we get /1 =1 # —1 =

. .2
e =7 =+/1.

ii) Let f(z) = log z. Taking any branch of the logarithm argz € (6, § + 2x], all
the neighbourhoods of z = 0 contain a point on the branch cut and therefore

we can’t define single-valued branch of f.

1/k

iii) Let f(z) =™~

since analytic continuation around the origin yields a different function.

. z = 0 is an essential singularity of f and a branch point

If we compare the to examples above, we notice that in the case of the square
root that going around the origin twice gets us to the same function we started
with and with the exponential going around k times gives original function. But

with the logarithm we won’t ever get to the same function. This leads us to think
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that there are different types of branch points. Indeed, there are three different
classes of branch points, algebraic, transcendental and logarithmic branch points.
The branch point of a square root is algebraic, of the logarithm logarithmic and of
the exponential transcendental. The transcendental branch point differs from the

algebraic because it is also an essential singularity.
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C Riemann surfaces

C.1 What are Riemann surfaces?

Let’s consider the complex square root function f(z) = /2. The point z can

9 Because of the periodicity of the complex

be written in polar form as z = re’
exponential function the same point can also be written as z = re®*?™ for any

m € Z. Now taking the square root of z we get

Vz= \/7_”61% and /2 = \/Fei%“”'m’

That is, the square root is multi-valued and therefore not well-defined. This issue
lead to the definition of branches of inverse functions.

Another way to make the square root a well-defined function is to replace the
complex plane with a new domain which consists of two copies of the complex plane
"glued together", such that, e and e®+2™™ are now different points on this new
domain. This new domain is called the Riemann surface (of the square root) and the
two copies are called sheets of the Riemann surface. Now on the Riemann surface,

the square root function is single-valued.

C.2 Examples of Riemann surfaces

i) the simplest Riemann surface is the complex plane C

ii) Riemann sphere: compactification of the complex plane C U {oo}. The point

oo can be considered as the north pole of the Riemann sphere
iii) square root: Two sheeted Riemann surface
iv) logarithm: Infinite sheeted Riemann surface

v) torus: The Riemann surface of the double well, V = (¢* — 1)? is a torus since

p*(z) — (E —V(z)) =0 is a genus g = 1 elliptic curve.
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C.3 Abstract Riemann surfaces

Riemann surfaces are two dimensional manifolds with an additional complex structure:

Let X be a two-dimensional manifold (a space that locally looks like the Euclidean
space R?). A complex chart on X is the pair (¢,U), where the coordinate map
¢ : U C X — V C Cis a homeomorphism and |J; U; is a covering of X. Two
complex charts are (¢;, U;) are holomorphically compatible if the transition map
¢j 0 ¢t ¢;(Ui NU;) — ¢;(U; N Uj) is biholomorphic. A complex atlas is the
collection of all holomorphically compatible charts, {(¢;,U;) : X € U; U;}. Two
complex atlases are called analytically equivalent if every chart of the two atlases are
holomorphically compatible with each other. Finally, a complex structure on X is

the equivalence class of analytically equivalent atlases.

Definition C.1 (Riemann surface). A Riemann surface is the pair (X,%), where X

is a connected two-dimensional manifold and ¥ is a complex structure on X.

For more details about abstract Riemann surfaces can be found in [37].

C.4 Riemann surface as a universal covering

Consider the possibly infinite discrete set subset I' C C. Then we can define a
Riemann surface as a universal covering of C \ I'. Consider the set P of all paths
starting from the origin and lying in C \ I' and define an equivalence relation ~ on
‘P as homotopy with fixed endpoints: v ~ 74 if and only if there exist a continuous
function H : [0,1] x [0,1] — C\ I" such that

H(t,0) = (t),  H(t,1) =~(t) (C.1)
H(Oa‘S) = '70(0)7 H(lvs) = 70(1) (CZ)

Then the Riemann surface R is defined as the set of all equivalence classes
R =P/~ (C.3)
with the covering map

7T:R—>C\T (C.4)
m(¢) =~(1) (C.5)
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where 7 € P is a representative of the equivalence class ( = [y] and the complex

structure is the complex structure of C \ I" pulled back by .
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D Double well action integral

In the double well potential V' (¢) = (¢* — 1)? the action in integral is

Sy, =1¢ dup(u) = z]{ du/E — (u? —1)? (D.1)

g12 g12

Expanding the the square root in powers of F it can written as

E—(u?-1)?2=i(u*-1) <1_(U2£21)>

iy (—1)"T'(3/2) )
- Zn;o D32 — m)(u2 — 1212 (D.2)

Then the action integral is

_ o (EDTE/2) L, 1
Syp =1 2 LiT(3/2 - n)E %zm du (a2 = 1y (D.3)

The integrand can be written as

1 1
(2 — 1)1 (y+ 1)2n1(y — 1)1 (D.4)

and since u = —1 is between the turning points = —/1 £+/E it is a (2n — 1)th

order pole for n > 1. Letting m = 2n — 1 the residue at u = —1 is
1 ) dm—l .
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and where the derivatives are

(-1
= ;Z;i (—m(u — 1)_m_1>

s (- 1PmOm 4 1) 1))

dm—m

= o (D)™t 1) (ot (m = 2)) (= 1))

= (=)™ 'm(m+ 1) (2m — 1) (u — 1)72 !

(D.6)
Using the formula
I'(z+n)
" = 1)(+2)- - ~1)= D.
o) = afa £ 1)(42) (@t 1) = L (D.7)
the residue is
1 . (=D)™1r@2m —1)
—-1)= 1
Restfs = 1) = G =l Ty (u = Dy
['(4n — 3)
pr— D.
['(2n — 1)2(—2)4n—3 (D-8)
and the action integral becomes
_ Z —1)"T'(3/2) —2mil'(4n — 3)
e nl'(3/2 — n) ( n—1)2(—2)4n=3
, s (=)™ T (4n + 1) E"H!
= 2mil’(3/2
mil(3/ )nZ::o (n+ 1IT(1/2 — n)I'(2n + 1)2(—2)4n+!
_ 2mil'(3/2)E i": (=1)"T'(4n+ 1)E™
B 2 = (n+1)IT(1/2 —n)T(2n + 1)224n
(D.9)
Using the Gauss multiplication formula
n—1 1 . 1
[I T+ k/n) = (27)2" Dn2 T (nz) (D.10)

k=0



we have
T(4n + 1) = 4n(27) 324120 (n)D(n + 1/4)0(n + 1/2)T(n + 3/4)

and
(20 + 1) = 2n(27)~ Y222 20 (n)D(n + 1/2)

s
sinmz

and using the Euler reflection formula I'(2)I'(1 — 2) =

(—1)"T(n + 1/2)

['(1/2—n)=

Then the action integral becomes

(-1)"T'(4n+ 1)E™

T 1)IT(1/2 — n)T(2n + 1720
o Fn+1/4) (n+3/4) g
—m—EZ V213/20)T (n 4 2) .

B F(1/rG/) 13

“os ot D <4’4’2’ E)

where 5F} is hypergeometric function

S, = mil'(3/2) EZ

I'(e) & T(n+a)l(n+b)
I'(a)T'(b) Z:% n!'(n + c)

n

n

QFl(Cl,b,C;Z) =

Finally using I'(1/4)T'(3/4) = /27 we get

B 13
8712: 9 2F1 <4 4727E>
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(D.11)

(D.12)

(D.13)

(D.14)

(D.15)

(D.16)
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