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Abstract

We introduce an efficient first-order primal-dual method for the solution of nonsmooth
PDE-constrained optimization problems. We achieve this efficiency through not solv-
ing the PDE or its linearisation on each iteration of the optimization method. Instead,
we run the method interwoven with a simple conventional linear system solver (Jacobi,
Gauss—Seidel, conjugate gradients), always taking only one step of the linear system
solver for each step of the optimization method. The control parameter is updated on
each iteration as determined by the optimization method. We prove linear convergence
under a second-order growth condition, and numerically demonstrate the performance
on a variety of PDEs related to inverse problems involving boundary measurements.

Keywords Primal-dual - nonsmooth - PDE-constrained - Splitting - Jacobi -
Gauss—Seidel

1 Introduction

Our objective is to develop efficient first-order algorithms for the solution of PDE-
constrained optimization problems of the type

min F(x) + Q(u) + G(Kx) subjectto B(u,w;x)=Lw forall w,
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where K is a linear operator and the functions F', G, and Q are convex but the first two
possibly nonsmooth. The functionals B and L model a partial differential equation in
weak form, parametrised by x; for example, B(u, w; x) = (Vu, xVw).

Semismooth Newton methods [28, 30] are conventionally used for such problems
when a suitable reformulation exists [19-21, 34, 35]. Reformulations may not always
be available, or yield effective algorithms. The solution of large linear systems may
also pose scaling challenges. Therefore, first-order methods for PDE-constrained opti-
mization have been proposed [6-8, 27] based on the primal-dual proximal splitting
(PDPS) of [5]. The original version applies to convex problems of the form

min F(x) + G(K x). 1

The primal-dual expansion permits efficient treatment of G o K for nonsmooth G.
In [6-8, 27] K may be nonlinear, such as the solution operator of a nonlinear PDE.

However, first-order methods generally require a very large number of iterations to
exhibit convergence. If the iterations are cheap, they can, nevertheless, achieve good
performance. If the iterations are expensive, such as when a PDE needs to be solved
on each step, their performance can be poor. Therefore, especially in inverse problems
research, Gauss—Newton -type approaches are common for (1) with nonlinear K; see,
e.g., [10, 22, 39]. They are easy: first linearise K, then apply a convex optimization
method or, in simplest cases, a linear system solver. Repeat. Even when a first-order
method is used for the subproblem, Gauss—Newton methods can be significantly faster
than full first-order methods [22] if they converge at all [36]. This stems from the
following and only practical difference between the PDPS for nonlinear K and Gauss—
Newton applied to (1) with PDPS for the inner problems: the former re-linearizes
and factors K on each PDPS iteration, the latter only on each outer Gauss—Newton
iteration.

In this work, we avoid forming and factorizing the PDE solution operators altogether
by running an iterative solver for the constantly adapting PDE simultaneously with the
optimization method. This may be compared to the approach to bilevel optimization
in [32]. We concentrate on the simple Jacobi and Gauss—Seidel splitting methods for
the PDE, while the optimization method is based on the PDPS, as we describe in
Sect. 2. We prove convergence in Sect. 3 using the testing approach introduced in [37]
and further elucidated in [9]. We explain how standard splittings and PDEs fit into the
framework in Sect.4, and finish with numerical experiments in Sect.5.

Pseudo-time-stepping one-shot methods have been introduced in [33] and further
studied, among others, in [2, 13-17, 24, 31]. A “one-shot” approach, as opposed to an
“all-at-once” approach, solves the PDE constraints on each step, instead of considering
them part of a unified system of optimality conditions. The aforementioned works solve
these constraints inexactly through “pseudo-"time-stepping. This corresponds to the
trivial split Ay = (Ax — Id) + Id where A, is such that (A u, w) = B(u, w; x). We
will, instead, apply Jacobi, Gauss—Seidel or even (quasi-)conjugate gradient splitting
on A,.In[2, 13] Jacobi and Gauss—Seidel updates are used for the control variable, but
not for the PDEs. The authors of [17] come closest to introducing non-trivial splitting
of the PDEs via Hessian approximation. However, they and the other aforementioned
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works generally restrict themselves to smooth problems and employ gradient descent,
Newton-type methods, or sequential quadratic programming (SQP) for the control
variable x. Our focus is on nonsmooth problems involving, in particular, total variation
regularization G(Kx) = ||Vx]||;.

Notation and basic results

Let X be a normed space. We write ( - | - ) for the dual product and, in a Hilbert space,
(+, +) for the inner product. The order of the arguments in the dual product is not
important when the action is obvious from context. For X a Hilbert space, we denote
by Iny : X < X* the canonical injection, (Iny x|X) = (x, X) for all x, X € X.

We write L(X; Y) for the space of bounded linear operators between X and Y. We
write Idy = Id € IL(X; X) for the identity operator on X. If M € L(X; X*) is non-
negative and self-adjoint, i.e., (Mx|y) = (x|My) and (x|Mx) > O forall x,y € X,
we define ||x||p:=+/{x[Mx). Then the three-point identity holds:

1 1 1
(M(x—y)|x—z) = 5||x—y||%4—5||y—z||%4+§||x—z||%v, forall x,y,z € X. (2)

We extensively use the vector Young’s inequality

1 2, 4 2 *
(xly)SZIIXIIXJrEIIyIIx* (xeX,yeX", a>0). (3)

These expressions hold in Hilbert spaces also with the inner product in place of the
dual product. We write M* for the inner product adjoint of M, and M* for the dual
product adjoint.

We write dom F for the effective domain, and F* for the Fenchel conjugate of
F : X — R:=[—00, 00]. We write F'(x) € X* for the Fréchet derivative at x when it
exists, and, if X is a Hilbert space, V F(x) € X for its Riesz presentation. For convex
F on a Hilbert space X, we write d F(x) C X for the subdifferential at x € X (or,
more precisely, the corresponding set of Riesz representations, but aside from a single
proof in Appendix A, we will not be needing subderivatives as elements of X*). We
then define the proximal map

1
prox - (x):=(Id +9 F) " (x) = argmin {F()E) + §||;z — x||§(} , x€eX.

xeX

We denote the {0, co}-valued indicator function of a set A by §4.

We occasionally apply operations on x € X to all elements of sets A C X, writing
(x + Alz):={{x +al|z) | a € A}. For B C R, we write B > cif b > c forall b € B.

On a Lipschitz domain 2 C R", we write traceyq € L(H'(Q); L2(dS)) for the
trace operator on the boundary 9.

We list various symbols introduced and used throughout the manuscript in a table
in Appendix B.
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2 Problem and proposed algorithm

We start by introducing in detail the type of problem we are trying to solve. We then
rewrite in Sect.2.1 its optimality conditions in a form suitable for developing our
proposed method in Sect. 2.3. Before this we recall the structure and derivation of the
basic PDPS in Sect.2.2.

2.1 Problem description
Our objective is to solve

min J (x):=F (x) + Q(S(x)) + G(Kx), )

where F : X — R G:Y — R and Q : U — R are convex, proper, and lower
semicontinuous on Hilbert spaces X, U, and Y with Q Fréchet differentiable. We
assume K € L(X; Y) while S : X > x — u € U is a solution operator of the weak
PDE

Bu,w;x)=Lw forall weW. )

Here L e U*and B : U x W x X — R is continuous, and affine-linear-affine in its
three arguments. The space W is Hilbert, possibly distinct from U to model nonho-
mogeneous boundary conditions. For this initial development, we will tacitly assume
unique S(x) and VS(x) to exist for all x € dom F, but later on in the manuscript, do
not directly impose this restriction, or use S.

Example 2.1 (A linear PDE) On a Lipschitz domain 2 C R”, consider the PDE

V.-Vu=x,on,
u=4g, on 9€2.

For the weak form (5) we can take the spaces U = H!(Q), W = H}(Q) x H'?(3Q),
and X = L?(Q). Writing w = (wq, wy), we then set

B(u, w; x) = (Vu, Vwg)12q) — (X, we)12(q) + (traceso u, wy)25q)

and Lw:=(g, wy)2(50)-

Example 2.2 (A nonlinear PDE) On a Lipschitz domain  C R”, consider the PDE

V. (xVu) =0, on Q,
u=g, on 0%2.

For the weak form (5) we can take the spaces U C HY(Q), W c HO1 () x
H'23%), and X C L*(S), such that at least one of these subspaces ensures the
corresponding x, Vu, or Vw to be in the relevant L°° space. This, in practise, requires
one of the subspaces to be finite-dimensional, or X to be H*(2) for k > n/2, such
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that the boundedness of € and Sobolev’s inequalities provide the L° bound. The
latter is an option in infinite-dimensional theory, but in finite-dimensional realisations,
it is desirable to use a standard 2-norm in X, as proximal operators and gradient
steps with respect to H¥-norms (for k > 0) are computationally expensive. Writing
w = (wg, wy), we then set

B(u, w; x) = (xVu, Vwg) 12q) + (raceyq u, wy) 1250y and Lw:=(g, wy)2yq)-

To ensure the coercivity of B( -, - ; x), and hence the existence of unique solutions to
(5), we will further need to restrict x through dom F'.

We require the sum and chain rules for convex subdifferentials to holdon F+GoK.
This is the case when

there exists an x € dom(G o K) Ndom F with Kx € int(dom G). (6)

We refer to [9] for basic results and concepts of infinite-dimensional convex anal-
ysis. Then by the Fréchet differentiability of Q and the compatibility of limiting
(Mordukhovich) subdifferentials (denoted d,7) with Fréchet derivatives and convex
subdifferentials [9, 29],

Ay (x) = AF (x) + VS(X)*VO(S(x)) + K*dG(K x).

Therefore, the Fermat principle for limiting subdifferentials and simple rearrange-
ments (see [6, 36] or [9, Chapter 15]) establish for (4) in terms of (i, w, x,y) €
U x W x X x Y the necessary first-order optimality condition

u=S(x),
—VSX)*VQ(@u) — K*y € 3F (%), (N
Kx € 4G*(9).
We recall that G* : ¥ — R is the Fenchel conjugate of G.
The term V S (x)*V Q (u) involves the solution u to the original PDE and the solution

w to an adjoint PDE. We derive it from a primal-dual reformulation of (4). To do this,
we first observe that since B is affine in x, it can be decomposed as

B(u, w; x) = By (u, w; x) + Beonst (1, w), 8)

where, By : U x W x X — R is affine-linear-linear, and Beopst : U x W — R

is affine-linear. Indeed Bcongt (1, w) = B(u, w; 0), and By(u, w; x) = B(u, w; x) —

B(u, w; 0). We then introduce the Riesz representation V, B (i, w) of By (u, w; +) €
X*. Thus

(VieB(u, w), x)x = Be(u,w; x) forallue U, we W, x € X. &)

We have V. B(u, w; x) = V., B(u, w) € X forall x € X.
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Clearly, also, B, is an abbreviation for (u, w; x) — D, B(u, w, 0)(x), where, just
here, we write D, for the Fréchet derivative with respect to x. Likewise we write
B, to abbreviate (1, w; x) - D, B(0, w, x)(u), and By, to abbreviate (u, w; x) —
D, B, (0, w, x)(u). If B is linear in u, then B, = B; and if B is linear in both # and x,
then By, = B.

We may now write (4) as'

r)rclib?ngx Fx)+ Q)+ B(u,w; x) — Lw+ G(Kx) (10)
or

minmax F(x) + Q(u) + B(u, w; x) — Lw + (Kx, y)y — G*(y). (11)

XU w,y

In terms of (i, w,x,y) € U x W x X x Y, subject to a qualification condition,
this problem has the necessary first-order optimality conditions

B(u,w;x)=Lw forall we W,
B,(i,w;x) = -0 (Wi forall ueU,
—V,B(ii, w) — K*y € 9F (%),
KX € 3G*()).

12)

This is our principal form of optimality conditions for (4).

It is easy to see that (12) are necessary for (i, w, x, y) to be a saddle point of
(11). The next theorem shows, subject to qualification conditions, that (12) are also
necessary for a solution to (11) (which may not be a saddle point in the non-convex-
concave setting). Note that w € W is inconsequential in (11). If one choice forms a
part of a solution of the problem, so does any other (or else the problem has no solution
at all). However, w solving (12) is more precisely determined.

Theorem 2.3 Suppose (i1, w,x,y) € U x W x X x Y solve (11). If, moreover,
intdom[F + G o K] # @, and, for some ¢ > 0,

sup  By(u,w; hy) + By(hy, w; X) > cllw|| forall we W and

Il (h ) =1
(13a)
B,(ii,w; x) =0forallu — B, (u,w;x) =0 forall x € dom(F 4+ G o K),
(13b)

then (12) holds for some w € W.

L If the PDE (5) does not have a solution u for any x € dom F N dom(G o K), the inner “max” will be
infinite, not reached, and technically, therefore, a “sup”. In this case also (4) has no solution. If (4) has
a solution, there must exist some (x, u) for which (any) w reaches the “max”. Likewise, y reaching the
corresponding “max” exists for any x € dom(G o K) by basic properties of Fenchel conjugates of convex,
proper, lower semicontinuous functions.
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After an affine shift and restriction of x to a subspace, the condition int dom[F + G o
K] # () can always be relaxed to the corresponding relative interior being non-empty.
Since the proof of Theorem 2.3 is long and depends on techniques not needed in our
main line of work, we relegate it to Appendix A.

Example 2.4 1f W = U, taking h,, = w/||w| and h, = 0, we see that the qualification
conditions (13) hold when B, (-, +; X) is coercive. Similarly, also when W # U,
if the weak coercivity conditions of the BabuSka—Lax—Milgram theorem hold for
(w, hy) — By, (h,, w; x), then so do (13).

The second line of (12) is the adjoint PDE, needed for VS(x)*V Q (i) in (7):

Corollary 2.5 Suppose (13) hold for x = x € X, some w € W, and i = u a unique
solution to (5). Then the solution operator S of (5) satisfies for all z € U that

w solves the weak adjoint PDE:

VS(x)*'z = Vi B(u, w) where u = S(x) and { Bu(ii, w; x) = —(z, @) forallii € U.

Proof Take F = 0, K = 1d, G = 8y}, and Q@ = (z, +)y. Then any solution
(u, w,x,y) to (11) has x = x. Since G*(y) = (x, y), any choice of y and w solve
(11). Therefore, Theorem 2.3 applied to the problem we just constructed shows that

Bu(ii,w;x) = —(z, @)y foralli e U and — V,B(u,w)—y=0.

On the other hand, (7) reduces to some y satisfying —VS(x)*z — y = 0. Comparing
these two expressions, we obtain the claim. O

2.2 Primal-dual proximal splitting: a recap

The primal-dual proximal splitting (PDPS) for (1) is based on the optimality conditions

(14)

—K*y € 9F (%),
Ki € 3G* ().

These are just the last two lines of (12) without V, B. Asderivedin[9, 18, 37], the basic
(unaccelerated) PDPS solves (14) by iteratively solving for each k € N the system

{ 0 € tdF (XMl 4 rK*yk 4 Xk — ik as)

0e O,aG*(yk+]) _UK[xk+] +a)(xk+1 _xk)] +yk+] _ yk,

where the primal and dual step length parameters v, 0 > 0 satisfy to || K| < 1, and
the over-relaxation parameter w = 1. We can write (15) in explicit form as

k= proxTF(xk — rK*yk),
Y= prox,, g« (yk + o KM + ok — xk)]).
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2.3 Algorithm derivation

The derivation of the PDPS and the optimality conditions (12) suggest to solve (12)
by iteratively solving

B, i xby =L,
By (-, whixh) = Q'@
0e tkaF(karl) + TkﬁxB(ulFi’l’ warl) + TK*yk +xk+1 _ xk
0 € 0k 10G* (V) — o KX 4 o R — by yF T =k,
(16
We have made the step length and over-relaxation parameters iteration-dependent
or acceleration purposes. The indexing t; and oy is off-by-one to maintain the
f 1 purp The indexing d oy ff-by h
symmetric update rules from [5].

The method in (16) still requires exact solution of the PDEs. For some splitting
operators I'y, Yi : U x W x X — R, we therefore transform the first two lines into

Bt i xF) =Tl =k ixf) =L and (172)

By (- wha®) = Yp(e T —whiaf) = — /M. (17b)

Example 2.6 (Splitting) Let B(u, w; x) = (Ayu, w) for symmetric A, € R"*" on
U =W = R" Take I't(u, w; x) = ([Ax — NyJu, w) and Yy = Ty for easily
invertible N, € R™", With L = (b, -), b € R" and M,:=A,x — Ny, (17) now reads

Nt =b — Mu* and Naw ' = —vo@rth) — Mawk. (18)

For Jacobi splitting we take N« as the diagonal part of A, and for Gauss—Seidel
splitting as the lower triangle including the diagonal. We study these choices further
in Sect.4.2.

Let us introduce the general notation v = (u, w, x, y) as well as the step length
operators T, e L(U* x W* x X x Y; U* x W* x X xY),

Tj:=diag (Idy= Idw+ 7 Idx g1 Idy), (19)
the set-valued operators Hy : U x W x X x Y = U* x W* x X x Y,
B(u, «;x%) — Tp(u —uk, -5 x5 — L
By, wy xF) = (e, w — wks k) + 0'(w)

AF (x) + Vi B(u, w) + K*y ’
0G*(y) — Kx

Hy(v):= (20)

and the preconditioning operators My e L(U x W x X x Y; U* x W* x X x Y),

My:= diag (o 0 ( ldx _”‘K*». Q1)

—wio+1K  1dy
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Algorithm 2.1 Primal dual splitting with parallel adaptive PDE solves (PDPAP)

Require: F : X — R, G* : Y — R, Fréchet-differentiable Q : U — R; K € L(X;Y), L € U*;
and B : U x W x X — R, bilinear in the first two variables, affine in the third, all on Hilbert spaces
X, Y, U, and W. Riesz representation Vi B(u, w) of By (u,w; +); see (9). For all k € N, splittings
Ik, Yk : U x W x X — R and step length and over-relaxation parameters ti, ox41, wx > 0; see
Theorem 3.10 or 3.11.

1: Pick an initial iterate (uo, wO,xO, yo) ceUxWxXxY.

2: for k € N do

Solve u*¥t! € U from the split weak PDE

(5]

B(uk+1, w; xk) — l"k(uk"'1 — uk, w; xk) =Lw forall weW.
4:  Solve wkt1 ¢ W from the split weak adjoint PDE

By (i, w36y — @@, wh ! — wk XKy = —0’@wFt Y forall e U.

5 kL= prokaF(xk — Ve Bkt whtly — ka*yk)
6: ik+1::xk+l +a)k(xk+1 —)Ck

7 yk'H:: ProXg, . G* (yk + ak+1K)?k+l)

8: end for

The implicit form of our proposed algorithm for the solution of (4) is then
0 € TiH W) + M (0F T — %), (22)

Writing out (22) in terms of explicit proximal maps, we obtain Algorithm 2.1.

3 Convergence

We now treat the convergence of Algorithm 2.1. Following [9, 37] we “test” its implicit
form (22) by applying on both sides the linear functional (Z; - [v**! — ). Here Z; is a
convergence rate encoding “testing operator” (Sect. 3.2). A simple argument involving
the three-point identity (2) and a growth estimate for H then yields in Sect. 3.3 a Féjer-
type monotonicity estimate in terms of iteration-dependent norms. This establishes in
Sect. 3.4 global convergence subject to a growth condition. We start with assumptions.

3.1 The main assumptions

We start with our main structural assumption. Further central conditions related to the
PDE constraint will follow in Assumption 3.3, and through its verification for specific
linear system solvers in Sect.4.2.

Assumption 3.1 (Structure) On Hilbert spaces X, Y, U, and W, we are given convex,
proper, and lower semicontinuous F : X — R, G*:Y — R, and Q0 : U — R with
Q Fréchet differentiable, aswellas K e L(X; Y),Le U*,and B: UxW x X - R
affine-linear-affine. We assume:

@ Springer



B. Jensen, T. Valkonen

(1) F and G are (strongly) convex with factors yr, yg+ > 0. With K they satisfy the
condition (6) for the subdifferential sum and chain rules to be exact.

(i1) Forall x € dom F, there exist solutions (#, w) € U x W tothe PDE B(u, -; x) =
L and the adjoint PDE B, (-, w; x) = —Q'(u).

We then fix a solution v = (u, w, x,y) € U x W x X x Y to (12) and assume that:

(iii) For some 8(i1), S(w) > 0, for all (u, w) € U x W and x € dom F, we have

By (u, w; x — X) = S)|lullyllx — xllx and
By(u, w;x —x) = vS@lwlwllx — xllx.

(iv) For some C, > 0, for all (u, w) € U x W and x € dom F we have the bound
By (u, w; x —x) < Cyllullylwllw.

Remark 3.2 Part (i) is easy to check. In general, (iv) requires dom F to be bounded
with respect to an co-norm with By (u, w, x) < Clluly||w|w|x|/co for some C > 0.
Then Cy = sup,cqom r Cllxlloo. If By is independent of u, i.e., for linear PDEs, both
Cy = 0 and S(w) = 0, while §(«) is a constant independent of . We study (ii)—(iv)
further in Sect.4.1.

The next assumption encodes our conditions on the PDE splittings.

Assumption 3.3 (Splitting) Let Assumption 3.1 hold. For k € N, for which this
assumption is to hold, we are given splitting operators I'y, Y : U x W x X — R and
vk = (uk, wk, xk, yk) e U x W x X x Y such that:

(i) Tk is linear in the second argument, Y} in the first.
(ii) There exist solutions u**! and w**! to the split equations (17).
(iii) For some yp > 0 and Cg, 7y, my > 0, we have
1 =2 -2
)3 — mllx* = %)% and
k+1

lu* = aly = yplu
lw =Bl = yplw ™ =l — Collu*™ —allf — mulx* %1%

We verify the assumption for standard splittings in Sect.4.2. The verification will
introduce the assumption that Q" be Lipschitz. The Lipschitz factor then appears in
Cy, justifying the Q-subscript notation. Generally 7, and 7, model the x-sensitivity
of B and B,,. For linear PDEs, such as Example 2.1, B, does not depend on x. In that
case most iterative solvers for the adjoint PDE would also be independent of x and
have m,, = 0. The factor yp relates to the contractivity of the iterative solver.

The next, final, assumption introduces testing parameters that encode convergence
rates and restrict the step length parameters in the standard primal-dual component of
our method. It has no difference to the treatment of the PDPS in [9, 37]. Dependent
on whether both, one, or none of yg > 0 and yg+ > 0, the parameters can be chosen
to yield varying modes and rates of convergence.

@ Springer



A nonsmooth primal-dual...

Assumption 3.4 (Primal-dual parameters) Let Assumption 3.1 hold. For all k € N,
the testing parameters @i, ¥ > 0, step length parameters i, or > 0, and the over-
relaxation parameter wy € (0, 1] satisfy for some yr € [0, yr] and yg= € [0, yg+],
and k € (0, 1) that

Gk+1 =01 +27r7), Vi1 = Y (1 4+ 2y6+0%),
Tk &

-1
=Tk = YOk, wp = , and K> ———||K
Nk:=@kTk = Vi k = Mgy1 Mk 1T 25000 l

3.2 The testing operator
To complement the primal-dual testing parameters in Assumption 3.4, we introduce
testing parameters Ag, 6y > 0 corresponding to the PDE updates in our method;
the first two lines of (22). We combine all of them into the testing operator Zy €
LU*x W*x X xY;U* x W* x X* x Y*) defined by

Zr:=diag ()\k Id 6; 1d @ Iny Y41 Iny) . (23)

Recalling My and Z; from (21) and (23), thanks to Assumption 3.4, we have

. ok Iny  —npIng K*
ZiM; =diag|{ 00 . 24
R g( <—’7k Iny K Yi41 Iny )) @)

Therefore,
Zi(Mk + Ex) = Zg1Mi41 + Dy (25)
for skew-symmetric
. 0 (k41 + ) Iny K*
Dji1:=diag {00
k1= clag ( <—(T)k+1 + ) Iny K 0

and By e L(U x W x X x Y; U* x W* x X* x Y*) satisfying

g - 2myrIng  2nInyg K*
ZiBr =diag (00 1 . -
e g ( <_277k+1 InY K 27’)k+1‘}/G* InY ( )

Assumption 3.4 ensures Z; M} to be positive semi-definite. The proof is exactly as
for the PDPS, see, e.g., [9], but we include it for completeness.

Lemma 3.5 Let k € N and suppose Assumption 3.4 holds. Then
Z My = diag (0,0, ¢ (1 — k) Inx, Yi416Iny) = 0

for
Tk Ok

=1l———|K|*>>0.
K(1 4 29G+0y)
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Proof By Young’s inequality, for any v = (u, w, x, y),

(ZiMpvlv) = gillx Ik + Vet Iy 15 — 2mc (x, K*),

> o (1= 0)lx % + v IF — k' et IK* VI
Since (,ak'l:k2 = Nk Tk = Yok Tk = Yir4+10kTk /(1 4+ 29G+0%), the claim follows. O
3.3 Growth estimates and monotonicity

We start by deriving a three-point monotonicity estimate for Hy. This demands the
somewhat strict bounds (27).

Lemma 3.6 Let k € N. Suppose Assumptions 3.4, 3.1 and 3.3 hold and

A1 Ty + Ok 17Ty

VP> VPt e+ éw+ , , (27a)
k
Y6+ = VG*, (27b)
Akl | Ok mSw)  Cyung
> —+4+ —C , d 27
VB = Y + g o+ dephi + 2k an (27¢)

Okr1 mS@)  Cing
YB =
9k 45u9k 2/L9k

(27d)
for some €, &y, i > 0. Then Hy, defined in (20) satisfies

B 1 _
(ZkaHk(vk+1)|vk+l —-v) > §||vk+l - UHZZkak

k+1 =112 k =112
+ _x”x_()hknu‘i‘gk”w)nx _XHX

F+ k1700 + O 17t0) | x
1 =2 k-2 k1 -2 k=2
Freptlle T —ally — Aellu® — a@lly + Ot llw ' — w5, — O llw® — w5,

(28)

Proof For brevity we denote v = (u, w, x, y)::vk“. Recall that v = (u, w, X, y)
satisfies by Assumption 3.1 the optimality conditions (12). Since Algorithm 2.1 guar-
antees the first two lines of Hy to be zero through the choice of My in (21), introducing
qr:=— VB(it,w) — K*y € F(X) we expand

(Zi T Hy () |v — D) = q (F (x) + Ve B(u, w) + K*y, x — X)x + mi1(dG*(y) — Kx, y — )y
=m(dF(x) — qF,x —X)x + qk (Ve B(u, w) — VB, 0), x — %)x
+ M1 (0G* () — Kx, y — Py + (e — mer){K (x — %),y — F)y.

Using (26) we also have

1 _ - _ _ _
S0 = 0l g, = mprll = FI% + 0 = i) (K (x = 5,y = Py

+ 176 llly — Il
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We now use the (strong) monotonicity of F and G* with constants yr and yg* con-
tained Assumption 3.1 (i), as well as the splitting inequality Assumption 3.3 (iii).
Thus

(Zi Tk He () v — 9) > %nv — 3,5, + mvr — 7R Ix — X1k
— (e + O IX* — 2%
+ M1 (ves — 7oy = 311 (29)
+ (Vi B(u, w) — ViB(u, w), x — X)x
+ Oy — OcCo)llu — il — Mellu* — il
+ Ocysllw — w5y — Ollw* — w5,

The Riesz equivalence (9), affine-linear-linear structure of B,, Assumption 3.1 (iii)
and (iv), and Young’s inequality give

Me(Vy B(u, w) — VyB(ii, W), x — X)x = nkBy(u, w,x — X) — nk By (it, W, x — X)
= By(u,w,x —x) + i By(t,w —w, x —x) — ng By (t, w, x — X)
=N Byy(u —u,w —w; x —X)
+ i By (4, w — w5 x — X) + g By (u — u, w; x — X)
S(u) Cipt _ 2 S(w) Cy )
> — — - —
= ﬂk(4gu + > lw—wlly — nk Ze, +2M lu —uly

— k(e + ew)llx — X%

(30)
Combining (29) and (30), we obtain

_ 1 _ - _
(ZiTHe W)l = 1) = v = Bl Y5, + M1 (v = 762)ly = 51

+ 0 (Vr — VF — &4 — Ew)llx — )E”%( — (Axmy + Qkﬂw)”xk - X”%{
_ Ok mwSw)  Cepng _

—A k_ =12 A _*c,— _ =2
kllu® —ully + k<)’B ST e 2 llu —ally

@ G\
4e,0k 2By we

— Ollwk — w1y, +9k<VB

The claim now follows by applying (27). O
We now simplify and interpret (27).

Lemma 3.7 Suppose yr > yr > 0 as well as yg= > yg= > 0 and that there exists
w,t > 0with wngy1 < ng for all k € N, such that

214171

~1
yp > w +tCop+ =
¢ o(yr — 7F)?

1
(S(ﬁ)nw +tS(w)my, + E«/Z‘JTMJTwa()/F - )7F)) .
€19
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Then there exist €y, &y, 0 > 0 and, for all k € N, Ay, O > 0 such that (27) holds.

Moreover .
YF —VF

ATty + Oy = Mrw ) (32)
Proof We take
- _ (yr — VF)® Nk+1
A=t ! d 6= ! fi i=————— and cpi=——or.
k rm, ‘nr and Gg:=rm, n; for r T1 D and ¢y "
(33)
These expressions readily give (32). We then take u:=(tm, /)~ V2,
, S(u) YF — VF _ 1S(w)  yF—YF
Eyi=—— - , and &y i=—— -
Sm) + tS(w) 2 Sm) + tS(w) 2
Since both

Akt 17T Ok 17T —y —y
17Ty + Ok 17Ty :ckr(f1+1)=cka)yF2yF < VF2)/F
Nk

and &, + &y, = (yr — Vr)/2, (27a) is readily verified, while (27b) we have assumed.
Inserting Ak, Ok, Nk, and w, we also rewrite (27¢) and (27d) as

S()my n V7,7, Cy

4e,r 2r

tS(w)my, n S, 7, Cy
2r

and yp > cr +
deyr

yB = ¢ +1Co +

After also inserting ¢, &y, and r, and using wcy < 1, these are readily verified by
(31). O

Remark 3.8 Since n41 > ni for convergent algorithms, i.e., wl>1, letting w = 1
and yr = 01in (31), we obtain at the solution (i, w, X, ¥) a fundamental “second order
growth” and splitting condition (via Cg, 7, and m,,) that cannot be avoided by step
length parameter choices.

Our convergence proof is based based on the next Féjer-type monotonicity estimate
with respect to the iteration-dependent norms || - || ZoM, Here M e L(U x W x X x
Y; U* x W* x X x Y) modifies M, defined in (21) as

My:=My + diag (Iny Inw ¢; ' (e + Oxy) Idy 0). (34)
By (24) and Assumption 3.4, this satisfies

Zu My, = diag (Ak Iny 6 Iny (wk + Mt + O In —micIny K )) . (35)

—nk Iny K Vi1 Iny
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Lemma 3.9 Suppose Assumptions 3.1 and 3.4 hold as does Assumption 3.3 and (27)

fork =0,...,N. Given v°, letv', ..., vV~ be produced by Algorithm 2.1. Then
l||vk+l_ﬁ||2 5 +l||vk+l—l)k||2 <l||vk_l—]”2 - (kZO N—l)
2 Zy 1M1 D ZkMi = 5 Z, My yeees

(36)

where all the terms are non-negative.

Proof Lemma 3.6 gives the estimate

1 _
(ZiTeHe @D = 5) > St =311, 5,

k+1 _ —p2 k_ <p2
+ o170+ O 7m) 16 = N = Oty + ) 6 — X%

k1 _ =02 k_ 2 k1 _ =2 k_ =12

Faprt T =l = Al = @l + O [ — D — Ollw — o]y

1

k1 _ o2

= S =9

N - - . 7
2 Zir1t (Mg 1 =My )+ 2B D Zi(My—My) (7

By the implicit form (22) of Algorithm 2.1, —Zy My (vt — v%) € Zy Ty Hy (V% ).
Thus (37) combined with the three-point identity (2) for the operator M = Z; My
yields

k2
-V ”ZkMk

1 1 1
k =12 k+1 =12 k+1
—|lv" — v - > — v — v ~ + — |V
2” ”ZkMk - 2” ”Zk+1(Mk+1—Mk+1)+Zk(Mk+Ek) 2”

Therefore (36) follows by applying (25), i.e., Zy(My + Ex) = Zky1Mp+1 + Dy,
where the skew symmetric term Dy does not contribute to the norms. Finally, we have
ZxMy > Zy My > 0 by Lemma 3.5, proving the non-negativity of all the terms. O

3.4 Main results

We can now state our main convergence theorems. In terms of assumptions, the only
fundamental difference between the accelerated O (1/N) and the linear convergence
result is that the latter requires G* to be strongly convex and the former doesn’t. Both
require sufficient second order growth in terms of the respective technical conditions
(38b) or (41b). The step length parameters differ.

Theorem 3.10 (Accelerated convergence) Suppose Assumptions 3.1 and 3.3 hold with
yr > 0. Put yg+ = 0 and pick 1y, 09, k,t > 0 and 0 < yr < yF satisfying
1>k > ool K> and (38a)

21 +17h

-1
yvp>w, +tCop+——m7—
0 ¢ wo(yr — Vr)?

(S(ﬁ)ﬂw + tS(w)m, + %\/tnuﬂwcx(yf’ - J7F)) ,
(38b)

where wy is defined as part of the update rules
Tkt | ' =Tk Wk, Okt1:=0k/wk, and wp:=1//1+2yrt (k € N). (38¢c)
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Let {vFt 1Y cn be generated by Algorithm 2.1 for any v® € U x W x X x Y. Then

x* > ¥ inX; u*k — @winU; and w* — w in W, all strongly at the rate O(1/N).

Proof We use Lemma 3.9, whose assumptions we now verify. Assumptions 3.1 and 3.3
we have assumed. As shown in [9, 37], Assumption 3.4 holds with ¥ = o, ! 70,00 =
1, and @i41:=¢r/ w,%. Moreover, {@i}ren grows at the rate 2 (k2). Hence

M1 = o e =1+ 27t < oy ' for wy' = /14 27r 1.

Thus (38) verifies (31) so that Lemma 3.7 verifies (27). Thus we may apply Lemma 3.9.

By summing its resultover k =0, ..., N — 1, we get
LN _ -2 Lo -2
SN =00 < I =00 (39)

By (24), (35), and Lemma 3.5 we have
ZkMk > Zi My > diag ()\.k Iny 6k Inw @r(1 — «) Iny Iﬂk_;,_lslny) > 0. (40)

where e:=1—T1305c | K || = 1 — 1900k "' | K ||> > 0 by assumption. By Lemma 3.7,
{Ak}ken and {6k }ren grow at the same 2 (k?) rate as {or }ken. Therefore (39) and (40)
establish [|lx* — )E||§( — 0 as well as |uf — ﬁ||%/ and || wk — u_)||%v — 0, all at the rate
O(1/N?). The claim follows by removing the squares. O

Theorem 3.11 (Linear convergence) Suppose Assumptions 3.1 and 3.3 hold with both
yr > 0and yg+ > 0. Pickt,k,t > 0,0 < yr < yr, 0 < yg+ < yg= satisfying

1>k > 275 7rllKI? and (41a)
21+t~

—1
yp>w +1tCop+ —m—
¢ o(yr — 7F)?

1
<8(12)7rw +tS(w)m, + Ew/tnuanx(yF — )7p)>
(41b)

for
o=y Prt and o:=1/(1+27p7) = 1/(1 + J6+0).

Take Ty = 1, 0 = 0, and w;, = w. Let {vFt1 e be generated by Algorithm 2.1
foranyvo ceUXWxXxY. Thenx* > xinX;u* = ainU; and w* — w in
W, all strongly at a linear rate.

Proof As shown in [9, 37], Assumption 3.4 is satisfied for g9 = 1, ¥y = o1z,

Ok+1: = /Wi, and Yy 1:=Yy /wy. Moreover, both {¢; }ren and {¥x }ken grow expo-
nentially and 71 < @™ 'n;. Thus (41) verifies (31) with ¢ = ™! so that Lemma 3.7
verifies (27). The rest follows as in the proof of Theorem 3.10. O

Theorems 3.10 and 3.11 show global convergence, but may require a very con-
stricted dom F through the constant C, in Assumption 3.1 (iv). In the appendix of the
arXiv version of this manuscript we relax the constant by localizing the convergence.
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Remark 3.12 (Linear and sufficiently linear PDEs) For linear PDEs, i.e., when B,
does not depend on u, we have C, = 0 and §(w) = 0, as observed in Remark 3.2.
Moreover, for typical solvers for the adjoint PDE, we would have 7, = 0, as B,, does
not then depend on x. In that case, by taking # ~ 0, (38b) (and likewise (41b)) reduces
to yp > wy L Practically this means that the convergence rate factor w,, ! has to be
bounded by the inverse contractivity factor yp of the linear system solver. If yp > 1,
as we should have, this condition can be satisfied by suitable choices of yr € (0, yr]
and yg+. By extension then, the conditions (38b) and (41b) are satisfiable for small ¢
when the PDE is “sufficiently linear”.

Remark 3.13 (Weak convergence) It is possible to prove weak convergence when o =
land T = 19,0 = 0y satisfy (38). The proof is based on an extension of Opial’s lemma
to the quantitative Féjer monotonicity (36). We have not included the proof since it
is technical, and does not permit reducing assumptions from those of Theorems 3.10
and 3.11. We refer to [6] for the corresponding proof for the NL-PDPS.

4 Splittings and partial differential equations

We now prove Assumption 3.1 and derive explicit expressions for the operator V, B
from (9). We do this in Sect.4.1 for some sample PDEs. Then in Sect.4.2 we study
the satisfaction of Assumption 3.3 for Gauss—Seidel and Jacobi splitting, as well as
a simple infinite-dimensional example without splitting. We briefly discuss a quasi-
conjugate gradient splitting to illustrate the generality of our approach. We conclude
with a discussion of the convergence theory and discretisation in Sect.4.3.

4.1 Partial differential equations and Riesz representations

Let Sym? ¢ R?*? stand for the symmetric matrices. Recall that in Example 2.2, to
ensure the continuity of B, we needed in practise that at least one of the spaces U, W,
or X be finite-dimensional. The same will be the case here. Accordingly, with @ C R?
a Lipschitz domain, we take

x = (A, c) € X:=X| x X, for subspaces X; C L*(€2; Sym?) and X, C L*(Q),
(42a)

aswellas U C H'(Q) and W C H} (Q) x H'/?(3Q) such that
B(u, w; x):=By(u, w; x) + Beonst(u, w) for ue U, we W, xe X (42b)

is continuous, where, writing w = (wgq, wy),

Bx(u, w; x):=(Vu, Ava>L2(Q) + (Cu, wg)LZ(Q) and (420)

Beonst (1, w):=(traceyq u, wy)r23q)- (42d)

Thus Bgonst models the nonhomogeneous Dirichlet boundary condition u = g on
d<2 for some g € H_%(BQ). Correspondingly we take for some Lg € H=(Q) the
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right-hand-side
Lw:=Lowgq + (g, wa)LZ(aQ). (42e)

The next lemma verifies the PDE components of Assumption 3.1. Afterwards we
look at particular choices of X and X>. We could also take W = HI(SZ), w = wgq,
L = Lo, and Bopst = 0 to model Neumann boundary conditions, and the result would
still hold. In the range spaces of L?(2; Ry, WP (), and L (§2; R4*4), we use the
Euclidean norm in R¥ and the spectral norm || - |2 in Rdxd

Lemma 4.1 Assume (42) and that dom F C L™ (2; R¥*?) x L°(Q). Then:
(i) Assumption 3.1 (ii) holds if there exists ). € (0, 1) such that

AE)>=211d and |c(&)| = X1 forall &€ € Q and (A, c) € (X1 x X2) Ndom F.

Suppose then that (12) is solved by v = (i, w,x,y) with ¥ = (A,¢) €
domF C (X| x X2), i € HY(Q), w = (W, wy) € HJ(Q) x H/20Q). If
lillwicoq), lWllwioo(q) < 00, and y € Y for a Hilbert space Y, then also:
(iii') Assumption 3.1 (iii) holds with S (it) = ”’2”%1/1,00(9) and S(w) = ||IZ)Q||%VLOO(Q).
(iv') Assumption 3.1 (iv) holds with

Co= sup A= Alpeqpix) + e =l
(A,c)edom F

Remark 4.2 On bounded 2 the condition ||i|] wleo() < 00 is stronger than u €
H'(Q). We include both to emphasise that the latter defines the Hilbert space structure
and topology that we generally work with, while the former is a technical restriction
that arises from our proofs. Under appropriate smoothness conditions on X, the bound-
ary of ©, as well as the boundary data, standard elliptic theory proves that i € H' ()
is a classical solution, hence Lipschitz and WI’OO(Q) on the whole domain; see, e.g.,
[11].

Proof For (ii'), we identify g € H~23Q) with ¢ € H/2(5Q) by the Riesz mapping
and fix i € H'(Q) with tracejq &1 = §. This is possible by the definition of H'/2(3<2).
By the Lax—Milgram lemma there is then a unique solution v € HO1 (2) to

(Vv, AVwa)2(q) + (cv, wa) 2@) = Lowa — By (i, wo; x) forall wg € Hy (),
Now u = v + a satisfies B(u, w; x) = Lw and is independent of the choice of .
Analogously we prove the existence of a solution to the adjoint equation.

To prove (iv), pick arbitrary u € H'(Q), w = (wq, wy) € H}(Q) x H/2(3Q),
andx = (A, ¢) € (X] x Xp) Ndom F. Holder’s inequality and the symmetry of A(&)
give

1/2
(Vu, AVwa) 29 < IVwell 2z ( fQ ||A(s>w(s>||%ds)

= ||Vw§2||L2(Q;Rd)||A||Loc(Q;Rdxd)||VM||L2(Q)-

@ Springer



A nonsmooth primal-dual...

Therefore, as claimed

Bx(u, w; X — )E) < ||A — A”LOQ(Q;Rdxd)”VM||L2(Q;Rd)”VUJQ”LZ(Q;]Rd)
+ lle = ¢l llull 2 lwall L2
= (||A - A”Lw(Q;Rdxd) + llc — E||L°°(SZ))”u”Hl(Q)”wSZ”Hl(Q)

< Cellull gr o llwall g1 (q)-

For (iii’), using Holder’s twice inequality and the symmetry of A(&), we estimate

(Vu, AVwg) ) < IIVwQIILw(Q;Rd>AIIA(S)W(E)IIz dé§
< IVwall o (@:rd) 1Al 2 (:raxa) I VUl 12(q)-
Hence
By (u, w; x) < ||A||L2(Q;Rdxd)||VM||L2(Q;Rd)||V1IJQ||L°<>(Q;R¢1)
+ ||C||L2(Q)||u||L2(sz)||U_)SZ||L°°(Q)

= (||V1219||L00(Q;Rd) + ||U_JS2||L°°(SZ))||14||H1(Q)(||A||L2(Q;Rdxd) + llellz2)

= ”u_)Q”WLOC(Q)”M”Hl(Q)”x”X-

2
Wl,oo’

2
Wl,oo'
]

Thus we may take as claimed §(w) = |[wgq]| and analogously S (i) = |ju]|

To describe V, B we denote the double dot product and the outer product by

A:A= ZAiinj, and v@w=vw! for A, AeR and v, weR?
ij
Observe the identity VAw =A: (v @ w).
Example 4.3 (General case) In the fully general case, formally and without regard for
the solvability of the PDE (5), we equip X| = L?(; R?*?) with the inner product

(A1, A2)x, = fQ A1(€) : Ar(§)dE and X, = L?(2; R) with the standard inner
product in LZ(Q; R). Thenforallu € U, w € W, and (d, h) € X1 x X», we have

By (u, w; (d, h)) = (Vu,dVw) 2y + (hu, w) 2y = (Vu ® Vw,d)x, + (uw, h)x,.
Therefore the Riesz representation V, B has pointwise in 2 the expression

V. B w) = (V” ® V“’) .

uw

The constant C, is as provided by Lemma 4.1.
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Example 4.4 (Scalar function diffusion coefficient) Let then X|:={§ +— a(&)Id |
a € L*(Q)}. X, is isometrically isomorphic with L?(2) since the spectral norm
la(&)1d |2 = |a(£)|. We may therefore identify X1 and L?(£2). We also observe that
the term (Vu, AVw)Lz(Q) = {(a, Vu - Vw)x,. Hence, pointwise in €2,

= Vu - Vuw
ViBu,w) = ( ww ) .
According to Lemma 4.1, the constant
Cr=sup la—alle) + llc = ClliLe).

(a,c)edom F

Example 4.5 (Spatially uniform coefficients) Let X1:={§ — A | A € Sym?} C
L2(S2 Symd) and Xo:={& > ¢ | ¢ € R} ¢ L%(Q) consist of constant functions A :
£+ Aand c: & > ¢ on the bounded domain 2. Then ||x | x, xx, = |R2I2(|All2 +
|c]) for all x = (A, c¢) € X1 x X>. We may thus identify X| and X, with R4*d and
R if we weigh the norms by |€2|!'/2. We have

(Vu,AVw)Lz(Q)zf A:Vu®deg:A:/ Vu ® Vw dé.
Q Q

Thus
- _(JogVu® Vwds
ViBu,w) = < fguwdé .
According to Lemma 4.1, the constant
Co= sup A= Al2+[c~cl.

(A,c)edom F
4.2 Splittings

We now discuss linear system splittings and Assumption 3.3. Throughout this subsec-
tion we assume that

B, w; x) = (Axu + fxlw) and Lw = (b|w) 43)

with Ay € L(U; W¥*) invertible for x € X, and f,, b € W*. Then for fixed x € X the
weak PDE (5) and the adjoint B, ( -, w, x) = —Q’(u) reduce to the linear equations

Ayu=b— fy and Alw=-0'(u),

where A% € L(W; U*) is the dual product adjoint of A, restricted to W < W**.
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The basic splittings

The next lemma helps to prove Assumption 3.3 subject to a control on the rate of
dependence of A on x. In its setting, with A, = Ny + M, with N, “easily” invertible,
Lines 3 and 4 of Algorithm 2.1 are given by (18).

Theorem 4.6 In the setting (43), suppose Assumption 3.1 holds and

lAx—AzllLw;w# < Lallx—=xllx and || fx—fzllw= < Lgllx—x|lx (x,X € dom F)

(44)
for some L > 0. Split Ay = N, + My with N, invertible, and assume there exist
a € [0, 1) and yn > O such that all

INT MellLw: vy, INS Y MY lLow.w) < @ and yylINSinwsoy <1 (45)

for all x € dom F. Also suppose V Q is Lg-Lipschitz. For any yp € (1, 1/0(2),
L€ 0,1),and B > 0, set

2 2 12
a ypLyllwll
mw=(1+8+ '8 A,
Al —a“yp) YN
2
1 2 vBL
CQ= +ﬂ+ VB 3 ZQ’ and
B A-nU-alyp)) ¥2
_ 2
au =148+ o’yp yBL? lill?, 1+ 8 N o’yp vBLY
.=
a1 —alyg) y2 B (-nU-ayp)) v

Let Ty(u, w, x) = (Myulw) and Yi(u, w,x) = (u|M}w). Then Assumption 3.3
holds for all k € N with {v*T1}2° | generated by Algorithm 2.1 for any v* € U x
WxXxY.

Proof Assumption 3.3 (i) holds by construction, and (ii) by the assumed invertibility
of N, for x € dom F. We only consider the second inequality of (iii) for Y, the proof
of the first inequality for I being analogous with — Q’ () replaced by b — f,. We thus
need to prove

K+l _ =12 K+l _ —n2 k_ =p2
T —wly = Collu™ —ally — I —Xl%.  (46)

k =112
lw™ —wlly = yallw

Using (18) with Afw = —Q'(it) and A", w = N7w + M, w, we expand

wk+l W= N;{l,*(_Q/(uk+l) _ M;:kwk) -

= NI @ — Q'@+ N AT - AL B — NG Mt — ).
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k+1

Expanding ||w* ™" —w|| %V and applying the triangle inequality, and Young’s inequality

thrice, yields

2
1 _ 2 < [ a"YB
lw w||W_< LTI

-1, _
s ﬂ) IV (A% — A% Bl

t s IN M wh — D),
I+8 az)/B Crp ek A2
i ( B a—na _a2y3)> IN & 1Q @) = Q@]

Note that the first part of (44) and the second part (45) hold also for the adjoints A% and
N7 in the corresponding spaces. Therefore, we establish ||N;k]’*(A; — Aik)zi)H%V <

-2 - = -1, - -2 -
Y LRI IE = XM 1%, IN I @MY — Q' I, < vy Lplufth —al%,
and ||N;k1’*Mj;k (wk — )13, < «?ypllw* — w|3,. Taking , and Cg as stated, we

therefore obtain (46). O

For our first, infinite-dimensional example of the satisfaction of the conditions of
Theorem 4.6, and hence of Assumption 3.3, note that we have in general

N a0 — sup INT Wl [ ep——— 1 1 1
o W lw o INeullws  u v (Neuw)
and
I[Ax — Aglullws ([Ay — Azlulw)
lAx — Az llLw.w*) = sup = .
S YT luelly v lullollwllw

Example 4.7 (No splitting of a weighted Laplacian in H') Let U = W = HO1 (),
X =R,and N, = A, = xV*V € IL(HO1 (R); H~1(Q)) be the Laplacian weighted
by x € (0, 00). Then

2
— . ”u”HlQ ”w”HlQ ”u”HIQ
IN; lLows:v) = supinf @ @ gp L@
u w X(VM, Vw)LZ(Q) u x”VM”Lz(Q)

Therefore, assuming inf dom F > 0, we can in (45) take yy = infycqom r XA for A
the infimum of the spectrum of the Laplacian as a bounded self-adjoint operator in
HO1 (2); see, e.g., [25, Theorem 9.2-1]. Clearly also ¢ = 0 due to M, = 0. For (44),
we get

(Vi, V) 12 _IVuligag,
=sup(x — X)——.
lullgr@yllwllgrgy — « lull g

lAx — AzllLw;w+) = sup(x — X)
u,w

Thus we can take L 4 as the supremum of the spectrum of the Laplacian as a bounded
self-adjoint operator in Hy ().
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In the following examples, we take U = W = R" with the standard Euclidean
norm. Then (45) can be rewritten as the spectral radius bound and positivity condition

PINT M), p(NT* M) <o and NYN. = vy,

The first example also works in general spaces, as seen in a special case in Exam-
ple 4.7, but yx and L4 depend on the norms chosen. Theorem 4.6 now shows that
Assumption 3.3 holds.

Example 4.8 (No splitting) If Ny = A, € R, (45) holds with « = 0 and yy the
minimal eigenvalue of Ay, assumed symmetric positive definite. Theorem 4.6 now
shows that Assumption 3.3 holds, where for any yp > 1 and B > 0, we can take
ww = (L+ B)ysyy L3017 Co = (1+ B~ ypyy Ly, and my = ygyy I(1 +
BYLAlall? + (1 + p~HLE].

Example 4.9 (Jacobi splitting) If N, is the diagonal of A, € R"*", we obtain Jacobi
splitting. The first part of (45) reduces to strict diagonal dominance, see [12, §10.1].
The second part always holds and N is invertible when the diagonal of A, has only
positive entries. Then yy is the minimum of the diagonal values. Theorem 4.6 now
shows that Assumption 3.3 holds.

Example 4.10 (Gauss—Seidel splitting) If N, is the lower triangle and diagonal of
A, € R™" we obtain Gauss—Seidel splitting. The first part of (45) holds for some
a € [0, 1) when Ay is symmetric and positive definite; compare [12, proof of Theorem
10.1.2]. The second part holds for some yx when N, is invertible. Theorem 4.6 now
shows that Assumption 3.3 holds.

Example 4.11 (Successive over-relaxation) Based on any one of Examples 4.8 t0 4.10,
take Nx = ({1+4+r)Ny and Mx = M, — r Ny for some r > 0. Then, for small enough
v, all m,, my,, Co~=0asr-—oo.

Indeed, N;IA;IXZ = Az if and only if M,z = (1 + )& + r)Nyz, which gives the
eigenvalues X of N;l Myash=(h— r)/(1 4 r) for A an eigenvalue of Nx_lMx. So,
for large r, we can in (45) take « = (r + p)/(1 + r) and y5 = yn(1 + r), where
p::,o(NX_lMx) < 1. Now, for every large enough r > 0, for yg = (1 +a~2)/2 > 1,
we have

o? B 202 B 2(1 4 r)2a?
ve (L=e?yp)  yi (1= (14125 (412 = (1+1)%e?)

_ 2(r + p)? _ 2(r + p)?
AR A= +p?) A+ (= p2 4201 = p)r)

Since 0 < p < 1, the right hand side tends to zero as » - co. Since also 1/)/1%]\0,
and yp > 1, Theorem 4.6 now shows that Assumption 3.3 holds with 7, 7, Cp~>0
as r -7 00.

Quasi-conjugate gradients
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With f, = 0 for simplicity, motivated by the conjugate gradient method for solving
Axu = b, see, e.g., [12], we propose to perform on Line 3 of Algorithm 2.1, and
analogously Line 4 the quasi-conjugate gradient update

k. k k+1. k k k2
{ ri=b— Auu", = — (p*, Ay /Ip ”Ark’

k+1.__ k k+1 _k k+1. k+1 _k k412 k+1._ k k+1 _k+1
prli=pk 4 & t+.:(p+,r)/||p+||Axk, ub =y 4 M e

P
(47)
For standard conjugate gradients A« = A permits a recursive residual update
optimization that we are unable to perform. We have (A pFHL pky = 0 for all &,
although no “A-conjugacy” relationship necessarily exists between p¥*! and p/ for
Jj <k
The next lemma molds the updates (47) into our overall framework.

Lemma 4.12 The update (47) corresponds to Line 3 of Algorithm 2.1 with
Mo, -0 = [1A=1p 17240 (P @ p ) | (A = b) wev). @s)

Jor pXH1 =1k + AP for 284 = —(p*, Arf) /1 PMII5, and rfi=Aut —b.
Proof Indeed, expanding t**!, the u-update of (47) may be rewritten as

k+1 k k+1,—2 k—+1 k+1y ..k
W —u = P P e p D

Applying the invertible matrix A .« and expanding ¥, this is

A @ =) = — P AR (P @ P A — ),

and, adding A .« u¥ — b on both sides, further

Since B**!, «; x*) = (At ), and L(+) = (b, ), the claim follows. ]

Unless A, is independent of x, a simple approach as in Theorem 4.6 can only
verify Assumption 3.3 with yp < 1. We hence leave the verification of convergence
of Algorithm 2.1 with quasi-conjugate gradient updates to future research.

4.3 Discussion

Before we embark on numerical experiments, it is time to make a few unifying obser-
vations about the disparate results above, with regard to the main conditions (38b) and
(41b) of the convergence Theorems 3.10 and 3.11, and their connection to the funda-
mentally discrete viewpoint of Examples 4.9 and 4.10. As we have already noted in
Remark 3.12,
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(1) The main conditions (38b) and (41b) are easily satisfied for linear PDEs, i.e.,
when B, does not depend on u. In Sect. 4.2, this corresponds to A, = A (while
fx may still depend on x). The only condition given in Remark 3.12 was that
1y, = 0, which is satisfied in Examples 4.9 to 4.8 due to L4 = 0.

For linear PDEs, §(w) = 0. Together with r,, = 0, this causes also §(u) and 7, to
disappear from the convergence conditions. All of these quantities might depend on
the discretisation.

As we have seen in Sect. 4.1, S(«) and §(w) require the use of co-norm bounds on
the solutions, even when the underlying space is H*. Such bounds may not always
hold in infinite dimensions (however, see Remark 4.2), although they do always hold
in finite-dimensional subspaces. In our numerical experiments, we have, however, not
observed any grid dependency of S(u) and §(w) (calculated a posteriori, after a very
large number of iterations).

On a more negative note, with U = W = R""9 equipped with the standard
Euclidean norm, consider A, = —xAy, for a scalar x with A, a finite differences
discretisation of the Laplacian on a d-dimensional square grid of cell width 4 and
n(h, d) nodes. Then, for both Jacobi and Gauss—Seidel splitting, as well as the trivial
splitting (gradient descent) N, o< Id, the spectral radius p (N M) 7 1 as h~0; see,
e.g., [26, Chapter 4.2.1]. By simple numerical experiments, Li / yl%, nevertheless stays
roughly constant, so the result is that 7, 7, —7 0o as h~0. For “no splitting”, i.e.,
N, = A,, instead Li / yﬁ, —~7 00 due to the worsening condition number of Aj,. This
latter negative result is, however, dependent on taking U = W = R*"9) with the
standard Euclidean norm: in Example 4.7 we showed that “no splitting” is applicable
to the same problem in H ! Tt is, therefore, an interesting question for future research,
whether a change of norms would remove the grid dependency of Jacobi and Gauss—
Seidel. Our guess is that it would not.

The above indicates that, for nonlinear PDEs, whether our methods even conver-
gence, can depend on the level of discretisation. Nevertheless, to help comes the
successive over-relaxation of Example 4.11, which shows that

(ii) By letting the over-relaxation parameter r -7 oo, we get m,, 7y, Cp~>0, and
therefore may be able to obtain convergence (with a comparable iteration count)
for any magnitude of S (i), S(w).

With over-relaxation yp~ 1 as r -~ 00, so even then, to satisfy (38b) and (41b), it
is necessary to have very small C,. However,

(iii) InSects.3 and 4.1, we have bounded C, through dom F, obtaining global conver-
gence when (38b) and (41b) hold. With a more refined analysis, it is possible to
make C, arbitrary small by sufficiently good initialisation, i.e., by being content
with mere local convergence.

We include a sketch of this analysis in an appendix of the arXiv version of this
manuscript.

Finally, although convergence rates (O(1/N?) or linear) are unaffected by the
discretisation level, constant factors of convergence depend on Z; My through the
bound (39). This operator, written out in (35), depends on the constants ,, and 7y,.
They inversely scale the magnitude of the testing parameters A and 6 as chosen in
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(33). By (32), the term ¢ + Arm, + 6y in (35) is, however, independent of 7, and
1. Smaller m,, and m, are, hence, better for the convergence of u and w (by weighing
down the x and y initialisation errors on the right hand side of (39)), and higher 7, and
1y, are better for the convergence of x and y (by weighing down u and w initialisation
errors). Even for linear PDEs, therefore

(iv) Convergence speed may depend on the level of discretisation through the x-
sensitivity factors m,, and m,, of the splitting method for the PDE.

This is to be expected: the linear system solvers that Sect. 4.2 is based on, are fun-
damentally discrete, and their convergence depends on the eigenvalues of N "M, and
N;. In “standard” optimisation methods, the dimensionally-dependent linear system
solver is taken as a black box, and its computational cost is hidden from the estimates
for the optimisation method. The estimates for our method, by contrast, include the
solver.

5 Numerical results

We now illustrate the numerical performance of Algorithm 2.1. We first describe our
experimental setup, and then discuss the results.

5.1 Experimental setup

The PDEs in our numerical experiments take one of the forms of Sect.4.1 on the
domain © = [0, 1] x [0, 1] with nonhomogeneous Dirichlet boundary conditions. We
discretize the domain as a regular grid and the PDEs by backward differences. We use
both a coarse and a fine grid.

The function G and the PDE vary by experiment, but in each one we take the
regularization term for the control parameter x and the data fitting term as

a m
FO)i=2 X2 quzaxayx 2@y + S () and - Q(w):=p D llui = zillja g,
i=1

(49)

for some «, 8,2 > 0 as well as 35=,3/(2||Z||iz(9)) where 7 = %Z;":] z; is the
average of the measurement data z;. The norms here are in function spaces, but in the
numerical experiments the variables are, of course, taken to be in a finite-dimensional
(finite element) subspace.

The variables u; correspond to multiple copies of the same PDE with differ-
ent boundary conditions #; = f; on 92, (i = 1,...,m), for the same control x.

Parametrizing 02 by p : (0, 1) — 92, we take as boundary data

Fici(p@®) = cos@rjt) and fo;(p(®) =sin@wjn), (G =1,....m/2).
(50)
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To produce the synthetic measurement z;, we solve for i; the PDE corresponding
to the experiment with the ground truth control parameter X = (A, &) and boundary
data f;. To this we add Gaussian noise of standard deviation 0.01]|4; || 12() to get z;.

We next describe the PDEs for each of our experiments.

Experiment 1 (Scalar coefficient) In our first numerical experiment, we aim to deter-
mine the scalar coefficient ¢ € R for the PDEs

—Au; +cu; =0 in€,
l l (51)
u; = f; onad2,
where i = 1, ..., m. For this problem we choose G(K x) = 0. Thus the objective is

m
. L« 2 ~ ) 2 .
min J (0):=—llel1 32 g, + 8.1 (©) + B le lui = zil72q) subject to (S1).
1=
(52)

Our parameter choices can be found in Table 1.
With u = (uy,...,up) € U™ C H(Q)" and w = (W1.Q» ...\ Wi Qs W1.5s -
Wp.a) € W' C HO1 ()™ x HY2(9Q)™, for the weak formulation of (51) we take

m

B(u, w;c) = Z (Vui, Vwi Q)2 + clui, wi Q)2 + (tracesq u;, wi,8>L2(aQ))

i=1
and

m

Lw = (fi. wia) 200 (53)

i=1

Then V, B(u, w) = Yoy (uis wi @) r2(q) following Example 4.5.

For data generation we take ¢ = 1.0. Since we are dealing with an ill-posed inverse
problem, an optimal control parameter ¢ for (52) does not in general equal ¢. Therefore,
to compare algorithm progress, we take as surrogate for the unknown ¢ the iterate
Ea:=c>%900 on the coarse grid and ép:=c>"-900 on the fine grid, each computed using
Algorithm 2.1 without splitting.

The next theorem verifies the basic structural conditions of the convergence The-
orems 3.10 and 3.11. The splitting conditions contained Assumption 3.3 are ensured
through Example 4.9 (Jacobi), 4.10 (Gauss—Seidel), or 4.8 (no splitting).

Theorem 5.1 Let X = R; U a finite-dimensional subspace of H'(2); and W a finite-
dimensional subspace of HO1 () x H'2(3Q). Let F and Q be given by (49) along
with the PDE (51) and the boundary conditions f; defined as in (50). Take G = 0.
Then Assumption 3.1 holds.
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Proof The chosen F, Q and either G satisfy Assumption 3.1(i). The boundary con-
ditions f; € H2(3Q) along with the constraint x € [A, 211 ensure the condition
Lemma 4.1(ii"). In the discretized setting, also (iii’) and (iv") also hold. In conclusion,
Lemma 4.1 verifies Assumption 3.1. O

Remark 5.2 1t remains to verify (38) or (41), depending on the convergence theorem
used. The condition (38a) is readily verified by appropriate choice of the primal and
dual step length parameters 1o, ogp > 0. We also take yr = 0 (slightly violating the
assumptions), so that wy = 1, and 1 = 719 and ox = o09. The condition (38b) (and
likewise (41b) for linear convergence) is very difficult to verify a priori for nonlinear
PDEs, as it depends on the knowledge of a solution to the optimisation problem through
S(u) and S(w). This is akin to the difficulty of verifying (a priori) a positive Hessian
at a solution for standard nonconvex optimisation methods. Hence we do not attempt
to verify (38b).

Experiment 2 (Diffusion + scalar coefficient) In this experiment we aim to determine
the coefficient function a : € — R and scalar ¢ € R for the group of PDEs

—V-(@Vu;)+cu; =0 in<,
(aVu;i) i (54)
u; = f; onad<2,
where i = 1, ..., m. The optimization problem then is

m
min J () = 8o () + B D My = zill 2 + ¥ Valli subject to (54).
o i=1

(55)

Note that, although we take the total variation of a, which is natural in the space
of functions of bounded variation, we consider a to lie in (as per Example 2.2 a
finite-dimensional subspace of) L%(2). Thus the total variation term has value +oco
in LZ(Q)\BV(Q). Nevertheless, the term is weakly lower semicontinuous even in
L? due to Poincaré’s inequalities (for example, [1, Theorem 3.44]), so the problem is
well-defined. Subdifferentiation in L?(£2) is a slightly more delicate issue, but not a
problem for optimality conditions of problems of the type (55), as discussed in [38,
Remark 4.7]. Moreover, as said, in practise we work in a finite-dimensional subspace
that corresponds to the backward differences discretisation of the gradient in the total
variation term. The convergence of discretisations is discussed in [4].

For the weak formulation of (54) with w = (w1 @, ..., Wn.Q, W1,9, .-, Wm.3) €
W C HHQ)™ x HY2@Q™, u = (u1,...,um) € U™ C HY(Q)™, and x =
(a,c) € X C L3(Q) x R, we take L as in (53) and

m

B(u,w;x) = Z ((Vui, aVwi Q) r2q) + clui, wi o) 2o

i=1

+(traceyq ui, wia) 120 -
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ek llck = éll2/llél2 J(c*)
16 i 1071 9.78 —e—Jacobi
r I —=— G-S
1.4 } 2.61 ; Full inv.
I I Quasi-CG
12| 107 | 1341
1 } 1.11 ;
0.8 [ i \ L q0-17 L i i \ - LoTL i i i j
0 10 20 30 0 20 40 60 80 0 5 10 15 20
time (sec) time (sec) time (sec)

Fig. 1 Performance of various splittings in the coarse grid Experiment 1

ck llck = Ell2/I€Nl2 J (k)
el 10° 9.93 —e— Jacobi
T - ——G-S
14| 265 1\ N\ —— Full inv.
1.2 } 1075 - : 1.36 ;
1 } 1.13 ;
0.8 i j o Lo I S
0 1,000 2,000 0 1,000 2,000 3,000 0 500 1,000 1,500
time (sec) time (sec) time (sec)
Fig.2 Performance of various splittings in fine grid Experiment 1
Then Vi Bu,w) = (VB (w,u), ViB%(w,u)) takes on a mixed form with

ViB'(w,u) = Y7 Vu; - Vw; q from Example 4.4 and V,B>(w,u) = >/,
(ui, wi @) 2(q) from Example 4.5.

For data generation we take ¢ = 1.0 and a as the phantom depicted in Fig. 3. Simi-
larly to Experiment 1 we compare the progress towards &:=a000:000 and ¢:=¢1,000,000
computed using Algorithm 2.1 with full matrix inversion.

As above for Experiment 1, the next theorem verifies the basic structural condi-
tions of the convergence Theorems 3.10 and 3.11. The proofs is analogous to that
Theorem 5.1. Likewise, the splitting Assumption 3.3 is verified as before through
Example 4.9 (Jacobi), 4.10 (Gauss—Seidel), or 4.8 (no splitting), while Remark 5.2
applies for the remaining step length and growth conditions.

Theorem 5.3 Let X be a finite-dimensional subspace of L>(2) x R, U a finite-
dimensional subspace of H'(Q) and W a finite-dimensional subspace of HO1 () x
H'2(8Q). Let F and Q be given by (49) along with the PDE (54) with the boundary
conditions f; defined as in (50) and G be || - ||1. Then Assumption 3.1 holds.
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Phantom

10°

1071

l(&/ck)ak = allp2/lall -

32.65

10.69

6.79

J(a¥, ck)

—e— Jacobi
—=— Gauss-Seidel
—+— Full inversion

—— Quasi-CG

0 0.5 1.5 0

200 400 600 800 1,000

time (sec)

0

200 400 600 800 1,000

time (sec)

Fig.3 Data generation phantom and splitting performance in the coarse grid Experiment 2

l(&/c*)a* ~allp2/llall,2

J(ak, k)
141.07

—e—Jacobi

—=— Gauss-Seidel

30.17 —+— Full inversion

——Quasi-CG
10.45

6.94

I
000

[ IR RN
000 4,000 6,000 8,000

J
000

‘ 6.32
000

2, 10,

o

0 2,000 4,000 6,000 8, 10,

time (sec) ime (sec)

Fig.4 Performance of various splittings in the fine grid Experiment 2

5.2 Algorithm parametrisation

We apply Algorithm 2.1 with no splitting (full inversion), and with Jacobi and Gauss—
Seidel splitting, and quasi conjugate gradients, as discussed in Sect.4.2. We fix 0 =
1.0,w=1.0,A=0.1,6 =0.0l,and 8 = 102 for all experiments. Other parameters,
including the grid size, o, y;, T and m vary according to experiment with values listed
in Table 1.

For the initial iterate (xo, u®, wo, yo) we make an experiment-specific choice of the
control parameter x°. Then we determine u° by solving the PDE, and wq by solving
the adjoint PDE. We set y = K x°. For Experiment 1 we take the initial c* = 4.0
and run the algorithm for 20,000 iterations on the coarse grid and 125,000 on the fine.
For Experiment 2 we take the initial a° = 1.0 a constant function, and ¢® = 2.0. The
algorithm is run for 200,000 iterations on the coarse grid, and 500,000 on the fine.

We implemented the algorithm in Julia. The implementation is available on Zenodo
[23]. The experiments were run on a ThinkPad laptop with Intel Core 15-8265U CPU
at 1.60GHz x4 and 15.3 GiB memory.

0

@ Springer



A nonsmooth primal-dual...

Table 1 Parameter choices for all examples

Grid N Grid size o B y T o w m
Coarse 51 2601 I1x1075 1x102 0 25x1072 1 1 6
Fine 101 10,201 1x 1073 1x102 0 20x1073 1 1 6
Coarse 51 2601 0 1x102 1072 25x1072 1 1 10
Fine 101 10,201 0 1x102 1072 1x 1072 1 1 10
5.3 Results

The results for Experiment 1 are in Figs. 1 (coarse grid) 2 (fine grid). There we illustrate
the evolution of the coefficient c¥ together with the relative errors of the coeffcient
and of the functional value.

The results for Experiment 2 are in Figs.3 (coarse grid) and 4 (fine grid). They
show the evolution of the relative error of the coefficient and of the functional value.
We also illustrate in Fig. 3 the data generation phantom for Experiment 2 on the coarse
grid. The phantom on the fine grid has the same shapes and intensities.

The performance plots have time on the x-axis rather than the number of iterations,
as the main difference between the splittings is expected to be in the computational
effort for linear system solution, i.e., Lines 3 and 4 of Algorithm 2.1. For fairness, we
limited the number of threads used by Julia/OpenBLAS to one.

In all experiments the splittings outperform full matrix inversion: the best splittings
require roughly half of the computational effort for an iterate of the same quality. No
particular splitting completely dominates another, however, Jacobi appear to be more
prone to overstepping and oscillatory patterns. On the other hand, quasi-CG currently
has no convergence theory, and we have observed situations where it does not exhibit
convergence while Jacobi and Gauss—Seidel splittings do. Therefore, Gauss—Seidel is
our recommended option.

Appendix A: Optimality conditions

We prove here the necessity of (12) for solutions to (11).

Proof of Theorem 2.3 We let T (x, u):=B(u, -;x), T : X x U — W*, Setting
A={(x,u) e X xU |B(u,w;x)=Lwforallw e W} = Tfl(L),
any solution (&, w, x, y) to (11) also solves

min R(x, u):=[Ro + 84](x,u) where Ry(x,u) = F(x)+ Q)+ G(Kx).

with G(Kx) = (KX, y)y — G*(¥). By the Fenchel-Young theorem, the latter is
equivalent to the last line of (12). Clearly (x,u) € A, or else there is no solution.
Therefore also the first line of (12) holds.
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It follows from the linearity/affinity and continuity, hence continuous differentia-
bility of B that T is strictly differentiable. Since T'(x, it) (hy, hy) = By (it, +; hy) +
B, (h,, -; x), so that

(T'(x, @) w|(hy, hy)) = By (it, w; hy) + By (hy, w; X),
the qualification condition (13a) reads

sup T/, @) *(hy, h)|l = cllw| forall we W.
”(h)cshu)Hzl

Moreover, as a bounded linear operator, T'(x, it) is closed, i.e., has closed graph.
Therefore, by [3, Theorem 2.20], T’ (X, i) is surjective. With this, [29, Theorem 1.17]
gives

Omda(x,u) =T'(X, )" Nyry(T (X, ir)),
= {(hx, hy) = (T'(x, i) (hy, hy)|w) | w € W}
= {(hy, hy) = By(u, w; hy) + B, (hy, w; x) | w € W}

Here we denote by Np(x) = dp8p(x) the limiting normal cone to a set D at x.

Since limiting subdifferentials agree with convex subdifferentials on convex func-
tions, and we have assumed that intdom Ry # , we can easily calculate 97 Ry.
We will then use the sum rule [29, Theorem 3.36] to estimate dy R, which requires
verifying that Ry is “sequentially normally epicompact” (SNEC), and that the “hori-
zon subdifferentials”, defined for V : X — R as 9®°V (x):={x* € X* | (x*,0) €
Nepiv (x, V(x))}, satisfy

9084 (%, u) N (=3 R(x, 1)) = {0}. (Al)
Indeed, convex functions whose domains have a non-empty interior, such as Ry, are
SNEC by [29, Proposition 1.25 and discussion after Definition 1.116]. Moreover, since
0°Q(u) = {0}, (A1) reduces to
By(+,w;X) =0 = By(i, w; +) N (=3[F + G o K](x)) = {0}

This is guaranteed by the qualification condition (13b). Now, by the Fermat principle
[29, Proposition 1.114] and the sum rule [29, Theorem 3.36], we have

dF (%) + K*0G(Kx)

0edyR(x,u) C < {0/ (i)

> + 0mda(x, it).

After appropriate Riesz representations, this inclusion expands as the middle two lines
of (12). O
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Appendix B: Table of symbols

2T TR xS~
Q
1

Seoe =
u»“
~
<
g

Ax

X, Y, U W
X*

Id, Idy

In, Iny

0

F*

M*

M*

F'(x)

VF(x)

F (x), (Op F(x))
Vi B(u, w)

T, . (0, Ok +1)
w, g

K

@k Vi, M, Ok
Nk

YF,YG*

Lo (Tg)

Zy

Hy

My,

My

Ek

S(-)

Cx

vB.CQ, Ty, Tw
Eu, Ew, Uy

t

La Lo

[Eq. (4)] Objective function

[Section 1] Convex functionals

[Section 1] Linear operator

Control variable, PDE coefficient

Adjoint control variable

State variable, PDE solution

Adjoint state variable

Solution to the optimality conditions (12).

Algorithm iterates, at iteration k

[Eq. (12)] Test functions

[Example 2.1] Components of w for some example PDEs
The quadruple v = (u, w, x, y) (with corresponding decorators)
[Section 1] Abstract PDE, an affine-linear-affine functional
[Eq. (8)] Affine-linear-linear part of B

[Eq. (8)] Remaining affine-linear B(-, -; 0)

PDE right hand side abstraction

Spatial domain; subset of R”

Dirichlet boundary condition on 92

PDE solution operator as a function of the coefficients x
Ellipticity constant for PDE

Linear operator related to B by (Ayu, w) = B(u, w; x)
Linear bounded operator

Normed spaces

Dual space of X

Identity operator, on subscripted space

Injection operator, on subscripted space

Indicator function of the set A.

Fenchel conjugate of F

Inner product adjoint of the linear operator M

Dual product adjoint of the linear operator M

Fréchet derivative of F at x

Riesz representation of F’(x)

(Mordukhovich) subdifferential of F at x

Riesz representation of By (u, w; +)

[Assumption 3.4] Primal (and dual) step lengths
[Assumption 3.4] Over-relaxation parameters

[Assumption 3.4] Step length slack variable

[Lemma 3.5] Testing parameters

[Lemma 3.5] Testing and step length parameter coupling factor
[Assumption 3.1] Coefficients of (strong) convexity

[Eq. (17)] Splitting operators for (adjoint) PDE

[Section 3 and Eq. (23)] Testing operator

[Eq. (20)] Set-valued operator encoding optimality conditions
[Eq. (21)] Preconditioning operator

[Eq. (34)] Modified preconditioning operator My

[Eq. (25)] Factor of operator-strong monotonicity
[Assumption 3.1] Bounding map for B

[Assumption 3.1] Bounding constant for Bj;,, depends on x
[Assumption 3.3] Constants for splitting inequality
[Lemma 3.6] Growth condition balancing parameters
[Lemma 3.7] Simplified growth condition balancing parameter
[Theorem 4.6] Lipschitz constants.
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