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1. Introduction
1.1. Background

A weak notion of differentiable charts in singular metric spaces first arose in Cheeger’s
seminal paper [7]. Lipschitz differentiability charts, or Cheeger charts, have since become
ubiquitous in analysis in metric spaces, with connections to rectifiability, (non-)embed-
ding results and other topics in geometric measure theory. A Cheeger chart (U, ¢) consists
of a Borel set U C X and a Lipschitz map ¢: X — R™ such that every f € LIP(X)
admits a differential x — d,f: U — (R™)*, uniquely determined for p-a.e. x € U,
satisfying

f(y) = f(z) = da f((p(y) — p(2)) + o(d(x, y)). (L.1)

Cheeger charts describe the infinitesimal behaviour of Lipschitz functions but are not
well suited for studying Sobolev functions in the absence of additional assumptions. In
[9] the first and third named authors developed p-weak charts, a further weakening of
Cheeger charts. We refer to Section 2 for their definition and mention here that p-weak
charts control the behaviour of Sobolev functions curvewise and exist under very mild as-
sumptions, e.g. when the underlying space has finite Hausdorff dimension. While weaker
than the notion of Cheeger charts, the existence of non-trivial p-weak charts guarantees
the existence of non-negligible families of curves, and induces a pointwise norm given
as the essential supremum of directional derivatives along these curves. Indeed, Sobolev
functions admit a p-weak differential with respect to p-weak charts, and the minimal
upper gradient is recovered as the pointwise norm of the differential.

In this paper we consider products of spaces admitting a p-weak differentiable struc-
ture and prove that they likewise admit a p-weak differentiable structure.

1.2. Statement of main results

Let X = (X,dx,p) and Y = (Y, dy,v) be two metric measure spaces, i.e. complete
separable metric spaces equipped with Radon measures that are finite on balls. Through-
out this paper we equip the product space X x Y with the product measure p X v and
metric

d((z,y), (@', y) = l(dx (z,2"),dy (g, ¥, (z,9),(a".y) € X xY,  (1.2)
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where || - || is a norm on R2. Note that the behaviour of the norm on the first quadrant
determines the metric. In the theorem below we denote by

Iz, »)|I" := max{laz + by| : [|(a,b)| =1, a,b >0}, (z,y) € R,

the partial dual norm of a given planar norm || - ||. While || - ||” < || - ||* in general,
the equality || - || = || - ||* holds for [P-norms (and more generally norms satisfying
|(a,b)|| = ||(a], [b])]| for (a,b) € R?). Roughly speaking the need for the partial (rather
than the “full”) dual norm comes from the fact that the metric speed of product curves
does not distinguish between the direction in which each of the component curves is
traversed, see estimate (4.3) in the proof of Proposition 4.2.

Theorem 1.1. Suppose that (U, ) and (V,) are p-weak charts of dimension N and M
in X and Y, respectively. Then (U x V¢ x ) is an (N + M)-dimensional p-weak chart
for X x Y. The local norm on (RY)* x (RM)* = (RN+M)* s given by

‘(ngfY”(:c,y) = H(|§X‘r’ ‘£Y|y)Hlv (fXaé-Y) € (RN+M)*»

for p x v-almost every (z,y) € X x Y.
Theorem 1.1 yields the following immediate corollary.

Corollary 1.2. Let X and Y be two metric measure spaces which admit a p-weak differen-
tiable structure. Then X XY with the product metric (1.2) admits a p-weak differentiable
structure.

In proving Theorem 1.1 we will use a characterization of p-weak charts in terms of
existence and uniqueness of differentials in the spirit of (1.1). In the following definition,
let U C X be a Borel set with (U) > 0 and ¢ € NJP(X;RYN).

oc

Definition 1.3. A Borel map &: U — (RY)* is a p-weak differential of a function f €
NYP(X) with respect to (U, @), if

(fomi=¢&, (o)), aetey (V) (1.3)
for p-a.e. curve v in X.

Note that there is no uniqueness condition imposed in the definition above. We say
that f € N'P(X) admits a unique p-weak differential with respect to (U, @), if the map &
in (1.3) is unique in the following sense: if £’ : U — (R¥)* is another Borel map satisfying
(1.3) for p-a.e. v, then £ = ¢’ p-a.e. on U.

Theorem 1.4. Let U C X be a Borel set with u(U) > 0 and ¢: X — RY a Lipschitz
map. The following are equivalent.
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(1) (U, ) is a p-weak chart;
(2) every f € NV (X) admits a unique differential df: U — (RN)* with respect to

(U, ¢);
(3) every f € LIP(X) admits a unique differential df: U — (RN)* with respect to

(U, ¢).
1.8. Application: tensorization problem of Sobolev spaces

We use Theorem 1.1 and Corollary 1.2 to make partial progress on the “tensorization
problem” for Sobolev spaces. The tensorization problem first appeared in [4] and was
formulated using Sobolev spaces defined via test plans, which we denote here by WP,
see Definition 2.4. It has later been investigated e.g. in [5]. Given p > 1, the Beppo—Levi
space JP(X,Y) consists of Borel functions f € LP(X x Y), which satisfy the following:

(al) For px-a.e. z € X, fp:= f(x,:) € WLP(Y);

(a2) For py-a.e. y €Y, f¥:= f(-,y) € WHP(X), and

@) [ (D) + DLW ul)duty) < .
XXY

We refer to the Appendix for the measurability of the integrand in (a3). Observe that,
although the Sobolev space WP and NP are isometrically isomorphic, it is not trivial
that one can replace W by N1 in (al) and (a2), a point we address in Section 5. The
space JUP(X,Y) equipped with the norm || f|| ;1.0 := (|| f|lzs + [f]5:.,)"/? is a Banach
space, where [f]j1.» is the seminorm

1/p
flye = (X/ (IADf1p (@), D falp (DI )Pdu(z)dr(y) | (1.4)

The “tensorization problem” of Sobolev spaces asks whether or not the equality
WIP(X xY)=J"(X,Y) (1.5)
holds. Roughly speaking this amounts to asking whether knowledge of the directional
derivatives in the X and Y directions is enough to ensure Sobolev regularity in X x Y.
While the inclusion W1P(X x Y) C JYP(X,Y) is elementary not much else is known

without additional assumptions.

Theorem 1.5. Suppose X and Y admit a p-weak differentiable structure and let f €
NYP(X xY). Then
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and

[Dflp(@,y) = [I(IDfY|p(), | D falp ()
for pxv-a.e. (x,y). In particular, the embedding WP (X xY) C JVP(X,Y) is isometric.

Theorem 1.5 leaves open the question of equality in (1.5) but shows that the elemen-
tary inclusion WhP(X x Y) C JUP(X,Y) is isometric (e.g. when the spaces are finite
dimensional), providing partial evidence in favour of the tensorization property.

While a full solution to the tensorization problem remains open, we are able to estab-
lish (1.5) under the additional assumption that one of the factors is a PI-space. Recall
that a p-PI space is a complete doubling metric measure space supporting a weak p-
Poincaré inequality, cf. [12].

Theorem 1.6. Suppose that X is a p-Pl-space and Y admits a p-weak differential struc-
ture. Then WHP(X x V) = JVP(X,Y) and the norms coincide.

Previously the same conclusion was (essentially) known to hold if both factors are
PI-spaces, see [5, Theorem 3.4] for a proof in the case p = 2. Further, in [10] the authors
obtained independently similar results. Their results apply to p = 2, but also include
warped products. The crucial proof technique of using a discrete convolution in one of
the factors is common to both the present paper and [10].
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Academy, Grant No. 314789. The third author was supported by the Swiss National
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2. Preliminaries
2.1. Product spaces

Let X and Y be complete separable metric spaces, and ||- || a norm on R2. Throughout
this paper we will use the product metric on X x Y defined by

d((z,y), (2", y") == [[(dx (z,2"),dy (g, ¥, (z,9),(2',y) € X x Y.

Given an absolutely continuous curve v = (a, 8) in X x Y, the metric speed satisfies

(e, B)il = I (let], 18D ave t,
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where |aj| and |3} are the metric speeds of the curves a and 5 with respect to the
metrics dx and dy, respectively.

Horizontal curves are curves whose Y-component is constant, and their collection is
denoted H([0,1]; X x Y). Similarly, vertical curves have constant X-component, and
their collection is denoted V ([0, 1]; X x Y"). In Sections 5 and 6 we will need the notion of
horizontal-vertical curves which are obtained as concatenations of horizontal and vertical
curves. The formal definition is given below.

Definition 2.1. A curve v = (o, 8) € AC([0,1]; X x Y) is called a hv-curve if there exists
a partition of [0,1] given as 0 = tg < ¢; < --- < ty = 1 so that for every i € {1,...,k}
either « or f is constant in [t;_1, ¢;]. We denote the set of hv-curves by HV([0,1]; X xY).

Given a HV-curve v = (o, ) its constant speed parametrization ¥ = (@, 3) is also
a HV-curve with the additional property that 4|; is non-constant on any open interval
I C [0,1] unless 7 is a constant curve. For (non-constant) ¥ we may find a decom-
position 0 < ¢;... < t, < 1, with either « or S constant on each [t;_1,t;], which is
maximal in the following sense: for any ¢ = 1,...,n and open I D [t;_1,t;], both &|; and
B|; are non-constant (i.e. none of the intervals [t;_1,t;] can be enlarged while keeping
one of the component curves constant). By convention constant curves have an empty
decomposition.

Definition 2.2. Given a curve v, we call the unique decomposition t(v) = {t; < ... < ¢,}
as above the collection of turning times of «. For n € N, we denote by HV,, the subset
of HV consisting of curves - such that the constant speed parametrization vy has exactly
n turning times.

2.2. Partial upper gradients

We refer the reader to [12,6] for a good account of modulus, line integrals along
curves, weak upper gradients, and Newton-Sobolev spaces N1P(X), Nllo’f (X), and omit
their definitions here.

Let I' ¢ AC([0,1]; X) be a family of curves in a metric measure space X, and let
p > 1. We say that a Borel function g: X — [0,00] is an upper gradient of a Borel

function f: X — R along T, if the upper gradient inequality

Fo0 =101 < [ gds, 0<s<i<i 2.1)

Vs, )

holds for every v € I'. We moreover say that g is a p-weak upper gradient along I' if
(2.1) holds for p-a.e. curve y e I. If ' = AC([0, 1]; X') we say that g is an upper gradient
(resp. p-weak upper gradient) of f.

We record the following result which establishes the existence of minimal weak partial
upper gradients.
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Proposition 2.3. Let T' € AC([0,1]; X) be a family of curves and f: X — R a locally
integrable function which admits a p-weak upper gradient g € LY (u) alongT'. Then there

loc
exists a minimal p-weak upper gradient |Df|,r of f along T.

Minimality in the claim above is intended in the sense that (a) |Df]|,r is a p-weak
upper gradient of f along I', and (b) |Df|,r < g for any locally p-integrable p-weak
upper gradient g of f.

Proof. By Fuglede’s Lemma, the family of partial weak upper gradients of f is closed
under (local) LP-convergence. The collection of partial weak upper gradients of f has
the lattice property by argument in the proof of [12, Lemma 6.3.14]. The existence of a
minimal element in the lattice follows as in [12, Theorem 6.3.20]. O

2.3. Plans

A plan on X is a finite measure 1 on C([0, 1]; X') concentrated on absolutely continuous
curves. The barycenter n* of 1 is the measure on X defined by

1
#(E) = // xe(r)lldtdn(y), E Borel.
0

If n# is an L9-function — i.e. n* = pu for some p € Li(pu) — we say 1 is a g-plan. To
define test plans, denote

er: C([0,1; X) = X, v+,

for fixed ¢ € [0,1]. We say that n is a g-test plan, if

/]I%qutdn(v) < 00, (2.2)

0

and there exists C' > 0 such that e < Cu for each ¢ € [0, 1]. If ¢ = oo, we replace (2.2)
by the requirement that 7 is concentrated on a family of L-Lipschitz curves, for some L.
Test plans appear in the definition of the Sobolev spaces WP,

Definition 2.4. Let p > 1 and let ¢ be the dual exponent of p. A function f € LP(u)
belongs to the Sobolev space WP (X) if there exists g € LP(u) such that

/|f(71)—f(’70)|d77§ //gdsdn

for every g-test plan 1 on X.
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We remark that the equality N?(X) = W1P(X) holds, for p > 1, if properly inter-
preted, see e.g. [9, Theorem 2.5]. Next we define the restriction operation on plans.

Definition 2.5 (Restriction of a plan). Let i) be a plan on X and ¢,s € [0,1], t < s. The
restriction of i to [0,1] is defined as the plan

Ni,s] = €[t,s+M,

where ep o2 C([0,1]; X) — C([0,1]; X) is the restriction map satisfying for all v €
C(I; X) the equality e q(v) = 7 with 3(r) = v((1 = r)t +rs).

We record the following lemma which can be established by elementary arguments.
We omit the proof.

Lemma 2.6. Let ) be a g-plan and t,s € [0,1], t < s. Then |y, is a g-plan. If n is a
q-test plan then n|(s 4 is a g-test plan.

In Section 5 we define the concatenation of plans which is, in a sense, an opposite
operation to restricting plans.

2.4. Disintegration

Disintegration of measures with respect to a Borel map is a far reaching generalization
of Fubini’s theorem. Although we will mostly apply it to plans and with respect to the
evaluation map, we present a more general formulation below. The following theorem
can be found in [2, Theorem 5.3.1].

Theorem 2.7. Let ¢: X — Y be a Borel map between complete separable metric spaces.
Let m € P(X) and v := ¢.w. Then there exists a v-a.e. x € X uniquely defined family
of measures {m,} C P(Y) such that mw, is concentrated on ¢~ (x) and

/ Gdr = / / G, | du(a)

X \¢p7(2)
for every Borel map G: X — [0, c0].

The disintegration is often used for the measure d= := |y;|dtdn on [0, 1] x AC([0, 1]; X)
and the evaluation map e : [0,1] x AC([0,1]; X) — X given by e(t,y) =, when 1 is a ¢-
plan. This yields a family of measures {7, }, which are e,dm-almost everywhere uniquely
defined for z € X. We call {7, } the disintegration of w (without reference to the map).
Note here that n# = e,d.
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2.5. p-Weak differentiable structure

Given a Borel set U C X of positive measure and ¢ € Nllo’p (X;RYN), we say that

C

(U, ) is p-independent if
inf [D(v-)|p(x) >0 p—ae onU
veD

for some (and thus any) countable dense subset D C SN~!. The pair (U, ) is said to
be p-maximal if, for all Lipschitz maps 1 € LIP(X;RM) with M > N and Borel sets
V C U of positive measure, the pair (V,4) is not p-independent.

Definition 2.8. A pair (U, ¢) is a p-weak chart if it is both p-independent and p-maximal.

To describe the pointwise norm associated to p-weak charts we record the following
result which will be useful in the sequel. In the statement U C X is Borel and ¢ €
NEP(XGRY).

Theorem 2.9 (Lemmas 4.1-4.8 in [9]). There exists a g-plan n on X and a Borel set
D C X with p.p< n?, and {m,} the disintegration of dm := |vy;|dtdn, such that

82,6 = xo(e) |22

Leo(mwy)

defines a Borel map X x (RN)* — [0, 00] with the following properties.
(a) ®¢ := ®(-,&) is a representative of |D(€ o )|, for all £ € (RN)*;
(b) ®% := ®(x,-) is a seminorm on (RN)* for y-a.e. x € X;

(c) For any Borel map &: U — (R™)* and Borel set V C X we have that ®*(£,) = 0
p-a.e. x € V if and only

£,((por)) =0 ae te 1)

for p-a.e. v;
(d) (U, ) is p-independent if and only if ®* is a norm for p-a.e. x € U.

We will refer to a map ® so that (a) in Theorem 2.9 holds as a canonical representative
for the gradient of ¢.

2.6. From plans to test plans

In the sequel we want to consider canonical representations of gradients of Sobolev
functions arising from test plans rather than plans. To achieve this we adapt arguments
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n [1, Theorem 8.5 and Theorem 9.4], which we present in detail here for the readers’
convenience.

Proposition 2.10. Let 1 be a g-plan on X, q € [1,00], and {7} the disintegration of
= |vi|dtdn. Then there exists a g-test plan 1 on X such that

n* < it <n* (2.3)
and the disintegration {7} of ™ := |v;|dtdn satisfies

_ H (f o)
Lo (mry) 17l

H (f O/T)é n* —ae xeX, feN'P(X). (24)

Vi

Lo (72)

Proof. First we obtain a plan with parametric barycenter in L°° by a suitable
parametrization of n-a.e. curve (see also [1, Theorem 8.5]). Note that if ¢ = oo the
g-plan 1) already has parametric barycenter in L and thus we assume that ¢ < co.

Let n, := %Zm, where n; = l,m (with I: C(]0,1]; X) — C([0,1]; X) the constant
speed parametrization map). Observe that n#* < (n,)* < n#. The parametric barycen-
ter vy := e, (dtdn,) satisfies n” < v; < so that n; has parametric barycenter in L.
Denote by p; the density of v; with respect to p and set

-~ 1
~ max{1,p1}
For v € AC([0, 1]; X), define
by(s) := /hl(’yt)dt, 7y(s) = ZZS;, s €[0,1]

For m-a.e. 7 we have that 0 < b, (1) < 1and (7,)'(s) = ((1)) > 0a.e. s € [0, 1]. For such
7 it follows that the inverse o : [0,1] — [0, 1] of 7, is absolutely continuous. Moreover,
the maps v — b, and H := vy + 7 0 0, are Borel, cf. [1, Lemma 8.4].

Define dn, := %H* (dn,). By Lemma A.2 7732‘7£ and nf are mutually absolutely

continuous since % > 0 my-a.e. For ny-a.e. v and any Borel map g: X — [0, o0]

we have that

/lg((voawt)dt:/lg(v )(74)'(s)

Thus, vy := e, (dtdn,) satisfies

Ju—

9(7s)hi(s)d

o
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[ gave < // 9((7 0 0,):)dtdn, = // () dsdn, = [ ghiprdn
0 0

It follows that dvy < hypidp. In particular % € L*(u) and 11 < v < vq. Similarly,
for n,-a.e. v we have that

1 1 1
/l v ooyl dt = /(’%(t)qlvéwt)lquz/UQ(t)q_lhé\qu
0 0 0

=0, (0 [ 1V Gbilrds = b, [ 1Vt (s
0

Thus,

1

) / |v;|‘Idsdn2/(1+/])) v o easan )
0

0
1 1
s//dsdm +//p‘f_1dsdm = n,(C([0,1]; X)) +/p‘fdu < oo.
0 0

We conclude that 1, is a plan with finite g-energy and its parametric barycenter dv, =
padu satisfies po € L°°(n) and 7 < v < n*. A repeated application of Lemma A.2
implies that

HGHLOO((-,‘-Q)I) = HGHLoo(.,‘.m) T[# —ae.x e X (2.5)

for every G satisfying (A.2).

We now modify 7, to obtain a test plan with the desired properties (cf. [1, Theo-
rem 9.4]). Fix € € (0,1) and given 7 € [0,¢], let r-: [0,1] — [0,1], r-(¢t) = 7+ (1 — e)t.
Set

€

1
N, = g/rT*nQdT.

0

We claim that 7, is a test plan. Indeed,

€ 1
1
)= / / / (0 )ty
14+7—¢
// / (1— )" ' yil9dsdnydr < Ey(ny),
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proving that 7). has finite g-energy. For any Borel g: X — [0,00] and ¢ € [0,1] we may

calculate

/get* dn,) = // (yor:)e)dnydr = - // (T+ (1 —e)t))drdn,

X
a—i—(l e)t

// g(7s)dsdn, < / gp2dp.

(1—e)t

Thus n, is a g-test plan.
It remains to show that 7, satisfies (2.3) and (2.4) (for any choice of € > 0). Denote
dm. = |v{|dtdn,. For any Borel G: C(]0,1]; X) x [0, 1] — [0, co] we have

€ 1
1
/GdTl'E: g///G('yorT,t)|(vorT);\dtdn2dT
0" 0

€ 1+7—¢

1

—2 [ [ ] cterrehisinr
0 T

:/REGdﬂ'Q,

where

1

REG(’% S) = g X[, 1—5+T](S)G(70rTﬂr;l(S))dT

o—,,

™

1
= _/Xs (1—¢), s] G(’yor,,.,r;l(s))dﬁ
0

If G satisfies (A.2) for all r,: [0,1] — [0,1], 0 < 7 < &, we obtain

0.¢]n [s = (1 —e),s]|

9

R.G(v,8) =m:(s)G(7,s8), me(s) =

In particular, choosing G(7, s) := g(vs)|vs| for arbitrary Borel g: X — [0, 1], we obtain
dn# = A.dn¥ where \.(z) := /me(s)d(ﬂ'g)gg > 0 for n¥-a.c. z. This proves (2.3).
The disintegration {(.),} of m. satisfies

/Gd(ﬂ'e)w = %(x) /REGd(ﬂ'Q)Z n” —ae xzeX.
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Thus, for G satisfying (A.2) for all {r;: [0,1] — [0,1]},¢[o,s] We obtain

(/ Gmd(ws)z>l/m = (ﬁ /ms(s)Gmd(wQ)z>l/m forallme N n# —ae z€X

and letting m — oo we obtain

||GHLoo((ﬂ.E)I) = ||GHLoo((ﬂ.2)z) ’l’]# —a.e.rx e X. (2.6)

/
Finally, given f € N'?(X) consider G(v,s) = (f 2 ) and observe that G satisfies
v

/
(A.2) for every absolutely continuous injection o: [0, 15] — [0,1]. Now combining (2.5)
and (2.6) we obtain (2.4). This finishes the proof by choosing e.g. 7} :=1,/5. O

3. Existence of p-weak differentials

We lay some groundwork for the proof of Theorem 1.4. Fix a pair (U, ), and let
®: X x (RV)* — [0,00] canonically represent the gradient of ¢. For p-a.e. z € U we
denote by

¢le = @(2,8), &€ (RN)*

the pointwise seminorm, and write W, := (R™V)*/{¢ : |¢], = 0}. We also let L,: W, —
(RN)* denote the right inverse of the canonical projection map []: (RY)* — W, given
by sending each [¢] € W, (which is an affine subspace of (R™)*) to the unique vector
¢ € [€] with smallest Euclidean norm. Note that | - |, is a norm on Im(L,).

Define the vector space I',(T*U) as the set of Borel maps &: U — (RY)* with £(z) €
Im(L,) p-a.e. such that

1/p

1€l o) = / €Pdu
U

is finite, with the usual identification of elements that agree p-a.e. It is a standard
exercise to show that || - [, is a norm making I',(T*U) a Banach space. Moreover we
let Ty 10c(T*U) the collection of all Borel maps &€ : U — (R™)* so that &|x € T,(T*K)
for all bounded subsets K C U.

Lemma 3.1. Suppose &: U — (RN)* is a p-weak differential of f € N'P(X) with respect
to (U, ). Then

(1) ¢ := L[¢] is a p-weak differential of f with respect to (U, p);
(2) We have that || = |Df|, p-a.e. on U.
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Proof. Let g; be a Borel representative of |Df|, and define the Borel function g =
xulél + xx\vgs- The identity (1.3) implies that

€((p o)l < gr(v)lv| ae tery™(U)

for p-a.e. curve. By the definition of ® this yields [{(z)|, < gf(x) p-a.e. x € U. Thus
g < gf. The identity (1.3) also yields that for p-a.e. curve v we have

|(f el = 1€, (L oM < g(ve) il

for a.e. t € y~1(U). Thus g is a p-weak upper gradient, and g > gy and (2) follows.
To prove (1) note that, since [¢' — &| = 0 p-a.e. on U by definition, it follows that
E((po)) =& ((pon)))) ae t € y~L(U) for p-a.e. v, cf. [9, Lemma 4.3(2)]. The claim
in (1) follows directly from this. O

Lemma 3.2. Let f € N'P(X). Assume that there exist f; € N*P(X), C; C X, for each
i € I in a countable index set I such that (1) f; admits a p-weak differential with respect

to (U, ) and f|c, = filc, for each i €1, and (2) | U\ UC’i =0. Then [ admits a
i€l
p-weak differential with respect to (U, ).

Proof. Let £, be a p-weak differential of f; for each ¢ € I. Identify I with a subset of N
and define the sets

Wj Z:UﬂCj\UCi.

1<j
Let J be the set of j € I for which p(W;) > 0. Then {W,},c; is a partition of U up to
a null-set and flw, = fj|lw, for all j € J. We claim that
£:=> xw,&: U— RY)
jeJ
is a p-weak differential of f with respect to (U, ¢). Indeed, note that p-a.e. curve v in X

has the following properties:

(i) for, wovyand f; o~y are absolutely continuous for all j € J;
(ii) almost every t € y~1(U) is a density point of y~1(W;) for some j;
(iif) (f5 o) = (€)rm((poy)i) ae. t €y~ H(U).

For any such v we have that

(f o= (fioMt = (&) ((w o)) =&y ((po 7))

for some j, for almost every ¢t € y~1(U). This proves the claim. O
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Remark 3.3. Lemma 3.2 shows in particular the local nature of p-weak differentials: if
V C U and f1 = fo pra.e. on V, then a p-weak differential € of f; with respect to (U, ¢)
is a p-weak differential of fy with respect to (V, ).

Lemma 3.4. Suppose (f;) C Nllo’f(X) is a sequence such that f; — f in L} (u) and
(IDfjlp); is equi-integrable. If f; has a p-weak differential with respect to (U, ) for each
j, then f has a p-weak differential with respect to (U, ).

Proof. For each j, let §; be a p-weak differential of f;. By Lemma 3.1 we may assume
that (§;) C T'p1oc(T*U). Since

1/p

1€ llm vy = / Dfdn| L Ve,
Vv

the sequence (|§;|?|x) is equi-integrable for every bounded subset K C U. The following
arguments are first applied to each bounded subset K of U, where the convergence is in
the normed space I',(T*K'), and then a diagonal argument is used to extend them to all
of U. A subsequence of (& j) converges weakly (by reflexivity for p > 1 and by Dunford—
Pettis for p = 1) to an element & € T'p jo.(T*U). Denote by éj and ]?j the sequence of
convex combinations (granted by Mazur’s lemma) converging to £ and f in Iy jo.(T*U)
and LP

loc
K C U converges in norm. Now we may argue as in the proof of [9, Lemma 4.7] (using

(), respectively in such a way that their restrictions to any compact subset

Fuglede’s lemma) to conclude that the identities (f; o y); = £j7(t)((90 o7);) for p-a.e. v
and a.e. t € y~1(U) pass to the limit and yield

(fom)t =& w((pon)t) aetey ' (U)
for p-a.e. . This proves that £ is a p-weak differential of f with respect to (U, ). O

Remark 3.5. The proof above shows that any weak limit in I',(T*U) of a sequence of
p-weak differentials of the f;’s is a p-weak differential of f.

We close this section by proving Theorem 1.4.

Proof of Theorem 1.4. If (U, ) is a p-weak chart, the existence of p-weak differentials
of Newton—Sobolev functions is proved in [9, Theorem 1.7], and their uniqueness follows
from p-independence and Theorem 2.9(c). The implication (2) = (3) is trivial. Thus it
suffices to prove (3) = (1).

Assume that every f € LIP(X) admits a unique p-weak differential with respect to
(U, ). It follows that (U, ) is p-independent. Indeed, let ® represent the gradient of
¢ canonically, cf. Theorem 2.9. Since any Borel map £: U — (RY)* with &, € ker ®*
is a p-weak differential of the zero function, the uniqueness of p-weak differentials with
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respect to (U, ¢) implies that ker ®* = {0} p-a.e. € U. Theorem 2.9(d) implies that
(U, ¢) is p-independent.

It remains to show that (U, @) is p-maximal. Suppose that V' C U has positive measure
and that v € LIP(X;RM) is p-independent on V. We will show that M < N. Let
dip; € (RY)* be the unique p-weak differentials of the components v; of ¥ fori = 1,... M.
To reach a contradiction assume M > N. Then di); are linearly dependent, and there
are Borel functions a; € L (V) so that Zf\il a;dy; = 0, with a := (a1,...,apm) # 0
p-a.e. on V. But, then for p-a.e. absolutely continuous v and a.e. t € y~(V) we have

Z ai(ve) (i 0y); = 0.

By Theorem 2.9(c) this implies that ¥*(a) = 0 for a.e. z € V, where ¥ canonically repre-
sents the gradient of 1. By Theorem 2.9(d) this is a contradiction to p-independence. O

4. Products of charts and tensorization
4.1. Tensorization of charts

Throughout this section we fix p-weak charts (U, ) and (V) of dimensions N and
M in X and Y, respectively. To prove Theorem 1.1, the following two propositions will
be used.

Proposition 4.1. Let u € N.P(X), v € NP(Y), h € CY(R?) and set f := ho (u,v) €

loc

NYP(X xY). Then the Borel map &: U x V — (RNTM)* ~ (RN)* x (RM)* given by

loc
€(x,y) == O1h(u(zx),v(y))dzu + h(u(x), v(y))dyv

is a p-weak differential of f with respect to (U x V, @ x ), and

g = [l(101h(u(z), v(y))lldzul, [O2h(u(z), v(y))[ldyv])]|’
is a p-weak upper gradient of f.

Proposition 4.2. Let | - |, and | - |, denote the pointwise norms associated to ¢ and 1,
respectively. Then the Borel map Z: U x V. — (RN+M)* ~ (RN)* x (RM)* given by

E((z,9), (£,€)) = (€l [T

canonically represents the gradient of ¢ x ¢ € N2P(X x Y RN M),

loc

It follows in particular from Proposition 4.2 that (U x V, ¢ x ¢) is p-independent. We
present the proof of Theorem 1.1 assuming Propositions 4.1 and 4.2 above, and after
this prove the propositions.
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Proof of Theorem 1.1. Proposition 4.2 implies that (U X V, ¢ x ) is p-independent and
thus any p-weak differentials are necessarily unique. By Theorem 1.4 it suffices to show
that every f € LIP(X) admits a p-weak differential with respect to (U x V, ¢ x ¢). We
do this in two steps using Lemma 3.4.

We first prove the claim for distance functions. Indeed, let (zg,70) € X x Y and
f = d((zo,y0), ). Note that f = ho (u,v), where h(t,s) = ||(¢,9)|l, © = d(zo,-) and
v = d(yo,-). Let hj: R? — [0,00] be a sequence of smooth functions with uniformly
bounded Lipschitz constant converging to h pointwise. By Proposition 4.1 the functions
fj == hj o (u,v) admit a p-weak differential. The sequence (f;) is moreover uniformly
Lipschitz and thus (|Df;|P) is equi-integrable. Since h; — h locally uniformly we have
that f; — f uniformly on bounded sets. By Lemma 3.4 it follows that f admits a p-weak
differential, as claimed.

Next we prove the claim for general f € LIP(X xY") using approximation by a sequence
of McShane extensions. Choose a countable dense set D := {(z1,y1), (2, 92), (x3,¥3),
...} C X xY and define

Note that supy LIP(fy) < oo and fy — f pointwise. By Lemma 3.4 f has a p-weak
differential if f has a p-weak differential with respect to (U x V, ¢ x 1)) for each N € N.
To see this, observe that there exists a Borel partition By, ..., By of X such that

fn = fa;) + LIP(f)d((x), y;),-) on B;

for each 1 < j < N, and that

d((x5,y5),-) = l[(d(z;,-), d(y;,)-

It follows from Lemma 3.2 that fy has a p-weak differential for each N. The claim about
the pointwise norm follows from Proposition 4.2, completing the proof. O

The remainder of this subsection is devoted to proving Propositions 4.1 and 4.2. We
start with a technical lemma.

Lemma 4.3. Let h = h o (g1, g2), where h: [0,1]> — R is Lipschitz and g1, go: [0,1] —
[0,1] are absolutely continuous. Assume there exist Borel sets A, B C [0,1] such that
the following hold: (1) for every t € A the partial derivative O1h(t,s) exists for every
s €10,1], and (2) for every s € B the partial derivative O2h(t, s) exists for everyt € [0, 1].
Then the function 6(t) := h(t,t) is absolutely continuous and

8 (t) = O1h(t,t) + Ooh(t,t) a.e. t€ ANB.

Remark 4.4. The assumptions can’t be much weakened, because if h(z, y) = max(|z|, |y|),
then 9;h(t,t) =1, but d1h, d2h do not exist along the diagonal. In [2] this is avoided by
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using an upper derivative, but we need the actual derivative to find the differential. The
slightly odd assumption on the existence guarantees the identity in the claim.

Proof. The absolute continuity of § follows from the estimate

[6() = 6(s) < LIP(A)[|g1(t) — g1(s)] + |g2(t) — g2(s)[], st €[0,1].  (4.1)

In particular, the distributional and classical derivatives of § agree a.e. Suppose ¢ €
C>(R), spt¢ C (0,1), and ¢ is small. On one hand, denoting C' := AN B we have

/C(t) (t+e, t+€) ttdt /C t+€’t+€;_h(t+5’t)dt

/C h(t +¢,t) f(t,t)dt
/Ct—g (t.t) — h(t,t—a)dt

/C h(t +¢,t) h(t,t)dt.

On the other hand,

/C(t)h(t,t)f:(t,tfs)dt_ / (- D =Rt =2)

€
C—e¢

/|<t—s PO Rt =9l / ”C”m\h(t,t)—g(t,t—5)|dt

€
CA(C—e)

and the right hand side tends to zero as € — 0. Using this, dominated convergence and
the fact that 01h(t, t), D2h(t,t) exist for every t € C' we may take the limit ¢ — 0 to

obtain
/gé’dt = /§(81h+82h)dt
C C

Since ( is arbitrary the claim follows. O

Proof of Proposition 4.1. By Lemma 3.1 the functions |du| and |dv| are p-weak upper
gradients for v and v respectively. By using this observation, find curve families I'y C
AC([0,1]; X) and T'y C AC(]0,1];Y) of zero p-modulus such that u o « and v o 8 are
absolutely continuous and
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(woa); =dau((poa)) ae tea ' (U)
[dagyu((p o a)y)| < dayullot] ae. tea™'(U)

(voB)y =dsmyu((Wop)y) ae tep (V)
|dsgyo((¥ 0 B)))] < ldaeyvl|Brl ae. t € B7H(V)

whenever a ¢ T'x and 8 ¢ T'y.

The curve family Ty = I'x x AC([0,1];Y) U AC([0,1]; X) x T'y has zero p-modulus
in X xY. For every v = (a,8) ¢ T'g define H(t,s) = f(a(t),B(s)) and note that
H = ho(uoa,vof3). Denote A=« }(U)\ E and B := 3=1(V)\ F for suitable null-sets
E,F C [0,1] where the identities above fail for v and v, respectively. We have that

O H(t,s) = O1h(u(ay), v(Bs)) (u o )i = Orh(u(ar), v(Bs))dagyul(p © );)

exists for every (t,s) € A x [0,1], and

OxH (t,5) = D2h(u(ar), v(Bs))(v 0 B)g = z2h(u(ar), v(Bs))daeyul(¥ o B);)

exists for every (t,s) € [0,1] x B. Applying Lemma 4.3 we obtain that fo~(t) = H(¢,t)
is absolutely continuous and

(f o'y); = O0H, (t,t) + O H(t,t)
= dih(u(an), v(Br))daul(p o a)t)
+ Oah(u(an), v(Br))dp(eyu((¥ o B);)
x’y)(((gp X )y);) ae. te ofl(U) N~ V) =~y"HU x V).
This proves that £ is a p-weak differential of f with respect to (U x V, ¢ X 1). From the

previous equality together with [|d, sy u((woa)})|| < [[dagullaj] and [dagv((boB))l| <
ldacvll18] we get

[(f 0 )il = [01h(u(ar), v(B0))daqyul(w © @);) + ah(ulaw), v(Br))dayul(¥ o B);)]
< [01h(u(ae), v(B))] [dayul lot] + |02k (ular), v(Be)ldse vl 54]
= Alag] + BIB| < I(A, B)"ll (|l 1B = gle, Bl (e, B3]

In particular, g is a p-weak upper gradient. O

Proof of Proposition 4.2. We will show that Z((z,y), (£,¢)) is a minimal p-weak upper
gradient for & o ¢ + ¢ 0% for any (£,¢) € (RN x RM)*,

By Proposition 4.1, applied to u = £ o p,v = ¢ 09 and h(u,v) = u + v, we know
that Z((x,y), (§,¢)) is a p-weak upper gradient for £ o ¢ 4+ ¢ o 1. Next, we show that
|ID(€ow+ o), > E((x,y), (&, ()) for p-a.e. point (z,y). To show this, it suffices to

consider any upper gradient h € L} (X xY) of £ o ¢ + 01 and to show that

loc
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h>Z(z,9),(&¢) puxv—ae (x,y) € X xY. (4.2)

Let 7 and 1’ be ¢g-plans on X and Y, respectively, and D C X, D’ C Y Borel sets
such that

_ E((poa))

|£|w _XD<‘r) |04| Lo ()
_ (o B)y)

€l =xor( H |ﬁ' Lo(nl) 7

cf. Theorem 2.9. By Proposition 2.10 we may assume that n and i’ are ¢-test plans. If
{ms}, {m,} are the disintegrations of dmw = |a;|dtdn and d=’ = |B;|dtdn’, then {m, x 7}
is the disintegration of @ x =’ with respect to the map

€ ([0,1] x AC([0,1]; X)) x ([0, 1] x AC([0,1;Y)) = X x Y, &((t, ), (s, ) = (e, Bs),

and is p X v-a.e. defined in D x D’. Fix such disintegrations.

First, for a.e. (z,y) &€ D x D' we have E((z,y), (§,{)) = 0, and we have the trivial
bound [D(£ o+ o), > ZE((z,y), (§,¢)) = 0. In what follows, we will concentrate on
p-a.e. (z,y) € D x D'. Fix (£,¢) € (RYTM)* and a upper gradient h € LY (u x v) of
Eop+ (o Let v = (a, ) be a curve for which

1
/ hadt), B(s)) ()], |6,)) | deds < oo,
0

o—__

(notice that n x n’-almost every ~ satisfies this). A Fubini-type argument yields that for

a.e. (t,s) € [0,1]?

,B)zldr = n(a(0), 5(0))[(& B)ol,

=
B

I

>
—
(o)
—
\‘

:—/
T
—
2
:
Qz

where

a(r) = a(t +ar/layl), B(r):= (s +br/|BL])

and (a,b) belongs to a countable dense set G C R2. Thus, for (¢,s) € [0,1]2\ N, where
N is a null-set, we have that

(Lo | c(wos))

o] B = Seedp) +C(w e B)) < h(a(0). A0)](@ Bl

< h(a(t), B(s))l(lal, [b])]
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for (a,b) € G. By continuity we obtain the estimate for all (a,b) € R?. By using Theo-
rem 2.7, it follows that for u x v-a.e. (x,y) € D x D' we have

Haa(soo @) , 6o B
]

h(z,y)|[(|al, [B)[| for all (a,b) € R*.

Leo(mwy X))

(4.3)

Let 04,0, € {£1} be such that

(oot 0 20N g L2250
|ot | Lo () i |ot| A4 Loe(nt)
(o B)s)
= essSUp, oy W ,

where esssup,. is the essential supremum with respect to a measure 7.
For a.e. (x,y) € D x D', there exists a,b € [0,00)? with ||(a,b)|| = 1 and for which
|1l ICI )N = aléls + b|C|y- Let @’ = 0,a,b = o,b, and apply (4.3) to get

G —_ LA

(o )) b/C(('(/J 6))
o] 18]

1(1€]» 1]yl = esssupy a

) < h(z,y).

= esSSUPr_ et <a
This establishes (4.2) and consequently implies

1(€le, (Sl < ID(E o+ Cod)lp(z,y) pxv—ae (z,y),

completing the proof of the proposition. 0O
4.2. Isometric inclusion WP C JWP(X|Y)

With the results of Subsection 4.1 we can prove the isometric inclusion of N1?(X xY))
in JYP(X,Y).

Proof of Theorem 1.5. The product X x Y admits a p-weak differentiable structure
with charts given by products of charts of X and Y, cf. Corollary 1.2. Thus every
f € N'P(X xY) has a differential df satisfying ||df|| = |Df|,. We will show that
|df|(z,y) = [[(|defY]|e, [dy fely)ll'. Given a p-weak chart (U, ) of X and (V,) of YV it
suffices to prove the identity for almost every (z,y) € U x V.

Since (U XV, (¢, 1)) is a p-weak chart, we have a local representation of the differential

Az = (A@z,y), P(a,y))- Since f € NYP(X x Y), for almost every € X, we have
fr € NYP(Y), and for almost every y € Y we have f¥ € NYP(X). Thus for p-a.e.
horizontal curve, i.e. for a.e. y € V and p-a.e. v € AC(]0,1]; X) we have that
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(f¥079)t = iy, F((9 071, 0) = a(sy) (0o 7);) ae tey ' (U).

However, since this holds for a.e. fixed y, and p-a.e. v € AC([0,1]; X), by [9,
Lemma 4.5], we have a(,,y = d,fY for a.e. € U. In particular, this means that the
map (z,y) — d, f¥ is measurable. Similarly, we get b, ,y = dy f; for a.e. z € X and a.e.
y € Y. We have obtained that

digyf = (dof¥,dyfe) pxv—ae (v,y) cUxV.

It follows from Lemma 3.1(3) and Proposition 4.2 that

|Df|p(a:,y) = |d(ac,y)f|(ac,y) = ||(|d¢fy|£7 |dyf¢‘y)||/ = ||(|ny\p(l‘), |Df1|p(y))‘|/

for p x v-a.e. (x,y) € U x V. This completes the proof. O
5. Properties of Beppo—Levi functions

In this section we establish a characterization of the Beppo-Levi space J™? in terms
of Newtonian spaces. Note that the isomorphism NP = WP does not automatically
allow one to replace W1? with N1? in the definition of J'?(X,Y). The main result in

this section achieves this by providing a good representative.
Theorem 5.1. Let f € JVP(X,Y). There exists a representative f of f such that

(1) for p-a.e. z € X we have f, € N*P(Y),

(2) for v-a.e. y €Y we have f¥ € N*P(X),

(3) the map g(w,y) = (IDS]p(@),|DLalp@)’ is a p-weak upper gradient of f along
HV-curves, and

(4) the minimal p-weak upper gradient § of f along HV-curves satisfies g < ¢, where
¢ = [[(er, )l and ¢y = [|(1,0)[|, c2 = [[(0, 1)]].

Recall the definition of HV-curves in Definition 2.1. In particular one obtains an
equivalent definition if in (al) and (a2) one replaces W1? by N1-P. To prove Theorem 5.1
we develop a notion of concatenation of plans and apply it to plans concentrated on
horizontal and vertical curves, which will henceforth be called horizontal and vertical
plans, respectively.

5.1. Concatenation of plans
The next definition will allow us to pass from horizontal and vertical plans to plans

concentrated on HV-curves (HV plans). Here we give the definition and establish the
basic properties of concatenation of plans.
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Definition 5.2 (Concatenation of plans). Let § and 17’ be plans on X with e1,.n = eg.n’ =:
v. Let {n,} and {n,} be the disintegrations of 1 and n’ with respect to the maps e;
and eg, respectively. For v-a.e. z € X, set

My = ax(n, X 0,

where a: e] ' () x eal(x) — X is the concatenation map («, 8) — «af, and define the
concatenation 1 * i’ of n and i’ by

nxn = /ngdy(z). (5.1)

X

Remark 5.3. Notice that in the definition of concatenation the choice of 1, x 17’ is some-
what arbitrary. One could produce new plans by choosing measurably other couplings
of m, and 7. In particular, for a given plan n the concatenation of the restrictions:
Nl[0,4 * Mlj¢,1) does not usually give back the original plan 7.

Lemma 5.4. Let m be a plan on X and s € [0,1]. If both m|j ) and n|s1) are g-plans,
then so is m1. Moreover, we have

77# = (n|[0,s])# + (n|[5,1]>#~ (52)

Proof. For any bounded Borel function g: X — [0, 00) we have

1
/gdn# = //g(%)lvéldtdn
X 0

s 1

-/ / ()llde + / (olilde | dn
// 9(n |7t|dtdn+// 9(7e)veldtdn

- // 97 0 €105 (0)](7 © €01’ ()]t + // 970 e (D) (7 0 epey) (D] dtdey
0
1

= //g(%)l%Idtdnl[o,s] +//9(%)I%Idtdn|[s,u
0

0
QE / gd(nlge.n)*

= / gd(n

X X

proving (5.2). This proves the claim. O
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As a corollary we have the following.

Corollary 5.5. The concatenation of two q-plans 1 and ', whenever defined, is a q-plan.
Moreover, we have that

(m=n")* =n* + ()%

Lemma 5.6. Suppose that m is a g-plan, s € [0,1] and that f € LP(u) and g € LP(u)
satisfy the inequality

- (63)

[ 156 = sulldta / o(w) il dtdm (),

0

Then (5.3) is satisfied for w = n.

Proof. By the argument in the proof of Lemma 5.4, we have that

/ Fn) — f(0)ldn < / FOr) — F(0)ldn + / Fn) — £(7)ldn

/ FOn) — F(0)ldnlio.s + / 1F(n) — () ldnlsy

< // g(v) ldtdnio () + // o),
0 0

1

- // g(v0)lldtdn ().

0

1(7)

This proves the claim. O
As a corollary we get

Corollary 5.7. Suppose f € LP(u) and g € LP(u) satisfy the inequality

[1560) = sewlants // gly)ildtdn(y), e {n,u'},

for two g-plans n and i’ on X for which e1.m = epxn’. Then (5.3) is satisfied for
T=n=xn.
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5.2. Concatenation of horizontal and vertical curves

We now apply the lemmas from the previous subsection to HV-plans. Recall that
HV(]0,1]; X x Y') denotes the set of all HV curves, and HV,,([0,1]; X X Y) the subset
of HV([0,1]; X x Y") consisting of HV curves with exactly n turning times. We remark
that HVp([0,1]; X x Y') consists of the union of all horizontal and vertical curves. Our
first step is to decompose plans concentrated on HV,([0,1]; X x Y'). For the proof we
denote by I: AC(]0,1]; X xY) — LIP(]0,1]; X x Y") the map sending v to its constant
speed parametrization 7.

Lemma 5.8. Let i be a horizontal or vertical plan in X x Y. Let f € J'P(X,Y) and
9(x,y) = |(I1Df|p(2), [Dfalp@))I. Then

[ 1560 = )l < // g(y0)ldtdn.

Proof. We prove the claim for horizontal plans. The vertical case follows similarly. If we
replace n by [.m, both sides of the inequality remain unchanged. Thus we may assume
that n-a.e. v is constant speed parametrized. Further we may assume that n-a.e. v is
non-constant.

Since n is a horizontal plan, for n-a.e. v = (o, 8) we have that § is a constant yg.
Denote by h the map v+ ys and let {n, } be the disintegration of n with respect to h.
Set v := h.m. Observe that h=1(y) = AC(]0,1]; X x {y}) ~ AC([0,1]; X) and we regard
7, as a plan living on the metric space X x {y} whose metric is a constant multiple of
the metric of X (constant independent of y).

It is not difficult to see that v < py. We claim that njﬁ = p(,y)px for v-a.e. y, where
p € L9(ux x py) is the density of n# with respect to jx x py. It follows from this that
7, is a g-plan for v-a.e. y.

For each Borel E C X and bounded Borel function ¢g: Y — [0, co] we have

[ swn Erav)

Y
1

= [ 9 [ xe(ol(av)latdn,avty)
0

Y
1

1
/9 / /XExY Ye)|yeldn, dv(y) = /goh /XExY Ye) [veldtdn
% 0

h=1(y) 0

= / g(y)dn#=/g(y) /p(-ay)dux dpy (y).

EXY Y E

Since F and g are arbitrary it follows that for v-a.e. y the identity ngf = p(-,y)px holds.
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Now we have the estimate

///|ny|p )| (@, ), |t du(y) /|Df’3(t)| (0)|(cv, B);|dtdn

S/ (DS (), 1D faiolp (B Il [57]) [ dtdn
0

1
- // g(y0)li|ded,
0

which proves the claim. O

Notice that a plan 1 concentrated on HV;([0,1] : X x Y) has a decomposition n =
Ny + My, where 1 is a horizontal and 7y, a vertical plan. This can be shown e.g.
by disintegrating n with respect to the map P: HVy; — {0,1} which sends horizontal
curves to 0 and vertical curves to 1 (we may by convention send constant curves to 0).
Lemma 5.8 directly implies that, for f € J1'P(X,y) and g as in the claim, the inequality
holds for all ¢g-plans concentrated on HVj.

Next we extend this observation to plans concentrated on HV,,. For the proof we say
that two plans 17 and i’ are equivalent if I,n = l,7’. Note that (I.n)# = 1 and that
I(HV,([0,1; X xY)) = HV,,([0,1]; X x Y)) for all n.

Proposition 5.9. Let f € JU'P(X,Y) and let g(z,y) = [|(|DfY|,(x), |Dfulp(y)|'. Then,
for any q-plan n concentrated on HV ([0,1]; X x Y') we have that

1
/ Fn) = F0)ldn < // g(v)lr)dtdn. (5.4)
0

Proof. Let 1 be a g-plan concentrated on HV ([0,1]; X x Y'). By disintegrating 1 with
respect to the map

tn: HV([0,1; X xY) = N, v — #{turning points of v}
we obtain a representation

1= XMy + 1My + Aemg + -+,
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where (),) is a non-negative summable sequence and, for each n € N for which A, > 0,
n,, i a g-plan concentrated on HV,,([0,1]; X X Y). Thus, we may assume that n is
concentrated on HV,,(]0,1]; X x Y) for some n € N.

Since both sides of (5.4) are invariant under replacing n by l.n we may moreover
assume that m-a.e. v is constant speed parametrized. For each such =, let ¢(~) € (0,1)"
denote the turning times of 7, (cf. Definition 2.2). Further, let r,: [0,1] — [0,1] be
the piecewise affine bijection for which 7 (t(v);) = i/n for each ¢ = 1,...,n, and set
r(y) == vy ory. The plan i’ := r,n is equivalent to n and for each i = 1,...,n the
restriction 1; = 1'[[(i—1)/n,i/n] is concentrated on HVy([0,1]; X x V). Thus (5.4) holds
for n; for each i = 1,...,n. By (an iterated use of) Lemma 5.6 it follows that (5.6) holds
for i/, and thus for . This completes the proof. O

Using arguments from [1] and [9], Proposition 5.9 yields the following corollary.

Corollary 5.10. For each f € J"P(X,Y) there exists a measurable representative foff

so that f = f a.e. and g(z,y) = |(|DfY],(2), | Dfelp()| is an upper gradient of f on
p-a.e. hu-curve.

Proof. Arguing as in the proof of [9, Lemma 3.3], Proposition 5.9 implies that for Mod,,-
a.e. HV-curve « there exists a representative f7 of f o~ for which the function g is
an upper gradient of ]‘2 along 7. Now repeating the argument in the proof of [1, Theo-
rem 10.3] we obtain the required representative f . O

Proof of Theorem 5.1. Let f € JYP(X,Y). The representative f of f given by Corol-
lary 5.10 satisfies (1) and (2), since g¥ and g, are p-weak upper gradients of f¥ and f,,
respectively, for px-a.e. z € X and py-a.e. y € Y. If h is a p-weak upper gradient of f
along HV-curves, then for p-a.e. (z,y) we have

(77 0 @)yl < hlae, ozl (1,00, [(fo 0 Bl < hlx, BB, 1)]| ae. ¢

for p-a.e. curves @ and B in X and Y, respectively. Consequently |D f¥|,(z) < c1h(z,y)
and |Dfy|,(y) < coh(x,y) and thus

9(x,y) = sup{a|DfY[p(x) + b|Dfelp(y) = [I(a,0)] =1, a,b > 0} < ch(z,y)
p—ae. (r,y) € X XY

proving (4). O
6. Tensorization when one factor is a PI-space

In this section we prove Theorem 1.6. Our proof uses a characterization of the ten-
sorization property in terms of (weak) approximation properties. Specifically, we use
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the doubling property and Poincaré inequality to construct Lipschitz approximants of a
Beppo-Levi function satisfying (3) in Proposition 6.1 below.

See [12] for the definitions of the doubling property and the Poincaré inequality. We
will also need the following definition of the local Lipschitz constant:

Lip[f](x) = Hrynj;lp W,

where f: X — R.

Proposition 6.1. Assume p € (1,00). Suppose that X and Y admit p-weak differentiable
structures. If any of the following (equivalent) conditions is satisfied, then W*P(X xY') =
JEP(X)Y).

(1) Density: W1P(X x Y) is dense in JYP in norm.

(2) (Weak) Approximation by Sobolev functions: For every bounded f € J'P(X,Y)
with bounded support, there exists a constant C' > 0 and a sequence of functions
fi € NYP(X x Y) with || fi||n1» < C so that f; converges to f in LP(X x Y).

(3) (Weak) Approximation by Lipschitz functions: For every bounded f € J'P(X,Y)
with bounded support, there is a constant C > 0 and a sequence of Lipschitz functions
fi € JYP(X,Y) with bounded support, so that || fi|lw1» < C, and so that f; converges
to fin LP(X xY).

Proof. Since W'P(X x Y) C JYP(X,Y) is an isometric closed subset, then equality
WhP(X xY) = JVP(X,Y) is equivalent to (1).

Clearly (1) = (2). Further, (2) <= (3) by density in Energy of Lipschitz functions,
for p € (1, 00) see [3] (alternative proof in [8]).

Next, we show that (3) implies (1). Suppose f € J2P(X,Y).

By Corollary 1.2, X x Y admits a p-weak differential structure. By [9, Corollary 6.7],
the space WP(X x Y) is reflexive. Thus bounded functions with bounded support are
dense in WHP(X x Y).

Let f € JYP(X,Y) be bounded and with bounded support. Let (f;) be a sequence of
Lipschitz functions satisfying the conclusion in (3). By reflexivity and Mazur’s Lemma,
a convex combination f; of a suitable subsequence of (f;) converges in the norm of
WhP(X x Y) and in LP(X x Y). Since the inclusion WP(X x V) < LP(X x Y) is
injective, and since the sequence also converges in LP(X x Y) to f, then the limit in
WHP(X x Y) equals f. Therefore, f € W'P(X x Y). The density of W'P(X x Y) in
JYP(X,Y) follows. O

To construct Lipschitz approximants in the proof of Theorem 1.6 we use a so-called
discrete convolution in the X-direction. First, define a Lipschitz partition on unity. For
n € N fix an 27™-net N,, C X. That is, fix a set N,, C X so that for each x € X there
is a a € N, with d(a,z) < 27", and for each a,b € N,, we have d(a,b) > 27™. Let
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{3 : a € N, } be a Lipschitz partition of unity subordinate to the cover { B(a,2'=")} so
that supp(¥?) C B(a, 227 ™). The functions ¥" can be chosen to be C(D)2"Lipschitz
with a constant C(D) depending on doubling constant D of X. We will fix this partition
of unity and the nets N,, in the proofs below.

For a function f € W1P(X) define the approximation

Tof@) = 3 vo(a) ][ fdp. (6.1)

a€Nn B(a.2—")
We have the following lemma.

Lemma 6.2. If X is p-PI, then T,, : W1P(X) — WLP(X) is bounded, with norm bounded
independent of n, and T, f — f in LP(X) for every f € W1P(X).

Proof. That T,, : LP(X) — LP(X) is bounded, and that T,,f — f for all f € LP(X)
follows from [11, Lemma 5.2]. Further, [11, Lemma 5.2] also implies that there is a
constant C' > 0 independent of n so that T, f is locally Lipschitz with

Lip[T, f](x) < C2" ][ 1 Fotasmldu
B(a,5A22-1)

whenever z € B(a,5A227"). By the p-Poincaré inequality, we have

DL fly(e) < LplTufir < 0y (DSl
B(a,522-7)

for all x € B(a,5A2%7"). The balls B(a,5X22~") have bounded overlap by the doubling
condition and thus we get

[I0nseras - vy [ iDspdu< e [ |Dslgdn,

a€ENy B(a,5322—n) X
for a constant C' = C(C, D, A\, cpr), where D is the doubling constant of u. O

Remark 6.3. Indeed, our proof of Theorem 1.6 will use the Poincaré inequality only
through the previous Lemma. One may conjecture that linear approximating operators
T, exist more generally. The crucial properties that we need are that the expression is
given by a partition of unity, averages of the function, and that it is a bounded linear
operator. Pl-spaces are the only context where such a discrete convolution operators are
known to exist. One plausible approach to tensorization of Sobolev spaces would involve
constructing such convolutions more generally.
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Proof of Theorem 1.6. We will verify (3) from Proposition 6.1. Let f € JVP(X,Y) be
bounded and with bounded support. We assume that f is the good representative given
by Theorem 5.1.

For each a € N,, consider the function f%: y +— JCB(a,rn) f(z,y)du(z). Let g(z,y) =
|IDf.|p(y) be the p-weak upper gradient of f in the Y-direction and define §*(y) =
fB(a gy |Df:|p(z,y)du(z). By Minkowski’s inequality, we see that g% € LP with

30y < f ot dutz).
B(a,2—™)

Let 1 be any ¢-test plan in Y.

[l = reolnGy < f [ 15w - fGaldnG)du)

B(a,2—m)

1
F [ st

B(a,2=") 0

// ][ |D f.lp (2, ve)dp(2) |y | dtdn ()

a2 n)

< // g*dsdn().

~

Since 7 is arbitrary it follows that f@ € WhP(Y).
Define

Falz,y) = Ta(f9) (@) = Y du(@)f*(y)

Since f has bounded support, the sum here is in fact finite. It follows that f, €
N1P(X xY). The doubling condition and p-Poincaré inequality on X easily implies that
fo— fin LP(X xY). Indeed,

Fla,y) = fula,y) = D vi(a =) — () Ba2-m),

a€EN, a€EN,

whence

1/p 1/p

[~ feapda | <X | [ 1= (s P
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1/p

<Cc >y 2 L/ [DfYPdp

a€Ny B(a,22-7)

Integrating the p-th power of this estimate over Y using that the balls B(a,22~™") have
bounded overlap we obtain || f, — fllzr(xxv) < C27"|| f|| s1», implying || f,, — fI| = 0 as
claimed.

Now, we show that sup, ey [||Dfnlpllrr < 0o. We have [Df,|, < |dxfn| + |dy ful-
First consider |dy fy,|. Since x is constant we obtain

dy fulw,y) = Y ¢i(@)dy f*(y).

a€EN,

By the triangle inequality, and since the sum has at most C'(D)-nonzero terms for any
given x, we get

/ Ay ful (@ p)dr) So 3 60 () / Ay F ()P dv(y)
Y

a€EN,

<3 Wr@pe ][ 190z, M ooy dia(2).

aEN, B(a,Z*")

Integrating over X, noting that 1" has support in B(a,2?~"), and using the doubling
condition yields that ||[dy fulllzr(xxv) S |9lor(xxv)-
Next, consider the X-derivative. Let b € N,,. We may write

dx fala,y) = Y dxvr(@)[f*(y) — ()]

a€ENy,

using the linearity of the differential and the fact that ¢¢ is a partition of unity. The dou-
bling condition implies the existence of a constant Cp such that, for each € B(b,2277),
there are at most Cp elements a € N,, with B(a,2?7") N B(b,227") # @. For these
a € N, the p-Poincaré inequality implies the estimate

F(y) — £ ][ FCoy)dp— ]1 Fy)du
(a.2-m) B(b2—m)
1/p
<cz| | ipppds

B(b,A28-m)

This implies that
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ldx falz, Moy < D I @£ W) = P @)llerery

aENn
1/p
<Cc )y or.c2n ][ |DfY|Pdp
e BbA2) Lr(Y)

1/p

<c ][ 1D, oy dia(2)
B(b,\28—n)

for each z € B(b,227™). The balls B(b, \287") have bounded overlap by the doubling
condition. Thus

/ A falPd (e % )

XXY

/ s e M ile) = 3 [ 0@ e ) le)

b€n

<oy ][ 11D £l gy (2 la(a)

bENn B (,22—n) B(b,x28—7)

<c Z / H|ny|<z)||ip(y) ) < C”/|||ny ||Lp(y 1(2).

bENn (b x25-m)

Thus ||dx fullzr(xxv) and [|dy fnl|Lr(x xy) are bounded independently of n, completing
the proof. O

Data availability

No data was used for the research described in the article.
Appendix A
A.1. Elementary properties of disintegration

We record some elementary properties of disintegrations of plans. In the following
statement, the space ACB([0,1]) consists of absolutely continuous bijections o: [0,1] —
[0, 1] with absolutely continuous inverse, and {,} is the disintegration of the measure
7 given by dm := |;|dtdn with respect to e. The following properties are easy to verify

from the definition by direct calculation using the uniqueness of disintegration. Thus we
omit the proofs.
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Lemma A.1. Let F': AC([0,1]; X) — [0, 00] be bounded and Borel and denote

f)i= [ ram,

)
forn*-a.e. v € X. Let o: C([0,1]; X) — ACB([0,1]) be Borel and denote
H:C([0,1]; X) = C([0,1]; X), v+ yoo0,.

(a) The plan ng := Fn and the disintegration {(7r),} of dwp := |v;|dtdn satisfy

dnﬁ(m) = f(:v)dn#(x), (TF)e = Fr, n" —ae z€ {f >0}

1
f(x)
(b) The plan ny = H.n and the disintegration {(wpg).} of dmy = |yi|dtdny satisfy

nﬁ =0, (mp)e = (Hy1)we 17 —ae z€X.

Here Hy—1(v,t) == (Hy, 051 (t)).

Lemma A.2. Let F' and H be as in Lemma A.1 and suppose that F' > 0 n-a.e. Consider
Npg = FH.m and the disintegration {(7r u)s} of dwp g = |y|dtdng ;. Then n# <
nﬁH < n* and

||G||Loo((ﬂ-FH)T) = ||G||Loo(ﬂ-T) ’l’]# —a.e.xe€X (Al)
for every Borel function G: C([0,1]; X) x [0,1] = R satisfying

Glyo ) = Groy(t) T —ac. (1,1). (A.2)

Proof. Lemma A.1 implies that n#* < nﬁH < n* (since f > 0 n¥-a.e.) and moreover

1
TrH)z = 7~ (Hy-1)Ty n” —ae zeX.
(wrn)s = 5y F(Ho)

For any Borel function G: C([0,1]; X) x [0,1] — R we have that ||G||z((xp).) =
|Gl Lo (a1 )um,) for n”-a.e. x € X, thus we may assume that F = 1.

Now suppose that G satisfies (A.2). Then G o H,-1 = H m-a.e. which readily implies
that

Gl (1,1 )ems) = IG © Hyr || L (m,) = G|z (m,) M7 —ae. z € X,

This completes the proof. 0O
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A.2. Measurability of |Df.|(y) and |DfY|(x)

Proposition A.3. Let f € JYP(X,Y). For p-a.e. v € X there exists a representative of
dfs € Tp(T*Y) so that (z,y) v dyfs is Borel measurable. Similarly for v-a.e. y € Y
there exists a representative of dfY € I'p(T*X) so that (z,y) — d fY is Borel.

Proof. Let (U, ) and (V, ) be p-weak charts of dimension N and M, respectively. Let
E C U, F CV be null-sets such that the pointwise norms ®* and WY are well-defined
and fY € WYP(X), f, € WHP(Y) whenever z ¢ E and y ¢ F. We may define d,. f¥ as
the unique vector £ € (RY)* for which

Lo (my)

whenever this exists, and 0 otherwise. Here f¥ is the absolutely continuous representative
of fYoq if this exists and 0 otherwise. It follows that U x V' 3 (x,y) — d, f¥ thus defined
is p x v-measurable. A similar argument gives the claim for d, f,. Since p X v is Borel
regular it follows that d, f¥ and d, f, have Borel representatives. By the arbitrariness of
(U, ) and (V,4) the claim follows. 0O

Corollary A.4. Let f € JYP(X,Y). For p-a.e. © € X there exists a representative of
|Dfelp € LP(v) so that (z,y) — |Dfslp(y) is Borel measurable. Similarly, for v-a.e.
y €Y there exists a representative of |DfY|, so that (x,y) — |DfY|,(x) is Borel.

Proof. The claim follows from Proposition A.3 since ®*(d, f¥) and ¥¥(d, f,) are Borel
representatives of |DfY|, and |Df,|,. O

We remark that the measurability of |DfY|,(x) and |Df,|,(y) can also be proven
without using the p-weak differentiable structure.
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