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Preface

The theory of the finite element method (FEM) has been developed during the
last fifty years. The discovery of the FEM is usually attributed to Prof. Richard
Courant in 1943 (see [Courant, p. 21]). Nevertheless, in [Ciarlet, Lions, p. 5] there
are some older references to finite element-like methods. The first monograph on
the FEM belongs to Synge [Synge] in 1957.

The notion element was introduced in the 1950’s by aerospace engineers per-
forming elasticity computations. They divided a continuum into smaller pieces
— called elements. The notion finite element was introduced by mathematicians
later, in the 1960’s.

At the beginning the finite element (FE) analysis arose essentially as a discipline
for solving problems in the structural engineering, and its role in that field is still of
fundamental importance today. It was found soon, however, that the method had
implications far beyond those originally considered and that it presented a very
general and powerful technique for the numerical solution of differential equations.
This aspect of the FE analysis has been developed in resent years, with the result
that at the present time, it is probably as important as the traditional applications.
References to the growing literature on the FEM are collected, e.g., in [Mackerle],
[Noor].

The main advantage of the FEM is that it enables us to simulate many physical
processes on a computer. Thus, it can substitute for the creation of expensive tech-
nical models (prototypes) or for the performance of complicated measurements.
For instance, in designing and manufacturing electrical devices we can compute
their electromagnetic, temperature or stress fields by the FEM, see, e.g., the mono-
graphs [Kfizek, Neittaanméaki, 1990] and [K¥izek, Neittaanmaki, 1996].

A great deal of progress has been made in FEM software. The whole computa-
tional process can be essentially automated; including the following steps:

preprocessing of input data,
generation of triangulations,
assembling FE-matrices,
solving discrete problems,
postprocessing of output data,
a posteriori error estimates,
graphical illustration of results.

NS

Nevertheless, many theoretical questions, related to the foundations of the
method and being born by practical problems and their needs, are still open. More-
over, e.g., three-dimensional problems are usually very difficult to solve and always
present a challenge to the researcher. In this dissertation the author presents his
own works devoted to the following special questions of the FE analysis: an analysis
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of variational crimes for the nonlinear heat conduction equation in 3D, a construc-
tion of the three-dimensional equilibrium finite elements and a construction of a
strongly regular family of triangulations for planar domains with piecewise smooth
boundaries.

First, we briefly describe the main structure of the dissertation, then outline
each of the mentioned above topics and the own contributions to the fields.

The work consists of four parts, which are divided into 10 chapters.

In Part I, consisting of two chapters, we present modern formulations of correct
boundary value problems, being convenient for using numerical methods, intro-
duce the main ideas of Rayleigh—-Ritz, Bubnov-Galerkin and finite element meth-
ods. Necessary theorems and definitions from the Sobolev space theory and the
functional analysis are given there as well.

Three works by the author ([Korotov, K¥izek], [Korotov, 1997a] and [Korotov,
1997b]) form the basis of Parts II, III and IV, respectively.

In Part II we generalize the FE analysis of variational crimes, which arise in
solving a nonlinear heat conduction problem in planar domains with a piecewise
curved boundary (see [Feistauer, Kfizek, Sobotikovd]) to the three-dimensional
domains with curved smooth boundaries. In particular, we approximate a smooth
boundary by a polyhedral one, we use appropriate numerical quadrature formulae
to evaluate all integrals and, finally, we interpolate boundary conditions. Doing
these approximations, we commit three kinds of so-called wariational crimes, in
virtue of which the used finite element method becomes nonconforming.

A detailed analysis of variational crimes for linear boundary value problems
can be found, e.g., in [Ciarlet], [Ciarlet, Raviart], [Strang]. Its extension to a
class of nonlinear plane elliptic problems of monotone type was first done in [Feis-
tauer, Zenigek, 1987]. This analysis was later generalized into several directions:
to pseudomonotone operators [Feistauer, Kfizek, Sobotikovd], [Feistauer, Zeni-
Sek, 1988], to nonlinear elliptic problems with discontinuous coefficients [Feistauer,
Sobotikova, 1990], [Zeniéek, 1990a], to nonlinear boundary conditions [Feistauer,
Felcman, Rokyta, V143ek], [Feistauer, Najzar|, to polyhedral domains [Feistauer,
Kfizek, Sobotikovd], [Kfizek, Lin], etc.

Some of these results are also surveyed in the monographs [Feistauer, 1993],
[Ktizek, Neittaanméki, 1996], [Zeniéek, 1990b]. However, the above mentioned
references do not contain any finite element analysis of a nonlinear elliptic problem
in three-dimensional domains with curved boundaries.

We suppose that  C R? is a bounded domain with a smooth boundary. There
are several approaches how to treat the curved boundary 9. The first one is to
employ isoparametric elements. However, they do not have a simple form in R3
(see [Bernardi] and [Ciarlet]). The ansatz shape functions are nonpolynomial; in
favorite cases rational, but, in general, they are quite complicated. Note that for a
small discretization parameter A it is not possible to decompose Q into tetrahedral
elements having at most one face curved (cf. [Kfizek, Neittaanmaéki, 1990, p. 76]).
Thus, isoparametric elements with at least two curved faces are used (see [Lenoir]).
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Another approach is to approximate §2 by a polyhedron 2, and then decom-
pose €2, into straight (non-curved) elements. Since we usually have no a priori
information about the regularity of the true solution of a nonlinear problem, lower
order finite elements on 2 have to be applied. This manner is often used in prac-
tical calculations, but for a theoretical finite element analysis the entire domain
should be taken into account.

In [Knobloch], the shape of tetrahedral elements near 99, are slightly changed
in such a way that § is completely covered by them.

We will present a different approach. We assume for simplicity that €2 is convex
and Qp C Q. The set Q\ Q, is decomposed into two kinds of special elements—hat
and slice elements, see Chapter 6. They are not applied for computer implemen-
tation, but only to prove the convergence of approximate solutions on polyhedral
domains in the W4-norm to the true solution, that is the main result of Part II.

Also, at the beginning of this part, in Chapter 3, we present a survey of the other
main results obtained for the FE analysis of nonlinear heat conduction equations
of the same kind.

The result of Part III is a construction of finite element subspaces of the spaces
of divergence-free functions. Such a problem is frequently met when we treat
numerically some phenomena in continuum mechanics, electromagnetism, heat
and fluid flow problems, etc.

Namely, we shall describe an internal finite element approximation of the fol-
lowing space which appears in variational formulations of a considerable number
of problems, see, e.g., [Girault, Raviart], [Hlavacek, Kfizek, 1984], [Kfizek, Neit-
taanmaki, 1990], [Nedelec], [Temam]:

Ho(div’; Q) = {7 € [L*(Q)]*| (¢, V2)o =0Vz € H'(Q)}, d=2,3.

We will deal only with the three-dimensional case. Note that in 2D the mapping
curl : H}(Q) — Ho(divo; Q) is bijective for simply connected planar domains with
Lipschitz continuous boundaries (see [Girault, Raviart]), but in 3D the situation
is different: the mapping curl acts on the vector-functions already. Nevertheless,
under certain conditions on the given domain and on the construction of the finite
element subspaces we again prove the bijectivity of this mapping. This simplifies
the procedure of a construction of the finite element basis functions in Hg (divo; Q).

The question of Part IV is considered mainly due to pure theoretical needs. We
prove the existence of a strongly regular family of decompositions into triangles
for planar domains with piecewise smooth boundaries. This regularity property
(see Section 2.7 for several equivalent formulations) implies getting a priory er-
ror estimates and is usually committed in the literature as existing one. Several
constructive proofs can be found in Russian literature, see [Korneev, 1977], [Ko-
rneev, 1979b] for planar and space domains with C2-smooth boundaries. These
constructions are based on the rectangular meshes. Note that we widely use such
regularity property in Part II of the dissertation.
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Another approach based on triangulations of a circle and a ball is developed in
[Matsokin, 1975a] and [Matsokin, 1975b]. Nevertheless, according to the knowl-
edge of the author there is no strict proof of an existence of such triangulations
for planar domains with piecewise smooth boundaries. Moreover the algorithm
proposed by the author is different from the mentioned ones.
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On contents of Part I

Part I consists of two chapters. In Chapter 1 we present modern formulations
of correct boundary value problems, main results from the Sobolev space theory
and several auxiliary theorems from the functional analysis.

The finite element method is briefly discribed in Chapter 2. Also several special
questions of the FE analysis, being topics of the main parts of the dissertation,
are discussed there.

The material of this part is auxiliary for Parts II, ITI and IV.
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Chapter 1
Modern formulations of correct boundary
value problems

1.1. Variational principles of mechanics!

Consider as an example the following homogeneous Dirichlet problem for the Pois-
son equation in a bounded planar domain §2 with a boundary 9%:

—Au = —Ug, z;, — Uzaz, = f(xl,xZ) in 2 (111)
u=0 on 0Q. (1.1.2)

It is well-known that the classical solution of the above problem has to be contin-
uous in § function, satisfying the boundary condition (1.1.2) and have continuous
in § derivatives ¥s, 5, and ug,4, such that (1.1.1) holds.

The equations (1.1.1)-(1.1.2) present a mathematical model of the following
physical problem: find the equilibrium position of a thin elastic homogeneous
membrane, fixed along the boundary and subject to the load f(z).

Unfortunately, this problem has no solution even when f is a continuous in
Q function, see, e.g., [Mikhailov, p. 246]. Unconveniency of such a model forced
mathematicians to recall that the equation (1.1.1) has been obtained while mini-
mizing the following energy functional:

D(v) = -/Q{v;1 +v2 —20f}dz
= (|Vol* - 2vf,1)0,0,
i.e., derived from the variational problem:
u = arg min ®(v), v €V, (1.1.4)

where V = {v € C}(Q2) | v = 0 on 9Q}.
To study variational problems similar to (1.1.4), we will define in V x V a scalar
product:

(1.1.3)

(u,v)1,0 = (Ug, Vz; + UzyVzs, 1)0,0 = (¥, 0)v. (1.1.5)
We recall here the axioms of the real scalar product (-,-):
(u’ U) = ('U"U')a
(a1u1 + a2ug,v) = ai(u1,v) + az(uz,v),
(u,u) = |jul|® >0, (1.1.6)

lu| =0 <= u=0,

IWhile introducing a material of this section we give simultaneously several definitions and
notations. Some of them, more important ones, will be formulated in strict mathematical form
later.
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where a1, ap are any scalars (by a scalar we mean a real or a complex number).
The following important properties of the scalar product are valid

|(u,v)] < ||u|| ||v]] (Cauchy-Schwarz-Bunyakovskii inequality), (1.1.7)
llu+ || < |lul| +|lv||  (triangle inequality), (1.1.8)
(,v) =0 < |lu+2|*=|ul|®> +|jv|> (Pythagoras rule), (1.1.9)
llu+ )% + |lu — o> = 2(J|u||* + ||v||*) (parallelogram rule),  (1.1.10)

i.e., the mapping || - || is, in fact, a norm.
For the defined above space V, the Poincaré-Steklov inequality is valid (see,
e.g., [Mikhailov, 1978]):
llullo,e < Clul1,0, (1.1.11)

where u € V, ||ullf o = ||u||L2(Q (v?,1)0,0, |ul1,0 = ||u|]lv and C is an indepen-
dent constant.

By V* we will denote a linear normed space of linear continuous functionals
defined on V (so-called a dual space of V). Then, if || f]lo,2 < co and defining

(v) = (f, )00 (1.1.12)

l
we have I € V*, ||!|| = sup {'—-(v*)‘} < C||fllo,e and
vev Ulollv

®(v) = ||v]|} — 21(v) > inf B(v) = By > —co, (1.1.13)

since [ is bounded.

Now we suppose that the value &y can be reached and let u be the solution of
(1.1.4), for conditions providing the existence of the solution we refer to [Mikhlin,
1970]. Taking ¢(t) = ®(u + tv), we have

p(t) > p(0),
dd
—| =0.
Lz |t 0T T .
This leads to the relations:
(u) U)V = l(“)v

(um ) vzl)O,Q + (uxg y 'Umg)O,Q = (f, 'U)O’Q Yv eV.
If we suppose additionally (cf. the Green formula) that

(uziavmi)o,ﬂ = _(uziwiav)o,ﬂ, 1= 1a27
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then for such u we immediately obtain (1.1.1). The equation (1.1.1) is called the
Euler equation for the variational problem (1.1.4).

The understanding of the importance of such variational problems as math-
ematical models of physical phenomena is a great scientific achievement. Most
mathematicians of the XIX century (Dirichlet, Riemann) had an opinion that
the problems of the type (1.1.4) are always solvable. But Weierstrass’ criticism
showed that it is not true, in general. Later (in 1901), Hilbert included “a proof
of validity of variational principles” into the famous list of the most important
problems in mathematics. Moreover, the works of Rayleigh and Ritz had pointed
out the importance of these principles for the construction of numerical methods
(see Chapter 2).

The difficulty of the problem posed by Hilbert can be illustrated by the fol-
lowing example: If ®(u™) — ®g as n — oo, u™ € V, then the sequence {u"} is
fundamental only in a weak metric of V.

Indeed, let us have ®(u™) < ®¢ + €/4 for some fixed ¢ > 0, n > N(g). Then,
for such n and p > 1, by (1.1.10), we get

[u™+? — u|[} = 2[B(u™P) + & (u™)] - 4B((u™FP + ™) /2) <,

i.e., {u"} is fundamental in V.

It means that if {u"} is convergent, then its limit would be the unique solution
of (1.1.4). But {u"} is fundamental in a weak metric of V only; hence we cannot
say that {u™} converges tou € V.

1.2. Variational problems in Hilbert spaces

From now on we will usually omit subindices for all norms when it does not lead
to misunderstanding.

Definition 1.2.1. A linear space V with a scalar product that is complete in the
norm induced by this product (i.e., when it is a Banach space in this norm) is
called Hilbert space.

Hilbert spaces will be usually denoted by the symbol H, sometimes with subindices.

Remark 1.2.2. All Hilbert spaces considered in the dissertation are separable, i.e.,
they contain everywhere dense countable subsets.

Theorem 1.2.3. (Riesz theorem) Let H be a Hilbert space with the scalar product
denoted by (-,-). Then for any continuous linear functional | defined on H there
ezists exactly one element h € H such that

l(v) = (h,v) YWEH (1.2.1)

and ||I]| = [|A]l.
Proof. See [Taylor, p. 245]. O
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Theorem 1.2.4. Let H be a Hilbert space and the functional | € H*, where H*
is dual to H. Then the problem in the form of (1.1.4) with ®(v) = ||v||? ~ 2I(v)
and V = H has a unique solution u.

Proof. In view of the Riesz Theorem, any [ € H* can be uniquely represented as
I(v) = (h,v), and [|hl] = I][. Then ®(v) = [[v — h||? — [|AI|? and u = A, 0

In the same manner the following two theorems can be proved.

Theorem 1.2.5. Let the conditions of Theorem 1.2.4 be satisfied and let v’ be a
solution of (1.1.4) with l' instead of l. Then

[lu =[] < flE =)

Theorem 1.2.6. Let H be a Hilbert space. Suppose that the given bilinear form
b(-,-), defined on H x H, satisfies the following conditions:

b(u,v) = b(v,u) Yu,v € H (symmetry), (1.2.2)

|b(u,v)| < Cillullllvll Vu,v € H (boundedness), (1.2.3)

b(u,u) > Co|lull?>, Co>0, YueH (coercivity or V-ellipticity). (1.2.4)
Then the problem (1.1.4) withV = H, | € H* and

®(v) = b(v,v) — 2(v) (1.2.5)
1s correct and equivalent to the problem of finding u € H such that
b(u,v) =1l(v) Yv € H. (1.2.6)

Remark 1.2.7. Tt is easy to get the generalization of Theorem 1.2.6 if we replace
H by ¢ + H', where H' is some subset of H. This construction is useful for the
inhomogeneous Dirichlet boundary value problems (see, e.g., [Axelsson, Barker]).
Also, some generalizations of the problems of minimization of ®(v) on a non-
empty, convex and closed set from V are known (see [Glowinski, Lions, Trémoliéres]).

1.3. On the concept of completion

In view of Section 1.2 we may say that the main difficulty in proving the validity of
variational principles laid in making the extension of the incomplete space V' to the
Hilbert space H. The most convenient extension of spaces of type V was proposed
by Sobolev in the 1930’s. This approach (for details, see, e.g., [Mikhlin, 1970]
and [Rektorys]) is very important for the modern theory of differential equations
and numerical methods. The elements of such an extension are some classes of
almost everywhere equivalent functions, and it is possible to identify them with
usual functions which are called localizations of the classes. In the next section
we present main features of such an extension; several important definitions and
theorems will be given.
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1.4. Sobolev spaces: definitions, main properties

In this section we introduce briefly several well-known definitions and results which
we shall often use throughout the dissertation. The domain 2 is always supposed
to be a bounded connected open set in R%. The conditions for the boundary will
be given later.

Let R? stand for the d-dimensional Euclidean space equipped with the norm

1/2

d
llz|| = Zz? . == (T1,..,24)7 € R (1.4.1)
j=1

The Lebesgue space of real functions defined over an open set §2 C R?, which are
integrable in the Lebesgue sense with the power p € [1,00), is denoted by L?(f2)
and equipped with the norm

1/p
lvllo,p,0 = (/ Ivlpdz> , veLP(Q). (1.4.2)
Q

When p = 2, we write shortly || - |lo,o = || - |
product as follows

0,20 and we can define the scalar

(v,w)oygzv/vwda:.
Q

Recall the well-known Holder inequality

fvwdw
Q

which holds for any p, ¢ € (1, c0) satisfying the equality

< wllo,pellwllo,q0 v € LP(Q), w € L4(Q), (1.4.3)

1 1
-+ -=1.
p g

The Lebesgue space of measurable essentially bounded functions over €2 is de-
noted by L°° () and equipped with the norm

llv]lo,c0 2 = esssup |v(z)|.
€N

For any p, g € [1,00], p < g, the following algebraic imbedding
LIY(Q) C LP() (1.4.4)

holds. Moreover, we have also the topological imbedding; namely, there exists a
constant C' = C(2) > 0 such that

[]l0,p.0 < Cll|

0,¢.0 Vv e LYQ), (1.4.5)
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see, e.g., [Vulih, Section 9.3].
By Q we denote the closure of  and by 99 the boundary of Q. Then clearly

Q=QuUa0, 80=0n(R*\Q).

Recall that a domain Q is an open and connected set in R%. Throughout the
dissertation, the symbol d is solely reserved for the dimension of 2. _
If © is a bounded domain, then the space of continuous functions over € is

denoted by C(2) and equipped with the norm
Hvllc(ﬁ) = max |v(z)|. (1.4.6)
zEQ
Obviously, we have
||v||c(§) = [Jvllocoe Vv € Cc(Q).

The symbol C*¥(Q), k € {0,1,...}, stands for the space of functions whose classical
derivatives up to order k belong to C(£2). Moreover, we set

i.e., C*®(Q) is the space of infinitely differentiable functions over Q. Finally, by
C§°(§2) we denote the space of infinitely differentiable functions with a compact
support in £2, i.e.,

C(R) = {v e C*(Q) | suppv C Q},

where

suppv = {z € Q| v(z) # 0}. (1.4.7)

This space plays a very important role in the theory of distributions.

We shall consider Sobolev spaces defined only on bounded domains with a
Lipschitz continuous boundary which is a sufficiently wide class of domains for
practical purposes. The next definition is due to [Mazja, p. 18].

Definition 1.4.1. A bounded set 2 C R is said to have a Lipschitz continuous
boundary if for any z € 0N there exists a neighbourhood U = U(z) such that the
set UNQ can be expressed, in some Cartesian coordinate system (z1,...,24), by
the inequality z4 < F(z1,...,24-1), where F is a Lipschitz continuous function.

Denote by L the set of all bounded domains with a Lipschitz continuous bound-
ary.

Actually, the assumption €2 € L is not too restrictive for applications on
bounded domains. Moreover, if Q € L, then by [Necas, 1967, p. 88] the out-
ward normal exists almost everywhere (a.e.) on 9. This is the reason why we
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will confine ourselves to domains with a Lipschitz continuous boundary, as in prac-
tice people usually deal with, e.g., the normal derivative, the normal component
of flux, etc. A further reason is that there are several definitions of the Sobolev
spaces and in the case Q ¢ £ the Sobolev spaces need not be uniquely defined.

So from now on let 2 € £. For any v € C*°() and the so-called multi-index
m = (my, ..., mg), we define the m-th classical derivative as follows

where my, ..., mg are non-negative integers and |m| = m; + ... + my. We define
D(O,...,O),U =,

and
m! = (my!) - ... - (mqa!).

A function v € L%(Q) is said to have the m-th generalized derivative in L?(£2)
if there exists a function z € L2(2) such that

/zwdz=(~1)'mf/upmwdz Yw € C(Q).
Q Q

Then the function z is called the m-th generalized derivative of v. It is well-known
that z is well-defined and the classical derivative is also generalized one. Hence,
we will use the same symbol D™wv for the generalized derivative.

Since for smooth functions w(z) the derivative D™w does not depend on the
order of differentiation, it follows from the uniqueness of the generalized derivative
that the generalized derivative does not depend on the order of differentiation.

It is easy to check also that

D™(c1u + cov) = e1 D™u + cg D™ v,

where ¢, c; are constants, i.e., D™ is a linear operator.

In contrast to the corresponding classical derivative, the generalized derivative
D™v is defined by the definition globally, at once in all of 2. However, in every
subregion Q' C Q also the function D™v will be the generalized derivative of v.

Suppose that the function v € L2(§2) has a generalized derivative D™ v = F
and the function F(z) has a generalized derivative D™ F = G. Then there exists
a generalized derivative D™ +™" v which is equal to G.

Besides, the generalized derivative D™v is defined at once for the order |m]|
without assuming the existence of corresponding derivatives of lower orders.

The Sobolev space Wk () is defined as

W (Q) = {ve LP(Q) | D™ € LP(Q), |m| < k}.
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This space is a Banach space with the norm

1/p
> /Qmw d:z;) (1.4.8)

[vllk,p,0 = H”HW};(Q) =
Im|<k

and the seminorm (k > 1)

1/p

hpa= | Y [ 1Dmopds| . (1.49)
Q

|m|=k

It is a closure of C*°(Q) in the norm defined by (1.4.8).
Note that W2(€) = LP(2) and W§(Q) = H*(Q), are Hilbert spaces with the
following scalar product

(v,w)ko = Z /Dvamwdx, v,w € H*(Q). (1.4.10)
jm|<k

Let us further introduce the induced norm in these spaces:

1/2
vllk,0 = Z /Q|Dmv|2dx) , vEHMQ) (1.4.11)

Im|<k

and the seminorm (k > 1)

1/2
[v]k,0 = ( Z / | D™y)? dm) , veHNQ). (1.4.12)
Im|=k* @

Note that the norm || - |lx,q and the seminorm |- |, are invariants under
substitution of some cartesian coordinate system by another one (see [Sobolev,
1974)).

Theorem 1.4.2. (On egquivalent norms). Let Iy, ...,1; be functionals from (W} (Q))*.
Suppose that for any polynomial Q with degree at most k—1 the equalities 1;(Q) = 0,
1=1,...,q timply @ = 0. Then the norm defined by (1.4.8) is equivalent to the
norm

1/p
vl p= |D™y|P + > |Lw)). 1.4.13
A (ln% A ) S I (1.4.13)

For the proof see [Sobolev, 1963].
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Also for certain subspaces a norm can be of a more simple form. For example,
the norm ||+ ||m o in W2™(£2, To) is equivalent to |- |m o, where W3*(Q; Ty) is a closure
of the set {v € C*°(Q) | v = 0 on Ty} in the norm (1.4.8). Here 'y = Ty C 9Q
with measg_1I'g > 0.

Further, WJ*(2,0) = H™(Q2) and W*(Q,8Q) = W Q) = H™(Q).

For simplicity, the same symbols will be used also for vector functions; we shall
write, e.g.,

g 1/2
[vllk.e = (Z llvzlli,9> for v = (v1,...,v9)7 € (H*())%
I=1

Moreover, the subscript o will be often omitted, i.e.,

(de=Codee lle=1-llke |-lk=1"lke-
In particular, we have )
ol = ||v]|3 + || grad v||2.

Clearly,

lvllk=1 < vllx Yov € H¥Q), k=1,2,...
and )

LX(Q) = H(Q) > HY(Q) > HX(Q) > --- .
Note that each classical derivative is also the generalized derivative, and, thus, we
have _

C*Q) c H*), k=0,1,....

Definition 1.4.3. A set I' C 9Q is said to be a (relatively) open set in OS2 if for
any T € I" there ezists an open ball B C R% containing T such that BNOQ CT.

The Lebesgue space of square integrable functions over an open set I' C 9% is
denoted by L?(T") and equipped with the standard norm

1/2
||U||o,1“=(/ lvlzds> . ve IA(T).
10

Further, we recall some important properties of Sobolev spaces, proofs of which
can be found, e.g., in [Adams], [Kufner, John, Fuéik], [Mazja), [Necas, 1967]. The
proofs of the Eberlein—-Schmulian theorem and the Brouwer fixed-point theorem
can be found in [Yosida] and [Fuéik, Kufner], respectively.

Theorem 1.4.4. (Sobolev imbedding theorem). Let Q € L and let k, p be integers
such that kp > d. Then _
WE(Q) c C(Q) (1.4.14)

and there exists a constant C > 0 such that

[vllk.p > Cllvllom Vo € Wy (Q). (1.4.15)
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Theorem 1.4.5. (Trace theorem). Let Q € L. Then there exists exactly one
linear continuous operator v: H(Q2) — LP(Q) such that

v(v) = Ulag Yv € C=(Q),
for any dimension d € {1,2,...} andp=2 ord =2 andp € [1,00) ord =3 and
p € [1,4].

The function yv for v € H*(Q) is called the trace of v and we denote it, for
simplicity, by v| 5o Theorem 1.4.5, in fact, says that there exists a constant Cp, > 0
such that

lvllop.00 < Cpllvllie Yo e HY(RQ). (1.4.16)

The trace theorem enables us to define the space
Hy(Q)={ve H(Q)|v=0o0n0Q}.
Note that the spaces H}(2) and H!(Q) can also be defined as the completion of

C§°(R) and C*(Q), respectively, under the norm || - ||1,, i.e.,

Hy(Q) =C (), HY Q) =C=(Q).
The following two theorems present stronger variants of the Sobolev Imbedding
Theorem and the Trace Theorem.

Theorem 1.4.6. (Rellich theorem). Let Q € L. Then the identity mapping
from HY(Q) to L%(Q) is compact (i.e., any bounded sequence in H*(Q) contains a
subsequence converging in L%(Q)).

Theorem 1.4.7. (Kondrasov theorem). Let Q € L. Then the identity mapping
from HY(Q) to LP(Q) is compact for p € [1,00) ifd =2 and p € [1,6) if d = 3.

Moreover, we have the following inclusion

p€[l,00) and d = 2,

HY(Q LP(Q) f
(@) = L) 0r{p€[1,6]andd=3,

(1.4.17)

and there exists a constant C, > 0 dependent on p such that
[vllop.e < Collvlli Vo € HY(Q).

Note that for p = 6 and d = 3 the above imbedding is not compact.

Theorem 1.4.8. (Eberlein—Schmulian theorem). V is a reflexive Banach space if
and only if for any bounded sequence from V there exists a weakly convergent (in
V') subsequence.

Note that any Hilbert space (even nonseparable) is reflexive.
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Theorem 1.4.9. (Green theorem). Let 2 € L. Then for each i € {1,...,d}
/ wo;v dz +/ vowdr = / nivwds Yu,w € HY(Q), (1.4.18)
Q Q a9

ov
8.’1,‘1' '
Theorem 1.4.10. Let Q2 € L and let w # 0 be an open set either in Q or in 8,
where Qo C , Qo € L. Then there exists a constant C > 0 such that

where n; are the components of the outward unit normal to 82 and G;v =

lollx < C(IolF + [IolI3 ) Y* Vo € HY(S). (1.4.19)

This inequality is usually called Friedrichs’ inequality when w C 9€2. In partic-
ular,
[0l < Clvl Vo € Hy(). (1.4.20)

Inequalities (1.4.19) and (1.4.20) are usually used to prove the inequality (1.2.4),
the so-called the V -ellipticity condition

a(v,v) > Clllf WEV,

when dealing with the solvability of a weak formulation of a linear elliptic problem
of the second order over an appropriate subspace V. C H*(2). If the classical
formulation of the elliptic problem contains first order terms, then the V-ellipticity
need not be valid. In this case, the Garding inequality

a(v,9) > Ci|lo|2 + Callv|} Vv eV (1.4.21)

can be applied, where C; > 0, but the constant C; may be negative (for more
details, see [Axelsson, Barker])).

Theorem 1.4.11. (Brouwer fized-point theorem). Let B C X be a non-empty
closed ball in a normed finite dimensional space X. Let S be a continuous mapping
which maps the ball B into itself, i.e., S(B) C B. Then there ezists T € S such
that Sz = z.

1.5. Weak solutions of boundary value problems

The solutions of problems similar to that one considered in Theorem 1.2.6 are
called weak solutions of problems similar to (1.1.1)—(1.1.2).
Note that the formulation (1.2.6) is very convenient for the description of the
original problem and also for using numerical methods (cf. Chapter 2).
Sometimes it is convenient to rewrite the formulation similar to (1.2.6) as an
operator equation. The most important result is the following two theorems.
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Theorem 1.5.1. Let H be a Hilbert (or Euclidean) space and let the bilinear form
b satisfy (1.2.3). If l(v) = (h,v), then the problem (1.2.6) is equivalent to the
linear operator equation

Lu=h, (1.5.1)

where ||L|| < Cy and (Lu,v) = b(u,v) for all u,v € H. If, moreover, b satisfies
(1.2.2), (1.2.4), then L = L* and Col < L < C1I, where Cy and C; are constants
from (1.2.4) and (1.2.3).

Theorem 1.5.2. (Laz-Milgram lemma). Let H be a Hilbert (or Euclidean) space,
let b satisfy (1.2.8), (1.2.4), l(v) = (h,v). Then the problem (1.2.6) is equivalent
to (1.5.1), and there exists L~ such that ||L7|| < C5t.

Now, we present shortly an example of using Theorem 1.5.2:
Qel, Tocof2, measqg_1Tg>0,
[, =00\Ty, H=W,(Q,T),
llull = |uly,q,

b(u, 'U) = b(o)(Q§ Uu, U) + (‘77 UU)O,FU

(1.5.2)

where

d d
b0 (Q; u,v) = Z (art, DiuDrv)o 0 +Z(berru— bruD,v,1)o 0 + (¢, uv)o,0
=1 r=1 (153)

and the coefficients a,;, b,, b.., ¢, o are supposed to be piecewise smooth, i.e., all
integrals in (1.5.2), (1.5.3) have sense when u € H, v € H.

Lemma 1.5.3. The form b(-,-) from (1.5.2) satisfies (1.2.3).

Proof. 1t is enough to show that the modulus of each term from (1.5.2) and (1.5.3)
is less or equal to C||ul| ||v||, where C is some constant.
For example,

|(b'r'U,Dru)0,Ql S sup |br($)|(lvlv |Dru|)0,§2
< sup |by (2)| - [v]o,0l Drufr,e < Cllull |lvl

(see (1.1.11)).
For the term with o we have to use some variant of the Trace Theorem. a

Let

b= sup  [b,(z) - Bla)],
F139]
re{l,...,d}

el = sup |c(z)],

F139)
c(x)<0

vg be some constant, I be a unit matrix (d x d).
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Lemma 1.5.4. Let for all x € Q) the matriz

A= {(an + azr)/2}ﬁr=1 >wl, v >0,0>0, [bjCd*?+[gC?=v' < i,
(1.5.4)
where C is a constant from the Poincaré-Steklov inequality (1.1.11).
Then for b(-,-) from (1.5.2) the property (1.2.4) is valid with Co = vo — V'.

Proof. As for the previous lemma we have

d d
b(u,u) > vy Y |Drulg g = 18] Y_(IDrul, [ul)oq — [l [uliq
r=1 r=1

> vollul]? — d/21b] [uls alulo.0 — [2] [ul3 o
> (vo — /) ull”.

In view of Lemmas 1.5.3 and 1.5.4 and Theorem 1.5.2, the problem (1.2.6),
(1.5.2) is correct. This problem corresponds to the mixed boundary value problem
with the Dirichlet condition on I'g and the boundary condition of the third type
on I'; for a common elliptic equation of the second order.

Remark 1.5.5. When I'g = I', the condition on vy can be replaced by the condition
D, (b, —b.) <0 for all r.

Remark 1.5.6. Conditions on the coefficient may be replaced by more common
ones (see, e.g., [Ladyzenskaja, Ural’ceva)).

Remark 1.5.7. More examples on the point can be found, e.g., in [Axelsson,
Barker]).



Chapter 2
Finite element method: main features

In this chapter we briefly describe the main idea of the Rayleigh—Ritz, the Bubnov-
Galerkin and the finite element methods.

Several special questions of FE analysis, being related in a natural way with
the next chapters, are outlined as well.

2.1. Rayleigh—Ritz method

Consider the problem from Theorem 1.2.6. The main idea of the Rayleigh-Ritz
method is to replace (1.1.4) by the finite-dimensional problems

v = argmin®(v"), v" € V", (2.1.1)

where V" = Vjy is some N-dimensional subspace in H with the basis {¢1, ..., U}
and expansion

o = a1y + ... + anvn, N e VA (2.1.2)

The functions 9; did not depend on N and Vy C V41 for the first variants
of the method. For modern methods it is not true: the subspaces Vjy are defined
by some discretization parameter A > 0 instead of N. Such parameter presents
a certain characteristic of the used mesh. Sometimes h can be even a vector
parameter. Hence, we should regard NV = N}, as elements of a certain increasing
sequence of natural numbers. Moreover, we will usually use the denotation V},
instead of Vv to point out the dependence of finite element spaces on h (we will
also use vy, instead of v*).

The problem (2.1.1) is closely related to the least square method (see, e.g.,
[Mikhlin, 1965]).

Theorem 2.1.1. Let the conditions of Theorem 1.2.4 be satisfied. Then the
Rayleigh—Riesz method (2.1.1) leads to the sequence of correct problems and its
solutions upn are the closest to u elements from V.

Theorem 2.1.2. Let the conditions of Theorem 1.2.6 be satisfied and C = C}/Z/Cé/z.

Then (2.1.1) leads to correct problems, for solutions of which the following estimate
holds:

lun — ul| < Cdist{u, Vn}. (2.1.3)
For the proof, see, e.g., [Axelsson, Barker, pp. 151-152].
Note that the method (2.1.1) can be reformulated in the following form (cf.
(1.2.6)): find ux € Vy such that
b(uN,vN) = l(’UN) Yoy € V. (2.1.4)

30
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When Ly = PyLPy and fy = Py f, we can rewrite the method as the operator
equation in Vi (cf. (1.5.1)):
Lyuny = fn. (2.1.5)

The most important point is an algebraic form of (2.1.4), which uses the ex-
pansion (2.1.2) and the vectors

v = (a,...,an)T € RV, (2.1.6)

Then the vector u which corresponds to the expansion of uy from (2.1.4)
presents a solution of the following system of algebraic equations:

Lu=f, (2.1.7)

L= Ly = (b(%5,%:))1=15 (2.1.8)

where L is the Gramm matrix of the functions ¥4, ..., %n and

£ = (1(1h1), . L(WN))T. (2.1.9)

2.2. Bubnov—Galerkin method

Formulation (2.1.4) for (2.1.1) enables us to introduce a more general method,
which solves problems even when the symmetry condition (1.2.2) is violated.

Theorem 2.2.1. (Céa’s Lemma) Let the condition of Theorem 1.5.2 be satisfied.
Consider problem (2.1.4). This problem is correct and for its solutions upy the
estimate (2.1.3) holds with C = C1/Cy.

For the proof, see, e.g., [Axelsson, Barker, Theorem 4.3].
We say that {Vy} approzimates H as N — oo if

dist{u, Vn} e 0 YueH. (2.2.1)
—00

An algebraic form for the Bubnov-Galerkin method is the same, see (2.1.7)-
(2.1.9), the only difference is that the matrix L need not be symmetric.

2.3. Finite element method

The finite element method (FEM) can be considered as a special case of the
Bubnov-Galerkin method, for which supports of almost all basic functions are
just several cells of the mesh. Having domains with curved boundaries we have to
take into account also an approximation of the boundary.

In the next sections we outline several topics from FE analysis which are related
to the main questions of the dissertation.
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2.4. On triangulation of domain

Definition 2.4.1. Let Q2 be some domain in 1-1‘1. Then a finite number of subsets
Th = {K1, ..., Kn} is called a triangulation of Q if the following assumptions hold:

(1) ﬁ = UKETh K7
(2) for each K € Ty, the set K is closed and its interior K° is non-empty,
(3) for each distinct K1, K2 € Tr, we have K?N K3 =0,
(4) for each K € T, the boundary 0K is Lipschitz continuous.
Sometimes triangulation will be also called decomposition, partition or division.

Mostly, we deal with elements which are convex polygons or polyhedra (then, of
course,  is a polygon or a polyhedron). In this case we add two more assumptions:

(5) any face of any K; € Ty, is either a subset of the boundary 99, or a face of
another element K, € Tp,,

(6) the interior of any face of any K € 7y, is disjoint with To N Ty, where T’y and
I’y are defined as in (1.5.2).

From the assumption (5) we observe that the situation of Figure 2.4.1 is not
allowed for all triangulations considered in the dissertation.

Figure 2.4.1.

The assumption (6) is called the consistency condition for mixed boundary
conditions (see Figure 2.4.2). Note that triangulations which do not satisfy (5)
are called nonmatching.

Further, we present two examples of triangulation of a cube.

Ezample 2.4.2. A cube [0,1]¢ in R? can be divided into d! simplices ApA4;...A4
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Figure 2.4.2.
with the following vertices
AO = (0,0, Tty 0),
Al = AO + Ejl,
Az = A1+ (2.4.1)
Ad = (]-7 17 () 1))
where e;, is the ort in R% and
Jr€{1,2,..,d},
J2 # J1,
j3 ;é j17j2)

Such a division is presented in Figure 2.4.3 for d = 3: the cube is divided into two
prismas and each of them is decomposed into three tetrahedra.

Figure 2.4.3.

Ezample 2.4.3. There also exists a different decomposition of the cube [0,1]® in
R3 into 5 tetrahedra (see Figure 2.4.4).



34

Figure 2.4.4.

A more general result on triangulation in a three-dimensional space is given by
the following theorem.

Theorem 2.4.4. For any polyhedron in R3 there exists a decomposition into
tetrahedra.

Proof. See [Kfizek, Neittaanmaki, 1996, Theorem 4.21]. D

Remark 2.4.5. Computer generators of tetrahedral divisions are usually based on
the Delaunay triangulation, which is uniquely determined by prescribing nodes
only (cf., e.g., [George], [Weatherill, Hassan]). For a local refinement of tetrahedral
meshes, see [KFizek, Strouboulis].

Remark 2.4.6. For a more general case, when 2 is not a polyhedron we use usually
triangulations 7, (2;) of polyhedral domains €2}, approximating in some way the
given domain §2.

Now we briefly describe the simplest way of construction of triangulations,
which is suitable for polyhedral domains. The constructions of triangulations for
domains with curved boundaries are presented in Part IV of the dissertation.

We omit the index h in what follows, keeping in mind that h can be chosen
“equivalent” to 1/k, i.e., there exist constants s, 3¢, independent of h and k,
such that

0<J1’1Shk§%2.

Let  be a polyhedron. Having the initial triangulation, denoted by 7 (2), we
will construct new triangulations 7(*)(Q), k > 2, using a division of each simplex
Ki(l) from 7 (Q) into k% simplices K J(k) forming 7(*) (). Constructions of such
a type are described below for d = 2 and 3.

Ezample 2.4.7. Consider the triangle Ki(l) = ApA1A; € TN (Q) (see Figure 2.4.5).
In each side A;A; we put points A;j,, r =0,...,k, so that A;;0 = A;, Aijr = A;
and the intermediate points divide [A; A;] into k equivalent segments. Then the
straight lines through all those points, parallel to the sides of K %-(1), define a division
of K i(l) into k2 equivalent triangles forming 7(*)(Q) (in Figure 2.4.5 k = 3).
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Ao 4,
Figure 2.4.5.

Example 2.4.8. Figure 2.4.6 presents a similar decomposition of the tetrahedron
K = AgA; A3 Az into 8 tetrahedra (k = 2).

Note that in three-dimensional space the situation is considerably more compli-
cated than for d = 2, since it may not be possible to divide any tetrahedron into
coinciding similar (congruent) tetrahedra (cf. [Goldberg]).

Figure 2.4.6.

2.5. On nonconforming finite element methods

When 052 is piecewise curved, there are several ways of constructing finite element
spaces. One way is to generate them by the so-called isoparametric (curved)
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elements (see, e.g., [Axelsson, Barker]). Note that a curved element K need not
be convex (see Figure 2.5.1) and the space of shape functions Px may be formed,
e.g., by rational functions. Another way is to approximate 2 by a polygonal
(polyhedral) domain Q5 C € and, then, to extend finite element functions from
Qp to the whole €2 in an appropriate manner, see Part II for similar discussions.

Figure 2.5.1.

When V;, € H and when the bilinear and linear forms of the discrete problem are
identical to the original ones, the finite element method is said to be conforming.

A nonconforming method arises when V;, ¢ H or when, e.g., some numerical
integration is used.

Figures 2.5.2 and 2.5.3 show two different manners of an approximation of the
boundary. The latter case leads to V}, ¢ H as well. The finite element method of
this type is described in details, e.g., in [Feistauer, Zenisek, 1987).

A nonconforming method is also obtained when the function giving the bound-
ary conditions is approximated by some piecewise polynomial continuous function.
More details on the point can be found in Part II of the dissertation, where all kinds
of nonconformity are taken into account for three-dimensional nonlinear problem,
and in the works mentioned there.

Figure 2.5.2.
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Figure 2.5.3.

2.6. Linear homotopy in plane

The standard element of triangulation in plane is either a usual triangle or a
quasitriangle with one curved side (see Figure 2.6.1).

Figure 2.6.1.

A very convenient mapping of a quasitriangle K’ = AgA; A, (see Figure 2.6.2)
into a straightline triangle K = AAgA; Ay (with the same vertices) is a linear ho-
motopy (see, e.g., [Korneev, 1977], [Mitchell, Wait], [Zlamal, 1973]). This mapping,
in a local coordinate system (y1,y2) adapted to K’, is a homothetic transformation

with respect to y2 (1 is fixed), such that straightline sides of K’ are transformed
into themselves.

Definition 2.6.1. A quasitriangle K’ with vertices Ao, Ay, Az is called a stan-
dard quasitriangle of the order m if (see Figure 2.6.2):

(a) in the Decart coordinate system (yi,y2), where yo lies along the straight line

(AoAz), Ao = (0,0), Ay = (A, f(A)), A2 = (0, f(0)) and the curve A;A, is
given by the equation

y2=f(y1), w €0, feC™o, A;
b) there ezist two points A, and A on the ray [AgAs) such that
2 2

AdgAr Ay C K' C NAgALAY,
2 2
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g
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Figure 2.6.2.

(c) one of the following inequalities holds in the segment [0, \]:

f"(y1) 20, (2.6.1)
(1) €0

Let for K’ (see Figure 2.6.2) the segments [AgA;], [A241], [A5A1] and [A4 A,]
lie on the straight lines described by the following equations:

respectively. Then the linear homotopy z = F(y), mapping K’ into K, is defined
by the following formulae:

z1 = y1 = F1(y1,92) (2.6.3)
€y = ky1 + (k1 — k) (1 — N[ (v1) — k1]~ (w2 — ky1) = Fa(y1, v2)-

The inverse mapping y = Z(z) is defined by the formulae:

y1 = 71 = Z1(21, 72) (2.6.4)
y2 = ka1 + [f(21) = kz][(k1 ~ k) (21 = N)] 7 (22 = k21) = Z2(21, 22).
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2.7. Strongly regular families of triangulations

Let Q be some polyhedron in R%. We denote by 7 a triangulation of © formed
by simplices which satisfy the requirements (1)—(6) from Section 2.4 and use the
denotations hg = diam K, K € T,(2), h= max hg.

KeTn()

A set of triangulations F is called a family of triangulations if for every € > 0
there exists 7, € F with h < €.

Further, we introduce four equivalent definitions on a regularity of triangula-
tions. The proof of equivalence is only technically complicated and can be done
as in [Kfizek, 1991]. The reason of introducing these definitions is that the first
one is standard, see [Ciarlet], but the other ones are sometimes more convenient
to work with and they all are, in fact, used in different parts of the dissertation.

Definition 2.7.1. A family of triangulations F of a polyhedron  into simplices
s said to be strongly regular if there exists a constant s > 0, independent of h,
such that for any triangulation T, € F and for any simplex K € Ty, there exists a
ball Bg of radius gx such that Bx C K and

»h < k. (2.7.1)

Definition 2.7.2. A family of triangulations F of a polyhedron Q into simplices
s said to be strongly regular if there exists a constant sy > 0, independent of h,
such that for any triangulation T, € F and any simplex K € Ty, we have

s#1h? < meas K. (2.7.2)

Definition 2.7.3. A family of triangulations F of a polyhedron ) into simplices is
said to be strongly reqular if there exist constants s > 0 and ag > 0, independent
of h, such that for any triangulation T, € F and any simplex K € Ty, we have

woh <lg, ap<oprg <mT-—ag, (2.7.3)

where li is a length of any edge of K and @i is any angle between any edge and
the hyperplane, being span of the other edges starting from the same vertex as the
previous edge.

Definition 2.7.4. A family of triangulations F of a polyhedron Q into simplices is
satd to be strongly regular if there exist constants 3 > 0 and o > 0, independent
of h, such that for any triangulation T, € F and any simplez K € Ty, we have

nzh < lKv a1 < ¢k, (274)

where ly 1s a length of any edge of K and ¢k is any angle between any two faces
of K.

Remark 2.7.5. The strongly regularity property means, actually, two of the fol-
lowing facts: lengths of all edges of all simplices from 7} are “proportional” to h
and there are no “too flat” simplices.
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Such uniform meshes gives the FEM great strength, they allow to derive a
priori error estimates. Nonuniform meshes are desirable when the solution of the
problem is known to vary more rapidly in certain parts of the domain than in
others and essential when the domain has an irregular geometry, see, e.g., [Kfizek,
Neittaanmaki, 1996, Section 4.4).

Remark 2.7.6. Note that a strongly regular family of triangulations of a polygon
is easy to obtain due to the fact that any triangle in the triangulation is divided
by midlines into four congruent triangles, which are similar to the original one. In
three-dimensional space the situation is considerably more complicated, since it
may not be possible to divide any tetrahedron into coinciding similar (congruent)
tetrahedra.

Nevertheless, the following theorem holds.

Theorem 2.7.7. For any polyhedron in R3 there exists a strongly regular family
of decompositions into tetrahedra.

Proof. See [Krizek, 1982]. m]

Remark 2.7.8. The question of construction of strongly regular families of trian-
gulations into triangles for planar domains with piecewise C2-smooth boundaries
is considered in Part IV.



PART II

Finite Element Analysis of
Variational Crimes for
Nonlinear Heat Conduction
Equation in 3D
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On contents of Part 11

Part II of the dissertation consists of six chapters. First, in Chapter 3 we review
shortly the main results obtained for nonlinear heat conduction equations, list the
most important references on the point and give several common definitions and
denotations used in the next chapters.

Further, the author presents his own contribution to the field, see [Korotov,
K¥izek]. The extended material of the above mentioned paper is given as Chapters
4-8.

The solved problem can be described as it follows. A finite element approxi-
mation of a nonlinear heat conduction equation in a three-dimensional bounded
convex domain with a smooth boundary is examined. The domain is approxi-
mated by a polyhedron and a numerical integration is taken into account, i.e.,
so-called variational crimes are committed. We apply linear tetrahedral finite ele-
ments and prove the convergence of approximate solutions on polyhedral domains
in the W}-norm to the true solution without any regularity assumptions.
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Chapter 3
Survey of main results

In this chapter we present a survey of main theoretical results, obtained for nonlin-
ear heat conduction equations and introduce simultaneously definitions necessary
for the next chapters.

More details and references on the topic are given in [Kfizek, Neittaanmaki,
1996, [Kfizek, Liu, 1997 and [Liu].

Several real-life examples of a calculation of a temperature distribution can be
found, e.g., in [KFfizek, Preiningerovd, 1987], [Kfizek, Preiningerovd, 1991] and
[Preiningerovd, Kfizek, Kahoun].

3.1. Classical formulation

A temperature distribution in large transformers is described by a quasilinear
elliptic problem whose classical formulation reads:
Find u € C*(Q) such that y €C?() and

—div(A(-,u)gradu) = f in Q, (3.1.1)
u=u onlyg, (3.1.2)
ou+nTA(-,u)gradu=g onTy, (3.1.3)

where Q € L (see Definition 1.4.1), n = (n1,...,ng)T is the outward unit normal
to 89, d € {1,2,...}, I'g and I'; are defined as in (1.5.2), u is the temperature,
f € L?(09) is the density of volume heat forces, g € L?(I';) is the density of
surface heat sources, u is the temperature, maintained along the part I'g of the
boundary, the function « > 0 is the heat transfer coefficient; the magnetic cores of
transformers (consisting of iron sheets) are nonlinear orthotropic media, the heat
conductivities of which are represented by a diagonal uniformly positive definite
matrix A = A(u).

Let the functions A, «, f, @ and g be sufficiently smooth for the time being
(precise assumptions on these functions will be given later). The condition (3.1.3)
is the so-called boundary condition of the third type.

First, we describe the main difficulties for treatment of such type of equations;
they are brought by the nonlinearity of the problem and properties of the media.

Consider the following special case of (3.1.1)-(3.1.3) which describes a station-
ary heat conduction in a homogeneous and isotropic medium :

—div(A(u)gradu) = f in Q,
u=0 on Iy,

nTA(u)gradu=0 on T},



44
where A: R! — R! is a measurable bounded function such that
A >C>0 VEeRh (3.1.4)

Note that such a nonlinear problem can be converted by the well-known Kirchhoff
transformation (cf. [Cermdk, Zldmal], [Larsson, Thomée, Zhang])

U
K(U) :/0 M) de, UeR,

to the linear problem

—Az=f in§,
z=0 on Iy,
nTgradz=0 onTy,

where z(z) = K(u(z)). From (3.1.4) we observe that K is an increasing function,
i.e., its inverse K~! exists and we have u(z) = K~*(z(z)).

window

outer leg

Figure 3.1.1.

The Kirchhoff transformation, however, cannot be applied in the case of aniso-
tropic nonlinear media. For instance, in examining a temperature field in the
magnetic circuit of a transformer from Figure 3.1.1, nonlinear temperature depen-
dencies of the heat conductivities across and along the lamination differ. This is
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Figure 3.1.3.

the case of an orthotropic material. The associated 3 x 3 matrix A of heat conduc-
tivities is diagonal and such that a11 # az2 = az3. The temperature dependencies
of the diagonal entries are illustrated in Figures 3.1.2 and 3.1.3. We see that the
type of nonlinearity is different in each direction (it, moreover, depends upon the
type of iron used to construct the sheets).

3.2. Weak formulation

Since the Kirchhoff transformation cannot be used, the another approach to solve
the problem is developed (see Section 3.3).

First, we state a weak formulation of the problem (3.1.1)-(3.1.3). We assume
that A = A(-,-) and o = a(-) are bounded measurable functions,

esssup |a;j(z,&)| < C, esssup|a(s)| < C, (3.2.1)
by ;

z’ ’11‘1

where z € Q, £ € R1,4,j € {1,...,d} and s € T';. The components a;; are assumed
to be Lipschitz continuous with respect to the second variable, i.e., there exists
Cr > 0 such that for all ¢,¢ € R! and almost all z € Q we have

|aij($aC) _aij(x7§)l = CLIC“&I: Za] = 1’ad (322)
Moreover, let there exist Cy > 0 such that for almost all z € Q

Con"n<nTA(z,&)n veeR!' VnpeR? (3.2.3)
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and let
0 < a(s)

for almost all s € I';. Finally, let f € L%(Q), w € H'(2), g € L?(I';) and
V={ve H(Q) |v=0on To}.

For simplicity, a possible dependence of A on z will usually not be explicitly
indicated in what follows. Set

a(y; w,v) = (A(y) gradw, grad v)o,o + (Qw,v)or,, y,w,v € H(Q), (3.2.4)
F(v) = (f,v)o0+(9,v)0,r:, v e HY(Q), (3.2.5)

where (-,-)or, stands for the usual scalar product in L%(T';). Since A and o
are bounded, we observe that both the terms in (3.2.4) are finite, i.e., a(-;-,-) is
well-defined.

Definition 3.2.1. A4 function v € H*(Q) is said to be a weak solution of the
problem (8.1.1)-(8.1.3) ifu—uw €V and

a(y;u,v) = Fv) YveV.

Remark 3.2.2. From this place we suppose that the_ function @, giving the Dirichlet
boundary condition (3.1.2), is defined in the whole §2 (cf. also (4.2.2) and Definition
4.2.1). In practice such a condition is usually given in the following form:

u=g(s) only,

where g € L2(I'g). The reason of employing the function w € H*(Q) is the fol-
lowing. Let T'g = 99 for simplicity. Not every function g € Lo(99) need be the
trace of some function u(z) from the space H'(Q) (see, e.g., [Necas, p. 22]), but
we search the solution namely in this space. So, if the prescribed function g(s) is
not the trace of any function from H*(£2), then the corresponding problem cannot
have a solution in the sense of Definition 3.2.1.

Also, there exists a relatively simple criteria, which holds for all considered
in the dissertation cases, ensuring the existence of such a function %, the trace
of which coincides with the given function g(s), see [Rektorys, Theorem 4.6.4].
Hence, from now on we accept the formulation given by Definition 3.2.1 when
speaking about a fulfillment of the Dirichlet condition.

Remark 8.2.3. Note that to prove the existence of a weak solution u € V' we cannot
apply the main theorem for monotone operators, since our problem does not lead
to a monotone operator, in general, see [Kfizek, Neittaanmiki, 1996, Remark 9.2].

Moreover, the problem cannot be transformed to the minimization of a real
functional, since the associated operator A is not potential in general, see again
[KFizek, Neittaanmaki, 1996, Remark 9.3].
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3.3. Existence of the weak and discrete solutions

Here we shall assume for simplicity that
de{2,3} and Ix=0

which is an interesting case in practice. For the Dirichlet boundary conditions see
Chapters 4-8, and for the mixed boundary conditions (3.1.2)—(3.1.3) (which can
be possibly nonlinear) we refer to [Hlavacek, Kfizek, Maly].

We shall look for the weak solution u € H'(2) such that (cf. Definition 3.2.1)

a(u;u,v) = F(v) Vv e HY(R). (3.3.1)
To guarantee the existence of such a function u, we moreover assume that there

exist a constant ag > 0 and a non-empty relatively open subset I'; C I'; = 092
such that

a(s) > ag

for almost all s € I'y. Then there exists a constant Cy > 0 such that
Collvll} < a(y;v,v) Wy, v € HL(Q). (3.3.2)

This inequality is a direct consequence of (3.2.3), (3.2.4) and the following Friedrichs’
inequality (cf. (1.4.19)),

r,) YveHYQ).

Remark 3.3.1. Using (3.2.4), (3.2.5), the boundedness of A, « (see (3.2.1)) and
the Trace Theorem, it is not difficult to verify that

la(y; w,9)| < Cllwlillolly Yy, w,v € HY(Q), (3.3.3)
|F(v)| < Cllvllh Vv € HY(Q).

Next theorem is useful.

Theorem 3.3.2. Let Vi, C C(Q)) be a non-empty finite-dimensional subspace.
Then
(i) there ezists a Galerkin approzimation up, € Vj, such that

a(uh;uh, Uh) = F(vh) V’Uh € Vh, (3.3.5)
(ii) if the constant Cr from (3.2.2) is sufficiently small, there ezists a unique

Galerkin approzimation up. Moreover, up can be calculated by means of the
method of successive approzimations (Kac¢anov’s method) as follows:
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Let y° € V}, be arbitrary. If y* € Vi, is known, y**! € Vj, is defined by the
relation

a(y®;y" 1, up) = Fu) Von € Vi, (3.3.6)

and
llun —¥*|li = 0 as k — oo.

Proof. The proof is based on the Lax-Milgram Lemma 1.5.2 and the Brouwer
fixed point Theorem 1.4.11, and can be done as in [Kfizek, Neittaanméki, 1996,
Theorem 9.5]. =]

The problem of uniqueness of uy is an open problem until now. Only if the
coefficients are small or h is large (see [Hlavacek, Kfizek, Maly]), we are able to
prove the uniqueness.

Theorem 3.3.3 proves the existence of a solution u of the problem (3.3.1) as a
weak limit of the Galerkin approximations uj, under the following assumption:

Let {Vi}h-+0 be a family of finite-dimensional subspaces of H*(£2) N C(Q) such
that

Vv € Cw(‘ﬁ) a{vh}h_,o t vy € Vp, ”’U - ’Uhlll —0ash—0. (3.3.7)

This condition is easy to satisfy for many families of finite element spaces.

Theorem 3.3.3. Let (3.8.7) hold and let {up}n_o be a sequence of Galerkin
approzimations satisfying (3.3.5). Then there ezist a subsequence {u;} C {un}
and an element u € H*(Y) such that

u —u  (weakly) in HY(Q) ash — 0, (3.3.8)
and u s a solution of problem (3.3.1). Moreover, any weak cluster (accumulation)

point of the sequence {un} is a solution of (8.8.1).

Proof. The proof is based on the Eberlein-Schmulian Theorem 1.4.8 and is pre-
sented in [Kfizek, Neittaanméki, 1996, Theorem 9.6]. 0

The corollary of the above theorem enables us to estimate the norm ||u||; by
the “data”, i.e., the solution is stable in || - ||;-norm.

Corollary 3.3.4. There ezists a constant C > 0 (independent of the data f and
g) such that

llulls < C (I fllo, + llgllo,00)-

Remark 3.8.5. The existence of the weak solution for the nonlinear equation (3.1.1)
with the pure Neumann boundary condition is examined in [Hlavacek].
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3.4. Uniqueness and nonuniqueness

First of all note that if an elliptic equation is not in the divergence form there exist
examples of nonunique solutions (see, e.g., [Gilbarg, Trudinger, p. 209], [Meyers,
p. 178]). We can also get non-unique solutions of our problem (3.1.1)-(3.1.3) if
the Lipschitz condition (3.2.2) is violated (see [Hlavécek, Kiizek, Maly]).

Note that a proof of the uniqueness of the classical solution of the problem
(3.1.1)-(3.1.3) is given by [Douglas, Dupont, Serrin| for the Dirichlet boundary
conditions and by [Hlavécek, Kiizek, 1993a] for mixed conditions. The uniqueness
of the weak solution for the mixed nonlinear boundary conditions (the condition
(3.2.2) is imposed) is proved in [Hlavécek, Kiizek, Maly].

Throughout this section assume for simplicity again that I'o = 0, d € {1,2,...}
and that there exists a constant cp > 0 and a non-empty relatively open subset
'y € T = 99 such that

a > ap on s, (3.4.1)

Theorem 3.4.1. Let (3.2.1)-(3.2.8) and (8.4.1) hold and let u1, uz € H'(Q) be
two weak solutions of the problem (3.3.1). Then u; = uy a.e. in Q.

For the proof see [Hlavétek, Kfizek, Maly], where also mixed boundary con-
ditions are considered. The proof is based on a special choice of a test function
veV.

Another uniqueness theorem for nonlinear elliptic problem with the Dirichlet
boundary condition is given in [Jensen].

3.5. Convergence of finite element approximations

From (3.3.8) and the compactness of the imbedding operator H*(Q2) — L2(Q2) we
can easily prove the convergence of the Galerkin approximations in the || ||p-norm.
To prove even the (strong) convergence in the || - ||;-norm, we shall, in addition,
require that

Vi CWE(Q), lonlle < Clv) Vh, (35.1)

where v;, satisfies (3.3.7) and C(v) is a constant independent of h.

Remark 8.5.1. Using the standard interpolation theory one can verify (3.3.7) and
(3.5.1) for many families of finite element spaces (see, e.g., [Ciarlet, p. 123]). The
functions v, can be defined, e.g., as the Vj-interpolant of v. Then we find that

lonlli,e < llv —vall1,a + vll1,4 < C(v).

Theorem 3.5.2. Let the assumptions of Theorem 3.3.8 be fulfilled and let (3.5.1)
hold. Then the convergence (8.3.8) is strong, i.e.,

lu—uglls =0 ash—o0. (3.5.2)
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Moreover, if there exists precisely one solution of the problem (3.8.1) then (3.5.2)
holds for the whole sequence {up}.

For the proof see [Kfizek, Neittaanmaéki, 1996, Theorem 9.10].

Remark 3.5.3. We will list briefly another important results. The comparison
principle is proved in [Kfizek, Liu, 1996]. The discrete maximum principle is
considered in [Kfizek, Lin] for a special type of a triangulation. The rate of
convergence is given in [Liu, Kfizek, Neittaanmaki].

The other important questions as an effect of a numerical integration and an
approximation of the curved boundary are discussed in details in Chapters 4-8.



Chapter 4
Setting the problem

From this chapter we begin to consider the main questions of Part II. Chapters 4-8
are based on the work [Korotov, Kfizek|, which is under review in “Numerische
Mathematik”.

4.1. Introduction

A finite element analysis of variational crimes, which arise in solving a nonlinear
heat conduction problem in planar domains with a piecewise curved boundary,
is presented in [Feistauer, Kiizek, Sobotikovéd]. The main goal of Chapters 4-8
is to generalize this analysis to three-dimensional domains. In particular, we ap-
proximate a smooth boundary by a polyhedral one, we use appropriate numerical
quadrature formulae (see [Engels]) to evaluate all integrals and, finally, we inter-
polate boundary conditions. Doing these approximations, we commit so-called
variational crimes, in virtue of which the used finite element method becomes
nonconforming, cf. Section 2.5.

A detailed analysis of variational crimes for linear boundary value problems
is given, e.g., in [Ciarlet], [Ciarlet, Raviart], [Strang]. Its extension to a class of
nonlinear plane elliptic problems of monotone type was first done in [Feistauer,
Zenisek, 1987).

This analysis was later generalized into several directions: to pseudomonotone
operators [Feistauer, Kfizek, Sobotikova], [Feistauer, Zenisek, 1988], to nonlin-
ear elliptic problems with discontinuous coefficients [Feistauer, Sobotikovd, 1990],
[Zenisek, 1990a), to nonlinear boundary conditions [Feistauer, Felcman, Rokyta,
V143ek], [Feistauer, Najzar], to polyhedral domains [Feistauer, Kfizek, Sobotikoval,
[Ktizek, Lin], etc.

Some of these results are also surveyed in monographs [Feistauer, 1993}, [Kfizek,
Neittaanmaki, 1996), [Zenisek, 1990b]. However, the above mentioned references
do not contain any finite element analysis of a nonlinear elliptic problem in three-
dimensional domains with curved boundaries.

For simplicity, let 2 C R2 be a bounded domain with a smooth boundary. There
are several approaches how to treat the curved boundary 0€2. The first one is to
employ isoparametric elements. However, they do not have a simple form in R3
(see [Bernardi] and [Ciarlet]). The ansatz shape functions are nonpolynomial; in
favorite cases rational, but, in general, they are quite complicated. Note that for a
small discretization parameter h it is not possible to decompose © into tetrahedral
elements having at most one face curved (cf. [Kfizek, Neittaanmaki, 1990, p. 76]).
Thus, isoparametric elements with at least two curved faces are used (see [Lenoir]).

Another approach is to approximate 2 by a polyhedron §2; and then decom-
pose Qj, into straight (non-curved) elements. Since we usually have no a priori
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information about the regularity of the true solution of a nonlinear problem, lower
order finite elements on §2; have to be applied. This manner is often used in prac-
tical calculations, but for a theoretical finite element analysis the entire domain §2
should be taken into account.

In [Knobloch], the shape of tetrahedral elements near 952, are slightly changed
in such a way that € is completely covered by them.

Here we present a different approach. We assume for simplicity that €2 is convex
and 2 C Q. The set ﬁ\ €y, is decomposed into two kinds of special elements —
hat and slice elements, see Chapter 6. They are not applied for computer imple-
mentation, but only to prove the convergence.

Problems which we meet, when 0S2 is not smooth, are outlined in Remarks 6.1.4
and 6.1.5. The mixed boundary conditions are not considered, since the set of
points, where one boundary condition changes to another, can have a very com-
plicated structure.

Throughout Chapters 4-8 the standard Sobolev space notation from Chapter 1
is used. The symbol C (possibly with indices) stands for a generic constant, which
will always be independent of the discretization parameter h.

4.2. Classical and variational formulations. Assumptions on the data

Consider the following quasilinear elliptic problem witlz_the Dirichlet boundary
condition whose classical formulation reads: Find u € C(2) such that u| €C?(Q)
and

—div(A(-,u) gradu) = f in 9, (4.2.1)
u

u=7u on 0%, (4.2.2)

where  is a bounded convex domain in R® with a C?-smooth boundary 6%.
Since quadrature formulae will be employed later, we need stronger smoothness
assumptions on data (cf. 3.2.1)—(3.2.3)), in particular, let A = (aij)?,jﬂ, ag =
aij(z,€), z € Q, £ € R! and let a;j, 8a;j/0zk, Ba;j/O¢ be continuous and bounded
in @ x R! for all 4, j, k = 1,2, 3. Thus, there exists a positive constant C such that

0 1] 0 a7
laij(z, &) < C, —a-l(z,ﬁ)} <C, —gi(x,é)' <C Vzef V¢éeRL
Oz ¢

(4.2.3)
The boundedness of the derivatives da;;/0¢ obviously implies the Lipschitz-conti-
nuity of a;; with respect to &, i.e.,

Iaij($,g>_aij(x,€)| < CL'C_§|> 7').7 = 17273' (424)
Moreover, let there exist Cy > 0 such that for almost all z € Q

Con™n < nT Az, &)n VE€R! VneRE (4.2.5)
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Finally, let f € W, (Q), @ € W, (Q) with p > 3 fixed and

V= WiQ) = WAQ,89). (4.2.6)

For simplicity, a possible dependence of A on z will usually not be explicitly
indicated in what follows. Set

a(y; w,v) = (A(y) gradw, gradv)o,q, ¥, w,v € w3 (), (4.2.7)
F(v) = (f,v)o,0, v e W;(Q). (4.2.8)

Since the elements of A are bounded (cf. (4.2.3)), we observe that the term in
(4.2.7) is finite, i.e., a(-;-,) is well-defined.

Definition 4.2.1. A function u € W1(Q) is said to be a weak solution of the
problem (4.2.1)-(4.2.2) ifu—u € V and

a(u;u,v) = F(v) YveV. (4.2.9)

According to [Hlavagek, Krizek, Maly] there exists precisely one weak solution
u € Wi ().
From the properties (4.2.3) of the matrix A it follows that

la(y; w,v)| < Cllwllyallvlne Yy, w,v € WE(SQ). (4.2.10)
Moreover, from the Lipschitz continuity (4.2.4) we have

|a(y; w, ’U) - a(z; w, 'U)| < I((A( ) y) - A( ,Z)) gradw, grad v)O,Q'
< AC,y) = A(, 2)llo,ell grad w||o,oll grad v|lo,c0,0 (4.2.11)
< d*Crlly - 2lloallwlnellvllic.e Vy,z,we Wi (Q) VYve WL(Q).

Further we introduce a polyhedral approximation £ of Q. For a given dis-
cretization parameter h € (0, hg) let 75 consist of closed tetrahedra K such that,
cf. Section 2.4:

1) hxg = diam K < Ch for all K € Ty,

2) Qn =Uger, K C&,

3) Qp, is convex,

4) all vertices of Qj belong to 952,

5) any face of any tetrahedron K € Ty, is a face of another tetrahedron from 7,
or a part of the boundary 96,.

Assumption 3) is used in Chapters 6 and 7. Note, that it does not follow from
the convexity of 2. To see this we can easily construct a nonconvex polyhedron,
which consists only of two tetrahedra and is inscribed to a ball.
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The set T, will be called a partition of Q, into tetrahedra. Consider families
{Qn}, h € (0, ho), of polyhedral approximations of @ and {74}, h € (0, hg), of
partitions of €, into tetrahedra (with hy > 0 sufficiently small). Let the family
{Tr}, h € (0, ho), be strongly regular, i.e., there exists C' > 0 such that (cf. (2.7.2))

Ch® < meas K

for all K € Ty, and all h € (0,hp). It is clear, that at most three vertices of any
K € Ty belong to 09 provided h is sufficiently small.
For any h € (0, ho) we set

Xp = {’Uh S C(ﬁh) | Uh'K € Pl(K) VK € 7;;},
Vi = {vn € Xn | vnlog, =0},

an(y; w,v) = (A(y) gradw,gradv)o ,, Y, w,v € Wz1 (),
Fr(v) = (f,v)0,00, v E W3 (W),

(4.2.12)

where P;(K) is the space of linear polynomials over the tetrahedron K.

In view of the Sobolev Imbedding Theorem we have @ € C(2) and, thus, it
makes sense to define the Lagrange interpolant 7,7 € Xj. Recall that mpu(P) =
u(P) for every vertex P of K € Tj,. We set

Up = THU. (4.2.13)
Lemma 4.2.2. The Lagrange interpolant uy, has the following properties:

}El_r)l}) ||'L—L . 'L_LhHl,Qh =10, (4.2.14)

@l e, < C Vh e (0,h). (4.2.15)

Proof. Recall that Q;, C Q for all h € (0, ko) with sufficiently small hg > 0 due to
the condition 2).

From [Ciarlet, Theorem 3.1.6] it follows that there exists a constant C > 0
independent of A such that

o - mholipan < Cllolhpo, Vo € WAR) Vhe(Oh).  (42.16)
From (4.2.16) and the inclusion Q C Q we immediately get

Imavll1,p,0, < 1Ty — vl .00 +1IvlI1p.0, <

4.2.17

where C' = C + 1.
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Again from [Ciarlet, Theorem 3.1.6] we have
v — mhollLpan < C'RIVll2p0, Yo € W2(S), (4.2.18)

where C” is a constant independent of h and v.

Let € be an arbitrary small positive number. According to [Netas, 1967, Chap-
ter 2], the space C°°(R) is dense in W}(€2) and one can choose v € C*(Q2) such
that .

1z =2llip0. S lE=2lipe < 357, (4.2.19)

where C’ is a constant from inequality (4.2.17). Further, from (4.2.17) and (4.2.19)
we have "
7@ = v)ll1p.0. < C'llE=vl1p0 < 3- (4.2.20)

According to (4.2.18) and the imbedding C*°(Q2) C Wj (), there exists a constant
he € (0, hg) such that

€
lv—mhollLp,0, < 3 Vhe (0 he). (4.2.21)
Further, (4.2.19), (4.2.20) and (4.2.21) imply that
T - @rll1,p,0, = 1B — 7a|1,p,0,

<@ =vllypn + [lv = Trollip.0. + I7hv — 7Tl p,0,

€ € €
<=t z+5<e&

-3¢ 3 3
The last inequality is valid due to the fact that C' = C + 1 > 1. Hence, we have
%1_)1‘% |z — @nll1,p,0, = 0. (4.2.22)

Using the Holder inequality 1.4.3 and the inclusion Qp C Q, we get the following
inequalities (under our assumptions that p > 3 and fixed)

1/2
Wlosy = ( [ 1wPd)
222 1/p
< 1722 d ) ] ( Pd >
- (/9,. ’ /n,, i do (4.2.23)

L2
< (meas Q) % ||9]0.p,0,

p=2
< (meas Q)% |9l 0,
SC"Yllopon Vb € Lp(),
where the constant C"”” does not depend on h, ¥ and p. Applying (4.2.23) to T, —7u
and 8;(un, — @), 1 = 1,2, 3, and using (4.2.22), we get (4.2.14).
Further,
[@nlls,n < I[@n = Tlli, + [0, < @ - Tle, +Ellhe < C,

where C is some constant independent of A. Note, that for derivation of (4.2.15)
we used (4.2.14) with sufficiently small hg. m)



Chapter 5
Approximate solution

5.1. Auxiliary results

We will employ the following numerical integration formula over an element K € 7,

Mg

/ 9(z) dz ~ measKZchg(xK,k), (5.1.1)
K k=1
where the weights cx x € R! are such that
Mg
ckx >0 and ZCK’,C =43 (5.1.2)
k=1
and the nodes zg 1 € K for k =1, ..., Mg.
For any v, € X3, and any K € T, we set
Vg = vh|K.

Definition 5.1.1. A function up € X4 is said to be an approrimate solution of
the problem (4.2.1)-(4.2.2) if

up, — Uy, € Vg, (5.1.3)

an(up; un,vp) = Fp(va) Vop € W, (5.1.4)

where

Mgk
an(Yn; Whyvh) = Z measKZcx,k(A(xK,k,yK(x;{,k)) gradwy )T grad vy
k=1

KeTh
(5.1.5)
for yn, wr,vp € X and
Mg
Fy(vp) = Z meauscx,kf(xx,k)vx(:vx,k), vp € Xp- (5.1.6)
KETh k=1

56
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Lemma 5.1.2. The seminorm |- |1, (in W5 (Q4)) is a norm on Vi uniformly
equivalent to the norm || - ||l1,0,, i.e., there ezists a constant C (0 < C < 1)
independent of h and v such that

Cllvllnes < lvlas <llvlhe, Yv € Vi VA€ (0, h). (5.1.7)

Proof. Consider the space V = W1(f). It is well-known that ||, o and || ||1,o are
equivalent on V (see, e.g., [Mikhailov, 1978, p. 149]), i.e., there exists a constant
C > 0 independent of v such that

Clvlle £ who < vl YveV. (5.1.8)

For sufficiently small hg we have Q5 C Q for all h € (0,hg). Any function
v € Vj, may be extended by zero on 2\ Q, and, if we define a function v’ as

, {v for z € Qp,
v = _
0 forzeQ\Q,

then v’ € V.
We will prove that the constant C from (5.1.8) can be used for (5.1.7) as well.
Indeed, for any v € V}, the corresponding function v’ € V and, moreover,

v, = [v'|1,0, (5.1.9)
lvll1,0, = ||UI||1,Q~
Using (5.1.8) for the function v’, we have
Cllv'llre < 'lLe < 1V]le
which implies, in view of (5.1.9), that
Cllvllan < [oly0. < llvll1an
with C' independent of v and h. O

Remark 5.1.3. The following inverse inequality holds, see [Ciarlet, Theorem 3.2.6],

C
I'Uhll,q,Qh < (hd)max(0,1/2-1/9) [vnl1,0,

Vh € (0, ho) Yop, € Xp, (5.1.10)

for any strongly regular family of partitions and g € [1, c0], where the constant C
depends on ¢ only.
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5.2. Properties of the forms ay, F},
Lemma 5.2.1. There ezists a positive constant Cy independent of h € (0, ho)
such that

ah(yh;'uh,vh) = ClllvhHiQh Vyp € X, Vo, € V. (5.2.1)

Proof. Recall that vg = vi|x, where vy, € X;,. Hence, for fixed vp, € X}, vy is
a linear function and grad vk is a constant vector for any K € T5. From (5.1.5),
(4.2.5), (5.1.2) and (5.1.7) we have (Cy is a constant from (4.2.5))

My
an (Yn; vn,vn) = Z measKZcx,k(A(xK,k,yK(:cK,k))grade)T grad vy
KeTh k=1

Mg
> Ch Z measKZcK,kllgradeHZ

KeTs, k=1
=Co Z meas K || grad vk ||
KeTr

= Colvnl? o, > Cillvnli} g,
where C; is independent of A. o

Lemma 5.2.2. There ezists a positive constant Cy independent of h € (0, hp)
such that

lan (yn; wh, vn)| < Collwnlly,onllvellie,  YUh, Why v € X (5.2.2)

Proof. First, we prove in details, an elementary auxiliary result. Let z, y be
vectors from R3, A = (as5)? j=1 be a matrix with |ai;| < C, 4,5 € {1,2,3}, where
C is some positive constant. Then we have the following useful estimate:

3 3
|(A9U)Ty| = ‘sziaijyj
i=1 j=1
3 3 3
<3N assllmil lysl <€ D5 D Ll lys)
i=1 j=1 i=1j=1

Il

3

1 i) éml)
< 30(2 |wi|2>1/2(; ijlz) "

i=1

c(_

The last inequality is due to the well-known “norm inequality”.
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Now, from the above auxiliary result, (5.1.5), (5.1.2), (5.1.7) and the discrete
Holder inequality we have

My '
lan (yh; wh, va)| =‘ > meausCK,k(A(xK,k,yK(m‘K,k))gradwK)Tgradvx‘
KeTh k=1

Mg
< Z measKZCK,kI(A(xK,k,yK(xK,k) grad wi )T grad vk |
KeTh k=1

Mg
<Cy Y measK Y cxxl gradwgl||| grad v |

KeTh k=1
=0, 3 [Vmeas K| grad wi || [Vmeas K|| grad vic|]
KeTh

= Calwp|1,, |vrl1,0. < Collwnllie,llvallig,
where Cj is some positive constant independent of h.

O

Lemma 5.2.3. Let f € WL(Q) and let (5.1.2) hold. Then there ezists some
positive constant Cs such that

|Fr(vn)| < Callvnllie, Yun € X (5.2.3)

Proof. First we prove that
|Fi(vn) = Fu(vn)| < Chlfllvooaullvnline, Yon € Xn,  (5:2.4)

where C is some positive constant independent of h. Indeed, in view of [Ciarlet,
Theorem 4.1.5] we have the following estimate

Mg
|ﬁh(vh) — Fr(vn)| < Z /K fug dx — measKZcx,kf(xx,k)vx(xx,k)

KeT k=1
< > Chk (meas K)'/ 2719 £|l1,q,llvkcl1,2,x
KeTh

for ¢ € (3,00], where hg = diam K.
Taking ¢ = co (note that in the above inequality the constant C may depend
on g, but if ¢ is fixed then C is fixed) and using the obvious inequality

1 £ 111,00, < I £ll1,00,2 (5.2.5)
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we have by the Cauchy—Schwarz inequality that

|Fn () — Fu(va)l < Cllfllneo0n », hx(meas K)2|lugl|1,2,x

KEeTh
1/2 1/2
< Clflhos ( 32 whmessk) (5 ol )
KeT KeThn
< Chl|fll1,00,04 llvallz,an-
Moreover, || f[|1,c0,2, < [|ll1,c0,0 and, thus, we have
|Fn(vn) = Fa(vn)] < ChYl fll1,00,2/lvnll1,04- (5.2.6)
Since
Faw) = [ fods, ve H'(@)
Qp
then _
|Fi(vn)| < C'llonllne,  Yon € Xa, (5.2.7)

with a positive constant C’ independent of v, and h. Hence, from (5.2.6) and
(5.2.7) we prove (5.2.3) in the following manner

|Fi(vn)| < |F(vn) — Fr(va)| + | Fa(on)|
< Ch||flly,00.0llvnlli,en + C'llonllyen
< Csl|vnl|1,0. Yoy, € Xp.

5.3. Existence of the approximate solution

Theorem 5.3.1. Let the assumptions of Lemma 5.2.3 and assumptions (4.2.3) on
a;j be satisfied. Then, for any h € (0, ho) there ezists an approzimate solution uy, €
X}, from Definition 5.1.1. Moreover, there exists a constant C > 0 independent of
h such that

HuhHl’Qh <C Vhe (0, ho). (5.3.1)
Proof. To prove the theorem we use the scheme of proof as described in [Ktizek,
Neittaanmaki, 1996, Theorem 9.16] with some modifications.

In view of (5.1.3), we can write the solution wu; in the following form

Up = Up + 2n, 2n € Vi (5.3.2)
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Consider a mapping S defined as follows: if z € V,, then Sz € V}, is the unique
solution of the problem

ah(ﬂh + z;up + SZ,’U) = Fh(’U) Yv € V. (5.3.3)

We show now that .S is well-defined. In view of linearity of ap(-;-,-) with respect
to the second argument identity (5.3.3) can be rewritten in the following form

ap (@ + 2; Sz,v) = Gp(v) := Fr(v) — ap(Tp, + 2;Tp,v) Yo € Vj,. (5.3.4)

For z € V}, fixed, G}, is obviously a linear functional on V.
Let us show that it is also continuous. By (5.2.2), (5.2.3) and (4.2.15) we have

|Gh(v)| = |Fa(v) — an(Tn + 2;Tn, v)|
< P ()| + lan (T + 23T, v))|
< Collvllran + CallTnllyn lvll1,0.
< Cyllvll1, 0.,

ie.,
|Gr(v)| < Callv]lr,e, Vv € Vh, (5.3.5)

where C4 does not depend on h.

The Lax-Milgram Lemma 1.5.2, (5.2.1) and (5.2.2) imply that the mapping S
is uniquely determined.

Setting v = Sz in (5.3.4) and using (5.2.1) and (5.3.5), we may write that

Cl||Sz||iQh < ah(ﬁh + Z;SZ,SZ) = Gh(SZ) < 04”52”1,9,1, (536)

where the constants C) and Cy are from (5.2.1) and (5.3.5), respectively. Conse-
quently, the mapping S is bounded,

IS2]l1,0, < Cs/Cr Yz € V. (5.3.7)

Note, that the constant C4/C; does not depend on h.
We show now that the mapping S is Lipschitz continuous in V}, i.e., there exists
a constant Cj, > 0 such that

ISy — Szll1,0, < Chlly - lel,Qh Vy,z € Vj. (5.3.8)
Let y and z be arbitrary elements of V},. Consider the matrix A = (@ij)3 =1 =

Az gk, (un + 2)(zk k) — ATk ks (uh +Y)(ZK k). Its elements can be evaluated
in view of (4.2.4) as follows

[@;j| < Crlz2(zxx)—y(@x k)| < CLllz=ylloco,x < CrLllz=Yllo,c0,2s, 4 € {1,2,3}.
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Let v = Sy— Sz. Since v € V},, we have by the above inequality, (5.2.1), (5.3.3),
(56.1.2), the triangle inequality (1.1.8), (5.3.7), the discrete Holder inequality and
(4.2.15) the following estimates:

Cillvlli g, < an(@, +y;v,v)
= an(Un + Y; Uh + SY,v) ~ an(Un + ¥; Tn + Sz,v)
= Fyp(v) — ap(up + y;Tn + Sz,v)

= ap(up +z;ﬁh+5z,v) —ah(ﬂh+y;ﬁh +SZ,U)

Mg
= Z meas K Z ck e [(A@K g, (un + 2)(Tk k)
k=1

KETh
— A2k k, (un + ) (2 k))) grad(Tn + S2) k] grad vi

My

<Cp Z meas K Z ck kl|z — Yllo,c0,. || grad(@n + Sz) k||| grad vk ||

K€eTh k=1

< Cullz = ylloeo,n D meas K| grad(@s + S2)x Il grad v
KET,

< CLllz — yllo,oo,0 ([Bal1,0, + 1S2l1,04) [0]1,04

< Crllz = yllo,c0,2s (C + Ca/C1)llvl1,0,
< C5||z - y”O,oo,Qh”vnl,Qh'

Hence, from the equivalence of all norms in the finite-dimensional space V},, we
find that

“Sy = SZHI,Qh = “U“LQh < C5“Z - y“O,oo,Qh < ChHZ - y“l,Qh-

Therefore, (5.3.8) is proved.

Using (5.3.7), (5.3.8) and the Brouwer fixed-point theorem 1.4.11, we get the
existence of a fixed point z = Sz. Setting u, = U, + z, we obtain the approximate
solution.

The estimation (5.3.1) is a consequence of the boundedness of S (see (5.3.7))
and (4.2.15). a

5.4. The error of numerical integration

Remark 5.4.1. Proving Lemma 5.2.3 we established (cf. (5.2.4))

|F(vn) — Fr(vs)| < Chl|fllnoo0llvnllio,  Yon € X (5.2.6)
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Lemma 5.4.2. Let (5.1.2) hold and let the assumptions (4.2.3) on a;; be satisfied.
Then there exists some positive constant C independent of h such that

|Gk (Yn; WhyVR) — @R (Yn; Why Va)| <

_a
< Chlwnl1,0, [vn 1,0, + CR 72 lynl1,0n [Whl 10,00 VR 11,690 VYR, Why vh € X,
(5.4.1)
where either

a=p, B=2 or a=2, B=p (p>3)
and an(-;-,-) and an(-;-,-) are defined by (4.2.12) and (5.1.5), respectively.

Proof. The proof is based on the inverse inequality 5.1.10, and can be easily done
as in [KFizek, Neittaanmaéki, 1996, Lemma 9.17] with Q replaced by Q. i



Chapter 6
Slice and hat elements

Let wp, = Q\ Q. Hence,
Q= ﬁh Uwp.

We will decompose the set @}, into special elements of two kinds. Let K7,
be those tetrahedra from 7, which have three vertices on 0S). Let

F,=K,NoQy, i=1,...,1,

ie.,

Figure 6.1.1.

Let Fy,...,Fr, I <1, be only those faces such that F; ¢ 092, i =1,...,I. If Q is
strictly convex then I = I. However, if 0€) contains a part of a plane then we can

get I < 1.
Let K;- be a tetrahedron symmetric to K; with respect to the plane containing
the face Fj, i.e., F; = K; N K;*. (Note that K;* & Tj.) Define

Hi=K:nQ for 1=1,..,1.

Such a set will be called a hat element because it looks like a hat on the element
K; (see Figures 6.1.1 and 6.1.2). Since 2, is convex, the interiors of all hat elements

are mutually disjoint.
64
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Figure 6.1.2.

Let Si,...,Ss be the closures of components of the set wp, \ ULI H;. Any such
set Sj, 7 =1,...,J, will be called a slice element because it looks like an orange
slice (see Figures 6.1.1 and 6.1.3).

Thus, we can decompose @y, into hat and slice elements, i.e.,

I J
Wh = (U H;)U({ JS;)

Figure 6.1.3.

Remark 6.1.1. We introduce a simple example, which shows that the slice element
need not occur between two neighbouring K;* and K JL even if Q is a strictly
convex domain. Let € be the unit ball and let ¢ be a small circle on its surface
O9. Figure 6.1.4 shows a position of four elements K, K2, K3, K4, each of which
has three vertices on ¢ and the fourth vertex is common for all these elements.
For simplicity we marked only faces Fy,..., Fy in the figure. It is easy to see that
the hat element H; is surrounded by three hat elements Ho, Hs, H4 in a such way,
that there are no slice elements between Hy and H;, ¢ = 2, 3, 4.

Remark 6.1.2. The reason, why we define two kinds of elements to decompose @y,
is that it helps us to extend continuous piecewise linear functions from €, to the
whole domain 2 so that the extended functions remain continuous and piecewise
linear. If we would consider only one kind of elements (say, “hat” elements) then
we could not get the continuity of extended functions between adjacent “hat”
elements, since any linear function in R3 is uniquely determined by values only
at four points which do not belong to one plane. Three of these values are given
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Figure 6.1.4.

at vertices of F;, 1 € {1,...,I}. The fourth value in each “hat” element cannot
guarantee the required continuity over the whole domain 2.

Lemma 6.1.3. There exists a positive constant C independent of h such that

measwy, < Ch?, h € (0, ho). (6.1.1)

Proof. We will present only a short sketch of the proof. There exists a finite
number of overlapping parts of S such that each part is a graph of a C2-function
in some coordinate system. In the same system, a part of 99, represents a graph
of a continuous and piecewise linear function which interpolates the part of 952.
Using interpolation properties of linear elements in the C-norm, we come to

5 < 2
max dist(z,0Q5) < Ch?, (6.1.2)

which proves the lemma. o

Remark 6.1.4. An arbitrarily short part of an edge of a convex domain need not
lie in one plane, see, e.g., the intersection of two cylinders in Figure 6.1.5. Thus, it
is not possible to decompose a neighbourhood of such an edge into elements (hat
elements, slice elements, tetrahedral elements, ...) which have at most one face
curved. It is obvious that any edge of one face curved elements belong to some
plane. This is the reason why we do not consider © with edges.

Remark 6.1.5. There are problems also with isolated vertices. Consider, for ex-
ample, a domain, which looks like a drop (see Figure 6.1.6). Its boundary is, of
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Figure 6.1.5.

Figure 6.1.6.

course, non-differentiable in one point (vertex) only. It is easy to show that the
second derivatives are unbounded near this point. Hence, we would not be able to
prove Lemma 6.1.3 for a drop domain by the presented technique.

To see that the second derivatives are unbounded, we present the following
simple example.

Ezample 6.1.6. Consider a “tangentional cone” to a given drop-domain (see Fig-
ure 6.1.7).
Choose the Cartesian coordinates (z1, z2,z3) so that

22+ 224222 =0 forz3<0

is the equation of the tangentional cone (see Figure 6.1.7), where v > 0 is a given
constant.
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X3

lxz

RE——— 1,

/\
\

Figure 6.1.7.
Let z3 = —e, where ¢ is some small number, then
22 4 22 = 422
1T Ty =7€"

If 5 > 0 then
2 = f(z1) = (vPe® - 22)1/2.

Obviously,
(@) = —a1(y’e* - o))/
and .,
F'(@1) = —(Pe? ~ ) V2 g3t - )22
Then

f”(o) =—-1/ye 500 as e—0.



Chapter 7
Extension of the finite element
approximations to the whole domain

Using the terminology of [Feistauer, Zeniek, 1987), we first define an analogue
of “associated function” under our assumption on the given three-dimensional
convex domain Q: if v, € Vj, then we extend it by zero in Q\ Q;, and the resulting
function (defined in 2) is denoted as @y, and called the associated function with vy,
A situation with an analogue of “natural extension” (see also [Feistauer, Zenisek,
1987] for terminology) is much more complicated in the three-dimensional case.
As we shall see later we have to extend functions from X}, to hat and slice elements
being parts of wy,.

Note that we must also provide a continuity of extended functions. This is
done “automatically” in two-dimensional case, but in the three-dimensional case
we meet several obstacles to guarantee the continuity over .

7.1. Natural extension

The natural extension v; of vy € X will be a piecewise linear function which is
continuous on § such that v,*;|gh = vp. If vy € X}, then v} on each hat element
H; is defined by vj|x, using the symmetry with regard to the face F;, i = 1,...,1,
ie., for any zt € H; we set v} (z') = vi(x), where z is the mirror image of z*
with respect to Fj;.

Before we define v} on slice elements, we mention the following property of
partitions of £, which is provided by the property of the strong regularity, see
Definition 2.7.4. There exists a constant §g > 0 such that

0< 6 <6, (7.1.1)

where 0 is the angle between any two faces of any element K;, 1 =1,..., 1.

Consider two “neighbouring” elements K;, and K;,, 41,72 < I. For simplicity
we write 1 and 2 instead of 4; and 72 in what follows. There may occur two different
situations.

Case (i). Let K; and K> have a common face which we denote by Fj;. Consider
the profile being the result of the following procedure. Let l;2 = F; N Fy (it is a
straight line segment with the end points on 9€2). We cut the elements K; and
K, (and H,, H;) by the plane orthogonal to l;2 and passing through the middle
point of l12. A sketch of such a profile is presented in Figure 7.1.1.

Let ¢ be the angle formed by those faces of Ki-, K5 which are images of Fi,
(denoted by Fl,, F%) after symmetrical reflections with respect to the faces F}
and F3. They have [;2 as a common edge and ¢, ¢ = 1,2, are the angles between
Fi and F12, 1=1,2.
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F12
KZ'L
S 12
a’Z
¢ F,
(XZ
K2
Figure 7.1.1.

We will show how to extend a function vy € X} on slice elements. We suppose
that the angle ¢ satisfies the condition

0< @< m— 26, (7.1.2)

When h is small enough then (7.1.2) is, obviously, valid. Denote by S;2 the slice
element between H; and Ho, if it exists.

Vertices of the triangles F}, and FZ form a tetrahedron, which lies between
Ki and Kj. At those vertices, which are the end points of l12, the values of the
extended function v} are equal to the values of v, at these points. At other two
vertices, the values of v} are the same and equal to the value of vy, at that vertex
of the triangle F}o, which does not belong to ;5. Obviously, values at those four
points define uniquely v}, on the slice element S;2.

Case (ii). Let K; and K, have only one common edge l12. Suppose that there
are M tetrahedra K1,..,K™ € T, M > 1, between K; and K5, which have ;5
as a common edge. We make the profile in a similar manner as in Figure 7.1.1,
see Figure 7.1.2. Here, by f1,..., 0 we denote the angles formed by the faces
of K!,...,K™ having l;, as the common edge. By a; (az) we denote the angle
between two faces of K; (K3), which have ;2 as a common edge.

Let ¢ be the angle described in the same manner as for case (i). We cut ¢ into
M angles 1, ..., ar such that

M
P1 YM
= ©; and o -
4 y; ! e Bm
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Figure 7.1.2.

First, let M = 1, i.e., we have only one tetrahedron K' between K; and Kj.
Again suppose that ¢ = ¢; < 7 — 26y and define v} in the following manner.
Values of v}, at those vertices, which are the end points of /12 are equal to values
of vy, at these points.

Further, we denote by F} and Fj the faces common for K}, K; and K1, Kj,
respectively. Let Fll’J‘ and F21’l be the faces-images of Fj and F}, respectively,
after “reflection procedure”.

Then, the values of v; at those vertices of Fll"L and le’l which do not belong
to l12 are equal to the values of vy, at the corresponding vertices of Fll’J' and le‘J‘
(which do not belong to l;2 as well).

These four given values define, obviously, v;, on the slice element Sis.

The case M > 2 is only technically more complicated.

7.2. Basic estimates

In this section we establish basic estimates for v;. First, prove a simple auxiliary
result.

Lemma 7.2.1. Let ABCD be a tetrahedron. Then there exists such a vector
I € R3, |ll|| = 1, that the projections of all points of the tetrahedron along the
vector | into the plane containing the triangle ABC belong to this triangle.

Proof. Take some point O € AABC and consider the vector DO. Then we may
DO

IDOJI

Lemma 7.2.2. There exists a constant C such that

choose [ as

O

I
DIkl b, < Chllowll} g, Yor € Xn. (7.2.1)
i=1
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Proof. Consider an element K;, ¢ = 1,...,I, and the corresponding hat element
H; = K} NnQ. Let I'= (Iy,1s,13) be a vector such that all points of K* (and of
H;) can be projected along it into Fj.

Choose the local Cartesian coordinate system (y;, y2, y3) such that vl y? are
in F; and ¥} is along the outward normal to F;. Recall that the extended function
vy is linear in H;. If y = (y1,2,¥3) € H; and y° = (9,9, 0) is a projection of y
into F; along the vector I then

" i O Y ov,
vp(y) = vp(y°) + = dt. (7.2.2)
30 ol
. oy, .
Since —=& is constant, we have
ol 1K
. N Y gur |2 " ovy %
0P = i)+ [ Zhal <ofwionr i -vr|2E |
yo Ol ol |kt
(T23)
As |ly —yY| < Chifor y° y € K+, we get
2 0y2 22| O, 2
loi()I* < 20 (y%)|* + 2C%R%| L (7.2.4)
ol K
Therefore, from (7.2.4) we come to
(2 x(\[2 *(,0\]2 272 ovy, ?
lvillo &, = |op (y)|“dy < 2 v (y7)° dy + 2C*h —=| dy
Hi Hi H,'
< Coh?||vill5 £, + Cah?|| grad v; I3 g,
and thus we get
ll0all3, &, < Cah®(|[vall3 p, + llvalli &,)- (7.2.5)
In a similar manner we derive

|| grad vj I3 &, < Cshl| gradva|l§ &, < Chllonllf k.- (7.2.6)

To proceed our proof we use a discrete analogue of the trace theorem (7.2.7),
which is given in Theorem 7.2.3. Having (7.2.5), (7.2.6), taking sum over all H;
and using (7.2.7), we derive easily (7.2.1). ]

Theorem 7.2.3. (The trace theorem in the spaces W} (Q,)). There exists a con-
stant C' such that

lvllo.60, < Cllvllie, Yv€ Wi (Q) Yhe (0,ho). (7.2.7)

Proof. See the proof of Theorem 3.3.5 from [Feistauer, 1987], which is based on
the proof of the standard trace theorem (see, e.g., [Necas, 1967]). ]



73

Lemma 7.2.4. There ezists a constant C > 0 independent of h such that

J
S Ivils, < Chllwaldq, Von € X (7.2.8)
j:l

Proof. For a given slice element S; let H;, and Hj, be its adjacent hat elements,
associated to K; and Kj,. Let us write 1 and 2 instead of j; and j, in what
follows.

Consider again two possible different cases:

(i) K, and K have a common face Fiq,
(i) K; and K, have only a common edge I;2.

Case (i). Consider the following local Cartesian coordinate system (z1, z2, T3).
The axis z; lies along l;5, the axis z3 is perpendicular to z; and lies in the
plane bisecting the angle ¢ and the axis z, is such that the system (z1,z2,z3) is
Cartesian.

Let F}, and F2, be defined as in Section 7.1 and let T denote the tetrahedron
formed by vertices of Fi, and F2, (S; C T).

From interpolation properties in two-dimensional case, condition (7.1.2) and
from C2%-smoothness of OQ we observe the existence of such a positive constant C
that

S;cTnNL, (7.2.9)

where L = {(z1, z2,73)| 0 < 3 < Ch?} is a layer of thickness O(h?).
Obviously, for case (i) we have

82’0le =0. (7.2.10)
Then (7.1.2), (7.2.9) and (7.2.10) imply

£13.5, < CH20RIE . (7.2.11)

There exists a unit vector  such that all points of K + can be projected along r
into F;. Let the point z = (1, Z9,z3) belong to F, N L and z° = (29, 23, z3) be

the projection of z into F; along I. Then we have

aﬂi‘ dt.
ol

T
@) = i@+ [
20
Further, (cf. (7.2.3)),

24| }
3r Kil' )

ok (@)? < 2{|v;:<z°>|2 tle = 22
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Since there is a linear affine one-to-one mapping between z and z9, we get by the
substitution theorem and the above inequality that

1k 113, 73,0z < CUlvRNIE 7, + B2l grad g 13 o, )- (7.2.12)
From the symmetry with respect to Fy, (7.2.11) and (7.2.12) we get
A l13,5; < Ch*(llvnll £y + hllvnllf x,)- (7.2.13)
Now we deal with grad v}, over S;. For its first component we have
01v;|s; = O1vn|x,,

because v is linear continuous on Sj;, and ;3 lies in the axis ;. The second
component is zero in view of (7.2.10). So let us examine the third component.
Consider a unit vector # parallel to the segment Fi, N {z; = 0}. Then

. ovy
Bsvils, = S/ cos(ip/2).

Condition (7.1.2) implies that cos(p/2) > cos(m/2—6y), i.e., 1/ cos(p/2) < 1/sin fy,
which leads to )

ovy
21 < C1llgradval g, I

ED;

Oavils, P < C

Hence, there exists a constant C such that
|| grad v} |I3 5, < Ch?|l gradwallf x, < Ch*||vs I3 k,- (7.2.14)
Further, (7.2.14) and (7.2.13) imply

lvilla,s; < CR2(loalll &, + lonlld,7,)- (7.2.15)

Case (ii). Let M =1 for simplicity, let us form the same coordinate system
(z1, z2,z3) as for case (i). We will also use denotations introduced for case (i).

Property (7.2.10) is violated, but (7.2.9) is valid. Then analogously to (7.2.11),
using the Taylor formula, we get

[vill3,s, < CRA(1VANG pa,nr + R 10205118 2rr)- (7.2.16)

The term ||v,*l||(2)7 Fi,nL G0 be estimated as in case (i). And the only problem is to

estimate the value va,’:]T. From geometrical considerations we have

) ,U*l _ sm(ﬂ1/2) 6vh,'
2T sin(p/2) Of g’
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where K' € Ty, is the tetrahedron between K; and K; and [ is a unit vector in
R3, which is perpendicular to the plane bisecting the angle 3, (see Figure 7.2.1).
Obviously,
6o < B1 < o <~ 260,
and thus
sin(B1/2) < _cos 6o
sin(p/2) ~ sin(fy/2)’

ie.,
|02v}|7|? < C|| grad vp| g1 ||2. (7.2.17)

Doing an analogous analysis to that one of case (i), we easily get the estimation
similar to (7.2.15). The case M > 2 can be treated in a similar way. Having

(7.2.15), (7.2.17), taking sum over all S; and using (7.2.7), we get (7.2.8). ]
Theorem 7.2.5. There exists a constant C such that

vk, < CRY?||vnllg,  Von € X (7.2.18)
Proof. Obviously, (7.2.1) and (7.2.8) imply (7.2.18). a

Theorem 7.2.6. There ezists a constant C such that
([0 = Bnlli0 < ChY?||upllig,  Von € Vi, (7.2.19)
ilLawn < ChYluplig 0, Vup € Xn Vhe (0,hg) Vge[loa]. (7.2.20)
Proof. Formula (7.2.19) is a direct consequence of Theorem 7.2.5 and the definition
of Up.

Using (7.2.6) and (7.2.14), we see that (7.2.20) holds, since v} is piecewise linear.
O
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Lemma 7.2.7. The following relations hold
|lw - mpwllr,0, =0 ash— 0, (7.2.21)

Imhwll1q,0n + [(Thw) |1g,0 < Clw,q) Ywe W2(Q) VYhe (0,ho) Vage (3,00.
(7.2.22)

Proof. By the Sobolev imbedding theorem w € Wg(Q) is continuous. Hence, from
the standard interpolation theorem (see [Ciarlet, Theorem 3.1.6]) we have

lw —mhwlle, < Chllwllzg, < Chllulle =0 ash -0,

ie., (7.2.21) is valid.
Further, by (7.2.20),

|(Thw)*|1,qn < CLAM | mRw]1 0,0,

From here and [Ciarlet, Theorem 3.1.6], we see that

Imhwlli,g,0n + [(Thw)*[1,0.0 < Collmawll1,q,0.

Co(Jlw = mrwll1,g,0, + lwllig0n) < Ca(bllwlli g, + llwlliee) < Callwllz,q,0-

O

Lemma 7.2.8. The following relations hold
lvillLe + lnlle < Cllvallie, Yon € Vi VR € (0, ho), (7.2.23)
lwll1w, 0 as h—0 Ywe WiR). (7.2.24)

Proof. Estimation (7.2.23) is a consequence of (7.2.20) and the definition of 9. Es-
timation (7.2.24) follows from (6.1.1) and the absolute continuity of the Lebesgue
integral. O

Lemma 7.2.9. The following relations hold

1Zn = Tll1,0, + 18} —Tll,e =0 ash—0, (7.2.25)
Eall1,, + 1Tl < C, (7.2.26)
@allig.0n + [Tilie0 < Clg) Vhe (0,ho) Vg€ 1, (7.2.27)

Proof. The first term in (7.2.25) tends to 0 as A — 0 in view of (4.2.14). Further,
Iy, —wl|2 g = |[an — Tl g, + @, — @l|3,,. The first term in the right-hand side
of the above inequality tends to zero (see (4.2.14)). For the last term we have

12 = 2llrwn < @ llLwn + 1210

From (7.2.18) and the absolute continuity of the Lebesgue integral (cf. (7.2.24))
both terms in the right-hand side of the above inequality tends to zero. Thus,
(7.2.25) is proved. Also, from (7.2.18) and (4.2.15) we get easily (7.2.26). The
proof of (7.2.27) is similar to the proof of Lemma 3.1.3 from [Feistauer, Sobotikova,
1990). o



Chapter 8
Main convergence results

In this final chapter of Part IT we present the main convergence results: first, in
Theorem 8.1.2 we prove the weak convergence, and, then, in Theorem 8.2.1, we
prove the strong convergence of the approximate solutions to the exact (weak)
one.

Note that these theorems generalize Theorems 9.24 and 9.25 from [Kfizek, Neit-
taanmaéki, 1996] to the three-dimensional space.

8.1. Weak convergence

For each h € (0,ho) we define a function u}, € W3(2) corresponding to the ap-
proximate solution u, as follows: according to Definition 5.1.1 we express uy in
the following form:

Up, = Up, + 2h

with 2, € V. Then
Uy, = Ty, + Zn, (8.1.1)

where @}, is the natural extension of @, and 2}, is the associated function.

Lemma 8.1.1. There exists a constant C such that

Iznll1,05 + llunllne + lupllne + 12alle + 23 llLe < C. (8.1.2)

Proof. The proof s trivial and similar to [Feistauer, Sobotikovd, 1990, Lemma 3.1.6].

m]
Let Qg be an open subset in 2. We put
aq, (¥; w,v) = (A(-,y) gradw, gradv)o,,, ¥ W,V € W3 (). (8.1.3)
From the boundedness of A in © x R! we, obviously have
lag, (; w,v)| < Cllwlliallvllie, Yy,w,ve Wi (). (8.1.4)

Theorem 8.1.2. If up = @p + 2n, 2n € Vi, is an approzimate solution from
Definition 5.1.1 and u}, is the function corresponding to up by (8.1.1), then

up = u (weakly) in Wy (Q) ash -0,

where u € W} is the weak solution of the problem (4.2.1)-(4.2.2).

Proof. From (8.1.2) we have ||u}|l1,0 < C for all h € (0, ko). Since the functions
u}, belong to W4 (), then, as a consequence of the Eberlein-Schmulyan Theorem

77
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1.4.10, there exists an element u € W3 () and a subsequence {u}} C {u;} such

that u;.z —~yash—0. Hence, we must prove, in fact, that any weak cluster point
of the family {u},}, h € (0, ho), is the weak solution of the problem (4.2.1)-(4.2.2).

Let u be one of such cluster points. We denote the corresponding subsequence
{u;L} convergent to u as {uj,} for simplicity, i.e.,

up, = u (weakly) in W, () as h — 0. (8.1.5)

We will show that u is the solution of (4.2.1)-(4.2.2).

Note that V = W}(Q) is weakly closed and the sequence 2, = u}, — @}, belongs
to V. It means that the weak limit of {24} also belongs to V. From (8.1.5) u,, — u
as b — 0 and from (7.2.25) we have @}, — @ as h — 0, it implies @ — T as h — 0.
Hence, u — @ is a weak limit of Z; as h — 0 and, therefore, belongs to V.

To prove the condition a(u;u,v) = F(v) for all v € V, we first consider an

arbitrary v € VN C®(Q). Let vy, = mpv € V. Then, by (7.2.18),

lv = vill o = llv = vill} @, + Ilv = vhIIE .,
< C(hloliz e + IIIE ), + 05113 )

< C(hlvll3 o + IIvlI7 oo @meas wh + Allv 3 ,).
From here, (6.1.1), (7.2.21) and (7.2.22) we get

lv - vill,e =0 as h — 0,

ol qg, < Cw.a), g€ (3,00 (&1
From the fact that uj = @ + 2;, the definition of u} and (7.2.19) we obtain
g = vl = 2% = Zallse < CHY2|z4ll10,- (8.1.7)
Estimates (8.1.7) and (8.1.2) imply that
lup, — uplli o =0 ash—0. (8.1.8)
Further, from (8.1.8) and (8.1.5) we easily find that
ul = u in W,y (Q)as h—0. (8.1.9)

Using (8.1.9) and the compact imbedding W3 (2) — L%(Q2), see the Kondrasov
Theorem 1.4.7, we get the strong convergence

ul - u in L%(Q). (8.1.10)
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Obviously,
(s 4,0) — F(0) = [o(uw — g, v)] + [a(u; u}, 0) — a(ufs uf, )]
+ a(uh; uh, v = vR)] + (@ (ks uh, vR)]
+ [@n (ks Un, VA) — ah (un; U, vn)] + [Fr(vh) — Fa(va)]
+ [F(v;) — F(v)] + [— / fur, da:]
= Il + ...+ Ig.

The terms Iy, ..., Ig can be estimated for h — 0 in the following manner:
1. The mapping y € W3 () + a(u,y,v) € R! is a continuous linear functional
(see (4.2.10)). Thus, u}, converges to u weakly in W3 () and I; — 0 as
h — 0.
2. By (4.2.11), (8.1.2) and (8.1.10),

[I2] < Cllu = uplloelluillellvliee < Cllu—u} llo,allvlli,cn — 0.
3. In view of (4.2.10), (8.1.2) and (8.1.6),
13| < Clluilliellv = vhllie < Cllv = ville = 0.
4. It follows from (8.1.4), (7.2.18) and (8.1.6) that
o] < Cllugllrwnllvillws < Ch¥lunllsonllvnllie, < Ci(v, 2)h% — 0.
5. By (5.4.1), (5.3.1) and (8.1.6),

\Is| < Chllunll1,ullvnlli,en + CR=3Pllunll} o, llvnll1p.0, = O.

6. We have |Ig| — 0 in virtue of (5.2.6) and (8.1.6).
7. The Cauchy-Schwarz-Buniakovskii inequality and (8.1.6) imply
[Iz| = |F (v)=F(v)| = |(f,v=vR)o| < |fllo,ellv=v;llo,0 < Cllv—wvj|l1,0 — 0.

8. By the Cauchy-Schwarz-Buniakovskii inequality, (7.2.18) and (8.1.6),

sl < [ |fvildz < |Ifllo,ellvillow, < Chllvnllie, — 0.

Wh

As a result we see that u satisfies the identity
a(w;u,v) = F(v) YWweVnNC>®Q)

and, hence, by the density of VN C* () in V and the continuity of a(u;u, -) and
F(-) we get a(u;v,v) = F(v) for all v € V. By [Hlavdcek, Kfizek, Maly], u is
unique and, thus, the whole sequence uj, converges weakly to u, i.e., the theorem
is proved. O
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8.2. Strong convergence
Now we will establish the strong convergence.

Theorem 8.2.1. We have uj, —+ u (strongly) in W} () as h — 0 and

litn [|u ~ —0.
hl_%ﬂu unll1,0, =0

Proof. We write again u = u+ 2, z € V and up, = p + 2n, 2, € V. Let us
consider a sequence {z™}950_; C V N C*®(Q) such that

|z —2™|l1,0 =0 asm— oo. (8.2.1)
Let us set
z,T = whzm.
Thus, z* € V}, and from (7.2.21) and (7.2.22) we have

|z™ = 2|10, = O as h — 0,

. o (8.2.2
1 0 + (20 100 < C(z™a) Vh € (0, ho) Va € (3, o). )

Let us define
’U';ln =2zp — Z;:L (E V).

By (5.2.1), (5.1.4) and the definition of a weak solution we obtain

Cillvitl3 q, < an(un; vy, o)
= ap(un; U + 2n,v%") — an(un;Tn + 25", v5")
= Fr(vy') — an(un;Tn + 25", vp")

= () = B + [ [ 5" da]

Wh

+ [F((wr)") — FOr)] + lalw; u, 0F") — an(un; T + 23, vR')]

= J]_ “+ ...+ J4.
(8.2.3)
Further, we can write
Js = alu;u, 07) — ap(un; Un + 25, vp)
= [a(w; T+ 2z — 7, — (27°)", 0")]
+ la(us s + (27)", 07) — aluh; T, + (2)", 95")]
+ la(ub; B, + (27)", 07) — aluh; T + (27", (vi)™)] (8.2.4)

+ [a(up; @ + (277)", (vr)") — alug; T, + (277", (vi')"))]
+ [Guy (ur; T + (277, (V1))
+ [@n(un; Tn + 277, vR') — an(un; Tn + 215 vg')]

=D+ ...+ Dg.
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We will estimate the individual terms Jq, J2, J3 and Dy, ..., Dg. By (5.2.6),
|71] < Chlfll1,00,2llvh 11,20 £ C RV 1,04 (8.2.5)

The Cauchy-Schwarz inequality and the estimate (7.2.18) imply that
| T2| < CRY [0 11,0, (8.2.6)
Further, using the continuity of the functional F' and (7.2.19), we get
|Js] < Cll(wp)* = 07l < CRY 2[R 1,4 (8.2.7)
In virtue of (4.2.10), the following inequalities

Iz = (&) llLe < Iz = 2™ e + 2™ = (27*)"ll1.0
2™ = (z")*llLe < Cl12™ = 25 llan + 12" 110n + 1(ZE)* 1,01)
(7.2.18), (8.2.2) with ¢ = 2 and (7.2.23), we have
|D1| = la(u;T—T} + 2 — 2™+ 2™ — 25" + 25 — (zi)*, O))|
<C(lE-gllne +llz = 2" llue + 2™ — 210, (8.2.8)
+ 12 lwn + C™, 2R )0 11,24
Using (7.2.23), (7.2.26) and (8.2.2), we can show that

|D2| < Cllu = upllog.0l@ + (28)"[1,p,ll9% 1.0

m (8.2.9)
< Cillu ~ illo,g,2C " P)lI0R’ (1,04
with 1/p+ 1/q = 1/2.
Estimates (4.2.10), (7.2.26), (8.2.2) and (7.2.19) imply that
IDs| < G, 2)CRY2 ol 00 (8:2.10)

The term D4 can be estimated in a similar way as Ds:
D4l < Cllup, = uillo,g,al@; + (27")" [l (vF")*[l1,0-

Now, using the compact imbedding W3 (2) < L9(2) for g € [1,6), see Kondrasov
Theorem 1.4.7, (7.2.19), (8.1.2), (7.2.26), (8.2.2) and (7.2.23), we find that

|D4| < C(z™, p)CRY [0 |1, (8.2.11)

In order to estimate Ds, we use (8.1.4), (7.2.18), (7.2.26) and (8.2.2) with ¢ = 2.
Then
|Ds| < CRY2||o? 11,0 (8.2.12)
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Finally, by (5.4.1) with @ =p, =2, (5.3.1), (7.2.26) and (8.2.2)

|Dg| < C(hlan + 21,0, + B ~Pllupllie.lBn + 270 ]110.00) IV 11,00 (62.13)
< Ci(h+C(Z™, p)A /7)1 .- -

Now taking into account (8.2.3)—(8.2.13), we obtain the estimate

Cillvillna, £ C(RY? + |[@ — |l + |1z — 2™
+ ”zm - Z;zn L9, + ”Zm| 1w

+C(2™,p)llu = upllog.e+ C(z™, p)h? + C(™, p)h* /7).

l1,0 + C(2™, 2)h1/2

Let us consider m fixed and pass to the limit for A — 0. Using (8.2.2), (7.2.24)
with w = 2™, (7.2.25), (8.1.5) and the compact imbedding W3 () — L4(R), see
the KondraSov Theorem 1.4.7, which imply that u}, — u in LI(Q), ¢ € [1,6), as
h — 0, we conclude that

limsup ”,UZLHI,Q}L < C”Z . zmHl’ m = 172a ey
h—0

where C' is independent of m.
Further,

llu — unllr,e, = 1@+ 2) — (@ + 21)|l1,0,

<l =allon + 12 = 2" ll0, + 127" = 2 00 + 127" = 26ll1,0.-

Taking into account that z, — zj' = v}, and passing to the limit for A — 0, we
obtain by (7.2.25) and (8.2.2) that

limsup ||lu — un|l1,0, < Cllz —2™|1,0, m=1,2,....
h—0
Passing to the limit for m — oo and using (8.2.1), we find that
li - ={J;
hl_I}%) lu = unll1,0, =0

The strong convergence uj, — u in W} (€2) is a consequence of (4.2.15), (7.2.19),
(7.2.18), (7.2.24) and (8.1.1). o
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On contents of Part II1

Part III consists of one chapter — Chapter 9.

The main result can be formulated as it follows: the space of divergence-free
functions with vanishing normal flux on the boundary is approximated by sub-
spaces of finite elements that have the same property. The easiest way of generat-
ing basis functions in these subspaces is considered.

This chapter is based on the published work [Korotov, 1997a].
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Chapter 9
Equilibrium finite elements

9.1. Introduction

The main result is a construction of finite element subspaces of the spaces of
divergence-free functions. Such a problem is frequently met when we treat numer-
ically some phenomena in continuum mechanics, electromagnetism, heat and fluid
flow problems, etc.

Namely, we shall describe an internal finite element approximation of the fol-
lowing space which appears in variational formulations of a considerable number
of problems, see, e.g., [Girault, Raviart], [Hlavacek, Kfizek, 1984], [Kiizek, Neit-
taanmaki, 1990], [Nedelec], [Temam]:

Ho(div% Q) = {7 € [L2(Q))* | (§,V2)o=0Vz € H(Q)}, d=2,3. (9.1.1)

We will deal only with the three-dimensional case: Q2 C R3 is a bounded domain
with a Lipschitz continuous boundary, (-,-)o is the inner product in [L2(Q)]',
1 =1,2,3, H*(Q) is the standard Sobolev space with the norm || - ||x and [ - @ is
the standard inner product of vectors "and  in R3. In this chapter we keep the
symbol “—” for all vectors.

We will generalize the results which were obtained in [KfiZek, Neittaanmaki,
1986] for wider class of domains.

9.2. Auxiliary results

First we recall some known important facts.
Introduce a space of vector-functions the divergence of which exists in the sense
of distributions (see, for example, [Girault, Raviart])

H(div; Q) = {7 € [L3(Q))® | 3p € L*(Q) : (¢, V2)o + (p,2)0 =0 Vz € H5(Q)}
(9.2.1)
and its subspace of divergence-free (so-called solenoidal) functions

H(div%; Q) = {7€ [L2 () | (§, Vz)o = 0 Vz € H}(Q)}. (9.2.2)

Note that for both spaces the test-functions z vanish on the boundary 952, so there
are no conditions upon the normal flux 7 - ¢ on 92, where 7 is the outward normal
to Q.

Let @ = (w1, w2, w3) € [H}(R)]® and 2z € C(Q) be arbitrary functions. Then
(curl@, Vz)o = (@, curl Vz)o = 0 due to the Green formula (1.4.18), where

curlw = (8271)3 — 63'1,02, 63’(.01 = 81w3, Blwz = azwl). (923)
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Hence, the density C§°(2) in H3(£2) implies

curl@ € H(div%; Q) Vo € [HY(Q)]°. (9.2.4)
Recall (see [Girault, Raviart, p. 16]) that the functional ¢ — 7t - ' |an defined on
[C* ()] can be extended by continuity to a linear continuous mapping from the
space H (div; Q) into H~1/2(8Q), where the latter is the dual space to the space of
traces H'/2(89) of functions from H'(R2). In this case, the Green formula takes
the form

(§,V2)o + (divd, z)o = (- 0, 2)ee  V§ € H(div; Q)Vz € H(RQ), (9.2.5)

where (-, -)aq denotes the duality pairing between H~1/2(9Q) and H'/2(8Q).
Now we will formulate and prove Theorem 9.2.1.

Theorem 9.2.1. Let i = (l3,la,13) be a constant vector in R3 and Q € R? a
bounded domain with a Lipschitz continuous boundary. Then

Ho(div%; Q) = curl W, (9.2.6)
where

W = {@ = (w1, wz, w3) € [H(Q)]* | A-curl ¥ = 0 on 8Q, I = 0 in Q}. (9.2.7)

Proof. Let W € W be given. Then
(curlw, Vz)o = (= divcurl i, 2)o + (7 - curlw, z)aq = 0 Vz € HY(Q)
(see formulae (9.2.4), (9.2.5)). Hence, it follows from curl @ € Ho(div’; Q) that
Ho(div®; Q) D curl W. (9.2.8)

Conversely, let §= (g1, 42,93) € Ho(div’; Q), i.e.,

We can extend ¢ (according to [Girault, Raviart, pp. 27-28]) to the whole space so
that the extended function § € [L2(R?)]® would be still divergence-free and have
a compact support. Let §; be the Fourier transform of ¢;, 7 =1,2,3,

4;(&) = /R3 e 2" 4G;(z) dz, €€ R (9.2.9)



87

Here i is the imaginary unit, i.e., i

= —1. In what follows we will write Rg for
the three-dimensional space with coordinates (£1,&2,&3). The condition div 3 =0

implies that
3
> &g =0. (9.2.10)
i=1

We seek a function ¢ in [L?(Rg)]® such that curl @ = g, ie.,

g1 = 2im (€293 — €3P2),
G2 = 2im(§301 — &1P3), (9.2.11)
Gz = 2im (€102 — Eap1).

Obviously, the third equation of (9.2.11) is a consequence of the first two and
equation (9.2.10), hence, in fact, we have only two equations to define three un-
known functions @1, @2, P3.

Further, we add the following third condition which is suitable for our purposes:

3
> ligi=0 (9.2.12)
=1

which, after the Fourier transform, takes the form
3
> k@i =0, (9.2.13)
i=1

due to the fact that { is a constant vector. Equation (9.2.13) is the third relation
connecting the functions @1, @,, @3.

Hence, taking the first two equations from system (9.2.11) and equation (9.2.13)
we obtain the system

§2p3 — &3P = —;1.,
w1
. . q 9.2.14
€3p1 — §1p3 = —22., ( )
i
Ligr+12¢2 + 1393 = 0.

In the matrix form it may be rewritten as follows:

[0 —& & P1 d1/2mi
&e 0 —&||¢z|=]d/2mi]. (9.2.15)
o 2 3 P3 0
The solution is
@1 ] 1 &1l2G1 + &3l3G2 + E2l2G2
P2 | = o B =&3l3q1 — &1l1G1 — &2l1Ga | - (9.2.16)
@3 | migsl - £ &3lagy — &3l1de



88

The function defined by (9.2.16) represents the unique solution of system (9.2.14),
because the determinant of the matrix in (9.2.15) is not equal to zero.

Now, we have the following facts:

1) §; are holomorphic in Rg', since the supports of §; are compact (see [Girault,
Raviart, p. 27)).

2) The Fourier transform is a linear continuous operator from La(R?) to L, (Rg),
hence §; € Lz(Rg),j =115253x

We recall the following theorem:

Theorem 9.2.2. Let k and d be any integers. Then
u(z) € H*(R?) <= £*u(€) € Ly(RY) Vo such that |o| < k
(see, for example, [Viadimirov]), where the sign “" ” means the Fourier transform

and a is a multi-indez.

According to Theorem 9.2.2, in order to get ¢; € H (), j = 1,2,3, we shall
prove the following theorem.

Theorem 9.2.3. The statements
(a') §J¢z(€) € L2(Rg)a 7',.7 £ 172737

are valid, where ¢;(€) and Rg‘ are described above.

Proof. Condition (a) can be proved immediately from formula (9.2.10). We also

have
C(4;] + 1dx1)
e
where C' > 0 is a constant. Hence, we must check only the boundedness of ¢; in
the neighbourhood of zero.
Condition (9.2.10) implies

|@i] <

4:(0) = 0. (9.2.17)

From 1) we have

3 ~
(€)= Y& 52 )+ Oel)
j=1 ™

in a neighbourhood of 0. Here ||£|| means the usual Euclidean norm of the vector
£= (€1,&2,&3). Hence, ¢ is bounded as £ — 0. O

By restricting the inverse transform @ of @ to €2, we get a function @ € [H*(€2)]3
such that
curlg=¢
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and, moreover, the important identity Jlic ¢ = 0 is valid. Note that in [Girault,
Raviart] and [Kfizek, Neittaanmaki, 1986] the vector ! is, in fact, equal to (0,0,1).
m]

9.3. Equilibrium finite elements

Let Wj be an arbitrary finite element space of W whose functions are contin-
uous and piecewise polynomial on some partition of £2. We define the space of
equilibrium finite elements as

Qn = curl Wy, (*)

Due to Theorem 9.2.1, Q, is a subspace of Ho(divo; Q). Recall (see [KFizek, Neit-
taanmaki, 1986], Corollary of Theorem 1) that, if {W},} is a system of finite element
subspaces of W such that the union | J, W is dense in W with respect to the || - |1
norm, then | J, Qp, is dense in Hy(div’; Q) in the || - ||o norm.

Definition 9.3.1. A domain Q C R3 is said to belong to the class L* if it can be
transformed by a rotation in R3 to the domain Q from the class L (see [KTiZek,
Neittaanmaki, 1986]), i.e.,

(i) Q' is a bounded domain with a Lipschitz boundary,

(ii) there exists a simply connected domain w C R? and a positive function
F:w— R! (in general discontinuous) such that

Q= {(zl,xz,xs) €R3| (21,22) Ew, 0 < z3 < F(zl,zg)}.
Remark 9.5.2. Denote by 9 the base of the domain 2, i.e., w is the image of

0o under the above rotation. Then there exists a constant vector I € R® which
is perpendicular to the base of such a domain (see Figure 9.3.1).

Figure 9.3.1.
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Further we shall require the following property of finite element subspaces (2 €
L* with the vector !) to be valid:

TeW, = we Wh, (9.3.1)
where .
&(ml,xz,xg) = w(zY, 23, 23) (9.3.2)

and the points
20 = (29, 23,23) € 0, = (z1,Z2,23) €N

are connected by the following relation:

z;—zy=a-l; i=1,2,3 (aisa constant), (9.3.3)
i.e., the point z° is the projection of the point z onto the base of the domain along
the vector {. B
For simplicity we choose the vector I to be of the unit length, i.e.,

I = @2+ 2 +12)2 =1. (9.3.4)

Note that the operator curl: W;, — Qp = curl W}, is not bijective in general, so
we need to define V), C Wy, such that curl: Vj, — @Qp is bijective.
The next theorem generalizes Theorem 2 from [Kfizek, Neittaanmaki, 1986).

Theorem 9.3.3. Let Q € £* and let the vector | correspond to this domain (see
Remark 9.3.2). Let Wy, C W satisfy (9.3.2) and Qn = curlW,. Then for the
space Vi, C Wy, such that

Vi={0€Wy|7=0 ondQo}
the mapping
curl: Vi, = Qp C Ho(div%; Q)
1s bijective.
Proof. Injectivity. If curl¥ = 0 for some @ € W}, then there exists s € H}(2) (note
that € is simply connected) such that

U = grad s.

Moreover, s € H2(Q2) C C(Q2). Hence, s is continuous in Q and, of course, s is
a piecewise polynomial function. Due to these facts the following formula makes
sense: .

0s

= dg,
Zo 3l €

S($1,SL‘2,£L‘3) = S(-’B?,.’Eg,xg) e
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where the point (29,3, z9) € 8 is the projection of the point (z1,z3,3) to the
base of 2 along the vector {. It is obvious that

08 . Vs=P 7=0,
ol
which implies that s(z) = s(z°).
Since ¥ = 0 on 09Qg, we get that s is constant on 09 and, then, in the whole
domain Q. This means that 7= 0 in Q.

Surjectivity. Let ¢ € @, be an arbitrary vector function. According to Theo-
rem 9.2.1, there exists a continuous piecewise polynomial function & = (w, wa, ws)
such that @ € W, ! -w =0 and

g = curld.
Let ¥ = @ — w, where w = (Wy, W2, ws) is defined by (9.3.2) and (9.3.3). Then

v=0o0n 0Qy and 7 € V}, C W
Now we check whether the relation

q = curlv

holds.
In fact, we must show that

curlw =0 in .

Let us introduce the following convenient notation:

s

dws  Awy
81132 B 8233 - Al,
dw,  Ows

¢ — = 9.3.5
Ozs Oz Az, ( )
0By 0B _

\ 3561 a.'L'z B

Since 1w is, in fact, the trace of W on 9 along the vector {'we have the following
obvious conditions:

S 0, j=1,23 Q. (9.3.6)

> lw;=0 inQ. (9.3.7)
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And, of course, the following condition will be taken into account:

-

- curlﬁ)|ago =0 (9.3.8)

For simplicity, we suppose that l3 # 0. Then (9.3.7) yields

Hence,

and consequently,
I3A1 =11 As.

It is easy to check that if I3 is zero then the above equality also holds. Similar
argument leads to the equalities IsA; =11 A5 and I3A; = 1:As3.
These equalities constitute the system

I3A; =11 As3,
laAy =114, (9.3.9)
I3As =[5 A3.

Obviously, only two equalities from system (9.3.9) are independent. Condition
(9.3.8) implies
LA+ 1A+ 1303 =0
(since ||i]| = 1 and I = —7 on 8Qy, if Q € L*).

Taking the system
I3 = 11A3 =0,

loA = 11 A9 =0,
11A1 + 195 + 13A3 = 0,
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with zero right-hand side, we see that, if

Ils 0 -l .
det lz —ll 0 = -—ll . “l” = —ll # 0,
li 1o 3

then the only solution is A; = Ay = Az = 0. Obviously, if [; = 0 then we take
other two equations from (9.3.9). ]

Remark 9.3.4. Note that we have to form finite elements according to the position
of the base of such domain in the space, so conditions (9.3.2) and (9.3.3) are
quite natural and can be easily satisfied when employing prismatic or rectangular
CP-elements. . .

Also, the restriction - @ = 0 is not very difficult, because [ is a constant vector.
The basis in V}, can be obtained from the finite element basis of finite element
subspaces of H!(9).

Under the assumptions of Theorem 9.3.3 we can introduce basis functions of
the space Qp = curl Vj,. Namely, let {v*}™, be basis in V}, then

g’ =curlvt, i=1,.,m (9.3.10)
are basis functions in Qn C Hy(div®; Q) since the linear mapping
curl: Vi, = @

is bijective under our conditions on the domain Q. Moreover, we see that supp q° C
supp V¢, i=1,...,m.

Note that q* are not, in general, continuous in the whole . However, similarly
to [Kfizek, 1982] we may prove, by the Green formula (9.2.5) that the normal com-
ponent ny - q’ is continuous at each common face f of any two adjacent elements,
where ny is a normal to f.

Ezample 9.3.5. Let the vector [ = (0,0,1) for simplicity. We introduce a typical
shape of divergence-free basis functions derived from the usual trilinear elements,
the ansatz-polynomials, which are of the form

Co + C1Z1 + C2Tg + C3%3 + C4X1T2 + C5Z1X3 + CeT2L3 + C7T1T2X3
on every rectangular element, see [Ciarlet]. Assume for simplicity that a uniform
mesh (with the mesh size h) is given and let, e.g., y = (0, h, h) be a nodal point
in Q. If y ¢ 09 then we can have two standard basis functions v?,v:*! € V}, for

some % € {1,...,m} such that

supp v¢ = supp v"*! = [=h, h] x [0, 2R] x [0, 2h].
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This support consists of eight elements. One of them is, for instance, K = [0, h] x
[0,h] x [0, h], and we may immediately obtain

v' = ((h — 71)7223,0,0)/h® in K,

) 9.3.11
vt = (0, (h — 21)z273,0)/h® in K. ( )
Now a direct calculation leads to
¢ = (0, (h— z1)z2, (z1 — h)z3)/R® in K,
q (0, ( 1) 2, (21 )z3)/ (9.3.12)

q"* = (&1 — B)2, 0, —zox3) /h® in K.
Similarly we obtain q* and q**! on the other seven elements of supp v*.

Suppose further that y = (0, h, k) € 0. For simplicity let Q = (0,1) x (0,1) x
(0,1). In this case, we have dyv3(y) = Osv2(y) for any v € V,, since (—1,0,0)
is the exterior unit normal to 8Q at y. Thus by (9.3.11) we find that v € V}
(vitt ¢ V). The corresponding support of ¢ will consist of four elements only
and, e.g., q*|x will be given by (9.3.12).



PART IV

On Construction of Strongly
Regular Family of Triangulations
for Planar Domains
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On contents of Part IV

The main topic of Part IV is the construction of a strongly regular family of
triangulations for planar domains with piecewise C?-smooth boundaries.

The contents is based mainly on the own work of the author, see [Korotov,
1997b].
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Chapter 10
Strongly regular family of triangulations
for planar domains

In Section 2.6 we introduced the conceptions of the standard quasitriangle (see
Figure 2.6.3) and the linear homotopy mapping (defined by the relations (2.6.3)).
For conveniency of the reader we reproduce here Figure 2.6.3 again.

A, A
Figure 2.6.3.

These ideas are found to be very convenient for the construction of the strongly
regular families of triangulations for planar domains with piecewise C2-smooth
boundaries, see Section 2.7 for definitions.

First, in Section 10.1, we present a constructive proof of an existence of the
strongly regular family of triangulations for the standard quasitriangle, see Def-
inition 2.6.1. Further, in Section 10.2, an algorithm of a division of the planar
domains into a finite number of the standard quasitriangles is presented. The
main result is formulated as Theorem 10.2.2.

In Section 10.3 the similar approach is applied to the convex quadrangle. Section
10.4 presents a short survey of the other approaches to the problem for planar and
space domains with smooth boundaries.

10.1. Construction of triangulations for the standard quasitriangle

Throughout this section we use number of denotations from Section 2.6.
From now on we suppose that for n — co and | = A/n (X is the y;-coordinate
of the point A, see Figure 2.6.3) we have

1<C <lfh<, (10.1.1)
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where C, Cy are the constants independent of n and h, i.e., the number ! can be
taken, in fact, as the discretization parameter instead of h.
First, we formulate the base result.

Theorem 10.1.1. For any standard quasitriangle K' of the order m > 1 we may
find a sequence of polygonal domains {K}} such that [AgA1]U[AoAz) C 0K}, and
either K' C K} or K;, C K' for all h € (0, ko), where hq is a sufficiently small
number.

For this sequence {K}} we may form a family of triangulations F = {T(K})}
such that for any h € (0, ho), any triangulation Ty, € F and any triangle K € Ty,
the following estimates (cf. (2.7.3)) hold:

mh <lg < sh, (10.1.2)
0<0<pg <m—0, (10.1.3)

where ly 1s a length of any edge of K and g 1s the minimal angle between edges
of K. Here, 31, »2, 0 are the constants independent of h.

Thus, there exists a strongly regular family of decompositions into triangles for
the standard quasitriangle of the second order.

Proof. We form the necessary polygonal domains K} and their triangulation in
the following manner: first, we divide the segment [AgA;] by the points Agp = Ay,
A11, ..., Ann = A; into n equivalent segments (see Figure 10.1.1 with n = 4).
Second, we form rays, which are parallel to the segment [AgA2] and start from
the points Ago, ..., Ann. On each ray we take a point 4., = (Ir,¥y}.), 7 =0,...,n,
such that
lyi. — f(ir)| < Csl®. (10.1.4)

We joint all points ;. by the straight lines segments and denote the resulting
piecewise linear graph by the symbol f*.

To provide the inclusion Kj; O K’ we shall take f* > f and to construct
K} C K' we shall take f* < f. This graph f*, together with the segments [AgA,]
and [AoA2], form the boundary 8Kj,.

Further, the segments [A..Ary] are divided by the points Arg (r < g < n)
into n — r equivalent smaller segments. The points A,_14 and Arq, also A,
and A,41q+1, are joint by the straight line segments. As a result we get some
triangulation of K}, (see Figure 10.1.1).

Now, we prove that the estimates (10.1.2) and (10.1.3) hold.

We denote by the symbol I' the curved part of the boundary of the quasitriangle
K'. Let I'g denote a part of the boundary of the original domain Q (K’ C Q),
where the essential boundary condition is given (cf. (1.5.2)). We always suppose
that, either ' C Ty or T' € 992\ Ty.

We will present a method of choosing the points A,.,; it depends on the position
of I with respect to I'g, and on which of the conditions (2.6.1), (2.6.2) holds in
[0, Al
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Figure 10.1.1.

Case (i). If ' C Iy and (2.6.2) holds then the points A, can be taken as the
points of an intersection of the defined above rays with I'.

The same points can be taken when I' "'y = @ and (2.6.2) holds.

For both cases the constant C3 in (10.1.4) is equal to 0.

In fact, for both of the above possibilities the vertices of the resulting trian-
gulations are the images of the vertices of the usual triangulations of the triangle
K = AAgA; A5 under the linear homotopy mapping.

Case (ii). Let I C T'p and (2.6.1) hold. Consider several subcases. Let n be
an even number.

(1) If r is even, then A,, are the points of an intersection of I' and the rays
defined above.

(2) If r is odd, then A,, are the first points of an intersection of the rays with
the tangent lines to I’ at the neighbouring points A,_1, and A,41, (which
have been already found).

Doing this procedure we observe that

C3<0.5 " .
3 ylﬁelﬁ)f”(/\]|f (y2)|

Let n be an odd number, i.e., let n = 2k + 1. Then, for r = 0,1,...,2k — 2 we
use the same rule as in (1) and (2).

Two points A,., with r = 2k — 1 and r = 2k are left. To define them we use
the following procedure: they are taken as the first points of an intersection of the
corresponding rays with the tangent lines to I' at the points A2, and Aggsq n.
Obviously, now,

C5 <2 max |f” .
3> yle[O,)\]|f (y1)|
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The defined procedure is correct if f*(y1) > ky,, where y; = ky; is the equation
of the straight line (AgA1). This, obviously, holds if

I1<l< (k-k))/Cs, (10.1.5)

ie,n> A/
The case, when I'NI'g = @ and (2.6.1) holds, can be treated in a similar manner.
Now, we will show that for the constructed triangulation the properties (10.1.2)

and (10.1.3) are valid. We observe that any vertex A,, of the triangulation of K7,
has the following coordinates in the Descartes coordinate system (y1, y2):

Yy — krl
Arg = (rl, kel + e

— (g - 7‘))~
Consider the segment [A,q, Arg+1], its length
|ArqArg41| = (yr; — krl)/(n — 7).
From the trivial geometrical observations (see Figure 2.6.3) we have (y1 € [0, A]):

EA—y1) — k1A =y1) < fly1) — kyr < k(A= w1) — kf (A — 1),

Then, in view of (10.1.4),

Csl? Csl?
(b = KDl = -2 < [AngArgaa] < (k= KL+ 22
Having (10.1.5), we observe that for sufficiently large n
0<Ci g ‘ilfﬁ?—’i’*—l' < 05, (10.1.6)
Further, denote the value M by s,, then
n—r
k—k, < ST <k-k" (10.1.7)
Consider the vector
—
A1 04 =(l, §), (10.1.8)

where, obviously,

=kt o

y=kl+(a- n—r n—r+1

(10.1.9)
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Obviously, to get estimates similar to (10.1.6), it is enough to evaluate the second
coordinate ¢ only.
We observe that

krl < f(rl) — C3l® <y < f(rl) + C3l2. (10.1.10)
Then

Sy l . l
ngkl+(q—T‘)<T+C3n_r)-—(q—r-l-].)(sll —Can_r+1>.

From (10.1.7) we have

~|

B oy Y q—T qg—1+1
<k+(g=-r)k—-k{)—(g—r+1)(k k1)+cal<n—r+n-—r+l)'

Obviously, 0 < ¢ —r < n. Also, when r = n then the constant C3 from (10.1.4)
can be taken equal to zero. All these facts imply

<Gy, (10.1.11)

where Cy is some constant. Analogically,

<

0<Cs<=. (10.1.12)

~

Further, from (10.1.11), (10.1.12) and (10.1.8) we get

1< JA’“'ll—qA”’l < Ce. (10.1.13)
From (10.1.13) we have
S A gy Aemagieg = 105 (10.1.14)

Now, (10.1.6), (10.1.13) and (10.1.14) imply, obviously, (10.1.2) and (10.1.3). O

Corollary 10.1.2. From the constructions given in the proof of Theorem 10.1.1
we observe that there exists a bijective piecewise continuous differentiable mapping
between points y € I' and points y* of the graph f*

v =y+&(y), &)= (&),&®W), (10.1.15)
such that
€(y)| < #sh?, 'gj < sh, 1l =1,2. (10.1.16)
l
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10.2. On a division of domains into the standard quasitriangles

Theorem 10.2.1. Let Q2 be a simply connected planar domain with the boundary
Of), which consists of a finite number of arcs v, meeting at the interior angles o,
where

0< o< <2 — o, (10.2.1)

and each arc vy, is twice differentiable and is either convez or concave with respect
to Q. Then there exists a division of S into a finite number of the standard
quasitriangles of the second order with the curved sides on 02 only.

Proof. For simplicity, we present only an algorithm for a construction of such a
division.

Let hg be some fixed number, sufficiently small with respect to the smallest
radius of the curvature of any curve ,. First, we build an uniform rectangular
mesh in R? with the step-size equal to hy.

Further, we define a polygon P C (2 in the following manner. If a square from
the uniform mesh belongs to €2, then we divide this square into two triangles by
drawing one of its diagonal and include the both triangles into P. If only three
vertices of some square and the triangle, formed by these vertices, belong to 2,
then we also include this triangle into P.

Now, consider a strip between 0P and 952. Obviously, connecting the vertices
of P with certain points of the boundary 92 (e.g., along the normal to 992) or
(and) with the point-intersections of the arcs forming 9<2, we can divide the strip
into a finite number of the standard quasitriangles with the curved side on 92
only (see Figure 10.2.1). ]

Figure 10.2.1.
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Theorem 10.2.2. Let Q be a domain described in Theorem 10.2.1. Then there
ezists a strongly regular family of triangulation Q into triangles with h —+ 0.

Proof. If the division of the given domain €2 into a finite number of the standard
quasitriangles from Theorem 10.2.1 is performed, then for any number n — oo we
form triangulations of each of the quasitriangles as in Theorem 10.1.1. Obviously,
all triangulations of all quasitriangles (for fixed n) can be taken together as the
global triangulation of the whole domain 2 in view of a way of the construction.

The only obstacle is to provide the nonexistence of common points for any two
piecewise linear approximations of two neighbouring arcs, built outside of 2. But,
this requirement is, obviously, fulfilled in view of (10.2.1) for sufficiently large n,
i.e., for small h. |

10.3. On triangulation of the convex quadrangle

Let Q, be a convex quadrangle (see Figure 10.3.1).
Asj

A4 a3

o o2
Al A2
Figure 10.3.1.

We will show how to construct a strongly regular family of triangulations for
such a kind of planar domains. This method is used in [Zienkiewicz] for an auto-
matic construction of meshes.

Let the inner angle with the vertex at the point A,, r = 1,2,3,4, be denoted
by o, and the lengths of the sizes [A; Az], [A243], [A3A4] and [A4dy] by U1, l2, I3
and l4, respectively.

We divide the segments [A;A,] and [A4A43] by the points Af and A% , + =
0,...,m1, into n; equivalent segments. Here,

AS = Ay, AGt = Ay, A = A4, AL = As.

We join the points AB and Ain, i = 0,...,n1, by the segments, and each such
segment [A},Aim] is divided by the points A}, j = 0,...,n2, into np equivalent
segments; we joint then the neighbouring points A} and A;-'H by the segments.
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Further, each of the resulting quadrangles (the total number of small quadrangles
is equal to niny) is divided by one of the diagonals into two triangles. As a result
we obtain some triangulation of the given domain 2.

Theorem 10.3.1. Let the discretization parameter h and the numbers ny, ng

satisfy the following relations:

0< s <hng < My, (10.3.1)
0< 33 < hng < iy, (1032)

where s;, 1 = 1,...,4, are independent constants, as ny,ny — 00. Then the al-
gorithm described above leads to a strongly regular family of triangulations of the
quadrangle §2.

Proof. Let the Descartes coordinate system (y1,y2) be such that A; = (0,0) and
the axes y; lie along the segment [A; Aj).
Further, suppose for simplicity that

)+ ag > . (1033)

—

It is not difficult to see that the vector A{,Aﬁ;z has the following coordinates

T j
AYAL, = (l4 cos oy + n—(l3 cos(ay + ag — ) — ly),
1

] (10.3.4)
lasinoy + nillg sin(aq + ag — 77)) = (y1,93)-
Further, we easily find that
lyi] < max{l4| cos ], l3| cos aal}. (10.3.5)
Consider now the quadrangle Q; = AjA¢T A5 A% with the vertices on the sides

[AlAz] and [A4A3]
It is easy to check that all inner angles ¢ of @); satisfy the condition

0<po<p<m—go,
where g is a constant independent of n; as n; — oo.
Indeed, consider, e.g., the angle A; Aj A% . In view of (10.3.4) and (10.3.5) we
find that

| cos Aljﬁl%A;z[ < [1 + sin? o (max{| cos o |; lal7 | cos aa | })]~Y/2. (10.3.6)
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For the sides of the quadrangle Q); we have the estimates

|A§AGT = 11 /na,
|AL, AR =13 /n,,

lysinag < |A3A22| < max{ly sin a4; 14 sin az}/ sin ¢p.

Dividing Q; into ng quadrangles Q;;, we find analogously, that for all inner angles
% of the quadrangle Q;;
0 <o <t < —1hg, (10.3.7)

where the constant ¥ does not depend on m; and ny. Moreover, for the sides of
Qij we have estimates:

lgsinay [ng < |A; ;+1| < max{l sin a4;lssinaz}/(n2sinpg), (10.3.8)
min{ly; {2} sinpo/n1 < |A§A§+1| < max{ly;l3}/(n1sintg).  (10.3.9)

Obviously, (10.3.7), (10.3.8) and (10.3.9) prove the theorem. |

10.4. Remark on another approaches

There are several different approaches to the problem when the given domain has
C?%-smooth boundary: based on the rectangular mesh, see [Korneev, 1977] and on
triangulations of a circle, see [Matsokin, 1975a].

These algorithms can be generalized for three-dimensional smooth domains as
well, see [Korneev, 1979b] and [Matsokin, 1975b].
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