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Abstract: In this paper I will revisit the construction of a global weak solution to the volume preserving mean
curvature flow via discrete minimizing movement scheme by Mugnai, Seis and Spadaro [L. Mugnai, C. Seis
and E. Spadaro, Global solutions to the volume-preserving mean-curvature flow, Calc. Var. Partial Differential
Equations 55 (2016), no. 1, Article ID 18]. This method is based on the gradient flow approach due to Almgren,
Taylor and Wang [F. Almgren, J. E. Taylor and L. Wang, Curvature-driven flows: a variational approach, SIAM
J. Control Optim. 31 (1993), no. 2, 387-438] and Luckhaus and Sturzenhecker [S. Luckhaus and T. Sturzenhecker,
Implicit time discretization for the mean curvature flow equation, Calc. Var. Partial Differential Equations 3
(1995), no. 2, 253-271] and my aim is to replace the volume penalization with the volume constraint directly in
the discrete scheme, which from practical point of view is perhaps more natural. A technical novelty is the proof
of the density estimate which is based on second variation argument.

Keywords: Mean-curvature flow, volume constraint, gradient flow, time discretization

MSC 2020: 35K93, 53C42

Communicated by: Frank Duzaar

1 Introduction

A smooth family of set (E¢)sso is said to evolve according to volume preserving mean curvature flow if the
normal velocity V; is proportional to the mean curvature Hg, as

Vi =—(Hg, - Hg,) onokE, 1.1

where Hp, = ]f oF, Hp, d3". Such a geometric equation has been proposed in the physical literature to model
coarsening phenomena, where the system consisting of several subdomains evolves such that it decreases the
interfacial area while keeping the total volume unchanged [7, 18]. From purely mathematical point of view the
equation (1.1) can be seen as the L?-gradient flow of the surface area under the volume constraint [18]. One has
to be careful in this interpretation as the Riemannian distance between two sets is in general degenerate [16]. In
order to overcome this one may use the idea due to Almgren, Taylor and Wang [2] and Luckhaus and Sturzen-
hecker [14] and to view (1.1) as the gradient flow of the surface area with respect to a different, non-degenerate,
distance. Using the gradient flow structure, one may then construct a discrete-in-time approximation to the
solution of (1.1) via the Euler implicit method, also known as the minimizing movements scheme. By letting the
time step to zero, one then obtains a candidate for a weak solution of (1.1) called flat flow, as the convergence is
measured in terms of the “flat norm”. This method is implemented to the volume preserving setting in [19].

In [19] the authors observe that from technical point of view it is easier to replace the volume constraint
of the problem with volume penalization, as this simplifies certain regularity issues at the level of the discrete
approximation. My aim here is to show that one may construct the flat flow solution to (1.1) by implementing
the volume constraint in the minimizing movements scheme directly and thus avoid the volume penalization.
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Let me quickly recall the discrete minimizing movements scheme for (1.1). One defines a sequence of
sets (Eﬁ) k, with fixed time step h > 0, iteratively such that El= Ey, where Ej is the given initial set, and EZ 41 18
a minimizer of the functional

1¢(-
P(E) + 7 J dE'k' dx under the constraint |E| = |E£|.
E

Here P(E) denotes the perimeter (generalized surface area) of the set E and dr is the signed distance function
of the set F (see next section). One then defines an approximative flat flow solution to (1.1) (E?)tzo from the
previous sequence by EJ = E} for ¢ € [kh, (k + 1)h). Any cluster point of (E)o is then defined as flat flow
solution to (1.1). The advantage is that such a solution is defined for all times and for rough initial data. The
main result in the paper is the existence of a flat flow solution.

Theorem 1. Assume that Ey c R"!isan open and bounded set with finite perimeter and let (E?)tzo be an approx-
imative flat flow solution to (1.1) stating from E (see Definition 2.1). Then there exists a family of bounded sets of
finite perimeter (E;)o and a subsequence hy — 0 such that

hlimo IE?" AE|=0 foraet>0
k—)

and for every 0 < t < s it holds |E¢| = |Eyl|, P(Et) < P(Eyp) and
|[E¢ A Es| < CVs —t,

where C depends on the dimension and on Eo. Moreover, if the initial set Eq is C-'-regular, then any such limit flow
(Et)=0 agrees with the unique classical solution of (1.1) as long as the latter exists.

The above theorem thus provides the existence of a flat flow solution and guarantees that this notion is consis-
tent with the classical solution when the initial set is regular enough. The disadvantage of the flat flow is that it
is not clear if it provides a solution to the original equation (1.1) in any weak sense after the first singular time.
However, the conditional result in the spirit of Luckhaus and Sturzenhecker [14] holds also in this case.

Theorem 2. Let (E?)tzo be an approximative flat flow solution to (1.1) and let (E?k)tzo be the converging subse-
quence in Theorem 1. Assume further that it holds

hlimop(E?k) =P(E) forae. t>0.
k—)

Then for n < 6 the flat flow (E;)o s a distributional solution to (1.1) (see Definition 4.5).

One may also try to view equation (1.1) as a mean curvature flow with forcing, where the forcing term depends
on the flow itself. In this way one may try to use different methods to construct a solution to the equation see,
e.g., [5, 6]. I also refer the recent work [13] for a weak-strong uniqueness result related to (1.1).

As I already mentioned, the flat flow is defined for all times and one may study its asymptotical behavior.
Indeed, by using the methods from [10, 11] one may deduce the convergence of the flow in low dimensions. I will
state this merely as a remark as it follows from the above methods without any modifications.

Remark 1.1. Assume that Eg ¢ R™1, with n < 2, is as in Theorem 1 and let (E;)sso be a limit flat flow. When
n = 1, the flow E; converges to a union of disjoint balls exponentially fast and when n = 2 the flow converges to
a union of disjoint balls up to a possible translation of the components.

The main technical challenge in proving Theorem 1 is to obtain the sharp density estimate for the discrete
flow. This is also the main technical novelty of this paper. There are several techniques to deal with the volume
constraint in variational problems, e.g., by using the argument from [3] (see also [15, Lemma 17.21]) or from [8]
(see also [4, 9]). However, due to the presence of the dissipation term in the energy it is not obvious how to apply
these arguments in order to obtain sharp density estimates in terms of the time step h. I will use an argument
which is based on the second variation condition of the energy to prove the density estimate in Proposition 3.1.
After this the proof of Theorem 1 follows exactly as in [14, 19] and the consistency follows almost directly using
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the argument in [12]. The proof also provides the dissipation inequality and therefore the results in [10, 11]
hold and one obtains the result stated in Remark 1.1. Finally, I would like to point out that this article is not
self-consistent as I will take several well-known arguments for granted, in particular, in Section 4.

2 Preliminaries

In this section I will briefly introduce the notation, the definition of the flat flow solution and recall some of its
basic properties.
Given a set E ¢ R™!, the distance function dist(-, E) : R**! — [0, co) is defined, as usual, as

dist(x, E) := inf |x - y|
YEE

and denote the signed distance function by dr : R™! — R,

dp(x) :=

—dist(x, 0E) for x € E,
dist(x, dE)  for x e R*1\ E.

Then clearly it holds dist(-, dE) = |dg|. I denote the ball with radius r centered at x by B,(x) and by B, if it is
centered at the origin.
For a measurable set E ¢ R™! the perimeter in an open set U ¢ R"*! is defined as

P(E,U) := sup“ divXdx: X € Co(U, R™™), | X]1e < 1}
E

and write P(E) = P(E, R™). If P(E) < co, then E is called a set of finite perimeter. For an introduction to the
topic I refer to [15]. The reduced boundary of a set of finite perimeter E is denoted by 0* E and the generalized
unit outer normal by vg. Note that it holds P(E, U) = H"(8*E n U) for open sets U. Recall also that if E is regular
enough, say with Lipschitz boundary, then P(E) = (" (dE). For a given vector field X e C'(R"*!, R"*!) and a set
of finite perimeter E denote the tangential divergence on 0E* as div; X = divX — (DXVg, vg). The distributional
mean curvature Hp € L1(8*E, R) is defined via the divergence theorem such that for every test vector field
X € CH(R™1, R™1) it holds
J div, X d3" = I HE(X, vi) Ao,
d*E 3*E

I will consider a flat flow solution to (1.1) in the spirit of Almgren, Taylor and Wang [2] and Luckhaus and

Sturzenhecker [14]. To this end, for a fixed & € (0, 1) and a given (open) set F ¢ R™, I define the functional

Fn(E,F) = P(E) + % J dr dx. (V)
E

The flat flow solution is defined analogously as in [19].

Definition 2.1. Let Ey c R™! be an open and bounded set of finite perimeter and fix h € (0, 1). Define the
sequence of sets (E Z)i‘;o iteratively as Eg =Ejand E Z +1 1s @ minimizer of the problem

min{F(E, E}) : |E| = |Eol}.
Moreover, define an approximative flat flow (E{‘)Qo for (1.1) starting from Ej as
EM=EN fort e [kh, (k+D)h).

One has to be careful in the definition of the functional (2.1) if the set F is merely a set of finite perimeter
as its value depends on the choice of the representative of F. One may overcome this by choosing a proper
representative of the set F. However, this is not necessary as the regularity theorem below implies that one
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may in fact assume the sets EQ to be open. The difference in Definition 2.1 to the scheme in [19] is that here
the minimizing problem is under volume constraint. On one hand this makes the minimization problem more
natural, but on the other hand, it makes the quantitative density estimates more difficult to prove.

For a given open and bounded set F ¢ R™! consider the minimization problem

min{Fy(E, F) : |E| = |F|}, (2.2)

where Fy(-, F) is defined in (2.1). One may use an argument similar to [9] or [15, Lemma 17.21] to remove the
volume constraint in (2.2) and deduce that a minimizer of (2.2) is a minimizer also for

min{Fx(E, F) + A||E| - |FI|}, 2.3)

when A is chosen large. Note that the constant A may have nonoptimal dependence on E and on h. However, the
property (2.3) is enough to deduce qualitative regularity properties since it implies that the minimizer inherits
the regularity from the theory of the perimeter minimizers [15]. One may also write the Euler-Lagrange equa-
tion and by standard calculations (see, e.g., [1]) we have the second variation condition. We state this in the
following proposition.

Proposition 2.2. Let F ¢ R™ be an open and bounded set, fix h € (0, 1) and let E be a minimizer of (2.2). Then E
can be chosen to be open, which topological boundary is C>%regular up to a relatively closed singular set which
Hausdorff dimension is at most n — 7. The regular part is exactly the reduced boundary 0*E.

The Euler-Lagrange equation

% =—-Hp + 4, (2.4)

where A € R is the Lagrange-multiplier; holds point-wise on d*E and in a distributional sense on OE. The
quadratic form associated with the second variation of the energy is non-negative, ie., for all ¢ € H'(3*E)
with [,. . @ dH" = 0 it holds

J IV.0|* - |Bg|*@? dH" + % J (Vdr, ve)@* dH" > 0, (2.5)
o0*E 0*E

where Bg(x) denotes the second fundamental form of E at x € 0*E.

Proof. Since the argument is standard, I will only give the outline. As I already mentioned, the minimizer E is
also a minimizer of problem (2.3) for some large constant A, which depends on h and on E itself. This implies that
the set E is a A-minimizer of the perimeter and thus the reduced boundary 8*E is relatively open, C1-%-regular
hypersurface and the singular set 0E \ 0*E has dimension at most n — 7 (see [15]). The C>%regularity then
follows from the Euler-Lagrange equation and from standard Schauder-estimates for elliptic PDEs.

One may obtain the second variation condition (2.5) by using the argument from [1]. Indeed, given a func-
tion @ € Cﬁ(a*E) with Ia* ;@ dH" =0, we may construct a family of diffeomorphisms @, such that ® = id,
|®:(E)| = |E| and %| =o®t(X) - vE = . Then the inequality follows from the minimality of E as

02

—| Fnp(P(E),F)=0

3], T @EL F) 2
and following the standard calculation of the second variation (see, e.g., [1]). Finally, one obtains (2.5) for all
@ € H'(8*E) by approximation argument and by the fact that the singular set has zero capacity. O

3 Density estimates

This section is the theoretical core of the paper. The aim is to prove the following density estimate.

Proposition 3.1. Let F ¢ R™*! be an open and bounded set of finite perimeter, fix h € (0, 1) and let E be a minimizer
of (2.2). Then there is a constant ¢ > 0, which depends on the dimension n, |F| and on P(F) such that for allr < vh
and all x € OE it holds

min{|E 0 By(x)|, |By(x) \ El} > cr"*!
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and for all r < CoVh, where Cq > 1, it holds
cr < P(E, By (x)) < Cqr",

where Cy depends also on Cy. Moreover; the following estimates hold
1 -
IHelio@or) < —=  and  |drliser) < ¢ Vh.
(0*E) Vi (0F)

It is interesting that in [19, Corollary 3.3] the authors obtain similar result for their scheme for a constant which
is independent of P(F).

Ineed several lemmas in order to prove Proposition 3.1 and therefore I postpone its proof to the end of the
section. Before proceeding to technical details, I state a useful consequence of Proposition 3.1.

Proposition 3.2. Let F,E C R™1 pe as in Proposition 3.1. Then there are constants C >1,c¢ >0 and hy > 0,
depending on the dimension, |F| and P(F) such that E is the (A, r)-minimizer of the perimeter for A = \/% r=cvh
and for h < hy. To be more precise, for sets G ¢ R™! with EA G ¢ Bz (Xo) it holds

C
P(E) < P(G)+ —I|EAG|.
(E) < ()+\/ﬁ| |

Proof. The argument is standard but I recall it for the reader’s convenience. Let me first show that there is
x € Eand ¢ > 0 such that for p = ¢Vh it holds By (x) c E. Fix p and apply the Besicovitch covering theorem to
find disjoint balls {Bp(xi)}f‘i , such that x; € E and

N
Y IBp(xi)| = NIBy[p™! > clE|. 3.1)
i=1
Iclaim that for somei=1,2,...,Nitholds B 2 (x;) c E.Indeed, if this is not the case, then Proposition 3.1 implies
P(E, By(xy)) = cp"
for all i. Since the balls are disjoint, one has by the above and by (3.1) that

P(E) > iP(E By(x)) = cNphs el s &
=T P VR

This is a contradiction when h is small enough.

Fix x¢ and G as in the claim. Note that in general the set G does not have the same measure as E and one
needs to modify it to G with |G| = |E|, e.g., by using the argument from [9] as follows. Assume that |G| < |E|
(the case |G| > |E| follows from similar argument). Since B,(x) C E, by decreasing p and r if needed, it holds
By (x) c G. By continuity there is z € R™?! such that |z - xo| = 2p and |G U By (z)| = |E|. Define G=Gu By(2).
Then by the minimality of E and Proposition 3.1 it holds

~ C .
P(E) < P(G)+ —I|G A E|.
(E) < ()+\/ﬁ| I

Arguing as in [9], one then deduces
P(G) - P(G) < H™(8B,(2) \ G) - H"(8G N By(z))
C C -
< —|By(2)\ G| < —|G A E|
p " VR
and the claim follows as |G A E| < 2|G A E| . O
The first technical result which I need is the classical density estimate which can be found, e.g., in [20].

Lemma 3.3. Assume E c R"™! is a set of finite perimeter with distributional mean curvature Hr which satisfies
IHEll Lo (Byp(xo)) < A. Then for all x € Br(Xo) which are on the boundary of E and r < min{R, A1} it holds

P(E,B;(x)) = cp™

for a dimensional constant ¢, > 0.
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For a minimizer of (2.2) it holds the inverse of the isoperimetric inequality.
Lemma 3.4. Let F ¢ R™! be an open and bounded set of finite perimeter, fix h € (0,1) and let E be a minimizer
of (2.2). Then for all x € dE and r < CoVh it holds
c .
P(E, Br(x)) < —- min{|E 0 Bar(X)], [Bar(X) \ El}

for a constant which depends on the dimension and on Cy > 0. In, particular it holds P(E, B(x)) < Cr™.

Proof. Fix h € (0,1), x and r > 0 as in the claim and without loss of generality assume that x = 0. One may also
consider only the case |E N Byyr| < |By, \ E| as the other case is similar. In particular, it holds |E N By,| < %IBZrl.
Since

2r
j H"(8B, N E) = |EN By,
0

there is p € (r, 2r) such that

EnB
H™(Bp NE) < cn%

2
and  |B| = 5|Burl. (32)

Consider first the set E; = E \ B,. In order to have a competing set with the volume of E, define p < p to be
a radius such that |B;| = |E n By| and define E; = Eq U Bp. Then it holds by construction that |Ez| = |E|, p < p
and

(3.3)

" n n EnB
9‘("(63[}) = Cnl|Bp| ™1 = culE N Bp| w1 < ¢yl E N Byr|m < Cn| - 2r|.

By the minimality of E we have

P(E) + % J drdx < P(Ey) + % I dr dx.
E E,

Estimate the perimeter of E, using (3.2) and (3.3) as
P(Ey) < P(E, R™! \ Bp) + H" (0B, N E) + H"(dBp)
< P(E,R™"\ B,) + cnw.
Use then E A E; C By, |E| = |E2| and the fact that the signed distance function is 1-Lipschitz to estimate

Jade—Jap

E E,

< 4r|E N Bp| < 4r|E N Byy|.

Therefore one obtains by combining the three above inequalities and r < CoVh

P(E,B;) < P(E,B,) < Cy

ENnB 4r EnB
| r2r| Cl r2r|‘ 0

+ —|E N Byy| <
h | 2r|
By Lemma 3.3 and Lemma 3.4 it is clear that for Proposition 3.1 it is crucial to prove the curvature estimate

IHElz < % The next lemma is a step towards this.

Lemma 3.5. Let F, E and h be as in Proposition 3.1. Then it holds
C1

IHElz204E) < —,

(0*E) N

where the constant C1 depends on the dimension and on |F| and P(F).

Proof. The proof relies on the second variation inequality in Proposition 2.2. I would like to point out that in
the case of the mean curvature flow, when there is no volume constraint, the proof is considerable easier as
one could choose constant function in (2.5). In the volume preserving case I will choose a cut-off function for
a test function.
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To this end, use first [11, Proposition 2.3] (see also [17, Lemma 2.1]) to find a point xo € R™! and a radius
r € (c,1), where ¢ = c¢(n, |F|, P(F)), such that

1
|E N Br(xo)l = ElBrl-

Note that the minimality of E yields P(E) < P(F) < C. Moreover, by the isoperimetric inequality it holds
P(E) > cp|E| W= canIﬁ > ¢. These estimates are used repeatedly from now on without mentioning. Without
loss of generality assume that xo = 0. Choose p < r such that B, \ B,| = %|Br|. Note thatthenr - p > ¢, > 0and

3 1
Z|Bp|2|Ean|ZZ|Bp|~ (3.4)

Define first a cut-off function { € C(l)(lR”“) suchthat0 < ¢ <1,{ = 1inB,, { = 0 outside B and |V{] < Cy.Choose
then ¢ = { - {, where { = J(a*E ¢ dH™, as a test function in (2.5), use |(VdF, vg)| < 1 and |¢| < 1, and obtain

_ P(E
[ B¢ -pan < [ werase s 22 (35)
8*E 9*E
Since Hr = Trace(Bg), it holds point-wise on 0*E
H2
|B|? > ?E (3.6)

Recall that 0 < ¢ < 1. Moreover, by the isoperimetric inequality and by (3.4) itholds P(E, By) = cy|E N BP|$ > .
Therefore { > ¢ for ¢ = ¢(n, |F|, P(F)). In particulay, it holds [{(x) — {| > ¢ for x € 0*E \ B,. Hence, we have
by (3.5),
|Hg|? dH" < %P(P).
0*E\B,
We repeat the same argument by defining a cut-off function ¢ € C1(R"™1) as { = 0 in By, { = 1 outside By
and |V{] < Cp, where R > rissuch that |Bg \ By| = }l|Br|. Using ¢ = ¢ - { in (2.5) and arguing as above yields

|Hg|* dH" < %P(P)
8*ENB,
and the claim follows. O
The last lemma I need is a bound on the Lagrange multiplier in the Euler-Lagrange equation (2.4).
Lemma 3.6. Let F, E and h be as in Proposition 3.1. Then for the Lagrange multiplier in (2.4), i.e.,

dr

W =-Hp+A ono*E

it holds

C
|/‘{| < =}
Vvh
where the constant C, depends on the dimension, on |F| and on P(F).

Proof. Let A > 0 be such that || = \/AE Below all the constants depend on n, |F| and P(F). I only treat the case
when A is positive as in the negative case the proof is similar. Define the set

L= {x € 0*E : |[Hg(x)| < i}

vh
I claim that we may choose C > 2 such that it depends on n, |F|, P(F) and on C; from Lemma 3.5 and it holds
HY(Z) > %E) 3.7
Indeed, by Lemma 3.5 and by C > 2 it holds
C‘Z * 2 2 C%
SOEE\D s | Hmaws [ morsl

9*E\Z 9*E

By choosing C large enough one then obtains H"(3*E \ £) < @ and (3.7) follows.
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By the Besicovitch covering theorem one finds disjoint balls of radius vk, denote them by {B@(xi)}fi 1> With

X; € L such that N

Y P(E, B j5(x7)) = cnH"(Z) = cP(E). (3.8)
i=1
By the Euler-Lagrange equation (2.4) and by the definition of the set X it holds for all x € *E n B (x;), with
X; € X, that

dr(x) ldr(x) - dp(xi)l | |dr(x;) 1 L 2C
Hp00 < |2 - 4| < - e E =+ G0 < 3.9)
Therefore by Lemma 3.3 it holds
P(E, B i (x))) 2 P(E, B.1 (X)) ch?.
2C
On the other hand, applying Lemma 3.4 first with r = VTE yields
|E N B 5(x)| > cVhP(E, Bg(xi))
and then with r = Vh yields h? > CP(E, B /;(x;)). In conclusion, it holds
IEN B 5(x)| = cVRP(E, B (X)) (3.10)
for all balls in the cover.
The minimality of E implies
% I dr dx < P(E) + % j \dr| dx < P(F). 3.1
E\F EAF

Note that by (3.9), by A = % and by the Euler-Lagrange equation (2.4) we have for all x € B 5 (x;) that
dp(x) = Ah = [HX)Ih = (A - 28)Vh.
Therefore either A < 4C, in which case the claim follows trivially, or
dr(x) > %\/ﬁ

Iassume the latter and show that also in this case A is bounded. Indeed, by the above discussion the balls B (x;)
are in the exterior of F. Therefore we estimate by (3.10) and by (3.8) that

1 J drdx > 1% J dr dx
) P hL F
E\F =1EnB (x)

1Y /A
> (E\/E|En3ﬁ(xi)|)
i

= =

> cA ) P(E, B p(xi)

—

> cAFH"(X) = cAP(E).
Since P(E) > cp|E| W = cnlF| ﬁ, the above and (3.11) gives a bound for A and the claim follows. O
Here is the proof of the density estimate.

Proof of Proposition 3.1. By Lemma 3.3, Lemma 3.4, Lemma 3.6 and by the Euler-Lagrange equation (2.4) it is
enough to prove
ldFliLeo(a+E) < cvh. (3.12)

Argue by contradiction and assume that there is xo € 9*E such that
|dr (o)l = AR

for large A > 1. Without loss of generality assume that xo = 0 and consider only the case dr(xo) > 0 as the case
dr(xg) < 01is similar.
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By the Euler-Lagrange equation (2.4), by Lemma 3.3 and Lemma 3.6 it holds for r = 2—% that
P(E, By,) > cry. (3.13)

Defineradii r = kVh + rofor k =0,1,...,n+ 1, where n + 1 is the dimension of the ambient space. For every
k=0,1,...,n+1choose a cut-off function (i € Cé(IR"”) suchthat0< { <1, {x=1inBy,, {ks1 =0in R*1\ B, |
and |V{i| < % Choose )
® =k — Cks

where (x = ]( OF {x dH™, as a test function in the second variation condition (2.5), use [(Vdr, vg)| < 1 and (3.6),
and obtain

| - gorase < 4 [ G- Gotase s [ v ase 619

o*E o*E 9*E

Since (x = 0 outside By,,,, one may estimate

j IV Gl A" < %P(E, Br..,).
O*E
Moreover, since 0 < {j < 1, it holds
j (i — T dH™ = j - 2" < j 2 dH" < P(E, By,.,).
O*E O*E O*E
When A islarge enough, for all x € 8*E N By, and all k < n + 1itholds dr(x) > A /h. By the Euler-Lagrange
equation (2.4), by dr(x) > £ Vh, and by Lemma 3.6 it holds
|Hg| > L ond*EnN By,
4vh

when A is large. Therefore, by using the notation from Lemma 3.6, it holds

* * C *
0 EﬂBrkﬂc{xea E:lHE(x)Izﬁ}za E\X

when A is large. Then one may deduce from (3.7) that P(E, By,,,) < %P(E). This yields

5 1
0< (k<.
< (k< 5
Therefore it holds
1 . 1 s
| G- G0t s o [ P - Go? a0
o°E 0*ENBy,

AZ
> ca - P(E. By,).

Combining the three above estimates with (3.14) yields

A? 5
CHTP(Es Bl”k) < EP(E’ Brk+1)'

For A large enough this implies
AP(E,By,) < P(E, By, ,). (3.15)
Use (3.15) (n + 1)-times from k = 0 to k = n, use then (3.13) and recall that ry = ;—f and obtain finally that

n+1 n+1,.n n+1 \/ﬁ " n
P(E, By,.,) = A"1P(E, By,) = cA™ 11 = cA ( ﬁ) = cAR?. (3.16)

But now since rps1 = (n + 1)Vh + ry < 2(n + 1) Vh, one obtains from Lemma 3.4 with r = 2(n + 1) Vh that
P(E,B,,,) < P(E,B;) < Ch?,

which contradicts (3.16) when A is large. O
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4 Existence of the flat flow

Now that the density estimates are proven, the proof of Theorem 1 follows from the arguments from [14, 19]
without major changes. In this section I consider the approximative flat flow (E?)tzo and the associated sequence
(Eﬁ)kz() as in Definition 2.1, starting from an open and bounded set of finite perimeter Ey. The proof for the
following “interpolation” result can be found in [14, Lemma 1.5].

Lemma 4.1. Let (E?)tzo be an approximative flat flow starting from Ey and fix h € (0,1) and t > h. Then for all
I < Vhit holds
1 -
EMAEY | < C(lP(E?_h) + j 0 | dx).
EMAEM,
By the regularity result stated in Proposition 2.2, the Euler-Lagrange equation
Ay,
h

holds point-wise on a*E{’ and in a distributional sense on aE?. Here A is the Lagrange multiplier. Using the
minimality of Ei‘ against the previous set Ei‘_ »» ON€ obtains the important inequality

= _HE? + At,h 4.1

1 -

h h

PEN)+ 3 I g 1dx < P(EL,). 42
EMAEM

Using (4.2) and the argument [14, Lemma 2.1] or [19, Lemma 3.6], one obtains the following dissipation inequality.

Lemma 4.2. Let (E?)tzo be an approximative flat flow starting from Ey and fix h € (0,1). Thenforall Ty > T1 > h
it holds

T,
[ Vg = Renl gy, dE < CPCEr 1) - PCERY)
T;
Moreover; it holds
T,
J(||HE?||i2(a*E?) +A7,)dt < C(1+ Ty - Ty).
Ty

The constant depends on the dimension, |Ey| and P(Ey).

Proof. 1 will only sketch the proof. Let (EZ) be the sequence of sets associated with (E?)tzo- For | € Z with
2l < 2Ch~1 set
K()={xeR" :2lh< |dgn (0] < 261 py,

Here C is such that |dp: | < CVh on OE{. Proposition 3.1 yields that for every x € 9E,
[Ef 0 By ()] = c'h)™!  and  H"(QET n Byp(x)) < C2'H)".
Therefore for all x € 6Ei‘ N K(1) it holds
J g ldx > c2h)™  and J @, A" < Chy" 2,
= t-h
By, CONEFAED By, (X)NOEN

Combining these two yields

— n -
J &, i <c J g |dx.
By, ()NOEN By, (ONEFAEN
By applying the Besicovitch covering theorem and summing over [ € Z (see [19, Lemma 3.6] for details) yields
5 0 -
j &, a0 < j g |dx.

OEn EFAEM,
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This together with (4.1) and (4.2) implies
J (Hgn = Aen)* d3C" < C(P(EL ) - P(EY)).
OEM

The first inequality then follows by iterating the above.
By [11, Lemma 2.4] it holds
|/1t,h| <C(1+ "I'I}:il - At,h”[,l(a*E{l))

for a constant that depends on the dimension, on |Ey| and P(Ey). Note that then
IHgi 7, + 435 < C(L+ 1 Hpr = Acull7).

Therefore by the first inequality one obtains

TZ TZ
J(uHEth 12, + 22,0 dt < CJ(l +1Hpy — AgnlZ) de < C(L+ Ty - T), 0
T1 Tl

The third lemma we need is a quantitative bound on the diameter of the sets (E?), which is essentially the same
as [19, Lemma 3.8].

Lemma4.3. Let (E?)rzo be an approximative flat flow starting from Ey for h € (0, 1). Then for all T > 0 thereis Rr,
which depends on T, on the dimension and on the diameter of the initial set Ey, such that E? C Bg, forallt<T.

Proof. Asin [19, Lemma 3.8] define r; forall t < T as

re:=inf{r >0: E? C By}
Arguing as in [19, Lemma 3.8], one deduces that at the point y € 0B, N aEi’ it holds H () =0 and therefore
by (4.1)

re < Teen + hAgnl.

Iterating this and using Lemma 4.2 yields

T T

RT—ROSIMt,MdtSJ(lMh)dt<C(1+T) 0

0 0
Proof of Theorem 1. Let (E?)tzo be an approximative flat flow starting from E, for h € (0,1) and fix T > 1. Then
by (4.2) it holds P(E?) < P(Eyp) and by Lemma 4.3 it holds E? C Bg, for all ¢t < T.I claim that for 0 < t < s with

s —t > hitholds
|EM AEM < CcVE=s. 4.3)

Once (4.3) is obtained, then the convergence of a subsequence Ei”‘ — E;in measure follows as in [14, 19].
Letj, kbesuchthats € [jh, (j+ 1)h)and t € [(j + K)h, (j + k + 1)h). Then by applying Lemma 4.1for [ =
and by (4.2) one obtains

h
Vs—t

J+k
- n n
|E¢ ME) < ) 1Epy A Byl
m=j
j+k
Vs—t -
<CZ<—P(Ehh) J |dEhh|dX)
E?mﬂ)hAE}r;lh

j+k Jj+k

<C Z —P(Eo) +CVs - Z (P(E}y) = P(Ef 1))
m=j

s—t

Since kh < 2(s - t), one obtains (4.3).
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The proof of the consistency principle for C!!-regular initial sets follows by using the arguments in [12]. The
volume penalization is used only in [12, Lemma 3.2], but one may overcome this by using the lemma below. [J

Lemma 4.4. Let F ¢ R™! be an open and bounded set which satisfies interior and exterior ball condition with
radius ro > 0 and let E be a minimizer of (2.2). There are py and hy with the property that if G is a set of finite
perimeter such that

G AE ¢ By(x) N Ne,n(9F)

for p < po and h < hg, where N¢,n(0F) = {x : dist(x, 0F) < Coh}, then it holds
P(E) < P(G) + Cp"*L.
Above the constant depends on the dimension, on ry, C, |F| and P(F).

Proof. By approximation one may assume G to be smooth. Since F satisfies interior and exterior ball condition,
by [12, Lemma 3.1] it holds
max dist(x, 0F) < Ch 4.4
X€EAF

when h < hy. As in the proof of Proposition 3.2 the set G may not have the same measure as E and one has to
modify it to G with |G| = |E|. Assume that |G| < |E|. Since F satisfies interior ball condition with radius ry, there is
y € Gsuch thath (y) ¢ G.By continuity thereisz € R"!suchthat|z — x| > 2ppand |G U Bro (z)| = |E|when pg
is small. Define G GUB ro (z). By the minimality of E, by (4.4) and by the assumption G A E c Bp(x) N Neyn(0F)
it holds

P(E) < P(G) + C|G AE| < P(G) + Cp™*L.

Arguing as in [9], one then deduces

P(G) - P(G) < H"(@B%g(z) \G)-H"(0Gn B%g(z))

< Mle(z)\Gl
ro 2

<CIGAE| < Cp™!
and the claim follows. O

The paper concludes with Theorem 2. To this end, I recall the definition of a distributional solution of (1.1)
from [14].

Definition 4.5. A family of sets of finite perimeter (E;);o is a distributional solution to (1.1) starting from

Ey ¢ R™1if the following holds:

(1) For almost every t > 0 the set E; has mean curvature Hg, € L%(d*E;) in a distributional sense and for every
T >0,

T
[ 1 1225 e < oo
0

(2) There exists v : R™! x (0, 00) — Rwith v € L%(0, T; L%(8*E;)) such that for every ¢ € C(R™*! x [0, 00)) it
holds

oh_,.\]

T
J v dH" dt = !

J (Hg, — Hz,)$ d3¢" d,
0*E; E

0*E;

T T
0” ¢dxdt+J (-, 0)dx = — ijq)dﬂ-f”dt.

E; Ey 0*E;

Proof of Theorem 2. The proofis exactly the same as [19, Theorem 2.3]. Note that Proposition 3.2 implies that the
sets EM are (Ch~2, cv/h)-minimizers of the perimeter, i.e., for every F with F A E!' c B cvi(x0) it holds

c
P(EMy < P(F) + ﬁ'E? AF|. O
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