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ON THE BBM-PHENOMENON IN FRACTIONAL POINCARE-SOBOLEV
INEQUALITIES WITH WEIGHTS

RITVA HURRI-SYRJANEN, JAVIER C. MARTINEZ-PERALES, CARLOS PEREZ,
AND ANTTI V. VAHAKANGAS

ABSTRACT. In this paper we unify and improve some of the results of Bourgain, Brezis and Mironescu
and the weighted Poincaré—Sobolev estimate by Fabes, Kenig and Serapioni. More precisely, we get
weighted counterparts of the Poincaré—Sobolev type inequality and also of the Hardy type inequality
in the fractional case under some mild natural restrictions.

A main feature of the results we obtain is the fact that we keep track of the behaviour of the
constants involved when the fractional parameter approaches to 1. Our main method is based on
techniques coming from harmonic analysis related to the self-improving property of generalized Poincaré
inequalities.

1. INTRODUCTION: BACKGROUND AND MOTIVATION

Let p > 1. The classical (1, p)-Poincaré inequality states the existence of a dimensional constant
¢, > 0 such that, for any Sobolev function u € I/Vli’p (R™),

C

][Q|u($) ol de < cn 0(Q) (é |Vu(ﬂc)pdm) " geo, (1.1)

where Q is the family of cubes (i.e. a cartesian product of n intervals of the same side length £(Q) in
R™ and uq = f, u(z) dz = ﬁ Jo u(z)dz). The mean oscillations of Sobolev functions u over cubes
are then controlled by the local Sobolev seminorm

vy = 1Q) ( f Vulo) i) "

More recently (see for instance [DD20, DM21b, ACPS20, ACPS21, HSLG19]), a fractional counterpart
of this Poincaré inequality has attracted the attention of many authors. A naive version of it states
the existence of a dimensional positive constant ¢, such that, given u € L{ (R"),

]{Q\u(x) —ug|dr < an(Q)5 <]{2 : M dy dm) 1/10’ Qe (1.2)

|z — y|n+op

for any p > 1 and ¢ € (0,1). This inequality allows to control the mean oscillation of a function u
over a cube @ by the fractional Sobolev seminorm

u(x) —u(y)lP 1/p
[ulwsno) = €Q)° (][Q deyd;E) | (1.3)

Inequality (1.2) is an easy-to-get estimate but it turns out that it encodes a lot of information.
Indeed, it can be shown, by using the methods first proved in [FPW98] and then improved in [CP21],
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that the left hand side can be replaced by the normalized weak or Marcinkiewicz norm (see (3.1)).
We then get

E3
Ju — UQHLPW(Q,%) <cnps Wworgy  QE€Q (1.4)
whenever 6 € (0,1), p € [1, %), and where pj is the fractional Sobolev exponent defined by
1 1 (5
- _ 2 (1.5)
p p5 n

Observe that p < pj. Inequality (1.4) readily follows from the following property of the functional
a:Q—[0,00),a(Q) = [U]W&P(Qy

1
1\ P5
(Z a(Q;)s QZ‘) < a(Q) (1.6)
i Q
which holds for any @ € Q and any family of disjoint dyadic subcubes {Q;} € D(Q). We will denote
the collection of all dyadic cubes by D and by D(Q) the collection of all dyadic cubes relative to the
cube Q.

Moreover, the well-known truncation argument (see Section 3.4) for getting a strong inequality from
the corresponding weak one in the classical case of the gradient works for the functional [u]Ws,p(Q)
too, as shown in [DIV16]. Then we can replace the weak norm in (1.4) by the strong norm to get

inf [lu = ell s (g,a2) < n 5 [Wlwarq) (1.7)
Despite of the presence of the L? norm at the left-hand side of this inequality it turns out that (1.7)
is far from being optimal in the parameter ¢ as § — 17. Indeed, it follows from [BBMO02],

][ lu—ugldr < cp(1— 5)% [ulwor)s (1.8)
Q

where the highly interesting extra gain (1 — 5)% appears in front of [u]ysrg). We are going to
get improvements of inequality (1.7) by making use of this inequality. A different and interesting
approach was considered later in [Mil05] combining ideas from interpolation theory and extrapolation
theory [JM91], [DM]. We remit to [KMXO05] for interesting extensions to the context of higher-order
Besov norms. See also [DM21a] for more about the central role played by interpolation theory and
extrapolation theory. See also [CMPR21] for some related results within the context of product spaces.

The estimate (1.8) will be the “key initial” starting point in most of our proofs.

Note that, according to [Bre02, Proposition 2|, a measurable non-constant function u on a cube @

would satisfy,
1
Ju(z) —uly)[ P _
(L1, st i) =

and so inequality (1.2) does not provide any information about the function v when § — 1. This is
corrected in estimate (1.8) or (1.9) below, where the factor (1 — §)'/? balances this behaviour when
0 — 1 and so its presence in the inequality is in fact essential.

Now, exactly as outlined above, to prove (1.7), the results in [CP21] combined with the truncation
method in this context obtained in [DIV16], yield the following result.

Theorem A. Let0 < <1,1<p< % and let p§ be the fractional Sobolev exponent (1.5). Then, for
any locally integrable function u,

(i) lu(z) — uglPs da:> "< cnps (1 — (5)% [ulwenrq) Qe Q. (1.9)

One of the main results of this paper is to extend (1.9) into the context of A, weights. Unfortunately
we can only derive sharp results, preserving the § — 1, in the case of A; weights.
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Remark 1.1. Standard arguments can be used to obtain from (1.9) the global estimate in R™ with the

1
correction factor (1 — §)» in front, namely

R / u@)” o\
p _ 1p
(fotwerrae) <o ([ [ 50" we)

which holds for, say, any function u € Li (R™) such that for an increasing family of cubes {Q;} with
R™ = U]Oil Q; we have ug, — 0 as j — oo, see Definition 2.5 in Section 2.1 below. Corresponding
inequalities are considered for functions defined on unbounded John domains in [HSV15] without keep-
ing track of the constants’ exact dependence on the parameter §. Different and interesting approaches
to prove this global result were provided in [MS02] (see [MS03] too) and [KILO05].

A global version of Theorem A was obtained in [MS02] using appropriate global Hardy type esti-
mates which are also interesting on its own and that we state next.

Theorem B ([MS02, Theorem 2]). Let 1 < p < 0o and 0 < 6 < 1 such that dp < n. There exists

cn,p > 0 such that, for any function in the completion Wg’p(R") of the space of compactly supported
smooth functions under the seminorm [ - Jyysp(wny, there holds

dz 1/p p 1/p
(/n|u(a:)|p|$|5p> < Cnp OY/P(1 = 8)M/P <// |xy|n+52)| dy dm) : (1.10)

We improve this inequality in this work. First we will replace the class of power weights iz ‘ap at

the left hand side of (1.10) by the class of Ay, weights. Then, we will present a similar result with
no assumption on the weight, at the price of a worse constant in the right-hand side. Our method is
different and more general than the one in [MS02].

In the following section we state and discuss the main results of this paper. We distinguish between
the weighted variants of (1.9) and (1.10), which we will call fractional Poincaré-Sobolev and Hardy
type inequalities, respectively.
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extra factor 67 in the right-hand side for any § € (0,1).

2. STATEMENT OF THE MAIN RESULTS

2.1. Results involving Muckenhoupt weights. Our first main result is an extension of Theorem
A to include weights from the A; class. The method of proof in [BBMO02] cannot be used at all due
to the presence of the weight. We use ideas from [PR19] instead, where a general “self-improving”
argument is introduced, thus avoiding completely the use of any representation formula.

Actually, we will state two type of Poincaré—Sobolev inequalities. The first one involves a weighted
fractional Sobolev exponent, p(’;w and the second one involves the usual fractional Sobolev exponent pj

(1.5).

Theorem 2.1. Let 0 <0 <1 and 1 <p < 5. Let w € Ay, and let py,, be the weighted fractional
Sobolev exponent defined by

(2.1)

1 1 é 1
T nl +log[w]Al
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Then there is a dimensional constant ¢, such that, for every cube Q in R™ and for any u € L}

< /|u—c]p5wwdx> o
CGR

gcnpg(l—a)é[w]xpe(gﬁ( 1 /ngdywdx>p

w(Q) |z — y[rteo

Remark 2.2. We emphasize that in spite of the singularity introduced by the weight w, the smallness

(R™),

loc

(2.2)

1
factor (1 — 0)» is kept as if there were no such singularity.

This theorem and next one can be seen as improvement of the celebrated Poincaré—Sobolev inequal-
ities obtained by Fabes, Kenig and Serapioni [FKS82] (see also [HKMO06]) by combining this result
and the “reverse type” results obtained in [HSMPPV], at least in the case w € A;.

Observe that p < p;w < p5 where pj is the fractional Sobolev exponent defined above and note
that png is of the form

ool loglul)
Sw n(1 + log[w]a,) — op’

and so, by comparing with the expression of p§5 = n’i—’;é , the term 1 + log[w] 4, may be regarded as a
distortion of the dimension n introduced by the presence of the weight w. Nevertheless, the largest
possible borderline exponent pj can also be attained with the presence of an A; weight. The cost of
this better improvement in the scale of the LP spaces is the loss of some extra Ay constant in front.

Theorem 2.3. Let0 <d <1landl <p<7%. Letw € Ay, and let p} be the fractional Sobolev exponent
(1.5). Then, there exists a constant ¢, > 0 such that for every Q € Q and for any u € L{ (R"),

< / |u — c|p5wdx)
CGJR

<epps (1— 5)% [w ]:jHiﬁ(Q)‘s (fw(lQ)/Q o W dywdx) '

These two theorems hold for any A, weight without the gain (1 — 5)% It may well be the case that
both results with A, weights are true with the gain.

Another satisfactory result is the following fractional Hardy type inequality which follows, as men-
tioned before, from a general self-improving argument which avoids completely the use of any repre-
sentation formula.

We will use next the local fractional maximal function M, g, a > 0, Q € Q, defined for any
measurable function u by

Mg, u(z) = sup (P ][lu ) dy, T € Q,
xeP

where the supremum is taken over all cubes P C @ such that z € Q.

Theorem 2.4. Let 0 < § < 1 and let 1 < p < o0o. There exists a dimensional constant ¢, > 0 such
that, for any w € A and for any u € L (R™),

ggﬂg</ ju() — el w <>d:c) < enp(1—8)F [ula. (/Q QW@M@QWMMY

(2.3)
for every cube @ in R™.

Observe that this result is of different nature since the fractional part has been absorbed by the
fractional maximal function Ms, ¢. This is the reason why we cannot get an “LPs”  namely a Poincaré—
Sobolev, version as in the other theorems. However, we can derive a global type result for which the
following family of class of functions is relevant.
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Definition 2.5. Let w be a weight in R™. We define F,, as the class of functions u such that
u € Li (RY)NLL (R™wdx) for which there exists an increasing sequence of cubes {Q;}jen such that

loc loc

= U Q; and lim UG, w = 0,

) Jj—0o0
JEN

where g, = fQuwda:.

w(Q)

Notice that L°(R") C F,, whenever w is a weight outside of L!(R™). Doubling weights, that is,
weights satisfying 0 < w(B(z,2r)) < C(w)w(B(z,r)) for all x € R™ and r > 0, are typical examples
of weights that do not belong to L'(R"). We refer to [BB11, Corollary 3.8].

Corollary 2.6. Let 0 < 6§ <1 and let 1 < p < co. There exists a dimensional constant ¢, > 0 such
that, for any w € A,

( Rn\u(x)\”wdx>l/p<cnp(1— VP < / ) / ) ’m_ "G +52)|pd M5p(w)(x)d:v>1/p (2.4)

whenever u € F,.

The Ao restriction is sufficiently mild to allow many interesting examples. In particular, A; weights
can be chosen for our result including power weights. The fact that the result in Theorem 2.4 does
not involve any geometric constant depending on ¢(Q) is what allows to get a global variant of it, thus
getting Theorem B as a corollary of ours at least in the case § — 1.

More precisely, as a consequence of Theorem 2.4 we get the following general local Hardy type
inequality.

Corollary 2.7. Let 0 < 6 < 1 and 3 > 0, and let 1 < p < Fmin{l,B}. Let p be any non-
negative Borel measure such that M _ps (1) is finite almost everywhere. Then, there exists a positive
]

dimensional constant c, such that, for any u € L (R™),

1
B4l 4 oL p ny 8 [u(z) — uly)P g
< (1=9)r PRNTEY pu(R™)» </Q Q—|:L‘—y|”+5p dy dx

In particular if we choose 8 =1 and p as the Dirac mass at the origin, we have that

([t ) <eat-t 2 ([ [ Oy} g

We notice that Mn,%é(/i)ﬁ is a weight that belongs to the A class since p < % min{1, 3}. Indeed,

whenever 0 < o < n, p > 0, it is known that M, () € Ay if 0 < p < 2~ (see Lemma 3.6 (2) for
more precise details).
The global versions follow easily.

Corollary 2.8. Let 0 <d <1 and B >0, and let 1 < p < ¥ min{l,3}. Let p be any non-negative
Borel measure such that M _ps(p) is finite almost everywhere. Then there erists a dimensional
7

positive constant ¢, such that

([ Pt o) ia)

1
P P
< (1—5)p —L R (/ / ule) ~ulw)” dx)
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whenever u € F,, where w = (Mn_pj,u)ﬁ. Hence, if B =1 and p is the Dirac mass at the origin, we
]
have that

( Rnu(az)\p|x15p d:c); <ec, (1— 5)% (n_(spp)lﬂl; </n /n . |n+52)\p dy dm);, (2.8)

1
z|oP

whenever u € F, where w = |

1 1
We conjecture that the correct bound in terms of § € (0,1) is actually d» (1 — J)». We remit to
Section 4 for the proofs of the results of this section.

2.2. Weighted fractional Poincaré type inequalities without the A, condition. In this sec-
tion, we state several extensions of Theorem B where power weights are replaced by a general weight
w. In particular we do not assume that the weight satisfies the A, condition. However, we cannot
obtain the factor §'/P in (1.10) from Theorem B.

The results of this section are motivated by the classical Fefferman-Stein inequality [FS71],

Mgy < 0 [ 1@ Mute)da
from which we deduce, for p € (1,00), that

where no assumption is made on the weight w. As already known, this suggests the definition of the
class A; of pairs of weights (w,v) which satisfy
Muw(z)
[w,v]a, = ess SqueR"W < 0.
Theorem 2.9. Let 1 < p < 0o and let w be any weight.
a) Let 0 < 0 < 1 and let 1 < p < o0o. Let also 0 < € < §, then there is a positive dimensional
constant ¢, such that for any weight w,

1/p
(/ lu(x) —ugl? wdw)
Q

(2.9)
1_48)r P 1/p
<cp ( - ) ———(Q)* (/Q o W dyM(5 €)p, Q(wXQ)(l“) da:) .
b) Hence, zf% <d<1,
1/p
(/ lu(z) —ugl? wda:)
@ ) (2.10)
1 |u(z) —u(y)” P
< e (1-0)70(Q)° (/Q o Tr— gt dy M(wxq)(z) dx)
and in particular, for any (w,v) € A1, we have
1/p
(/ lu(x) —ugl? wdw)
@ (2.11)

1 1 u(z) —u 1/p
<cp(l=9)r é(Q)rS[w,v]fh (/Q QWd;gUd&G) .
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2.3. Weighted fractional isoperimetric inequalities with one sharp gain. We also consider
local and global fractional versions of the following weighted Gagliardo-Nirenberg inequality
n—1

(/n |u($)|7f1w(:r)d:1:> N <ecn /n V()| (Mw(z)) "= da, (2.12)

which is a result that already appeared in [PR19] and was also implicit in [FPWO00]. This generalizes
the well known Gagliardo-Nirenberg-Sobolev inequality in the limiting case p = 1, which in turn is
equivalent to the well known isoperimetric inequality, see [Oss78, FF60, Maz60].

We obtain a local fractional version of (2.12), with the presence of the sharp gain phenomenon
when § — 1. Observe that the admissible weights here are more singular since there is no assumption
on the weight w.

Theorem 2.10. Let w be a weight in R™ and let % < < 1. Then there exists a dimensional constant
cn, such that

inf </Q |u(:1:)—c|nn—5w(a:)da:)w <en (1-5)/@ Q“()()'d Muw(@)"= dr,  (2.13)

ceR |:L‘ _ y|n+6
for any cube Q and any u € L (R™).
The absence of any quantity depending on the size of the cube yields the following global results.

Corollary 2.11. Let w be a weight in R™ and let % < 6 < 1. There is a positive dimensional constant
cn such that,

</n\U(w)\’f5w(x)dx>w <en(l // ’x_y’nH)‘dy(Mw( ) da,

whenever u € Fy,.

Corollary 2.12. Let w be a weight in R™ and let 3 < § < 1. Assume further that w ¢ L'(R™). Then
there is a positive dimensional constant c, such that

w(E)"" < ¢ (1-06) </E/R\E mdy (Mw(x))"+" dz

1 n—=a
+/ /dy Mw(x)) = dx
re\E JE |7 =y (Mw(z)) )

To finish the section we provide another consequence of Theorem 2.10.

for every bounded measurable set E C R"™.

Corollary 2.13. Let QQ be a cube and let EE be any measurable set E C Q). Then, for any weight w
and any 0 < e < %

n 1+s

n 1+e #1“
w(@Q\ F)w(E) < cne// dydx—i—cns/ / dydx :
\E) Q\E \x - \"’Ll © O\EJE ’1’— ’”H c

This result is an extension of [BBMO02, Corollary 1] with w = 1 and @ the unit cube. This, in turn,
is related to an improvement of an estimate from [BBMO1]. The improved version was used to prove
a conjecture formulated in [BBMO0O]. Our result should play a similar role.

3. PRELIMINARIES AND KNOWN RESULTS

3.1. Some basic facts about the A, theory of weights. In this section we recall first some well
known definitions.

We recall briefly some concepts about the classes of Muckenhoupt weights. A weight is a function
w € LL (R™) satisfying w(z) > 0 for almost every point z € R™.

Definition 3.1. Let w € L. .(R") be a weight.



R. HURRI-SYRJANEN, J. C. MARTfNEZ—PERALES, C. PE’IREZ7 AND A. V.VAHAKANGAS

(1) For 1 < p < oo we say that w € A, if
/ p_l
[w]a, := sup][ w(z)dr <][ w(x)t=P dx> < 0.
ReQJQ Q
(2) We say that w € A; if there is a constant C' > 0 such that, for any cube Q in R™

x)dx < Cess infcqw

and the Ay constant [w]a, is defined as the smallest of these C
(8) The A class is defined as the union of all the A, classes, that is

A= |J 4,

1<p<oco

and the Ay, constant is defined as

[w]a,, = sup —— / M (wy
QeQ w( Q

We will use the following notation for the weighted local L? average over a set E defined as follows

- (4, \frqwdm> - (ks [ v’

HfHLq E, wd:r
Similarly, we will use the standard notation for the normalized weak (g,

0 < g < o0, measurable E and a positive weight w, we define the normalized weak or Marcinkiewicz

(3.1)

norm

{reB:|f(x) > t}))q ,

1Al t ( !
wde ) 1= SU ——w
La-ee (E (75)) t>g w(E)

where, for a measurable set E, we denote its weighted measure by w(

define the global weak or Marcinkiewicz norm
1
11l oo () == supt (w({z e R": [f(z)] > t}))7 .

We will also use few times the class of pair of A, weights
Definition 3.2. A pair of weights (w,v) belongs to the A, class, 1 < p < oo, if

[w,v]4, = sup <]{2wda:> <][Q o da:)pl < .

QeQ
We denote this by (w,v) € Ay,. Similarly, we say that (w,v) € Ay if

Muw(x)
[w,v]4, = ess SupmeRnW < 00,

where M is the usual Hardy-Littlewood maximal function (see Definition 3.3 with a =0)

It is also well known that (w,v) € A, if and only if

1 Lo/ v
|Q’/Qfdavg[w,v]AP(rw(Q)/prvdﬂz,) f=>0.

) (quasi)norm: for any

= [pw(z)dz. Similarly we

(3.2)

(3.3)

(3.4)
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3.2. Weighted oscillation. We are often estimating the following weighted L? oscillation

(w(lQ) /Q u — uQ7w|qwda:>;, (3.5)

where 1 < ¢ < oo and w is a weight. Recall that for a weight w, we write UG = m fQuwd:U.
When estimating (3.5) from above, it is possible and often more convenient to replace UQ) 4y by any
other constant ¢ instead. This is a consequence of inequalities

1 1 1
ot (i fy o rvie) "< (o | ) =2t (g [y e ee)’
inf [ —— u—cllwde | <|— U — uop|fwdr ] <2inf | — u— c|fwdx |
it (g o= eute) " < (ggy [, o= vemltwde)” < 2inf (5 [ =
(3.6)
the latter of which follows by combining triangle and Jensen’s inequalities.

3.3. Review of fractional integrals and related maximal functions. We introduce now both
the fractional and the classical variants of the maximal function.

Definition 3.3. Let o > 0 and consider a locally integrable function u € L%OC(R”). The fractional
mazimal function of u is defined by

Mo() = sup z(@)&f@ fu(y)ldy.

where the supremum is taken over all cubes @ in R™ satisfying x € Q. The case o = 0 corresponds to
the non-centered Hardy-Littlewood maximal function and we will denote M = My. Similarly, for any
non-negative Borel measure u, the fractional mazximal function Myu is defined by

Map(z) := 6295695(62)” |(QQ)

Definition 3.4. Let a > 0. If Qo C R" is a cube, then the local fractional maximal function M, g,
is the operator defined by

Ma.gou(z) = sup £(Q)° ][ ) dy,  x€ Qo
zEQ Q

where the supremum is taken over all cubes QQ C Qg such that x € @ and u is a measurable function.
When the supremum is taken over all cubes Q € D(Qo) such that x € Q we get the dyadic local
fractional mazximal function MiQO.

Another important operator in the theory, which is related to the fractional maximal function is
the fractional integral operator, or the Riesz potential.

Definition 3.5. For 0 < a < n, we define the Riesz potential of a non-negative measurable function
u by

Tyu(x) = / _uly) dy, z € R",
R

n |z —y|rm

We finish this part of the section by proving some elementary properties about weights in relation
to the fractional maximal function and the fractional integral operator.

Lemma 3.6. Let 0 < a < n.

(1) Let p be a non-negative Borel measure. Then,

n—o n
(2) If 0 < e < I~ then (Ma,u)ﬁfE € Ay for any non-negative Borel measure j such that
Myp(z) < oo for almost every x € R™. The Ay constant does not depend on p. More
precisely,

n " m 15n75(n7a)
My p)n—a—¢ < 2n-a ¢ . 3.8
(M), < 2tae 202000 (39
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(3) If f € LL (R™), then if further a > 0,

MalN@) < () Wl @R

Proof. The proof of part (1) follows from the classical 5-covering lemma: If {Q;}i=1,.. n is a finite
family of cubes in R™. Then we can extract a subsequence of pairwise disjoint cubes {Q;};=1.. a such

that
N M
U Ql C U 5Qj.
i=1 j=1

Now if we let Q; = {x € R™ : M,u(z) > t} for a given ¢t and let K to be any compact subset contained
in ;. Let x € K then by definition of the maximal function there is a cube @ = @), containing x
such that .

Q[

0] nQ) > t. (3.9)

Then K C |J,cx @z and by compactness we can extract a finite family of cubes {Q;}i=1,... v such that
K C Ui:Lm N @Q; and where each cube satisfies (3.9). Then by the 5-covering lemma we can extract a

subsequence of pairwise disjoint family of cubes {Q); }]]‘i 1 such that Uf\i 1Qi C U]]Vil 5Q;. Then, since
|IAQ| = A"|Q| and since 0 < "% <1

e M i M e 5n @ M
K55 <D 15Qy 5 <5 Y@y < —— > (@

Jj=1 Jj=1 Jj=1

57’LCM

H(R").

This yields (3.7) immediately, since K is arbitrary

We now prove Part (2). The fact that ( a,u)n o~ % is an Aj weight under our assumptions on the
parameters is known but we need a proof with precise bounds as given by (3.8). Actually we will
assume 0 < ¢ < " since the case ¢ = = is trivial.

We will use the following estimate known sometimes as Kolmogorov’s inequality, if (X, pu) is a
probability space (or even p(X) <1),and if 0 < g<r

r q
Wl < (5 ) W llsrmcrn- (3.10)

Let x € R™ be such that Myu(z) < co and let @ be a cube containing x. Then

Map(x) < Ma(px3Q)(2) + Ma(px(3@)e) (2)-
Consider first the case =~ —¢e < 1. Then,

f(Mauxy) dy<][<M (1xs0) (0) 727~ dy + ][(Ma(MX(sQ)c))(y)"fa_EdyzrI+H-
Q Q Q

For I we use (3.10) combined with (3.7),

n 10 alQF o
I < - M n—a a < - 571 « 3
< I MalxaQ) T i S ez (g HeQ)

n 13Q| " e U U e aia—e
15m 3 ) < (M) ™.
nfae( 13Q| H3Q) T n—o« € at(z)

For I1 we use the following geometrical argument. Let y € @ and consider My (p1x(30)c)(y). If R is

a cube such that y € R C 3@ then ‘ﬁlfl 1((3Q)°N R) = 0, hence we only must take cubes R containing

y such that (3Q)° N R # (. Thus these cubes 3R 2 @, and therefore
|R[ 3R]
(R 3R]

p((B3Q)°NR) <3"7 p((3Q)°N3R) < 3" Mo (p) ().

Hence

n n

0 ()

I < (3”’°‘Ma,u(w)) e
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Combining, since 0 < ¢ <

o 2n 15" c(n=e) e e
. (a5 < (Man(a)) ™"

n—aoa 9

In the case "~ — £ > 1, using that (a + b)? < 2°~!(a? + bP) for any a,b >0, p > 1,

n 15n—e(n—a) n__.

(Maﬂ(x)> o

M, aa Cdy < 2ma © NI 4 I1) < 2na ©
]{2< W) (y) 75 dy < (I+11) < ==
Finally, combining both estimates, for 0 < & < ", we have

2n 15n—c(n—a) o —e

][Q(J\%zu)"n“_a dy < 2#_671 e (Mau(ﬂﬂ)) B

which yields
m 15n—s(n—a)
n—a £ '
For the proof of (3), we may assume f to satisfy || f||, 2.« = 1. Consider z € R™ and let @ be a

[(Mgp) s 5], < 270a°

(R™)
cube containing x. Then, for any L > 0,

/ |f<y>|dy=/°o|{ye Q: 1f()] > A}JdA
Q 0

L o0
=/ eQ:|f)> A}|dA+/ {y € Q:1f ()] > AYd
0 L

1 n
< LIQ| + 27_1[/1757

«

and then
& o 1 _n
@ [ 1wty < 11 (L@l + 1)
Q o«
— QU (Lt g EE
Q& -1) ’
which equals (%)/ when choosing L = |Q|™=. This concludes the proof of (3). O

3.4. The truncation method. Another important tool that we will be using is the so called “frac-
tional truncation method”, see [DIV16, Theorem 4.1] and [Chul9, Proposition 2.14]. Similar trunca-
tion methods are originally used by Maz’ya [Maz85]. The proof of [DLV21, Theorem 3.2] can be easily
adapted to show the following variant of this method.

Theorem 3.7. Let 1 < p < q < oo and let w, v be a weights in R™. Let () C R™ be a cube. Then the
following conditions are equivalent:

(A) There is a constant C1 > 0 such that inequality

inf supt(w({x €Q:|u(x)—cl > t}))é <Ch </Q July) = u(z)” dzv(y) dy> ’

cER >0 0 |y _ Z|n+6p

holds for every u € L (Q;wdx).
(B) There is a constant Cy > 0 such that inequality

1

égﬂf% (/Q lu(z) — c|9w(x) d$> <o </Q , Wdzv(y) dy)é

holds for every measurable function u in Q such that |u| < co almost everywhere in Q.

Moreover, in the implication from (A) to (B) the constant Cy is of the form CC, where C does not
depend on any of the parameters, and in the implication from (B) to (A) we have C1 = Cs.
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4. HARMONIC ANALYSIS AND SELF-IMPROVING THEORY

In this section we will provide the proofs for Theorems 2.1, 2.3, and 2.4. We recall first some
definitions and results.

4.1. Some recent results. The plan is to derive Poincaré—Sobolev type inequalities from a Poincaré
type inequality within a general context. This will be accomplished by using some improvement results
from the literature. Being more precise, we will be considering, as a starting point estimates, of the
form

]Z;)!f — foldz <a(Q), Q€Q, (4.1)

where a : @ — [0,00) is some general functional with no restriction. The functional may or may not
depend on f. In the case it does, we will write ay, but the required condition will be uniform on f.

The key idea is that inequality (4.1) enjoys a self-improving property. It is remarkable that this
property is not so much related to the presence of a gradient on the right hand side of (4.1), but to a
discrete geometrical summation condition associated to the functional a. The theory is very flexible
and can be developed within the contexts of other geometries, see [CMPR21].

We will prove Theorems 2.1 and 2.3 using ideas from [PR19] applying a recent improvement of
[FPWO98, Theorem 2.3], namely [CP21, Theorem 1.5]. The following definition is the key in the
theory.

Definition 4.1. Let 0 < p < oo, let w be a weight and let a : Q — [0, 00).
1) For s > 0, we denote a € SD,(w), if there is a positive constant ¢ such that, for any family of
disjoint dyadic subcubes {Q;},; of any given cube Q, the following inequality holds
1

@)\ (UQIN
(Za@» w(@)) <c("UH) (4.2

7

The best possible constant ¢, the infimum of the constants in the last inequality, is denoted by ||a||sps(w)-

2) We say that the functional a satisfies the weighted D,(w) condition if there is a constant ¢ such
that, for any family of disjoint dyadic cubes {Q;},; of any given cube Q, the following inequality holds

(Za@i)“ff(%))> "< calQ). (4.3

i

The best possible constant ¢ above is denoted by ||a||p, (). We will write in this case that a € Dy(w).

Next result from [CP21] will be relevant. It is an improved version of the main result in [FPW9§]
but with linear bounds in both [w]4__ and p, instead of exponential.

Theorem 4.2. Let w be any Ax weight in R™ and a € Dy(w) from (4.3). Let f be a locally integrable
function such that,

Ly-tal<a@ ece
Then there exists a dimensional constant ¢, > 0 such that for every ) € Q,

1£ = fall o (g, 2) < enp [0l llall by 2(Q):

Using the stronger condition (4.2) we can get a better result. We need to state the following very
interesting improvement of one of the main results in [PR19], which can be found as a consequence of
the main theorem in [LLO21].

Theorem 4.3. Let w be any weight and let a such that for some p > 1 it satisfies the weighted
condition SD,(w) from (4.2) with s > 1 and constant ||aHSDS(w). Let f be a locally integrable function
p

such that )
@,/Qf ~ fol (@),
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for every cube Q. Then, there exists a dimensional constant ¢, > 0 such that for any cube Q) the
following inequality holds

1f = fall o sty < nsllallgpyya(Q) (4.4)

4.2. Proofs of Theorems 2.1 and 2.3. The starting point for both results is the same. We look
for the appropriate functional. Indeed, from the key initial estimate (1.8)

. 1) ~alde < 0 (1= 0)F fhusace

which holds for every Q € Q and any 0 < § < 1. Now, by definition of the A; class of weights, we
have

1 1 u(x) — u(y)|P »
[ulwenrq) < (W]}, 0Q)° (w(Q)/Q QMdgtUdﬂ:) ,

and hence,

1
el /Q () - ugldz < au(Q), (4.5)

0(Q) = A(Q ( / / o2,y dywdm) (4.6)

ju() — ul)?

|1; y|n+p6

where

and where A is the constant A\ = ¢, (1 — 5) [w ]A and g(z,y) =

We will need the following properties of the functional a adapting [PR19, Lemma 5.2] or more
precisely Lemma 6.2 in [CMPR21]. To simplify the presentation we recall that for M > 1 we define
P by

1 1 5 1

P p”]‘w nM’
where M will be chosen. When M = 1, p] equals the fractional Sobolev exponent p] = p5 which
corresponds to the unweighted known case w = 1 in Theorem A.

(4.7)

Lemma 4.4. Let w € A; and let a be defined as in (4.6).
nM’
1) Let M > 1 and let p}; defined as above. Then, a, € SDp}*jI (w), namely,

w(Qs) o (U Q7
(Za“ /) Q)) < Wil (Mgr)™ @ (*8)

5
and hence ||au||s natt . < [w] 3.
p*

M
2) Let M = 1. Then ay € Dy (w), namely

(Z 0 Qi) ﬁ%;) " <l aul@) (1.9

5
and hence HauHng (w) < [w]},-

The small difference is that the functional (4.6) is slightly different from the usual one defined as

1 1/p
a(@ :5@(1(#@) ;
@ =@ (@
with a,p > 0, that was considered in [PR19]. In our case u(Q) is replaced by fQ fQ g(z,y)dy wdz
with g > 0. The inner integral is increasing in @), which is enough and the same proof can be applied
here.
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Proof. Recall that

0(Q) = A(Q ( // xydywd:r)

and where A is a parameter, g is a function defined in (4.6) and w € A;. We will use the following
key geometric property,
Bl < 1, E)
Q™ T w(@)

(4.10)

which is valid for any measurable subset £ C Q. It is a particular case of (3.4) with w = v, p = 1,
f = xE, although we will always restrict ourselves to subcubes rather than subsets of Q).

1) Case M > 1. For simplicity in the exposition, we will omit the subindex M and just use p*
instead of pj,. Then using the definition of p* and the fact that p* > p, we have

Sa@ru@) = ¥ (| i/Qig(x’y)dy“’dx)%c%)p

zi:au(Qi)p*w(Qi) = Ap*[iﬂ]iﬁ? <u%> " ZZ: </i/Qig(x,y) dywdx>p Q|7

< Ap*[w]g&f’ <w|%)> " Sgp\Q |70 (/ / (z,y d?JWdJU)p
< )‘p*[w];‘? <w\§2|))"M ‘UQ’ "M/ (Z/ / (x,y dywdw)
< Ap*[w];&? <w‘(Q’))nM \UQA%’ </Q/Qg(w,y)dywdw>p

U; Qi \

- i (’ o )M 0 QP w(Q).

This proves part 1) of the lemma.
The second part corresponds to the case M = 1, which corresponds formally to the case M’ = oo

@il
Ql

before and hence without ”smallness”, namely without the factor
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s [

S_/
I
>
h@*

Il
>~
NS*
S/ N 7 N 7 N /N

9(z,y) dy wdz

Z au(Qz)p w

@\

S
Q=
=S

=,
N———
b

.

3o

S~ &
p\
~—

SN

S

g(z,y) dy wdz

I
>
NS*

S
53\

£
L

.

SN

Il
>
ﬁ*

g(z,y) dy wdz

)
glz,y dywdaz) ’

)

)

"6
/N TN TN/
g |__
R
NalPl ey
3o

(5_3\
ig\

g |—
e
<

3

.

Sp

< )\P*[w]jﬁ u% " (// mydywdm)p

=
S

*

=3

£
)

(Z/i/@g(fc,y) dywdﬂf)

AN
>~
-64(-
£
]
7 N 7 N N
O
N~ S~
3

< Ap*[w]:}’}* ul%) B (/Q/Qg(ﬂs,y)dywdx>i
= [w]f?fau@)p*w(@.

O
Proof of Theorem 2.1. Let 1 < p < § and recall that p5  is defined by the relationship
1 1 ) 1
- . 4.11
P Ps, nl+4loglw]a, (4.11)

Fix a cube @ in R". The goal is to prove the strong type (pj,,,p) Poincaré-Sobolev estimate with
Ay weights:

=@l . g e

"w(Q)
. wlz) — uln) P 1 (4.12)
<ent- 0l @) (s [ [ MO by )

We will distinguish two cases: [w]4, > es or the contrary.
Recall that we start with estimate (4.5) using the functional (4.6) which by Lemma 4.4 part 1)
nM’

satisfies an SDE -condition from Definition 4.1 for appropriate M > 1 with s = "TM > 1, namely

)
”auH = HGUHSD%I,( | < [w]zllw (4,13)
w

*
Pm
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If we choose M = 1+ log[w]a,, the exponent p}, is exactly the value 5, from (4.11). Hence applying
Theorem 4.3 with p replaced by pj, and using estimate (4.13) we obtain

1
1 / Pt >P’£w
—_— u — up| v wdr |
(’w(Q) Q‘ d

IN

Cn 8laul| au(Q)

IN
o
S

/ 1
M T+log[wl 4,

cuslul ) (@)

1+ log[w]a, 1
log[w] 4, 5 @(Q).

IN

IN

1
Hence, if we assume first that [w]4, > €3, we have

A

L ; P
<w(@)/Q‘“‘“Q‘p " wdﬂf) < en(l+loglw]a,) au(Q)
< cnfwla, au(@Q)-

This gives (4.12) when [w]a, > es. Assume now that [w]a, < es. Note that in this case we do not
know how to prove the result we are looking for using the argument we just used directly from the
strong norm. To overcome this difficulty we will use the truncation method. That is, by Theorem 3.7,
it is enough to prove the weak norm version of (4.12), namely

< cau(Q)- (4.14)

u—u *
I = well 5o g e

We observe first that for any family {Q;}; of pairwise disjoint dyadic subcubes of @, the following
inequality follows from Lemma 4.4 part 2):

(Z a(Qi)"t w@)) @),

w(Q)
. 1 , 1 1 4
since [w]4, < es. Recall from (4.7) that the exponent pj is defined by — — — = —.
pp n

Now, applying Theorem 4.2, we get
1
=0l g (gasey € b ula ¥ (@)

< e pl [w]a, au(Q).

Consider here the same choice as before of M = 1 + log[w]4,. Since p} > p},; = p;,, (just note that
Py is a decreasing function on M), by Jensen’s inequality which holds at weak level (simply use that
the inner part of what is inside the power % is less than or equal to one) we have,

HU - UQ”LPEwi‘X’ (Q7$(c(l5:

IN

”u - UQHLPT,OO (Q,%)

< e pi [wla au(Q).

This gives the claim (4.14) finishing the proof of the theorem. O

We now proceed with the proof of Theorem 2.3, in which we allow ourselves to lose some sharpness
in the constant regarding the A; constant of the weight involved to be able to get the usual fractional
Sobolev exponent pj.

Proof of Theorem 2.3. We have to prove
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1 . vE
<w(Q) /Q = “Q‘W‘T>

1
i | [u(z) = uy)P ;
<cpps(1=20)r [w P0(Q)° ( / dyw(z)dx |
where p5 is the (unweighted) fractional Sobolev exponent 1_L_29¢

P Ps n’
To do this, we start as in the proof of Theorem 2.1, that is, we begin with (4.5), namely

1
M/@M(m) — ug|dr < a,(Q),

where a,, is the functional

0(Q) = \(Q < // a:ydywdx) ,

o L u(z) — u(y)
with A = ¢, (1 —d)»[w]}, and g(z,y) = W-

Also, as in the proof of Theorem 2.1 we can use part 2) of Lemma 4.4, namely if {Q;} is a family
of pairwise disjoint subcubes of @, the following inequality holds
1

<Z 10 (Qi)P5 Z%;) " [w]ﬁl au(Q) (4.15)

uniformly in u. That is, the functional a satisfies the Dj:(w) condition and further we have that

8
|| aw]| D, (w) < [w]},. Hence, by applying Theorem 4.2 we have

241
_ « < * n
HU uQHLpWOO(Q,ﬁUQ)) — CTLp6 [w]Al au(Q)

) 1

= cyp5(1— 5)%[w]gl+l+5 0Q)° <w(1Q)/Q o Wdywdw)p

An application of the truncation method finishes the proof, see Theorem 3.7. O

4.3. Proof of Theorem 2.4. We begin this section with the last of our applications of the self-
improving methods.

Proof of Theorem 2./. Our starting point is similar as in Theorems 2.1 and 2.3,

L ) — ol de < oy (=) a0y (L [ [ @l N
g ) = ol < eu =03 0@)" (1 [ [ G ayac

Then, we bound the integral term in the right-hand side as follows,

s (L[ [ @ —ull N
1@ (g1 [, |, e g dves)

o (L[ [ @) = v Mysow))
=49 <\Q|/Q o Te -y dyMpa,Qw)(m)d)

3=

1 [u(z) — u(y)|? z
< (a@ [, [, o v matw) o)

by definition of M,s¢g. Define now the new functional

e (Q) = cn(1 = 8)7 ( // 2,y) dy M (w)(x)da:)p, (4.16)

[u(@)—um)|?
[y

where g(z,y) =
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Observe that the functional a satisfies readily the Dp,(w) condition from Definition 4.1 part 2)
uniformly in u. Furthermore, ||ayw||p,w) < 1. Then as in the proofs of Theorems 2.1 and 2.3, we use
Theorem 4.2 since we are assuming w € Ay

s = g roe(@ ) < n 2 0] 4 Dy ) B (@) < D (0] G0 Q).
Then we can pass to the strong norm by using the truncation method from Theorem 3.7 to get
1
nt (g L Ju el wde) " < cuplula o0 (@)
ceR

This concludes the proof of Theorem 2.4. O

We cannot get an LPs version as in the other theorems because of the lack of the fractional part
£(Q)¢ in the definition of the functional (4.16) and hence we cannot prove a “smallness” type condition
from Definition 4.1 part 1).

As a consequence of Theorem 2.4 we obtain Corollary 2.6, which is a global variant.

Proof of Corollary 2.6. By assumptions u € L{ _(R") N L]

ioc(R™; wdzx) and there exists an increasing
sequence of cubes {Q;};jen such that R" = UjEN Q; and

1
jllglow/ u(z)w(x)dr = 0.

Write ¢; = w(z)dz for all j € N. By (3.6),

1
w(Q;) fQj u(z)
/ lu(z) — ¢;|P w(x dx<2p1nf/ |u(z) — ¢/’ w(x)dx
Qj
Now, by Fatou’s lemma and Theorem 2.4 we get

| @rut@s = [ im ju(@) = exg, («)ula)de

j—}()o

j—oo ceR

< 2Plim inf 1nf/ lu(z) — c|Pw(z)dz
Qj

<cbpP(1-90)[w) hmmf/ / |ac— |n+62;pd My, (w)(z)dz

J—00

<chpf (11— /n /n iz _y’n+5])0|pd Msp(w)(z)dx.
U

Proof of Corollam’es 2.7 and 2. 8 We recall first the second part of Lemma 3.6, for 0 < o < n and let
0 <e< -, then ( au)" o ¢ € Ay if My is finite almost everywhere. The A; constant does not
depend on ,u, more precisely,

m 15n75(n7a)

Mou)mea €, < 2nea €
(M) 777, < 275 =22

Denote the weight on the left of (2.5) by w(x) := (Mnipis,u(az))ﬂ, which is finite almost everywhere.
5

Let « = n— %‘S and € := ﬁ(p% —1). Since we assume that p < % min{1, 3}, 0 < o < n and € > 0. Then
observe that with this definition,

w(z) = (Map(z))m=a""
and hence w € A; with constant

s, < 275 2nf 15n—c(n—a) < 98 2nB15"  2°

2n15".

po € pd & n—pd
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We apply now Theorem 2.4 to our weight w, since A; C A with [w]a,, < [w]a,, for a cube @
1 1
1 B » 1
nt ([ futo) = ePwie) " < eap = s, ([ [0 4y rgg, g )
ceR Q QJQ ‘l‘ - y‘ P
5 (4.17)
12 u(z) —u(y)|P v
<ecop (1—06) (/ 1) = WYV g M, (w)da
( ) n_p5 0Jo |.’E—y|n+5p P( )

To bound Ms,(w) we apply first part 3) and then part 1) of Lemma 3.6. Indeed, using the same
notation as before with o :=n — %‘5 and recalling that pd < n, we get

Mo [(01007] () < (1) WO g

n n
= Moul”, = Mopll’
n_(spH M‘|LT5’OO(RW«) n—5p” MHLH,OO(RH)
n n5op
< (n—a)B R"™ B — R"™ B8
_n_5p5 n(R™) n_5pu( )
nb"
R™)A.
< oM R
Inserting this in (4.17) will give Corollary 2.7.
Corollary 2.8 follows from Corollary 2.7 after an application of Fatou’s lemma. O

4.4. Proof of Theorem 2.9. We begin as before using (1.8) as the starting point,

L w(z) — ug|de < cn (1 — 6)7 s (L [u(z) —u(y)[” :E%
g1 L 1)~ el e < e 1= 97 Q) (,Q|/Q R tyis)”,

which holds for every cube @Q and any 0 < § < 1.
a) We bound the integral term in the right-hand side as follows. Recall that 0 < e < §

(Qy (@ /Q j 'ﬁf)_;ﬂ%?p ay d:c>;’

_ s (1 lu(z) —u(y) P | Mi_epolwxe)(z) )
=49 <|@|/Q o To— g dyM@_e)p,Q(wm)(x)d)

=

3=

e (1 u(z) — u(y)”
< Q) <w(Q) /Q o o= dyM(as)p,Q(wXQ)(fv)dx>

and define now the new functional

(@) = s £(Q)° (w(l@ /Q /Q 9(z,9) dyA(w)(m)dxf , (4.18)

u(r)—u 1
where g(z,y) := %, A(w) := M5_o)po(wxq) and A\s = cp(1 —9)».

The key point is that this functional satisfies the property in Definition 4.1 part 1), namely

pu@)’ (U@l
(Zaw,u(Ql)p u)(Q)) S( |Q| > w,u(Q) (4.19)

(2
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and hence |[awyll =
75Dy (w)
family of dyadic cubes in (). Then

pw(@i) pe L . o) (2)de U &)
S el 5] = TN s [ [ st draw@a o,

< 1. This property is very easy to verify. Indeed, let {Q;} be a disjoint

A5

- w(Q) Z ’Qz’ﬁ/Q_/Q.g(:z,y)dyA(w)(gg)dx

w?zég) (‘LZJ@?)n/Q/Qg(:v,y)dyA(w)(x)dx

(%20 et

Then, by Theorem 4.3 with [lay,ull;,z <1 ands=2
D w

IN

||U — UQ‘|LP(Q’1ZU((Z)) S ? aw,u(Q)- (420)

This yields (2.9).
b) To finish the proof of the theorem we prove now (2.10). Indeed, by part a) with % <e=40<1,
there is a positive dimensional constant ¢,, such that for any weight w,

1/p
(/ lu(x) —ugl? wdw)
Q

1
(1L=0)7 ) o5 ju(x) — u(y)|? o
< ¢n TE(Q) 0o Tr— gt dy M(wxq)(x) dx .
This gives (2.10) of the theorem, since § > 1. For (2.11) we recall that from Definition 3.2, M (w)(z) <
[w,v]4,v(x) and hence we continue with,

1/1’ 1/p
P wds o (1— 81E 00V lu(z) —u(y) o) () di
(/Q\um ol d) < en (1-0)P4(Q) (/Q j dy M( ><>d>

‘.’L‘ _ y‘n+5p

1 1 u(x) —u L/p
<ep(1— 6)56(@)5[11),1)]21 (/Q Ju(z) = u(y)? dyv(zx) dac) .

0 |.CE _ y|n+6p

This concludes the proof of part b) and hence the proof of Theorem 2.9. U

5. WEIGHTED FRACTIONAL ISOPERIMETRIC ESTIMATES AND REPRESENTATION FORMULA

In this section we will discuss the proofs of the weighted Hardy and Poincaré—Sobolev type inequal-
ities stated in Section 2.3 using this time representation formulas instead of the general self-improving
type arguments in Section 4. At the end we will derive some global inequalities as a consequence of
these results.

First we will present some local representation formulas which follow from general Poincaré type
inequalities. Then we will introduce some consequences of these representation formulas.

The following lemma is a key in our arguments. It essentially follows from [FLW96], but it can
also be obtained by following the proof of [HSV13, Lemma 4.10], since cubes are examples of John
domains. We are interested in the tracking of the constants involved in our estimates and so we will
provide the proof here for the sake of clarity.

Lemma 5.1. Let Qg be a cube in R™. Assume that 0 < o < n and consider 0 < n < n — « and
1 <r <oo. Letu € LY Qo) and let g be a non-negative measurable function on Qg such that for a
finite constant k,

T

o) = gl ds < @y ( f slo)" o) 5.1)
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for every cube @ C Qq. Then there exists a dimensional constant ¢, such that
1

lu(z) — ug,| < Cnm (QO) ( a(9"xqQo) ()"

for almost every x € Qo. In the particular case that o =n < 3,

u(z) = ug,| < Cn*f(Qo)‘”‘/r (Ta(9"x Q) (%))

Proof. This result is well known but we need to be precise with the main parameters involved. We
adapt the main ideas from [FLWO96] in the case r = 1 and [FHO0] when r > 1 and we refer also to
[LP02]. Let E C Qo be the complement of the set of Lebesgue points of u in Qg. Then |E| = 0. For
a fixed x € Qo \ E, there exists a chain {Q }ren of nested dyadic subcubes of Qo such that Q1 = Qo,
Qr+1 C Q with |Q| = 2"|Qp41] for all £k € N and

{z} =) Q-

keN

1
T

Then,

1 < Z ‘qu+1 - qu‘ :

keN
Now, using the dyadic structure of the chain and the assumption (5.1), we obtain that

d
Z }quH qul = Z |Qk+1| /Qk+1 qu‘ Y

u(x) — U’QO‘ = klggo UQ, —u

keN keN
2” lu(y) — ug, | dy
AL
S o@wr (g [ o )W
§2n o Td
%keN O\ 0] S, 99
1/r E(Q )a 1/r
"R Y UQ >a) < : g(y)rdy>
(,% ‘ ,% Qx| / .
<L//{€(Qo)a/r’ / Zﬁ Qr)* "xo,(y) dy 1/T.
= (1 _2—(1)1/7‘ Qo =

Note that the immediate estimate |z — y| < /nl(Qk) produces an extra unwanted log factor when
summing the series. We instead proceed as follows. Fix y € Qo \ {z} and pick 0 < n < n — a. Write

Fo(y) = max{j € N: 2971 < \/n{9%} Then

ko(y)

a—n Cn _
ZE(Qk) xqx(y) < W Z (Qr) "Xk ()
keN k=1

c ko(y) (o)
< n (k=1
S Qe

cp, 2Mk0(Y)
= Te— g QoL —277)

< Cn
=z —y[rme(l —27m)

We conclude that the desired inequality

Cnk o) g
= (1 —2—"‘)1/7"( — 9 )1/%(@0) </Qo P dy)
7 Q0 Lalg o) @)

1
s

[u(@) = uq
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holds for almost every x € Qo since — 2 — <2 0<t<n. Il

As a main application of the representation formula we can derive the following lemma.

Lemma 5.2. Let Qo be a cube in R™. Assume that 0 < a < n. Let u € LY(Qq) and let g be a
non-negative measurable function on Qg such that the following representation formula holds

lu(x) —ug,| < plalgxg,)(z), a.e. x € Q.

There exists a constant ¢, > 0 such that, for any weight w

n P n—a
(e = uQo)xQoll g ooy < - Qog(ac) (Mw(z))" =" dz.
Proof. Recall that || - ||1p.ec(y) is Dot a norm when p > 1 but it is well know that there is a norm
[ || Lp.oo () Such that
-z w) < N llzvow) < PN e .

Hence, combining this together with Minkowski’s integral inequality (this is a known result but we
refer to [BKS09] for sharp bounds), we have

1 = 1 )Xol 5 ) < AT )XG0 e
np 1
S T a 9(y)dy.
Qo |- —y|n—e L= ()
But

1 _ n-—a
H_na 0 < cusup (|Q(y, 7)| " 'w (Q(y, 7)) ™

|-~y L7—a" () >0

@

= cn<Mcw(y))% )
where Q(y,r) is the cube with midpoint y and side-length 2r. By collecting all estimates,

Cnp n—a
||(U/—UQ0)XQO||Lﬁ,oo( < a/ 9(y)(Mw(y)) = dy.
0

w)

A combination of the two lemmata gives the proof of Theorem 2.10.

Proof of Theorem 2.10. Making use of (1.8) in the case p = 1, for any cube @

][ () — uo| d < e (1 — 5)@(@)5][ Ju@) = wlo)l g

0Jo |l‘— |n+5

Then apply Lemma 5.1 with a =6, r =1, k = ¢, (1 — §) and

g(x) = (/QO Wdy> XQo (2)-

Then there exists a constant ¢ = ¢(n) such that

u(z) = ugo| < en (1= 9) I5(9xqQ,) (%)

for almost every x € QQg. By Lemma 5.2 we have

u(y)| s
s = wqu)xal ey < en =) [ [ By (are s s
(w) 0 0o \x - y[
since § > % To finish we use the fractional truncation method, see Theorem 3.7. U

Similarly we prove next a global type version of Corollary 2.11.
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Proof of Corollary 2.11. We proceed as in the proof of Corollary 2.6. By assumption, there exists an
increasing sequence of cubes {Q;} en such that R" = UjeN @ such that

1
Jlgrolo (@) / u(z)w(z)dr = 0.

xz)dzx for all j € N. Using (3.6), Fatou’s lemma combined with Theorem

Write ¢j = D] fQ
2.10, yields

</" ) dx)nné - (/Rn liminf xq, (x)[u(z) — ¢ w(x) dx)nn

< lim inf (/R Yo, (D)u(@) — & () dm) 2

J

J]—00
n—=~

= lim inf (/ lu(x) — cﬂﬁw(x) dx)
J—00 .

J

<ep(1=9) hmlnf/ / ]a:— |n+5|dy(Mw( ))nTﬂsdx

J—00

y) n=s
<cp(1-9) /n/n ]w—y[”+5 dy (Mw(x)) » dx,
which is the claimed inequality. O

As a corollary, we obtain the following lower bound for a weighted fractional perimeter.

Proof of Corollary 2.12. This follows by applying Corollary 2.11 to the characteristic function of E
since L°(R"™) C F,, for any weight w such that w ¢ L'(R"). O

Proof of Corollary 2.13. Fix a cube @ and let E be a measurable subset of (). Then we can apply
Theorem 2.10 using (3.6) with u = x and £ < § < 1, namely

n—>~4

( /|u uQ7w\7£5w(a:)d:1;> '
n—s
< o 1_n_5 // () ~ uly U\n{:g( ) " dydzx
w(@Q)" -yl
// dydx—l—/ / dyda:+/ / -+ dydz
Q\E Q\E Q\E JQ\E

S Cht) // Mufz) »_ dyd:r—i—/ %dydw .
w(Q)" Q\E |9C— \ Qr/E |z -yl

On the other hand,

1 _n_
w(Q)/QW(x) — uQuw| " w(x)d

1 x_w(E)mwx . w(E)\ " w(@\ E)
W@ /Q\E o) =gy e (w(@)) w(@)
and hence
(w(E)) w5 w(Q\ B)
w(Q) w(Q)

n

n—=~ —=
n Muw(x) = no
1_5// Mu@' d:v+cn1—(5/ Muw(@) * i)
@ ( o Tz —gies BT o S To— g Y )
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Repeating the same argument, but replacing F by @ \ E, we also have

()" 35 |

— n—=~4 poomy

Mw(z) = e

< 5// dyda;+cn1—5/ ————— dydx .
=@ ( Qw|x—|wﬂ Sl A o e

Then, taking the maximum

o) ) ) n

1 // R / Muw(z)™" n=s
< —- dydz + ¢, (1 — 6 7d dx .
W@ ( mEm—rwﬂy ) fon Jp Ta— g Y

The maximum simplifies as follows

e ()

w(E) w(E) wﬂﬂ)ﬁﬂwQ\E)
( ) w(Q)

_ w(@\ E) w(E) w(@Q\E)\"5 (w(E)\"s
- w(@ w(@) {<1M@ ) 7<w()> }
_w@\B)uw(E) {w(Q\E) w(E)}”
w(@Q) w(Q) w(Q) w(Q)
and hence
w(@\ E)w(E) {w(Q\E) w(E)}n%
w(@) w@) w(@) w(Q)

n

n—=a s

Muw(z) = "l

1—5// dyd:):—l—cnl—5/ —————dydx .
( Q\E |33—Z/|”+(S ( ) o\eJE |r—y["+?

Now, since max{l — a,a} > % with a = % € [0, 1], we get

w(@\ E) w(E) 1
w(@Q)  w(Q) 975

: T [ e
(1-90 dda:—l—cnl—(s 7dd$
(@ ( Qw\x—\ww plet e =0) Jo o Sy To— gl ¥

and then
w(@\ E)w(E)
n—>94 s
Muw(z) = "
Q 2ncn (1-0 // dyd:ﬂ—l—chnl—cS / ———— dydzx .
v T U0 e S T =g
This finishes the proof of Corollary 2.13 by translating § to €. g
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