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Introduction

The origin of the theory we are about to present in this thesis lies in the prob-
lem of finding a minimal Lipschitz extension of a continuous function ¢: 80 -+ R
to a domain Q C R", that is, finding a function u € Wh*(Q) N C(Q) with
ulsn = g such that
IValloo.2 < (Voo

for all v € WH(Q) N C(Q) with v|sq = g. If g is Lipschitz continuous with
respect to the internal distance relative to 2, then this problem is known to have a
solution which is, however, in general nonunique. In his papers [1], [2], G. Aronsson
suggested that the minimal Lipschitz extension problem should be considered as
a limit, as p -+ oo, of problems of finding a minimal “p-extension”, that is, a
function u, € WhP(Q) N C(Q) with u,|an = g such that

Vupllp, < IVo|lpe

for all v € WP(Q) N C(Q) with v|sq = g. Minimal p-extensions are exactly
weak solutions of the p-Laplace equation and hence unique. An equivalent way
to characterize a minimal p-extension is to require that

”vupllp,D < [|Vva,D,

whenever D C 2 is open and v € WhP(D) N C(D) is such that v|ap = uplep-
Aronsson reasoned that this should hold also when p = 0o, and accordingly defined
an absolutely minimizing Lipschitz extension to be a function u € WH*(Q)NC(Q)
such that

IValloo, < [[Vlloo, 1

whenever D C (2 is open and v € WH®(D)NC(D) is such that v|sp = ulsp . For
this subclass of minimal Lipschitz extensions, he derived a candidate for the Euler
equation by taking a formal limit of p-Laplacians, and was in fact able to prove
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that smooth absolute minimizers are solutions of this equation in the classical
sense, and vice versa. However, Aronsson also demonstrated that the Euler equa-
tion does not always have a classical solution, and, consequently, that absolutely
minimizing Lipschitz extensions are in general nonsmooth. Aronsson’s conjecture
was proved to be correct in full by R. Jensen in his remarkable paper [17]. Instcad
of classical solutions, Jensen used the concept of viscosity solutions introduced
by M. G. Crandall and P.-L. Lions, and showed that every absolutely minimizing
Lipschitz extension is a viscosity solution of the Fuler equation. Furthermore, he
proved the comparison principle for the Euler equation and, as a consequence,
obtained uniqueness. The fundamental work of Aronsson and Jensen has been
expanded on by a number of other authors. Especially, we should mention the
papers by T. Bhattacharya, E. DiBenedetto, and J. Manfredi [4], which contains
a rigorous proof for the existence of an absolute minimizer, and by P. Lindqvist
and J. Manfredi [21], where the Harnack inequality was obtained. In addition, in
[6], V. Caselles, J.-M. Morel, and C. Sbert have found applications of the absolute
minimizers in image processing.

In this work we seek to generalize the theory outlined above to a wider class
of minimization problems in L*°. A basic example that we have in mind is a
measurable perturbation of the minimal Lipschitz extension problem, namely, the
problem of minimizing

16(2)Vu(z) - Vu(z) oo

among all the functions v € WH* () having prescribed boundary values. Here
@ is a measurable function with values in the space of n x n -symmetric matrices
satisfying
2 2
alé]” < 0(z)¢ - £ < B¢

for some constants 0 < a < 8 < oo. However, our theory applies to even more
general problems of the form

(1) min ||F(z, V()05

where F(z,€) =~ |€]* satisfies conditions that we specify m Section 1. These
conditions, in particular, imply that the corresponding L? -problem has a unique
solution, and hence we have an initial setting similar to the one in the case of
minimal Lipschitz extensions. For the problein (1), we adapt in a natural way
the notion of absolute minimizers, and, by following Aronsson’s example, obtain
a fully nonlinear partial differential equation

(2) —V(F(x,Vu(z))) - VeF(z, Vu(z)) = 0

that we regard as the Euler equation of (1). Our results include the existence of
an absolule miniizer and, under some regularity assumptions, the existence and
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uniqueness of a viscosity solution of (2) with continuous boundary values. More-
over, we show that the unique viscosity solution is an absolute minimizer and a
limit of solutions of the corresponding LP -problems. The only thing that makes
our theory incomplete is the absence of an uniqueness theorem for absolute min-
imizers in the general case. On the other hand, some of our results, in particular
those related to viscosity supersolutions of (2), are new even in the case of minimal
Lipschitz extensions. This is an outcome of the fact that we also consider problems
involving obstacles. The techniques used in obtaining the abovementioned results
are readily seen to be applicable to various other minimization problems. As an
example of this, we consider a problem that can be regarded as an eigenvalue
problem associated with the Euler equation (2).

Our presentation begins in Section 1 with a brief review of some facts about
the calculus of variations in LP -spaces. We give all the relevant definitions and
record without proofs the results needed in later sections. Additionally, we define
viscosity solutions for a large class of second order partial differential equations,
and in a few words describe their properties. In Section 2, we turn to the L -
theory and consider the minimization problem (1). We establish the existence of
an absolute minimizer and the Harnack inequality, both of which follow from the
analogous results to the corresponding L? -problems. In Section 3, we continue to
exploit the LP -theory and show that in the case of a sufficiently smooth kernel
F, the absolute minimizers obtained in the previous section are viscosity solutions
of the Euler equation (2). We also introduce two auxiliary equations involving
gradient constraints, properties of which play a vital role in Section 4, where we
prove the comparison principle for equation (2). The latter part of Section 4
includes uniqueness theorems and a basic interior regularity result obtained as a
consequence of the comparison principle. After that, in Section 5, we study more
closely viscosity supersolutions of (2) and sharpen some results of the preceding
sections. In the final section we turn our attention to the eigenvalue problem and,
as a main result, prove the existence of a maximal solution.

Note added after the completion of the manuscript: It has come to
our attention that similar questions have been studied from a slightly different
perspective by Y. Wu in [23].

Notation

For the reader’s convenience we here list some notation that will be used
throughout this text:

Q an open and bounded subset of R*, n > 2.
Lk, OF the closure and the boundary of a set E C R™, respectively.
|E| the Lebesgue n-measure of a measurable set £ C R™.

B(z,r) an open ball of R® with center at z and with radius r > 0.
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EeQ means that £ is a compact subset of .

C(E) {f: E > R: f is continuous}.

Co() {f € C(Q): limy-,, f(z) =0 for every z € 9Q}.

Ck(Q) {f: Q= R: f is k-times continuously differentiable }.
C>(Q) {f: Q> R: f is infinitely many times differentiable }.
C®(Q) {f € C*®(Q): f vanishes outside a compact subset of  }.

wbr(Q), WO1 "P(Q)) standard Sobolev spaces, 1 < p < oo, for the definition
see [24, 2.1.1].

\Ji the (weak) gradient of f, Vf = (8%%,...,%).

D*f the Hessian matrix of f, (D2f);; = %ﬁ@'

A* the transpose of an n X n-matrix A.

| A]l sup{|Az|: z € R*, |z| = 1}; the norm of the matrix A.

Sn the space of symmetric n X n matrices with real coefficients.
P®gq the tensor product of the vectors p,qg € R™.

Furthermore, if g: £ — R is measurable, we denote by

][Eg(x)da: = [_lliTI/EQ(x)dx

the integral average of g over a measurable set E, 0 < |E| < co.

inimization problems in L? and viscosity solutions

As explained in the introduction, a basic tool in examining minimization
problems in L* is the use of the theory of related LP -problems for n < p < co.
Therefore, it is sensible to recall first some results concerning the existence and
uniqueness of minimizers in the LP -case and to discuss the corresponding Euler
equations. Although our exposition is far from being complete, it gives sufficient
background for the later sections. For a deeper treatment of this topic, see for
example the monograph [15].

Let © be a bounded open set inn tlie Buclidean space R®, n 2> 2, and let
F:Q xR* — R be a mapping satisfying the following assumptions for some
constants 0 < a<f < oo :

(1.1) the mapping z — F(z,£) is measurablc for all £ C R";
for a.e. z € Q (with respect to the Lebesgue measure)

(1.2) ale]? < F(z,8) < Bl¢)*  forall ¢ R,

(1.3) the mapping £ — F(z,&) is strictly convex and differentiable,
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and
(1.4) F(z,)) = A2F(z,£), ¢€R*, AR
By the strict convezity of £ ++ F(z,£) we mean that
F(z,t&+ (1 = t)&) < tF(z,&) + (1 - t)F(x, &),

whenever £; # £; and 0 < ¢ < 1. The conditions (1.2) — (1.4) imply the following
useful facts: For a.e. £ € Q and for all £ € R*,

(1.5) |VeF(z, )| < 48],

(1.6) alé]’ < VeF(,6) - ¢,

and

(1.7) VeF (2, ) = AV F(x,€) for all A € R,

where V F(z,&) is the gradient of the mapping £ — F(z,&). For the proof of
these, see [15, 5.9].

Suppose that ¥ € W1P(Q2) and that 1: @ — [—co, 00| is an arbitrary func-
tion. Let

KP 5(2) = {v e WIP(Q): v > ae. in Q, v— 9 € WHP(Q) }

and consider the following minimization problem: Find a function u € K, ()
such that

(1.8) Ir(u) = inf {Ip('u): v €KY 4(9) }
where
(1.9) Ip(v) = /QF(Q:,Vv(x))p/2 dz.

The function % above is called an obstacle, and we say that u € Kﬁyﬂ(Q) is
a solution to the obstacle problem in Ky, 4(Q) if it satisfies (1.8). Further, if
u € W2P(Q) is a solution to the obstacle problem in K# (D) for every open

loc
D & Q, then u is called an (F,p)-superextremal. In the special case when
is identically —oco, the infimum in (1.8) is taken over all functions v for which

v—19 € WgP(€), and we use different terminology. We call a function u € W1 (£)
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satisfying (1.8) with ¢ = —co an (F,p)-minimizer with boundary values ¥, and
say that u € W}i’f(ﬂ) is an (F,p)-extremal, if it is an (F,p)-minimizer (with
boundary values u) in D for each open D € Q. Note that since p > n, every
function u € W, li’f(Q) has a real-valued and continuous representative, and thus
we may assume that u itself is real-valued and continuous.

A basic example of a kernel satisfying the assumptions (1.1) — (1.4) above
is F(z,€) = 0(z)&- €, where 0: Q — S, is measurable and for some constants

0 < a < B < oo satisfies

alel® < 8(z)é - € < Blef

for all £ € R® and for a.e. z € Q. In the simplest case, when 6(z) equals
to the identity matrix for all z € Q, the (F,p)-extremals are nothing but local
minimizers of the p-Dirichlet integral

/Q IVo(z)f da.

We recall the following two well-known theorems, see (15, 5.27, 5.13].

1.10. Theorem. If KI, ,(Q) # 0, there exists a unique solution to the ob-
stacle problem in K ;(Q) .

1.11. Theorem. A funclion v € KI, 4(Q) satisfies (1.8) if and only if
(1.12) /Q F(e, Vi) P=D2Y, Fle, Vu) - V(v - u) de > 0

for all v € K, 5(Q).

From (1.12) it is clear that u is a solution to the obstacle problem in }C‘;)’19 (Q)
if and only if it is a solution to the obstacle problem: iu ICﬁyu(D) for every open
D C Q. Furthermore, Theorem 1.11 implies that there is a connection between
the minimization problem and the quasilinear partial differential equation

(1.13) —div (F(m, V)2, Fz, w)) —0
To avoid misunderstandings, we define in detail what we mean by weak solutions

of (1.13) before making this connection precise.

1.14. Definition. A function u € WLP(Q) is a weak solution of (1.13) in
Q if .
/ F(x, Vi) P2V F(z,Vu) - Vods = 0
Q
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for all ¢ € C°(Q). Further, u € I/Vlt’f(Q) is a weak supersolution of (1.13) in Q
if

/Q F(z, Vu) P22V, F(z,Vu) - Vo dz > 0

for all nonnegative ¢ € C®(Q). Finally, v € W,2P(R) is a weak subsolution of
(1.13) if —v is a weak supersolution.

By Theorem 1.11, every solution to the obstacle problem in Kﬁ)ﬂ(ﬂ) is a weak
supersolution of (1.13), and conversely, a supersolution u is always an (F,p)-
superextremal. In the later sections we will frequently use a refinement of this
correspondence given by Theorem 1.15 below. For the proof, see [15, 5.29, 3.67).

1.15. Theorem. Let t: Q — [—00,00) be continuous. If u is a solution to
the obstacle problem in Ki’ﬁ(ﬂ), then u is a weak solution of (1.13) in the open
set {z € Q: u(z) > P(z)}.

In the case of ¢ = —oo, the above result implies that u € Wlt’f (Q) is an
(F, p)-extremal if and only if it is a weak solution of (1.13) in . Equation (1.13)
is called the Fuler equation of the minimization problem (1.8).

We will also need the following lemma, which allows us to compare solutions
to different obstacle problems having the same obstacle.

1.16. Lemma. Let u,v € WHP(Q) be solutions to the obstacle problems in

KL, () and K, (), respectively, and suppose that ||u—vl|eo,00 is finite. Then

’

= vllos,2 = [t = vlloo,00-

Proof. Denote w = min(u,v) € WHP(2) and let @ be the unique solu-
tion to the obstacle problem in ICi)w+c(Q), where ¢ = ||u — v||oo,00. Since
min(u, %) € KY ,(Q) and min(v,w) € K% (Q), we have by [15, 3.22] that u,v < @
in Q. Moreover, since w + ¢ is also a supersolution of (1.13), we have again by
(15, 3.22] that @ < w +c¢ in . Combining these inequalities yields

min(u,v) < u,v < min(u,v) + ¢,

which proves the lemma. [

We finish this discussion about LP-minimization problems by stating the
following comparison principle for sub- and supersolutions of (1.13). The proof
can be found in [15, 3.18].
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1.17. Lemma. Let u € WHP(Q) be a supersolution and v € WHP(Q) a
subsolution of (1.13) in Q. If min(u — v,0) € WyP(Q), then u > v in Q.

The latter part of this section deals with the notion of viscosity solutions
introduced by Crandall and Lions in [9]. We first give the necessary definitions
and discuss the properties of viscosity solutions in a quite general situation, and
then conclude the section by showing that weak solutions of the Euler equation
(1.13) are solutions in the viscosity sense as well. A standard reference to the
general theory of viscosity solutions is [8], see also [5], [7] and [16].

We begin with the definition of viscosity solutions. Assume that G:  x R x
R™ x S, — R is a continuous mapping satisfying

(1.18) G(z,n{ X) < G(a,nEY),

whenever z € Q, 7 € R, £ € R® and X,Y € S, are such that Y < X, that is,
(X =Y)n-n>0 for all n € R™. Recall that a function u: E — RU {co}, defined
on a set E C R™, is lower semicontinuous if the set {z € E: u(z) > A} is open
for every A € R, or, equivalently, if

hzn_glfu (y) = u(z)

for all z € E. A function u: F — RU {—00} is upper semicontinuous if —u is
lower semicontinuous.

1.19. Definition. An upper semicontinuous function uz: Q@ — R is a viscos-
ity subsolution of the equation (G =0 in Q if

(1.20) G(z, (), Vo(z), D*p(x)) < 0,

whenever z € Q and ¢ € C?(Q) are such that u(z) = ¢(z) and u(y) < ©(y)
for all y € Q. Similarly, a lower semicontinuous function u: 2 — R is a wiscosity
supersolulion of G =0 in Q if

(1.21) C(mvW(m))v‘f°($)>D2‘P($)) >0,

whenever z € Q and ¢ € C%(Q) are such that u(z) = ¢(z) and u(y) > ()
for all y € Q. Finally, a continuous {unction u:  — R is a viscosity solution of
G =0 if it is both a viscosity subsolution and a viscosity supersolution.

Note that the assumption (1.18) guarantees that classical solutions of the
equation G = 0 are viscosity solutions. Indeed, if v € C?() is a classical
solution of G =0, z € Q and ¢ € C*(N) are such that u(z) = ¢(z) and u(y) >
w(y) for all y € Q, then by calculus Vu(z) = Vip(z) and D?*u(z) > D?p(z).
Cowmbining this with (1.18) shows that u is a viscosity supersolution, and by a
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similar argument we see that it is also a viscosity subsolution. On the other hand,
if u is a viscosity solution of G = 0 and we a priori know that u € C?%(5),
then w is a solution in the classical sense. This is a trivial consequence of the
fact that in this case u itself will do as a test function. It is also evident that it
suffices to test the validity of (1.21) by functions ¢ € C? satisfying u(z) = ¢(z)
and u(y) > ¢(y) for all y # z. This fact can be seen by replacing an arbitrary
test function ¢ by a function ¢ — ely —z|* for € > 0. An analogous remark
holds for subsolutions. As a last observation concerning the definition, we note
that since (1.20) and (1.21) involve derivatives of ¢ only at the point z, all the
global assumptions about the test functions can be replaced by local ones. In the
supersolution case this means that we could as well require (1.21) to be true for
all p € C?(U) satisfying u(z) = ¢(z) and u(y) > p(y) for all y € U, where U is
some neighborhood of z, not necessarily the same for every test function ¢.

The next lemma gives an equivalent definition for viscosity solutions that will
be used in the formulation of the maximum principle for semicontinuous functions
in Section 4. We use the following notation:

D2*u(e) = {(g,X) € B x S uly) <ule) +a- (y—2) + 3 X(y—2) - (- 2)
oly—af) asy-a)

and

D u(e) = {(9.X) € B x 5,: u(y) Zu@) + - (v - 2) + 3 X(y - 2) (v~ 2)
+o(ly—z®) asy—az}.

1.22. Lemma. An upper semicontinuous function u: Q — R is a viscosity
subsolution of G = 0 if and only if G(z,u(z),q,X) < 0 for all z € Q and
(¢, X) € D¥tu(z). Similarly, a lower semicontinuous function u: Q@ — R is a
viscosity supersolution of G = 0 if and only if G(z,u(x),q,X) >0 for all z € Q
and (¢, X) € D>~ u(z).

Proof. We prove only the supersolution case. Assume first that (1.21) holds
and that (g, X) € D>~ u(z). Define

on(y) = u(@) +a- (y—2) + 53X (y=2) (y—2) ~ Iy~ af

for k =1,2,.... Then ¢ € C%(9), gok( ) = u(z) and @r(y) < u(y) in some
neighborhood of z, and so G(z,u(z),q, X — (2/k)I) > 0. Letting & — co and
using the continuity of G, we obtain G(w u(z),q,X) >0

For the other direction, welet z € Q and ¢ € CZ(Q) such that u(z) = ¢(z)
and u(y) > ¢(y) for all y € Q. By Taylor’s theorem,

u(y) 2 p(y) = 9(a) + Vele) - (v 2) + 3 D%(@)y — 7) - (v — ) + olly ~ al?),
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which shows that (Ve (z), D?p(z)) € D>~ u(z). This implies that
G(z, p(2), Vip(x), D?¢(z)) 2 0,

as desired. [

1.23. Remark. It is in fact possible to prove a better result than the one
formulated above. Namely, it can be shown that for every pair (g, X) € D**tu(x)
there exists ¢ € C?(Q) such that u(z) = ¢(z), u(y) < ¢(y) for all y € Q and
(g, X) = (Vo(z), D%p(z)) . For the proof, see [16, Prop. 1].

We now consider the equation
(1.24) —diy (F(m,Vv(x))(p—z)/2V§F(a:, vU(x))) = f(z,0(z)),
where f: Q2 x R — R is continuous and for some constants a,b > 0 satisfies
|f (2, u)| < a+ blufP

for all z € 2 and v € R. We say that a function u € Wlf,é”(ﬂ) is a weak solution
of (1.24) in Q if

/ F(z, Vu)(p‘Q)/Qng(:c, Vu) - Vpdr = / flz,u)pdz
Q Q

for all ¢ € C°(Q). Correspondingly, a function u € Wllo’f(ﬂ) is a weak superso-
lution of (1.24) in Q if

/QF(m,Vu)(p_Q)/zng(x,Vu)-Vgoda:z/gf(a:,u)g)da:

for all nonnegative ¢ ¢ C*(2). We are especially interested iu two particular
choices for f. If f(z,u) = AlulP"2u, X\ € R, then (1.24) can be viewed as a
nonlinear eigenvalue problem which will be studied more closely in Section 6. The
second case we have in mind is simply f(z,u) = f(z). Taking f = 0 we recover
(1.13), while some other choices of f turn out to be useful in the uniqueness proof
of Section 4.

Most of the results mentioned earlier in the homogeneous case can be quite
easily extended for equation (1.24) in the case f(z,u) = f(z). If 9 € WiP(Q),
there exists a unique weak solution u of (1.24) in © such that u— 9 € W, ?(Q).
This can be seen by first showing that weak solutions of (1.24) are exactly (local)
minimizers of the functional

jf R, Vo(e)P? - & f(z)o(z) o
Q
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and then proving the existence of a minimizer by using the direct methods in
the calculus of variations. The uniqueness follows from the comparison principle,
which can be obtained in the same way as for (1.13).

Our aim here is to prove that if F(z,£) satisfies certain regularity assump-
tions, then every weak solution of (1.24) is also a viscosity solution of the same
equation. After expansion, (1.24) reads

- <1i;—2> F(z, Vv(x))(p—4)/2V(F(a:,V’v(:c))) -VeF(z, Vu(z))

(1.25) —F(z, Vo(z))®™? /228%6{] z,Vo(z)) = f(z,v(z)),

where V(F(z,Vv(z))) is the gradient of the mapping z — F(z, Vu(z)), that is,
V(F(z,Vv(z))) = VoF(z, Vv(z)) + D*v(z) Ve F(z, Vo(z)).

We assume that (1.25) is pointwise well-defined and continuous in 2. To be more
precise, we require that the following conditions are satisfied:

(1.26) the mapping (z,£) — V¢F(z,€) is continuous,
the mapping x — F(z,¢) is differentiable for all £ € R®

1.2
(1.27) and (z,€) — V,F(z,£) is continuous,
and
for every 7 = 1,...,n the second order partial derivative
(1.28) 0*F

—(z, &) exists and is continuous.

axjafy

1.29. Theorem. Suppose that u € W, ’p(Q) is a weak supersolution of
(1.24). Then u is also a viscosity supersolution of (1.24).

Proof. We argue by contradiction and assume that there exists z¢ € 2 and
@ € C%(Q) such that u(zg) = p(z0), u(z) > ¢(z) for all = # zo, and that
(1.30) —div (F(xo, ch(xo))(p_z)NVgF(a:o, V(p(xo))> < f(zmo, u(z0)).
By continuity, there exists a radius 7 > 0 such that if |z — zo| < 7, then (1.30)
holds with zg replaced by z. Let
m= inf (u(z)- p(z))>0

jz—zo|=7
and define ¢ = w4+ m/2. Then ¢ is a classical subsolution of
—div (F(a:, Vv(x))(p_2)/2V§F(:c,Vv(x))) = f(z,u(z))
in the open set B(zo,7), ¢ < u on 8B(zo,r) and @(zo) > u(zo). This contradicts
the comparison principle and the theorem follows. [J

The analogous result for subsolutions easily follows by a similar reasoning.



16 Petri Juutinen

1.31. Theorem. Suppose that u € T/Vli’f(Q) is a weak subsolution of (1.24).
Then u is also a viscosity subsolution of (1.24).

Combining Theorems 1.15, 1.29 and 1.31, we obtain the following corollary.

1.32. Corollary. Suppose that u € WLP(Q) is a solution to the obstacle
problem in /Cg’ﬁ(Q) with a continuous obstacle ¥ . Then u is a viscosity supersolu-
tion of (1.13) in Q and a viscosity solution in the open set {z € Q: u(z) > ¢(z)}.

2. Minimization problems in L*

In this section we discuss the obstacle problem in L*° and generalize the
notion of absolute miniruizers to our situation. We prove the existence of a solution
to the obstacle problem with Lipschitz-boundary values by following the arguments
in [4]. The idea of the proof is to consider our minimization problem in L* as a
limit of analogous LP-problems. This method provides us also with the Harnack
inequality for nonnegative solutions obtained by this limiting process.

Assume, as always, that © is a bounded open subset of R*, n > 2. Let
F: QxR™ — R be as in Section 1, that is , we assume that F' satisfies (1.1)—(1.4)

for some constants 0 < & < 8 < co. We define F-absolute minimizers as follows.

2.1. Definition. A function u € W’lﬁ’coo (Q) is an F'-absolute minimizerin
if
|1F(z, Vu(@)lloo,0 < 1F(2, V() lloc,D,
whenever D @ 2 is open and v € W (D) is such that u — v € Cy(D) -

The obstacle problem now extends to the case p = co in an obvious way.
Suppose that ¥ € W1°(Q) and let ¢: @ — [—o0, 00] be an arbitrary function.
We define

pa(@)={ve WhH®(Q): v>1 ae in Q, v—9 € Co(Q) },

and say that a function u € Ki45(S2) is a solution to the obstacle problem in
Koy () if

1F (2, Vu(@))|loo,00 < |F7(2, Vu(2))lleo,D,
whenever D C 2 is open and v € K3 (D).

Y

2.2. Remark. In the above definitions we did not use the boundary condi-
tion u — 9 € Wy*(Q) since it would imply that u — ¢ € C1(Q), which we do
not want. The condition u ~ 1 € Co(2) in turn arises naturally if we look at our
problem as a limit problem and recall the fact that W '?(Q) = W1?(Q) N Co(R)
for p > n, see [15, 4.5, 2.11].

In the question of the existence of a solution to the obstacle problem there is
a complete analogy to the case p < co.
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2.3. Theorem. If K4(02) # 0, there exists a solution to the obstacle
problem in K3°5(Q) . In particular, for every ¥ € Wheo(Q) there is an F -absolute
minimizer u € WhH®(Q) such that u—9 € Co(9).

We will in fact prove a somewhat more general result than is necessary for
obtaining the theorem above. This is because we want to emphasize the natural
connection to variational problems in L?; see the discussion at the end of this
section.

Let F: @ xR® - R, 1 < p < oo, be a family of mappings satisfying
(1.1) — (1.4) for some constants 0 < o, < B, < 00, and assume that F, — F
uniformly as p — oo in the following sense: for every € > 0 there is pe < oo such
that

(2'4) IFp(mig) - F(Q?,f)l < €|£|2

for a.e. z € Q and for all £ € R, whenever p > p.. Note that by (2.4), we may
assume that (ap, Bp) - (@, 8) as p — oco. Since KP4(2) # 0 and Q is bounded,
it follows that Kﬁ’ﬁ(Q) # () for every p < oo, and hence there exists a unique
solution u, € W'P(Q) to the obstacle problem in K}, ,(R2), associated with the
kernel F,. We now have the following proposition which clearly implies Theorem
2.3.

2.5. Proposition. There exists an increasing sequence p; /' oo and a
function w € WH*(Q) such that up;, — u uniformly in Q and w is a solution to
the obstacle problem in K3 ().

Proof. Since K3(R2) # 0, we may assume without loss of generality that
d € Ko (©). By Holder’s inequality and the minimization property of u,’s, we

have that
2/m 2/p
(][ Fp(z, Vuy)™? dm) < (][ Fp(z, Vuy)?/? dx)
Q Q

S N Fp(2; VO)lloo,02
for p > m, where n < m < co is chosen so that
max {|a, — al, |G — ,8|} < min{—g—, 1}.
Since Fp(x,&) satisfies (1.2), this implies that
IVtpllm,a < Cle, AIVSlleo,lU™,

that is, the family {u,}p>m is uniformly bounded in W™ (§2). Thus there exists
a sequence p; " oo and a function ue € WH™(Q) such that

Up; = Uoo weakly in W1™(1Q).
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Next we use the assumption (2.4) and the calculations above to obtain
IF(z, Vup; ) lm/2,0 < I1F(z, Vuy,) — Fp, (z, Vup,»)”m/z,s’z + || Fp; (2, Vup)lmy2,0
<ellVup Il + 15, (2 V9w n 1™
<0(e) + IF (2, V9)lleo 2 12/

for € > 0 and p; > p.. Define

I fll7ym = ( /Q F(z, f(z))™? d:c) o

for f € L™(Q;R*). By [15, 523], || ||lF,m is @ norm in L™(Q;R"), equiva-
lent to the usual L™- norm, and thus Vu,, —+ Vus weakly also in the space
(L™(;R™); || - || 7m). This combined with the above calculations and the weak
lower seruicontinuity of norms gives

(2.6) (7[9 F(z, Vue)™? d;z:) o < ||1F(z, VO %.

Now notice that since the sequence (up,)p, >, is bounded in WH4(Q), m < ¢ < oo,
we have that u,, —* ue weakly in Whe(Q) for every finite g. We conclude that
(2.6) holds for any ¢ < co, and hence

l/q
1/2 v q \
||F(:U,Vuoo)|]N<Q = qlifgo (J[QF(:B,Vum)‘/Z dar)

< |F(z, Vo)L,

Note that since 9 € IC;%(Q), we have by the comparison principle and Lemma
1.16 that

inf ¢ < up, < sup? + |90,

Q Q

lemma, see [11, p.143), u,, ~9 € C**~"/™(Q), and, in particular, (u,) is equicon-
tinuous in 2. Hence, using Ascoli’s theorem, we may assume that up;, — Um
uniformly in Q.

Now let D C § be an open set and suppose that v € W1°(D) is such
that uee — v € Co(D). Let v,, € WHPi(D) be the unique solution to the obsta-
cle problem in Kﬁjm(D), corresponding to the kernel Fj,,. Repeating the above
reasoning, we find a subsequence of (p;), denoted again by (p;), and a function
Voo € W (D) such that vy, —+ voo uniformly in D and

|1F (2, Vveo)lleo,p < IF (2, V) |lo,D-
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By Lemma 1.16,
lluce = Voolloo, D < [|thoo = tp; lloo,D + l[Up; = Vp; lloo, D + [[Up; = Voo lco,D
< oo = tp; llo, 0 + lltp; — oo llos,6p + l|vp; = Veollos, D,
which implies that uo = ¥ in D, and, in particular, that
|1F (2, Vi) lloo,0 < [|F(z, V) loo,D-

This shows that ue, is a solution to the obstacle problem in K3°,(£2), and the
proposition is thereby proved. [

Following the terminology in [4], we from now on call the solutions obtained
by the above limiting process variational solutions to the obstacle problem and
variational F -absolute minimizers, respectively. Jensen has proved in [17] that if
F(z,8) = ¢ ]2, then every F-absolute minimizer is variational. Unfortunately, we
have not so far been able to prove this for a general kernel F(z,¢§).

We next establish the Harnack inequality for nonnegative variational solutions
to the obstacle problem in K3, (€2). Theorem 2.7 below was first obtained in the
case ¢ = —oo and F(z,&) = [¢|* by Lindqvist and Manfredi in [21], see also [10]
and [22].

2.7. Theorem. Suppose that u € WH*®(B(zo, R)) is a nonnegative vari-
ational solution to the obstacle problem in K3°y(B(zo,R)). If 0 <7 < R and
z,y € B(zo,7), then

lz—yl

u(z) < CIFT u(y).

Proof. Denote B = B(zo, R) and assume first that © > € > 0 in B. Let
p; /oo and u; € W'Pi(B) be the unique solution to the obstacle problem
in ICZJ; ¢(B), corresponding to the kernel Fj, such that (u;) is converging to u
both uniformly in B and weakly in WH™(B) for every m < oo. Then for j
large enough, we have that u; > £/2 > 0 in B, and thus logu; € WPi(B).
Furthermore,
logu; — logu weakly in W™ (B)

for all m < 0.

Recall now that u; is a weak supersolution of the Euler equation (1.13) in
B. Let ¢ € C°(B) be a nonnegative cut-off function satisfying ( = 1 in B(zo, )
and ||V(¢||e,8 < 2/(R—7), and denote n = (Piu;'"Pi € W(Jl’pj(B). Using 7 as a
test function in the weak formulation of (1.13), we obtain

Y21 p;—2
(pj — 1)/ <~€—> Fp, (z, Vuj)%VEij (z,Vu;) - Vu,; dz
B

Uy
(2.8) -
< Dj ‘/B (-—) ij (:E, VUj)_JLT_Vngj ($, VUj) . VC dzx.

Uy
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Since
Fp(z,8)- €2 ﬁpF (z,¢)
D
and 40
Ve Fy(x,€)] < —LFpla,6)Y*
D

by (1.2), (1.5) and (1.8), we have by (2.8) and Holder’s inequality that

| ij(m,Vuj)l/z ;
( 1) IBJ / (C Usj %

N1/2\ Pi~1

\/_ Uj

- ’ (p;=1)/p; )

; F,.(z, Vu; 12\ ¥ ) 1/p;

< pjﬂ / C__zz.(_“’__ﬁi_ dz (/ [V¢P da:) )
V& \JB Uj B

This in turn implies that

3

1/p; 1/p;
([ (Fuslevu)?\” o ([ om V
T m ) ) Sntigym LT )

and hence

1/p; 243.\ 2 1/p;
w0 () s (2 (2 ([ree)”

Next fix m > n. Using (2.9), we have for p; > m that

1/m 1/pj
<~/ [V iogu,|™ das> < <][ [¢V log u;|™ d~¢>
B B

Since (logu; converges weakly to (logu in WL™(B), we conclude by the weak
lower semicontinuity of norms that

1/m 2
(7[ |¢V log u|™ dx) < <%3> IV¢llo, -
B o
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Letting m — oo then gives

2
IV 0g e < (2] 19

In particular, since {( =1 in B(zg,7) and |V(| < 2/(R—7) in B, we obtain the
estimate

852
2.1 \vat zor) < .
( 0) H OguHoo,B( 0,7) = 012(R — 7‘)

Now let =,y € B(zq,7). By (2.10),

832
a?2(R-r)
from which we obtain by exponentiating that

logu(z) —log u(y) < lz —yl,

(2.11) u(z) < SR TRy (y).

This proves the theorem in the case u > ¢ > 0. If we only have that u is
nonnegative, we obtain (2.11) for u + ¢, which is evidently a variational solution
to the obstacle problem in K3, _ 5, .(B). The assertion now follows by letting
e—0. O

We finish this section by considering an example that motivates the condition
(2.4). Let f: 2 — R™ be an L-bilipschitz mapping, that is,
1
Tle =yl <If(@) = fly)l < Llz — gl

for all z,y € Q. Then obviously f is injective, and also f~! is a bilipschitz
mapping with the same constant L. Furthermore, by Rademacher’s theorem, f
and f~! are differentiable a.e. and

1
7 SIf@)l =L
for a.e. = € 2. This implies the double inequality
1
(2.12) 7w S Ws(e) = L7
for a.e. x € , where J¢(z) = det f’(z) is the Jacobian determinant.
For completeness, we first recall an analogous result for p < co. We assume
that the kernel F(z,£) is defined everywhere in R™ x R™, and define the pull-back
of F under f to be

F#PF(2,6) = |5 @) F(f(2), £'(2)78),
whenever z € § is such that f is differentiable at z, and
f#PF(z,€) = F(z,£)
otherwise. Note that f#PF satisfies (1.1) — (1.4) with constants L=2~?"/?q and
L2+27/3 where o and (3 are the corresponding constants for F.



22 Petri Juutinen

2.13. Lemma. Suppose that u € ngf(ﬁ’) is an (F,p) -extremal in Q' and
that f: Q — R™ is a L -bilipschitz mapping. Then uo f € W'lt’f(f_l(ﬂl)) s an
(f*PF,p)-extremal in f=3(Q').

Proof. Denote v = uo f and fix an open set D € f~1(Q'). Then Vu(z) =
f'(z)*Vu(f(z)) a.e. in D, and we obtain by the integral transformation formula
for bilipschitz mappings, see [11, p.99], that

p/2

/ (F#2F(z, Vo(z)))"'? dx=/ (173 @) PR (£(@), (/@) Vo@)” do
D D

= z). Vu(f(z)))/? z)|dz
(2.14) - /D F(f(z), Vu(f ()15 (z)|d

- / F(y, Vu(y)"/ dy.
(D)

If w € WHP(D) is such that v — w € WyP(D), then the function ¢ = wo f~?
is in WbhP(f(D)) and u — ¢ € W;P(f(D)). Furthermore, repeating the above
reasoning, we have that

/ (F#7F (2, V(@) do = / F(y, Vé(y))""* dy.
D F(D)

Combining this with (2.14) and the assumption that u is an (F,p)-extremal
proves the lemma. [J

For the case p = co we define

fAF(2,6) = F(f(z), f(2)""9),
whenever z € ) is such that f is differentiable at z, and
J#OF(2,8) = F(x,§)

otherwise. Again the assumptions (1.1) — (1.4) are satisfied, this time with con-
stants L™ 2o and L33.

2.15. Lemma. Suppose that u € W,°(€) is an F -absolute minimizer in

Q' and that f: Q - R"® is a L -bilipschitz mapping. Then uof € WlL’fo (F7H())
is an f#°°F -absolute minimizer in f~1(Q).

Proof. Since f: f~1(Q') — @' N f(2) is one-to-one and we have the a.e.

pointwise equality V (vo f)(z) = f'(z)"Vu(f(z)) for all v € W2(Q' N £(Q)),
the lemma follows immediately. [J
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Note that

—1%*

|f#°F(z,€) — fAPF(x,€)| < |1 |J; () PIIF(f(2), ') &)

2
< 12pJ1 - ()7 llé]
for a.e. z € R® and for all £ € R™, and thus, using (2.12), we see that the

condition (2.4) is valid for f#°°F and f#*PF. Roughly speaking, the above
discussion means that the diagram

Dp—C0

(f#PF,p) —— (f#**F,o0)
fl lf
(F,p) = (F,o0)

commutes as one can expect.

3. Euler equations

In the classical calculus of variations, many important features of the minimiz-
ers are obtained by investigating the properties of the Euler equation associated
with the minimization problem. If p < co, then the weak formulation of the Euler
equation of the problem

min {/ F(z,Vu)P/?de : v-9d¢ Wol’p(Q)}
Q
is derived by taking the derivative of the function
t / F(z,V(u+tp))??de,
o

where u is a minimizer and ¢ € C°(Q), at the point ¢ = 0. For p = co this
approach does not work, and we have to find another way to determine the Euler
equation. As indicated in [4] and [17], the right answer is to take a formal limit
of the Euler equations of the corresponding LP-problems and then use the notion
of viscosity solutions. In order to do this successfully, we assume that F(z,¢)
satisfies the following conditions introduced already in Section 1:

(3.1) the mapping (z,&) — V¢ F(z,€) is continuous,

the mapping z — F(z,£) is differentiable for all £ € R

3.2
(32) and (z,&) — V, F(z,£) is continuous,
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and

for every j = 1,...,n the second order partial derivative
(3.3) 9%°F
m(w,ﬁ ) e

xists and is continuous.

These conditions guarantee that the equations appearing below are pointwise well-
defined and continuous.

The next theorem is the main result of this section. For simplicity, we consider
only the case F, = F for all n < p < co. In the general case one easily obtains a
similar result by assuming that the occurring derivatives of F,(z, &) are converging
to the derivatives of F(z,¢).

3.4. Theorem. If u € WH®°(Q) is a variational solution to the obstacle
problem in K (), then it is a viscosity supersolution of

(3.5) — Ao, ul@) =0

in Q, where —Ao,ru(z) = =V (F(z,Vu(z))) - VeF(z,Vu(z)). Furthermore, if
P: Q — [—00,00) is continuous, then u is a viscosity solution of (3.5) in the open
set {x CQ: u(z) > ¢Y(z)}.

Proof. Let p; /" oo and u; € W1Pi(Q) be the unique solution to the obstacle
problem in lCzj’ﬁ(Q) such that u; — v uniformly in §2, see the proof of Proposition
2.5. Fix a poinl zo € Q and a function ¢ & C?(2) such that u(zo) = ¢(zo) and
u(z) > p(z) for all z € Q\ {zo}. We want to show that

(3.6) ~Deo,r (o) > 0.
Let R > 0 be such that B = B(zo,R) € 2, and note that

TSlyi—nzfolgR(u(y) —¢(y) >0

for 0 <7 < R. Since u; — u uniformly, there exists an index j, such that

re (W) = () > uj(zo) — o(zo)
for all j > j,. In particular, if we choose a point a; such that the function u; — ¢
attains its minimum in B at z;, then z; € B(zg,r) for all j > j,. By letting
r — 0, we see that z; = ¢ as 7 — oo.

Next we recall that by Theorems 1.11 and 1.29, u; is a viscosity supersolution
of (1.13) in 2. This implies that
(3.7)

L — 2 p;—4 pj—2
- <pﬂ 5 > F(2;,V9) T Aeorplz;) — Flz;, Vo) 7 div(VeF(z;, Vi) > 0
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for all j large enough. If Vo (zo) = 0, then by (1.5) also V¢F(zg, Vp(zg)) =0,
and hence (3.6) is satisfied. Thus we may assume that |Vy(zo)| > v > 0, which
implies that |Vo(z;)| > /2 for all sufficiently large 5. In particular, by (1.2),
|F(z;, Vo(z;))| is bounded away from zero for j large enough, and thus we may

divide in (3.7) by (EZL2> F(z;, Vo(z;)) P ~/%  This leaves us with

Apo(zy) > 2F (z;, Vw(a:j))j::(nng(xj, Vo(e;)) |

Since ¢ € C?(Q?) and z; — g, the numerator
2F (5, Vip(zs))div(Ve F(z5, Vo(z4)))

is bounded independently of j, and hence the quotient on the right-hand side of
the above inequality is converging to 0 as j —+ co. We conclude that (3.6) holds,
and the first assertion is thereby proved.

In order to prove the second assertion, it suffices to show that u is a viscosity
subsolution of (3.5) in B for every ball B @ {z € Q: u(z) > ¥(z)}. Such a ball
B being fixed, we note that since u; —+ v uniformly, u; > ¢ in B for j large
enough. Hence by Theorems 1.15 and 1.31, u; is a viscosity subsolution of (1.13)
in B, and we obtain the second assertion by repeating the arguments used in the
supersolution case. [

Another way of stating Theorem 3.4 in the case of a continuous obstacle is to
say that a variational solution to the obstacle problem in iC;if,ﬁ(Q) is a viscosity
solution of

min {u(z) — ¥(z), - A, ru(z)} =0

in 2 with boundary values ¥. Hence, if 9 = —co, we immediately obtain the
following corollary.

3.8. Corollary. If u € Wh*®(Q) is a variational F -absolute minimizer,
then u 1is a viscosity solution of (3.5) in Q.

In the case F(z,£) = 6(z)¢ - €, the assumptions (3.1) — (3.3) are satisfied if
6 € C*(Q), and the Euler equation then takes the form

-V (6(z)Vu- Vu) -(z)Vu = 0.

Expanding this gives

—D*u(8(z)Vu) - 6(z)Vu — %ve (6(z)Vu - Vu) - 6(z)Vu =0,
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where Vg(6(z)Vu-Vu) is a vector in R* with

o9

ga(x)Vu(x) - Vu(z)
as its it®* component. In particular, if §(z) = I for all = € 2, the Euler equation
reduces to the oo-Laplacian

—Agu(z) = —D?u(z)Vu(z) - Vu(z).

The viscosity solutions of the co-Laplacian are often called oco-harmonic func-
tions and they have a geometric interpretation as absolutely minimizing Lipschitz
extensions, see [1], [17). Jensen [17] proved that in the case F(z,¢) = |¢|* every
F'-absolute minimizer is a viscosity solution of the Euler equation. We do not
know whether this is true or not for a general kernel F(z, &), but we still call (3.5)
the Euler equation of our minimization problem.

In the remainder of this section, we discuss properties of the following auxiliary
equations introduced by Jensen in [17]:

(3.9) min {F (z, Vu(e)) = f(2)?, ~Aco,r u(z) } =0

(3.10) max { f(z)? = F(z, Vu(z)), ~Aco,F u(z)} =0

Here, f € C(2) N L™() is a positive and real-valued function. These equations
play a crucial role in the next section, where we prove the comparison principle
for viscosity solutions of (3.5). Note that a solution of (3.5) is a subsolution of
(3.9) and a supersolution of (3.10). Furthermore, a solution of (3.9) is always a
supersolution of (3.5), and, correspondingly, a solution of (3.10) is a subsolution
of (3.5). Yet the most important feature of each of these equations is that the
gradient of a solution is at least formally nonvanishing.

3.11. Theorem. For each ¥ € WH™(Q) there exist viscosity solutions T
and w of (3.9) and (3.10), respectively, such that Ti—19,11—19 € WH®(Q)NCy() .

Proof. We first consider equation (3.9). Let p > n and let @, € WP(Q) be
the imique weak solution of

(3.12) ~div (F(:c,Vv)(p"z)/zng(x,Vv)) = ]1) Flz)P™?
in © with boundary values ¥. Then %, is a minimizer of the functional

/ F(z, Vo) *dz — 1/ fPrlude,  v—9 € WH(Q),
Q 2 Ja
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Arguing as in the proof of Proposition 2.5, we obtain the estimate
1/m 1 1 1/p
19 (£ vards) <L [#PIVORL 0+ SR - Bles
for p > m > n. Since by the Sobolev embedding
9 = Upllco,2 < CIV( = Tp)llm, 0,

(3.13) implies that
VB2 < C(R, 0, 8,m,m, 1) (14 9900+ VT 127)

for all p > m. Hence {@p}p>m is bounded in W™ (Q), and we can use the same
kind of reasoning as in the proof of Proposition 2.5 to conclude that there exists
a sequence p; /' oo and a function T € W1*°(Q) such that Up, — T uniformly
in Q and weakly in Wh™(Q) for all finite m. We prove that this limit function
T is the desired solution of (3.9).

We begin by showing that % is a subsolution. Let ¢ € Q and ¢ € C?(Q) be
such that u(zo) = ¢(zo) and u(z) < ¢(z) for all ¢ # zo. We want to show that

(3.14) min { F(z0, Veo(20)) — f(20)?, = DBoo,r ¢(20) } < 0.
As in the proof of Theorem 3.4, we find a sequence z; — zo such that z; is a local

maximum point of %, — ¢. Since by Theorem 1.31 Uy, is a viscosity subsolution
of (3.12), we have that

2 it
- (252 P, V(o)) A o)
(3.15) byos . .
—F (x5, V(a;)) 7 div(VeF (zj, Velz;))) < ;f(xj)pj
j
for every j =1,2,.... If Vp(zq) = 0, we see, using (1.2), that (3.14) is clearly

satisfied. Hence we may assume that |V(z;)| > v > 0 for some constant v and
for all j large enough. Dividing in (3.15) by <&2:3) F(xj,th(mj))(pj_4)/2 £0,

we obtain
(3.16)

pz-——4

2F (25, V) div(Ve F(z;, Vo)) N 27 (z;)* Flz;)’ ?
P —2 pi(p; —2) \ F(z;, V)

"‘Aoo,F ‘10(1:]) <
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If F(il,‘o, V(p(mo)) - f(.’l?o)z > 0, then

9 (ps—4)/2
flz;)
(F(%', V@(»’Cj))) =0

as j — oo, and thus —Au r@(zo) < 0. This proves that (3.14) always holds,
and hence T is a subsolution of (3.9).

To prove that = is a supersolution, we again fix a point 2o € Q and a test
function ¢ € C?(Q) such that @(zo) = ¢(xo) and w(z) > ¢(z) for all = # zo.
Our aim is to show that

(3.17) min { F(zo, Vé(xo)) — f(20)%, —Doo,rd(z0)} > 0.

As before, we find a sequence z; — 2o such that z; is a local minimum point of
Up, — ¢, and then, using Theorem 1.29, we have that

—4

_ <Pf - 2) F(2;,V6(2;)) T Do r(a;)

(3.18) L, 1
Pize . o
—F(z;,Ve(x;)) 2 dlv(VCF(xj,Vqﬁ(xj))) > ;f(xj)pj L
j
If F(z;,Vé(z;)) = 0, then the left-hand side of (3.18) is equal to 0, which is
impossible by the positivity of f. Hence we may divide both sides in (3.18) by

(&-_:z) F(z;,V(x;)) /% 1o obtain

2
(3.19) -
~ | 2F(z;,V)div(VeF (25, V)  2f(e,)° [ flz)® i
Aoo,F(z)(:E]) Z p; — 9 + pj(pj — 2) F(xj, V¢))

If we had f(zy)? > F(zy, Vé(xy)), then (3.19) would imply by the assumed
continuity that —Ag p¢p(xe) > o, which is clearly a contradiction. Therefore
F(zq,Vé(za)) — f(za)? > 0, and we also have by (3.19) that —Ae, rd(mg) > 0.
This proves that @ is a supersolution of (3.9), and thus completes the proof of
our assertion concerning equation (3.9).

For equation (3.10), we simply note that if v is a viscosity solution of (3.9),
then by (1.4) and (1.7) —wv is a solution of (3.10). O

3.20. Remark. In the above proof it is not essential that we have precisely
% f(z)P~! on the right-hand side of (3.12). Indeed, the same arguments can be
used to show that equation (3.9) is satisfied by any limit function ve, of the family
{vp} of solutions to the equation

—div (F(:c, V)PV F(z, va)> = f(a),
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where f, € C(Q) N L*(Q) are positive and satisfy f, — f uniformly as p — co.

For the next lemma, we assume that F(z,&) satisfies the following strong
monotonicity condition: There exists a constant ¢ > 0 and a number py < oo
such that

(3.21) (F(z,&) 7 VeF(z,6)—F(z,6)"T VeF(z,6))- (& — &) > oP|& — &fF

forall z € Q, &,8 € R* and p > po.

3.22. Lemma. For each 9 € WhH™(Q) there exist viscosity solutions U and
u of (3.9) and (3.10), respectively, with boundary values ¥ for which

0 <a(z) - y(z) < lelloo,Qdist(m: o9)
o
forall z € Q.

Proof. By Theorem 3.11, we can construct a solution @ of (3.9) as a limit of
weak solutions %, of (3.12) with boundary values ¢. Furthermore, by the last
remark in the proof of Theorem 3.11, u can be obtained as a limit function of
a subsequence of (gpj), denoted again by (gpj), where u,, is the unique weak
solution of

(3.23) ~div (F(z, V) ® = *VeF(z, V) ) = - ;1» fla)P
J

with boundary values ¢. Note that since up; is a weak supersolution and u,. a
weak subsolution of (1.13), we have by the comparison principle that ,; > Up,

and thus @ > u in Q. On the other hand, using up; ~u, € WO1 Pi(Q) as a
test function in the weak formulations of (3.12) and (3.23) and subtracting the
resulting equations, we obtain by applying (3.21) and the Poincaré inequality (
see 14, 7.44] ) that

2
][QfVﬂpj - V@pjipj dr < pjapj]{zfpj—l(ﬂpj - Qp,-) dz
<

2 ' (pi—1)/p; 1/p;
= piobs (][ |f1P dx> (][ [Tp; = Uy, [ da:)
- Q 1/n 1/p;
< 2 (27 (L vm, - va,pe)

where w, is the volume of the unit ball in R™. This implies that

1/q 1/p;
<7[Q \Va,, ~ Vgpj|qu> < <][Q [V, — Vu, |P? dm)

1/(p;—1)
< (M) G—pj/(pj—l)Hf”oo’Q,
pj
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whenever p; > ¢, and hence we have by the weak lower semicontinuity of norms

that
1/q 1
(J[ |VE — vmw) < =lfllee,e
Q o

for any ¢ < co. Consequently,

198~ Vo < 2l flloos

which clearly implies the claim because @ —u € Cp(2). O

4. The comparison principle and uniqueness

In this section, we prove the comparison principle for the viscosity solutions
of (3.5), and consequently obtain that the Dirichlet problem

—Aw,pv(z) =0 inQ
{ v=g on 692

has a unique viscosity solution for every g € C(92). The idea of the proof is to
show first that the comparison principle is true for equations (3.9) and (3.10),
and then, by the results obtained at the end of Section 3, to conclude that it is
indeed true also for equation (3.5). This indirect method is due to Jensen, who
in [17] proved the result in the case of the co-Laplacian. Our proof is a rather
straightforward generalization of Jensen’s proof, although we have simplified his
arguments by using the maximum principle for semicontinuous functions. In order
that the proof would work, we have to assume that the kernel F'(z, &) satisfies some
additional regularity conditions that will be specified later.
We begin by constructing “strict”supersolutions of (3.9).

4.1. Lemma. Suppose that w is a bounded viscosity supersolution of (3.9)
in Q. Then for every v > 0 there is a function @ such that ||w — W0, < 7
and W is a viscosity supersolution of

min {F(z, Vo(z)) — f(2)% D, po(z)} = pmin{1, f(z)*}

for some p= p(w,a,B,v)>0.

Proof. We look for the function % in a form @ = g(w), where g: R — R
is a smooth and increasing function such that g~! is also smooth. Let zg € 2
and suppose that ¢ € C?(2) is such that W(zg) = ¢(z) and w(z) > ¢(z) for
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€ Q. Then for ¢ = g7 1(p) we have that ¢ € C?(Q), w(zo) = ¢(x0) and
w(z) > ¢(z) for all z € Q, and hence

(4.2) min { F(z0, V(20)) — f(20)%, —Aoo,r $(z0)} > 0.

Therefore, since
Vo =g'(¢)V¢

and
D*p =g ($)D*¢ + " (¢)(Vo ® V),

we have, using (4.2) together with the homogeneity assumption, that
(4.3) F(zo, V(20)) = £(20)* 2 (¢'(9)" ~ 1) f(20)®
and
—Door 9(20) = — Vo F (20, Vo) - VeF (20, Vo)
~ D%p(20)VeF(z0, V) - Ve F(z0, Vo)
(4.4) = = ¢'(9)°Aco,r ¢(20)
—9'(6)*9"(¢)(V4 ® V§)V¢F(20,V4) - VeF (20, V9)
= = ¢ ()% Aco,r (o) — g'(¢)%9" () [Ve F (20, V) - vg)’.

Since w is bounded, we may assume without loss of generality that ||¢]|c,0 < Co
for some constant Cy > 0. For € > 0 we now define

- _ & g
9(t) = (L)t = g5t

if [t| < 2Cp, and then extend this function to an increasing function defined on the
whole real-line. Because ¢'(t) > 1+¢/2 and ¢"(t) = —5&; whenever [¢| < Co,
we infer from (4.3) that

(4.5) F(z0, V(o)) — f(20)® > € f(20)?
and from (4.2) and (4.4) that

£

2
~Bewr pl20) 2 5oV @)l 2 5 (5 ) Flan, Teleo))

(4.6) . E%a<%>2f(mo)4'
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Combining (4.5) and (4.6), we obtain
min { F(zo, Vip(20)) = £ (20)*, ~Deo,r p(x0)} 2 pmin{l, f(w0)*}

for some constant p = p(a,B,,Co) > 0. Since |g(t) —t| < %le for every
[t| < Co, w = g(w) has all the desired properties provided that we choose £ > 0

to be sufficiently small. O

Next we recall the mazimum principle for semicontinuous functions. We first
define the closures of the second order semidifferentials introduced in Section 1.

4.7. Definition. A pair (¢,X) € R* x S, belongs to 52’+u(z) if there
is a sequence (zj,g;,X;) € Q@ x R* x S, such that (gj,X;) € D>%u(z;) and
(z5,u(z;),q;, X;) = (z,u(z),q, X) as j -+ c0.

Correspondingly, a pair (s,Y) € R* xS, belongs to D> u(y) if there is a sequence
(yj,55,Y;) € @ xR™ x S, such that (s;,Y;) € D*~u(y;) and (y;,u(y;),s5,Y;) =
(y,u(y),s,Y) as j -+ co.

Note that if u is a viscosity subsolution of the equation G = 0, then by the
continuity of G we have that G(z,u(z),¢,X) <0 for all (¢,X) € §2’+u(m). An
analogous remark holds for supersolutions.

Theorem 4.8 below is a simplified version of the maximum principle for semi-

continuous functions. For the proof and further information concerning the result,
see [7], [8, §3] or [16, §2].

4.8. Theorem. Suppose that v and —v are real-valued and upper semicon-
tinuous i Q and that (z,,y,) € Q x Q is a local mazimum point of the function
u(z) = v(y) — (7/2)lz — y|* for 7> 0. Then there exist X, Y, € S, such that

(49) (7‘(.’137- - y'r),XT) € 1_)2’+'U'(m‘r),
(410) (7-(337' - y‘r); Y‘r) € 32:",1)(2/7)
and
I 0 X, 0 ) ( I -1
(4.11) —37(0 I) < ( 0 v, )= (r T ).

Note in particular that by (4.11)

~r ~ xr . X'r O
AT{'C—IT"]“’/:( n T)’\ll/é:\,(é ’7)
NS EVANY.

(4.12) g?n(_lf ’II) (i)-(& m)

= 3rfg -l

for all £,7 € R*, and hence, choosing ¢ = 7n, we see that X, < Y,. The next
simple lemma is also taken from [8, Prop. 3.7].
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4.13. Eemma. Suppose that v and —v are real-valued and upper semicon-
tinuous in §) and denote

.
M= swp (ue) = v(y) - Zlo—yf)
(z,y)€0xQ

for 7> 0. If (z,,y-) € Q x Q is such that

T 2
=Ty yTI

M: = u(z;) ~v(y-) — 2]

?

then
(i) limyoeo 7lzr —yel” =0;

(i) limrseo Mr = u(2) — v(&) = sup,cg(u(z) — v(z))
whenever & is a limit point of x, as T — 00.

Now we state the regularity assumptions needed to obtain the comparison
principle. These rather technical conditions will help us to overcome the fact that
we are dealing with functions that are only semicontinuous. We assume that the
following holds :

For every ball B € 2, there exist constants C' > 0 and 0 < k£ <1 such that
for all £ € R® and forall z,y € B

(4.14) Ve (z,€) — VeF(y, €)] < Cle])z — y)/?*",
(4.15) Vo (26| < Clel”

and

(4.16) Vo F(z,€) = Vo F(y,€)| < Clé]* |z — y]"

Note that by the mean-value theorem and (4.15), we further have

(4.17) |F(z,8) = F(y,6)] < CléF e — v

forall £ € R® and z,y€ B.

4.18. Theorem. Suppose that u,v:  — R are bounded, u is upper semi-
continuous and v is lower semicontinuous in Q. If u is a viscosity subsolution
and v s a supersolution of (3.9) in Q such that at least one of them is locally
Lipschitz continuous, then

(4.19) sup(u(z) ~ v(z)) = sup (u(z) - v()).
z€Q €N



34 Petri Juutinen

Proof. We argue by contradiction and assume that (4.19) fails. By Lemma
4.1, there is a function ¢ and a constant g > 0 such that

(4.20) sup(u(z) — 9(z)) > sup (u(z) — 9(z))
zERN z2€0Q
and
min {F(z, Vi(z)) - ()2, —Deo rd(z)} > pmin{1, f(z)*}
in the viscosity sense. Note that if v € W,y>°(Q), then by the construction in
Lemma 4.1 also 4 € W2™(Q).

loc
Let (zr,y,) be a maximum point of u(z) — 9(y) — (7/2)|z - yI> m 0 x Q.
Because 2 is compact, we can always find a sequence 7; — 0o and a point zg € 2
such that z,, — zo. By Lemma 4.13, z( is a maximum point of the function u—%

in Q, and by (4.20), it is an interior point of Q. In particular, for j large enough,
z,; and y,; belong to a fixed ball B € Q2. In order to simplify notation, we denote
7; = 7 and from now on drop the subscript 7.

Next we apply Theorem 4.8 and conclude that there exist matrices X,Y € S,
such that (4.9) — (4.11) hold. Using (4.12), we have that

(4.21)
Gy, 7(z—y),Y) -Gz, 7(z - y),X)
= TZ[XV€F((L‘,IL‘ ~y) VeF(z,2—y) - Y VeF(y, 2 — y)- VgF(y,x—y)]
+73[VoF(z,2 - y) VeF(z,2 —y) = Vo F(y,z —y) - VeF(y, @ — y)]
< 37| VeF (2,2 ~ y) — VeF(y,z — 9)[°
+73 [(V,;F(x, t—y)— V. F(y,z—y)) VeF(z,z —y)
~V.F(y,z—y) (VeF(y,z —y) = VeF(z,z ~y))],
where G is the expanded form of (3.5), that is,
G(z,q,M) = —MV¢F(z2,9) - VeF(z,9) — Vo F(2,9) - VeF(2,9).
Combining (4.21) with the assumptions (4.14) — (4 16) then gives
Gly,7(z —y),Y) - G(z,7(z — y),X) < Cr¥lx — y**™"
for kK > 0. Hence we have that
0 < pmin{1, f(y)4} < min{F(y,7(z—y)) — fW)? Gy, m(z—1v),Y)}
— min {F(z,7(z ~y)) - f(@)?,G(z,m(z—y), X)}
< max {|F(y, 7(z —9)) - F(z,7(x = )| + |f(2)* - F)°],
(4.22) Gy, 7(z = ¥),Y) = Gz, 7(z — 9), X) }
< Cmax {7z — y* + £ (2)° = F@)°|, *le —uT" },
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where we also used (4.17).
Recall now that at least one of the functions u and 9 is locally Lipschitz and
assume that this function is u for example. Because

u(z1) ~ 0(2z2) — (7/2)|z1 — zzl2 < u(z) - o(y) — (1/2)|z - ylz

for all 21,25 € §2, we have, by putting z; = 22 = y and using the Lipschitz
continuity, that
7|z — yI* < 2(u(z) —u(y)) < Cle -yl

This implies that 7|z — y|” — 0 as 7 — oo for all v > 1, and, in particular, that
the right-hand side of (4.22) tends to zero as 7 — oco. Since the left-hand side
remains positive, we have a contradiction and the theorem follows. [

4.23. Remark. In the case of the co-Laplacian, an equivalent way to write
equation (3.9) is
min {|Vu(z)| - f(z), —Aoou(z)} = 0.

Hence (3.9) can be viewed as a gradient constraint problem and results concern-
ing it are of independent interest. Theorems 3.11 and 4.18 imply that for given
¥ € Wh(Q) this problem has a unique viscosity solution u € W (§) such
that u — 9 € Cp().

For equation (3.10) the comparison principle now follows easily.

4.24. Theorem. Suppose that u,v: Q — R are bounded, u is upper semi-
continuous and v is lower semicontinuous in Q. If u is a viscosity subsolution
and v is a supersolution of (3.10) in Q such that at least one of them is locally
Lipschitz continuous, then

sup (u(z) — v(z)) = sup (u(z) — v(z)).
zeQ z€0Q

Proof. We simply note that by the homogeneity of F', —u is a supersolu-
tion and —v is a subsolution of (3.9). The claim now follows immediately from
Theorem 4.18. I

Now we are ready to prove the comparison principle for viscosity solutions of
(3.5) with Lipschitz boundary values.

4.25. Theorem. Suppose that F(z,£) satisfies (3.21) and (4.14) — (4.16).
Let u be a bounded subsolution and v be a bounded supersolution of (3.5) in 2,

and assume that there exist 91,9, € WH®(Q) N C(Q) such that ulsa = P1lsg
and U;ag = 192'8(2 . Then

sup (u(z) — v(z)) = sup (u(z) —v(z)).
z€Q €N
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Proof. Let ¢ > 0 and choose f = ¢ in (3.9) and (3.10). By Lemma 3.22,
there exist viscosity solutions %, and u, of (3.9) and (3.10), respectively, such
that @, — J1,u, — 91 € Co(Q) and

sup (Ue (z) — u.(z)) < C(o, D).
z€Q

Further, by Theorem 3.11, there exists a viscosity solution v, of (3.10) such that
v, — 92 € Co(). Since u is a subsolution of (3.9) and v is a supersolution of
(3.10), we have by Theorems 4.18 and 4.24 that

v < Ue -y, = (T —ue) + (we —2)

Using Theorems 4.18 and 4.24 again, we then obtain

sup (u(z) — v(z)) < sup(Te(z) — 1 (2)) + sup (uc(z) — vc(2))

zeQ z€Q 2€Q
< Ce+ sup (u.(z) — v.(z))
z€ON
= Ce + sup (u(z) —v(z)).
€N

Our assertion follows by letting e =+ 0. O

4.26. Remark. We used the assumption (3.21) only in the proof of Lemma
3.22. Hence Theorem 4.25 above is true if F satisfies (4.14)-(4.16), and we know
a priori that %, — u, — 0 uniformly in §2 as € = 0.

4.27. Corollary. If K3°5(%2) # 0, there exists a unique variational solution
to the obstacle problem in IC;%(Q). In particular, if u, is the unique (F,p)-
minimizer with boundary values 9 € WH(Q), then the whole family {up}psn is
converging to an F -absolute minimizer us, € WhH ().

Proof. The existence of a variational solution to the obstacle problem in
Kfo(ﬂ) was already established in Theorem 2.3. Suppose now that we have
two variational solutions, » and v, and consider the open set

D={zeQ:u(z)>v(z) }

Since v is continuous and wu is clearly a solution to the obstacle problem in
K, (D), Theorem 3.4 implies that v is a solution of (3.5) in D. Because v
is a supersolution, we conclude by Theorem 4.25 that v < v in D, and hence
D = (. By switching the roles of v and v we see that u = v as desired. O

Consider again the special case F(z,&) = 6(z)é - €. It is clear that the
assumptions (4.14) — (4.16) are satisfied if § € CL5(Q) for some > 0. To see

loc
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that also (3.21) holds, we first note that there exists a function ¥: Q — S, such
that U2 =0, see e.g. [13, 6.6.4]. Hence we have that

(661 - €1) 508, — (06 - £)7°063) - (62— £2)
= (&P 72WE, — |WEaPT20E,) - (6, — TEy)

= %(I‘I’& =%+ |‘I’§2|p_2)|‘1’(§1 ~ &)

45126772 — el ) (el - [el?)

1

S (67 + 1l 706 - &l

> () - e,

which is the desired inequality. We conclude by Theorem 4.25 that if 6 has locally
Holder continuous partial derivatives, then the comparison principle is valid.

Using the comparison principle, we obtain the following important interior
regularity result.

v

4.28. Lemma. If u is a locally bounded viscosity subsolution of (3.5), then

u € V[/’li’:o(ﬂ) . Similarly, if v is a locally bounded viscosity supersolution of (3.5),
1,00

then v € Wyaa () -
Proof. We prove only the subsolution case. Let 0 < § < 1 and denote

Qs = {z € Q: dist(z,09Q) > ¢}.

By the assumptions, Ms = ||ul|oo,0, is finite for every d > 0. Let 1,22 € Q5.
If |21 — x| > 6, then

Mos

(4.29) [u(zy) — ulzs)| < 2Mays < 2 |z1 — z2].

Now assume that |z; — z3| < §. We then have by (4.29) that

2 M
s

for all z € 8B(z1,0). Denote B’ = B(z,6) \ {z1} and let w € W1°(B’) be a
solution of (3.5) in B’ with boundary values ¢(z) = (2Ms/d)|z1 — z|. Since w
is an F'-absolute minimizer, we obtain

u(z) < u(er) + ——[z1 - 2|

2Ms

(e, Vale)llenr < 1P, Tolelln < 8( 52)
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and thus

1/2
IVelloosr < <—ﬁ—) 2M;
a 0

Now let W, and w, be solutions of (3.9) and (3.10), respectively, with boundary
values ¢. By Theorems 4.18 and 4.24, w, < w < W, in B’, and thus w, —» w
uniformly as € — 0 by Lemma 3.22. Since u is a subsolution of (3.9), we have
by Theorem 4.18 that u < u(z1) + W, for every € > 0, and thus u < u(z,) +w
in B’. This combined with the gradient estimate above gives

1/2
2M,
u(z) < ulzr) +wlz) <ulz) + <§> ——5—6—|ac1 —z
for all z € B(z1,6). In particular
/a\ Y 2]\/
(1‘2) — U :121 § kg) i $2|,

and hence, by changing the roles of x; and z,, we have

lu(zz) — u(z1)] < <§> . 2M§| T1 = ).

This together with (4.29) proves the assertion in the subsolution case. [J

4.30. Example. For a general kernel F', the above lemma is essentially
everything that is known about the regularity of viscosity solutions and superso-
lutions of (3.5). In the case F'(z,£) = |€]?, it follows from the results of Aronsson
in [1] and [3] that viscosity solutions are not in general solutions in the classical
sense. A particularly interesting example considered by Aronsson is the function

u(z) = |ar:1|4/3 +lza P |:z;n_1{4/3 — Y0 —T1|zal?,

where z = (z1,...,z,) € R*. A direct computation shows that v € C,L’:/S(R")

and that u does not have the second order partial derivative % on the hyperplane

{z eR*: z; =0}, i=1,...,n. On the other hand, it is not hard to verify directly
that u is a viscosity solution of the co-Laplacian in R™. Observe in particular
that the singular set of u, that 1s, the set in which u is not a classical solution,
is bigger than the set {x € R™ : Vu(z) = 0}. Since for a finite exponent p a
weak solution u, of (1.13) is, in this special case, known to be real analytic away
from the set {Vu,(z) = 0}, this example illustrates the fact that co-harmonic
functions do not inherit all the nice properties of the solutions of (1.13).

As a consequence of the interior regularity result above, we obtain a more
general form of the comparison principle.
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4.31. Corollary. Suppose that u and v are locally bounded, u is a viscosity
subsolution and v is a supersolution of (3.5) in Q. If
(4.32) lim sup u(z) < liminf v(z)
z—z =z
for all z € OQ and if both sides of (4.32) are not simultaneously co or —co0, then
u<wvin Q.

Proof. As before, we denote Q5 = {z € Q: dist(z,Q) > §} for § > 0. By
(4.32), for every € > 0 thereis 6 > 0 such that u < v+¢ in Q\ Qs. Indeed,
if such a § does not exist, we can find a sequence z; €  converging to a point
z € 0Q such that u(z;) > v(z;) + € forall j=1,2,... . This implies that

lim sup u(z) > liminf v(z) + ¢,
z—z =z
which contradicts (4.32) since both sides are not simultaneously co or —oo. By
the previous lemma, u,» € WH*(Qs) N C(Qys), and thus we have by Theorem
4.25 that u <v+e¢ in Qs. Hence u <v+¢€ in Q, and we obtain the assertion by
letting € -~ 0. I

We close this section by improving our existence result concerning F'-absolute
minimizers.
4.33. Corollary. If g € C(0Q), there ezists a unique viscosity solution u

of (3.5) in Q such that ulag = g. Furthermore, u € I/Vlt’cc’o(Q) and it is also an
F -absolute minimizer.

Proof. We first extend the function g to a continuous function w: R* — R
and via mollification find a sequence w; € Wlt’:o (R™) such that ||w; —wl||,, g —0
as i — 0o. Let now u; € WH°°(Q) be the solution of (3.5) with boundary values
w; . By the comparison principle, {u;} is a Cauchy sequence in C(f2), and thus
we find a function u such that u|sq = ¢ and u; — v uniformly in Q.

We claim that u is a solution of (3.5). To prove this, we fix a point z¢ € Q
and a test function ¢ € C?(Q) such that u(zo) = ¢(zo) and u(z) < ¢(z) for
all £ # zo. As in the proof of Theorem 3.4, we find by the uniform convergence
a sequence z; — zo such that z; is a local maximum point of u; — . Since wu;
is a solution of (3.5), we have that —As r¢(z;) <0 for every i = 1,2,.... By
continuity, this implies that u is a viscosity subsolution. Similarly, we obtain that
u is a supersolution and thus a solution of (3.5). The uniqueness and the interior
regularity of u follow from Corollary 4.31 and Lemma 4.28, respectively.

To prove that u is an F-absolute minimizer, we fix an open set D & 2. Since
u € Wh° (D), we have by the comparison principle and Corollaries 3.8 and 4.27
that u is the unique variational F'-absolute minimizer in D with boundary values
%. This shows that w is an F -absolute minimizer in  and hence completes the
proof. [
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5. Supersolutions and (F,co)-superharmonic functions

In this section we study certain properties of viscosity supersolutions of the
Euler equation (3.5). We first show that every supersolution is a local limit
of a sequence of supersolutions of the Euler equations of the corresponding LP-
problems. This is done by establishing the fact that a supersolution of (3.5) is
locally a variational solution to a suitable obstacle problem. After that, we define
(F, 00) -superharmonic functions via comparison and prove that supersolutions are
exactly superharmonic functions. As a result of all this, we obtain that every
supersolution of (3.5) is in V[’ltcoo(ﬂ) and that nonnegative supersolutions satisfy
Harnack’s inequality.

Throughout this section, we assume that viscosity sub- and supersolutions
satisfy the comparison principle, that is, Corollary 4.31 holds.

5.1. Theorem. If u is a locally bounded viscosity supersolution of (3.5) in
Q, then it is Lhe unigque variational solution to the obstacle problem in K3°, (D)
for each open D @ Q. In particular, for each open D € 2 there is a sequence
(up) of viscosity supersolutions of (1.13) such that u, — u uniformly in D.

Proof. Fix an open set D & (2 and observe that by Lemma 4.28 u € K3°, (D).
Let v € W°°(D) be the variational solution to the obstacle problem in K2, (D)
and notice that v > u by the definition of K3°, (D). By Theorem 3.4, v is a
solution of (3.5) in the open set D' = {v > u}. Since u =v on 8D’ and u is a
supersolution, the comparison principle implies that v < w in D’. Thus D' =
and u=v in D. O

Theorem 5.1 implies Harnack’s inequality for locally bounded nonnegative
supersolutions of (3.5).

5.2. Corollary. Let u be a locally bounded and nonnegative viscosity super-
solution of (3.5) in a domain Q, and assume that K C Q is compact. Then

supu < Cinfu
K K

for some constant C = C(a, 5,9, K).

Proof. We may assume without loss of generality that also K is connected.
Let d = dist(K, Q). By Theorem 5.1, u is locally a variational solution to the
obstacle problem, and thus if we choose R = d/2 and r = d/4 in Theorem 2.7,
we obtain the estimate
supu < C(a, ) infu
B B

for cvery ball B with radius d/4 and with center in K. Because K is compact
and connected, there is a constant N, depending only on @ and K, such that
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any two points z,y € K can be joined by a chain of balls Bj,..., By with radii
d/4. Hence we have that

supu < C(e, ,B)N inf u,
K K

which proves the corollary. [

Next we define (F,co)-superharmonic functions. The definition is an obvi-
ous modification of the definition of (F,p)-superharmonic functions for the corre-
sponding LP-problem, see [15, ch. 7].

5.3. Definition. A function u: -+ RU {co} is (F, co)-superharmonic in
Qif
(i) u is lower semicontinuous,
(ii) u # oo in each component of €2, and
(iii) for each open D & 2 and each viscosity solution » € C(D) of (3.5), the
inequality « > ~A on 8D implies u > h in D.

A function v is (F, c0)-subharmonicif —v is (F,c0)-superharmonic.

In the nonlinear potential theory the class of (F,p)-superharmonic functions
is one of the basic objects to study. In this work we merely note some basic facts
about (F, co)-superharmonic functions and their connection to viscosity superso-
lutions of (3.5).

5.4. Lemma. If u is (F,o0)-superharmonic in Q and D & ) is open, then
there is an increasing sequence u; € Wh® (D) of viscosity supersolutions of (3.5)
such that u = lim;_soo u; n D.

Proof. Since u is lower semicontinuous, there is an increasing sequence
@; € C®°(R™) such that ¢; — u in D, see for example [15, pp.75-76]. Let
u; € WH*(D) be the variational solution to the obstacle problem in Kg ,. (D).
We first show that the sequence (u;) is increasing. In order to do that, we set
D; = {ui+1 < u;} and note that u; > u;41 > @i1 > ¢; in D;. By Theorem
3.4, this implies that u; is a solution of (3.5) in D;, and hence we have by the
comparison principle that u; < u;41 in D;. Thus D; is empty and the sequence
(u;) is increasing. In particular, the limit lim; o, u;(2) exists for all z € D.

Next we look at the set {u < u;} for a fixed 7. Again we easily see that
u; is a solution in this set, and thus, by the definition of (F,co)-superharmonic
functions, we have that u > u; in D for every ¢ = 1,2,... . We conclude that

u= lim ¢; < lim u; < u,
100 100

which shows that (u;) is the desired sequence. O
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5.5. Corollary. If u is (F,c0)-superharmonic in a domain Q, then u is
locally bounded. In particular, every (F, co) -superharmonic function is real-valued.

Proof. We fix an open set D € 2. By the definition of (F, co)-superharmonic
functions, there is a point z € 2 such that u(z) < co. Since z is not necessarily
in D, welet D' @ 2 be an open set containing both z and D. Furthermore, by
the lower semicontinuity of v, we may assume that v > ¢ >0 in D’'.

Let u; € WH(D') be an increasing sequence of nonnegative supersolutions
of (3.5) converging to v in D’. Corollary 5.2 then implies that u;(y) < Cu;(z)
for all y € D' and for all 7 =1,2,... with a constant C independent of 7. Hence
u(y) < Cu(z) for all y € D' and we have that

(5.6) supu < Cu(z) < oo.
D

This shows that u is locally bounded above and thus proves the corollary. O

5.7. Remark. In the above proof we obtained the estimate (5.6) for any
point z € D’ in which the function u is finite. Once we know that (F,o0)-
superharmonic functions are real-valued, this implies Harnack’s inequality for non-
negative superharmonic functions, that is,

supu < C(a, 5, K, Q) infu
K K

for every compact set K C  and for every nonnegative (F,oo)-superharmonic
function v in a domain 2.

The fact that (F, oo)-superharmonic functions are real-valued enables us to
prove the following interesting result.

5.8. Theorem. A function u is (F,00)-superharmonic if and only if it is a
viscosity supersolution of (3.5).

Proof. Assume first that u is a supersolution of (3.5) and fix D € Q. If
h € C(D) is a solution of (3.5) in D such that h < u on 0D, then by the
comparison principle A < u in D. Since u is by definition real-valued and lower
semicontinuous, we have that v is (¥, co)-superharmonic.

For the converse, we argue by contradiction and assume that there exists
z5 € Q and © € C2(Q) such that ulxs) = wlzs), u(x) > oz for all » £ x5 and
Rl \MY) TRATAs MaAsms W rvy T\YU/ ) YY) T T\ it gl A VA

(59) —Aoo’p (p(mo) < 0.

By continuity, there is a ball B centered at zo such that if z € B, then (5.9)
holds with zg replaced by z. Let

m= inf (u(e) - o(z),
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and observe that m > 0 because the function u — ¢ is lower semicontinuous. We
define ¢ = ¢ +m/2 and let v € C(B) be the unique viscosity solution of (3.5)
with boundary values ¢. Since @ is a subsolution of (3.5) in B, we have by
the comparison principle that v > @ in B. On the other hand, v > v on 9B,
and thus v > v in B by the definition of (F,co)-superharmonic functions. In
particular, v > @ in B, which contradicts the fact that u(zo) < ¢(zo). This

completes the proof. O

Observe that Theorem 5.8 combined with Corollary 5.5 implies that every
viscosity supersolution of (3.5) is locally bounded. Thus the statements of Lemma
4.28 and Corollary 4.31 are valid for an arbitrary supersolution u, and, in partic-
ular, we have that u € W,2®(Q).

Theorem 5.8 offers an easy way to establish the following variant of the fun-

damental convergence theorem of the classical potential theory.
5.10. Theorem. Suppose that F is a nonempty family of viscosity superso-
lutions of (8.5) in Q, locally uniformly bounded below. Then

us(z) = ;relgru(:c)

is also a viscosity supersolution of (3.5).

Proof. It suffices to show that u, is (F,oo)-superharmonic in . For that,
we fix an open set D @ ) and let h € C(D) be a viscosity solution of (3.5) such
that u, > h on 8D . By Theorem 5.8 and the definition of (F, c0)-superharmonic
functions, v > h in D whenever v € F, and hence also u, > h in D.

Thus it remains to show that wu, is real-valued and lower semicontinuous.
First notice that since the family F is uniformly bounded below in D and
min{uy, uz} is a supersolution of (3.5) whenever u; and up are supersolutions,
we may assume without loss of generality that ||ul|e,p < C for some constant
C > 0 and for every u € F. By the proof of Lemma 4.28, this implies that every
u € F is Lipschitz continuous in D with a uniform Lipschitz constant L. Now
take z,y € D and assume that u,(z) > u.(y). For £ > 0 we choose u. € F such
that u.(y) > ue(y) — €, and then obtain that

lua (2) = we(¥)] < (@) = ue(y) + € < Jue(z) —ue(y)|+e < L]z —y| +e.

This shows that u, € Wli’co"(ﬂ), and, in particular, that u, is real-valued and

lower semicontinuous. The theorem now follows. O

We close this section by noting the strict minimum principle as an immediate
consequence of the Harnack inequality.

5.11. Corollary. A nonconstant viscosity supersolution of (3.5) cannot at-
tain its infimum in a domain ).
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6. The eigenvalue problem for the oco-Laplacian

In this last section, we restrict our attention to the case F(z,&) = |¢|? and
consider a different type of minimization problem, namely the problem of mini-
mizing the quotient

Vel

6.1
(61 Tl

among all the functions u € WH*°(Q) N Cy(Q), u # 0. The motivation to study
this problem comes from its interpretation as a limit problem; the quotient (6.1)
is a formal limit of the nonlinear Rayleigh quotient

fQ |Vu|? do

* T

the minimizers of which form the eigenspace corresponding to the first eigenvalue
of the p-Laplace operator

—Apu(z) = —div(|Vu(z)[P*Vu(z)), 1<p< co.
As seen in the earlier sections, the operator
(6.3) —Asu(z) = —D*u(z)Vu(z) - Vu(z)

can be justifiably regarded as the correct limit of the p-Laplacians, and it is
therefore natural to ask whether it is possible to identify a subclass of minimizers of
(6.1) that in some sense forms the eigenspace corresponding to the first eigenvalue
of the oco-Laplacian (6.3).

It is not, however, a priori clear what should be used as the correct formulation
of the eigenvalue problem for the oco-Laplacian. For a finite exponent p, one
usually looks for weak solutions of

(6.4) ~Apu = AulP~%u

with the boundary condition u € W(,l P(Q). Due to the compatible homogeneity on
the right-hand side, the set of solutions to this equation for a fixed A € R consists
of the trivial solution u» = 0 and of a union of one dimensional linear subspaces of
the Sobolev space. If this union is non-void, that is, equation (6.4) has a nontrivial
solution, then the number A is called an etgenvalue of the p-Laplacian. It is well-
known that there exists a smallest eigenvalue \;(p) > 0 which is characterized as
the infimum of the nonlinear Rayleigh quotient (6.2) in the set W, ?(€2)\{0}. This
first eigenvalue has many special properties. It is simple, which means that the
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corresponding eigenfunctions are just constant multiples of each other. Moreover,
these first eigenfunctions do not change their sign in the domain €2, and they are
the only eigenfunctions with this property. For the proof of these facts and for a
more thorough discussion on equation (6.4), see [20] and the references therein. In
what follows, we derive the limit equation of (6.4) in the case A = A;(p) and show
that it has certain properties that make it reasonable to call its viscosity solutions
eigenfunctions associated with the first eigenvalue of the oo-Laplacian. As will
come evident later on, this equation is intimately connected to the geometry of
the domain §2 and is therefore of independent interest. Our approach is closely
related to that in [18], where this problem has also been studied.
As the first step, we obtain a candidate for the first eigenvalue of the

oo-Laplacian by looking at the limiting behavior of the numbers A;(p) as p ~— .

6.5. Lemma. Let A\i(p) be the first eigenwvalue of the p-Laplacian in .

Then 1
lim A;(p)"/? = =

p—00
where d = ||dist(z,09Q)||co,0 -
Proof. Recall first that the number A;(p) is characterized as the infimum
of the nonlinear Rayleigh quotient (6.2) in the set W,?(Q)\ {0}. Because the

distance function §(z) = dist(z, dQ) belongs to the space Wy*(Q) for all p < oo
and satisfies |Vé(z)| =1 for a.e. z € Q, we have

limsup \; (p) /P <

P00

Bl

On the other hand, since Lipschitz functions are dense in Wol"’ (), we get

1/p

VolP dz /P

Ap)t? > inf (g Vel 1) = |ch]pdm> .
cewi oo [l a7 w«»<7

If we denote by I, the infimum on the right, then, by Holder’s inequality, the
sequence (I,) is non-decreasing, and thus it has a limit when p -+ co. By the
same arguments as in the proof of Proposition 2.5, it is not hard to see that this
limit equals to

Ioo = inf 1Veolloo, -

PeW 110 (Q)NCo ()
llelico, =1

To complete the proof, we only need to note that I, = 1/d. Indeed, if we fix
z € Q and choose y € 90 such that §(z) = |z—y|, then

le()] = lo(z) — e(¥)] < [IVel|eo,0d(z).
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for every ¢ € Wh(Q) N Co(R). Since ||Vd||ooe = 1, this implies that the
distance function is a minimizer of the quotient (6.1), and we are done. O

We next turn to the question of the limit equation in the case A\ = \;(p).
Suppose that u, € WyP(Q) is the unique nonnegative solution of (6.4) satisfying
llupllp,o = 1. By the Harnack inequality, see [15, 3.51], u, is in fact positive in
2, and we may rewrite (6.4) as

(6.6) —Apu = A (p)uf L.
Using u, as a test function and applying Holder’s inequality, we get
(6.7) 1Vt 2 < 192277220 (p) /7

for p > m and n < m < co. This estimate, together with Morrey’s lemma, implies
that we can extract a subsequence (u,,) converging uniformly to a function

Uoo € WH®(Q) N Co(2), ||eoolleo,0 =1, see the proof of Proposition 2.5. Recall
now that in Theorem 3.11 we showed that any limit function of the family of

solutions to the problem —Apv(z) = % f(z)P~1 satisfies
min {|Vo(z)| - f(z), —Acv(z)} =0

in the viscosity sense. By slightly modifying the proof of this result, see Remark
3.20, and by using Lemma 6.5 above, we are able to identify the limit equation of
(6.6).

6.8. Theorem. The function ue, = lim; o Up; s a vIsCosity solution of

(6.9) min {|Vu(z)| - é“(w), ~Awu(z)} =0

in Q.

Note that since a solution u is a supersolution of the co-Laplacian, the min-
nwuwy prigciple, Corollary 5.9, implies that either ¥ =0 or v > 0 in 2. It is also
easy to see that if u is a viscosity solution of (6.9), then —u satisfies

1
max{ - Ev(m) — |Vo(z)], —Amv(_m)} =0.
If we accept this dichotomy in the limit equation, it becomes evident that the
problem has a feature typical of classical eigenvalue problems: the set of solutions
is closed under multiplication by a constant. Moreover, it is shown in [18] that
A= % is the only value for which the equation

min {|Vu(z)| — Mu(z), —Acu(z)} =0
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has a nontrivial solution with zero boundary values. This result should be com-
pared with the fact that, for a finite p, the first eigenfunctions are the only eigen-
functions that do not change their sign in 2. Another observation is that any
viscosity solution of (6.9) is a minimizer of the quotient (6.1). This can be de-
duced from the estimate (6.7), which in the limit yields

1
IVtfleo,0 < Sllulleo,-

In the remaining part of this section, we look at our problem from a slightly
different perspective and construct a maximal solution to (6.9) by using a variant
of the so-called supersolution method. This iterative way of getting a solution
does not employ the interpretation of our problem as a limit problem, and it also
gives reasonably good upper and lower bounds for the maximal solution.

The following simple but interesting lemma gives a starting point for our
construction.

6.10. Lemma. The distance function 6(z) = dist(z, O) is the unique vis-
cosity solution of the Dirichlet problem

(6.11) u=20 on 012.

{min{Wu(m)l ~1,~Au(z)} =0 in Q

Proof. Let u, be the unique solution to the problem —A,u(z) = 1 with
the boundary condition w, € Wy?(). Then by the results in [4], [19], v, — &
uniformly in £ as p -+ co. On the other hand, Theorems 3.11 and 4.18 together
with Remark 3.20 imply that the limit of u,’s is the unique viscosity solution of
(6.11), and the lemma is thereby proved. O

Note that if « is a solution of (6.9), normalized so that |%|lce,2 = d, then it is
a subsolution of (6.11). The comparison principle then implies that u(z) < §(z)
in Q, and thus the distance function 6(z) is an upper bound for all properly
normalized solutions. Now let é;(z) be the unique solution of

min {|Vo(z)| - %6(3:), —Agu(z)} =0

with é;(z) =0 on 99. Since %5 (z) <1, we see by the comparison principle that
51 <6 in Q. If we further define 6x(z), k£ = 2,3, ..., inductively to be the unique
solution of

1
min {|Vu(z)| — aék_l(:c), —Av(z)} =0
with dx = 0 on 92, we get a decreasing sequence
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of positive functions converging to a nonnegative function, say, doo(z). Note that
since each J; is an upper bound for all possible solutions, the same holds for d. .
We will show that this limit function d,, is the maximal solution we are looking
for. The first step in proving this is the following lemma.

6.12. Lemma. The function d.(z) constructed above is a solution of equa-
tion (6.9).

Proof. We first remark that the convergence 6 — 0o is in fact uniform. This
can be seen by using Ascoli’s theorem; since 0 < §i(z) < d for every z € Q and
every kK =1,2,..., the sequence is uniformly bounded and hence by the estimates
above equicontinuous. Now fix a point zo € Q and a test function ¢ € C%(Q)
satisfying doo(20) = ¢(z0) and deo(z) > ¢(z) for all  # zo. Arguing as in the
proof of Theorem 3.4, we find by the uniform convergence a sequence zx — zg
such that d; — ¢ has a local minimum at z;. This implies that

min { |V ()| — Eék—l(mk)> ~Doo(zr)} >0
for every k, and we obtain by letting k£ — co that o, is a supersolution of (6.9).

Since the proof for being a subsolution is similar, we are now done. [

Although it already follows from Theorem 6.8 that d., # 0, we will give
another proof for this fact by constructing a nontrivial lower bound for the maximal
solution. For that we need to introduce some notations. The set

R ={z € Q: §(z) is not differentiable at z}
={z € Q: 3 21,22 € 8Q, x1 # 2, such that |z — 21| = |z — z2] = ()}
is called the ridge set of 2, see [4], [12], and its subset
M={zeQ:6z)=d)
will be referred to as the set of mazimal distance. We will also use the notation
Qo =2\ M

in what follows. Note that A1 does not have any interior points, and hence
900 = 0N U M. Let 9 € C(9Q%) be defined by

- - A 4
1 &€ e Vi,

I(z) = ’
(=) {0 , T €09,

and let v € C(g) be the unique viscosity solution of the oco-Laplacian in Qg
with boundary values ¢#. We define

{1 , L EM,

(@)= v(z) ,z€ Q.
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The function y(z) can be regarded as the “oo-capacitary function of the set M”.
We next show that w(z) = dy(z) is a lower bound for ., (z). Note that since
w(z) = 6(z) on Ny and §(z) is a viscosity supersolution of the oo-Laplacian in
Q, we already have that w(z) < 6(z) in Q. The following lemma is a key point
of the rest of the proof.

6.13. Lemma. The function w(z) is a viscosity solution of
(6.14) min {|Vu(z)| — xm(z), ~Boou(z)} =0,

where x () is the characteristic function of the set M.

Proof. We first prove that w is a subsolution. For that, let zog € Q and
¢ € C?(Q2) be such that w(zg) = ¢(z¢) and w(z) < ¢(z) for all z € Q. Since w
is a solution of the oco-Laplacian in 2o, we may assume that zg € M. Suppose
that |V (zo)| =14 € > xat(zo) for some € > 0 and denote
V(o)

e —

= V(o)

Since ‘y(z) is a also minimal Lipschitz extension of ¢ into §p, we know that
IVwl||eo,o < 1. This implies that

w(zo + te) > w(zo) — [,
and by Taylor’s theorem, we have also that
(o + te) =¢(zo) + Vo (zo) - te + o(t)
=¢(xo) +t(1+¢€) +o(t).

By choosing ¢ to be negative and sufficiently close to zero, we then obtain
w(zo+te) > P(zo+te), which contradicts our assumptions. Hence we can conclude
that |[Veé(zo)| — xam(zo) < 0, and, consequently, that w is a subsolution.

To prove that w is a supersolution, we fix zo € © and % € C%() such that
P(zo) = w(zo) and ¥ (z) < w(z) for all z € Q. Again we may assume, without
loss of generality, that z¢ € M. Since

P(z0) = w(zo) 2 w(x) > Y(x)
for all z € 2, we must have Vi(z¢) = 0. This implies that
(6.15) Y(z) = P(z0) + o(|lz — zol).

By the definition of the set M, there is yo € O such that |zo—yo| = d = w(zo).
Since ||Vw||oo,0 < 1, we obtain

w(tzo + (1 — t)yo) = td
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for all 0 < ¢ < 1. But this combined with (6.15) contradicts the assumption
1 < w, and shows that there cannot exist such a function 7. Thus the claim is
trivially true at the point z¢, and we are done. [

6.16. Remark. The arguments used in the proof of the above lemma show
that u.(z) = cy(z) is a solution of (6.14) in Q for any 0 < ¢ < d. This illustrates
the fact that one cannot extend the uniqueness result of Theorem 4.18 to the case
of an arbitrary constraint function.

We now proceed as in the case of the upper bound and define w; to be the
unique solution of

win {[Vu()] - 7(n), —Aoon()} =0

with w; = 0 on 9. The lemma above shows that w is a subsolution of this
equation, and therefore w(z) < wi(z) in Q. Further, since y(z) < £6(z), the
comparison principle implies that w; < §; in 2. We continue inductively, denot-
ing by wg, k= 2,3,..., the unique solution of

min {|Vu(z)| - %wk_l(m), —Agu(z)} =0

with wr = 0 on 9N, and obtain an increasing sequence

w(z) < wiz) < wa(z) < - < 0(z)
converging uniformly to some function we,. Repeating the argument above at
each step, we see that wy < 0 in Q for every £ =1,2,..., and thus we, < 6o -
Furthermore, arguing as in the proof of Lemma 6.12, it is easy to show that we
is a solution to the co-eigenvalue problem. We have now shown not only that
doo 7# 0, but also that d(z) = d in the set M. We collect our results in the
theorem helow.

6.17. Theorem. For the oo -eigenvalue problem (6.9) there exists a mazimal
solution oo € WH2(Q) N Co(Q) satisfying

dy(2) < deo(2) < 8(2)

for all z € Q. In particular, 6oo(z) =d of z€ M.

It is natural to ask: when do we have §,, = § or §,, = w in the whole domain
Q7 Although very little is known so far, we do have the following partial result.
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6.18. Lemma. If M =R, then 6(z) = () = dy(z) in Q.

Proof. By Theorem 6.17, it is enough to show that dy = § in Qg. Since
RNQo =0, § € C*(p) and |Vi(z)| =1 for all z € Qp. By a result of Aronsson,
see [1, Thm 5], [4], this implies that (z) is co-harmonic in o, and the claim
then follows from the uniqueness of co-harmonic functions. [J

It is shown in [18] that if Q is a square, then §(z) is not a solution of (6.9),
and, consequently, § # do,. The proof of this result in fact suggests that §(z) is
a solution of (6.9) if and only if M =TR.

In the last theorem of this section we list some properties of an arbitrary
solution of (6.9). The non-differentiability result, part (c), should be compared
with the fact that for a finite p an eigenfunction w, is known to be in C.2%(f2)
for some 0 < a < 1.

6.19. Theorem. Let u € Wh(Q) N Co(Q) be a viscosity solution of (6.9)
satisfying ||u||co,0 = d. Then
(@) dist({u>A},00Q) =X for all0 < X < d.

iam(
(b) e=* 5(t)m(5(x) < u(z) < é(z) forall z € Q.
(¢) There exists a point zg € Q such that u is not differentiable at xo.

Proof. Since u(z) < 6(z) for all z € © and ||ullco,0 = d, there exists
zo € M satisfying u(zo) = d. Let yo € Q2 be such that |zo — yo| = d. Be-
cause ||Vulleo,o =1, we must have u(tzo+ (1 —t)yo) =td for all 0 < ¢ < 1. This
implies that dist({u > A},092) < A for every 0 < A <d. On the other hand,

dist({u > A}, 0Q) > dist({6 > A},0Q) = A,

and thus we obtain (a). To show (c), it suffices to notice that u is not differen-
tiable at zg. This can be easily seen by using the facts that zg is a maximum
point of u and that u < ¢ in Q.

Thus it remains to prove (b). Arguing as in the proof of the Harnack inequal-
ity, Theorem 2.7, we get

”Cv IOg u”oo,Q S ||v<||oo,Q

for all nonnegative ¢ € WH*(Q) N Cy(£2). Choosing

. 1
Ck(x) = mln{l’ Xé(x)})

we obtain .
1V 1og el < -
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where Q) = {z € Q: §(z) > A}. This implies
u(z) < exle¥ly(y)

for all z,y € Q). Now fix a point & € Q and let A = §(£). Then

u(Z) > minu>e”" x maxu=e @ §(&),
EIoN

EIeN

and we are done. O

The main open problem in this area is the simplicity of the first eigenvalue
%. In [18], some rcsults pointing to this dircction have been obtained, but the
actual theorem is still to be proved. Another interesting question is the connection
between the eigenfunctions and the quotient (6.1); is there some kind of absolutely
minimizing -property that characterizes the eigenfunctions? It is easy to see that
an obvious generalization of the definition in Section 2 does not work.
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