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Abstract

In this work, we extend classical results for subgraphs of functions of bounded variation in
R" x R to the setting of X x R, where X is an RCD(K, N) metric measure space. In particular,
we give the precise expression of the push-forward onto X of the perimeter measure of the
subgraph in X x R of a BV function on X. Moreover, in properly chosen good coordinates, we
write the precise expression of the normal to the boundary of the subgraph of a BV function
f with respect to the polar vector of f, and we prove change-of-variable formulas.

Keywords Function of bounded variation - RCD space - Cartesian surface - Subgraph -
Splitting map

Mathematics Subject Classification 53C23 - 26A45 - 49Q15 - 28A75

1 Introduction

This short note is about the study of functions of bounded variation in the setting of RCD
spaces. The study of analytic and geometric properties of RCD metric measure spaces
(X, d, m) flourished in the last decade, see the account in [3] and the references [5, 6, 10, 20,
29, 32, 38, 43, 44]. The geometric structure of these spaces up to m-negligible sets is pretty
well understood after the works [19, 25, 34, 36, 42]. Recently, the research on these spaces
has been focusing also on the study of structure results for sets of (locally) finite perimeter,
and of fine properties of functions of (locally) bounded variation, see [4, 15, 17, 18].
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We stress that this theory has recently found interesting applications in the study of the
isoperimetric problem on non-compact smooth Riemannian manifolds with Ricci curvature
bounded from below, see [14], and in the proof of the rank-one theorem in this low regularity
setting [13]. We refer the reader to Sect. 2.2 for more details.

We fix from now on an RCD(K, N) metric measure space (X, d, m). Here K € R plays
the role of (synthetic) lower bound on the Ricci curvature, and N € [1, co) plays the role
of synthetic upper bound on the dimension. Given a function of locally bounded variation
f € BVipc(X) (see Sect.2.1.1), we consider in X x R the subgraph

Gri={(x,n) eXxR:t< f(x)}

Notice that, under the sole assumption of f being measurable, f € BV|o.(X) if and only if
G is of locally finite perimeter, see the first part of the main Theorem 3. In this note, we
are concerned with studying the relation of the measure [DX g, | on X x R with the measure
IDf| on X. We will denote with 7! : X x R — X the projection map onto X, and with
72 : X x R — R the projection map onto R.

In the Euclidean setting, this study can be dated back at least to [40]. There, the author was
concerned with the study of Cartesian surfaces, i.e., subsets of R” x R that can be written
as {(x,1) e R" xR : x € Q, 1t = f(x)}, where 2 € R” is open, and f € BV ().
A systematic study of Cartesian surfaces and subgraphs of functions of locally bounded
variation in Euclidean spaces can be found in [31, Section 4.1.5]. In fact, our results are the
generalization of the results contained in [31, Section4.1.5] to the setting of finite-dimensional
RCD spaces.

The results of [31, Section 4.1.5] have been used in the short proof of the rank-one theorem
in the Euclidean setting of [39]. Moreover, outside the Euclidean setting, they have also been
recently generalized in the setting of arbitrary Carnot groups in [28, Theorem 1.3, Theorem
4.2, and Theorem 4.3]. The latter generalization has been exploited to prove the rank-one
theorem for a subclass of Carnot groups, see [28, Theorem 1.1 and Theorem 1.2].

We aim now at stating the main results of this note. We recall some terminology and
notation. We refer the reader to Definition 11 and Definition 12 for more details. Given
f € BViec(X), we can define in a natural way (see Definition 11) the approximate lower
and upper limits f™(x), f¥(x) of f(x) at x € X, and the precise representative f(x) :=
(f™(x) + fY(x))/2. The set of points x € X where f(x) < fV(x) is called the jump set
J 7. In the setting of finite-dimensional RCD spaces it always holds m(J¢) = 0.

We can write |D f| as |D f|* + |Df|*, where |D f|* < mand |Df]* L m. We also have
IDfI* = IDf|/ + |Df|¢, where the jump part is given by |[Df|/ := [Df|L Jr, while the
Cantor part is given by [D f|° := D f|*|_(X\ J), so that we can write [D f|* = [Df|l_C
with m(C¢) = 0. Finally, we call g s the Borel function such that [D f|¢ = gym.

We stress that in the low regularity setting of finite-dimensional RCD spaces we cannot
give a pointwise meaning to D f for a function f of locally bounded variation. This also
prevents us from proving the verbatim analogues of the results in [31, Section 4.1.5] in our
setting. Nevertheless, with the Calculus developed in the RCD setting, one can give a meaning
to the polar vector vy, that in the classical setting is D f/|D f| ( [15], after [18]). This v
belongs to the capacitary module Lgap(TX) (see [26]), and it is defined through a divergence
theorem with sufficiently smooth test vector fields, see Theorem 25. When f = X g for a
locally finite perimeter set E, we denote vy . =: vg.

In the non-smooth setting of finite-dimensional RCD spaces, there are no canonical local
coordinates. Anyway, in a lot of situations, one can use the so-called splitting maps, see
Definition 28. Roughly speaking, a splitting map is a vector-valued harmonic map whose
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Jacobian matrix is close to be the identity in an integral sense and whose Hessian matrix
is close to be null in an integral sense. Splitting maps have been used to detect geometric
properties of spaces with Ricci lower bounds since the seminal works [22, 23]. They have
also been used in the recent [16-19, 24]. We also used the splitting maps in the proof of the
rank-one theorem in finite-dimensional RCD spaces [13]. The next definition is borrowed
and inspired from the studies in [13, 17] and gives a good notion of local chart. Notice that
as a consequence of Proposition 6 every function f of locally bounded variation has total
variation that is supported on the countable union of domains of good splitting maps.

Definition 1 (Good splitting map) Let (X, d, m) be an RCD(K, N) space of essential dimen-
sion n. Take n € (0,n~"). Fix y € X and ry > 0. We say that an n-tuple of harmonic
Ck n-Lipschitz maps u = LT I By, (y) — R" is a good n-splitting map on
D C B, (y)ifforeveryx € Dands € (0, ry), uisan n-splitting map on B (x). We simply
write good splitting map if the value of 5 € (0, n~!) is not important.

For the notion of essential dimension, we refer the reader to Sect.2.2. Given a good splitting
map, following [13, Definition 3.6], we give the following definition. We are essentially
reading the normals vy and vg, in charts.

Definition 2 Let (X, d, m) be an RCD(K, N) space of essential dimension 7, and let u be a
good splitting map on D € B, (y). Let f € BV)oc(X). Then we define

(1) the |D f|-measurable map vf; defined at [D f-a.e. x € By, (y) as

Vi) = (v - Vu ) (), .., (v - Vi) (x)),
(2) the |Dng |-measurable map vgf defined at |Dng |-a.e. p = (x,1) € Bay, (y) x Ras

vg, (p) == (g, - Vu)(p), ..., (vg, - Vu")(p), (vg, - VI*)(p)).
We are now ready to state the main theorems of this note. In the first result, we explicitly
compute ni [DXxg,| in X in terms of |D f|. Theorem 3 is the generalization in the setting of
finite-dimensional RCD spaces of [31, Theorem 1 in Section 4.1.5].

Theorem3 Let K € Rand N < oo. Let (X, d, m) be an RCD(K, N) space, and let | €
LO(m). Then the following are equivalent:

o [ €BVi(X),
o Gy has finite perimeter on cylinders.

If this is the case, then

74 IDXg,| = /g5 +1m+DfIL(CrUJp).
In Theorem 4, we explicitly compute the normal to the boundary of the subgraph vgf in

coordinates, with respect to the polar vector v in coordinates, and the density g ¢ of [D f|“
with respect to m. For the sake of reference, the analogous result in the non-Euclidean setting
of Carnot groups is obtained in [28, Theorem 4.3].

Theorem4 Let K € R and N < oo. Let (X, d, m) be an RCD(K, N) space, and let f €
BVioc(X). Let u be a good splitting map on D € By, (y), where y € X and ry > 0.
Then, for [DXg,|-a.e. (x,t) € D x R, it holds that

1 1 .
5 ) = (/e = [ie )@ v e D\ U UCH),
A

% 0)(x) ifxe DN (JrUCy).

@ Springer
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In Theorem 5, we extend [31, Theorem 2 and Theorem 3 in Section 4.1.5] in the setting of
finite-dimensional RCD spaces.

Theorem5 Let K € R and N < oo. Let (X, d, m) be an RCD(K, N) space of essential
dimension n, and let f € BVioc(X). Let u be a good splitting map on D < B, (y), where
y € Xandry > 0. Let also ¢ : D x R — R be a bounded Borel function. Then

(i) foreveryi =1,...,n,
LD (Ve (x,1)).dDxX Jt
/(D\Jf)wa(x )(vs, (. 1),dIDX g, |(x. 1)
= f p(x, f)) (Vi) dID fI(x),
D\J¢
(ii) it holds
LD (Ve (x,t d|Dx t
/<D\J,.>XR‘”(X (08, (1), dIDX G, 13, 1)
=- f @(x, f(x))dm(x),
D\Jy

(iii) foreveryi =1,...,n,

px, (vg, (x,0).dIDXg,I(x, 1)
~/(Dﬁl_f)xR ( Gr )1 gr

V)
= / / (x, 1) dr (V5 (x)),0,(m, x)dH" " (x),
by J A

where we set ®,(m, x) := lim,_,o m(B,(x))/r",
(iv) it holds

px,0)(vg, (x, 1) ,,dDXxg,|(x,1) =0.
/(Dmf)xR ( 9r s /

In Theorem 4 and Theorem 5, we compare vgf and v;‘( only for a single good splitting map u,
onits domain D. This, however, still allows us to have a complete picture (i.e., the comparison
for IDX gslrae. (x, 1)), thanks to the following result, taken from [13, Lemma 2.28], which,
in turn, is inspired by the techniques introduced in [18]. The last part of the forthcoming
statement is not explicitly written in [13], but it is a direct consequence of (12).

Proposition 6 Let K € R and N < oo. Let (X, d, m) be an RCD(K, N) space of essential
dimension n. Let also n € (0, n™"). Then there exists a family uy = {uy kken, where, for
every k € N, u, . is a good n-splitting map on Dy C By, (xi), for some x; € X and ry > 0,
and moreover,

IDf] (X \ U Dk) =0, forevery f € BViu(X).
k
In particular, it holds that

|Dx9-f|<(x \ UDk> x R) —0, forevery f € BVioe(X).
k
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We spend a few lines about the strategy of the proof of Theorem 4, as once it is obtained,
Theorem 5 follows quite easily. The classical strategy of [31] seems not suitable for our
context, as we do not have a canonical way to decompose the distributional derivatives D f
and DX g, along different directions. This also causes the need to define the ‘components’
(v;‘[)l. (vgf)l. exploiting maps that look like charts. The drawback is that these charts are
defined only on Borel subsets; hence, it is not clear the distributional nature of the objects
(vj’t)l. and (uéf)l.. Nevertheless, in our main result we compare (v?)i with (véf)i. In order
to do so, a new strategy has to be exploited, and we therefore employ a blow-up procedure,
which is more compatible with the use of geometric measure theory results and does not need
the distributional meaning of such objects. This strategy is in Sect. 3, after Sect.2 in which
some preliminary facts are discussed.

2 Preliminaries
Given n € N and non-empty sets Xy, ..., X,,foranyi = 1, ..., n we will denote by 7! the
projection of the Cartesian product X; x - - - x X,, onto its i factor:

i Xy x - x X, = X, (X1, ..., Xp) = Xj.

2.1 Metric measure spaces
We say that a metric measure space (X, d, m) is uniformly locally doubling if for every radius
R > 0 there exists a constant Cp > 0 such that

m(By(x)) < Cpm(B,(x)), for every x € Xand r € (0, R).

Moreover, we say that (X, d, m) supports a weak local (1, 1)-Poincaré inequality if there
exists a constant A > 1 for which the following property holds: Given any R > 0, there
exists a constant Cp > 0 such that for any function f € LIPj(X) it holds that

‘ﬁr (x)

where, for every x € X,

f —][ fdm‘ dm < Cpr][ lip f dm, forevery x € Xandr € (0, R),
By (x) By (x)

lipf (x) := im W

which has to be understood as O if x is isolated.

Uniformly locally doubling spaces supporting a weak local (1, 1)-Poincaré inequality are
usually called PI spaces.

2.1.1 BV calculus

We recall the notions of function of bounded variation and of finite perimeter set in the metric
measure setting following [41].

Definition 7 (Function of bounded variation) Let (X, d, m) be a metric measure space. Let
f e Llloc(X, m) be given. Then we define

IDfI(S2) := inf{ lim / lip fi dm ‘ (fidien S LIPioc(Q), fi = f in Lip (€, m)},
Q

i—00
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for any open set 2 C X. We declare that a function f € Llloc(X, m) is of local bounded
variation, briefly f € BVjoc(X), if IDf](2) < +oo for every 2 C X open bounded. In
this case, it is well known that |D f| extends to a locally finite measure on X. Moreover,
a function f € L'(m) is said to belong to the space of functions of bounded variation

BV(X) = BV(X, d, m) if [Df|(X) < +oo.

Definition 8 (Set of finite perimeter) Let (X, d, m) be a metric measure space. Let E C X be
a Borel set and 2 C X an open set. Then we define the perimeter of E in Q as

P(E,Q) = inf{ lim / lip f; dm ‘ (fi)ien € LIP1oe(Q), ui — X g in Lige(Q, m)};
i—o00JQ

in other words, P(E, 2) = |[DXg|(R2). We say that E has locally finite perimeter if

P(E, Q) < 4oo for every 2 C X open bounded. Moreover, we say that E has finite

perimeter if P(E,X) < 4o00.

The following coarea formula is taken from [41].

Theorem 9 (Coarea) Let (X, d, m) be a metric measure space. Let | € Llloc(m) be given.

Then for any open set Q C X, it holds that R 3 t — P{f > t}, Q) € [0, +o0] is Borel
measurable and

IDfI(2) = /RP({f > 1}, Q) dr. ey

In particular, if f € LY(m), then f € BV(X) ifand only if { f > t} is a set of finite perimeter
fora.e. t € R and the function t — P({f > t}, X) belongs to L' (R). In this case, we have
thatR >t +— P{f > t}, E) is Borel and IDf|(E) = fR P{f > t}, E)dt for every Borel
set E C X

The Borel measurability of R 5 t — P({f > t}, Q) € [0, +oc] follows from the
observation that f > X {7~ € Llloc(m) is right-continuous and Llloc(m) > g — |Dg|(2) is
lower semicontinuous.

We remark that the weak local (1, 1)-Poincaré inequality of PI spaces holds for BV (X)
functions f in the following form: For every bounded open set 2 € X and every R > 0,

fB,(x) / _]i,(x) fdm' am

D f1(Byr(x))
<Cp(N,K,Q, R)yr———————, foreveryx € Qandr € (0, R).
M(Byr(x))
In the particular case of sets of (locally) finite perimeter, the (1, 1)-Poincaré inequality reads
as a local isoperimetric inequality, as can be shown with classical computations:

min {M(B,(x) N E), m(B(x) \ E)}
<2Cpr|DXEg|(By-(x)), foreveryx € Qandr € (0, R). 2)

The following proposition summarizes results about sets of finite perimeter that are now
well known in the context of PI spaces and are proved in [2, 30], see also [1].

Proposition 10 Let (X, d, m) be a Pl space and let E C X be a set of locally finite perimeter.
Then, for DX g|-a.e. x € X the following hold:
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(i) E is asymptotically minimal at x, i.e., there exist ry > 0 and a function wy : (0, ry) —
(0, 00) with lim,\ o wy (r) = 0 satisfying

IDX E|(Br(x)) < (1 + @y (1) DX pr|(B;(x),  ifr € (0,ry) and E'AE € By(x),
(ii) |DX g| is asymptotically doubling at x, i.e.,

. DX g|(Bar(x))
imsup ————= < o0,
~o  IDXE[I(Br(x))

(iii) we have the following estimates:

0 < limi rIDXEel(Br(x)) .. r|DXE|(Br(x))
<liminf ——— <limsyp —— <
N0 m(B,(x)) N0 m(B;(x))

(iv) the following holds:

3

oo m(Br(x)NE) m(By(x)\ E)
llrrrl\}(r)lfmln{ }>0

m(B,(x))  m(B,(x))
We recall the following classical definition.

Definition 11 (Precise representative) Let (X, d, m) be a metric measure space, and let
f: X — R be a Borel function. Then we set the approximate lower and upper limits to
be

fre) =ap limy_ f(y) := sup {t eR: lh\r% m(Brr:f()BT(iJ;; M _ 0} .

— . = . MBx)N{f >1}
Y (x):=ap limy_,, f(y):= inf {t eR: ll\r‘r(l) m(B, (1) = 0} ,

for every x € X. Here we are assuming by convention that

infg=+00 and sup@ = —oo.

Moreover, we define the precise representative f: X — R of f as

S+ )

fx) = 5 ,

for every x € X,
where we declare that 00 — 0o = 0.
We define the jump set Jy C X of the function f as the Borel set
Jp={xeX: fAx) < Y}

Itis known thatif (X, d, m) is aPIspace and f € BV (X), thenm(J¢) = 0, see [9, Proposition
5.2]. Moreover, as proved in [37, Lemma 3.2], it holds that

IDfIX\Xy) =0,  where Xy :={xeX| —oo< f (x) < f¥(x) < +oo},
thus in particular —oo < f(x) < 400 holds for [D f|-a.e. x € X.

Definition 12 (Decomposition of the total variation measure) Let (X, d, m) be a PI space and
let f € BVioc(X). We write [IDf| as |[Df|* 4 D f|*, where |IDf|* < mand |[Df]* L m. We
can decompose the singular part |D f|* as |[Df|/ + |D f|¢, where the jump part is given by
IDf)Y ;== |Df|IL J ¢, while the Cantor part is given by [D f|¢ := [D f|* | (X \ Jf), so that
we can write [D f|¢ = |Df| L Cy with m(C ) = 0. Finally, we write |[D f|* = gm.

@ Springer
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We recall the definition of subgraph and [13, Lemma 2.11].

Definition 13 Let (X, d, m) be a metric measure space and let f : X — R be Borel. Then
we define the subgraph of f as the Borel set Gy C X x R given by

Gri={x.nDeXxR:1t< f(x)}

Before stating the next result, we remind that the essential boundary 3* E of E C X Borel
is
m(B, (x) N E) m(B, (x) \ E)

limsup —————2 = 0, limsup ———~— = 0}.

*E = {x € X
N0 m(B;(x)) ~NOo  M(Br(x))

Lemma 14 Letr (X, d, m) be a uniformly locally doubling metric measure space and f €
BVioc(X). Then it holds that

(x,1) €d*Gy = rel[f (), @]
te(fr), fYx) = (x,1)€d*Gy.

In particular, if x € X¢ \ Jy, then it holds that 9*Gy N ({x} x R) C {(x, f(x))}.

2.2 RCD spaces

We assume the reader is familiar with the theory of RCD(K, N) spaces. Recall that an
RCD(K, N) space is an infinitesimally Hilbertian metric measure space verifying the curva-
ture dimension condition CD(K, N), in the sense of Lott—Villani—-Sturm, for some K € R
and N € [1, oo]. In this paper, we only consider finite-dimensional RCD(K, N) spaces;
namely, we assume N < o0o. Finite-dimensional RCD spaces are PI. If not otherwise stated,
through this note we will work in the setting of finite-dimensional RCD spaces.

2.2.1 Pointed measured Gromov-Hausdorff convergence and tangents

Let us recall some classical facts about pointed measured Gromov—Hausdorff convergence
and tangents in the setting of RCD(K, N) spaces. The exposition here is equivalent to the
classical one in more general settings (see, e.g., [33]), due to the result in [8, Theorem 4.1].
See also the introduction given in [13, Section 2.1.2].

Definition 15 (Pointed measured Gromov—Hausdorff convergence) Let (X, d, m, p), (X;, d;,
m;, p;), for i € N, be RCD(K, N) spaces with K € R and N < oo. Then we say that
Xi, di, m;, pi) — (X, d, m, p) inthe pointed measured Gromov—Hausdor{f sense (briefly, in
the pmGH sense) provided there exist a proper metric space (Z, dz) and isometric embeddings
t: X — Zand ¢;: X; > Zfori € N such that ¢;(p;) — ¢(p) and (¢;)xm; —t,m in duality
with Cps(Z), meaning that [ f o; dm; — [ f ovdm for every f € Cps(Z). The space Z is
called a realization of the pmGH convergence (X;, d;, m;, p;) — (X, d, m, p).

For brevity, we will identify (¢;)«m; with m; itself. It is possible to construct a distance
dpmGH on the collection (of equivalence classes) of RCD(K, N) spaces whose converging
sequences are exactly those converging in the pointed measured Gromov—Hausdorff sense.
Moreover, the class of RCD(K, N) metric measure spaces is compact in the pmGH topology.
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Definition 16 (pmGH tangent) Let (X, d, m) be an RCD(K, N) metric measure space. For
every r > 0 and every x € X, we define

m’, = m(B,(x))"'m.

Then, for every p € X,

G
Tan, (X, d, m) := {(Y, dy, my, q) ‘ 35 O (X, 'd,m', p) PO Y, dy, my,q)}.
It is known that Tan , (X, d, m) is (well defined and) non-empty.

2.2.2 Structure results for RCD spaces

Let us recall the definition of the regular set and some well-known structure results in the
setting of RCD spaces.

Definition 17 (Regular set) Let n € N be given. Let d, stand for the Euclidean distance
de(x,y) := |x — y| on R”, while £" is the normalized measure £" = %E", where w, is
the volume of the unit ball in R”. Then the set of n-regular points of an RCD(K, N) space
(X, d, m) is defined as

Ry = Ry(¥) i= {x € X | Tan, (%, d. m) = {(R", d, £, 0)}}.

A Borel set A C X is said to be (m, n)-rectifiable for some n € N if there exist Borel
subsets (A;)jen of A such that each A; is bi-Lipschitz equivalent to a subset of R"” and
m(A\J; A;) = 0. As proved in [19, 25, 34, 36, 42], the following structure theorem holds.

Theorem 18 Let (X, d, m) be an RCD(K, N) space. Then there exists a (unique) number
n € Nwith1 < n < N, called the essential dimension of (X, d, m), such that m(X\R,) = 0.
Moreover, the regular set R,, is (m, n)-rectifiable and it holds that m < H".

More precisely, it is proved in [42] that Ry is (m, k)-rectifiable for every k € N withk < N
and that m(X\ g~y Rx) = 0. The fact that mL R < H* holds for every k < N was
shown in [25, 34, 36], independently. Finally, the existence of a number n < N satisfying
m(X \ R,) = 0 is proved in [19].

Definition 19 Let (X, d, m) be an RCD(K, N) space having essential dimension n. Then we
define the set R}y = R} (X) € R, as

10,(m, x) = lirI})m(L(nx)) € (0, +oo)} .

n
wpt

RE = {x e R,

Notice that the set R is Borel, see [13, Remark 2.5]. As shown in [8, Theorem 4.1], it holds
that m(X \ R}) = 0.

2.2.3 Structure results for sets of finite perimeter in RCD spaces

Let us now recall some structure results for sets of finite perimeter in RCD(K, N) spaces.
We assume the reader to be familiar with [4, 15, 17, 18].

Definition 20 (Tangents to a set of finite perimeter) Let (X, d, m, p) be apointed RCD(K, N)
space, E C X a set of locally finite perimeter. Then we define Tan, (X, d, m, E) as the family
of all quintuplets (Y, dy, my, ¢, F) that verify the following two conditions:
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i) (Y,dy, my, g) € Tan, (X, d, m),

i) F C Y is a set of locally finite perimeter with my(#) > 0 for which the following
property holds: Along a sequence r; \ 0 such that (X, r;ld, m;;', p) — (Y,dy, my, q)
in the pmGH sense, with realization Z, it holds that E I > Fin LlloC (cf. with [4,
Definition 3.1]), where E! is intended in the rescaled space (X, rlfld). If this is the case,
we write

X, r7'd,m, p, E) — (Y,dy. my. q, F).
Definition 21 (Reduced boundary) Let (X, d, m) be an RCD(K, N) space. Let E C X be a
set of locally finite perimeter. Then we define the reduced boundary FE C 0*E of E as the

set of all those points x € R satisfying all the four conclusions of Proposition 10 and such
that

Tan,(X,d, m, E) = {(R", d,, £, 0, {x, > 0]}, 3)

where n € N, n < N stands for the essential dimension of (X, d, m). We recall that the set
of all points x € X that satisfy (3) was denoted by F, E in [4].

We recall here, for the reader’s convenience, [13, Remark 2.22].

Remark 22 By the proof of [4, Corollary 4.10], by [4, Corollary 3.4], and by the membership
to R}, we see that for any x € FE the following hold.

(i) If r; N O1is such that
X, r7'd, m7, x) = (R", d,, £", 0) @

in a realization (Z, dz), then, up to not relabeled subsequences and a change of coordi-
nates in R”,

X, r; ', m7 x, E) = (R", de, £, 0, {x, > 0}),

in the same realization (Z, dz). Notice that, given a sequence r; \( 0, it is always
possible to find a subsequence satistying (4).
(i) If r; N\ Ois such that

X, r7 ', mi,x, E) = (R, d., £, 0, {x, > 0})

in a realization (Z, dz), then |DX g| weakly converges to |DX (y,~0;| in duality with
Cus(2).
(iii) We have

B,
lim Ln(x)) = 0,0, (m, x) € (0, +00),
r r
5
| IDXEI(B () &
im LR 1O, (m, ).
N0 r

[m}

We now recall [13, Theorem 3.3], which follows along the techniques of [17] and builds
upon [27].

Theorem 23 Let (X, d, m) be an RCD(K, N) space having essential dimension n. Then
IDFIX\R;) =0, forevery f € BVioe(X).
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The following is [13, Theorem 3.4].

Theorem 24 (Representation formula for the perimeter) Let (X, d, m) be an RCD(K, N)
space having essential dimension n. Let E C X be a set of locally finite perimeter. Then

IDXg| = ©,(m, YH" 'L FE. (6)
In particular, it holds that ®,,_1(IDXE|, x) = ©,(m, x) for H" '.g.e. x € FE.

2.2.4 Good coordinates and good splitting maps

In this section, we recall the notion of good coordinates studied in [17] and good splitting
maps introduced in [13]. First, we recall the following, which comes from [15, Theorem
4.13], see also [18, Theorem 2.4]. We assume the reader to be familiar with the Sobolev
calculus on RCD spaces and with the notion of capacitary tangent module Lgap(TX ). We
refer to [13, Section 2.2.1] and references therein.

Theorem 25 Let (X, d, m) be an RCD(K, N) space and let f € BV (X). Then there exists a
unique, up to |D f|-a.e. equality, element vy € L%ap(TX) such that |vy| = 1 |D f|-a.e. and

/ fdiv(v)dm = — / mpf(v) -vedIDf], foreveryv € TestV(X).
X X
In particular, if E is a set of locally finite perimeter, we naturally have a unique, up to

DX gl-a.e. equality, element vg € Lgap(TX), where we understand vg = vy, by locality.

Definition 26 (Good coordinates) Let (X, d, m) be an RCD(K, N) space of essential dimen-
sion n. Let E C X be a set of locally finite perimeter and let y € FE be given. Then we say
that an n-tuple u = (u!, ..., u") of harmonic functions u’ : B, (y) — Risasystem of good
coordinates for E at y provided the following properties are satisfied:

(1) Foranyi, j=1,...,n,itholds that

lim |Vu' - Vu/ — 8;j|dm = lim |Vu' - Vu/ —8;;|dDxg| =0. (7)
"™OJB, () "™O0JB,(y)

(i) Foranyi =1, ..., n, it holds that

Jv;(y) := lim vg - Vul dDXgl,  lim lvi(y) — vg - Vil | dIDX g| = 0.
’ r™NO0JB, (y) ™NOJB
(®)

(iii) The resulting vector v(y) := (v (¥), ..., v, (¥)) € R” satisfies [v(y)| = 1.

It follows from [17, Proposition 3.6] that good coordinates exist at DX g|-a.e. y € FE.

Remark 27 Let (X, d, m) be an RCD(K, N) space of essential dimension n, let x € X and
letu = (u', ..., u") be an n-tuple of harmonic functions satisfying

lim][
™0JB, (x)

Given a sequence of radii r; N\ 0 such that

Vu' - Vul —8;j]dm = 0.

X, r; ', mi, x) = (R", de, £, 0)
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and fixed a realization of such convergence, it follows from the results recalled in [18, Section
1.2.3] (see the references therein, see also [18, (1.22)], consequence of the improved Bochner
inequality in [35]) that, up to extracting a not relabeled subsequence, the functions in

7w —u ()} forj=1,....n

converge locally uniformly to orthogonal coordinate functions (y;) of R". If in addition
E C Xis a set of locally finite perimeter, x € FE and u is a system of good coordinates for
E at x, then the blow-up of E at x coincides with H = {y € R" |y - v(x) > 0}, where we
are denoting by

v(x) = (lim][ vg - Vu! d|DXE|> eR"
"™NOJB, (x) j=loeun
the vector given by (8). See [17, Proposition 4.8] for a proof of this last claim. O

Letus now recall the notion of §-splitting map. We follow the presentationin [ 18, Definition
3.4], see also [13, Section 2.2.3].

Definition 28 (Splitting map) Let (X, d, m) be an RCD(K, N) space. Let y € X, k € N, and
ry,8 > 0 be given. Then a map u = (uy, ..., ux): B (y) — R* is a §-splitting map if the
following three properties hold:
(i) u; is harmonic, meaning that, foreveryi =1, ..., k,u; € D(A, B, (y)) and Au; = 0;
and moreover u; is Cg y-Lipschitz foreveryi =1, ..., k, )
(i) rify o) [Hess(u;)|>dm < § forevery i = 1, ..., k,
ry

(iii) fBr,(y) |Vui - Vuj — 8;j|dm < § foreveryi, j =1,... k.

For what follows, recall the definition of good splitting map, compare with [13, Definition
2.29] and Definition 1.

Remark 29 Let u be a good splitting map on D C B, (y). Due to [17, Remark 2.10], for
every x € By (y) there exists a Borel matrix M (x) = {M (x); j}i, j=1,..n € R™*" satisfying

,,,,,

lim][ |Vu' - Vu/ — M(x); jldm=0 foreveryi,j=1,...,n. 9)
SNOJ By (x)

Then, from item iii) of Definition 28 and since n < n~!

, we have that for every x € D
IM(x);j—8ijl <n<nl. (10)

Hence, by applying the Gram—Schmidt orthogonalization algorithm to (Vi (x)}i=1....n for
every x € D, we find a matrix-valued function A € L% (D; R"™*") such that, for every
x €D,

AOM)AX)T =1d. (1)
The membership A € L*®(D; R"*") is due to (10). O

Let (X, d, m) beanRCD(K, N) space of essential dimension n, and let f € BV (X). Recall
that [11, Theorem 5.1] and its proof (compare with [9, Proposition 4.2] and [13, Proposition
2.13]) yield that G has locally finite perimeter and

IDf| <7}IDXg,| < [Df| +m. (12)
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Also, by [13, Theorem 3.4], it holds that
H'L3"Gr <« [DXg,|, (13)
so that, taking into account Lemma 14 and Theorem 18, we see that
m < H"L R, <} DXg,|. (14)

Before going on, we stress a couple of remarks.

Remark 30 Taking into account Definition 2, it holds that véf is well defined at (x, f(x)) for
IDfl|-a.e. x € D\Jy and m-a.e. x € D\Jy, as a consequence of (12) and (14), respectively,
together with Lemma 14. O

Remark 31 We isolate here an argument which will frequently appear during the paper, and
that is essentially contained in [17, Proposition 3.6]. Let (X, d, m) be an RCD(K, N) space
of essential dimension 7, and let E € X be a set of locally finite perimeter.

Letu : By, (y) = R" be a good splitting map on D C B, (y). We claim that, for |IDX g|-
almost every point x € FE N D, the function v := A(x)u : By, (y) — R" is a system of
good coordinates for E at x, where the matrix-valued function A is defined as in (11). In
addition, if v : Bay, (y) — R” is the |DX g|-measurable map

VE(x) == ((vg - Vi) (x), ..., (vg - V") (x)),

then the normal v}, associated with the system of good coordinates v for E at x (see item ii)
of Definition 26) is

vp = A(x)vg.

Indeed, let us fix x € FE N D thatis, for every i, j = 1,...,n, a Lebesgue point of
all the functions Vu' - Vu/, vg - AVu', vg - V', and A, with respect to the asymptotically
doubling measure |DX g|. Let us denote v' := A(x)u'. We aim at showing that (v');j=1, ., :

By, (y) — R" are good coordinates for E at x.

First, v’ are harmonic. Second, by the very definition of A and M, see (11) and (9), and
by the fact that x is a Lebesgue point of Vu' - Vu/ with respect to | DX g|, we have the two
equalities in (7) at x with vi. Third, by denoting «; (x) the Lebesgue value of vg - V(Au)'
at x with respect to | DX g|, and since by definition V(Au') - V(Aul) = d;j everywhere on
D, we conclude that vp = Z;’:] a;V(Au') holds |DX g|-almost everywhere on D. Now,
since |vg| = 1in L%(TX), and since V(Au') are pointwise orthonormal on D, we conclude
that the vector (a;);=1,....» has norm 1. Hence, by finally taking into account that x is also a
Lebesgue point of vg - Vu! and A with respect to [DX g, (8) and item ii) in Definition 26
hold. How the normal transforms is clear from (8). Thus, the claim is proved. O

3 Main results

In this section, we are going to prove the main results of this note, i.e., Theorem 4 and
Theorem 5. First, we start with some auxiliary results.

3.1 Auxiliary results

In this section, we fix an RCD(K, N) space of essential dimension n (X, d, m) and f €
BV(X). We fix also u, a good splitting map on D C B, (x) for some x € X and r, > 0.
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The following proposition can be proved exactly as [13, Proposition 3.7]. Recall the
definition of the reduced boundary in use in this note, see Definition 21.

Proposition 32 In the above setting, there exists a Borel set Dy C D satisfying the following
properties:

(i) IDfI°(D\Dyf) = 0and m(D\Dy) =0.

(ii) IDXg,I((D\ (DyUJyr)) x R) =0.

(iii) Dy € REX\Jy and FGy N (Dy x R) = (idx, f)(Dy).
(iv) Given any x € Dy, for A(x) € R"" as in (11), we have that (A(x)u, n¥)isa system
of good coordinates for Gy at (x, F)).

(v) Ifv = !, ... vtth: By (x, f(x)) — Rl is a system of good coordinates for Gy at
(x, f(x)) for some x € D¢ and the coordinates (x;) on the (Euclidean) tangent space
toX xR at (x, f_(x)) are chosen so that the maps (v') converge to (x;): Rt 5 Rotl
(when properly rescaled, see Remark 27), then the blow-up of G at (x, F(x)) can be
written as

H:={yeR"™ |y v, f(x) >0},

where the unit vector v(x, f(x)) = (v1 (x, f(x)), ey Upg (x, f(x))) is given by (8)
for v.

Proof The proof follows along the lines of [13, Proposition 3.7]. We need some auxiliary
sets:
o We define D as the set of all those points (x, t) € (D xR)NFG of density 1 with respect
to |DXxg ; |. The Lebesgue differentiation theorem ensures that [DX g, [((D x R)\ D) = 0.
o We define A as the set of all (x, ) € X x R where item v) of the statement holds. Notice
that |Dx G I((X % R) \ A) = 0 thanks to the final part of Remark 27.
e We define 7 as the set of all those (x, ) € (D x R) N FG such that (A(x)u, 7%)isa
system of good coordinates for G at (x, t). Notice that |[DX Gy [(XxR)\7)=0by
Remark 31.

Let us now define the set Dy C D as
Dy:=DNX;N(REX\J) N (FG,NDNANT).
By exploiting (12) and (14), one can then prove that D  fulfills all the required properties. O

Even though by definition Dy N Jy = &, we sometimes consider D s \ J¢ to remind this
fact. In our proofs, we will implicitly take as a representative of vg ~ (see Definition 2) its
Lebesgue representative with respect to the asymptotically doubling measure [DX g |. This
will not make any difference in the end, due to the nature of the statements, but will allow us
to exploit item v) of Proposition 32.

Lemma 33 The set C (see Definition 12) such that [Df|° = [Df|L Cr and m(Cy) = 0
can be taken as follows:

Cpi={x e Dp\Jyp s (8, (5 F0D), ,, =0 (15)

Proof In this proof, we let C be the set defined as in the right-hand side of (15). Let us first
prove m(C¢) = 0. By Theorem 18, we only have to show that (K" L R,,)(Cs) = 0. Then,
by [12, Theorem 2.4.3] it is enough to show that

DB (x)
minf ———— =

i 400
\0 ri
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for H"-a.e. x € Cy. Therefore, by (12), and by taking into account that Dy C R}, it is
enough to show that

Dx B, (x) x R
liminf| Qfl( r(X) ) — 100
N0 r’t

(16)

for H"-a.e. x € Cy. The conclusion then follows from a blow-up argument. Now we follow
the first part of the proof of [13, Theorem 3.8], and we sketch the argument. Take x € Cy,
let p := (x, f(x)), and take a sequence {r;}; < (0, 00), r; \, 0. We use repeatedly the
membership p € FGy and the implied properties as in Remark 22. We have that, up to

subsequences,
(X, ri_ld, m’, x) — (R",d,, £",0), inthe pmGH topology.
Let (Z, dz) be a realization of such convergence. Then (Z x R, dz x d,) is a realization of
(X xR, 77l dxdo), (m® LY, p,Gr) — R, d,, £, 0, H), (17)

where H € R"*t! is a half-space, and where we took a non-relabeled subsequence. We
also know, as p € FGy, that the rescaled perimeters [DX g, | weakly converge, up to some
dimensional constant, to H" L3 H in duality with Cp,s(Z x R). Moreover, by the definition of
Cr together with the item v) of Proposition 32, and the fact that the last coordinates of vgf

and ”5,- are equal— where v = (A(x)u, 72)—we have that H can be written as H' x R,

for some H’ C R" half-space. Then the claim follows from weak convergence of measures,
taking into account also item iii) of Remark 22.

We give the details of the last conclusion, i.e., how the weak convergence of measures
yields (16). Denote by |D' xg ;| the perimeter measure associated with G in the rescaled
space as in (17). By weak convergence of measures (i.e., item ii) of Remark 22)), we have
that |D xg, | weakly converges to [Dx|. We can compute

Dxg,|(By, R £Y(B,, ;
IDxg (B, (x) x )=(m® )( ’(p))|D’ng|(Bl(x)><R),

ri" r;ﬂrl

so that, by weak convergence,

Dxg, (B (x) x R
o 1DXG 1B () X B)

i ri"

> w10, (M, X)[Dxu|(BE (0) x R) = +o0,

where the last equality follows from H = H’ x R. Then, being the sequence {r;}; arbitrary,
(16) follows.

Finally, as a direct consequence of [13, Theorem 3.8], and item i) of Proposition 32, we
have that [D f|° is concentrated on C, so that [D f|° = [D f| L Cy. o

Lemma 34 It holds that

.....

_ _ 2
(vgf(x, f(x)))ly 0= \/1 — (vgf(x, f(x)))n_‘_1 v?-(x), for|Dfl-ae.x € D\ Jy
and

(Véf(x, f_(x))),H_] <0, for|Df|-ae.x €D\ Jy.
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Proof The proof follows the lines of the proof of [13, Lemma 3.9], but the conclusion is
slightly different. We sketch here the argument.

Fora.e.r € R, we have that E; := {f > t} is a set of finite perimeter (by Theorem 9) and
that v'j‘c(x) = v‘gt (x) for H*'-a.e. x € DN FE, (by (6) and [15, Lemma 4.27]). Recalling
also Proposition 32, proving the statement amounts to showing for "~ '-a.e.x € D FNFE;
that

.....

(18)

In view of Remark 31 and Proposition 32 iv), for H"~'-a.e. x € D r N FE; the following
hold:

e A(x)u is a system of good coordinates for E; at x. Moreover, the unit vector v = v(x) €
R”" associated with A(x)u and E; as in (8) satisfies v = A(x)v}‘;t (x).

o (A)u, 7% isa system of good coordinates for G5 at p := (x, f (x)). Moreover, the
unit vector . = pu(p) € R**! associated with (A (x)u, 7%) and Gr as in (8) satisfies

= (4008, P, 08, (P), ) (19)

yeees

Now choose coordinates (y;) on R” such that the maps (A(x)ub) converge to (y;) (when
properly rescaled, see Remark 27). We then deduce from the last part of Remark 27 and
from Proposition 32 v) that the blow-up of E; at x and of G at (x, f (x)) can be written
as H :={y e R"|y-v>0}and H := {(y,s) € R" x R|(y,s) - u > 0}, respectively.
Arguing exactly as in the proof of [13, Lemma 3.9], we thus obtain that

H' x (—00,0) C HN{(y,s) e R" xR|s < 0}.

This forces the inequality 1,41 < 0 and the identity (@1, ..., u,) = av forsome « € [0, 1].
Given that pu,+; = (”5,-( P))n+1 by (19), the second formula in (18) is proved. Moreover,
we have that

2 2 21,12 2 2 2
L= ul" = [(av, un+ D" =" + g =@ + 14,

sothato = /1 — (vé/ ( p))ﬁ +1- Therefore, since the matrix A(x) is invertible, we conclude
that also the first formula in (18) holds. m]
Lemma 35 It holds that

dz,|DXg, |

i = (g i, Fo)', form-ae xeD\(JUCH).

Proof Recalling Proposition 32, we can reduce ourselves to show the conclusion only for
m-a.e.x € De\(Cr U Jy).
By Lemma 33, we know that

(vé(/_)n_,_l(x, f(x)) #0, form—ae.x € Dys\(CrUlJy). (20)
We prove now that in fact

(véf)n_H(x, f_(x)) <0, form-ae.x € Dy\(CyUlJy). 21
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Fix x € Dy \ Cy satisfying (20), let p := (x, f(x)) and take {r;}; € (0, co0) with r; \( 0.
Up to subsequences, we have that

(X xR, 7' (d x do), (m® LY, p.Gp) > R™ . d,, £, 0, H),

in a realization (Z x R, dzxRr), for some half-space H. Arguing as in the proof of Lemma
34, it holds that H = {z e R"T! : z - > 0}, for

.....

Let £B, = Bgz(ORn) X BLR(:EIR) C Z x R. Take ¢ > 0 small enough so that (£B;) N0 H #
. Such ¢ exists by (20). Now we compute, by convergence in Llloc,

LY H N (=By)) — LM (H N By)
= lim ((Mm® LY (Gr N (=B:) — (M LY} (Gr N By)).

11— 400

By Fubini’s theorem,

M® LY (G N (=B:) = (M® LY Gy N By)
1

_ 1 e o
= me LB, () Bgzmw)(H () x i e —ri+e) 1 G7)

—HN(x} x (i — 8,17+ #) ﬂgf)>dm(x) >0,

where at the second member we have the image measure of m corresponding to the i
rescaling. Therefore, £ (H N (= B,)) — £ (H N B,) > 0, so that (21) follows, taking
into account also (20) and the defining expression for H.

Fix a ball B € X. Define Cy, (x, 1) := {(y,s) € X x R: yd(y,x) > |s — ¢} for every
y > 0. We claim that for any ¢ > O thereexisty = y(¢) > 0,r9p =ro(¢) > Oand Fy, € FGy
Borel such that:

i) IDXg,[(((BNDy)\Cy) xR)\ Fy) <&.
i) F, N (By(x) x R) C Cay(x, f(x)) forevery (x, f(x)) € F, and r < ry.

The proof of this claim follows along the lines of [13, Theorem 3.8]. First, we define I:}k as
k= {&, fx) [x e (BN Dp)\Cy, (Ugf)n+1(x, fx) < —1/k} € FGy, foreveryk € N.

Since ((B N DONCy) x R =Upen I:"Ek up to IDngI-null sets by (21), we can take kg € N
large enough so that F, = ~5k° satisfies |Dng|((((I§ N D\Cy) x R)\ﬁa) < ¢/2.
Denote « := 1/ko. Up to discarding a [DX g |-null set from F,, we can also assume that
©,(IDXg,| L F,, p) = Ouim® Ll p)forall p e F,; it follows from the Lebesgue
differentiation theorem applied to |DX gf|, the second formula in (5) and ®,(m,x) =
Our1(M LY, (x, f(x))). Next we show that, denoting 8 := V1=a2,

- IDXg, ((Fe N B (p) \ (X x Bp,(f(x))))

li
r\0 r’

=0, foreveryp = (x, f(x)) € ﬁg.
(22)
The verification of (22) is a via a blow-up argument: if the half-space H < R*H s the

blow-up of G7 at p € F in some realization, then Proposition 32 v) and (vgf)n-u (p) < —«a
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imply that 0 H N B1(0) € B1(0) x Bg(0), whence (22) follows. Denote y := H'ﬁ > 1.
ply B V=g

We now claim that
m [Dxg, |((Fe 0 B, (p)) \ Cy(p))

im & =0, foreveryp e F,. (23)
p r

Indeed, for any § > 0 we know from (22) that sup, _- r~"|DX gfl((l:"g N Br(p)) \ (X x
Bgr(f(x)))) < 8 for some 7 > 0. Letting 6 := B/(y% + 1)/y? < 1, we have that

Br(p)\ Cy(p) S | Bosr () \ (X x By (f(x))), forevery p = (x, f(x)) € F,
jeN

whence it follows, letting o := ZjeN 6" < 400, that for every p = (x, fx) e F, it
holds that

DX, 1((Fe N Bi(p) \ Cy (p))

fil
Sy o IDX g, |((Fe N Baiz(p)) \ (X x Bposz(F ()
= ©Iry"

< oé.

jeN

This proves (23). Now choose § > 0 with § < (1 =) (Hn s where n := sin(arctan(2y) —
arctan(y)). Applying Lusin’s theorem and Egorov’s theorem, we obtain a compact set F, C
FE and r; € (0, 1) such that |Dng|(Fg\FF) < &/2 (whence i) follows), f is (uniformly)

continuous on 7' (F,) and

|Dng [(Fe N By (p)) - N |Dng|((Fs N B (p)) \ Cy (p) ~

1 — = 1—-6, 1 . <34 (24)
Ont1(M LY, plawyr Onr1(M K LY, plawyr

forevery p € Fy andr < 2ry; here, we exploited ©,(|DX g, | LF,p)=0,1(maL, p)
and (23). Next, we aim to show

Fe N By, (p) € Cay(p), forevery p = (x, f(x)) € Fe. (25)

To prove it, we argue by contradiction: Suppose there exists ¢ = (y, f ) € (Fe N
By (p)\C2y (p). Then By, q),,(q) S B3(p.g (14 (PI\Cy (p), where we denote d(p, q) :=
(dx, »? + [f(x) = fFI ) . Combining this inclusion with (24), we deduce that
§>(1-— S)ﬁ, leading to a contradiction with our choice of 5. Hence, (25) is proved.
The uniform continuity of f |1 (F,) ensures that there exists ro € (0, rl/«/f) such that
|f_(y) - f(x)l < rl/\/i for all x € 7!(F,) and y € 7r1(Fg_) N By, (x). By (25), we get
Fe N (Bry(x) x R) € F, N B, (p) € Cyy(p) forall p = (x, f(x)) € Fg, proving ii).

We are now in a position to conclude the proof. We can and will assume that F, is made
of points of density 1 with respect to [DX g, |. This will ensure that for p € Fe, the rescaled

measures [DX g, |LF, and |DX gl around p have the same weak limit. Let I:} =7l(F,). By
a blow-up argument (taking into account Remark 22), for m-a.e. x € ((E NDH\C f) N I:"g,

(IDXg, | Fo)(Br(x) x R)
m

Jim - = Q)n@n (m! X)|(U5f ()C, f(x)))n+l |_1
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Here we exploited ii) and ®,(m, x) = 0,11 (M® £, (x,1)). Notice that the left-hand side
reads as

d(r!Dxg, DL F;
dm
and, by (21), the right-hand side reads as

0nOn(m, ) (= V5, (x, FOD), -

w0, Oy (M, x)

Now we conclude recalling (14) and the arbitrariness of B. O

The first part of the following lemma can be proved also exploiting [11, Theorem 5.1].
Nevertheless, we give a different proof, tailored to this setting and more in the spirit of this

paper.
Lemma 36 (Area formula) It holds that

drz}|DXg,|
— g = JEer@?+1, form—ae.x € D\ (CyUJy).

Proof Recall thatby Lemma 35, form-a.e.x € D ;\(J;UC ) itholds that ("5,- (x, f(x))
< 0.

We start from the case f € BV(X) N LIP(X). First, recall [7, Proposition 6.3] and [21],
which imply that |D f| = (lip f)m. Also, by Proposition 32, we reduce ourselves to show the
claim form-a.e. x € Dy\(CyU Jy). Take thenx € Dy\(Cy U Jy) suchthat p := (x, f(x))
is a Lebesgue point for véf with respect to [DX g, |. This choice can be made m-a.e. by (14).

We take {x;} € X with x; — x and

fE) —f@

n+1

lim +1i .
i-+oo  d(xi, x) pf(x)
Set r; := d(x, x;), and notice that we can, and will, assume that r; \, 0. Therefore, up to

subsequences, we have that
(X xR, r7 (dx do), m® LY, p,Gr) = R, de, £, 0, H),
where H is the half-space
H:={yeR"™ 1y vy (p) =0},

for v := (A(x)u, w?), see Proposition 32 and Remark 31. We assume that this convergence
is realized in a proper metric space (Z x R, dzxr) and, up to taking a non-relabeled subse-
quence, we assume that the rescaled perimeters [DX g, | weakly converge to ﬁHﬂ LoH
in duality with Cps(Z x R). Therefore, identifying (x;, f(x;)) with the corresponding point
with respect to the i isometric embedding, we have that, up to a non-relabeled subsequence,
(xi, f(x1)) = G = (3, £lip f (x)) € R"*! withrespect to dzxr, where d, (z, 0) = 1. There-
fore, if we show that g € d H, it will follow that

(= v8, (e, f0),4y = lipf (02 + 1, (26)

Take ¢’ = (Z, t) such that ¢’ € 9 H. The claim will be proved by showing that § = ¢’. By
weak convergence of measures and Lemma 14, we find a sequence of points {(xlf  f (xlf N}i
with (x/, f(x])) = ¢’ inZ xR, where we identified (x], f (x])) with the corresponding point
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with respect to the i™ isometric embedding. Now we compute, if L is the global Lipschitz
constant of f,
/
xi) — f(x;
| £lipf(x) —t| = lim I/ @) = FOpl < limsup L = lim sup Ldz(x;, x])
11—

+00 ri i—+00 ri i—>+00

d(x;, x)

<limsup L(dz(x;, Z) + dz(x/, 7)) = 0.

i—+00

Now we show the reverse inequality in (26). Take g := (Z,t) € dH with d.(z,0) = 1.
As before, we find (x;, f(x;)) = g in Z x R. But then

e = fO G — Fl A, x)
[t|] = lim —————— = lim
i 400 ri i—+o0  d(x;,x) T
< lim sup M lim sup dz(x;, x) < lipf(x)d.(z,0) = lip f (x).
i—400 d(x;, x) i—+400

This easily implies, by the arbitrariness of g, that

(= v, G FON), 1 = Vi 2+ 1.

Now we pass to the general case. Take ¢ > 0 and, by [37, Proposition 4.3], take h €
BV(X)NLIP(X) withm({h # f}) < e.Recall Proposition32andcall D, := (D sNDN{h =
SD\C . Itwill be enough to prove the claim form-a.e. x € D,.Notice thatby [37, Proposition
3.71, ID(f — W|(Dg) = 0, in particular, g ; = liph m-a.e. on D,.

Now notice that for m-a.e. x € D, it holds that X \ 3*G is of n-density O for [DX g, | at
(x, h(x)), by (12). Indeed,

DX G, |(Br(x, h) \ 8°Gp) _ DX, |({(y.1) € Br(x. h(x)) : h(y) # F (1))
rn rn
_ (@lIDxg, DB () N {h # )
< o
_ (DA +m)(B,(x) N {h # f))

r}‘l

whence the conclusion at density O points of {# # f} follows, taking into account |Di| < m
and the fact that m is concentrated on R;;. At such points, [DXg,| and [DX grI A IDXg,ls
properly rescaled, have the same weak limit. Hence, for m-a.e. x € D,, the blow-ups of G ¢
and Gj, coincide at (x, h(x)), by a monotonicity argument (use also the last conclusion of
Lemma 34). Now we use item v) of Proposition 32 together with Remark 31 to deduce that

véh (x,h(x)) = vgf (x, f(x)) holds for m-a.e. x € D,. Now, the claim follows from what
proved in the first part of the proof. O

Lemma 37 It holds that
H'({(x.0):xedpr=f"W}) =H'{(x,0):x € Jyp. 1 = f(0)}) =0.
Proof We only prove that
H'({(x.0) :x € Iyt = fY(0)}) =0,
the other statement being analogous. Also, we can reduce ourselves to prove that

H'({x.0):x e K. 1= f'(x0)}) =0,
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where K C Jy is a compact set with H"~!(K) < oo and f|7< : K — R is uniformly
continuous. Indeed, notice first that H" is o -finite on

{(x,0):xelpt= V) c Jr xR,

as H"~ ! is o-finite on J . Then we can reduce ourselves to consider H" L K with K C
{x,0):xeJp,t= fY(x)} compact such that K := 711([%) satisfies H"~1(K) < o0o. The
continuity of fl} comes from the fact that it is the inverse of the continuous map 77! defined
on a compact set into a Hausdorff space.

Now we conclude with a covering argument. Let ¢ > 0. Let also § € (0, €) be such that
[ fY(x)— fY(y)| < eifx,y € K are such thatd(x, y) < 8. Now we find a sequence of balls
{B), (x)}; withr; <8, K € |U; B, (x;) and 3_; wu—17"~! < H"~1(K) + &. Now notice
that K N (B, (xi) x R) € By, (x;) x (f¥(x;) — &, fY(x;i) + &). It is easy to show that, as
ri <6,

s (B (i) X (¥ (xi) = &, f Y (i) + £)) < 0n(V2r)" Qe /ri + 1).

Therefore, if C denotes a constant that may vary from line to line,
f@(k) <CY W2r)"e/(V2r)+ 1) < CY (erf T +r) < Cle+8) Y rf!
ieN ieN ieN
< Ce+8H" 1K) +e).

The conclusion follows letting & \ O. O
Lemma 38 It holds that

véf (x,1) = (v;‘c(x), 0), for IDngI—a.e. (x,) e (DN Jy) xR.

Proof Notice that, by (12), (ni IDXg,1) L Jr = [Df|L Jr. Then, by Theorem 9, it suffices
to show the claim for x € D N Jy N F{f > s}, for some s € R. By Lemma 37, we
can use a partitioning argument to reduce ourselves to prove the claim on K x I, where
K € DNnJryNF{f > s}is compact with H"Y(K) < coand I = (a,b) C Risan open
interval such that for every x € K, I C (f (x), f¥(x))and s € I. We can also assume, by
[15, Lemma 4.27], that v;‘( = v? g On K.

By a suitable modification of Remark 31, we see that for [DX g ; |-a.e. (x,t) withx € D,
it holds that v := (A(X)u, 72) is a system of good coordinates for G at (x, t). Also, for
[IDXg,l-ae.(x,1) the conclusion of [17, Proposition 4.8] holds at (x, t). Also, for [DX { s~} |-
a.e. x the analogous conclusions for { f > s} are in place at x. Take a point p = (x,t) € FGy
of density 1 for K x I withrespect to [DXg | such that x is of density 1 for K with respect
to |DX (r>s| and satisfying the above conclusions. Then for some sequence {r;};, r; 0,

(X xR, 7' (d xdeo), (m® LY, p.Gr) - R, d,, L, 0, H),
in a realization (Z x R, dzxRr), where
H:={yeR" |y v 1) >0},
where v(x, t) is given by (8) for v. Also, we have that
(X' dmi 2 (f > s)) > (R",de, £7,0, H),
where H' is given by

H' :={yeR" |y u@x) =0},
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where p(x) is given by (8) for A(x)u. Our aim is then to show that

v(x, 1,0 =pnx, 1) and  v(x, )41 =0, 27

v=(A@vg, (. 0), e vg, (Dast)  and p= AV ()

.....

and the matrix A(x) is invertible. Up to taking a non-relabeled subsequence, we assume that
IDXg, | weakly converges to ﬁ’l—t” L9 H in duality with Cps(Z x R) and [DX )| weakly
converges to winH"’l L dH’ in duality with Cps(Z). We can now use the representation

formula of Theorem 24 to combine the information H" L (K x R) = (H* 'L K) @ H!
(which we will prove below) together with the just mentioned convergences

1 1
IDxg,|— H'LOH and  |[Dyf-y @ H'—~—H""'LoH")
@n+1 Wn
1
QH!' = —H"L3(H xR)
Wy

in order to obtain that
H'LOH =H"LIH xR).

Hence H = +H’ x R (with —H’ we mean the image of H’ through the map R" > z >
—z € R").

We want to show that indeed H = H’ x R, so that (27) will follow by the definitions
of H and H'. There are two possible cases: either s > r or s < t. In the former, {f >
s} x (=00,t] € Gy, and in the latter, {f < s} x [t,4+00) C (X x R) \ G. Thanks to
stability with respect to LllOC convergence (cf. the proof of [13, Lemma 3.9]), we obtain the
monotonicity relations: H' x (—oo, 0] € H in the first case, —H’ x [0, 00) € —H, in the
second. This is enough to conclude.

Now we prove the coarea formula claimed in the above paragraph exploiting the rectifiabil-
ity result of [ 18] and the fact that K € F{f > s}. Take E a set of finite perimeter. Fix ¢ > 0.
We use [18, Theorem 4.1] (see also [18, Remark 4.3]) to write, up to H”_l—negligible subsets,
FE = Uk Ey, where Ej are pairwise disjoint Borel subsets of FE such that, for every k,
Ey is (1 + &)-bi-Lipschitz to some Borel subset of R”~!. Say that, for every k, there exists
gk ¢ Ex — R"! (1 + ¢)-bi-Lipschitz with its image. Call also f; : Ex x R > R""! xR
the map (x, 1) — (gx(x), ). We have that, if ¢ : X x R — [0, 1] is Borel, then

L, DAH (x, 1) = LD dH" (x,
/fmw HAH (x, 1) =) W(x, 1) dH" (x, 1)

keN Ek xR

3 R TR AR Gt
gr(Ex) xR

keN

where we used that if N € FE is H"!-negligible, then N x R is H"-negligible, thanks to
a simple covering argument. Now notice that, as gx is (1 4 &)-bi-Lipschitz, we have that, on
their natural domains,

1 n—1 1 n—1
() st () e
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1 " n n 1 ! n
<m> H* < (fi)«H" < (m) H".

Therefore, using Fubini’s theorem in R”, setting 1}()}, 1) = w(gk_l (y), t) and denoting C,
a constant, that may vary from line to line but that depends only on ¢ and n and such that
Ce —> lase (0,

and

/ Uy, 1) d((f)«H" (v, 1) < Ce / Yy, 1) dH" (v, 1)
gk (Ex)xR g

k(Ex) xR

= caf fxif(y,r)dH‘(t)dH"*l(y)
gk(Ex) JR

<C. f f ¥y, ) dH (@) d((g)«H™H ()
gk(Er) JR

=c£/ /w(x,z)dﬁl(t)dH”—l(x).
Ep JR

All in all,
f w(x,t)dH"(x,t) < ZC‘E/ / w(X,t)dHl(t)dHn_l(x)
FExXR T £ JRr

:cgf /w(x,t)dHl(t)dH"—l(x).
FE JR

As ¢ > 0 was arbitrary, we obtain that

/ l/f(x,t)dH”(x,t)ff /w(x,t)dHl(t)dH"*(x).
FExR FE JR

The opposite inequality is obtained similarly. O

3.2 Proof of the main results

We are now ready to prove the main theorems of this note.

Proof of Theorem 3 If f € BV,c(X), then G has locally finite perimeter thanks to the proof
of item (a) in [11, Theorem 5.1]. Conversely, assume that G has locally finite perimeter.
Then, the argument in the proof of item (b) of [11, Theorem 5.1] yields that for any x € X
andr > 0,

/ DX {f>nl(B2r(x))dt < oco.
R

Now we take 7y € (0, 00) big enough so that m({f > 7} N B,(x)) < min{l, m{f <
to} N B (x))}and m({f < —to} N By (x)) < min{l, m({f > —10} N B, (x))}. This is possible
as f € L9(m). Thus, taking into account that for L'-ae.t, DX (>}l = IDX{f<s}], we obtain
from the relative isoperimetric inequality (2) (that holds with A = 1 on finite-dimensional
RCD spaces) that

—1p

/wm({f>z}mB,(x))dt<oo and / m{f <t} N B,(x))dt < oo.

i) —00
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This implies f € LIIOC(X) by Fubini’s theorem. By Theorem 9, it also follows that f €
BVioc (X)

The last conclusion is an immediate consequence of Lemma 36 and Proposition 6, for
what concerns the absolutely continuous part. For what concerns the equality on the jump
part and the Cantor part, it directly follows from (12). O

Proof of Theorem 4 We first show that

vg, (x.1)

1 1
= — g, - | —— , for |Dxg,.|-ae. (x,t) € ((D\(JrUCy)) x R.
<,1+g§gf f /1+g12(>(x) IDXg,| (x,1) € (D\ (Jy )

Recall that (12) and Proposition 32 imply that we can reduce ourselves to show the claim for
[DXg,l-ae. (x,1) € (Dp\(CrUJp)) x R.

For [Dxg,|-ae. (x,1) € ({gf = 0} N (Ds\(Cy U Jy))) x R, by Lemma 36, Lemma
35 and (12) it holds that (vgf (x, f(x)))n+1 = —1. The claim is then proved at |DX gy |-a.e.
(x.1) € ({gf =0} N (Df\Cy)) x R by the following fact. By Proposition 32, for x € Dy,
at (x, f(x)), v = (A(x)u, 72)isa system of good coordinates for G 7, see also Remark 31.
Also, if v(x, f(x)) is computed as in item v) of Proposition 32, it holds that

v(p) = (AW O, (PD1...n. O (PDns1).  for IDXg,|—ae. p=(x.1) € D x R,

and that [v(p)| = 1. Recall that A(x) is invertible, whence the conclusion follows.

Now we show the claim at [DX ¢, [|-a.e. (x,7) withx € {gy > 0} N (Df \(CrU Jf)).
Notice that on {g > 0} N (Df \(CrU Jf)) it holds that m <« |D f| <« m. Therefore, by
Lemma 34, taking into account Lemma 36, Lemma 35 and (12), we have the claim.

The fact that

vg, (x.1) = (V}(x),0), for|DXg,|-ae. (x,1) € (DN(JyUCy) xR
is Lemma 38 together with [13, Theorem 3.8 and Lemma 3.9]. ]

Proof of Theorem 5 Ttems (i) and (ii) can be proved using Theorem 4, Theorem 3, and Lemma
14. Item (iv) follows from Lemma 38.
We show now item (iii). By the representation formula, we write

/ ¢(x, 0)(vg, (x.1),dDXg,|(x, 1)
(DNJ)xR
. f o (x, D(VEE)), XyG, (¥, DO (M, x) AH" (x, 1),
(DNJ )R

where we used that ©,(m, x) = ©,41(m ® 1!, (x, 1)) and Lemma 38. Now notice that if
N C Jy is such that H"1(N) = 0, then H"(N x R) = 0. This can be proved with an easy
covering argument.

Therefore, taking into account also Lemma 14 and Theorem 9, we reduce ourselves to
prove that for every ¢ : D x R — [0, 1] Borel, we have that for Hlae.s eR

Yx, 1) dH" (x,1) = /

DNFENJy

/ / ¥ (x, ) dr dH" " (x),
(DNFE;NTf)xR R

where E; := {f > s}. Fix s such that E has finite perimeter. The claim is equivalent to
H' L (FE; x R) = (K" 'L FE,) ® H', which has been proved at the end of the proof of
Lemma 38. ]

@ Springer



Annals of Global Analysis and Geometry (2024) 65:14 Page250f26 14

Acknowledgements The third named author acknowledges the support by the Balzan project led by Luigi
Ambrosio.

Author Contributions All authors discussed the results and contributed to the final manuscript.

Funding Open Access funding provided by University of Jyviskyld (JYU).

Declarations

Conflicts of interest The authors declare that they have no conflict of interest.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

. Ambrosio, L.: Some fine properties of sets of finite perimeter in Ahlfors regular metric measure spaces.

Adv. Math. 159(1), 51-67 (2001)

Ambrosio, L.: Fine properties of sets of finite perimeter in doubling metric measure spaces. Set Valued
Anal. 10, 111-128 (2002)

Ambrosio, L.: Calculus, heat flow and curvature-dimension bounds in metric measure spaces. In Pro-
ceedings of the International Congress of Mathematicians—Rio de Janeiro 2018. Vol. I. Plenary lectures,
pages 301-340. World Sci. Publ., Hackensack, NJ, (2018)

Ambrosio, L., Brug, E., Semola, D.: Rigidity of the 1-Bakry-Emery inequality and sets of finite perimeter
in RCD spaces. Geom. Funct. Anal. 29(4), 949-1001 (2019)

Ambrosio, L., Gigli, N., Mondino, A., Rajala, T.: Riemannian Ricci curvature lower bounds in metric
measure spaces with o-finite measure. Trans. Amer. Math. Soc. 367(7), 4661-4701 (2012)

Ambrosio, L., Gigli, N., Savaré, G.: Metric measure spaces with Riemannian Ricci curvature bounded
from below. Duke Math. J. 163(7), 1405-1490 (2014)

Ambrosio, L., Honda, S.: New Stability Results for Sequences of Metric Measure Spaces with Uniform
Ricci Bfrom Below. Measure Theory in Non-Smooth Spaces, pages 1-51 (2017)

Ambrosio, L., Honda, S., Tewodrose, D.: Short-time behavior of the heat kernel and Weyl’s law on
RCD*(K, N) spaces. Ann. Global Anal. Geom. 53(1), 97-119 (2018)

Ambrosio, L., Miranda, M., Jr., Pallara, D.: Special functions of bounded variation in doubling metric
measure spaces. Quad. Mat. 14, 1-45 (2004)

Ambrosio, L., Mondino, A., Savaré, G.: Nonlinear diffusion equations and curvature conditions in metric
measure spaces. Mem. Amer. Math. Soc. 262(1270), v+121 (2019)

. Ambrosio, L., Pinamonti, A., Speight, G.: Tensorization of Cheeger energies, the space H L1 and the area

formula for graphs. Adv. Math. 281, 1145-1177 (2015)

Ambrosio, L., Tilli, P.: Topics on Analysis in Metric Spaces. Oxford Lecture Series in Mathematics and
its Applications, vol. 25. Oxford University Press, Oxford (2004)

Antonelli, G., Brena, C., Pasqualetto, E.: The Rank-One Theorem on RCD spaces. Accepted in Analysis
& PDE. Preprint, arXiv:2204.04921, (2022)

Antonelli, G., Pasqualetto, E., Pozzetta, M., Semola, D.: Sharp isoperimetric comparison on non col-
lapsed spaces with lower Ricci bounds. Accepted in Annales scientifiques de I’Ecole normale supérieure,
arXiv:2201.04916, (2022)

. Brena, C., Gigli, N.: Calculus and fine properties of functions of bounded variation on RCD spaces. J.

Geom. Anal. 34(1), 11 (2023)
Brue, E., Naber, A., Semola, D.: Boundary regularity and stability for spaces with Ricci bounded below.
Invent. Math. 228, 777-891 (2022)

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2204.04921
http://arxiv.org/abs/2201.04916

14

Page 26 of 26 Annals of Global Analysis and Geometry (2024) 65:14

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.
36.

37.

38.

39.

40.

41.

42.

43.
44,

Brue, E., Pasqualetto, E., Semola, D.: Constancy of the dimension in codimension one and locality of
the unit normal on RCD(K, N) spaces. Ann. Sc. Norm. Super. Pisa CI. Sci. (5), Vol. XXIV, 1765-1816
(2023)

Brue, E., Pasqualetto, E., Semola, D.: Rectifiability of the reduced boundary for sets of finite perimeter
over RCD(K, N) spaces. J. Eur. Math. Soc. 25(2), 413-465 (2023)

Brué, E., Semola, D.: Constancy of the dimension for RCD(K, N) spaces via regularity of Lagrangian
flows. Comm. Pure Appl. Math. 73(6), 1141-1204 (2020)

Cavalletti, F., Milman, E.: The globalization theorem for the Curvature-Dimension condition. Invent.
Math. 226, 1-137 (2021)

Cheeger, J.: Differentiability of Lipschitz functions on metric measure spaces. Geom. Funct. Anal. 9(3),
428-517 (1999)

Cheeger, J., Colding, T.H.: Lower bounds on Ricci curvature and the almost rigidity of warped products.
Ann. Math. 144(1), 189-237 (1996)

Cheeger, J., Colding, T.H.: On the structure of spaces with Ricci curvature bounded below. I. J. Differ.
Geom. 46(3), 406480 (1997)

Cheeger, J., Naber, A.: Regularity of Einstein manifolds and the codimension 4 conjecture. Ann. Math.
182(3), 1093-1165 (2015)

De Philippis, G., Marchese, A., Rindler, F.: On a conjecture of Cheeger. In Measure theory in non-smooth
spaces, Partial Differ. Equ. Meas. Theory, pages 145—155. De Gruyter Open, Warsaw, (2017)

Debin, C., Gigli, N., Pasqualetto, E.: Quasi-Continuous vector fields on RCD spaces. Potential Anal. 54,
183-211 (2021)

Deng, Q.: Holder continuity of tangent cones in RCD(K,N) spaces and applications to non-branching.
Preprint, arXiv:2009.07956, (2020)

Don, S., Massaccesi, A., Vittone, D.: Rank-one theorem and subgraphs of BV functions in Carnot groups.
J. Funct. Anal. 276(3), 687-715 (2019)

Erbar, M., Kuwada, K., Sturm, K.-T.: On the equivalence of the entropic curvature-dimension condition
and Bochner’s inequality on metric measure spaces. Invent. Math. 201(3), 1-79 (2014)

Eriksson-Bique, S., Gill, J.T., Lahti, P., Shanmugalingam, N.: Asymptotic behavior of BV functions and
sets of finite perimeter in metric measure spaces. Trans. Am. Math. Soc. 374, 8201-8247 (2021)
Giaquinta, M., Modica, G., Soucek, J.: Cartesian Currents in the Calculus of Variations. I. Springer-Verlag,
Berlin Heidelberg (1998)

Gigli, N.: Nonsmooth differential geometry - an approach tailored for spaces with Ricci curvature bounded
from below. Mem. Amer. Math. Soc. 251(1196), v+161 (2018)

Gigli, N., Mondino, A., Savaré, G.: Convergence of pointed non-compact metric measure spaces and
stability of Ricci curvature bounds and heat flows. Proc. Lond. Math. Soc. 111(5), 1071-1129 (2015)
Gigli, N., Pasqualetto, E.: Behaviour of the reference measure on RCD spaces under charts. Comm. Anal.
Geom. 29(6), 1391-1414 (2021)

Han, B.-X.: Ricci tensor on RCD* (K, N) spaces. J. Geom. Anal. 28(2), 1295-1314 (2018)

Kell, M., Mondino, A.: On the volume measure of non-smooth spaces with Ricci curvature bounded
below. Annali della Scuola normale superiore di Pisa, Classe di scienze, XVII, 593-610, 04 (2018)
Kinnunen, J., Korte, R., Shanmugalingam, N., Tuominen, H.: Pointwise properties of functions of bounded
variation in metric spaces. Revista Matematica Complutense, 27 (2011)

Lott, J., Villani, C.: Ricci curvature for metric-measure spaces via optimal transport. Ann. Math. 169(3),
903-991 (2009)

Massaccesi, A., Vittone, D.: An elementary proof of the rank-one theorem for BV functions. J. Eur. Math.
Soc. JEMS) 21(10), 3255-3258 (2019)

Miranda, M.: Superfici cartesiane generalizzate ed insiemi di perimetro localmente finito sui prodotti
cartesiani. Annali della Scuola Normale Superiore di Pisa-Classe di Scienze, 18(4), 515-542 (1964)
Miranda, M., Jr.: Functions of bounded variation on "good” metric spaces. J. de Mathématiques Pures et
Appliquées 82(8), 975-1004 (2003)

Mondino, A., Naber, A.: Structure theory of metric measure spaces with lower Ricci curvature bounds.
J. Eur. Math. Soc. 21(6), 1809-1854 (2019)

Sturm, K.-T.: On the geometry of metric measure spaces. I. Acta Math. 196(1), 65-131 (2006)

Sturm, K.-T.: On the geometry of metric measure spaces II. Acta Math. 196(1), 133-177 (2006)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


http://arxiv.org/abs/2009.07956

	Subgraphs of BV functions on RCD spaces
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Metric measure spaces
	2.1.1 BV calculus

	2.2 RCD spaces
	2.2.1 Pointed measured Gromov–Hausdorff convergence and tangents
	2.2.2 Structure results for RCD spaces
	2.2.3 Structure results for sets of finite perimeter in RCD spaces
	2.2.4 Good coordinates and good splitting maps


	3 Main results
	3.1 Auxiliary results
	3.2 Proof of the main results

	Acknowledgements
	References


