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GAMMA-CONVERGENCE OF FRACTIONAL GAUSSIAN PERIMETER

ALESSANDRO CARBOTTI, SIMONE CITO, DOMENICO ANGELO LA MANNA, AND DIEGO PALLARA

ABSTRACT. We prove the I'-convergence of the renormalised fractional Gaussian s-perimeter to
the Gaussian perimeter as s — 1. Our definition of fractional perimeter comes from that of
the fractional powers of Ornstein-Uhlenbeck operator given via Bochner subordination formula.
As a typical feature of the Gaussian setting, the constant appearing in front of the I'-limit does

not depend on the dimension.
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For s € (0,1), fractional s-perimeters in the Euclidean space have been introduced in the

seminal paper by [8] to study nonlocal minimal surfaces of fractional type, while a generalised

notion of nonlocal perimeter defined through a positive, compactly supported radial kernel has

been introduced in [26]. In the last years fractional perimeters have been object of many studies

in relation with fractal sets [23], phase transitions [33], and nonlocal mean curvature flows

[14], see also the recent survey [18]. One can think of fractional perimeters as the sum of local

interactions of a measurable set F with its complement E° in a fixed smooth open and connected

set {2 plus a nonlocal contribution coming from the interaction between points in {2 and in ¢.

Namely
Py(E;Q) = L(ENQ,E NQ) + (Ly(ENQ,E°NQ°) + Ly(ENQ,ENQ))
= P[(E;Q) + P (E;Q),
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where, for any s € (0,1) and for any A, B measurable and disjoint sets we set

(A B) // dxdg]/v
Bz —y/Nts

The functional Lg denotes the interaction between A and B driven by the fractional singular
kernel |z — y| V=% that arises from the Bochner subordination formula for fractional powers of

second order positive definite linear elliptic operators (see e.g. [25]) through the formula

ONS / Ht ’x_y’

TR b (1.2)

where C s = ﬂ]z\,—s/zf (N ; s) and H; denotes the Gauss-Weierstrass kernel

2

Hy(r) = (477751)N/2€_2t' (1.3)
We notice that when s — 17 the local part PF(E;Q) goes always to infinity unless E C Q°
or Q C E, as observed in [7]. This fact suggests to renormalise appropriately the functional in
order to have a finite pointwise limit as s — 17 as shown in [10], where the authors prove that
renormalising by the factor 1 — s, the s-fractional perimeter converges to the perimeter in the
sense of De Giorgi when s — 17. See also [19] for the limiting behaviour of the s-perimeter as
s — 07. These results follow the approximation of local energies by nonlocal ones proved in
[6,16,27,29]. Moreover, in [2] the authors show that (1 — s)Ps(F; Q) approaches the perimeter
of E in  even in the I'-convergence sense as s — 1. A similar result has been obtained in
[4] for more general kernels but with different growth. See also [1,30] for some applications in
phase transitions, and [12] for a partial result including kernels with the same growth as the
fractional one in the more general setting of Carnot Groups.

Fractional perimeters can be equivalently defined by minimising a Dirichlet energy associated
with an extension problem for the fractional Laplacian as proved by Caffarelli and Silvestre in
[9]. This result has been generalised by Stinga and Torrea in [31] for fractional powers of more
general operators. This last extension has been used in [28] in order to introduce a fractional
Gaussian perimeter in the more general setting of abstract Wiener spaces and to prove that the
halfspace is the unique minimiser among all sets with prescribed Gaussian measure as proved
for the Gaussian perimeter in [5,13,20,21,32]. In [11] the same authors of this paper prove the
related stability estimate for the fractional Gaussian isoperimetric inequality in finite dimension.

A different notion of fractional Gaussian perimeter has been given in [17]

y)?

B e 4
JJ(E;Q ::/ e4dx/ ———dy 1.4
( ) ENQ EcnQ |5U - y|N+s ( )

yl? yl

+/ -l / c g +/ £y / c g4
e x ————dy e x ——dy,
ENQ genqe [T —y|V+s ENQe genq |z —y| Vs

where the authors prove that, after rescaling by (1 — s), the functional J7(F; ) approaches the
Gaussian perimeter in the I'-convergence sense as s — 1~
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In this paper we define the following fractional Gaussian perimeter

PJ(E;Q) ::/E de(:ﬂ) : QKs(ar,y)dv(y)
N N (1 5)

cf n@ [ Keosw+ [ e[ Kepeo)

where 7 is the standard Gaussian measure in R, whose definition will be recalled in the next
section, and the kernel K is defined in (2.3). The definition in (1.5) is equivalent to the one
given in [11] when Q = R¥ it is analogous to (1.1), in the sense that it depends on a fractional
kernel K defined in terms of an explicit heat kernel as in (1.2) and it is not equivalent to (1.4),
see (2.4).

We notice that in the Gaussian setting no definition of fractional perimeter can satisfy the
translation invariance property (vi) in the axiomatic treatment proposed in [14, Pag. 29], as the
Gaussian weight ~ is not translation invariant.

Inspired by [2,17], the main result of this paper is the proof of the I'-convergence of our
(renormalised) fractional Gaussian perimeter to the Gaussian perimeter as s — 17.

Main Theorem (I'-convergence). For every measurable set E C RN we have

2
Li, —T —liminf(1 — s)P}E(E; Q) > [pv

s—1— ™

V2,
Y

(E;Q) (1.6)

and

L. —T —limsup(l — s)PJ(E;Q) <

s—1—

We recall that (1.6) means that

(E;Q). (1.7)

V2

2
lirginf(l - sn)P;;L(En; Q) > —P'(E;Q)
n—00 ™

for any sequence E,, s, such that yg, — xg in LL (RY) and s, — 17, while (1.7) means

that for every measurable set F and any sequence s,, — 17, there exists a sequence F, with
xE, — XE in L (RY) such that

2
limsup(1 — s,) Py (En; Q) < iP”’

n—o0 7T

(E;9Q).

For an introduction to the I'-convergence we refer to [15]. We notice that the constant in front
of the I'-limit does not depend on the dimension, as usual in the Gaussian framework.

The paper is structured in the following way. In Section 2 we introduce the notation used
in the paper and state some preliminary results. In particular, in Subsection 2.1 we give our
definition of fractional Gaussian perimeter and we introduce a fractional Gaussian Sobolev space.
In Subsections 2.2 and 2.3 we state and prove three crucial estimates which allow us to prove
inequalities (1.6) and (1.7). In Section 3 we prove Theorem 1; to prove (1.6) we use Lemma
2.15 in order to exploit an idea that goes back to [22] and we reduce to proving an inequality on
Radon-Nikodym derivatives, while for (1.7) we reduce to proving the claim for the energy-dense
class of “transversal” polyhedra by using Lemma 2.13. In Section 4, as in [2,17], we prove that
the I'-convergence carries out the convergence of local minimisers to a local minimiser of the

limit functional.



4 A. CARBOTTI, S. CITO, D. A. LA MANNA, AND D. PALLARA

2. NOTATION AND PRELIMINARY RESULTS

For N € N we denote by vx and ’H,]YV ~1 the Gaussian measure on R" and the (N —1)-Hausdorff

Gaussian measure
1 2N N-1 1 _L2 N1
’yN::We 2 , "y Z:WG 2 H ,

where " and HV ! are the Lebesgue measure and the Euclidean (N —1)-dimensional Hausdorff
measure, respectively. When k € {1,..., N}, we denote by v; the standard k-dimensional
Gaussian measure; when there is no ambiguity we simply write v instead of vy and, with an
abuse of notation, we denote by v both the measure and its density with respect to £~ .

The Gaussian perimeter of a measurable set E in an open set € is defined as

PE) = Varsup { [ ([@ive—p-a) di(e) s € CR@QRY), ol <1}

Moreover, if E has finite Gaussian perimeter, then F has locally finite Euclidean perimeter and
it holds

where FE is the reduced boundary of E. If Q = RY, we denote the Gaussian perimeter of
E in the whole RY simply by PY(E). We refer to [3] for the properties of sets with locally
finite perimeter. Let us present an approximation result that will be useful in the proof of the

22
PY(E:Q) = HY Y (FENQ) = 1/ e N (),
FENQ

I’ — lim sup inequality. Its proof is analogous to that of [2, Proposition 15].

Proposition 2.1. Let E C RN a set with PY(E;Q) < co. Then, for every e > 0, there exists a
polyhedral set ITI C RN such that
(i) A(EAT) N Q) < &;
(i) |P7(B: Q) — PY(IL Q)| < &
(iii) PY(IL; 092) = 0.

In the sequel, for Q C RN open connected Lipschitz set and for § > 0 we set
Qf = {zeQ:d(z,Q) <5},

_ (2.1)
Q5 ={xecQ:d(z,Q° <}

2.1. Fractional Sobolev spaces and Fractional perimeters in the Gaussian setting.
In order to define the fractional perimeter, we introduce the Ornstein-Uhlenbeck semigroup, its
generator A, the fractional powers of the generator and the functional setting.

Definition 2.2. Let ¢t > 0 and z € RY. For u € L%(RN ) we define the Ornstein-Uhlenbeck

semigroup as

() = [ Ml yu()i)

where M;(x,y) denotes the Mehler kernel

My(z,y) =

1 e_Qt]$|2 —2€_t$'y—|—6_2t’y|2
v &XP | — s
(1 _ e—2t)N/2 2(1 _ e,Qt)
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which satisfies

A1 =/ My(z,y)dy(y) =1,
RN

for any ¢ > 0 and any = € RY.
The generator of e acts on sufficiently smooth functions as

Ayu=Au—x-Du

and is called Ornstein-Uhlenbeck operator; see e.g. [24] and the references therein for the main
properties of ! and A,

Remark 2.3. We notice that if we write = = (2, 2x),y = (¢, yn) € RY~! x R, we have
Mt(‘rv y) = Myil(x/a y/)Mtl (xNv yN)’

for any ¢ > 0, where for k € {1,..., N}, MF(-,-) denotes the Mehler kernel in R*. When there
is no ambiguity we omit the superscript k.

Since —A,, is a positive definite and selfadjoint operator which generates a Cp-semigroup of
contractions in L?Y(RN ), we can define its fractional powers by means of spectral decomposition
via the Bochner subordination formula. In particular, for s € (0,1) and # € RY the fractional
Ornstein-Uhlenbeck operator is defined as

1 o ethyy(z) — u(x
(=Ay)u(z) : = F(—s)/o (tsJ)rl ( )dt
1 o dt
v | [ e ) - i) 2)
= T Loy () = ) Ko 9)s ),
where for o > 0 we have set
Ky(z,y) = ; Wdt, (2.3)

and the right-hand side in (2.2) has to be intended in the Cauchy principal value sense.

The definition of the kernel K, suggests the following definition of fractional Gaussian Sobolev
spaces

Definition 2.4. Let Q C RY be an open set, s € (0,1) and 1 < p < co. We define the fractional
Gaussian Sobolev space W37 ((2) as

WP(Q) = {u € L2(Q); [ulrr(q) < o0},
where
1/p
wsro = ([ 1@ [ Ju@) = u)Eoanars)

and K, is deined in (2.3) with o = sp.
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Remark 2.5. The integrability of the function

Mt(xay)
near zero, for any z,y € RV, z # v, is ensured by the fact that
M,
lim t(xa y)
t—0+t Hy(lx — y|)

y|?

||
=(2mn)N?%c 7 e forany z,yeRY, (2.4)

where Hy(-) is the Gauss-Weierstrass kernel defined in (1.3). It is easily seen that the equality
in formula (2.4) it is not true for any ¢ > 0.

Now, we make more precise the definition of fractional Gaussian perimeter (1.5) given in
Section 1.

Definition 2.6. Let Q C RY be a connected open set with Lipschitz boundary, and E C RN a,
measurable set. We define the Gaussian s-perimeter of E in 2 as

PY(E;Q) := PYE(E; Q) + PYNL(E;Q),

where the local part is

PPUER) = [ d@) [ Kieadi) (2.5)
ENQ EcnQ

and the nonlocal part is

NL N = X X xr X . .
Pl (E; Q) -—/mdv( )/Emc K( ,y)d’y(y)+/Emc dy() EmKS( ,y)dy(y).  (2.6)

E
As for the Gaussian perimeter we omit the second argument in P)(F;Q) if Q = RV,

Remark 2.7. We notice that, since K,(y,z) = K4(z,y) for every s € (0,1) and z,y € RY, we
have PY(E¢; Q) = PY(E;Q).

As already observed in Section 1 the definition in (1.5) is equivalent to the one given in [11,28]
thanks to the following integration by parts formula

1 2 s
§[U]H§(RN) = \/RN U<—Ary) ud’}/

Indeed
Sl = [ (@) [ lula) = u(o) PR g)r()

1
2
:% (/RN w(z)dy(x) /N(u(x) — u(y)) Kas(z,y)dv(y)

R

- [0 [ ) ) - ul) Ko n)ara))
= [ o) [ @)~ u) Ko i) = [ @A) u@r(a)

where in the third equality we switched x and y and used the symmetry of the kernel. If u = xg
for some measurable set £ we have

PI(E) = /E (— A 2xpdy.
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Another useful inequality which involves (1.5) is the fractional Gaussian isoperimetric inequal-
ity in its analytic form, which reads

PI(E) > I(v(E)), (2.7)

s

where I; : (0,1) — (0,00) denotes the fractional Gaussian isoperimetric function, i.e., the
function that associates to m € (0,1) the fractional Gaussian perimeter of a halfspace having
Gaussian measure m, and in (2.7) equality holds if and only if E' is a halfspace (see [28]).

The kernel K satisfies the following estimate.

Lemma 2.8. For any z,y € RN and for any s € (0,1) we have

Ky(z,y) > ’x_CZyVM (2.8)
where Cn s 1= 25T (#) .
Proof. For any z,y € RY we have
M(z,y) = (1_61%)]\[/2 exp <_e—2t\l’|2 _2(216—_tq;_2yt)_|_ e_Zt\y|2> 29)
> GowE e (—;(j - _y‘)> > GwE e (- = ;tyP) — (2m) 28, (2 — ).

where in the first inequality we used the fact that e 2 < et and 1 — e~/ < 2t for any ¢t > 0,
while in the second we used that 2(157;%) < i for any ¢ > 0. By dividing both sides of (2.9)

by t2*+! and integrating with respect ¢ in (0,00) we get the thesis. O
Lemma 2.9. For any x,y € RY and for any s € (0,1), the following estimate
2 Ju?

Ky(z.y) <eeT Kyllz - y)) (2.10)

holds true, where, for any z € RN we have defined the decreasing kernel

~ o elr? dt
Kq(r) = — 5 ) > 0.
(7“) /0 exXp ( 2(6% _ 1) t5+1(1 _ ef2t)N/2 r

Moreover, for any a > 0 there exists Ry, > 0 such that for any s € (0,1) the kernel K, satisfies

the summability condition
Ki(2l) € L'(Br,.| - ) N L' (B, eI, (2.11)

Proof. The estimate in (2.10) simply follows by noticing that

1 ez —yf? (e = )(|z* + |y*)
Mi(z,y) = A—c Ve exp <2(e2t—1)> exp ( 2(e2 — 1) )

and
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for any ¢t > 0. For every R > 0 we have

00 exp e'|z|? )
|£C|dl‘ 2D g
Bx 31— —2t)N/2

etp?
00 exp ot 1)) RN+1 9
=N pVd (e dt <N
WN/ p/ g2 t! 1—6_2t)N/2 - wNN+1s(1—e—2)

1 exp el )
\x!daf 27D g
B #5411 — —2t)N/2
N eXp 2tzl))
_ NwN/ dp/o t2+1 — —2t)N/2dt

o) eth
< Nw exp | —=——+—|d
N/o t2t1(1 — e—Qt)N/Q/o ot exp ( 20 —1)) (2.13)

N +1 1(p2t _ 1)1/2 Noly
:21¥NWNF<;)/ (T Pex
0

(2.12)

and

t%+1
1 o
< 2" NwnT <N2+1> eNz“/ 7t
0

(V1) 5
2 1—s

where in the second equality in the right-hand side we performed the change of variable

¢t p?
2(e2t — 1)’

and in the second inequality we used that for any ¢ € [0, 1]

w =

261 < 2¢%t.

Therefore

- RN+L 2 Nes_ (N41\ e 5
4= |z|K.(|z])de < Nwy + 2% <) ) <n
Br — s

N+1s(1—e2)

for any R > 0 and s € (0,1).
Fix now a > 0 and let R > 0. We have

t ‘ 2

00 exp G
Klzz/ ea“d:c/ (1 s ) dt
R

R t2T ( e—2t)N/2

S
:NwN/ pN 1 _a”dp/ 271/ g

R t2T1(1 — e 2)N/2 (2.14)

NCL)N o0 dt o0 N—-1 70,p2
S( o—2R N/2/ t2+1/0 pr e dp

27TN/2
T (1 _ e 2R)N2 S\/a
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and

KQZ:/
Bg

t, 2
o R exp (—%)
= Nw N-1g=ap®q / 5 (*-1) dt
N/R P P 0 ﬁ“(l _ e—2t)N/2

o dt 0 6tp2 5
< N, _ N—-1 . —ap” g
= wN/R t§+1(1 _ e_gt)N/Q /0 P exp ( 2(e% — 1) e P

t‘ |2
e—alz® g /R xp (_Q(iztx—l)) dt
0 t%“(l _ 6—2t)N/2

) (2.15)
o dt o0 el +2a(e® — 1)
< N : N—-1 . 2 d
N/2
N o et —1 dt * N
=227IN _ 2 lemwyg
2 WN /]{ (et + 2a<62t _ 1)) t§+1(1 o 6*2t)N/2 /O w 2 e w
X1y F<N> /°° e N g
= w ry o 97 7 o. S
M\2) Jp \2ae2 + et —2a tatl
where in the second equality we performed the change of variable
e+ 2a(e* -1)
o 2(e?t 1)
To conclude, we notice that
e?t 1 , 1
0< ———F+—— < — forany t¢>log(2a) if a> —, (2.16)

2ae? + et —2a ~ 2a 2
and so in order to have Ky < oo we can choose R = R, := log(2a). On the other side the
inequality in (2.16) is true for any ¢t > 0 if a € (0, %} (and we can choose R, := 1 for simplicity).
Now, putting together (2.14), (2.15) and (2.16), with this choice of R, we obtain

8 AnN/2 s 1 1
K+ Ko = Ks(|x\)e_“|z‘2dx < il R, ? > < 00

B, s (2\/6(1 _ €—2Ra>N/2 + 2aN/2

for any a > 0 and s € (0,1). O

In the Gaussian framework, in analogy with the Euclidean one, we have a Coarea formula.

Lemma 2.10 (Coarea formula). For every measurable function u : Q@ — [0,1] it holds that

1
Z = v, L .
2[u]W¢,1(Q)_/O Py ({u > t}; Q)dt

Proof. Given x,y € €, the function [0,1] 3 ¢ = X{u>n () — X{u>t} (y) takes values in {~1,0,1}
and it is nonzero in the interval (min{u(z), u(y)}, max{u(x),u(y)}). Therefore

1
() — u(y)| = /0 sy () — xguney ()t
and

‘X{u>t} (1’) - X{u>t}(y)| = |X{u>t}(gj) - X{u>t}(y)|2
= X{u>t} (T)X\ fus} (¥) + X{ust) (V) X\ fust) (%)
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Substituting we obtain

1
[ulyysr ) = /ﬂ dy(z) /Q K(z,y)dy(y) /O IXust} (2) = Xqusty (@)t

1
:2/ dt/ dy(w)/ K(x,y)dy(y)
0 {u>t} Q\{u>t}

1
:2/ P ({u > 1) Q)dt.
0

Corollary 2.11. For E C RY measurable set, s € (0,1) and 1 < p < oo we have
1

1
PYE(E;Q) = - sty = = XE]
s ( ; ) Q[XE]W'YJ(Q) 2|:XE}W$J)(Q)

Proof. For the first equality it is sufficient to apply Coarea formula 2.10 to u = xg. The second
equality follows from the same computations by noticing that Ks,(x,y) = Ks(x,y) and that
p

IXe(®) — xe(W)|P = |x5(x) — XE(y)|* for any z,y € RY, s € (0,1) and 1 < p < o0. O

Now we prove a compactness criterion. This result, combined with the lower semicontinuity
of perimeters, ensures existence of local minimisers thanks to direct method of Calculus of
Variations.

Lemma 2.12 (Compactness Criterion). Let (E,) be a sequence of measurable sets, let s, — 1~
asn — oo and

sup(1 — s,) PP (E,; Q) <00 VR € Q. (2.17)
neN

Then, there exists a subsequence (Ey,) and a set E with locally finite perimeter in Q such that
XE,, — XE in Ll .(Q).

Proof. We simply notice that, thanks to (2.10), it holds that

(1 — s,) P (B Q) < (1 - sn)PI@(Sn (Bn; Q), (2.18)

where in the right-hand side of (2.18) for any n € N the quantity PI@( (En; Q) denotes the local
part of the Euclidean nonlocal perimeter with respect to the radial kernel Ksn of E, in Q.

The rest of the proof is a simple consequence of the Fréchet-Kolmogorov compactness criterion
in L . (see for instance [4, Theorem 3.5]). O

2.2. Estimates on small cubes. In this section we prove lower and upper estimates on the
integral of the kernel K on small cubes that are crucial in order to obtain the precise value of
the constants in (1.6) and (1.7). The upper estimate holds true for every s € (0, 1), the lower
estimate holds true only in the limit s 1 1.

Lemma 2.13 (Estimate from above). Let N > 2, let ¥ be a (N — 1)-dimensional plane and
zo € ¥ and denote ©F the two halfspaces determined by X. Let Q,(xo) be a cube centred in xg

with side length v and faces either parallel or orthogonal to ¥ and set

Qri(:vo) =Y+ N Qr(x0).
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Then, there is C > 0 such that for any s € (0,1) the estimate

1 B lzg |2
1—8/ / S(2,9) dy(@) dy(y) < —grr Ve (11 Or) (219)
Qi (zo) r(ffo s2

holds.

Proof. Without loss of generality, we can suppose ¥ = {a; eRYN :azny = (x0) N} and Q,(xg) =

{m eRN . max;—1,.. N |z — (z0)i| < g} In the sequel we write z = (2/,zx) € RN"1 x R. We
have

/Txo / s(z,y) dy(z) dy(y)

% (o) N
[ o [ ) [ dwa) [ Kt dwa ),
(wo) N (To)N—3% Qr ~(x() Qr (=)

where QN ~1(zf) = {:U e RV imax;_y vo1 |2l — (20)] < g}
We estimate the integrand with respect to the x’ variable:

(xo)N+75 (z0) ,

/ d’Yl(yN)/ d’Yl(xN)/ Ks(z,y) dyn-1(y) (2.20)

(o)~ (zo)N—75 RN-1
(zo)N+2E (o) N 00 1 N—1/.1 .1

= i d’Yl(yN)/ d%(xN)/ d’YNl(y/)/ M; (xN’le]J\it (= ’y)dt
(zo)N (zo)N—F% RN-1 0 t2
(To)N+35 (zo) N Ml TN,

I/ d’Yl(yN)/ dyi(zy / 7]11%\/)6” MYy ) dyn - (y)
(zo)n (zo)N t2 RN—1

%
= LQ / ox r2 ’$N Z,/N|2
o Jo (1 _e—2t 1/2 dyn . p 21— e 2)

exp (_ ((zo)n + Tﬂifi)(e(io)zv + TyN)) den.

where in the second equality we used Tonelli Theorem and in the third we used that

/]RNl MN"Ya' o Ydyn_1(y) =1, forany ¢t>0 and 2z’ e RN™!

and we performed the changes of variables xny — M and yy — M.
Since there exists C' > 0 such that, for r sufficiently small,
2 2
_ @onl o (o) +r2n) (o) N + Tyn) <_ |(zo) | L Oy (2.21)
(1+e?) (I+et) (I14e7t)
uniformly in £ > 0 and |zn|, |[yn| < 1, we can estimate the integrand with respect to ¢ in (2.20)
as follows
|~’UN yn|? ((zo)n + ran)((zo)N + TYn)
5411 _e—2t 1/2/ yN/ exp 72t))exp(— 1+et )de

2lzN — yN|2 1 (@o)n[?
t2 / dyN/éexp< 201 = ) de(l—e*Qt)l/Q exp T rot (1+Cr)
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\:EN +Z'JN\ 1 (2 )N!
< — - _
< / yN/ exp ( r? 201 e Qt) dry (1= 212 exp T (1+Cr)

2 (1= )2 (ol
— e P 2 (1+sin(26)) & _ I\&o)N
1 2 (1—e )2 |(zo)n |
= — S - 1
(2 1+ sm(20)> tatl exp 1+et (1+C7)
1 —2t)1/2 |($0)N|2
= ﬁitﬁl exp | = | (1+C), (2.22)
where we performed the change of variables
TT N _
2(1—e2t) post (2.23)
TYN — ai ’
T Pein 6.
Putting (2.22) in (2.20) and integrating with respect to yy_1(2’), we obtain
Lo | o K a@ b
r (xO r ZO)
1 212 (1 _ o2t 1/2 2
S (1 +C7")N+/ e_l 2| d$// %exp _M dt
(2m) "% oty 0 t2 l+e
1 |a:/+m:/|2 &) 1— —2t 1/2 2
< (1 +0r)——ggr™! e T d:r’/ %e}(p —M dt
en) T Jg 0o 13t Ite
1 AL (1 _ —2t\1/2 2
S (1 + CT)iNH N_le_ (2) / d.l’// %GXP (_W) dt
(2m) " oy b8 I+
Using that HVY~1(QY ') = 1 we have
N EAE
L. | Kepdwae s one
Qi (xo r (2o (2.24)

1 0 (1 — €72t 1/2 T 2
. T / ( §+1) exp —7‘( O)N_’t dt.
(2m) 2 Jo t2 I+e

Let us fix T' > 0 and split the integral on the right hand side in order to estimate separately the
integrals on (0,7") and (7', 00). As

[a—

1
> -
(I+et) =2
for any t > 0, we obtain

© (1 — ¢—2t)1/2 20) N2 leon® [ dt 2 s eyl
/ gexp —M dt <e = 2 / o (22)

T a3t I+e T s

For every t > 0, it holds (1 — e_zt)% < \/Qt% and

T 2 T 2
exp (M) < exp <|( 02)N| > ,
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T (1 — e 2)1/2 |(x0) |2 @on? (T dt
- —— | dt< T2 —
/0 PERE R U e < Ve / sl

- 2
_ 2v/2 le;se“( o)yl .
1—s

so we have

(2.26)

By plugging estimates (2.25) and (2.26) into (2.24), multiplying by (1 — s) and minimising with
respect to T' (the optimal value for the constant is achieved for "= 1/2) we get the thesis. O

Remark 2.14. Notice that we obtain the same estimate even if we replace Qf (z¢) with X*.

Lemma 2.15 (Estimate from below). Under the hypotheses and notations of Lemma 2.13, there
exists C' > 0 such that the following estimate holds

|z |2
liminf(1 — s / / (z,y) dy(z) dy(y) > —§—= 5=z Nl (1-Cr), (2.27)
517 Q+ IO) T IO 2
hence
.. . (1=3) 1 _lzo?
l%sgililf TNfl ngL(E'F, QT‘(:EO)) > me 2 (1 — CT)

Proof. Let ¥ and Q,(x¢) be as in Lemma 2.13. Let us consider z € Q; (7o) and estimate

_a?
e 2

Js(x) = W /Qj(xo) Ks(l‘,y) dﬁ}l(y)

It holds

Mt
To(@) = / / (2.28)
QF (o) ( N/ 74
_ 1 /oo / exp [~ 2=\ o <_M> dy
(2m)™ Jo t§+1(1 - e—2t)N/2 Q+ (o) 2(1—e™?) 1+et
S(1=Cr) /“D exp (ol dt /<xo>N+; o (=Y
N (27T)N 0 1+et t§+1(1 _ e—2t)N/2 (zo) N 2(1 — e—?t) N

o~y ) :
’ CXP | =577 ony dy,
/nyl(xo) ( 2(1 —e™?)

where in the above inequality we applied (2.21) on each addend of x-y. Now, let us fix § € (0,1).
Then, there exists Ty > 0 such that, for any ¢ €]0, T}]

1 (QN—£ T(0)> >1-90 (2.29)

1—e—2t

r2 2
1— e 20\1/2 (1 _ o 8020 . |0 >
(1—e"7") e exp | —7 = sl I

and

~ g (V2t'/2 —4) >0 (2.30)
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(indeed, the first factor on the left hand side is > /2t + o(t), the second one is > 1 — ¢ and the
lzo|?
third is > e~ 2 — ct). By (2.28) we have

(1-Cr) /TS il i /(IO)N+g en — yn
s > — < ———— | dyn-
B@ =Tmow [ P\ T e (1 — e=2)1/2 [y SR\ T o —ey ) N

)N
/ exp <—|Z’|2> dz'
QY (ah—a’) 2

where we performed the change of variables

/ /
/ Yy —x

=
V1—e 2
/

Let us notice that the integration domain for 2/, namely the cube QN1 (x — a'), satisfies
1—e—2t

QYL (1p-2)>QY L __ (0)

1—e—2t 1—e—2t

for any =/ € QN~1(z)). Indeed, if 2/ € QN1

1—e—2t

(0), then |z} — (z();| < § fori=1,...,N—1

—r

and

”
|2 — (@' = 2)il < [zi] + |2} — (20)il < s—=5 —

T T
21— 2 2 2 2/1—e2

By using (2.29) we obtain

(1-0Cr) /T5 |zo|? dt /(IO)NJFQ [zn —yn/?
T(z) = L=< _ S ey oY
D2 b P\ ) F e Sy, PP\ T2 ) Y

“YN—-1 (QN_IT th(0)>
1—e™
(1—5)(1—07“) /T(; ’x0|2 dt /(IO)N+£ |1'N_yN|2
- En - : — oo | dyn-
T e T o TP A e fy, TP\ T2 )Y

Now, we integrate with respect to the x variable

[ | Keph@aw=[ @
F(x0) JQr (w0) Qr (z0)
_ _ Ts 2
> (1 5)(1N+1C’r)/ exp [ |:c0|7 ) dt ‘
(2m) 2 0 L+e ! ) 2711 — e—26)1/2

(zo)N+5 (o) N Trar — 2
/( dyN/( exp <—|N_eyN2,|s)> doy - LYHQN T ()

z0)N TO)N— 5 2(1

4(1=86€1-Cr s zo? dt
S, T IR (N N W -
(27) 2 0 L+et ) tatl(1 —e2t)1/2
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where we replaced rny — M and yy — M Proceeding as in (2.22), we can estimate
from below the integrand with respect to ¢ in (2. 28 ) as follows

exp (— \xdi) T / dyN/ exp (—7“2| N y_N’Z> dx N (2.31)
14+et) 43t (1_€2t1/2 — e~2t)

t; / dyN/ exp <—7“ 217N +€y]\glj> dxy - (1_61_275)1/2(1 —Cr)

(/ de/ N 2(1+sin(29))dp) 7?2(1 —tzjf)lm(1 o

<2/0 N 1+de<ze>> (1 - H) e

1 (1= —2t\1/2 -~ r2 2

where we performed the change of variables (2.23). Then, it holds

/T(xo / oy 2@V (@) ()

_ (2.32)
A= Cn) [ () i) g (bl )
= N+1 ENNY —t :
(2m) 2 0 t2+ l+e

In view of (2.30) we have

Ts (1 _ 67215)1/2 2 |x0‘2
-~ (1- 8(1—e—21) _ dt
/0 t§+1 € exp 1+et

T T 1—s 2—s (233)
_l=gl? s dt 5 dt _lzol? [Ty 2 Ty >
> _— _— = J— .
2 V2 (/0 12+ /o t§> 2v2e” 2 (1—5 2—5)

By plugging estimate (2.33) into (2.32) and multiplying by (1 — s) we get
(1 —-Cr M s 1—5, 2=
1_3/ / Ks(z,y) dy(z) dy(y) > a N—)z( Nt1 )7’ 2 <T62 - T62>
(z0) (zo)

2 T 2

and letting s — 1~ we obtain

R
liminf(1 — s) / / (x,y) dy(x) dy(y) > po.c ey N e (1= o) (1 - ).
s=17 r (IO r IO T2 2
Since § is arbitrary, we get the thesis. O

Corollary 2.16. Under the hypotheses of Lemmas 2.13 and 2.15, it holds

1
lim liminf(1 — s / / K(z,y) dy(x) dy(y)
(z0) ¥ Qr (wo)

r—07+ TN 1 51—

1 |zgl?
= lim —— limsup(l — s) / / s(x,y) dy(z) dy € 2
'I’—>O+ TN_]' s1— Q+ xo - (xo ( ) ( ) ;—1
Proof. 1t is sufficient to notice that the constant in Lemma 2.13 converges to ﬁ as
272 w1 2

s—1". O
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2.3. Gluing. In this subsection we perform a construction similar to the one in [2] that is going
to be essential to prove the I' — liminf result. The sets QF are defined in (2.1). To do this we
introduce the finite measure
1 -2
A= ———e 1 LV, 2.34

(271_)]\[/2 ( )
Proposition 2.17. Let Q € RN be a Lipschitz set. Given s € (0,1), Ey, Ey C RY measurable
sets such that PY'F(E;; Q) < oo, i = 1,2, and given 61 > d3 > 0 there is a measurable set F' such

that

() [Ixr = xell1 @) < IxE: = XE:ll 1 ()

(2) Fm(Q\le):Em(Q\le), FNQ;, =ENQ;,.
(3) For all e > 0 we have

PIH(F;Q) <PPM(E; Q) + PYH (Ex Q1) + 2N T K (e)
/
cN d(Q,N)
s + s Ixe: — XEQHLi(le\QEQ)

d d N
N + (Q7
2—s S

+ C'(N,Q, 61,62) (1

+ C,(N Q, 51,52) ( )) ”XE1 - XEQHL%\(Q)

Proof. Let ¢ € C(R"Y) such that 0 < ¢ < 1in Q, ¢ = 0 in Qs> ¥ =
V| < ﬁ. Given up,us two measurable functions, u,v : @ — [0,1] s.t. [Ui]w’s,l(Q) < 0,
i =1,2. Define w := gpuy + (1 — p)ug. For x,y € Q we have
=((x) — e(y))ui(y) + () (ui(z) — w1 (y))

(1= () (u2(z) — ua(y)) — u2(y)(w(z) — (y))
=(p(x) = () (u1(y) — ua(y)) + () (w1 () = ui(y))

(1 = o(@))(uz(z) — ua2(y)),

w(z) —w(y)

and this implies
lw(@) —w(y)| < le(@) —e@)|lur(y) —u2(y)|+x{pz0y () w1 (@) —ur (Y)|+ X g1} (@) [u2(z) —ua(y)]-

Since {¢ # 0} C Q\ Q;, and {p # 1} C Q5 we get

/\ul — us(y)ldr(y) /\90 )| K o(,9)d (2)

/ /\ul ) — w1 ()| Koz, y)dy()
Q\Qy,
; /Q _ ) /Q () — uay) Ko )y ()

=1+ 1+ Is.

Let us estimate I;. Using (2.10) and

o) ~ 9(w)| < Do)z~ yl + 5 | D]l — o,
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for a € {1,2} we define the constants C'(N, @, a, s) through the following estimate

Iy\

/ﬁm YKoz, y)dr(x) < e /Hx—yPKUx—mmM:

2
lyl

e4/ & — g Ka(l — y])dA(2)
BRQ (y)

IN

y|?

e 4

< SN2 | = y[*Ky(|lz — y|)da
(27T)N/2 /BRQ (v)

. e
_ NUJN e% /RQ pN+a_1dp/ pr ( 2(€2t71)) dt
( )N/2 0 0 t§+1(1 _ e—2t)N/2

IyI

=:e v C(N,Q,a,5),
where R is large enough to get @ C Br,(y). We have

2
I < /Q lu1(y) — Uz(y)!dv(y)/Q (\Dw(y)l\ﬂf —y|+ HDQSOHO"\I - y!2> Ks(z,y)dy(z)

2
< [ )~ st [ (10stile i+ 2o ) oo - e

C(N,Q,2,s)
=C@.002) (C(N’ @19l = wallyop e T

c d(Q,N
<0 @0 (25 + Tl —waly o

dn d,(QvN)
(52 T - wllgy )

S

where

N+3 N+1 ML 2RN+1 N+3 N +2\ N2
=22 I —— : dy =22 T'|— e 2
CN 2 ( 92 ) (Q7 ) (N+1)(1_6_2)7 N 2 ( )6 2,

RngQ

d(Q,N) = .

QN = Frpa=ey

Before going on, let us check that the product (1 — s)C(N,Q,a,s) is bounded for o = 1,2
and s — 17. For, if we split C(N,Q, «, s) in the contribution of (p,t) € (0, Rg) x (0,1) and
(p,t) € (0,Rqg) x (1,00) with analogous computions as in Lemma 2.9 we have

) _i N+a
/RQ pNJraldp/ eXp ( 2(627&71)) dt < RQ 2 (2 36)
0 1t 1 — e 2)N2T T N4 as(l—e?) .

and

RQ et 2 dt
Nta=1g, [ exp(——P _ 2.37
/0 p p p( 1)) " (2.37)

2(e?t — 5HL(] — = 2t)N/2

1 e’} t 2
dt N+4a—1 ep

: P g

/0 51 — e—20)N/2 /0 P eXp( 2(e2 — 1)) P

S

IN
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o 1,2t _ 1\a/2, N2y
_ o 1F<N+a>/ (e 1)%%e™2 it
0

2 5+l
1
<™= (N + O‘) e " / t gt
2 0
N+a)ez
o 2
_ 2N+22 +1F ( a) e '
2 a—s
For I, we notice that trivially
< s . .
I < [ul]Ww'l(Q) (2.38)

For I3 we have

b=
Q

d(y) /Q s () — wa()| K, y)ey (2)

+ / dv(y)/ o fua(x) — ua(y) | Ks(z, y)dy(z) (2.39)
@s, A\Qy, 4.
S[UQ]WWS’I(QEIJFE) + 2K,(2) M@ )MQ\ @y, 1) < [UQ]WWS,l(QE_HE) LN (o).

Summing up (2.35), (2.38) and (2.39) we prove (3). Using Lemma 2.10 we deduce that there
exists t* € (0, 1) such that F := {w > t*} and

2P (F;Q) < [w]wi’l(Q)'

If we specialise the previous estimates choosing w1 := xg, and ug := x g, we obtain the desired

estimate for the local part of the perimeter. Moreover, by construction the set F' satisfies points
(1) and (2). O

3. PROOF OF THE MAIN THEOREM

Proof. Liminf inequality Let us prove that F is a Caccioppoli set. If Q' € §, there is ¢y =
co(Q) such that v(z)v(y) > o for every z,y € . Therefore, we may compare PJ>" with its

Euclidean counterpart PSLn using (2.8) and we get

On scolimsup(1 — s,)PL (E,; ) < lim (1 — s,) PP (E,; Q) < 0.
n—00 " n—o0 "

By [2, Theorem 1], we know that E has locally finite perimeter in €. Let us denote by C the

family of all N-cubes in R

¢:={R@+rQ): zeRY,r>0ReSON)},
— 1 1\ .11 (N
where @ := (—5, 5) and let sy, E, be such that s, = 1 and xg, — xg in L .(R"). Our

claim is
lim inf(1 — sn) PYE(Ep; Q) > @P’V(E; Q).
n—oo n

Denote by p the perimeter measure pu(A) := |Dxg|(A) for any Borel set A C €, and notice
that for any z¢ € FFE there exists a rotation R,, € SO(N) such that the blow-up @ locally
converges in measure to Ry, H as r — 07 and

M(CL‘O + TRxo Q)

lim
PN—1

r—0t

=1. (3.1)
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Now, for C' € C,C C Q we set

an(C) = (1 —s,)PPY(E,;C) and  «o(C) := liminf a,,(C).

Sn n—o00

We set Cr(z9) := xo + rRg,Q and define the measure
v(F) = / ~v(z)dp(x), VF Borel set.
F

We claim that for p-a.e. zp € RY it holds

T r—0t v(Cr(zp))

(3.2)

Indeed, if (3.2) is true, the family

A = {Cr(wo) cQ: \fl/(cr(xo)) <1+ 8)04(@(330))}

is a fine covering of p-almost all of (2 and using a suitable variant of Vitali’s covering Theorem
as done in [17] we get
V2,
T
Notice that in the right-hand side of (3.2) we have the Radon-Nikodym derivative of o with
respect to v.

(B;0) < (1+¢) lirr_l)inf(l — Sn)PZ,{L<En; Q).

Since € > 0 is arbitrary, the I' — lim inf inequality follows. Therefore we reduce ourselves to
proving (3.2). For xy € FE, because of the continuity of the density we have

lim Y(@)dp(z) = (o). (33)

r—0t Cy(z0)

Then, it suffices to show that
(Cr(w0))

.. o
lim inf N1
r—0t T

V2,
v

(z0)-

From now on, since zg € FE is arbitrary we assume that R, = I, so Cy(xo) = zo + rQ. Let us

choose a sequence 7y, of radii rp — 0 such that
.. a(Cr(mp))
lim inf ————+~
r—0t rN-1

o(Cr,(0))

= lim N1
Tk

k—o00
For k > 0 we choose i(k) large enough such that the following conditions hold
ik (Cry (20)) < @(Cry (20)) + 17
L= sik) < r,iv
1
fCrk(zg) ’XEi(k) — xgpldz < .

Hence we have

Let us fix 6 > 0. Recalling that the halfspace H passes through the origin, (hence SH = H for
any > 0), and using Proposition 2.17 with Fj;) = Ej) in 2o + 7x(Q \ Q5 ), Fi) = o + H
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in xg + Tngﬂ and 01 = 0, do = 0/2 and £ = §/4, we have that for any k£ € N there exists a set
Fi) such that

PQ-’({:) (Fiky; o + 1:Q) SP;Z’({Z) (Eigky; o + 1%Q) + Pg(f) (o + H;x0 + ri(Qp5/4))

- )
+ 2N+1K5i(k,) <4> + Cl((S)HXEi(k) - XHHL}\(zoJFTkQ) (3.4)

1 L@H — vl
1= si00) XEBiy — XHNL (20+1(Q5 \Qj )"

Multiplying both sides of (3.4) by 1 — s;(;) we have that for k large enough
(1= i) Par (Figrys 2o + 11Q) <(1 = sir) (PLy (Eigry; o +14Q))

Si(k)
(U= sig) PIE (o + Himo + Q30 (35,

Co(6)rY . )
+ 2(k)k + (1 — Si(k))QN—l-lei(k) <4) .

With an argument similar to the one in Lemma 2.13 we can prove that

(1 — Si(k))Pﬁ{Ek) (330 + H;zg+ Tk(Q56/4)) < (Cde~ 2 ]]CV

Let us focus on the left hand side of (3.5). Using the isoperimetric inequality for the fractional

Gaussian perimeter in analytic form (2.7) we have

PJ o (Fiky) Py, (@o+ H)

Si(k)

ISi(k) (V(F‘z(k)» - ISi(k) (7('%'0 + H)) .

It is easy to prove that the function I is Lipschitz. Therefore, we have

Py, (Figy) = (1= Cy(Fy Alwo + H)) P, (w0 + H) = (1= Cri )P, (xo + H).
Notice that this immediately implies
(1—8())(P7L(F()$0+TkQ) P'YL(.%()—FH':UQ—FT]CQ))

Si(k) Si(k)

> (1= 800 (PTNE (20 + Hi o + Q) — PINE(Fygy1 0 + 14Q)) — 7

Si(k) Si(k)
We can prove that the difference between the nonlocal terms goes to zero, following [2, Lemma

14] and using (2.10), while for the other terms (note that we need to divide by ry ') we also
note that it behaves as r,]gv + 67",]:[*1. Thus using Lemma 2.15 we have

_ C _ (1 = sigw) Pay (wo + Hs o + 1,Q) 2 _lagl?
(27r)_N21 lim a(N T’i) > (27r)_N21 lim ik} s N —6> ie‘ 4.
k—o0 un k—o0 T}, ™
Since ¢ is arbitrary we get inequality (1.6). O

Proof. Limsup inequality. It is enough to prove the I' — lim sup inequality for a collection
B of sets of finite Gaussian perimeter which is dense in energy, i.e., such that for every set E
of finite Gaussian perimeter there exists a sequence (Ey) C B with xg, — xg in L (RY) as
k — oo and limsup,, PY(Ey; Q) = PY(E; Q). Following the ideas in [2, Section 3.2], we consider
as B the collection of polyhedra IT C R¥ satisfying PY(II;0Q) = 0 as in item (iii) of Proposition
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2.1. Notice that the transversality condition P7Y(II;9€2) = 0 in the definition of B is equivalent
to

lim PY(ILQf UQy) =0, (3.6)
§—0*t

where QFf and €5 are defined in (2.1). Now, given a polyhedron II € B and & > 0, we prove
that

lim (1 — )PP (I10) = “—imns Q),

s—1=

111}1 (1—s)PPNUIL Q) = iP’y (IL QF U Q).
s—1—

Passing to the limit as 6 — 0" the transversality condition (3.6) provides the required inequality.
We divide the proof in two steps.
Step 1. Estimate of P)>(II;Q). Let us fix 7 > 0 and set

(OM), 0 = {2 € RN d(x,010) < r/2},  (9M); ), = (M), NIL.

/2
We can find N, disjoint cubes of side r, say Q,(x;) (¢ =1,...,N,), such that
(i) Qr(x;) C (O10), 9, x; € OII and the faces of Q,(z;) are either parallel or orthogonal to
the face of JII where z; lies;
(ii) any cube Q,(z;) intersects exactly one face of JII and its distance by the other faces of
OII is larger than r/2;
(iii) the N, intersections D, (x;) := Qr(x;) N X are (N — 1)-dimensional cubes that satisfy

Hy ! (<an nQ)\ 6 Drm)) = PY(ILQ) - %Hﬁ H(Dr(@) = 0

asr — 0t.

FIGURE 1. A possible collection of cubes satisfying (i), (ii) and (iii).

Let us notice that ,
1 |z \
N-1 N— 1 _
H"Y (Dr(.’l?l)) — WT‘ < Cr

for some positive constant C' independent of i. From now on, for any face 3 of JII, we denote

by ¥* and ¥~ the two parts of the strip determined by X lying, respectively, by the side of the
outer and the inner normal to .
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We proceed by splitting the integral giving PY-F(II; ) in three parts:

(A)

PYL(IT, Q) = / @ [ Ko w)di)
IINQ 1N

/ i) [ Ku(ey)diy)
(TN)\(o11);, enQ

(4)

+ / N dy(x) K(z,y)dv(y)
@n)NlY,, @r (=) IenQ

(B)

+ i i) [ Ky y)diy).
(IINQ2)N <(8H):/2\Ui:1 QT(zi)> enQ

(@)

FIGURE 2. Cases (A), (B) and (C). The x variable is in blue, the y variable is in red.

We notice that, for any z € (ITN Q) \ (BH)T_/2 and y € II°NQ, |x —y| > r/2. Then, by

recalling the upper estimate on the kernel K (x,y) in Lemma 2.9 it holds

/ i) [ Ku(e,y)diy)
(MAR)\(OTD); enQ

<

/ ) [ K (3) M) < Cxp <o,
M)\ @), enQ 2

where X is the measure defined in (2.34) and the constant Cy, can be estimated as the
integrals with respect to the variable ¢ in Lemmas 2.13 and 2.15.
Let us estimate separately

/ dvy(x) / K(z,y)dy(y)
Qr (z:) ((ITeNQ)\ (311) .2

J

The first integral can be estimated from above as in case (A) by a positive constant

and

dy(a) / Ku(z,y)dv(y).
(1) ((ITeNQ)N(AIT),- /2

T

Cn,r depending only on N and r, since | — y| > r/2. In order to estimate the second
integral, we can observe that, in view of (ii), if @,(z;) intersects the face ¥ C OII, then
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the contribution of (II° N QN (911),2) \ ¥F to the integral (A) is again estimated from
above by Cp, (the distance between = and y is larger than r/2). Then, it remains to

/.

T

estimate

dy(a) / Ko(z, y)dr(y).
(z2) SO, 2

Assuming for simplicity that ¥ lies in a hyperplane xny = ¢, by repeating the same
computations as in Lemma 2.13, we obtain

[ aw | Ky y)d ()
Qr (z4) SN (01, /2

_l= \ r2 [ 1 ’(ml)N‘Z dt
< N1 / SR S S
= (1 Cr)5 2 Jo (1—e-2)1/2 CP\ T et | gt

1/2 1/2 |=’I?N+yN’
dyN exp —r? 20— _2t) dry

1 |24
N—_1— 1 TN?leiT(l +Cr).

s

s(1—s)2" 2 w2

(C) Let us set III N Q = J; X, where ¥; is the intersection of a face of Ol with Q. Let us
denote by 7; the hyperplane containing 3; and let T and 7T;~r the halfspaces determined
by m; and by the inner and the outer normal vector to II, respectively. Let us consider
the set

(OI1), ), = { € (A1), , N :d(x,ﬂj)<r/2}.

Notice that ((‘311)70/2 U](E)H)T/Qj and that, if ¢ # j, (8H);/2i and (811)T/2 have non
empty intersection only near the edges of II.
Let now 3, 5 ; be the projection of (9II)

+/2; onto ;. Notice that HY NS, 0,) <

H,Jyv 1(3,) + Cr for r sufficiently small. We thus infer, by Lemma 2.13 and the following
Remark 2.14

/ . dr () Ky(z,y)dy(y)

(8H);/2\U¢:71 Qr(zs) IIeNQ

= / V(@) [ K@ y)dyly) + Cn,
81_[)7"/2 J\Uz 1 Qr(z:) IIeNQ

<

/ d(a) / Ku(z,y)dy(y) + Cr
dH)T‘/Z ]\Uz 1 Qr(xl ﬂ—;

23 Ny
) > A (ET/Q,]‘ U Dr(xi)> (14 Cr) + Cy.r
=1

J

s N,
= 7T(122_5)’H§V_1 <(3H N\ U Dr(a:i)> (1+Cr)+Cny
i=1

where the constant Cy , estimates the integrals with |[x—y| > r/2 and it possibly changes

on each line.
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By putting together the estimates (A), (B), (C) and by summing the N, contributes of the cubes
Qr(z;) we finally get

(1— $)PPH(I0Q) = (1 - 5) / i) [ Ky
I1INQ HCQQ

< 23 lﬂy—l ((armsz) \ 6 Dy () ) +ZHN 1

Q i=1

+Cr+(1—-5)Cnpy (3.7)

ZPV(H Q)+ Cr + (1 — 5)Cn-

We conclude the proof of this step by letting s — 1~ and considering the arbitrariness of 7.
Step 2. Estimate of P)>VE(IT; Q). We have

NL 3 = X X X X .
P = [ @) [ Keaaw+ [ a@ [ K

Let us fix 6 > 0 and consider the sets Qg’ and Qg . We first estimate
| o [ K
nQ enQe
by splitting in different cases

(A) ze [N\ 5, ye (I°N Q) \ OF,
B) z€ (INQ)\ Qy, y e I°NQJ,

(C) z€elINQy, y e (II°NQ°)\ QF,

(D) z € INQy, y e I°N QY.

- -

FIGURE 3. Cases (A), (B), (C) and (D). The z variable is in blue, the y variable is in
red.

Cases (A), (B) and (C) can be treated together, since in that cases Kg(z,y) is uniformly
bounded (the distance between x and y is larger than §) by a positive constant Cy 5 depending
only on N and §; in other words

/ K, (2, 9)d(2)dy(y) < Cns. (38)
(IINQxTTeNQe)\ (TIN5 ) x (T1eNQ))
In the case (D), we have
| @ [ K
enQ; (3.9)

/ dy(a) / Ku(a,y)dy(y) < PYHIL Q5 UQY),
N(Q; uQy) en(Q; uQy))
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By summing (3.8) and (3.9) and multiplying by (1 — s) we get
(-9 & [ Ko
IINQ IIenQe
< (1-5)Cns + (1= 8)PPH(IL Q5 UQY) (3.10)
25
< (1=5)Cns+ —P7(ILQ5 U Qf),

where the last inequality is a consequence of the first step with 5 U Qg in place of 2. By
switching IT and II¢ in (3.10) and summing up the two contributions, we get the thesis. O

4. CONVERGENCE OF LOCAL MINIMISERS

We begin this section generalising [2, Proposition 16] to the radial kernel K, defined in Lemma
2.9.

Proposition 4.1. Let Q CRY, u € BV(Q) and ¥ € Q. If we set

lz—y|?

P () = /' & % u(z) — u(y)|Ks(|z —y)e™ 3 dy,

we have

dx < Cn|Dul(£2). (4.1)
sl Ih|—ot+ Jo |h|

Proof. Observe immediately that the second inequality is well known, see e.g. [3, Remark 3.25],
hence the central lim sup is finite. For h € R we define

[ et @)
AR P T R

and fix L > limsupy, o+ g(h). Then there exists 6 > 0 such that Q' +h C Q for all h € Bs,
and
L >g(h) forany O0< |h|<0dr. (4.2)

kK

Multiplying both sides of (4.2) by |h|e_‘TI§' s(Jh]) and integrating with respect to the variable
h on Bs, we have

~ 2 ~ 2
L/ |h|Ks(|h|)e_}1|dh2/ g(W) A Ks(|h))e= "+ dh (4.3)
Bs, Bs,
2 ~
:/ e dn [ Ju@ + ) — u(@)|K(|h)) da.
Bs, Q'

Moreover, summing up estimates (2.37) and (2.36) with « = 1 and Rq = Jr,, we have

§N+1 9 Nis (N 41\ e
LN L 22 I —=
WN<N+18(1—6_2)+ ’ ( 2 )1—3

(4.4)

or, B ~ ~ 2

> LNwN/ TNKS(r)dr:L/ IR (|h])dh > L/ IR (1h)e 4 d.
0 )

L Bsy,
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Now we notice that

- //{lelmx_yb(&} lu(x) — u(y)|Ks(Jz —y|)e™ d:L‘dy
:/B — B2 dh l|u(x+h)—u(m)’f(s(’h’)dx
o, [h)2 ) (45)
+/ e 4 dh |u(x + h) — u(z)| Ks(|h])dx
5, %

2 ~
< / e an [ Jule 4+ h) — u(@)| R (h)de
B Q7

5L,

o ~ T2
+2Nwy |u||L1(Q)/(S PNUR (e T dr,
L

where the second term in the right-hand side in (4.5) is finite thanks to Lemma 2.9.
To conclude, putting together (4.4), (4.3) and (4.5), multiplying by (1 —s) and passing to the
lim sup for s — 1~ we obtain
CnL > limsup(l — s)Fz (u; ),
s—1— °

and for L — limsupy,_,o+ g(h) we have proved the first inequality in (4.1). O

We now prove that if a sequence (E,) of local minimisers of PJ (-;€2) converges to £ and
sp T 1 then E is a local minimiser of P7(-;€2). Recall that a set E is a local minimiser of
PY(-;Q) if PY(E;Q) < PY(F;Q) whenever EAF € (.

Theorem 4.2 (Convergence of local minimisers). Let (sp,)nen be a sequence in (0,1) such
that s, T 1 and, for any n € N, let E,, be a local minimiser of PJ (-;Q) such that xg, — xE in
LL (RN). Then

limsup(1l — s,,) P] (E;Q) < o0 VQ' €Q, (4.6)

n—oo
the limit set E is a local minimiser of P7(-;Q) and (1—s,)P] (E; V) — ﬂPW(E; ) asn — oo
for any Q' € Q such that P(E;0Q) =0
Proof. We firstly prove (4.6). Thanks to Proposition 4.1 with © = xg, and to (2.10), racalling
the measure A defined in (2.34) we have

limsup(1 — s,) P)"H(E,; Q) < limsup(1 — sn)P (En, ) <

n—oo n—oo
and
limsup(1 — s,) P NLE,. Q) < 211msup( )P>‘ (Q’) < 0.
n—oo

Now we prove the second part of the claim for compactly supported balls Br(z) in Q. The
extension to general ' € Q goes as in [2]. Since in the sequel there is no ambiguity, for
any ¢ > 0 we denote B,(z) simply with B,. Consider the monotone set function oy, (A4) =
(1 — sp)P) L (Ep; A) for every open set A C €, and extended to any F by

an(F) :==inf{a,(4); FCACQ, A open}.
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Clearly, o, is regular (see definition in [2, Pag. 23]). Thanks to (4.6) and to the De Giorgi-Letta
Theorem (see [3, Theorem 1.53]), the sequence «a,, weakly converges to a regular monotone and
superadditive set function a. We now prove that if Bg € Q and a(0Br) = 0, then E is a local
minimiser of the functional P7(-; Bg) and

Tim (1= 5,) P, (En; Br) = P"(E; Br).

Indeed, let F' C Q be a Borel set such that EAF &€ Bpg; then, there exists » < R such that
EAF C B,. By the I'-limsup inequality (1.7) there exists a sequence (F},) such that

V2

lim |(FyAF)N Br|=0 and (1 — s,) P} (Fy; Br) = ~—PY(F; Bg).
n—oo ™

lim
n—oo
According to Proposition 2.17, given ¢ and ¢ such that r < o <t < R, we can find sets GG, such
that for any n € N
G,=E, in R"\B, G,=F, in B,
and for any € > 0 the inequality
PYL(G s BR) <PYE(Fy; Br) + PYY(En; BR\ By—e) + 28N T K (e)
/
CN d(R,N)
+ C'(N, R, 41, 02) (1 Lt IxE, = XFu 2y (8,\B,)

!
+ C(N. R, 61, 65) (2divs L4 (R,N))

holds. By the local minimality of F,, we infer

X2 = XLt (BR)

P (En; Br) < P] (Gn; Bg).

We now estimate P)>N1(Gy; Bg) := I 4 11, see (2.6). We have

1= / dy(y) / K., (z,y)dvy(z) + / () / K., (z,y)dy(x)
GnNB, E¢nBS, WN(Br\Bt) EgNBS

<VK, (R—1t)+ / dy(y) / K, (z,y)dy(z)
»N(Br\Bt) ESN(Br/\BR)

+ / dv(y) / K., (2, y)dy(2)
EnN(Bgr\Bt) E$NBS,

<2NK, (R—1t)+ / K, (z,y)dy()

_ dy(y) / _
wN(Br\By) ESN(Bg/\Br)

" /E"Q(BR\BH i) /Eszig/ K, (2, y)dy(z)
<P}"(En; Br \ By) + 2% (K’Sn(R )+ K, (R - R)) |
for any R’ € (R,d(z,09)). Since IT can be estimated in an analogous way we have
PINE(Ey Br) < 2P M(Bys B \ Bi) + 2V (Ko (R— 1) + Ko (R~ R)).
and so

lim sup(1 — Sn)P;;;NL(En; Bpr) < 2limsup(l — sn)Pg;L(En; Br \ By).

n—oo n—oo
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Finally

~=P"(B; Br) <liminf(1 - sn) P (En; Br) < liminf(1 — s,) P (Ey; BR)

<liminf(1 - 5,) P], (Gn; Br)

<liminf(1 — s,) P2:"(G; Br) + limsup(l — s,) P (G Br) (4.7)
n oo n—oo

<liminf(1 — $n) PY Y (Fo; Br) + 3limsup(l — s,) P} (Ey; Bre \ Bo—e)
n—o0 n—oo

+ Cq}gn;o |(EnAFy,) N (B \ By)l.
The last limit is zero, as E = F in B, \ B, and |(E,AE) N Br| — 0, [(F,AF) N Bgr| — 0 as
n — 0o. Using [2, Proposition 22], and recalling that a(0Br) = 0, we infer

lim lim sup(1 — sn)ngzL(En; Br/\ By—c) = %in%) limsup oy, (Bgys \ Br_s) = 0,
—

R'—-R,0—»Re—0 n—oco n—o00

and finally (4.7) yields

V2 V2

7P7(E;BR) = r};rgo(l —5p)P] (F; Br) = 7P7(F;BR).

Therefore E is a local minimiser of P7(-; Bg). Choosing F' = E the inequalities in (4.7) become

V2

lim (1 — s,)PY (Ey,; B) (1 — s,) P} (E,; Bg) = ——P7(E; Bg).
T

= lim
n—o00 " n—o00
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