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of a function calculated on 2 is dominated by the sum of magnetic seminorms of
the function, calculated on I' and A separately. We show that the straightforward
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Magnetic fractional Laplacian auxiliary result, we also show that the set of eigenvalues of the magnetic fractional

Laplacian is discrete.
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1. Introduction

The objective of this article is to study Poincaré type inequalities in punctured domains for magnetic frac-
tional Sobolev spaces. By Poincaré inequality in a domain © C RY, we generally understand an inequality
of the form

1fll2@er) < ClIVIlL2r) (1.1)

where C' = C(N,Q) > 0is a constant. Clearly (1.1) fails when f :  — R is a non-zero constant function and

Q) is bounded, but when we restrict f to certain subclasses of W2(Q, R) in order to “keep them away” from

the one dimensional subspace of constant functions, the inequality does hold. There are two commonly used

subspaces which are considered for this purpose: C°(Q2,R), related to the Dirichlet eigenvalue problems

(see [9, Chapter 5.8.1]) and the subspace of functions with the property £+(Q) [ f = 0, related to the
Q

Neumann eigenvalue problem (see [16, Theorem 8.11]). In the later case, the inequality is also referred to as
Poincaré-Wirtinger inequality. This can be generalised further by taking p > 1 and 1 < ¢ < NN—_’; to be the
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exponents of the right and left hand sides respectively in (1.1). It is then called Poincaré-Wirtinger-Sobolev
inequality. Regarding this, we have the following theorem, known in literature:

Theorem 1.1 ([16, Theorem 8.11 and Theorem 8.12]). Let Q (C RY) be a bounded domain with cone
property. Let ¢ € [1,00] and p € [maX{L NN—fq} 7oo} if g < oo, pe (N,oo| if ¢ =o0. Let g € L (Q,C),
where %—F 1% =1, be such that £g = 1. Then there exists a constant Sp 4 = Sp (2, g,p,q) > 0 such that for

any f € WP(Q,C),

f- /fg < SpalVilzec)-
Q

La1(Q,C)

In the theory of electromagnetism, the vector potential A appears naturally as the vector field, up to
translation by constants, for which curl(4) = B, where B denotes the electromagnetic field. The operator
V +iA, defined by

(V+id)f(z) := Vf(x) +iA(z) f(2),

plays an important role in quantum mechanics, specifically in the study of Bose-Einstein condensations
(BEC) and superfluidity. The map f — [[(V 4 iA)f|rr,c), where A is a vector field on €, gives a
seminorm on the Sobolev spaces, which can be regarded as generalisations of the usual Sobolev seminorms:
[ = IIVfllzr(a,c). Various generalisations of the standard Poincaré inequality serve as major tools in
proving results in BEC and superfluidity, [17,18]; some require the splitting of the domains while others
require replacing the role of the operator A by A 4+ iA, A being the so called magnetic potential. For a
detailed discussion on this, the reader is referred to [20].

In [19], some remarkable results in this direction were proved by Lieb-Seiringer-Yngvason. They gener-
alised Theorem 1.1 in two ways: The first generalisation comes through replacing the operator V by V 4iA.
It is given as follows:

Theorem 1.2 ([19, Theorem 2]). Let Q (C RY) be a bounded domain with cone property and A : Q — RN
be a bounded vector field on Q. Let q € [1,00]. Set r = max{l7 A‘}—fq} if g < oo andr > N if g = o0. Take
p € (r,00]. Define the energy

1(V+iA4)f(2)|Lra,c)
I fllaco,0)

B0 = nt | | rewir@c)\ o},

and the ground state manifold

MP {f e WiP(Q,C) ‘ [V +iA)f (@)l erec) E%q}.

[ fllLaa.c)
Let 0 < § < 1. Then there exists a constant S¥'? > 0 such that for any f € W'P(Q,C) with . inf ||f—

ey
éllLaa,cy = 0 fllLao,c), one has

) 1
I+ i)l > (ga + B37) Il

Observe that Theorem 1.2 is indeed a generalisation of Theorem 1.1, at least in the particular case, when
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Remark 1.3. Let p,q,Q as in Theorem 1.2 with p,q < oo, A = 0, for an arbitrary f; € L?(Q,C), denote
f=h- ﬁ(m éfl. We have, for any c € C,

1
7

k£N®N=\/@—ﬂME/M—d§Hf—ﬂmmmMWKmq,
Q Q

where we used Holder’s inequality. This gives
1
e[ LN ()7 < ||f = el| Laga,0)-
We use this inequality to obtain

[ fllze.c) < IIf = ellza,c) + llellzaa,c
= |f - cllraa,c) + el LY ()

<2||f = cllzaga,0)-

)
1

This shows that inf | f = ¢llLeo,c) = LI fllzeo,c). as in the case A = 0, M4 contains only constant
peM?;

functions. If we assume Theorem 1.2 to be true, we have

1
h-g [ 5] <CIVAlbae

Q L1(Q,C)

So, Theorem 1.2 is stronger than Theorem 1.1.
The second generalisation (as mentioned before Theorem 1.2) deals with the case of “punctured domains”.

Theorem 1.4 (/19, Theorem 3]). Let 2, p, q, v, E%? and M%7 be as in Theorem 1.2. Let A C Q be measurable,
[:=Q\A and take 0 < 6 < 1. Then for any € > 0, there exists C = C(Q, A, p,q,d,e) > 0 such that for any
FeWP@,C) with inf |f - bz > 1 anc,

peMy

) ) 1
[(V+id) fllrac) + ClIV +iA) fllLrrc) > (S”TH + EY q) I fllzaco,c)
5

where S5 is the optimal constant in Theorem 1.2.

Our aim in this paper is to present the appropriate nonlocal analogues of Theorems 1.2 and 1.4. Before
proceeding further, let us first introduce our functional setup, which is the foundation for the work done in
this article. For fixed open subset  C RY, s € (0,1), a vector field A : RY — R¥ and p > 1, we define
the magnetic fractional Sobolev space

WAP(2,€) == {f € I(Q.C) | flwsr@c) < b

where

B =

_ pilz—y)- A=) P
[f]WZ’p(Q,(C) = // |f ‘ex_ |N+€p f(y)| de'dy
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gives a seminorm on W3? (2, C), the norm on the space is defined to be

B =

Iflwir@er = (1 s@.c) + o)

When A = 0, we denote the above space, seminorm and norm by W*?(Q,C), [-]ws.ra,c) and || - [[ws»,c)
respectively. In [28], it has been shown that the Bourgain-Brezis-Mironescu formula holds for these spaces;
that is with appropriate scaling the magnetic fractional seminorm converges to the magnetic seminorm. Thus
these spaces can be viewed as the nonlocal analogues of the magnetic Sobolev spaces. Some fundamental
results regarding fractional magnetic Sobolev spaces were studied in [7,26,11,23]. The special case where
A =0 is the well-known fractional Sobolev space W*P(Q, C). For general results regarding W*?(Q,R), we
refer the reader to [8] and the references therein.

To the best of our knowledge, fractional Poincaré-Wirtinger inequality was first established by Ponce
[27] as an application of BBM formula (see [4]). In [14] a more general version of the result was proved. In
the fractional magnetic Sobolev setup some Sobolev and Hardy-Sobolev type inequalities were studied in
[13,22,21]. We shall prove the following result which, we believe, is known to the experts; the local variant
of this result is well known (see [16, Chapter 8.8]).

Theorem 1.5 (Fractional Poincaré- Wirtinger-Sobolev inequality). Let @ C RN be a bounded domain with
Lipschitz boundary, s € (0,1), p € [1,00), q € [1,00], g € LP (Q) with [ g =1, where % + ﬁ = 1. Further,
Q

assume that one of the followz’ng three conditions hold:
(i) sp < N and ¢ < N ol
(i) sp = N and q < oo,
(7ii) sp > N and q < oo.
Then there exists a constant C = C(82, g,p,q,s) > 0 such that for any f € WP(Q,C)

—/fg < Clflws»@,0)-

L1(Q,C)
Let us now state our main results, after introducing some terminologies required for formulating the
statements. For s € (0,1), p € [1,00) and ¢ € [1, 00] we define the energy
va oo Ulwirac N
EPY = inf { < aT(20) ‘ FewsP(Q,C), f#0
’ I fllLaco,c)
The corresponding ground state manifold is defined to be
D,q s,p [f] Wz’p(Q,(C) D,q
MPS =4 f e W (@,C) | S EE — pra b
’ 1l zaco,c) ’

We use the following notion of distance from the ground state manifold:

d? = inf — )
s.a(f) ¢€1]rvl[§,g|\f ¢l Laa,c)

Our first main result is a generalisation of Theorem 1.2 to the nonlocal case.

Theorem 1.6. Let Q (C RYN) be a bounded Lipschitz domain, A be a bounded vector field on the convex hull
of Q and s € (0,1). Assume that p € [1,00) and q € [1, 0] satisfy one of the following three conditions:
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(i)sp<Nandq<NNTZ;p,

(i) sp = N and q < oo,
(#ii) sp > N and q < oo.

Fiz 6 € (0,1]. Then there is a constant S = S(p,q,s,9,Q) > 0 such that Vf € WP (Q,C) with d?A(f) >
S fllizaac),

I fllLao,cy) < S ([f]Wj”’(Q,(C) - Esp,’fx||f\|L«(Q,<C)) : (1.2)

The best constant S in the above inequality is achieved. Consequently the ground state manifold Mi’f‘ 18
nonempty.

Our second main result is a generalisation of Theorem 1.4 in the nonlocal setup. Before stating it let us
make a small but important observation which confirms that one cannot expect a straightforward generali-
sation of Theorem 1.4. To see this, we provide the following example:

Example 1.7. We shall deal with the case A = 0 here. For p,q > 1, s € (0, %), take = B(0,1), A =
B(0,3), T = B(0,1) \ B(0,3). Take f = xp € W*P(Q,C) (see Lemma A.2). Then [flwsnnc) =
[flwsr,c) =0 but || f|lLea,c) > 0. So, no matter what is the value of C,

[flwera,c) + Clflwsr@c) _

0.
Ifllaco.0)

Hence an inequality of the form

[flwsra,c) + Clflwsr@,c) = ( + Efi) I fllzaco,c) (1.3)

S+e

can not be expected to hold in the nonlocal setup.

However one may ask what happens if we impose an additional condition: sp > 1, which is the required
condition for the Dirichlet-type Poincaré inequality to hold in bounded domains (see [8,6,25,3] for details).
Here the scenario does not change, as we can see from the following example. Before going to the example
note that in the hypotheses of Theorem 1.4, we assumed 1 < r < p.

Example 1.8. As before we are in the case A = 0. Note that in this case, EY§ = 0 and M["] is the one-
dimensional subspace consisting of constant functions. Let Q = (—1,1) x (0,1)(C R?), g € (1,00),7 € [1,p).
Fix s € (%, 1). Set A := (—1,0] x (0,1) and I := (0,1) x (0,1). For € > 0, we define f. : & — R by the
formula

2-3
2+§, -1<x<0
PRI AR 1

-1, e<ax<l.

Note that [ f.(z)dx =0, f. € WHP(Q,C) C W*P(Q,C), [f]ws»(a,c) = 0 for any e > 0, and || f<|| Lo(0,c) =
Q

1 as € — 0. Moreover [f.]wsrr,c) — 0 as € = 0 (see Appendix A for details). Hence the left hand side of
the nonlocal analogue of the inequality (1.3) cannot just consist of the seminorms of the two components,
even when we have sp > 1.
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Further, Examples 1.7 and 1.8 give us a hint on what should be the appropriate fractional analogue of
Theorem 1.4, as it appears that, in the nonlocal case, the terms coming from integrating over I' x A are
non-negligible, and we must take them into account. This is clarified in our second main result:

Theorem 1.9. Let Q (C RY) be a bounded open set with Lipschitz boundary, A be a bounded vector field on
the convex hull of Q, s € (0,1) and A C Q. Assume 1 < g < oo and 1 <r <p < oo are such that one of the
following conditions holds:
(a) r=1and q< N]\is,
(b) sr > N and g = oo,
(c)q<%, sr<Nand%§q<oo;
and that one of the following conditions holds:
(i) sp < N and ¢ < N]XZP,
(i) sp = N and g < oo,
(iii) sp > N and q < oo.
Fiz 0 € (0,1]. For any € > 0 there is some C = C(Q, A, s,p,q,0,¢) > 0 such that for all f € WP(Q,C)

with di 4(f) = 0|l fllzs(0,0),

3=

/ |f(l‘) _ ei(w—y)A(%g)f(y)'p ddy Lo // \f(m) _ el(x—y)A(%q)f(y”rdl.dy

@ —y|[NFep |z —y|Nter
AXA (2xQ)\(AXA)
1
> + EPJI 4 ,
2 (—S+5 s,A> I fllzaca,c)

where S is the best constant in Theorem 1.6.

Our technique of proving the Theorems 1.6 and 1.9 is motivated by the techniques used in [19], but is
significantly different due to many reasons, one of which is the non-availability of embeddings of fractional
Sobolev spaces of different exponents. Mironescu-Sickel [24] have shown that, unlike in the case s = 1, when
s€(0,1),1 <r < p<ooandisabounded domain, the embedding W*?(Q,R) C W*" (£, R) never hold.
However, we have shown in Lemma 2.1 that if we take s1 < s, W*2P(Q),C) C W*."(Q, C). Similar results
can also be found in [2]. However we provide an independent proof of this important result. Lemma 2.1 is

used to overcome the non-availability of the embedding W*2P(Q,C) C W*1"(Q2,C) in the Step-2/b in the
N

N:iq :

The magnetic fractional Sobolev spaces introduced above are the ideal spaces to study problems related

to the so called regional magnetic fractional p-Laplacian (—A, 4)®, which is defined by the formula:

proof of Theorem 1.9. However, in the process we lose information about the case sr < N with ¢ =

oy v

(A, ) F(@) = po / ) = A f) P2 (f () — e AT f(y))
Q

In the special case p = 2, it is called the regional magnetic fractional Laplacian, and it is the operator, on
W#2(Q,C), associated with the quadratic form HWj;z(Q,(C)' For the classical case A = 0, this operator has
been studied in recent works, for example, see [1,10,12,29,32]. The operator (—As3 4)® can be compared to
the magnetic fractional Laplacian, whose definition is similar to that of (—Agz 4)® as above, but the domain
of integration being R™. Some recent works on this operator, for non-trivial A, can be found in [30,31,33].
In Section 4, we study the operator (—Az 4)° and prove that this is a self-adjoint operator with discrete

spectrum. For s = 1, similar results can be found in [19].
The article is organised in the following way: in Section 2 we recall some known results, which we shall
use in the later sections. In Section 3 we prove Theorems 1.5, 1.6 and 1.9. In Section 4, we introduce
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the magnetic fractional Laplacian and discuss some of its basic properties. In Proposition 4.2, we prove
Lemma 4.1 and Proposition 4.2 regarding the regional magnetic fractional Laplacian.

2. Some preliminary results

In this section we recall some results, which, up to some small modifications, are already known in
literature. Throughout this article we shall use the following notations:

(1)
(2) C will stand for an arbitrary constant, which can change from line to line.
(3) SN—1 stands for the N — 1-dimensional sphere, centred at the origin.

(4)

Lemma 2.1 (An embedding result). Let 0 < s1 < s2 < 1,1 <r<p<oo, QC RY and HC Qx Q. Let A
be a bounded vector field on the convex hull of Q. Then for any f € LP(,C)

|f(x) — =0 AT fy)|r
// ooy

Z ( +y) p g N7+‘52rp Np s1TP

Moreover if Q is bounded, then for some C = C(Q, N,p,r) > 0,

C<Q7 N7p7 )

[ — < 2
[ }WAl (£2,C) (32—31) =

wser @)

Proof. The case p = r is similar to the remaining part of the proof, also it is well known (see [8]), hence
the proof is omitted. So we assume that £ > 1 and observe that 14+ =1.

p—r

o z(:r (“L+y) r
/ ) = DA

|z —y|NHsr

T T
(y)l |I _ y|NT+82T7N751Td(L‘dy

_ s

|z — y|_+“’2’”

r p—r

x) — ei(z—y)'A(szry) p g N’r+.527p Np s1TP
H

Therefore, the first part is proved. Now for the second part, assume diam(2) < R and put H = Q x , in
the above calculation, to get

p—r

N7+5 T‘p Np s1TP
[f]Wzl T(Q,0) = <[y WE2P(Q,C) /dy / Y e
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R
=N SNH 5T [fTivser . £ () v /tNHSQTZiTprSW tNLdt

R
—r —r (s s )7‘ “+r
:LNfl(SNfl)Pp (Q)pp [f]”‘;vjzhp(ﬂ)(c) /t Camrpopdr P—p di
0

p—r r p—r (sg—s1)rp P;T
P 59, — R p—r
[f]WA2 (2,C) <(82 _ sl)rp >
C(QN,p,7) ¢ o

< oy iy O

SN C i Rl ()

Lemma 2.2 (Ascoli-Arzela theorem, [15, Theorem 4.4.8]). Let X be a compact metric space. Let C(X,C)
be given the sup norm metric. Then a set B C C(X,C) is compact if and only if B is bounded, closed and
equicontinuous.

We have the following result:

Lemma 2.3 (Compact embedding). Suppose 2 (C RYN) is a bounded domain with Lipschitz boundary, s €
(0,1), p € [1,00) and q € [1,00]. Assume that one of the following three conditions hold:
(i) sp < N and q < Nl\iip,
(i) sp = N and q < oo,
(7ii) sp > N and g = 00
Then any bounded sequence in WP (Q, C) has a convergent subsequence in LI(2,C).

Sketch of the proof. The proof of the fact that W*?(Q2,R) is compactly embedded in L?(Q2,R), when hy-
potheses (i) or (ii) hold, goes exactly in the same way as the proof of [5, Theorem 9.16]. The main ingredients
of this proof are continuous embedding results and Ascoli-Arzela theorem. The nonlocal counterparts of the
continuous embedding results can be found in [8, Theorem 6.10, 7.1, Corollary 7.2, Theorem 8.2].

It remains to check, whether we can conclude the same for C-valued function spaces. For this, note that
if {f»} is a bounded sequence in W*P(§2, C), clearly Re(f) and Im(f) are bounded sequences in W*P(Q, R)
and hence have convergent subsequences in LP(£2, R). This implies that {f,} has a convergent subsequence
in LP(9,C). So we can replace R-valued function spaces with C-valued spaces. O

Lemma 2.4 (/8, Theorem 6.5]). Let s € (0,1) and p € [1,00) be such that sp < n. Then there exists a positive
constant C = C(n, p, s) such that, for any f € W*P(RN R), we have

1, e SRV R) S Clflwsr@y R)-
Lemma 2.5 (Sobolev-type inequality). Let 2 be a bounded domain with Lipschitz boundary, s € (0,1), p €
[1,00) be such that sp < n. Then there exists a positive constant C = C(N,p,s,8,g) such that, for any
fewsr(Q,C), we have

C s,p
5 0.0 S I llws.ra,c)-

Proof. Let P : W*P(Q,R) — W*P(RY R) be the extension operator. We apply Lemma 2.4, on
Re(f), Im(f), to get
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Vil / 175 = [ (Re(9)? + 1)

Q
SCN,p:s) /IP(Re(f))INNf’%+/|P(Im(f))|NNf‘;p
N RN

Np
p(N—sp)

<C(p, N, 5) [IPRe() fy oo m) + IPED s o)

Np
P(N—sp)
<C(p.2N,5) [IRe(N)yearmy + 0 By |

<C(p, N, S)IIfHé{/Va 5&3 )’

Consequently, the proof follows. O

In order to prove a Poincaré inequality for magnetic fractional Sobolev spaces for a class of functions
which do not depend on A, we just need to prove it for the case A = 0 because we have the following
diamagnetic inequality.

Lemma 2.6 (Pointwise diamagnetic inequality, [7, Remark 3.2]). For any z,y € RN, A: RN — RY and for
any f:U (CRYN) — C which is finite almost everywhere, we have

w+y)

1£ @) = 1 @)]] < e @455 f(2) - f(y)]

The next result for the special case = R can be found in [11, Lemma 3.6]; the proof in this case is
similar. However, we give a sketch of the proof.

Lemma 2.7. If Q (C RY) is an open set, A is a bounded vector field on the convexr hull of 2, s € (0,1) and
1 <p < oo then W5P(Q,C) = WP (Q,C). Moreover for some C > 0

fwroe) <€ (wir@e) + Ifleo) (2.1)

and

[flwsr@.c) < C (flwer@.o) + 1 flzr@,0) (2.2)

and therefore the two norms ||.|lws».c) and ||.|lwsr@,c) are equivalent.

Proof. Let f € W3?(Q,C). Then

_ P
wenc) = / |J|ca<;x27y|£%l drdy
QxQ

|f(x) — 0 ACT) fy) 4 @) ACTY) f(y) — F(y)]P
:/ T — g dxdy.
QxN

Now the numerator in the integrand is dominated by

2P| f(ar) — AT f(y) P AT 1| f(y)P).



10 K. Bal et al. / J. Math. Anal. Appl. 535 (2024) 128103

Hence we can write

[venc) <277 T Wi (9,C)

i(e—y)-A(%5Y) _1|p i(w—y)-A(5Y) _qp
-1 le 2 | le 1]
+ 2P / [f ()P / PR dx + / F—T dz | dy.

yeN lz—y|>1 lz—y|<1

(2.3)

Note that the function 6 — €% has Lipschitz constant 1, and its image has diameter 2. Using this and the
Cauchy-Schwartz inequality, it can be shown that

|ei(m*y)'A(%) —1| < {2’ lz —yl > 1,
[Allsolz —yl, |z —yl <1

Using this in (2.3) it follows that

[f]Z;VS,p(Q’(C) 2p 1[f]W& p(Q (C)

_ op e
+2° 1/‘f(?/)|p / LT / Allsclz — y[P~N =P dax | dy

SY) |z—y|>1 lz—y|<1
NSV ) AN (SN
_op—1 p 00
(R L e = [}

The other inequality can be proved similarly. O
3. Main results

We start this section by proving Theorem 1.5.

Proof of Theorem 1.5. First, we shall assume that one of the conditions (i), (ii) (iii) in the hypothesis of

Lemma 2.3 holds, so that we can apply the compact embedding results. Without loss of generality, we can

assume that £V(2) = 1. Note, that if we prove this result for ¢ > p, then the proof for the case ¢ < p follows

immediately as §2 is bounded and we have the embedding of L?-spaces via Holder inequality. So, we assume

q > p and suppose the statement of the theorem is false. Then we shall get a sequence of non-zero functions

{fn}n>1 in W*P(Q,C), where we can assume, without loss of generality, || f, — [ fngllLa(o,c) = 1 for all n,
Q

such that [fp]wer,c) = 0 as n — co. Set ¢, = fn, — [ fng. By Hélder’s inequality, ||¢n]lzr0,c) < 1 is
Q

uniformly bounded, and hence |4, ||ws.»(o,c) is uniformly bounded. So, we apply Lemma 2.3 to conclude
that, up to a subsequence, 1, converges to some v in L4(, C) and hence in L!(, C). Clearly,

9]l Laca,c) = 1. (3.1)

Also,

/ | = / ¥ng — / gl < / i — B9l < 1¥m — Dl oalgll o — 0. (3.2)
Q Q Q Q
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Now since v, converges to 1 strongly in L2(Q, C), up to a subsequence, we can assume that ,, — ¢ a.e.
pointwise. Using Fatou’s lemma, we get

0= nlggo[wn]wgvp(ﬂ,cr:) > [Ylwsro,0)-

This implies v is a constant almost everywhere in ; furthermore, (3.1) implies that this constant is not 0.
This and (3.2) implies [ g = 0. This is a contradiction to the hypothesis on g.
Q

Np

~ . The result follows from Lemma 2.5
—sp

Next we consider the remaining case, that is sp < N with ¢ =

and the above case, as shown in the following calculation:

f!fg < f!fg

L1(2,C) we.r(Q,C)

=C [f]?/vs,p(g,c)"' f_/fg < C[f]WS~P(Q,C)- O
Q Lr(Q,C)

Lemma 3.1. Let Q be a bounded domain in RN with Lipschitz boundary, A be a bounded vector field in
the convex hull of Q, p,q > 1, s € (0,1). Assume that for a sequence of functions fn, {||fnllLe,c)}n and
{{fnlwsr.cytn are bounded sequences. Then {|| fullws»(a,c)} s also a bounded sequence.

Proof. Lemma 2.6 implies that {[| fy|]ws»,c)}n is bounded. Theorem 1.5, with the choice g = LN;(Q)’ and
Hoélder’s inequality gives

ullr@c < I1fal - / Faldllzr ey + | / Falgllr@c) < Cllfallwerc) + Clfallzroc).
Q Q

Therefore, the sequence {||fn|lLro,c)}n is bounded. Lemma 2.7, then, implies that {[f.]ws»@,c)} is
bounded and consequently {||fy|lws.»,c)} is bounded. O

Proof of Theorem 1.6. We prove this result by method of contradiction. Suppose the statement of the
theorem is false. Then there exist choices of p,q,s,d and €, satisfying the hypotheses of the theo-
rem, such that there is a sequence of functions f, € W*?(Q,C) such that d%(f.) > 0|fnlLeo,c) but
nli_}n;@[fn]wz,p(ﬂ,c) = B4l fullLaa,c).- We normalize the sequence by considering {m}n and still
call it f,, so that now it satisfies ||fp|ra(o,c) = 1, d%(fn) > ¢ and nli_%o[f”]wz’p(g"c) = E2%. Now is
{[falwsr @)} is bounded. Lemma 3.1 implies that {f,} is actually bounded in W*?(Q, C) with respect
to its full norm. Hence, by Lemma 2.3, there is some f € L1(Q,C) and a subsequence of {f,} (without loss
of generality, we assume it to be {f,} itself) such that f,, — f strongly in L4(Q,C), giving || f||za(o,c) =1
and di 4(f) > 0. Passing to a subsequence, we can assume f, — f pointwise a.e. Finally using the fact

7}1—{20 [falws .0y = BV, Fatow’s lemma and the definition of EL*} we get

P9 __
EsA_

4=l [fulwireo) 2 flwir@ae) 2 EVAlfllzaa.cy = ELG.

This shows that f € M?9-which is a contradiction to the fact d? ,(f) > 6 for all n. Hence the first part of
the theorem is proved.
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Now we show that the best constant S in (1.2) is achieved. First note that (1.2) can be rewritten as

1 [flwer @,
- +EW1> < WANRO) 3.3
(S A Il fllLeco.0) (3:3)

If S is the best possible constant, by definition, we have

1 nf [flwsr@,c)
S FEWZRP(2,0) I fllzaca.c)
di A ()28 fllLaa,c)

- EDY > 0.

So achievement of best constant S in (1.2) is equivalent to showing that the infimum (say &), taken over all
feWiP(Q,C) with df 4(f) > [|fllLe.c), of RHS of (3.3) is minimum. If this is not the case, then there
exist a sequence {g,} in W3*(Q2,C), with [gnllze(e,c) = 1 and d? 4(gn) > 1, such that [flysr.c) — &
As in the previous part we can use the same argument to show that there exists g € W3i* (€, C) such that
gn — gin LP(§2, C), strongly together with | g||z«(o,c) = 1. Again, as above, use of weak lower semicontinuity
gives

§= lim [gn]wiro,0) 2 l9lwir @0

By definition of &, the above inequality is actually an equality and the proof concludes.

To see the last part of the theorem, let, if possible, M!’] be empty. Then d? ,(f) = +o0, as it is the
infimum of an empty set. Hence the condition d? ,(f) > d||f||r«(a,c) holds for any 6 > 0 and for any
f € LP(Q,C). We can then apply (1.2) to any positive constant function (note that they all have the same
Wi P-seminorm). This contradicts the strict positivity of S. O

Lemma 3.2. Let Q,p,q be as in Theorem 1.5 and let 0 < g < & < 1. Then there is a constant S; =
S1(2,80,p,q9) > 0 such thatV f € WP(Q,C) with LN ({x | f(z) # 0}) < LY (Q)(1 — 6) we have

I fllzae.c) < Silflwer@,c)- (3.4)

Proof. Theorem 1.5 and Hoélder’s inequality imply

1 1
Q Q

La(,C) La(Q,C)

+(eN @) /f

La(,C) Q

1

<Clflwermer + (L) Il (£¥ (| 1) 2 0p)
<Clflwer@e) + (1 =05 fllaec).

Hence

C C
[flwsr@,c) < —[f]vw 2(Q,C)-

fllLaec) € ———=
1fllzs(e,c) 17(176)1_5 17(1750)

This proves the lemma. 0O
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Proof of Theorem 1.9. Let, if possible, the statement of the theorem not be true. Then 3 &€ > 0 such that
there are three sequences: C,, > 0 with C,, — oo, measurable subsets A,, C Q and f,, € W*P(Q,C) with
[ fnllLao,c) =1 and d ,4(fn) > & but

|falw) = @A) £, ()P |fal) = @A £, ()]
(A/ |x—y|N+5p dzdy + C, // |x—y|N+ST dzdy

nXAnp (QXD\(An xXAy)

1
< <S+ -+ Efy’fl) . (3.5)

From this equation, it immediately follows that

) = e ACE) £ (y)]"

‘x _ |N+sr

drdy — 0 as n — oo, (3.6)
(XD (An xAp)

and

[ fo (@) — e’mo) Ol :
‘ |N+Sp dzdy is bounded as n — co. (3.7)
T —

Ap XAy

Since 2 is bounded, we assume diam(§2) < R. The proof of the theorem is divided into the following three
steps.

Step-1: A, x A, and (2 x Q) \ (A, X A,) can be replaced by some A, (C Q x Q) and 7, = (2 x Q) \ A\,
respectively, such that

Z £2N(’yn) < 00 (3.8)

but still analogues for (3.6), (3.7) hold.
Let us consider the set

|fal(z) — @A) £, ()]

o —y| 7+

Tn 1= {(fﬂ,y) € (@ x N\ (An x An)

Tty
2

|fo() — i@ AEZ) £ (y)]7

|z — y| N

Y

dxdy

(XN (An xAn)

and A, := (2 x Q) \ 7,,. Then,

|fn( ) — ez

= y|N+sr

W)I" |fu(@) = i@ ACT) £ ()7
dxdy > P dxdy

(XN (An xAy)

zﬁzN(%)( // | () — |x‘7”_z)|:+ L fa ()l dxdy)%.

(QAXD\(AnxAn)
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This shows that £2V(v,,) — 0 as n — co. Passing to a subsequence we can, without loss of generality, assume
that (3.8) holds. Note that in the second term in the LHS of (3.5), the domain is going to be replaced by
a smaller one, hence we need not worry about it. Therefore, we turn our attention to the first term of the
LHS and show that the extra integral which is needed to be added there does not disrupt the inequality.
Since diam(Q) < R,

|[fa(@) — €700

Ix*le“p

W)

dxdy

(XN (A X An))\Vn

B [fula) — itz W)l
// dxdy

RNJrsp |z—y| N+sp
((XD\(An X An))\Yn R

_ Li(z—y)- A I+y
(XN (AnxA))\ye  RNFoP (—'Iéy') '
— @V ACE) £ )T\
3 o ule) — e Ay £
<C(R,p,r,5)CLN (2 x ) ( // |x — y‘NHT dady) ™ =0

(OXD\(AnxAy)

Therefore, (3.5) can be rewritten as

|[fn(@) = el AT £, ()P ' |fu(@) = el AL £ ()7
// P =T dxdy + C, o N dxdy
An Yn

1
< (S s Ef;j) . (3.9)

3=

This implies (similarly as (3.6) and (3.7))

- Z(T_y)A(#) r
// |fn(37) T |N+ST fn(y)‘ dxdy —0asn— o0 (310)
r—y
and
|$fy|N+Sp xdy is bounded as n — oo .
as before.

Step-2: f,, — f strongly in L(Q2, C).
Case-I: Assume that condition (a) or (b) in the hypotheses holds.
q = oo (then sr > N).

Since r < p, (3.10) and (3.11) imply that [f,]w +7(q,c) is uniformly bounded. Lemma 3.1 implies that
|fnllwsrc,c) is bounded. Thus we can apply Lemma 2.3 to complete the step.

~_ (then we have r = 1) or

Case-II: Assume that condition (c) in the hypotheses holds. Then ¢ € [N S,oo) sr < N and g < N .

Step-2/a: f, — f in L9(2, C) for some f.
Since the sequence {f,} is bounded in LI(€2,C) and hence there is a subsequence, still denoted by f,,
and an f € L4(Q,C), such that f, — f in LI(Q,C).
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Step-2/b: There exists 79 > 0 such that for any ny > n > 0, there exists suitable @ > 0 such that
[frlwesr(Q,C) is bounded, hence, up to a subsequence, it converges to some f € L1~"(Q, C).

1 > 0 which implies

qg—n>1Fixac (% mln{l, = ) This gives asr < Nand 1 < g—n < N -+ Hence Lemma 2.3
gives
WesT(Q,C) is compactly embedded in LI~7(Q, C). (3.12)

Note that both the terms in the LHS of (3.9) are bounded. Since o € (0,1) and ar < r < p, applying
Lemma 2.1, we get that the terms

H
Sl

[ ) @)l | fu(@ ) @)l
/ \ac— |N+asr dxdy and |x— |N+asr dxdy

are bounded. This implies that {f,} is bounded in W**"(Q,C). By (3.12), {f»} has a strongly convergent
subsequence in L7 "(§2, C), which we assume to be itself, converging to f. (Note that this f is actually
what we talked about in step-2/a.)
Step-2/c: Estimates on ¢ norm of f, to show that f, — f in LI(Q,C).

Take M > 1 such that M~9 < £LN(Q)(1 — 1) and define, for € Q,

fM(z) = min{M, | f,(z)|} and KM (z)=|fu(z)| - fM(z) >0
Now observe that
|fu(z)| > M if and only if h)'(z) # 0.

We use this fact to derive,

N (1l (M, 00)) =£N ({z € @ | B (@) # 0}) (3.13)
||fn||qu(Q 0) 1
= doe < ————— 2 < M1 Ny - 2).
[ dos SRS <arn < ¥ @) - )
hM (x)7#0
Choose suitable s; € (0,s), r1 € [1,r) such that s;r; < N and ¢ = Nf;lrl. We apply Lemma 3.2 on
Wwerr(Q,C) and L1(Q, C). So,

||h7];/[||Lq(Q,C) < Sl(Q,N,S,Q,T)[hﬁ/f}wsl,rl(g7@). (314)

Define HM = (Q x Q) \ {(z,y) € 2 x Q ‘ [ fr(@)], |fn(y)] < M}. We use symmetry of the integrand and
Lemma 2.6 in the following computation

My |ho! (z) = by ()™
[h ]VI1151 " (Q,C) — / ‘x _ y|N+slr1 dxdy
_ by () = ha! (W)™ by () = ha! (W)™
= // 7 gitan dzdy + 2 =gV dzxdy

|fr ()1, Ifn y)|=M \fn($)|>M>|fn( )l
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[ () — " ()|
// ‘x_y‘N—&-slrl dﬂ?dy

QxQ\HM
_ [ fn (@) = [fa (@)™ || fn ()] — M|™
/e 2=y
[fr(2)]s ‘fn y)|=M [fn(z ‘>M>‘fn(y)|

[ fn (@) = [fa ()™ [ fn (@) = [fa ()™

<
< // TR o -y W
[ fr(2)], ‘fn y)|>M |fn(x)‘>M>‘fn(y

— fn@I"™

/ e sy

M
ula) = @A L
|Jj _ y‘N—&-slrl Y

— ¢ilz—y): — eilz—y)-A(*5Y) m
/ nte) - ‘NWI WO gy 4 [f Vol £ g

|z —y|NHsim

HMnNA, HMMNy,

Since r; < r, Lemma 2.1 and (3.10) imply that the last term converges to 0. Thus the above calculation
and (3.14) then imply

lini)sup th\l/[ ||7;1q(9,<C)

<S7" lim sup[RM]7

n—oo

- [fo() — XA ()|
<57t hrrlnﬁsolip / o= g dxdy

Ws1:71(Q,C)

HMnNX,
% P;Tl
, |fn(@) — €’ () | N
n HM
p—ry

n—oo

1 o srip—spr
<s7 <S—+€+ Ef:q) lim sup / o=y N dady

It is clear that HM is the disjoint union of following three sets:
(Ifal=H([M, 00)) x | ful =M ([M, 00))), (1ful =1 ([M, 00)) x | fu] ~1([0,M))) and
(1fn]H([0, M) x | fu| *([M,0))). Along with this decomposition of H), we use (3.13) to get

/ |$ |_N+37‘12 f;Tldedy S // ‘m7y|_N+5711p; :irlpdmdy
HY [fn| =1 ([M,00)) x B(z,R)

N+ ST1P—S1T1P

+2 // |z —y|~ = dady

[fn|=1([M,00)) x B(z,R)

< C(N,p,r,s, R)M~1.
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In the above calculation, we have used the facts that diam(Q2) < R and s; < s. Now we have

. 1 a(ri=p)
lim sup ||h,AL/I||Lq(Q,(C) <S5 (S + Ef,’gl) M (3.15)
n—o00 + €

Therefore (3.5) and the triangle inequality of L-norm gives

/Wﬂﬁm/wwzm/WWwMﬂM/ww
n—o0 n—oo Tn—>00
Q Q Q Q

2M™ nh~>ngo [l fnllo@.c) = ”hﬁ/[”L‘l(Q(C)]q

1 atri—p) \ 7
>N (1—51 (W +Ep’q>M ) ,

which after taking the limit as 7 — 0 and then M — oo gives (recall that r1 < p)

/|f|q21and hence /|f|q:1.
Q Q

So, fn — fand || fullLe(,c) = |fllLa(o,c), implying the strong convergence f, — f in L9(2,C).
Step-3: The strong convergence f, — f in LI(Q), C) gives a contradiction.

Now the fact that f, — f in L(Q, C) implies that f,(x) — f(x) for almost all x € 2. For fixed k € N,
set g := (2 x Q) \ (v Uk41 U --+). Then for n > k, we have, using Fatou’s lemma in the last inequality,

o |fn(w) = el AT £, ()P i |fa(z) — €70 W)I”
hnnigf// - |N+Sp da:dyfhnnigf Ty |N+Sp dxdy

(X \ 7

/|fn ) — el ACE) £, ()|

T

>lim inf
n— oo

dxdy

/’If @y ALY f(y)|p

o =y dxdy.

This holds for any k € N. Also X C Sj41 € Q x Q and L2V (Ure, Zk) = £2V(Q x Q) by (3.8). Therefore

_ eilz—y)-
liminf/ [fn(z) — e

n—o00 ‘Qj— |N+€p

T+y

) ()P da;dy>/ f(z) — el A ()P

P dxdy. (3.16)

Since f, — f in L9(Q,C), we have di ,(f) > 0[|f||ze(e.c) = d. Now Theorem 1.6 and (3.16) imply

1

i inf | f(z) — €@ y) A2 fn( )P o : - 1 EM
imin j — y[NFe el =\s T
An

which contradicts (3.9) and hence the proof follows. 0O
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4. The magnetic fractional Laplacian operator

In this section, we consider the case p = 2. A shall, denote a bounded, vector field on the convex hull of
the domain 2. We first observe the following:

Lemma 4.1. (—As 4)° is a self adjoint operator on L*(Q, C).

Proof. The result follows from the following calculation:

_ ’L T—y)- A( Y) _
<(-apa7fg>= [[HE e I S dyda
QxQ
— ALY ) —— (fly) — = ACF) f(z))——
// 2|x — y[N+es g(z)dydx + // 2z — gV s 9(y)dydz
QxQ OxQ
_ — el ACE () (g(w) — e AT g (y))
QZé 2w — y|N+2s dydz
(m_ ei(y—a)-A(ZEL) () 9 l(m ) A(ZEL) _ @)
:// 2z — y|N+2s dydz—// S =y f(y)dydx
QxQ
(9(z) — ev=2)ACF) g ()
- // |z — y|N+2s [f(z)dydx
QxQ

- / F@) By g@de =< f,(~ApA)’g > . O

We define F; := W/Efj to be the first eigenvalue of (—Ay 4)® and we denote the corresponding eigen-
function by ¢;. Since the eigenvectors of a self-adjoint operator, on a Hilbert space, form an orthonormal
basis, consecutive eigenpairs (E,, ¢) of (—Ag 4)® can be defined iteratively, as follows: if (E,,, ¢,,) is the
n’th eigenpair, we define

Epy1 = inf [f}{z/vzﬂ(g,(c) [fllzze,c) =1, /f¢_j =0foralll1<j<n
0

Lemma 2.3 ensures that a minimizer of F,, 1, which we call ¢,,+1, must exist.

Proposition 4.2. Let @ C RY be a bounded Lipschitz domain. The set of eigenvalues of (—Aa 4)* in
W#2(Q,C) is discrete.

Proof. If possible, let the statement not be true. Then there exists some E € (0,00) such that there
are infinitely many (all the) eigenvalues of (—Ag 4)® below E. We consider the corresponding sequence
of eigenfunctions {¢,}, in W*2(Q,C). Then ¢, are all of unit L*norm and [(ﬁn} £2(0,0) < E. We use

this fact in the following calculation, where the first line is achieved by adding and subtracting the term
z+y

Pn(y)e

(#=¥)) in the numerator of the integrand.

[bnlivea.c) = /%dm@

|z —
QxN
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z+y

| (@) — by (1) €A (2=9))2 P2 |61A( )-(z=y) _ 12
<C// 7 — g dmdy—i—C |o(y | v dxdy

=Clnlys20.c) + Clollza0.c) < CE +C.

This implies that {¢,}, is a bounded sequence in W*2(Q, C). By Lemma 2.3, we then, conclude that up
to a subsequence, the sequence of orthonormal functions, {¢y,},, converges in L?(Q, C). This indeed is a
contradiction and hence the result follows. O
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Appendix A
Lemma A.1. For the sequence of functions, f., defined in (1.4),

[fE}WS,r(F7(C) —0 ase—0.

Proof. Denoting I'1 := (0,¢] x (0,1) and I'y := (g,1) x (0,1), we have

[fs]Ws (T,C) — // |f€|x_y|2+( )| dz d +2/ |f€|§3)_y|2+(57)| dx dy

F1><F1 F1><F2
|fe(@) — f<()]"
:2 _—
[
F1><F
|fe(@) — f-(y)|" / / |fe(@) — f-()]"
=2 / / =t dydr + 2 —d dx
Ix—y\”” |z —y|>ter
rel'y  yer zel'y  yer
|lz—y|<e |z—y|>e
=2 / (Il(sc)+12(x))d:c
zel'y

2(2—¢)

Note that f. is a Lipschitz function with Lipschitz constant 7o)

Also |f:] <1 on T'. We are going to use
these facts in the following two estimates.

€ -7 c r—8T— —sr
Li(z) = / %dy<05 / |$_ |2+sr - _—T/t STl = Cemo,

yerl yer
lz—y|<e lz—y|<e
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2
|f6(x) — fE(y)|T dy —sr— —sr —sr

yer yer t=¢e
|z—y|>e |z—y|>e

Combining the above three calculations, we get
[flwer@oy) <2028 =27e) 50 ase—0. O

Lemma A.2. Let Q = B(0,1), T = B(0,1) \ B(0,3), A = B(0,3) and f = xa. Then f € W*?(Q), provided
sp < 1.

Proof. The proof follows from the following calculation:

2
1 dy dy V= 1d7‘
§[f]ww(9):/ / |x_y|N+sp / / |N+spd3j / / “pN+sp dx

reA yel zeNye—x+T IGAT———|$|

1

1 —P p 1 —sp
=C(N, s,p) / (5 - |$|> -27 dchC(N,s,p)/ <§—r> rNLdr

z€B(0,3) r=0

[
[

2 —sp 2
gC’(N,s,p)/ (——r) drSC(N,s,p)/r*Spdr<oo,

r=0 r=

where the last inequality follows from the hypothesis sp < 1. O
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