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Abstract. We extend the weak field approximation for the Glasma beyond the

boost-invariant approximation, which allows us to compute rapidity-dependent

observables in the early stages of heavy-ion collisions. We show that in the

limit of small fields, the weak field approximation agrees quantitatively with

non-perturbative lattice simulations. Furthermore, we demonstrate that the ra-

pidity profile of the transverse pressure is determined by longitudinal color cor-

relations within the colliding nuclei.

1 Introduction

The Color Glass Condensate (CGC) [1] is an effective theory for high energy QCD. Accord-

ing to this framework, the pre-equilibrium medium created in heavy-ion collisions is domi-

nated by classical color fields known as the Glasma [2]. At leading order, the dynamics of the

Glasma are determined by the classical Yang-Mills equations. Due to their non-linear nature,

there are no general analytical solutions to the field equations and thus, approximations and

simplifications are necessary. At very high collision energies, the boost invariant approx-

imation, namely assuming rapidity independence of observables, allows us to simplify the

problem from 3+1 dimensions to effectively 2+1 dimensions. Even the most state-of-the-art

simulations of the early stages such as IP-Glasma [3, 4] rely on boost invariance. Though this

approximation is only strictly valid in the limit of infinite collision energies, it is sufficient for

observables at mid-rapidity. In addition, boost-invariant Glasma simulations can be carried

out with initial conditions provided by the JIMWLK evolution [5, 6], which re-introduces

a dependence on rapidity, but the full details about the longitudinal structure and dynamics

of high energy nuclei are at least partially lost. To remedy this problem, 3+1 dimensional

lattice simulations of the Glasma have been carried out in the past [7, 8]. A drawback of this

approach is that accurate simulations typically require large lattice sizes and are limited by

computational resources.
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In these proceedings, we present a novel alternative approach to the 3+1 dimensional

dynamics of the Glasma based on an extension of the weak field approximation [9], which

we show to be in quantitative agreement with non-perturbative simulations in the limit of

weak fields, and, due to severely reduced computational effort, allows us to describe the

genuinely three-dimensional dynamics of the Glasma for much larger systems than previously

accessible through lattice simulations. In particular, we are able to compute the rapidity

dependence of the Glasma, which arises due to correlations within the finite longitudinal

extent of the colliding nuclei.

2 Color Glass Condensate and the Glasma

Within the CGC framework, valid at very high energies, the two colliding nuclei “A” and “B”
can be described as highly Lorentz contracted sheets of colored glass, where hard partons

(large Bjorken x) are approximated as classical color currents Jμ, which act as sources for a

classical color field Aμ describing the soft (small x) gluonic content of the nuclei. Adopting
light-cone coordinates x± = (t ± z)/

√
2 and transverse coordinates x⊥ = (x, y), the light-

like color currents of the nuclei can be written as JμA,B(x±, x⊥) = δμ∓ρA,B(x±, x⊥), where
ρA,B are the color charge densities. Due to Lorentz contraction, the support along the light-

like coordinates x± is assumed to be much smaller than in the transverse plane spanned by

x⊥. Since the precise details of the colliding nuclei are a priori unknown, the color charge

densities are treated as stochastic variables distributed according to probability functionals

WA,B[ρA,B], which have to be specified by nuclear models. At leading order in the strong

coupling constant g, the associated soft color fields AμA,B are determined by the Yang-Mills

equations

DμF μνA,B = JνA,B, DμJμA,B = 0, (1)

where the field strength tensor is given by

F μνA,B = ∂
μAνA,B − ∂νAμA,B − ig

[
AμA,B,AνA,B

]
, (2)

and the gauge covariant derivative isDμ(. . . ) = ∂μ − ig
[
Aμ, . . .

]
. In covariant gauge ∂μAμ =

0, the Yang-Mills equations are solved by

A∓
A,B(x

±, x⊥) =
∫

d2k⊥
(2π)2

J̃∓
A,B(x

±,k⊥)

k2⊥ + m2
e−ik⊥·x⊥ , A±

A,B = Ai
A,B = 0, (3)

where m is an infrared regulator (on the order of the confinement scale), which suppresses

infrared modes, and J̃∓
A,B(x

±,k⊥) are the Fourier transformed currents.

The classical color field produced in the collision of two CGCs is determined by solving

the collision problem

DμFμν(x) = Jν(x), DμJμ(x) = 0, (4)

with

Fμν = ∂μAν − ∂νAμ − ig
[
Aμ, Aν

]
. (5)

and initial conditions provided in the asymptotic past

lim
t→−∞ Jν(x) = JνA(x+, x⊥) +JνB(x−, x⊥), (6)

lim
t→−∞ Aν(x) = AνA(x+, x⊥) +AνB(x−, x⊥), (7)
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Figure 1. Minkowski diagram of the 3+1 dimensional

collision problem. The background color fields and color

currents of the nucleiAμA,B and JμA,B are strongly peaked

around the light cone. The thin, but finite support along

the longitudinal directions is indicated by red and blue

rectangles. The color field of the Glasma aμ in the future
light cone is produced due to the non-linear interactions of

the high energy nuclei in the collision center.

which, in contrast to Eq. (1), has no general closed form solution due to the non-linear nature

of the Yang-Mills equations. We use calligraphic symbols to denote the freely propagating

(non-interacting) solutions, while the non-calligraphic symbols denote the full solution. A

Minkowski diagram of the collision is shown in Fig. 1, where the Glasma is the color field

in the future light cone of the collision. Over the past decades, a number of methods and

approximations have been devised to obtain approximate solutions to Eq. (4), the most no-

table of which is the boost-invariant approximation or the ultrarelativistic limit [10]. In this

limit, the nuclei are assumed to be contracted to infinitesimally thin disks, such that the color

currents reduce to JμA,B(x±, x⊥) = δμ∓δ(x±)ρA,B(x⊥). Due to invariance under longitudinal

boosts, the collision problem can be treated as effectively 2+1 dimensional, since gauge-

invariant observables O(τ, x⊥) in the future light cone must be independent of space-time

rapidity η = 1
2
ln(x+/x−) and only depend on proper time τ =

√
2x+x− and transverse coor-

dinates x⊥. The boost-invariant approximation enables the non-perturbative determination of

the produced color field on the inside of the future light-cone, which can be taken as initial

conditions at τ→ 0+ for a source-free evolution

DμFμν(τ, x⊥) = 0, Aμ(τ→ 0+, x⊥) = Aμ
Glasma

(x⊥), (8)

where the fields Aμ
Glasma

(x⊥) are provided by the Glasma initial conditions [10]. To carry

out the time evolution for τ > 0, the 2+1 dimensional Yang-Mills equations can be solved

using classical lattice methods [10–12], a Taylor series in τ [13], or, in the case of small

color currents JμA,B, using a weak-field approximation [14]. However, in order to go beyond

boost invariance, the Glasma initial conditions are insufficient as they strictly rely on the

assumption that the nuclei are infinitesimally thin along the light-like coordinates. As a brute-

force approach, one may solve the full problem in Eq. (4) using 3+1 dimensional lattice

simulations either based on the colored particle-in-cell method [7] or dynamical currents

[8]. In both cases, large lattices are required to obtain accurate numerical approximations to

the Glasma. As a semi-analytic alternative to these purely numerical lattice approaches, we

explore how to extend the weak-field approximation to 3+1 dimensions.

3 Weak field approximation in 3+1 dimensions
The weak field approximation is a perturbative method to solve the Yang-Mills equations (4)

which relies on an expansion in terms of the color currentsJμA,B. Details about this calculation
can be found in our paper [9]. The idea is to perform a split of the gauge fields Aμ and currents
Jμ into background currents and fields provided by Eq. (3), and perturbations jμ and aμ

Aμ(x) = AμA(x) +AμB(x) + aμ(x), (9)

Jμ(x) = JμA(x) +JμB(x) + jμ(x), (10)
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which we take as an Ansatz to solve Eq. (4). Adopting covariant gauge and expanding the

Yang-Mills equations to leading order in the background currents (the dilute limit), yields a

3+1 dimensional wave equation for the perturbative gauge field

∂ν∂
νaμ(x) = Sμ[JA,JB] = O(JAJB), (11)

where Sμ is a functional of the background currents and acts as a source term for aμ. The

wave equation can be solved using the method of Green’s functions and its solution can be

further simplified by exploiting the space-time structure of the color currents.

Having obtained an explicit solution for aμ, the perturbative field strength tensor

f μν = ∂μaν − ∂νaμ assumes a particularly simple form given by

f +−(x) = − g
2π

∫
d2u⊥

+∞∫
−∞

dηz V(x,u⊥, ηz), (12)

f ±i(x) = +
g

2π

∫
d2u⊥

+∞∫
−∞

dηz
(
Vi j(x,u⊥, ηz) ∓ δi jV(x,u⊥, ηz)

) w j

√
2

e±ηz , (13)

f i j(x) = − g
2π

∫
d2u⊥

+∞∫
−∞

dηz Vi j(x,u⊥, ηz), (14)

where the unit vector w is given by wi = (xi⊥ − ui⊥)/|x⊥ − u⊥| and

V(x,u⊥, ηz) = fabctc ∂iAa,−
A (x+ − |x⊥ − u⊥|√

2
e+ηz ,u⊥) ∂iAb,+

B (x− − |x⊥ − u⊥|√
2

e−ηz ,u⊥), (15)

Vi j(x,u⊥, ηz) = fabctc (
∂iAa,−

A (. . . ) ∂ jAb,+
B (. . . ) − ∂ jAa,−

A (. . . ) ∂iAb,+
B (. . . )

)
. (16)

Here, ta are the Hermitian generators of SU(Nc) and fabc are the associated structure con-

stants. Given background fields AμA,B, the perturbative field strength tensor can be obtained

by numerical integration. Using the field strength tensor, the perturbative energy-momentum

tensor of the Glasma can be immediately computed from

tμν(x) = 2Tr
[
f μρ(x) fρν(x) +

1

4
gμν f ρσ(x) fρσ(x)

]
, (17)

which, in particular, allows us to determine the energy density and the pressure components.

4 A 3+1 dimensional McLerran-Venugopalan model

Our main result in Eqs. (12)–(14) holds for any choice of the color currents JA(x+, x⊥) and
JB(x+, x⊥) at leading order. However, to compute observables such as tμν, a specific nuclear
model has to be chosen by specifying the probability functionals WA,B[ρA,B]. In [9] we used a

3+1 dimensional extension of the originally 2+1 dimensional McLerran-Venugopalan (MV)

model [15, 16], which introduces non-trivial longitudinal color structure along the light-like

directions x±. Since the MV model is Gaussian, it is sufficient to specify the one- and two-

point functions

〈ρa
A,B(x

±, x⊥)〉 = 0, (18)

〈ρa
A,B(x

±, x⊥)ρb
A,B(x

′±, x′⊥)〉 = g2μ2A,BδabTR(
x± + x′±

2
)Uξ(x± − x′±)δ(2)(x⊥ − x′⊥). (19)
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ξ � RMV R

x±

J

ξ

ξ � Rintermediate R

x±

J
ξ = 2Rcoherent R

x±

J

Figure 2. A sketch of the color current in various limits of the 3+1 dimensional MV model. The ratio

of the longitudinal width R and the longitudinal correlation length ξ determines the non-trivial structure

of the nuclei. For ξ/R → 0 (left panel) the correlator reduces to the usual MV model. The coherent

limit is reached by choosing the correlation length to be as large as the system (ξ = 2R, right panel).
The longitudinal structure of realistic high energy nuclei is most likely described by ξ � R for not too

small ξ (center panel).

The strength of the color charge fluctuations is determined by the parameter g2μ2A,B (in units

of energy squared). The longitudinal structure is determined by the two functions TR and

Uξ, which we choose to be normalized Gaussians of width R and ξ. The longitudinal length
scale R is related to the Lorentz-contracted extent of the nuclei and ξ ≤ 2R determines the

longitudinal correlation length within a nucleus. A sketch for various choices of ξ/R is shown

in Fig. 2. In the limit of ξ → 0 we recover the original MV model, whereas the limit of

maximal correlation ξ → 2R corresponds to nuclei with coherent color structure along x±
(the coherent limit).

5 Numerical results

Equipped with a nuclear model and having worked out the analytical result for the field-

strength tensor, we can now compute observables in the 3+1 dimensional Glasma. Expecta-

tion values of observables such as tμν can be computed in at least two different ways: either

event-by-event by numerically integrating Eqs. (12)–(14) for each collision event separately,

or alternatively, by inserting the one- and two-point functions Eqs. (18) and (19) into tμν,
which takes care of the event average. In our paper [9] we chose the latter approach and

employed Monte Carlo sampling to approximate the integral.

5.1 Comparison to non-perturbative lattice simulations

We first verify that our calculation using the weak field approximation agrees with non-

perturbative 3+1 dimensional lattice simulations in the dilute limit. We focus on the trans-

verse pressure of the Glasma

pT (x) = 〈txx(x)〉 = 〈tyy(x)〉, (20)

which is solely due to longitudinal color-electric and -magnetic fields of the Glasma and

allows for a clean comparison of the analytical and lattice calculations. Furthermore, we

focus on the coherent limit ξ = 2R as this particular case requires less resolution along the

longitudinal axis to properly resolve the longitudinal structure and can thus be simulated on

the lattice with sufficient numerical accuracy. Numerical results are shown in Fig. 3, where

we plot the transverse pressure as a function of space-time rapidity η at fixed proper time

τ � R for various values of R and g2μ/m. The latter parameter controls the non-linearity

of the model with the dilute limit being realized for g2μ/m 
 1. We observe that the weak
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Figure 3. Rapidity profiles of transverse pressure as a function of space-time rapidity η in the coherent

limit ξ = 2R for various values of the longitudinal width R and the non-linearity parameter g2μ/m
at late times τ � R. The red line corresponds to the weak field approximation, whereas the two

purple lines correspond to two different lattice implementations (3+1D colored particle-in-cell (CPIC)

[7] and 3+1D classical Yang-Mills (CYM) using dynamical currents [8]). Both the magnitude and the

rapidity dependence are well described by the weak field approximation for small fields g2μ/m � 1 (left

and center panels), but the weak-field pressure is generally overestimated in the more non-linear case

(right panel). Nevertheless, the rapidity profile is still correctly reproduced for larger g2μ/m as can be

seen from the bottom panels, where we show the ratio of the weak field approximation to the lattice

simulations. Adapted from [9].
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1.0
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Figure 4. Normalized rapidity profile

of the transverse pressure pT as a

function of space-time rapidity η for

various values of R and ξ (ξ � R) at
late times τ � R. We observe that the

width of the profile only weakly

depends on the dimensionless

longitudinal width mR (same color,

various markers), but strongly

depends on the longitudinal

correlation length mξ (various colors).

field results agree remarkably well with the lattice up to g2μ/m � 1. For larger values, the

weak field result overestimates the overall pressure, but is still able to accurately reproduce

the rapidity profile of the Glasma.

5.2 Longitudinal correlations and rapidity-dependent transverse pressure

Having demonstrated the correctness of the weak field approach, we can now study the depen-

dence of the rapidity profile in the 3+1 dimensional Glasma on the longitudinal parameters

R and ξ, in particular in the intermediate regime ξ � R. A plot of the transverse pressure

rapidity profile for various values of R and ξ is shown in Fig. 4. Remarkably, we find that the
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width of the rapidity profile depends only weakly on the longitudinal system size R. Instead,
the profile width is mostly determined by the size of the longitudinal correlations ξ. This

demonstrates that, at least in the dilute limit, the rapidity dependence of the initial energy

density of the early stages can be directly traced back to the non-trivial longitudinal structure

of the colliding nuclei.

6 Conclusion

The weak field approximation is a perturbative approach to compute observables in the

Glasma in high energy heavy-ion collisions based on linearizing the Yang-Mills equations

around non-interacting background fields and color currents. We have demonstrated that

this method can be extended beyond the 2+1 dimensional boost-invariant approximation,

which allows us to access the 3+1 dimensional space-time structure of the Glasma in a semi-

analytical manner. In particular, it allows us to probe the Glasma at parameters that are

typically difficult to achieve in lattice simulations due to high computational cost, namely the

case of intermediate correlation length ξ � R. We have shown that the weak field approxi-

mation agrees with non-perturbative lattice simulations in the dilute limit for coherent nuclei.

Going towards the limit of smaller correlations lengths, we observed that the rapidity distri-

bution and thus the longitudinal dynamics of the Glasma are not sensitive to the size of the

system. Our calculations shows that the widths of the rapidity profiles are mostly due to the

longitudinal color structure within the colliding nuclei. It should be noted that the numerical

results in these proceedings are based on a simple extension of the MV model without trans-

verse structure. Going forward, we plan to study the 3+1 dimensional Glasma in the dilute

limit for more realistic systems by including realistic collision geometry and by accounting

for nucleonic and sub-nucleonic structure using hot spots [17–19].
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