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Abstract

Terahertz Time Domain Spectroscopy gained much popularity in recent decades due to
its broadband range and high signal to noise ratio. Researchers have already started
working rigorously on all aspects of this domain from developing spectroscopy for
getting high-resolution signal to extracting other indispensable information out of gas
molecules and biological samples. In this study, I have emphasize the use of this
powerful THZ-TDS technique to extract information in a quantitative approach. We
have shown that the sensitivity of our spectroscopy can be estimated by measuring the
concentration of a sample. This has been demonstrated through a physical model
applied on both solid samples as well as on gas sample.

In addition, knowing that several convolutional mathematical physical modelling are
being exploited in order to acquire better precision but less work has been done on
measuring the uncertainty on the parameters extracted from these mathematical
modelling. In this study, I have also attempted to visualise uncertainties on optical
parameters of lactose sample extracted through Lorentz model of electronic dispersion.
This is achieved by numerically evaluating Hessian matrix, which is a second order
partial derivatives of the function at optimised parameters. Subsequently, the standard
deviation is computed by taking diagonal elements of inverse of this Hessian matrix.
This uncertainties are shown using error bars on real and imaginary part of refractive
index of lactose sample.
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1. Introduction

Acknowledging the limits of fluctuation of the data, whether it is extracted from
experimental setups or mathematical simulations, has consistently held significance in
research community on par with the data that are actually extracted. This master’s
thesis sheds light on quantitative analysis of optical parameters procure through
mathematical modelling using Terahertz Time Domain Spectroscopy. In the present
chapter, I will start with the general aspects of radiation-matter interaction and the
foundation of spectroscopy in terahertz domain, and then the idea of spectroscopy in
time domain is discussed. Finally, the overview of the manuscript’s structure will be
provided.

1.1. Radiation-Matter Interactions: Foundation of
Spectroscopy

The first glimpse of spectroscopy was seen way back in 17th century when Issac Newton
demonstrated the dispersion of sunlight through prism, which he coined the term
‘spectrum’ for the mixture of all colours of the rainbow [1]. Later the theory was built
and developed by other pioneering scientists like William Hyde Wollaston (1766-1828),
Joseph von Fraunhofer (1787—-1826), and later Ritter von Fraunhofer [2]. Spectroscopy,
in general, is a field of science that exploits the interaction between electromagnetic
radiation and matter. It is based on the measurement and interpretation of spectra
acquired at different frequencies or wavelengths [3]. When light interacts with matter,
several physical mechanism occurs like reflection, absorption, scattering, transmission
or emission depending on the type and nature of material and the properties of light.
Spectroscopy involves study of these interactions to extract useful information about
material like its composition, molecular or atomic structure, electronic transition and
more. This further help us to understand several chemical and physical properties of the
material. Spectroscopy is a broad field and classified as different methods depending on
type of radiative energy, nature of interaction and type of material. In this study, we are
working with the radiative energy falls in Terahertz range. This is discussed in next
section.

1.2. Spectroscopy in Terahertz Range

Radiowave Microwave Infrared Visible UV X-ray Wavelengths
10° 10° 103 10°¢ 10° (m)
I ! I L L
| | | | | | Frequencies
10° 10° 10° 102 10® 10 (Hz)

KiloHertz ~ MegaHertz ~ GigaHertz

@ e TeraHertz  optcs & Phtarcs D

Fig 1: Illustration of THz domain in Electromagnetic spectrum. Figure taken from [4].
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Terahertz range, or far-infrared (between 100 GHz and 10 THz or 0.3cm to 333cm™)
is the least explored EM spectrum in the research community. This region of the EM
spectra is usually called the THz gap, and this is mainly due to lack of powerful THz
generation sources. In fact, the THz region falls in the limit between the optical sources
of the infrared and the electronic sources of the microwave region. In the last few
decades, the THz domain witnessed great enhancement in generation sources,
especially with the advancements in ultra-fast lasers and frequency combs [5], [6].

Terahertz wave can be generated using several methods including frequency mixing,
optical rectification using nonlinear optics and photoconductive antennas [7].
Generation of Terahertz wave using difference frequency mixing (DFM) uses two lasers
having frequency difference in THz range. The advantage of this method is that it is
highly tuneable and spectral resolution up to 1 MHz. Optical rectification is a technique
for the generation of Terahertz wave where nonlinear crystal is used. The OR involves
second order nonlinear process preferable for the generation of strong single cycle THz
wave [8]. Photoconductive Antennas also called as “Auston Switch” is one of the first
and oldest techniques for the generation of THz wave [9]. PA is widely used because of
its several advantages over others like low maintenance, broadband, low cost, compact
and efficient. Basic setup for THz wave generation using PA is discussed in later section
below.

1.3. What is Terahertz Time Domain Spectroscopy?

Terahertz Time Domain Spectroscopy itself is a versatile technique in research field. It
has wide applications in chemistry, biology, material sciences, chemical imaging and
other industries [4]. The basic principle of THz-TDS is shown in the figure below. Ultra-
fast (femtosecond) laser beam is split into two beams. One of it is used to generate THz
wave and the other is used for detection after passed through delay line for sampling of
signal in time domain. THz-TDS measures the time taken by the radiation to travel
through the material after interacting with the sample material. Therefore, by studying
the pulse’s amplitude and phase, researchers can extract the salient information about
the material's composition, structure, and properties.

A\

Delay Line: At

gL SN

‘ Sample
Emission |
antenna Detection

antenna

Fig 2: Schematic of the principle of THz-TDS. Figure taken from [4].
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1.4. Generation of THz wave using PA

Terahertz PC antenna consist of two closely spaced metal strips implanted into a
semiconductor substrate consisting charge carriers with a very short lifetime. These
metal strips are given a DC bias voltage across them. When a sharp ultra-fast photon
having energy greater than the band gap of the semiconductor, hits the semiconductor
between the metallic gaps, electron-hole pairs are generated. These generated electron
hole pair is then accelerated by the bias voltage and subsequently current density
decline rapidly, giving rise to a very fast potential change. This induces oscillation in the
antenna and in turn terahertz radiation is generated. The resultant terahertz radiation
is emitted in wide direction. The radiation is then collimated using a converging mirror
or lens to get a uniform signal.

e

L

Fig 3: Schematic of generation of THz radiation.

1.5. Detection of THz wave using PA

Detection of terahertz radiation is based on same principle as the generation. In this
case the metallic strips are not connected with bias voltage but are connected with
current measuring device. So, when the terahertz radiation strikes the semiconductor
containing charge carriers already generated by laser pulse, these are accelerated by this
THz radiation. In this way the whole THz wave is mapped with photocurrent in time
domain by delaying the time between THz wave and photocurrent. The current is
converted to voltage with a high gain to measure the weak signal properly. In addition
alock in amplifier can be used to enhance the signal to noise ratio.
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Fig 4: Schematic of detection of THz radiation.

As stated before the sampling of the detected THz wave is done by the computer
controlled very fast mechanical delay line. It consist of retroreflective mirror and allows
to record the temporal variation of photocurrent. The sampling time when path length,
Ax is known, is given by [4]:

24x
At = T + 7(t) (D

Where, c is the speed of light in vacuum and 7 is the sampling error due to positioning
of the retroreflective mirror.

100

0.1

’ N
s ML 0.01 4
oy

-3 T T T 0.001 T T
280 300 320 340 360 0 2 4 6 8

Time (ps) Frequency (THz)

Magnitude (mV)
Magnitude (dB)

Fig 5: THz signal in time domain and its Fourier transform. The signal is detected inside a
nitrogen-purged box without any sample in between antennas.

As explained above, the collected experimental data is a time-reconstructed THz pulse.
In order to better understand the usefulness and applicability of these kind of data, a
brief theoretical description is given in what follows, to help understand the basis of
data analysis in our experiments.
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1.6. Maxwell’s’ Equations

Any wave on electromagnetic spectrum is governed by Maxwell’s equations. The four
equations that describe the relation between E and H field and their behaviour are

V-D = py (2)
V-B =0 3)
VXE = 4B 4
XE = —— 4)
\Y H—dD 5
XH =—-+4] (5)

Where D is the displacement field, B is the magnetic field, E is the electric field, H is the
magnetising field, J is the current density, V - and V x are the divergence and curl of the

field respectively and % is time derivative of the field. Considering material is
nonconductive and current density is zero i.e. p =0 and ] = 0, we have the electric
component of wave equation

) 0%E
VE = Horeotr o5 (6)

Where, L, is the permeability of the free space, - is the relative permeability; &, is the
permittivity of the free space and & is the relative permittivity.

Also, we know that, speed of light in medium is given by ¢ = 1/+y/ept and refractive index
n = Ve,. So, our wave equation becomes (i, = 0),

nZ

V2E = = @)

So, the solution of plane wave linearly polarized having single frequency w is given by:
E(zt) = E0e/(kz=0t) ®)

Having k = 2;1/A as wave vector, k can be written as a function of frequency w as follows:

n2

K=o ©9)
So, any planar wave is characterized by an attenuation in amplitude and delay in phase
of the field when travelling through any medium. Or in other words, if we have given a
wave equation, and at any given frequency, one can extract optical parameters like the

complex refractive index

1.7. Transfer function

An electromagnetic (EM) wave, when passing through any medium is submitted to
attenuation and phase delay along the field of the wave. The complex transfer function
describes the behaviour of propagating wave upon interacting with a system by
comparing the signal before and after passing through the sample [10]. Assuming
working in linear optics, mathematically, the complex transfer function is given by:
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T(w) = — (10)

We can break down the transfer function into its constituent components like Fresnel’s
coefficient for interface between two materials, propagation term throughout the
sample and Fabry—Perot term for multiple reflections inside the sample [10] .

. wd —
T(w) = §(w) X exp (—jT(ﬁ(a}) - 1)) X FP(w) (1)
Here, § is the Fresnel coefficient at normal incidence between the air medium interfaces.
Given by,
S(@) = g X Epr = ) 12
Slw) = 1-2 2-1 — (ﬁ((l)) + 1)2 ( )

The complex transfer function provides the relation between input and output EM wave
that passes through a dispersive medium, experiences attenuation and phase shift.
Therefore, it gives important information about the sample in terms of absorption
coefficient and refractive index as a function of frequency, in addition to an extensive
set of other spectroscopic and materialistic parameters.

In order to extract as much information as possible from the measured time-domain
data, and as described in [10], it is possible to fit the experimental data to several models
depending on the nature of information available, as well as the interest in the
application of the sample under study. In what follows, you can find a description of the
different models used in this work.

1.8. Dispersive models

When a dynamic electric field passes through a medium, it induces the polarization of
this medium. Depending on the type of the material and frequency of the field, the
mechanism of polarization could be dipolar, ionic or electronic.

Dipolar

lanic

Electronic

Frequency

1 MHz 1GHz 1THz 1 PHz

Fig 6: Variation in real part of dielectric constant with frequency.
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To understand the frequency dispersion of permittivity of the material, we generally use
simple mathematic functions or models. Using these models, we can get information
about the optical properties of the material. Some of the models to study dispersion are
Debye’s 15t and 21d order model, Drude model and Lorentz model. In this study, we are
going to employ Drude and Drude-Lorentz models, which can describes the permittivity
in complex plane and help to relates the dielectric constant to the motion of the charges
in the material.

1.8.1. Drude Model

Drude model is a well-known dispersive model for materials containing free electrons
like metal and doped semiconductor. This model was purposed by a famous physicist
Paul Drude. With the assumption of non-interacting free electrons and motionless
positive ions in metal and semiconductors [11], [12], Drude model for polarization and
dielectric constant is widely applicable, and shows good agreement with the
experimental data in general. In this mode, the permittivity of the material is given by:

(13)

Here, €,is permittivity at the highest frequency (€, = 1), w, is electron plasma
frequency and y,is the damping rate of plasma electrons. This equation shows the
interaction of incoming radiation with plasma and changes the dielectric property of the
medium.

Also, given by the Ohm’s law, we can derive the conductivity of the medium knowing
the current density. At, DC current, the conductivity is given by,
2
EqW
g=-2P (14)
Vp

Given the value of plasma frequency and damping of plasma electrons, we can calculate
the conductivity (or resistivity) of metals and semiconductors [13] .

1.8.2. Drude-Lorentz Model

The behaviour of electric field through any dispersive material can be studied using
Drude-Lorentz model. Paul Drude initially proposed this model in 1900 for electrical
conduction and later in 1905, Hendrik Antoon Lorentz extended it. The permittivity of
the material in this model is given by the following equation:

kmax

~ ~ w}h A&, w
E=m?(w) =Ep+—5——+ Z T
W+ jwy, Lt 05— wF +jwyy

(15)

Where, A€, is the line strength of the Lorentz oscillator, w, is the Lorentz oscillator and
¥ is the damping rate of the oscillator.

The change in the real part of dielectric constant is directly related to the change in the
refractive index with frequency. This is known as dispersion as describe in the Fig 6. The
imaginary part of the dielectric constant peaked at Lorentz frequency w, describes the
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Lorentzian line shape having the width proportional to the damping coefficient. This
give rise to energy dissipation and called absorption.

1.9. Conclusion

In this section, we outlook the general aspects of radiation-matter interaction and how
we can utilise this knowledge in spectroscopy to extract useful information of the
material [14]. We describe the working principle of Time Domain spectroscopy in
Terahertz range. To study the insight of the material when radiation penetrate through
it, we make use of several mathematical model that describes this dispersion. In the
upcoming section, we will demonstrate the implication of these models to extract optical
information of the samples. In addition, we will introduce a method that will assist us
to quantify the uncertainties on our extracted parameters.
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2. Information Extraction for Silicon Wafer Samples
Using THz-TDS

2.1. Introduction

Silicon Wafer has profound significance in material science and electronics because of
its crystal structure, mechanical properties and surface chemistry. Silicon is considered
as the simplest sample to understand the THz wave-matter interaction and study the
Drude model for dielectric constant. It shows great transmission properties within the
THz range with relatively low absorption and minimal dispersion [15]. In the work done
in [15], authors shows the transmission characteristics of Si wafer samples consisting
different resistivity. They showed that the wafer with low conductivity shows lower THz
transmission compared to the wafer with high conductivity. In this study I tried to
quantified the resistivity from Si wafer having different thickness and carrier
concentrations. The experimental setup is shown in the left side of Fig 7. The sample is
carefully aligned perpendicular to the direction of the wave to avoid any inconsistency
in the optical thickness and Fabry-Perot echoes from it. Since we are working with the
transmission spectra of THz wave, the samples were chosen in such a way that enough
power of THz wave is passing through it. As shown in right side of Fig 7, transmitted E-
field in time scale for different sample and its comparison with reference signal.

E-field

T T T
270 280 290 300 310
Time (ps)

Fig 7: Left : Experimental setup for silicon wafer, Right : Comparison of THz pulse intensities
for different samples.

From the graph shown in Fig 7, we see that the intensities of the wave decreases as we
put the sample in between the THz wave due to absorption inside the sample. Also as
we increases the thickness of the sample, the intensity of the E-field decreases showing
the variation of conductivity and in other words, variation of electron density in the
samples. In the later section of this chapter, we will show the evaluation of the number
of charge carriers present in the sample using the parameters extracted from FIT@TDS.
Now, in the next section fitting of experimental data for three samples is discussed.

2.2. Experimental Setup

The experimental setup used in this experiment to measure transmission spectra of Si
wafer is shown in the Fig 7. It consists of two antennas: one at the right end to emit THz
radiation and one at the left end to detect THz radiation. The radiation is collimated by
two parabolic mirror placed immediately after the antennas. The samples to be
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measured are placed in between these reflecting mirrors. Since, the size of the samples
(in our case 2 inch) are larger than the size of the collimated beam, we didn’t required
any lenses to focus down the beam on to the sample. The whole setup is placed inside
the nitrogen purged glass box to avoid contact with water molecules.

2.3. Characterisation of Si wafer samples using FIT@TDS

We are using three Si wafer as our samples, each with different sizes and thicknesses.
The samples does not contain any absorption line in our probed terahertz region (0.2-6

THz). Therefore, the Drude model was chosen to fit the experimental data for the
samples.

2.3.1. 520 um Si wafer sample

The fitted Electric field spectrum in frequency domain for this sample is shown in Fig 8
and its corresponding fitted real and imaginary part of refractive index are shown in Fig
9.
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Fig 8: E-field spectrum in frequency scale from FIT-TDS for 520-um Si wafer sample.
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Fig 9: Simulated as well as Target Real and Imaginary part of R.I for 520-um Si wafer sample.
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All the initial and optimised value for parameters are tabulated below. Initially we did
not include the noise matrix with an assumption that the noises are uncorrelated to save
computational time. The noise envelop is used as the weighting function to fit the model.
However, in the previous experiment, the group demonstrated that the usual
assumption of non-correlated noise was not met in our system. Most of the noise was
associated with the receiver end in the absence of THz signal. Moreover after further
analysis on the noise it shows that these noises were proportional to the derivative of
the signal. The group developed a software called correct@TDS using python
programming language to correct the noises corresponding to fluctuation in the laser
amplitude and thermal drift in the delay line [16], [17]. Now, we extracted the noise
correlation matrix (precision matrix) which has the information not only about the
magnitude of the noise but also corelation with the signal. This is then multiplied with
error function for better fit [18]. We also tabulated the updated parameters after adding
noise matrix in the fitting process.

Parameters Initial guess | Optimised value Optimised value after
value adding noise matrix
oo 11 11.3 11.3
wp (Hz) 2x1012 5.8x1012 5.6x1012
yp (Hz) 7%1012 8.2x1012 7.9%x1012

Table 1: Fitting parameters with their initial guess and optimised value

2.3.2. 280 um Si wafer sample

Similarly, The fitted Electric field spectrum in frequency domain for this sample is
shown in Fig 10 and its corresponding fitted real and imaginary part of refractive index
are shown in Fig 11.
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Fig 10: E-field spectrum in frequency scale from FIT-TDS for 280-um Si wafer sample.
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Fig 11: Simulated as well as Target Real and Imaginary part of R.I for 280-um Si wafer sample.

This sample was thinner than the previous sample and all the values for fitting
parameters are tabulated below.

Parameters Initial guess | Optimised value Optimised value after
value adding noise matrix
oo 10.9 11.2 11.3
wp (Hz) 2.2x1012 2.1x1012 2.2x1012
Vp (Hz) 7.8x1012 7.4%x1012 7.9%x1012

Table 2: Fitting parameters with their initial guess and optimised value.

2.3.3. 290 um Si wafer sample

This is another silicon wafer sample with comparatively same thickness as previous
sample but with comparatively low resistivity. The fitted Electric field spectrum in
frequency domain for this sample is shown in Fig 12 and its corresponding fitted real
and imaginary part of refractive index are shown in Fig 13.
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Fig 12: E-field spectrum in frequency scale from FIT-TDS for 290-pum Si wafer sample.
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Fig 13: Simulated as well as Target Real and Imaginary part of R.I for 290-um Si wafer sample.

Finally, the initial values for fitting parameters and their corresponding simulated
optimised values are tabulated below.

Parameters Initial guess | Optimised value Optimised value after
value adding noise matrix
Ex 10.6 11.8 11.8
wp (Hz) 5.0%1012 3.2x1012 3.2x1012
yp (Hz) 7.0%102 7.6 %1012 7.7%x1012

Table 3: Fitting parameters with their initial guess and optimised value.
2.4. Resistivity calculation using Drude model using THz-TDS
and comparison with Four-point probe method

As we discussed earlier, the Drude model of permittivity gives us fairly good idea about
the conductivity of metals in the far-infrared (IR) spectral range [19]. It estimates the
number of free electrons inside the metal that interacts with the radiation. Knowing this
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we can easily estimate the conductivity of any metal provided that we have much
information about the constituent parameters. However, in this study we are working
on semiconductors having comparatively higher charge carriers.

As discussed in page 7, the permittivity of a material from Drude model is given as:

2
Wy

E=E,+ (16)

w? + jwy,
So, the question arises that, is it possible to extract more information out of it if we could
know plasma frequency, w, and damping rate of plasma frequency, y,. So, the answer
is yes. After proper derivation of equation of motion of free electrons under Electric field
and applying ohm’s law, we have the conductivity of material given as:

(e w2 Wiy  wlgyw?
p = l
®? +ioy ©?+y? o +y?

&(w) = (17)

We know that at DC, w = 0 and considering only the real part of conductivity, we have
simplified version of the conductivity known as DC conductivity as:

2
EoWp
Opc = (18)
DC y

Now, given by the experimental data, we extracted these parameters for three silicon
samples using FIT@TDS software. We calculated the conductivity and hence resistivity
(1/opc) for all three Si wafer samples. These are tabulated below. Also, The Dc
resistivity is measured using the Four-point probe methods (discuss later) to compare
it with the calculated using FIT@TDS method. These are also shown in the table below.

Siwafer | Fitted | Fitted Plasma | Fitted decay | Fitted DC | DC resistivity
samples | Thickne | Frequency, w, | Frequency, | resistivity from Four-
ss (Hz) Y, (Hz) (or 1/opc) point probe
(Ohm- (Ohm-cm)
cm)
520 um | 505 um 5.8x1012 8.1x1012 2.6 2.52+0.04
Sample
280 um | 282 um 2.3x1012 8.1x1012 17.6 16.50+0.63
Sample
290 ym | 284 um 3.2x1012 7.7%x1012 8.3 8.23+0.26
Sample

Table 4: Comparison of resistivity for three Si wafer samples using FIT@TDS method and Four-
point probe method.

To verify my results using FIT@TDS method, I used another method to calculate
resistivity of these samples. This method is one of the popular methods to calculate
resistance for low resistivity sample. This is called Four-point probe method.
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Fig 14: Four-point probe setup

The Four-point probe is a technique that measures resistivity of the sheet carrying
charge carriers. It is a simple method that obeys Ohm’s law. It contains four equally
spaced probed that are made in contact with a material of thickness “t” and of unknown
resistance. The current is forced from outer two probe and the resulting voltage is
measured through two inner probes. The resistivity is given as:

Vi
In(2)

1%
p= X (7) X t X Correction value (19)
Here, t is thickness in c¢m, V is the voltage and I is the current. The correction value
depends on the thickness of the sample. In our case, all samples were having thickness
t<0.5 mm, so the correction value is = 0.96.

The resistivity calculated using this techniques are listed in Table 4 for better
comparison.

2.5. Conclusion

In conclusion, we started with the characterisation of electronic parameters of three
silicon wafer samples, each with different sizes, thickness and resistivity using
FIT@TDS software. Then, we use this information to quantify the resistivity using
Drude model. Finally, we also measured the resistivity of all the samples using Four-
point probe technique. We compare these values evaluated from the two method and
we can see a good agreement between the values of resistivity. Still, we didn’t use the
uncertainties on the resistivity evaluated using FIT@TDS method [10]. Also, in future
the method can be tested for other novel samples with different resistivity.
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3. Information Extraction from a-Lactose Samples
Using THz-TDS

3.1. Sample preparation

The sample used for this experiment is a-Lactose monohydrate polycrystal powder
purchased from Sigma-Aldrich, and used without any further purification. The lactose
samples are considered as “Gold standard” in terahertz domain due to its easily
observables absorption peaks at 0.53, 1.19 and 1.37 THz. Moreover, it is easily available
and low cost makes it a good candidate for the start of the experiments. Although there
are several points need to be taken into consideration. The pellets made out of the
polycrystalline powder of lactose will possess slightly different optical properties than
the single crystal. In case of single crystal, optical properties are highly anisotropic,
which means that it will be dependent on crystallographic direction [20]. It makes the
crystal to show strong birefringence. Whereas the polycrystalline pellet has random
orientation of crystallite which makes it more isotropic and therefore it lacks
birefringence.

The idea of this experiment is to get used to with the software and try another dispersive
model other than Drude model which was used earlier for Silicon wafer. The sample is
well grinded using mortar and pestle before making it into pellets to avoid
inhomogeneity. Initially the sample were 100 percent lactose to study the behaviour of
light matter interaction and get used to with FIT@TDS software [10]. The picture of the
pellets is shown below.

Fig 15: Lactose pellet sample with Aluminium stand.
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3.2. Experimental methodology

Lactose show strong absorption peak at several THz frequencies. The peak resembles
that of Lorentz profile. So, in this experiment, Lorentz model is used. Initially I started
with the most significant peak at 0.53 THz then started adding other peaks. The spectra
in time and frequency scale is shown in below figure.
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Fig 16: E-field in time and frequency scale.

The resulting real and imaginary part of refractive index are shown in another figure
below.
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Fig 17: Real and imaginary part of fitted Refractive Index and its comparison with initial
Refractive Index

Later, in this chapter an experimental methodology is discussed to use THz-TDS to
quantify the concentration of the lactose in diluted sample.

3.3. Quantitative analysis of uncertainties on the refractive
index of Lactose

In the scientific community, the data being extracted using any set of experimental tools
has an important role to play. This is also true for the uncertainties in the data itself.
Scientists have always shown keen interest in getting the better precision of their result,
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whether it is from mathematical modelling or direct measurement from instruments. A
lot of work is being done on daily basis to improve the variability of the instrument.
Similarly, researchers are now putting efforts to estimate the uncertainties on the
parameters extracted from mathematical modelling.

In this section, uncertainties on the optical parameters of the lactose sample are being
estimated with the help of the Hessian matrix. The hessian matrix is a matrix that
generates second order partial derivatives of a function. Mathematically, a function, f,
with n variables which is written as,

f:R">R (16)
Then the Hessian matrix is given by:
%f 0% f
dx? 0%, %y,
Ho=| + =~ (17)
92 f 92 f
0xp 2, dx?

The Hessian matrix itself gives very important information about any function. It is used
to determine the local extreme points of a function. In our case we started with two
parameters, real part of refractive index (n) and imaginary part of the refractive index
(k). These will serves as the variable for our Error function, which is the modulus of
residual error between measured and theoretically valued function. The error function
is already optimised to get the best fit using various minimization techniques discuss
earlier. This is done by our homemade software FIT@TDS to extract the optimised
optical parameters from signal traces. Now, since the function is already optimised, the
hessian matrix will show local minima when calculated at these optimised optical
variables. This is more illustrated in figure below.

Optimised value
- with uncertainties

Fig 18: Optimised value of optical parameters from a given error function.

Since, we are interested in evaluating the uncertainties on our optical parameters, we
are required to evaluate inverse of the Hessian matrix. The inverse of the Hessian matrix
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of the likelihood function at an optimum point is estimated as the variance-covariance
matrix of the parameters [21]. So, the standard deviation (or uncertainties) can be
evaluated by taking diagonal elements of the inverse of the Hessian matrix. In order for
uncertainties to have a physical significance, it should be normalised by the noise where
signal is observed. The experimental errors have several sources in the TDS experiment
such as delay line position drift, delay line speed variation, laser amplitude fluctuation
and periodic sampling error [22].

So, to evaluate the Hessian Matrix and later error bars, we propose the usage of
numerical derivation libraries supported by the python language. This is discussed in
detail in the subsection of this section.

In the next section, the error bars on the complex absorption index for the lactose
samples, through numerical hessian matrix calculations, are reported .

3.3.1. Standard deviation of transmission coefficient

For any optimization processes, the information about variability of signals is of utmost
importance. It helps us to understand the uncertainties on the optimization parameters
and quantitatively illustrate the effectiveness of optimization process. The standard
deviation of the transmission coefficient reflects the valuable information about the
variability of the data in the measurements. So, to estimate the uncertainties on our
optical parameters through physical modelling, it is necessary to normalise it with the
errors we are getting from measurements [23]. This is given by the summation of
standard deviation of sample signal and reference signal multiplied with transfer
function.

The complex transmission coefficient is defined as,

T(w) = Es (18)
ref

T

Here, Es and E,. are the Fourier transform of time domain THz signals Es(t) and Er(t).
Considering these variable as independent and errors corresponding to it is small as
compared measured variable itself, the Taylor expansion of transmission coefficient is
given by (neglecting higher order term):

aT = or dEg + or dE (19)
T 0B ° T 0B

dT‘—[l dﬁ]+[ s dE ] (20)
Eref s Ergef ref

In addition, variance for N points is defined as,

I‘V—1 7~11‘_7~12 §V=1 dTi2
Gf(w) = “1\(,_1 S N(_l) @1

So,
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~ (2
62(w) = 1 < ! ) dE2 + ( Es ) dE2 (22)
T - = S =
il 28 g) 2o
And given that,
N, dE N dE,."
i=1 S _ ~2 i=1 ref _ ~2
—N_1 - Os And N1 " O (23)

Here, &7, is the variance of sample signal and 6% ; is the variance of reference signal.
Putting equation (23) in (22) and taking square root to evaluate standard deviation,

@) = |2+ (24)
Gr(w) = |z5—0f, + = 0%,
Erzef $ E;’}ef f

So, the inverse of hessian matrix of error function is normalized by the variance of the
experimental data which is the summation of 7, and T(w) * 67, e The standard
deviation of the measured reference and sample spectra can be retrieved through a
home-written python script, soon to be publicly available.

3.3.2. Numerical method to evaluate uncertainties on optical
parameters

The evaluation of the derivatives for the error function are very time consuming
analytically, and keeping in mind the intention to extend the error estimation further
than just the refractive index, and where the analytical derivation is not possible, it was
necessary to imply numerical derivation methods to calculate the hessian matrix. There
are several numerical methods like Finite difference method, Newton-Raphson method
or Runge-Kutta method for the computation of second order partial derivation. In our
case we are using the Python library Numdifftools. It is an excellent tool to solve
numerical differentiation problems having one or more variables. It uses Finite
differences method in adaptive manner so that user has the flexibility to choose
complex-step, central, forward or backward finite differences. This tool is coupled with
Richardson extrapolation methodology to maximize the accuracy of the result [24].

However, to make sure that the method is functioning properly in terms of derivation
parameters, and the magnitude of our experimental values, the hessian calculation was
also done analytically for comparison. From this we verified that there is a good
agreement between Hessian matrix evaluated using Numdifftools and that calculated
analytically using Sympy library in real field. An example of the hessian evaluation, as
well as the comparison between the methods can be found in the Annex.

3.5. Quantification of lactose using THz-TDS

Since the development of Terahertz Time Domain Spectroscopy from last two decades,
it shows rapid involvement in research communities not only for recording of the
dielectric function [25] but also quantifying the constituents of the sample falling in the
terahertz range. Several studies have shown that THz-TDS can be used to detect
explosive substances, chemical recognition [25], detecting moisture content in the food
[26] and detection of harmful residual out of honey sample down to the concentration
of 1% by weight [27]. So, we procure the motivation to use this powerful technique to
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quantify the concentration of the lactose in diluted sample. To do so, I prepared several
samples with varying concentrations.

The use of THz-TDS for sensing applications seems to be very promising domain as we
will show here. Although, this approach is of great interest for gas-phase studies, and it
was initially planned for ammonia gas (detailed later in another chapter), we decided to
test this approach for solid-phase, i.e., lactose. The basic idea is to develop a physical
model that can extract the concentration of a sample, from the recorded spectra based
on available spectroscopic data. Three parameters that are extracted for each Lorentz
oscillator: A€, y, w, Knowing that concentration of the molecules is directly
proportional to the line strength, A€,. Therefore, including a concentration term as
function of A€, we can extract the actual concentration of the sample, keeping all other
parameters constant. I applied this idea on diluted lactose samples with varying
concentrations. The lactose powder is diluted with polyethylene. Polyethylene is a
thermoplastic material in polycrystalline form, which is almost transparent in Terahertz
range. Below in table shows the different samples prepared with varying concentrations
by adding Polyethylene.

S. No. Concentration (in Mass of Mass of Pressing
percentage w/w) lactose Polyethylene (mg) weight

(mg) (ton)
1. 100% + 0.107% 131.7 o} 5.10
2. 79.724% + 0.097% 104.2 26.5 5.07
3. 59.607% + 0.088% 78.8 53.4 5.02
4. 39.498% £ 0.082% 51.9 79.5 5.12
5. 20.713% + 0.077% 27.3 104.5 5.02
6. 10.345% + 0.077% 13.5 117.0 5.04
7. 3.191% + 0.076% 4.2 127.4 5.12
8. 1.000% + 0.077% 1.3 128.7 5.12
9. 0.296% + 0.076% 0.39 131.3 5.12
10. 0% 0 131.6 5.02

Table 5: Various diluted lactose samples with their corresponding pressing pressure.

3.6. Results

This model fit fairly for Lactose sample. This can be seen in Fig 19. The absorption peak
decreases as the concentration decreases. This shows that the model is following the
proper trend.
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Fig 19: Real and imaginary part of refractive index for different diluted lactose samples.

Concentrations are simulated for all the diluted lactose samples prepared and then it is
plotted with their corresponding actual concentration measured while preparing the
sample (see Fig 19). The uncertainties on concentration while preparing the sample is
also shown in the graph (Fig 20) through horizontal bars.

22



Quantitatively Analysis of Optical Parameters Using THz-TDS

100 T

[any
o
il

=
ol

Simulated Concentration (%)

01 T T L T T L T T L
0.1 1 10 100
Measured Concentration (%)

Fig 20: Illustration of simulated concentrations v/s actual concentrations.

From the above graph, we can see that the concentration matches fairly well at higher
concentration but are not aligned at lower concentration. This is due to several reasons.
One of the main reasons is that lactose samples are polycrystalline, which does not
behave similarly to the single crystal. The lactose samples are denser and more complex
than the gas molecules. The arrangement and structure of the lactose pellets can
significantly affect how energy is transferred between the particles. In general, energy
in solids can be transferred through lattice vibrations, defects, impurities and other
mechanisms [28].

3.7. Conclusion

In conclusion, we started with fitting spectral traces of lactose sample using Lorentz
model of dispersion in FIT@TDS to retrieve the complex refractive index of the sample.
Then, we introduce a method that can estimate the standard deviation of the extracted
parameters. This was done through Hessian matrix, evaluated numerically using library
integrated within python programming language. Then the standard deviations were
evaluated by taking square root of the inverse of the diagonal elements of this Hessian
matrix. This has been shown graphically through error bars on optical parameters of
lactose sample.

At the end, we have shown that the THZ-TDS could be used as a powerful technique to
quantify the constituents of the sample showing fingerprints in terahertz region.
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4. Sensitivity Measurement of THz-TDS for Gas
molecules

4.1. Introduction

Gas spectroscopy or molecular spectroscopy is based on detection of molecular spectra
(or atomic spectra) resulting from absorption or emission of electromagnetic radiation.
These molecules undergo transition from one quantized energy level to other when
interacting with the photons. Since the 19th century, several gas sensing techniques have
been developed for example, semiconductor gas sensors, gas chromatography—mass
spectrometry (GC-MS), infrared (IR) spectroscopy, and terahertz time-domain
spectroscopy (THz-TDS) [29].

If we consider the electronic structure of molecules, it is well known that the difference
in energies between the quantized rotational energy levels falls within the THz
frequency domain. The pure vibrational modes however, are closer to the infrared
region, yet some ro-vibrational states can be probed in the THz. Thus, we can say that
the terahertz wave interacts with the gas sample, and when the frequency of the EM
wave is resonant with the energy difference of two rotational levels, we observe
absorption. [30].
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Fig 21: Illustration of transition of molecules based on selection rule for rotational and
vibrational levels. This figure is taken from [31].

Line broadening plays a vital role in spectroscopy. Apart from natural broadening which
is due to finite lifetime of the excited state of the molecules, there are other effects that
cause line broadening like Doppler broadening and Pressure broadening. Doppler
broadening is cause due to the distribution of velocities of atoms and molecules.
Emitting (or absorbing) particles have different velocities causes different Doppler shift
and the cumulative effect of which is the emission (or absorption) line broadening.
Moreover, Pressure broadening is due to the collision of the molecules with other
neighbouring atoms or molecules. It can be self-broadening due to collision with similar
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molecules or more importantly, it can be air broadening caused by collision of alien
molecules or atoms.

Using the Terahertz Time Domain Spectroscopic technique, spectrum parameters such
as line strength AE,, damping frequency y,, and oscillator frequency w,, are fitted to
extract the spectroscopic parameters of the gas. In this work, I used these spectra
parameters at a particular pressure as a reference to quantify the amount of gas
molecules in a given experiment. This techniques can potentially be implemented for
breathalyze. In the next section, it is described in more details.

4.2. Experimental setup

Terahertz Time Domain spectroscopy for gas sample is shown in figure below. It also
consist of similar antennas as discussed in Si wafer experimental setup. The two
antennas are placed inside two glass box purged with nitrogen gas. In this spectroscopy,
THz radiation travels through a meter long tube interacting with the sample placed
within it. Baratron is connected at the top of the tube to measure pressure inside the
tube. The sample is injected through a small inlet shown in figure. This inlet is connected
to an ammonia gas cylinder through a pipe. To vacuum out the sample tube, the tube is
connected with vacuum pumps. In this experiment, we used three types of vacuum
pumps. The primary pump which can vacuum the tube up to around 4 mbar. Then the
primary pump is used in collaboration with the secondary pump that is capable of
achieving a vacuum in microbars. Finally, an adsorption pump is also used when
handling the harmful gas molecules. Adsorption pump consist of adsorption material
like zeolite (Al,O;) which adsorb molecules inside the pores depending on the

temperature.

Fig 22: Experimental setup for gas sample measurement using THz-TDS. In the inlet, picture of
spectrum traces in time and frequency domain.
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4.3. Gas Model for sensitivity measurement
As we discussed earlier in page 7, the Lorentz model of permittivity is given as:

kmax

_ _ AE, w?
€ =f%(w) =&, + Ok 25
2 2
= Wi — w? tjwyi

We know that the spectrum line strength is proportional to partial pressure of the gas.
So, given the reference line strength A€, .. , and reference partial pressure, P,..s, we can
modify our model in such a way that we can extract the concentration of the gas at a
given partial pressure. Herewith, defining our new line strength AE’; such that:

ASk,ref

A€, = P, (26)
ref

Here, P, is the partial pressure of gas (in our case ammonia molecules). Now, we just
have one parameter as a variable to fit and we can evaluate the concentration of the gas.
Using ideal gas law, Concentration, C of the gas is given by:

n P

SV TR 27)

This model is a preliminary work taking several assumptions in consideration. We
assume that damping rate of radiation is independent of partial pressure and self-
broadening is negligible at low partial pressure. Also, we are assuming that gas behaves
ideally at the given pressure. Moreover, the experiments should be done at non-varying
temperature and pressure.

A model taking into account the above assumptions and equations was implemented in
FIT@TDS, and it permits to extract the experimental concentration from the recorded
spectra based on well-known spectroscopic parameters.

In the next section, few simulations are shown at different partial pressure for Ammonia
and their resultant concentration are illustrated on the graph.

4.4. Result and discussion

To demonstrate the working principle of the approach, we took the spectrum of 1000
ppm ammonia at 400 mbar as a reference to calculate the partial pressure. We have
been given the spectroscopic parameters of ammonia at a total pressure of 400 mbar
mixed with nitrogen molecules at room temperature. and I used it as reference file. The
concentration of the ammonia was recorded as 1000 ppm. So, the partial pressure of
the ammonia in this case is 0.4 mbar. The model was supplied with the total pressure at
each experiment, and we managed to extract the partial pressures from the recorded
spectra, and consequently to calculate the concentrations for the recorded spectra.
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Fig 23: Graphical illustration of simulated partial pressure v/s measured partial pressure.

Again, the concentration of ammonia can be easily evaluated using equation no. 27. The
above graph show that preliminary result to simulate and evaluate the amount of gas in
the gas cell has good agreement with the actual measured value. Error bars on x-axis is
show in pink in colour. This error is due to the instrumental error when measuring the
pressure of the gas.

From this, we can say that this gas model can be implemented for further study and
especially for breathalyser. Of course, this is a preliminary result and a simple model
taken into consideration several assumptions. This can be improved by implementing
more complex model that includes dependency of damping rate on pressure, behaviour
of line strength at low and high pressure, etc. In fact, the idea of this model was to show
that it possible to use THz-TDS spectrometer for a detection and quantification of trace
gases, using an automated analysis routine, that make use of the available database data,
or reference spectra recorded in the laboratory. The next step will be to record spectra
diluted samples at atmospheric pressure and room temperature, with varying
concentrations. The model then can be used to extract the concentrations from the
recorded spectra using the proper assumptions.

4.5. Conclusion

From last few decades we have seen continuous developments in the field of gas sensing
technique. Recently just after the growth of terahertz time domain spectroscopy, a more
powerful technique for sensitivity measurement became the centre of attraction among
the engineers and researchers. In this study, we demonstrated a new gas model which
can be implemented along with dispersive model to estimate the concentration of the
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gas. At the end, preliminary data is illustrated graphically for sensitivity measurement
of ammonia that shows good agreement with theory discussed.
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5. General Conclusion and Future Work

So, we started with the work on solving a scientific question for putting error bars (or
uncertainties) on the extracted parameters from mathematical modelling and
simulations. We proposed of using Hessian matrix on the function at optimised
parameters. This inverse of this Hessian matrix will give the variance-covariance of the
optimised parameters. Finally, taking square root of diagonal elements of the inverse of
this matrix gives the uncertainties of the parameters of the function. This uncertainties
if normalised with experimental error, is estimated as error on parameters, which has
been extracted through mathematical modelling. We succeeded to calculate this error
bars and will be demonstrated graphically on the optical parameters. Several other
experiments has also been done using Terahertz Time Domain Spectroscopy to quantify
the extracted parameters. Silicon wafer experiments were done to evaluate the
resistivity of the semiconductor, similarly simulation experiments on ammonia gas has
been done to quantify the sense the concentration of the gas. Whereas experiments on
Lactose pellets were somehow more complex and shows insight for the improvements
in the model.

This is for sure that there are a lot of improvements and future work to be done in this
master’s thesis. In the Silicon wafer section, there is a huge possibility that this can be
used for other semiconductor samples at comparatively low charge carriers, only if we
can validate the results at higher resistive samples. Lactose pellets are already a complex
sample which need to be studied thoroughly taking into consideration of all the
assumption made as a polycrystalline sample. The samples need to be prepared more
systematically in order to work for measuring the sensitivity of the spectroscopy.
Moreover, the gas model used in this work is a preliminary model and need further
complexity. Overall, this work gives the direction to the researcher to quantitatively
analyse the result. Interestingly, this is not limited only in the field of Terahertz, anyone
who is working on mathematical modelling of a physical quantity can be benefitted by
initial approach shown in this work.
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Annex

Analytical method to evaluate uncertainties on optical
parameters

In this section, the important question needs to be addressed that how we can evaluate
analytically the uncertainties for the complex transmission coefficient for an air medium
normal interface which is given by:

47

@)= Gy

x Exp (—ijd(ﬁ - 1)) (28)

Here, 71 is the refractive index, w is the angular frequency of the EM wave, d is the
thickness of the sample, c is the speed of light in vacuum. For simplicity, we have not
taken into account the Fabry-Perot term here.

In fitting process, an error function is defined for any physical model and is given by the
squared modulus of difference between measured and theoretical valued function.

Error; = |[MeasZ — TheoZ|? (29)

Assuming, MeasZ =y for derivation

2

5 471 wd
Errory = |y - WExp <—j T(n - 1)) (30)
Error; = | - %Exp (—ijd @-)||7- %Exp (—ijd (7 — 1))]* (31)

To calculate the uncertainties on the optical parameters ( in our case, real part ‘n’ and
imaginary part ‘K’ of refractive index ‘n’ ), we are required to evaluate the Hessian for
the error function. But, to solve second derivative of error function in complex field was
the constraint. I simplified the equation manually and retrieved the error function in
real field. In deriving the equation we have the following variables,
Refractive index,
fl=1+ik (32)

And assuming j as a complex variable,

§=¢ +id (33)
So, the error function is derived as,

Errory = & + ¢ — 2(6,a, — &b, )Exp(—d,)Cos(d,) + 2(&by + a,8,)Exp(—d, )Sin(d,)

+ d%Exp(—Z(zl) + b?Exp(—2d,) (34)
Given that,
- wdk
d, = — (35)
. wd _
d, = T(T] -1 (36)
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For the first step, our goal is to evaluate error bars or uncertainties on the #j and & of the
transmission coefficient model mentioned above.

Initially we verify our derivation. To do so we solve for ¥ such that the Error function is
zero and evaluated the first order differentiation of error function at this .

B 47 wd
[y - WEXP (—]T(n - 1))] =0 (39)

Since this is the minimum value of the Error function, the First order derivatives at this
point should be zero. Then the Hessian is evaluated which is the second order partial
derivative of the function. The Hessian matrix is calculated using the Mathematica tool
and verified by using Sympy module. Sympy is a Python library for symbolic expression
and calculation. All the elements of Hessian matrix, Hy;, Hyo, Hoi, and Ha, can be found
in Annexure I.

For an example, I took one of the values from Silicon sample at the frequency of
1002673839688.8643 Hz to be 1 = 4.225008509053177 and & =
0.05738368802648747. The value of j comes out to be 0.438553-0.0520706i. The
Hessian matrix calculated using this parameters knowing other values like thickness
and speed of light, c is

19.2136 1.04777=10-15 |
1.04777x 1015 19.2136

I then, evaluated the Hessian matrix putting the value of MeasZ from the data extracted
from experiment. In this way we can get the idea of actual uncertainties in real field.
Here is the updated Hessian matrix.

(19,2132 —EJ,'EIEISSEI'BET]
| ~0.00880367 13.214 /

The code and the result shown below to evaluate Hessian matrix in complex field using
Numdifftools.
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import numpy as np
import numdifftools as nd

2*np.pi*10082673839688.8643
@.000280

299792458
©.5265556348864405

lambda x: x[@]-1j*x[1]

lambda x: abs((y-((4*z(x)/((z(x) + 1)**2))*np.exp(

-1j*w*d/c*(z(x) - 1))))**2)
H = nd.Hessian(f)([4.204274308768241, ©.02801299143786175])

print("Hessian matrix:")
print(H)

Hessian matrix:
[[ 1.92132561e+01 -9.108926218e-03]
[-9.10926218e-03 1.92140524e+01]]

Fig 24: Screenshot of the python code to evaluate Hessian matrix and its result.

Later it is compared using Numdifftools in Real field and using analytical method like
Sympy library in python in Real field. Below is the output to show all three at one place
for better comparison.

Hessian using Numdiff in C : [[ 1.92128254e+81 -7.99162694e-06]
[-7.99162694e-85 1.92128697e+01]]

Hessian using Numdiff in [[ 1.92128254e+81 -7.9916214%¢-06]
[-7.9916214%-085 1.92128697e+81]]
Hessian using sympy in R : Matrix([[19.2128253540913, -7.99162695317673e-6], [-7.99162695317073e-6, 19.2128697245116]])

Fig 25: Screenshot of the result of the Hessian matrix using numerical and analytical method in
complex and real field.

From this, we can see that there is a good agreement between Hessian matrix evaluated
using Numdifftools in complex field and also in real field. This is also compared and
found good agreement with the Hessian matrix calculated analytically using Sympy
library in real field.
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3. Hessian Matrix, H..
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