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1. Introduction

The goal of this paper is to show a first-order heat content asymptotics in the setting of RCD(K, N)
spaces. Let us state the problem in the setting of a smooth Riemannian manifold (M, g) and 2 C M open
and bounded. We consider the function u: [0,00) x 2 — R satisfying (formally)

Opu(t, z) — Au(t,x) =0 for all (¢,2) € (0,00) x £2,
u(t,z) =0 for all (t,z) € (0,00) x 042,
u(0,2) =1 for all z € £2.

The heat content is the function defined as
Qa(t) = / u(t, x) dVoly(x) for every t > 0. (1)
Q

In [13], Van den Berg and Gilkey proved the existence of a complete asymptotic expansion in v/ as t — 0,
for open and bounded subsets 2 C M with smooth boundary. Moreover, they computed explicitly the
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coeflicients of the expansion up to order 4. Here, we report the expansion up to order 1, at time ¢ = 0:

Qo(t) = Voly(£2) — \/fog(aﬂ) + % o Hdog + o(t), ast— 0, (2)
where o, is the surface measure of 042 and H:0f2 — R is the mean curvature of 942 in M. The asymptotics
(2) unveil a deep connection between the geometry of 92 and the small-time behavior of the heat content of
12, suggesting an effective strategy to investigate the curvature invariants of 02, such as its mean curvature.
This motivates our interest in studying such a problem in the non-smooth setting of RCD spaces. The
asymptotic analysis of the heat content was initiated in the Euclidean setting in [11,15]. A first non-flat
case was studied in [10], where the authors computed the heat content asymptotics to order 2 for the upper
hemisphere. For smooth domains in a Riemannian manifold, the existence of an asymptotic expansion in /¢
at arbitrary order was established in [13], and the coefficients were computed iteratively in [48]. Recently,
the heat content asymptotics has been proved for non-characteristic domains in the sub-Riemannian setting
in [47]. Finally, we also mention that similar problems have been studied in relation with different boundary
conditions, see for example [1,12,14,30].

RCD spaces

In recent years, the theory of RCD spaces has experienced a surge of interest. Such spaces form a regular
class of metric measure spaces where second-order calculus tools are available. The definition of RCD (X, N),
for a metric measure space (X, d, m), has been given in [33], by enforcing the curvature-dimension condition
CD(K, N) with infinitesimal Hilbertianity. The CD condition has been introduced independently in the
seminal works by Sturm in [50,51] and Lott—Villani in [41], and it can be regarded as a synthetic notion
for (X,d,m) of having the Ricci curvature bounded below by K € R and the dimension bounded above
by N € (1,00]. While, the infinitesimal Hilbertianity ensures the linearity of the heat flow, ruling out
Finsler geometries. Among its many merits, the RCD condition is consistent with the smooth Riemannian
setting, and stable with respect to pmGH-convergence. Moreover, as a consequence of the results of [8,31], the
definition of RCD space can be equivalently formulated in terms of a distributional version of the N-Bochner
inequality. For a complete historical account to the subject, we refer to the survey [3] and the previous theory
on RCD(K, 00) (introduced in [6]). We recall that the class of spaces we consider includes the class of Ricci
limit spaces, as introduced and studied in [25-27], and the class of Alexandrov spaces, when endowed with
the appropriate Hausdorff measure, as proved in [44].

The heat content on RCD spaces and main result
For an RCD(K, N) space (X,d, m), the Dirichlet heat flow of an open and bounded set {2 C X can be
defined in a classical way as the gradient flow of the local energy Eq: L?(£2,m) — [0, +00], where

[, |Dul>dm if u € W3 *(92),
400 otherwise.

EQ(U) = {

Here VVO1 2((2) is the set of local Sobolev functions with zero boundary condition. Then, letting (0, 00) > ¢
u; € W,*(2) be the Dirichlet heat flow starting from x, € L2(£2,m), we may define Qy, is defined in an
analogous way to (1), namely

Qo(t) = /Q ug(x) dm(z) for every t > 0.

Our goal is to generalize (2) to the RCD setting, however, already in smooth Riemannian manifolds,
the regularity of 42 comes into play. Therefore, we introduce a notion, called measured interior geodesic
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condition at scale e (in short (mIGC), condition), which quantifies the regularity of the boundary of f2.
More precisely, we say that 042 satisfies the (mIGC), condition if the geodesics minimizing the distance from
the boundary, and of length at least ¢, cover the tubular neighborhood of size €, up to m-null sets (see
Definition 4.16 for a precise statement). Define the signed distance from 942, i.e.

5(z) = (xo — xx\0)d(z,002), VzeX,

and let us give further insights about the (mIGC), condition, see Section 4 for details.

e The (mIGC), condition of 92 is an intermediate condition between an e-uniform interior ball condi-
tion and e-uniform interior ball condition plus an exterior ball condition at every point of 02, cf.
Proposition 4.25;

 Consider the disintegration of m associated with ¢ as studied in [23]. This gives a ‘parameterization of
the tubular neighborhood in normal directions’ and we can characterize the (mlGC), condition in terms
of the fact that almost every transport rays inside {2 has length at least ¢, cf. Proposition 4.20;

o Under the (mlGC), condition, the Laplacian of d, defined as a Radon functional can be represented as
an L' function, in tubular neighborhood of size e inside {2, cf. Corollary 4.21.

Let state our main result, see Theorem 6.5.

Theorem 1.1 (First-order Asymptotics). Let (X,d,m) be an RCD(K, N) space for K € R and N € (1, 00)
and let 2 C X be open and bounded. Assume 082 satisfies the (mIGC),. condition for some € € (0,00).
Moreover, assume that there exists p > 0 such that

AS € LYP({0 < 6 < €}).

Then, the heat content associated with {2 admits the following asymptotic expansion

At 2(1+p)—1
Qo(t) =m(N2) — \/;Per(ﬂ) +0 (t 2(1+p) ) ast— 0T, (3)

Heat content asymptotics of the type (3) are known in the literature for C2-domains in Riemannian
manifolds. Our condition encompasses, but is not limited to, C'**'-domains in the Riemannian setting, cf.
Remark 4.13. Furthermore, let us remark that, under the (mIGC), condition for 912, we have A§ € L' ({0 <
d < €}) (see Corollary 4.21); without any further assumption on the integrability of Ad, the error term
appearing in the asymptotic expansion would be of order v/¢, preventing access to the first-order asymptotics.
For this reason, it is natural to assume a slightly better integrability, as is needed to obtain an error of the
form o(y/f). On the other hand, from Theorem 1.1, it seems necessary to assume AJ € L>({0 < § < ¢})
in order to get a second-order asymptotics. Such a condition, together with the (mIGC),, is satisfied by a
domain with a uniform interior and exterior ball condition, cf. Section 4. Finally, we underline that the
quantitative behavior of the remainder with respect to the integrability of Ad is new even in the smooth
setting.

The strategy we pursue was firstly proposed by Savo in [48] in the Riemannian setting and recently
adapted in [47] for obtaining the heat content asymptotics associated with non-characteristic domains
in subriemannian manifolds. Indeed, the assumption of absence of characteristic points in [47] acts as a
regularity assumption on {2; in the non-smooth setting of RCD(K, N) spaces, a similar role is played by the
(mlGC), condition.
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Strategy of the proof

Let us describe the main tools needed in order to prove Theorem 1.1. First of all, an important property
of the solution to the Dirichlet heat equation u; in {2 concerns its relation with the heat flow (over the
whole space) of xo € L?(m). More generally, we prove a version of the Kac’s principle of ‘not feeling the
boundary’ in infinitesimally Hilbertian metric measure spaces (see Corollary 3.17): for a nonnegative function
f € L*®(m), given a compact set K € {2, then

||htf—htnf||L1(K,m) = o(t), ast— 0T,

where h; f denotes the heat flow of f over X. For details in the Riemannian setting, we refer the reader to [37].
Second of all, this property allows to decompose the term @, (t), and so the study of its asymptotics, in two
terms: in a compact set in 2 and in a neighborhood the boundary. In a compact set inside {2, the Dirichlet
heat flow ‘behaves’ as the heat flow due to the aforementioned Kac’s principle, hence it is negligible in the
asymptotics. Thus, the only contribution to the asymptotic expansion of Qg (t) comes from a neighborhood
of the boundary, namely it is enough to study the small-time asymptotics of

/ Ut dm, (4)
{0<d<e}

which depends on the regularity of 9. To do so, we study a PDE associated with the quantity (4). In
particular, we show that a mean value lemma (cf. Proposition 5.5) holds for the function

F(t,r) = / ug dm, fort >0, r € (0, €.
{o<do<r}

We refer to [49] for the mean value lemma in the Riemannian setting. The former is a statement on the
second distributional derivative of F' in the r-direction and permits to show that F' satisfies a suitable non-
homogeneous heat equation, whose solution can be explicitly expressed via the Duhamel’s principle (cf.
Lemma 6.4). Proposition 5.5 in the RCD setting is one of the most technically challenging step and our
strategy to prove it is based upon the one-dimensional localization a la Cavalletti-Mondino and a suitable
approximation argument.

Final comments

The idea of considering the relation between the heat equation and the theory of sets of finite perimeter is
not new in the literature. In the setting of RCD spaces, it has been recently proved in [16] that the short-time
behavior of the heat flow (over the whole space X) can be used to characterize functions of bounded variation.
This improves a previous result in the more general setting of Pl spaces obtained in [42].

Regarding future directions, we would like to improve Theorem 1.1 and obtain a second-order asymptotics.
As mentioned before, in the setting of Riemannian manifolds, this coefficient is the integral of the mean
curvature of 92 with respect to the surface measure, see (2). In the non-smooth setting, we expect to be able
to express the second-order coefficient in terms of the notion of mean curvature given in [39] (see also [19]).

Structure of the paper

The presentation is organized as follows. In Section 2, we recall some preliminaries on calculus on metric
measure spaces, the definition of Pl and RCD(K, N) spaces with some relevant properties for our purposes.
In Section 3, we present the heat equation on {2 with Dirichlet boundary conditions and we prove the Kac’s
principle. Section 4 is devoted to 1-dimensional localization technique applied to the signed distance function
from 042, the definition of (mIGC), condition and their relation. In Section 5 we prove the mean value lemma
in the non-smooth setting. Finally, Section 6 contains the proof of Theorem 1.1.

4
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2. Preliminaries

Throughout the paper, we consider a metric measure space (X, d, m), i.e. (X, d) is a complete and separable
metric space and m is a non-negative Borel measure, finite on bounded sets. We assume that supp(m) = X.

2.1. Calculus in metric measure spaces

We recall the notion of absolutely continuous curves with values in a metric space. Let I C R be an
interval and denote by C(I,X) the metric space of continuous curves v: I — X, endowed with the supremum
distance. Then, the space of absolutely continuous curves AC(I,X) is defined as the space of all v € C(I,X)
for which there exists g € L*(I) such that g > 0 and

d(ve,7s) < / g dr, for every t < s in 1. (5)
t

We say that v € C(I,R) is locally absolutely continuous on I if v € AC(J,R), for any interval J C I. Given
v € AC(1,X), we can define the metric speed |¥| of v for a.e. ¢, namely we can prove that

d
3 lim 0, 7e) =:|y| forae tel and |%:| € LY(I).
h—0 ||
Therefore, we can define the length of a curve v € AC(I,R) as () = [, |4¢| dt. Moreover, for p € (1, 00),

we say that v € ACP(I,X) if (5) holds with g € L”(I). In that case, the metric speed is in L?(I). Finally,
note that, if X = H is a Hilbert space, then a curve v € ACP(I,H) is differentiable (in a classical sense) for
a.e. t € I and the metric speed is the norm of its derivative.

2.1.1. Sobolev spaces on metric measure spaces

For any metric space (Y,dy), let &(Y) be the set of probability measures on Y. Denote by e;:
C([0,1),X) — X; er(y) = v the evaluation map at time ¢ € [0,1]. We say that # € Z(C([0,1],X)) is
a test plan if:

(i) there exists a constant C' > 0 such that (e;)xm < Cm, for any ¢ € [0, 1];
(ii)  is concentrated on AC?([0, 1],X) and

1
// 44| dt dar (v) < 4-00.
0

Let f:X — R be a Borel function. We say that f belongs to the Sobolev class and write f € S?(X) if there
exists 0 < G € L?(m) such that, for every test plan ,

1560 - o)l antn //G%wtldtdr() (6)

Such a function G is called a weak upper gradient of f. We may define the minimal weak upper gradient of
f, denoted by |Df|, as the m-a.e. minimal non-negative function satisfying (6), namely:

|IDf| <G m-a.e. for every weak upper gradient G.

Finally, we define the Sobolev space on X as W12(X) := L?(m) N $?(X), endowed with the norm:

171212000 = 1122y + DA 2 (7)
5
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Note that, in general, W12(X) is only a Banach space. Moreover, denoting by Lip(X) the set of Lipschitz
functions on X, Lip(X) NW%(X) is dense in W12?(X) with respect to the norm (7), as a consequence of the
density in energy of Lipschitz functions, cf. [4]. Define the slope of a function f:X — R as follows:

li ( )( ) FI[] |(d)(xyf)(y)| if i t isolat d’
1p ’ xX) = y—x , S X S Nno e
otherwise.

One can check that if f € Lip(X), then lip(f) < Lip(f), where Lip(f) is the Lipschitz constant of f. We
recall the definition of the Cheeger energy by means of relaxation of the L?-norm of the local Lipschitz
constant with respect to L?-convergence. We define Ch: L?(m) — [0, +0oc] as

Ch(f) = inf{ lim % / (lipf,)2dm, fo — f in L2(m) and f, € Liploc(X)}, (8)

n—-+oo
where Lip,,.(X) is the set of locally Lipschitz functions on X. It is proved in [5, Thm. 6.2] that W12(X) =
{f € L?*(m) | Ch(f) < oo} and
1
Ch() = 5 [ 107 dm. 9)
X

We conclude this paragraph recalling the definition of infinitesimally Hilbertian metric measure space,
firstly introduced and studied in [33].

Definition 2.1 (Infinitesimal Hilbertianity). We say that (X, d,m) is infinitesimally Hilbertian if W12(X)
is a Hilbert space.

2.1.2. The language of normed modules

We introduce the notion of differential and gradient of a function in metric measure spaces. We assume
the reader to be familiar with the language of L?(m)-normed L°°(m)-module, see [34] for further details.
In particular, as proved in [34, Thm. 2.8], there exists a couple (L?(T*X),d) such that L*(T*X) is an
L?(m)-normed L°°(m)-module and

(i) d: S3(X) — L*(T*X) is linear and |df|, = |Df| m-a.e., where |- | : L?(T*X) — L?(m) denotes the
pointwise norm;

(ii) The set {d_1~, xg,dfi | fi € S*(X), E; C X Borel} is dense in L*(T*X).

Moreover, the couple is unique in the sense that, given another couple (.#,d) verifying items (i) and (i) as
above, then there exists an isomorphism @: L?(T*X) — .# of normed modules which preserves the pointwise
norm. L?(T*X) is called the cotangent module and d is the differential. We report below some of the calculus
tools for the differential (see [34, Sec. 2]):

Leibniz rule. Let f,g € S?(X) N L>®(m), then fg € S*(X) and d(fg) = fdg +dfg;
Chain rule. Let f € S?(X) and ¢ € Lip(R), then g o f € S?(X) and d(p o f) = ¢’ o fdf;

Closure of the differential. Let {f,,} C S?(X) be such that f,, — f m-a.e., for some Borel f and assume
df, — w weakly in L?(T*X) for some w € L*(T*X), then f € S*(X) and df = w.

Locality. Let f,g € S*(X), then x{r—gdf = x{r=¢1dg.
We define the tangent module L*(TX) as the dual (in the sense of modules) of L?(T*X). Note that (X,d, m)
is infinitesimally Hilbertian if and only if L?(T*X) and L?(TX) are Hilbert L?(m)-normed L (m)-module.

In this case, there exists an isomorphism I: L?(T*X) — L?(TX) of normed modules which preserves the
pointwise norm and it is possible to define the gradient of a Sobolev function as the dual of its differential.

6
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Definition 2.2 (Gradient). Let (X,d, m) be an infinitesimally Hilbertian metric measure space. Then, the
gradient is the operator V := Iod: S%(X) — L*(TX). Equivalently, for f € S?(X), its gradient Vf € L?(TX)
is the unique vector field satisfying

df(VH) =V =1df},  mae,
where | - |: L2(TX) — L?(m) denotes the pointwise norm on L?(TX).

The operator V, being the dual of the differential, enjoys the same properties as d. Moreover, it is possible
to prove that for f,g € S?(X), one has

ID(f +¢eg)]” — |DfI?

df(Vg) = dg(V[) = lim .

m-a.e.. (10)

Identity (10) provides a notion of pointwise scalar product of gradients setting (V f, Vg) := df(Vyg), and in
addition, (Vf,Vg) € L'(m). In particular, it holds that

(Vf.Vg)| <|Df||Dg|, m-ae., provided f,g € S*(X).

Let p be a Borel non-negative measure. We define L°(11) as the vector space of Borel measurable functions,
modulo equivalence pi-a.e.. We define L°(TX) as the completion of L?(TX) with respect to the distance

dpo(v,w) = /|v —w|Aldm, for every v,w € L*(TX),

where m € £ (X) is such that m < m < m. Note that we regard L°(TX) as a topological vector space, with
topology induced by d o (which is affected by the choice of @ but not its induced topology). In particular,
L°(TX) can be endowed with the structure of L%(m)-normed L°(m)-module. We define

LP(TX) := {v € LY(TX) | |v| € LP(m)}, for any p € [1, o0].

This set can be endowed with the structure of L?(m)-normed L (m)-module. It is convenient to introduce
the notion of restriction of normed modules. Given E € %#(X), we define

Lp(TX)|E = {xgv|veLP(TX)} for any p € {0} U [1, o0].

2.1.8. Gradient flows on Hilbert spaces
Let (H,(-,-)) be a Hilbert space and E:H — (—o00,400] be a convex functional on H. We denote by
Dom(FE) = {u € H | E(u) < oo} the domain of E. The subdifferential of E at u € Dom(E), is defined as

O"E(u):={z€H| E(w) > E(u)+ (z,v—u) for every v € H}.

We recall here some properties of the theory of gradient flows of convex and lower semicontinuous functionals
on Hilbert spaces, see [17,40] for further details.

Theorem 2.3 (Gradient Flow on Hilbert spaces). Let E:H — [0,400] be a conver and lower semicontinuous
functional and let x € Dom(E). Then, there exists a unique locally absolutely continuous curve [0,400)
t— xy € H such that

To=2x and iy € —0" E(zy) for a.e. t €[0,+00).

Such a curve is called the gradient flow of F starting from x.

7
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Using Theorem 2.3, we can define the heat flow on a metric measure space. We introduce the notion of
divergence and Laplacian.

Definition 2.4 (Divergence). Let (X,d,m) be infinitesimally Hilbertian. We say that an element w €
L?(TX) belongs to D(div) if there exists h € L?(m) such that

— /gh dm = /dg(w) dm, for every g € Wh2(X).
We set divw := h. Note that h is uniquely determined since W?(X) is dense in L?(m).

The divergence operator as defined above is linear. We recall a Leibniz formula for the divergence operator,
whose proof is a straightforward modification of [36, Prop. 4.2.7].

Proposition 2.5. Let (X,d,m) be infinitesimally Hilbertian. Let w € L*°(TX) N D(div) and let f €
L>®(m) N W12(X). Then, fw € D(div) and

div(fw) = fdivw + (Vf,w), m-a.e. on X.

Definition 2.6 (Laplacian). Let (X,d, m) be infinitesimally Hilbertian and let f € W2(X). We say that
f € D(A), if there exists h € L?(m) such that

/ hgdm = —/ (Vf,Vg)dm for every g € Wh2(X).
X X
We set Af := h, where h is uniquely determined by the density.

Consider the Cheeger energy Ch defined in (8), which is convex and L?(m)-lower semicontinuous. Let
f € L?(m), then the gradient flow ¢t +— h;f of Ch starting from f (which exists and is unique by
Theorem 2.3) is called the heat flow of f. In particular, we have that d;h,f € —9~Ch(h.f) for a.e. t. We
can characterize the subdifferential of the Cheeger energy in terms of the Laplacian. Indeed, if f € W12(X),
then f € D(A) if and only if 9~ Ch(f) # 0. In this case, we have 9~ Ch(f) = {—Af}. Therefore, the curve
[0,00) 3t — hyf € L?(m) is locally absolutely continuous and

5‘thtf = Ahtf for a.e. t > 0.

2.2. Pl spaces

We say that (X, d, m) is locally uniformly doubling if, for every R > 0, there exists Cp = Cp(R) > 0 such
that for every x € X and r < R we have

m(By(2)) < Cpm(B,(x)) (11)

We refer to Cp as the doubling constant up to scale R. A consequence of the definition of the doubling
assumption is that (X, d) is proper, i.e. closed and bounded sets are compact. We say that (X, d, m) satisfies
a weak local (1-1) Poincaré inequality provided for every R > 0 there exists Cp = Cp(R) > 0 and A > 1
such that for every f:X — R Lipschitz, z € X, 0 < r < R we have

f |f = By (o) dm < CPT'f lip(f) dm,
Br(z) B ()

where fp, (2) = m fBr(w) f dm.
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Definition 2.7 (Pl Space). We say that (X,d, m) is a Pl space if it is locally uniformly doubling and satisfies
a weak local (1-1) Poincaré inequality.

This class of spaces is relevant for our presentation because the results in [24] apply. We recall below the
definition of W, (X):

loc

Wh2(X) = {u e L}, (X) : un € W"?(X), for every n € Lip(X) with bounded support}.

loc

Note that, if f € Wﬁ)g(X), its minimal weak upper gradient |Df| can be defined by means of (75). In
particular, as proven in [24], given f € Lip,,,(X) ¢ W22(X), we have

loc
|Df| =lipf m-a.e. in X, (12)

while the inequality < holds in general metric measure spaces.

2.2.1. Signed distance function in metric measure spaces

We denote by d,.(y) := d(z,y). Since the map is 1-Lipschitz, we have that lipd, < 1; on the other hand,
if (X,d) is a length space, we have that lipd, > 1, whence lipd, = 1. If we assume that (X,d, m) is a Pl
space, due to [24], we get that |Dd,| = 1. By similar arguments, we can prove the same result for the signed
distance function from the boundary of an open set {2 C X. Here and throughout the paper, we assume that

a0 # 0.

Definition 2.8 (Signed Distance). Let (X,d) be a metric space and let 2 C X be open. Denote by
d(z,08) = inf{d(z,y) | y € 02}, for any « € X. Then, the signed distance function from 042 is

§: X = R; 0(x) = d(z,02)x(x) — d(z,002)xx\0(). (13)

Proposition 2.9. Let (X, d, m) be a geodesic Pl space. Let 2 C X be open and consider § defined as in (13).
Then, we have that § € Lip(X) and

|Dé| =1 m-a.e. on X\ 0f2. (14)

Proof. For convenience, let us denote by 6% := d(-,042). We claim that lip 6™ (y) = 1 for every y € X\ 912.
By triangle inequality d is 1-Lipschitz, thus, as before, we have that lipd*(y) < 1 for every y € X. Let us
prove the converse inequality for fixed y € X\ 92. Let us consider R > 0 such that Br(y) N9 # (. Since PI
spaces are proper, Br(y)N9{2 is compact, hence there exists z = z, € 942 such that d(y, z) = 6% (y) > 0. We
consider a geodesic 7:[0,1] — X such that 79 = z and ; = y. Then, since by definition, 5% (v;) < d(y, 2),

we deduce that, for every ¢ € [0,1),
S 10T =0Tl o =6 (v) +d(y,2) | —d(,2) +d(y, 2)
B d(’}/t,y) B d(vtay) - d(’Yta?J)

thus having that lipd*(y) > 1 for every y € X \ 82 and proving the claim. The fact that |[Dé™| = 1 m-a.e.
on X\ 842 follows by the fact that on Pl spaces lip 6T = |D§"| m-a.e. as a consequence of (12). To prove the

1

:1’

result for &, we argue as follows. By definition, we have that

oty ifyen,
5(9)_{5+(y) ifyeX\ 0,

hence we conclude applying the locality of the minimal weak upper gradient, see for instance [34, Sec. 2.1].
In particular, we have |Dd| = |[D6T| m-a.e. on 2 = {§ = 67} and |D6| = |D(—61)| m-a.e. on X\ 2 = {§ =
—4*}, thus concluding the proof. O
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2.2.2. Sets of finite perimeter on metric measure spaces
We recall the definition of a set of finite perimeter, following [43].

Definition 2.10 (Perimeter and Sets of Finite Perimeter). Let (X, d, m) be a metric measure space and let
E C X be Borel, U C X be open. The perimeter of E in U, Per(E,U) is defined as

Per(E,U) = inf{ lim / lip up, dm : u,, € Lip;,.(U), tn — x5 € Liy.(U, m)} .
U

n—oo

We say that E is a set of finite perimeter if Per(E,X) < oc.

As shown [43], the set function Per(F, -) defined on open sets is the restriction of a Borel measure, defined
as
Per(E, B) == inf{Per(E,U) | BC U, U C X open} for every B € #(X).

In a metric measure space (X,d, m), given a set F C X, we define its capacity as
Cap(F) = inf{||f||W1,2(X) cfeWh?(X) and f > 1 wm-a.e. on a neighborhood of E}
If (X,d, m) is a Pl space, and {2 C X is an open set of finite perimeter, then
Per(£2,-) < Cap. (15)
This is a consequence of two facts:

(1) Per(£2,-) < %C(’d*lbeg < s from [2, Thm. 5.3];
(2) #°°4~! <« Cap from [18, Thm. 1.12].

The measure #°°9~1 is the codimension-one Hausdorff measure and 9¢f2 is the essential boundary of 2,
as considered in [2]. Since, for what concerns this work, they enter into play only for the above mentioned
results, we refer the reader to [2] for their definitions and properties.

2.3. RCD(K, N) spaces and second onder calculus

We introduce the definition of a more regular class of metric measure spaces, the so-called RCD(K, N)
spaces, firstly introduced in [33] enforcing the CD(K, N) with infinitesimally Hilbertianity. For the present
(equivalent) formulation, see [31].

Definition 2.11 (RCD(K, N) Spaces). Let K € R and N € (1, 00). Then a metric measure space (X, d, m)
is an RCD(K, N) space if the following conditions hold:

(i) there exists C' > 0 and a point x € X such that m(B,(x)) < CeC™ for every r > 0;
(ii) Sobolev-to-Lipschitz property: for every f € Wh%(X) with |[Df| € L*(m), there exists a Lipschitz
function f which is a representative of f and ||| Df||| o (m) = Lip(f);
(iii) the space (X,d,m) is infinitesimally Hilbertian;
(iv) for every f € D(A) and 0 < g € D(A) N L*(m) such that Af € WH?(X) and Ag € L*°(m), it holds
that

A 2
;/Df|2Agdm2/<(]\J;)+<Vf,VAf>+K|Df|2>gdm.

We point out that CD(K, N) spaces are Pl spaces. This is a consequence of the fact that they are locally
uniformly doubling, since in this setting Bishop—Gromov monotonicity formula holds (see [51]), and satisfy
a local Poincaré inequality (see [45]). Moreover, it follows from the definition that CD(K, N) spaces are
geodesic, hence also length spaces. In the case of RCD(K, N) spaces, we have at disposal functions with
more regularity. In particular, we recall the existence of good cut-off functions, as proved in [8].

10
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Proposition 2.12 (/8, Lem. 6.7]). Let (X,d,m) be an RCD(K, N) space with K € R and N € (1,00). Then,
for every compact E C X and open and relatively compact G C X such that E C G, there exists p: X — R
such that 0 < ¢ < 1 and ¢ = 1 in a neighborhood of E and suppp C G. Moreover, Ap € L*°(m) and
|Dy| € WH2(X).

We report here a result on the structure of geodesics in RCD spaces, improving a previous result of [46].
Recall that we say two geodesics y1,72:[0,1] — X branch if

M0, = 72]j0,4° for some t € (0,1),

but v; # 2. We say that a metric space (X, d) is non-branching if no couple of geodesics branch.

Theorem 2.13 (/29, Thm. 1.3]). Let (X,d,m) be an RCD(K, N) space for some K € R and N € (1,00).
Then (X,d, m) is non-branching.

3. The Dirichlet heat flow on (2 and the Kac’s principle
3.1. Cheeger energy and local Sobolev spaces

Let (X,d, m) be a metric measure space and let 2 C X be open. For f € L?(2,m), we define its Cheeger
energy on {2 as

Chqo(f) = inf{ lim %/ (hpfn)2 dm, f, — fin L2(Q,m) and f, € Liploc(())}.
(9

n— oo

Then, the local Sobolev space W12(2) is the set where Chy, is finite, i.e.
W2(2) = {f € L*(2,m) | Cho(f) < oo}
endowed with the following norm:

||fH%/V1»2(_Q) = ||f|‘%2(g7m) + Cho(f), fewt?(9).

Using the L?(£2, m)-lower semicontinuity of Chg,, arguing similarly as in the case of W12(X), one can show
that (WH2(2), || - lw1.2(0)) is a Banach space. Our definition is equivalent to the one given in [7, Def.
2.14], as proven in the appendix in Theorem A.2. Moreover, the equivalence between the definition by
Ambrosio-Honda and the one due to Cheeger in [24, Def. 2.2] is proved in [7, Rmk. 2.15]. We also set

7W1,2 0
Wo2(2) = Tipp (@) 7,
where Lip,,({2) is the set of Lipschitz functions f : 2 — R with bounded support such that inf{d(z,y) |
x € supp f,y € X\ 2} > 0. Our goal is to define a Dirichlet energy on the space W&’Q(.Q). To do so, we
introduce the following extension operator:

flz) ifxe 2,

Vfeli ). 16
0 otherwise, / s, (€2) (16)

Tf=g, where g(z) = {

Proposition 3.1. Let (X,d,m) be a metric measure space and let T: Lip,,(£2) — W1H2(X) be the linear
operator defined in (16). Then, T extends to an isometric embedding of (WOIQ(Q),H . le,z(m) into

(W20, 1 wr2))-
11
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Proof. Let f € Lip,,(£2). Since outside of §2, the function T'f is identically zero the L?-norm is preserved,
namely [|Tf|r2(m) = Ifll L2(2,m)- Now, we claim that,

Cho(f) = Ch(Tf), V[ € Lipy(92). (17)

The inequality Chp(f) < Chx o(T'f) is trivial since any sequence of locally Lipschitz function on X restricts
to a sequence of locally Lipschitz functions on {2 with the same slope. The converse inequality can be proved
as follows. Let {f,} C Lip,,.({2) such that

fo——f and Chgo(f) = lim }/ (lipf)* dm. (18)
2J)a

L2(02,m) n—o00

Consider a cut-off function ¢ € Lip(X) such that ¢ = 1 on supp f and ¢ = 0 on the complement of (2. Define
the auxiliary sequence f,, = ¢f, and we shall prove that the sequence {f,} is a competitor for the Cheeger
energy of Tf in X. Indeed, first of all, f, — T'f in L?(m). Secondly, f,, satisfies the pointwise Leibniz rule

lipfn(2) < @(@)lipfn(z) + fu(@)lipp(z),  Vze L,
therefore, applying the Young’s inequality, we obtain for any € > 0,
- 1
(7, (2) < (14 @ i@+ (14 1) Blalipe@)?,  voe o (19)

Finally, integrating (19) and noticing that lipf, is 0 outside of £2 by locality, we have

- - 1
Jni2am= [ ifan < @+o) [ Papsans (142 [ 2oieran
X 2 2 €/ Ja
Using the properties of {f,} in (18), we conclude that

Ch(Tf) < tim o [ (tipf)?dm < (1+2)Cho (),

n—oo X

for any € > 0, proving the claim (17). This proves that 7' is a continuous isometry on Lip,,(§2). We can
extend the operator T on VVO1 2(Q) by density, setting

Tf:= lim Tf,, where {f,} C Lip,,(§2) and f, ——— f.
n— oo W172(Q)

This concludes the proof. [

With a slight abuse of notation, in the rest of the paper, we will use the same name for a function
fe VVO1 ’2(9) and its extension, if there is no confusion. A first byproduct of Proposition 3.1 is an analogue
to (9) for Chg, indeed

Cha(f) = CW(Tf) = 5 [ IDTSam, vf € W32(@). (20)

The locality of the minimal weak upper gradient on X and the definition of |Df| in Appendix gives that
|DT f| = |Df| m-a.e. on 2, which, together with (20), yields that

Chalf) =5 [ IDfPam. vp e W39,

From (20) we also deduce that Chy, is convex. Moreover, if X is infinitesimally Hilbertian, then W12(2) is
Hilbert, cf. Remark A.3, and the energy Chy, is quadratic and, in particular, we have

Cha(f) =5 [ (VA.VHdm, v eW ()

12
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where the equality follows from (79) of Appendix. We refer the reader to Appendix for the definition of
Vf e LA(TX)|, for f € Wy?(2).

A second consequence of Proposition 3.1 is the following property, whose proof is based upon the results
n [28]. We refer to [28] for the precise definitions and statements. For the reader’s convenience, we recall
that f:X — R is quasi-continuous provided that, for every e > 0, there exists a set E C X with Cap(E) < €
such that f Ix\&' X\ E — R is continuous. We define QC(X) as the vector space given by equivalence classes,
up to Cap-a.e. equality, of quasi-continuous functions.

Proposition 3.2. Let (X,d,m) be a Pl space and let £2 C X be an open set of finite perimeter. Then, for
every f € Wy2(92), it holds that QCR(f) = 0 Per(£2, -)-a.e., where

QCR: Wh2(X) — QC(X)

is the map associating to f is unique quasi-continuous representative.

Proof. Let f € W, () and let {f, }nen C Lipy,(£2) be a sequence such that f,, — f in W2(£2). Applying
Proposition 3.1, we deduce that f,, — f in W2(X). Moreover, by construction, f,, = 0 everywhere on 942.
We claim that, up to subsequences, f, — QCR(f), Cap-a.e.. First of all, by [28, Thm. 1.20], the map QCR
is well-defined, linear and continuous, hence dqc(fn, QCR(f)) — 0. Note that QCR(f,) = f, since f, is
Lipschitz. Second of all, applying [28, Prop. 1.17, (ii)], the canonical embedding

(QC(X), dqc) < (L°(Cap), dcap)

is continuous, then dcap(fn, QCR(f)) — 0 as n — oo. Finally, applying [28, Prop. 1.12], there exists a (not
relabeled) subsequence for which f,, — QCR(f) Cap-a.e., proving the claim. As a consequence, QCR(f) =0
Cap-a.e. on 9f2. Since (X,d, m) is a Pl space, we have that Per({2,-) is concentrated on 9¢2 C 9{2. This
fact, together with (15), yields that QCR(f) = 0 Per({2,-)-a.e.. O

Remark 3.3. The local Sobolev space with zero boundary values remains unchanged if we remove from the
open set 2 C X a closed set with zero capacity. More precisely, let E C {2 be a closed set with Cap(E) = 0,
then

Wy (2) = Wy (2\ E).

Analogously, by locality of the differential of a function, Chg(f) = Cho\g(f).

3.2. The Dirichlet heat flow

We are in position to define the Dirichlet heat flow in {2 as the gradient flow of the Dirichlet energy associ-
ated to Chy, in infinitesimally Hilbertian metric measure spaces (X, d, m). Precisely, define Eq: L?(£2, m) —
[0, +00] as
Cho(f) if f € Wy?(R),

+00 if fe L2(02,m)\ W2 (). @)

Eo(f) = {
On the one hand, using the convexity of Chg, it is straightforward to check that F; is convex. On the other
hand, Eg, is lower semicontinuous with respect to L?(£2, m)-topology. Indeed, let f, — f in L?(£2,m) and
we may assume that lim  Eqo(f,) < oo, otherwise there is nothing to prove. Hence for n sufficiently large
fn € Wy () and {f,,} is bounded in the W'2(£2)-norm. Then, being (X, d, m) infinitesimally Hilbertian,
there exists a subsequence (not relabeled) such that f, — f in VVO1 2({2). Then, by Mazur’s lemma, there
exists a sequence {s,} C W, ?(£2) of convex combinations of f, such that s, — f in W12(£2). Since

13



E. Caputo and T. Rossi Nonlinear Analysis 238 (2024) 113385

{sn} C W,?(R2), by a diagonal argument we can also assume that {s,} C Lip,,(£2), implying that
fe VVO1 2(Q) We conclude that Eg is L2(f2, m)-lower semicontinuous, from the analogous property of
Chy,. Finally, by construction D(Egq) = Wy'*(£2) is dense in L2(£2,m), since Lip,,(£2) is dense in L*(£2,m).
Therefore, we can apply Theorem 2.3, obtaining the existence of the gradient flow of E. This solves the
Dirichlet heat equation on {2, in the sense explained below.

Definition 3.4 (Dirichlet Laplacian). Let (X,d, m) be an infinitesimally Hilbertian metric measure space.
Given f € W ?(£2), we say that f € D(Ag), if there exists h € L?(£2, m) such that

/ hgdm = 7/ (Vf,Vg)dm for every g € W&’Q(Q).
Q Q
The element 7, uniquely determined by the density of WO1 2(R2) in L2(£2,m), will be denoted by Agf.

Proposition 3.5. Let (X,d, m) be infinitesimally Hilbertian. Define Eq: L?(m) — [0, +00] as in (21). Given
f e Wy (1), we have
fe€D(Ag) & 0" Eq(f) #£ 0.

In this case, it holds that 0~ Eq(f) = {—Aaf}.

We omit the proof of this proposition, being a straightforward modification of [36, Prop. 5.2.4] relying on
(79). This statement allows to build the Dirichlet heat flow as the gradient flow of Fq,.

Definition 3.6 (Dirichlet Heat Flow). Let (X,d,m) be an infinitesimally Hilbertian metric measure space
and let £2 C X be open. For every f € L?(£2,m), the Dirichlet heat flow of f is the gradient flow of Eg
starting from f, and it is denoted as [0,1] 3 t + h?f € W, (£2). By Proposition 3.5, the Dirichlet heat
flow satisfies the following;:

Oh?f = Aghf?f, forae.t >0, (22)
P g L2 (2,m),

where the derivative d;h;’ f has to be intended in the L?(2, m)-sense.

For a different construction of the Dirichlet heat flow using spectral theory, we refer the reader to [52].

Definition 3.7 (Heat Content). Let (X,d, m) be a metric measure space and let 2 C X be an open and
bounded set. Let u; € W, *(2) be the Dirichlet heat flow (22) with initial datum f = xo € L2(£2,m),
namely u; = h{’xq, for every t > 0. Then, we define the heat content as

Qw):/ wdm, Vi 0.
(93

Remark 3.8. Note that, according to Remark 3.3, if Cap(E) = 0, for f € L?(2,m) = L*(2 \ E, m), we
have hi’ f = hltQ \E f for every t > 0. The analogous property holds for the heat content. Moreover, if {2 has
empty boundary, Qo (t) = m(£2), so our standing assumption 92 # () is not restrictive.

Proposition 3.9 (Weak Mazimum Principle). Let (X,d, m) be infinitesimally Hilbertian, let 2 C X be open
and bounded and let C > 0. Consider f € L?(£2,m) such that f < C (respectively f > —C') m-a.e.. Then, for
everyt >0, hi?f < C (respectively hi’ f > —C) m-a.e..

14
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Proof. We fix € > 0 and define ¢(t) := \/e2 + (t — C)2 —e for t > C and ¢(t) := 0 for ¢t < C'. In particular,
we have that ¢ € C?(R), ¢’ <1 and ¢” < e 3. Let F(t) = [, ¢(hi’f)dm. Then the estimate

|[F(t) = F(s)| < Lipom(2)2|hf f — h¥ fll2(m)»  for every t,5 >0

gives that F' € C°([0,0)) N AC},c(0, 00). Therefore, F is differentiable for a.e. t > 0 with derivative given
by
F'(t) = / O (W) AghP fdm  for a.e. t > 0. (23)
7

Note that, by construction, ¢’ € C(R), it has bounded derivative and satisfies ¢’(0) = 0. Thus, by
application of Proposition A.5 we deduce that ¢’ o hi’f € VVO1 ’2(.(2), therefore we can integrate by parts
in (23) obtaining
F(t) = _/ GO VAP dm <0 for e t >0,
Q

where the last inequality follows by the convexity of . Hence, since F' > 0 for every ¢ > 0, and F is
continuous up to t = 0, we have

0< F(t) < F(0)=0, Vit >0,
yielding that o(h{?f) = 0 m-a.e. on {2, which, by the very definition of ¢, gives that h{’f < C m-a.e.. For

the lower bound, we can argue similarly, by considering as test function ¢(x) = p(—z). O

3.3. Kac’s principle on metric measure spaces

In this section, we derive a proof of the Kac’s principle, by means of functional analytic arguments. The
main technical tool is Lemma 3.12, which rely on the following auxiliary operator.

Definition 3.10 (Restricted Laplacian). Let (X,d, m) be an infinitesimally Hilbertian metric measure space.
Given f € W12(02), we say that f € D<A|Q) if there exists a function h € L?(£2,m) such that

/ hgdm = —/ (Vf,Vg)dm,  for every g € Lip,(£2).
2 2

Note that the function h € L?(§2,m) is unique, as a consequence of the density of Lip,,(£2) in L?*(2,m). In
f

this case, we set h := A|Q

It is straightforward to check, by the very definition of WO1 ’2(9), that the function g in Definition 3.10
can be taken in W?(£2). Moreover, by definition,

D(A|Q) NWy2(2) = D(Ag)  and D(4),, © D(A|Q)7 (24)

and, whenever they exist, the Laplacians coincide. Note that the inclusion above may be strict in general
(see for instance [7, Rem. 4.9]). Let us recall the Leibniz rule for the restricted Laplacian: its proof is a
straightforward modification of the argument in [33, Thm. 4.29].

Proposition 3.11. Let 2 C X. Let u,v € L*™(£2,m) N D(A|Q). Moreover, assume that |Vu| € L (2, m).
Then uv € D(A|Q) and

A|Q(uv) = ’UA|QU +ud| v+ 2(Vu,Vv) m-a.e. in £2. (25)

15
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Proof. Recall that, by Proposition A.4, since u,v € L= (£2,m) N WH2(£2), then uv € W2(2) and

(26)

V(uv) = vVu + uVo, as elements of L2 (TX)‘Q.

Let g € Lipy,(£2) and compute
/ (V(uv), Vg)dm = / (vVu +uVv, Vg) dm ) / (Vu,V(vg)) + (Vv,V(ug)) + 2g(Vu, Vv) dm
2 Q Q
= / (UA|QU Tud| v+ 2(Vu, Vv)) gdm,
7

where the last equality follows from the fact that u,v € D(A|Q) and ug,vg € W01’2(Q). The last term is in
L?(2,m) since |Vu| € L*°(£2,m), thus uv € D(A|Q) and (25) holds. O

Lemma 3.12. Let (X,d,m) be an infinitesimally Hilbertian metric measure space and let 2 C X be open
and bounded. Let (t — v;) € C([0,1], L?(£2,m)) N AC},.((0,1), L2(£2,m)) such that v, is non-negative and
v € D(Am) for a.e. t,

Oy = Al v
e (27)
vo = 0.
Consider a compact set K € {2; then,
Vel L1 (xc,my = 0(2), ast— 0%,

Proof. We consider a non-negative ¢ such that ¢ = 1 on K, suppp € 2 and ¢ € D(A) C D(A‘Q). It
follows

OS/ vtdmg/vtgadm:: F(t).
K 7]

Consider n € Lip,,(2) C L*(X,m) N Lip(X) such that n = 1 on supp ¢; then, since v; € W12(R2), by
Theorem A.2, nv; € WH2(X) and

V(vm) =nVu + v, Vn as elements of L2 (TX)‘Q.

Since L*(2,m) € f — [, fedm € R is Lipschitz and v € ACioc((0,1), L*(2,m)), then F € ACj,c(0,1) and

F’(t):/Qgpatvtdm:/ggpA‘Qvtdm:—/Q<Vvt,Vg0>dm:—/Q<Vvt,V<p>77dm

:/QTMV??,V@ dm—/ﬂ(V(vm),Vgp} dm:/Qvt ((Vnga)JrnAmgo) dm

= | v 4| _pdm
[

for a.e. t. We notice that the function (t = G(t) = [, vtA|Q<p dm) € C([0,1]), therefore extending F' by 0
at t = 0, we have F' € C''([0,1]). Thus,

F(t) = F(0) + F'(0)t + o(t) = o(t)

yielding ||v | 11 (g, m) = 0(t). This concludes the proof. O

Remark 3.13. Arguing as in the previous proof, in a smooth Riemannian manifold we would get higher-
order estimates, using more regular test functions; indeed, for every n € N, [jv]| LU(Km) = o(t"™), by
considering a test function ¢ € C2°(2) such that ¢ = 1 on K and reasoning as in the proof of Lemma 3.12.

16
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In order to deduce our version of the Kac’s principle, we combine Lemma 3.12 with a monotonicity result
for the Dirichlet heat flow with respect to domain inclusion. Before proving the latter, we highlight the
relations between the Laplacian defined on the whole space A, the Dirichlet Laplacian {2 and the restricted
Laplacian. We introduce the following notation. Let 2, C {2 C X be open sets, then for i = 1,2 we denote
by m; := m, and by T, m, : L%(m2) — L°(m;) the restriction map defined as mmy my, ([flmy) = [flm,, Wwhere
[f]m, is the equivalence class of f as an element of L%(m;).

Lemma 3.14. Let (X, d, m) be infinitesimally Hilbertian and let 1 C 22 C X be open sets. Let g € D(A‘QQ).
Then Tmym, g € D(A|91) and A|!?1 (Tmg,my 9) = Tmg,m, (A|QQg).

Proof. We have a natural isometric embedding i: Wg'2(2,) < Wg(f%) by zero extension. Set j :=
Tmg.my g € WH2(£21) by construction. Then, for every ¢ € W3 2(£21), we have

/ (Vg, V) dm:/ (Vg,Vi(p)) dm = */ i(p)4|,,9dm = f/ Tmg.my (4], 9) ¢ dm,
21 29 29 2 2 2

observing that i(¢) = |Vi(g)| = 0, m-a.e. on 2 \ ;. Hence, by arbitrariness of ¢ € W,">(£2;), we conclude
that § € D(A|Ql) and A|91§ = Tmg,m, (A|929). a

Proposition 3.15 (Domain Monotonicity). Let (X,d, m) be infinitesimally Hilbertian, let £1 C {25 C X be
open sets and assume §21 is bounded. Let also 0 < f € L?(§2). Then, for everyt > 0,

htglf(f) Sh{bf(z)y for m-a.e. x € (2.

Proof. Let us consider 0 < f € L?({2). We fix € > 0 and define ¢(t) := V€2 + 12 —¢ for t > 0 and ¢(t) =0
for ¢ < 0. In particular, we have that ' < 1 and ¢ < e~ 2. We define G(t) = f!?l o(h{Vf — h{2 f) dm. We
estimate, using that ¢ is 1-Lipschitz

G(t) = G(s)| =

/Q P(hP | — W2 f) — o(h f — B2 f) dm

1

<m(2)2(||hf f - h Fllrzeay) + |he2 f — h2 Fllrzcay)
1

<m(2)2(||hf f - h Fllrzeay) + |he2 f — h2 fllrzca,))

which, using the fact that (t — hy’ f) € ACee((0,400), L2(£)) for i = 1,2, grants that G € ACe.((0,400)),
hence differentiable a.e. with derivative given by

G'(t) = / S f - n2f) (Aglh{h f— Ag,h f) dm  for a.e. t. (28)
2
By Lemma 3.14 and (24), we have, with a slight abuse of notation, that k't f — hi2 f € D(A|Ql) and
Ag i f = Ag, i f = Ay, (W f = 12 ). (29)

We claim that ¢/ (hiL f — hi2f) € Wy 2($21), for every t > 0. For the sake of notation, let u = R f and
v = thQf. By the weak maximum principle (cf. Proposition 3.9), since f > 0 m-a.e. on {2, we deduce

u >0, m-a.e.on {2 and v >0, m-a.e.on (.

By definition of local Sobolev space, there exist sequences {u,} C Lip,s(£21), {vn} C Lip,s(£22) such that
Up, — win WH2(2y) and v,, — v in WH2((2;). Moreover, we can choose v, > 0 (cf. Remark A.6). Set ¢ = ¢’

17
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and define 1, = v o (u,, — vy,), for every n € N. On the one hand, since v, > 0 and ¢ (¢) = 0 for ¢ <0, we
obtain

"/}n(w) = 1/1(—Un($)) =0, Vo e (suppun)c. (30)

On the other hand, ,, € Lip({2;), indeed, for any z,y € 21, we have

o (2) = n(y)] < Lip(¥) (Jun(x) = un(y)] + [vn(z) = vn(y)]) < Lip(¢) (Lip(un) + Lip(va)) d(z,y).  (31)

Combining (30) and (31), we prove that v, € Lip,,({21), for every n € N. Moreover, arguing as in
Proposition A.5, we can prove that 1, — 1 o (u — v) in W12(£2;). This finally proves that v o (u — v) €
Wy (1), as claimed. At this stage, using (29), we can integrate by parts in (28), obtaining

G'(0) =~ [ 0~ 10 IV ) dm <0

Therefore, 0 < G(t) < G(0) = 0 for every ¢ > 0, hence G(t) = 0 yielding that k' f < h{2f m-a.c. on £;.
This concludes the proof. O

Remark 3.16. As a consequence of [4] and the reflexivity of W12(X), we have that Wy *(X) = W12(X).
Hence, the Dirichlet Laplacian on X and the Laplacian in the sense of Definition 2.6 coincide, i.e. D(Ax) =
D(A) and Ax = A. Therefore, the domain monotonicity applies with {2, = X.

Corollary 3.17 (Kac’s Principle). Let (X,d,m) be an infinitesimally Hilbertian metric measure space and
let 2 C X be open and bounded. Let 0 < f € L>®(m) and t — hyf, hi’ f being respectively the heat flow of f
and the Dirichlet heat flow of f associated to §2. Consider a compact set K € (2; then

||htf - hiofHLl(K,m) = 0(t)7 ast — 0+. (32)

Proof. Set v; = hyf — hi’f. Then, by the regularity of hif, hi’f, we get v € C([0,1],L?(£2,m)) N
AC106((0,1), L2(£2,m)). Moreover, using (24), we see that v; € D(A|Q) and (27) is satisfied. Finally, applying
Proposition 3.15 (cf. Remark 3.16) we get that, for every ¢, v; > 0 m-a.e.. Thus, we are in position to apply
Lemma 3.12, which shows the validity of (32). O

Remark 3.18. Note that it would be possible to deduce a stronger Kac’s principle for RCD spaces, with
L>®-norm in place of L'-norm and with exponential error, by means of stochastic calculus and adapting
the proofs of [37]. We refrain to pursue this strategy here in order to avoid using stochastic analysis tools;
indeed, our proof is purely Eulerian and do not require any lower curvature bound.

4. One-dimensional localization of the CD condition

In this section we summarize some results obtained in [20-23], which show that the CD condition can
be properly localized in one-dimensional sets. In particular, we follow the presentation of [23], where the
one-dimensional localization is obtained without assuming m(X) = 1.

For the reminder of the section, we assume the metric measure space (X,d, m) to be such that (X,d) is
geodesic and proper and m is o-finite with supp m = X. Given a 1-Lipschitz function u : X — R, we associate
to it the d-cyclically monotone set

Iy ={(z,y) e X x X :u(z) —u(y) =d(z,y)}
18
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and its transpose I'; ! == {(z,y) € X x X : (y,z) € I',}. Consequently, we introduce the transport relation
R, and the transport set T, as

R, =I,ul" and T,=m(R,\{(z,y) eXxX:z=y}),

where 71 denotes the projection on the first factor. We denote by I',(z) the section of I, through z in the
first coordinate. Then, we define the set of forward and backward branching point as

AT = {LL' €Ty :3y,z¢€ Fu<x)a (y,z) ¢ Ru}7 AT = {.’t el :3y,ze Fu_l(x)v (y,z) ¢ Ru}
Consider respectively the non-branched transport set and the non-branched transport relation
T =T,\ (AT UA™),  R':=R,N(T" xT").

As shown in [20], R"® is an equivalence relation on T** and for every x € T**, R, (z) = {y € X : (7,y) € Ry}
is isometric to a closed interval of R. In particular, from the non-branched transport relation we obtain a
partition of the non-branched transport set 7 into a disjoint family {Xa}acq of sets, where @ is a set of
indices. Moreover, X, is isometric to a closed interval of R, for any o € Q.

Remark 4.1. Let us introduce two families of distinguished points of the transport set: the set of initial
and final points. These are defined respectively as follows:

a={zel, |fyel,y#um (y2) e}, b={veT,|yecT,y#z, (z,y) € I}

Note that the sets a and b may or may not be a subset of T, AT or A~. We will denote by a(X,), b(X4)
the initial and final point, respectively, of the transport set X, whenever they exist.

Consider now the quotient map Q: 7" — @ associated to the partition, that is
Qz)=a <= z € X,.

With this map we can endow @ with the quotient o-algebra, that is the finest o-algebra on @ for which £ is
measurable. At this point we can identify a disintegration of the measure M associated to the partition

{Xa}acq- Denote by M (X) the set of non-negative Radon measure on X.

Theorem 4.2 (/23, Thm. 3.4]). Let (X,d,m) be a metric measure space and assume suppm = X. Let
u:X — R be I-Lipschitz. Let q € Z(Q) such that D#(m|Tnb) < q. Then the measure m restricted to

the non-branched transport set T admits the following disintegration

] = /Q e dq(a), (33)

and the map Q 3 a — m, € MT(X) satisfies the following

(1) for every m measurable set B, the map o — my(B) is q-measurable,
(2) for q-almost every o € Q, the measure m,, is concentrated in Q™' (a),
(8) for every m measurable set B and every q-measurable set C, it holds that

m(BNQY(C)) = /Cma(B) dq(a),

(4) For every compact set K C X there exists a constant Cx > 0 such that my(K) < Ck for q-almost every
a € Q.

19
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Moreover, for every fixed probability measure q such that Q#(m‘ ,) < q, the disintegration (33) is q-

Ty
essentially unique, meaning that, if any other map Q > a +— W, € M1 (X) satisfies (1)-(4), then m, = M,

forg-a.e. a € Q.

The last statement is quite general and does not require any particular rigidity assumption on the
metric measure space (X,d, m). However, it becomes particularly interesting when applied to essentially
non-branching CD(K, N) spaces. We refer the reader to [23] for the precise definitions. Note that, In our
setting, as RCD(K, N) spaces are non-branching (see Theorem 2.13), and so essentially non-branching, the
following results apply.

Proposition 4.3 (/23, Lem. 3.5]). Let (X,d,m) be an essentially non-branching space satisfying the
CD(K,N) condition for some K € R and N € (1,00). Then, for every 1-Lipschitz function v : X — R,
it holds that m(T, \ T"*) = 0.

The disintegration presented in Theorem 4.2 then allows to localize the CD(K, N) condition to the
one-dimensional elements of the partition { X, }aecq-

Theorem 4.4 ([23, Thm. 3.6]). Let (X,d,m) be an essentially non-branching space satisfying the CD(K, N)
condition for some K € R and N € (1,00). For any I-Lipschitz function u : X — R and fized q € Z(Q)
such that q < Q4 (m| b) < q, there exists a q-essentially unique disintegration

Ty

m :/madq(a),
=

provided by Theorem 4.2. Moreover, for q-almost every a € @Q, m, is a Radon measure with m, =

he - Y < A1 and (Xa,| - |, ma) verifies the CD(K, N) condition.

| X |Xa

Remark 4.5. We point out that, in the original statement of [23, Thm. 3.6], the measure q € Z(Q) is
assumed to satisfy the property D#(m‘Tnb) < q. However, in the proof of [23, Lem. 3.3], the authors actually

build a measure m € #(X) such that m < m| Ly < m. Thus, we deduce that q := Qum € F(Q) satisfies

q<Qp(m_ ) <aq.

4.1. The Laplacian of the distance function

We report here one of the main results contained in [23], namely a representation formula for the Laplacian
of the signed distance function from the boundary of an open set. Firstly, we recall the notion of Radon
functional.

Definition 4.6 (Radon Functional). Let (X,d) be a proper metric space and let 2 C X be an open set.
Then, a Radon functional over {2 is a linear functional T': Lip,,(§2) — R such that, for every compact subset
K € {2, there exists a constant C'x > 0 so that

IT(f)l < Cxmax|f|, V[ € Lipy(2) with suppfC K.

One can consider the following two operations involving Radon functionals:

(i) Multiplication. Given a Radon functional T over an open set 2 C X, we define, for v € Lip({2), a Radon
functional vT": Lip,,(2) — R as

WT)(f) == T(vf)  for every f € Lip,,(2); (34)
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(ii) Pushforward. Consider a proper metric space (Y,dy). Let T be a Radon functional over an open set
2 c X and let ¢: 2 — Y be Lipschitz such that &(£2) C Y is open. Then, we define the following
Radon functional over ¢(£2) CY

[94T)(f) =T(fo ®) for every f € Lip,,(®(£2)). (35)

Secondly, we introduce the definition of distributional Laplacian, following [23] (see also [33, Def. 4.4]).

Definition 4.7 (Distributional Laplacian). Let (X, d, m) be infinitesimally Hilbertian and proper. Let 2 C X
be open and let v € Lip(X). We say that u € D(4, §2) if there exists a (unique) Radon functional T" over 2
such that

T(f) = /X (V/.Vuydm V[ € Lipyy(2). (36)

In this case, we set Au‘Q =T.

Remark 4.8. Let u € D(A, 2)NW2(2) and consider its distributional Laplacian Au‘Q as defined above.
If there exists h € L?(£2,m) such that

Auo(P)= [ hpdm V€ Lipg,(9),
e}
we have that u € D(A‘Q) and 4| u = h, where 4|, is the restricted Laplacian as in Definition 3.10.

Let 2 C X be open and consider the signed distance function from 042, defined as in (13), namely
0:X = R; §(x) = d(x,02)xe(z) —d(z,002)xx\0(z).

Since ¢ is 1-Lipschitz, we can apply Theorem 4.4 and obtain a disintegration of m, associated to §. Note
that, by construction, we have

6(a(Xa)) 20 and  §(b(X4)) <0, (37)

for any a € @, cf. [23, Rmk. 4.12]. Moreover, we have the following representation formula for the Laplacian
of §, in the setting of RCD spaces.

Proposition 4.9 (/23, Cor. 4.16]). Let (X,d,m) be an RCD(K, N) space for K € R and N € (1,00).
Consider § as above and the associated disintegration

Mlxvoe = /Qho‘ d%1|xa dq(a). (38)
Then 6 € D(A, X\ 012) and’
Af = *(log ha)lle\@Q - /Q ha[(sa(Xa)ﬁQ — 5b(Xa)r‘|(X\Q)} dq(a). (39)
We denote [Ad]"%9 := —(log hy)' m-a.e.. Moreover, the following comparison holds
S/NLl (dp(xa))
A< (N —-1)—— o0 d ’
<( )SNKl (db(Xa))m|X\8(2 Jr/Q b(Xa)n(x\2) d9(@) o
2 40
SINK1 (da(XQ))
> _(N—1)—=>Y—~ -
As= )sm(da(xa))m‘X\aﬂ /Qha(sa(xa)ﬂﬂ dg(a),

1 With a slight abuse of notation, in what follows, we always omit the restriction to X \ 82 and write simply A4.
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where d,(+) :==d(p,-) and, for k € R, s,:(0,Ji] = R is defined as

ﬁ sin(0v/k), if kK >0,
. if k=0,
\/%7 sinh(0/—k), ifk <O.

Here J,, == w/\/k for k >0 and J, = +00 otherwise.

>

sx(0) =

Remark 4.10. Note that X \ 02 C T, since for any © € X \ 92, there exists y € 0{2 such that
|0(x)| = d(x,y), meaning that (x,y) € Rs\{(z,z) | x € X}. As a consequence, it makes sense to consider the
disintegration of m|X\ 0 35 in (38). Moreover, we show in Proposition 4.14 that, under a further assumption
on 912, we do not lose information on m when we restrict to X \ 942, since m(T5 A (X \ 912)) = 0, where
AANB=(A\B)U(B\ A).

Remark 4.11. The result in [23] holds for essentially non-branching MCP (K, N) (for possibly not single-
valued distributional Laplacian). For our purposes, it is enough to consider the subclass of RCD(K, N)
spaces.

4.2. 1D localization and regularity of 012
We define here some regularity assumptions on the open set {2 and some consequences.

Definition 4.12 (Interior/exterior Ball Condition). Let (X,d) be a metric space and let £2 C X be open.
We say that x € 92 verifies the interior ball condition with respect to 2 if Ip, € 2, r, € R such that

B, (p:) C 2 and x € 0By, (ps).

Similarly, we say that x € 942 verifies the exterior ball condition if it verifies the interior ball condition with
respect to X \ £2.

Let € > 0. We say that {2 verifies a e-uniform interior ball condition if every x € 92 verifies the interior
ball condition with respect to {2 and r, > €, for every x € 2.

Remark 4.13. It is well-known that, in R™, the uniform interior and exterior ball condition for an open
set £2 is equivalent to the C'! regularity of 042, meaning that, up to rotation of coordinates, for every
x = (¢/,x,) € 012 there exists a cylinder Cs(x) := Bs(a’) x (—=9,0) such that Cs(x) N 2 can be written
as a subgraph of a C*!-function f with |f — z,,| < 6. In particular, the L bounds on f” are comparable
to %, where € is the uniformity of the ball condition (see [38, Prop. 2.7, Rem. 2.8] for more details). In the
non-smooth setting, given any open set 2 C X, the boundary of its 2e-enlargement satisfies the e-uniform
interior ball condition.

Proposition 4.14. Let (X,d, m) be a geodesic Pl space. Let £2 C X be open with 052 bounded. Assume that
2 verifies the interior (or exterior) ball condition. Then m(02) = 0.

Proof. Fix 0 < r < R. Recall that a Pl space is locally uniformly doubling (see (11)) and consider the
constant Cp = Cp(4R) as defined therein. Let 2 € 92, then, by the interior ball condition, there exists a
point p, € 2 and a radius r; < r such that B, (p,) C £2 with € 0B,,(p,) (note that we can choose 7,
such that r, < r since (X, d) is geodesic). This, together with the triangle inequality, implies

B, (pz) C Bar, () N 2 C Bur, (p)- (41)
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Therefore, combining the doubling condition and (41), we obtain the following;:
m(Bar, (2) N 2) 2 m(Br, (p2)) 2 Cp°m(Bar, (p2)) 2 Cp*m(Bar, (2)). (42)

Repeating this procedure for any x € 92, we obtain a covering of 02 consisting of balls of radius 2r, < 2r.
Thus, since X is also a separable metric space, we can apply Vitali covering Lemma, so there exists
{z;}ien C 0£2 such that

By, (i) N Bay () =0 Vi#j and 90 C | Bap(x) C | Bion(2:) (43)
€N €N
having denoted r; := ry,, for every i € N. We are in position to prove the statement, indeed using the

doubling property, together with (42) and (43), we have:

m(942) < m(U Bier, (Jﬁz‘)) < Ch Y m(Bay,(2:)) < CPH Y m(Bay,(w:) N 2)
€N i=1 =1

< C%m(B, (002) N Q),

where the last term is finite thanks to boundedness of 2. Taking the limit as » — 0, we conclude the proof.
The argument for the case where {2 satisfies the exterior ball condition follows verbatim. [J

Remark 4.15. We point out that, under the assumptions of Proposition 4.14, also m({é = r}) = 0 for every
r > 0 outside of a countable set. This follows by monotonicity of the function r — m({d > r}), which has
an at most countable set of discontinuities.

We now introduce a condition involving both the metric and the reference measure, which we call
measured interior geodesic condition, in short (mIGC).. To this aim, let us define the set

Oc :={x € 2|3v:]0,1] — X such that x € 7,70 € 992, 6(71) = () > €}.

Definition 4.16 ((mIGC), Condition). Let (X,d, m) be a metric measure space, let 2 C X be open and let
e > 0. We say that 042 satisfies the measure theoretic e-interior geodesic condition, or (mlGC). condition for
brevity, if

mH{0<d<e}\O)=0
Similarly, we say that 02 satisfies the measure theoretic e-exterior geodesic condition, or simply (mEGC),

condition, if the above definition holds with X \ {2 in place of £2.

Remark 4.17. Note that for example a ball of radius e satisfies the (mIGC). condition, if the radial geodesics
cover the ball itself, up to negligible sets.

We now investigate the equivalence of the (mlGC), condition to the fact that almost all transport rays
have length greater or equal than € inside §2. Let us define the set

Qe ={aecQ| A (Xan2)> e}
Let us relate the sets O, and Q..
Proposition 4.18. Let (X, d) be a geodesic non-branching metric space and let u: X — R be a 1-Lipschitz
function. Let 2 C X be open and € > 0. Then, with the notation above,

2N927Q.) =0.NT. (44)
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For the proof of the proposition, we need the following preliminary lemma.

Lemma 4.19. Let (X, d) be a geodesic non-branching metric space and let u: X — R be a 1-Lipschitz function.
Then,
At Ca, and A” Chb.

Proof. We prove the first inclusion, the second one being analogous. Let x € a® and assume by contradiction
that © € AT. In particular, this means that x € T, and, by definition of a, there exists a point y € T, such
that = # y and (y,z) € I, while by definition of AT, there exist z,w € I',(z) with (z,w) ¢ R,. We claim
that x is an intermediate point along geodesics joining y, z and y, w. Indeed, by construction x # y, = # z,
and also, since (y,x), (z, z) € I, we have

u(y) — u(z) = uly) — w(@) + u(z) —u(z) = dy, z) + d(z, 2) > d(y, 2), (45)

by triangle inequality. Now, recall that u is 1-Lipschitz, thus in (45) the equality holds, proving the claim
for the triple y, x, z. Analogously, the same holds for the triple y, x,w. Now let v be a geodesic connecting y
and x, 171 be a geodesic connecting = and z and 7y be a geodesic connecting x and w. By the claim above the
curves yUn; for i = 1,2 are geodesics, hence since z # w, we obtain a contradiction with the non-branching
assumption. [

Proof of Proposition 4.18. Firstly, we show that 2 N Q7 1(Q.) C O, NTr. Let z € 2N Q" Y(Q.). By
definition of 9, Q71(Q.) C TF’, hence z € X,, for some a € Q.. Now X, is a minimizing geodesic for §
connecting a(X,) to 812 (recall that by (37), X, N3 # 0), in particular there exists y, € 9 such that

§(a(Xa)) = d(a(Xa) ya) > X0 N Q) >

giving that z € O,. Secondly, we prove the converse inclusion O, N TP € 2 N Q71(Q.). Let = € O, N TP,
then, by definition of O, z € 2 and there exists a geodesic 7:[0,1] — X such that

x €y, €I, and 0(y)=4L(y) >e.

Note that for any t,s € (0,1), (v,7vs) € Rs, hence ¢ € (a U b)° for any ¢ € (0,1), being an interior point
of a geodesic. Therefore, Lemma 4.19 ensures that v, € (AT U A7)¢ for every t € (0,1), meaning that
Int(y) C TPP. As a consequence there exists a € Q such that Int(y) C X, and, furthermore we have

AN X0 02)>U(y) >,

hence a € Q.. We are left to show that z € X,,. If « € Int(y), there is nothing to prove. If z = ~;, recall
that € TP and, by construction, (v, z) € Rs for every ¢ € (0,1). This implies that x belongs to the same
orbit of v;, namely z € X, or equivalently z € Q71(Q.). This concludes the proof. [

Proposition 4.20. Let (X,d, m) be an RCD(K, N) space with K € R and N € (1,00). Let 2 C X be open and
let € > 0. Set also Q' == Q(2NTEP). Then, O satisfies the (mIGC), condition if and only if q(Q"\ Q) = 0.

, < g, cf. Remark 4.5, it is enough to prove that 92 verifies the (mIGC).

5
condition if and only if (Q#m|Tnb)(Q’ \ Q) =0, ie m(TrNQ YQ" \ Q.)) = 0. First of all, observe that

5
Q = Q{0 < § < e NTPP). Indeed, if z € 2\ {0 < § < e} NTEY, then z € X, for some a € Q'.
However, X, is a minimizing geodesic for ¢ joining = and 9£2. Thus, X, N {0 < § < €} # 0, and therefore

Proof. Since q <« Q#m‘Tn
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a € Q{0 < § < e} NTEY), proving the claimed equality. Second of all, using Proposition 4.18 (which applies
since RCD(K, N) spaces are non-branching by Theorem 2.13), we deduce that

m(TF N2 HQ N\ Q) =m(T* N{0 <5 <\ 271(Q0) = m(T3"N{0 <6 < e} \ O
Finally, applying Proposition 4.3, together with Remark 4.10, we have that m((T2* N 2) A 2) = 0, hence,
(T3 NAHQ\ Q) =m({0 <d < e} \ O).
Now the proof of the statement easily follows from the definition of (mIGC), condition. O

Thanks to Proposition 4.20, we can immediately deduce regularity properties for A in the interior of £2.
Indeed, on the one hand, we have mild integrability of its regular part, on the other hand, its singular part

is separated from 0f2.

Corollary 4.21. Let (X,d, m) be an RCD(K, N) space with K € R and N € (1,00). Let 2 C X be open and
assume that 812 satisfies the (mIGC). condition. Then [Ad]"%9 € L*({0 < § < €}).

Proof. By Proposition 4.20, the (mIGC), condition implies that for g-a.e. & € Q' we have
AN (X0 N 2) > e

where @' = Q(£2 N TP). In particular, it holds that d(a(Xs),b(Xs)) > ¢, for g-a.e. @ € Q'. Then,
applying [23, Lem. 2.16] for o € Q’, we get that there exists a constant C' = C(e, K, N) such that

C
1he Lo, < = for g-a.e. o € Q’. (46)

Note that X, N{0 < § < €} # 0 if and only if o € Q’, thus we may compute

"G) C C
/ [A6]79] dm = //uogh Y l|hal dt dq(a //\hwdtdq <an €<l
{0<d<e} € €

This concludes the proof. [

Corollary 4.22. Let (X,d, m) be an RCD(K, N) space for K € R and N € (1,00) and let £2 C X be open.
Assume that 012 verifies the (mlGC).. Then,

q({a € Q| a(Xa) € B(02) N 2}) = 0.
Similarly, if 012 verifies the (MEGC). condition, then q({a € Q | b(Xa) € B(02)N (X \ 2)}) =

Remark 4.23. Under the (mIGC), condition for 02, A as a Radon functional on {0 < § < €} is equal to
Ad = [Ad]"%9m. Indeed, by Corollary 4.22, we have that, for every ¢ € Lip,,({0 < § < €}), p(a(X,)) =0
for g-a.e. «, hence

[ediasgnr = - [ hafa(Xa) pla(Xa) da(a) =
Thus, the representation formula (39) has the form

(A5, o) — /Q PLAS]"Y dm. (47)
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We consider the map Wf!Tg’Lb — 0{2 that projects a point = € Tg‘b on the foot of the unique geodesic
realizing d(x), namely 7¢(x) is the only y € 9f2 such that d(z,y) = §(z). We stress that the definition is
well-posed, indeed, if there exist y1,y2 € 912, y1 # yo such that d(z,y1) = d(x,y2) = §(x), then

(xvyl) €F57 7’:172 and (y17y2) ¢R5

Hence x € AT U A™, giving a contradiction since z € T(S"b.

Proposition 4.24. Let (X,d,m) be an RCD(K, N) space with K € R and N € (1,00). Let 2 C X be open
and assume 02 satisfies the (mIGC). condition, for some € > 0. Then ] o nfo<s<c) 1s surjective.

Proof. We firstly show that m¢(O. N {0 < § < €}) is closed in 92. Let {z, }nen C 7:(O N {0 < 6 < €}) be
such that z, — z, for some z € 9£2. For any n € N, there exists z,, € O, N {0 < § < €} N T such that
7¢(2y) = zn and, by definition of O, there exists v™:[0,1] — X such that (up to reparameterization and
suitable restriction of ™)

T, €97, Y% =2 and  0(y7) =L(Y") =

Thus, applying Ascoli-Arzeld theorem, up to a (not relabeled) subsequence, the sequence of curves {7"},en
uniformly converges to a geodesic v: [0, 1] — X such that

Yo =% and 5(y1) =L(y) =e.

We claim that v, € Tg“’ for any t € (0,1). Indeed, passing to the limit the following relation

6(7i") = 6(') — 0(zn) = d(7", 2n);

we deduce that (v, z) € I's, and so vy, € T5. Since, for ¢t € (0,1), v € (aUb)¢, Lemma 4.19 implies the claim.
Finally, this shows that v, € O, N {0 < § < e} N T and m¢ (1) = 2.

To conclude, we argue by contradiction, assuming there exists z € 92\ m(0. N {0 < § < €}). Then, since
(0 N {0 < § < €}) is closed, there exists » > 0 such that B,(z) N 92 C m¢(O. N {0 < § < €})°. However,
by assumption m({0 < § < €} \ O.) = 0, thus there exists y € B, 2(z) N0 N {0 < § < e} NT?, and this
means that

I(y) <d(y,z) < g and me(y) € Br(z) N OS2

This gives a contradiction since B,(z) had empty intersection with the image of m¢. O

We relate the (mlIGC), with the uniform interior ball condition.
Proposition 4.25. Let (X,d, m) be an RCD(K, N) space with K € R and N € (1,00). Let £2 C X be open.
The following hold:

(1) If 002 satisfies the e-uniform interior ball condition and every point of 02 satisfies the exterior ball
condition. Then it satisfies the (mlGC), condition;
(2) if 012 satisfies (mIGC).-condition, then it satisfies the e-uniform interior ball condition.

Proof. We prove (1) and, to do so, we show that
O.N{0<d<er={0<0 <e}

Let x € {0 < 0 < €}, then there exists a geodesic v: [0, 1] — X such that yo € 92, 1 = z and d(y1) = £(7).
By assumptions, there exists p € {2 such that B.(p) verifies the interior ball condition at the point o,
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and there exist ¢ € X'\ 2, r > 0 such that B,.(q) verifies the exterior ball condition at the point . Let
7:10,1] — X and 7:[0,1] — X denote the geodesics such that ng = 9, ;1 = p and 7o = 0, 71 = ¢,
respectively. By construction, we have

d(p) =4L(n) =¢  and —0(q) =€) =, (48)

thus, d(p, q) < d(p,no) + d(g,70) = r + €. We claim that equality holds. Assume by contradiction that this
is not the case and consider 7:[0,1] — X geodesic joining p and ¢. Then, there exists ¢ € (0,1) such that
¢ € 012 and, in addition

d(p) <d(p,A) <e or —d(q) < d(g, %) <.

This implies that the equalities in (48) cannot hold at the same time, giving a contradiction. Hence, if we
consider the arc-length reparameterizations of n and 7 (without relabeling), the curve nU#7:[0,7 + ¢] — X

defined as 0
. Ne—¢ on [0,7],
(U 7)e = {ﬁtr on [r,r + €.
is a geodesic between p and ¢. In an analogous way, the concatenation v U7 of v and 7} is a geodesic between
2 and q. Therefore, since RCD(K, N) spaces are non-branching (see Theorem 2.13), we must have v C 7.
Since (48) holds, x € O.. This concludes the proof of (1).

We prove (2). Let us consider z € 9{2. Hence, by an application of Proposition 4.24, we know that there
exists z € O, N {0 < § < e} NTP® being such that 7¢(z) = 2. Let us consider the geodesic v such that
Yo € 012, x € v and £(vy) = e. It can be readily checked that B.(v1) C {2, thus proving the ball condition of
radius € at z. By arbitrariness of the point z, we conclude. [

Example 4.26. The following two examples show that Proposition 4.25 is sharp in the sense that the
converse to (1) and (2) does not hold.

For item (1), consider (R?,|-|,£?) and the open set £2 = (R?\ [0,1]?) N B, where B is a large ball
enclosing [0, 1], We claim that, for ¢ < 1, we have O. N {0 < § < €} = {0 < § < €}. Indeed, for every
x € {0 < § < €}, we consider the segment connecting z to the closest point in 9. This segment can be
extended to a segment of length e which can be chosen to be the geodesic in the definition of O, at the point
x. Hence, in particular, 92 satisfies the (mIGC), condition. However, this set does not satisfy the exterior
ball condition at the point 0 (see Fig. 1(a)).

For item (2), consider (R?,| - |, £3) and the open set 2 := B;1(0)\ S, where the closed set S C R? is defined
as follows: let € > 0 sufficiently small, then

S:=DB1 4 (0)N({z=2=0}U{y=2=0}).

Observe that {2 satisfies the e-uniform interior ball condition, yet it does not satisfy the (mlGC), condition.
Indeed, to check this, consider the ball B,(0) with p < € and notice that £3(B,(0)N (0O \{0 < § < €})) > 0.
The crucial remark is that, for a point x € S close to the origin, a tangent ball of radius € can be chosen
only tangent to the plan {z = 0} (see Fig. 1(b)). Thus, the ball condition on the set S does not give any
control on the geodesics on all B,(0).

5. A mean value lemma in RCD(K, N) spaces

Let (X,d, m) be an RCD(K, N) space for K € R and N € (1,00) and let 2 C X be open and bounded.
Let §: X — R be the signed distance function from 942 as in (13), and for a fixed v € D(A|.Q)’ define:

F(r) = / vdm, r > 0. (49)
{o6>r}
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(a) Q= (R%\ [0,1]2)N B C R? (B) Q= B1(0)\ S C R?

Fig. 1. Counterexamples regarding strict implications in Proposition 4.25.

The goal of this section is to compute the second distributional derivative of the function F', to deduce a
mean value lemma in RCD setting. First of all, we recall the following version of the coarea formula: this is
a consequence of [43, Prop. 4.2] and of the following identity for the total variation of f:

IDf| = |V flm,  Vf & Lip,.(X)NBV(X),
which holds for proper RCD(K, o0) spaces, see [35].

Proposition 5.1 (Coarea Formula). Let (X,d,m) be an RCD(K, N) space. Let u € Lip;,.(X) N BV (X).
Then {u > r} has finite perimeter for a.e. r € (0,00) and for every f € L*(|Vu|m) it holds that

Jewiivalan = [ o) [ raper(fu>r}.yar (50)
0

for every ¢:(0,00) = R Borel and bounded.

Remark 5.2 (Coarea Formula for the Signed Distance). Let 2 C X be open and bounded and define the

signed distance § as in (13). We wish to apply Proposition 5.1 to §. In this case, take ) € Lip,,(X) such that
n =1 on 2, then nd € Lip,,(X) N BV (X), therefore the set

{§>r}={>r}nN={nd>r},

has finite perimeter for a.e. r € (0, 00). Moreover, for f € L*(2,m), denote by f € L!(m) its extension by 0
outside of £2, thus, we apply (50) as follows:

/Q (6) V6] dm = / o(08) IV (16 dm = / o(r) / FdPer({nd > r},-)dr

= [ ot [ fapertia > .y ar

The one-dimensional localization and the coarea formula are two possible ways of parameterizing the
tubular neighborhood of 92 and their relation is shown in the following proposition.

(51)

Proposition 5.3. Let (X,d, m) be an RCD(K, N) space for K € R and N € (1,00). Let 2 C X be open.
Consider the disintegration of m as in (38). Then, for every Borel function f:X — R,

/ fdPer({5 > s},) / F(7a(9)) ha(5) xqaerny (@) da(a),  for ace. s € R,

where Vo: I — Xg is an arc-length parameterization of X, such that 0 € I, and v,(0) € 012 for every
a € Q.
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Proof. For any a € @, since v, has metric speed equal to 1 and v,(0) € 92, we have that, for every
0<se fa,

5(7a(8)) = 6(7a(s)) = 0(7a(0)) = d(7a(s),7a(0)) = s
and similarly for 0 > s € I,,, we get §(74(s)) = s for every s € I,,. For any s € R, set

/ F1a(9)) ha($)xqaieray (@) da(a)  and  G(s) = /Q f dPer({5 > s}, ).

Then, letting s; < s2 € R, we compute:

/ F(s)ds = /Q / Xer2) (800 (8))) £ (72(8)) ha(5) ds da(a)
://Ia (X(s1<s<s21f) (Va(8))ha(s) ds dq(a //x{51<5<82}fdmadq( )

- / fdm,
{31 <5<32}

since by definition, (7a)y (ha ds) = m,. Finally, using coarea formula, we obtain

ED) (51) S9
/ F(s)ds :/ fdm = / G(s)ds.
S1 {81<5<82} 51

We showed that, for every open interval I, [  Fds = / ; G'ds. Therefore, since the last property is stable
under limits of increasing sequence of sets, we are in position to apply monotone class theorem and get that,
for every Borel set B C R, [, Fds = [, Gds. Thus, F' = G for a.e. s, as claimed. [

We apply coarea formula to compute the first derivative of the function F' defined in (49).

Proposition 5.4 (First Derivative of F). Let (X,d,m) be an RCD(K, N) space for K € R and N € (1,00),
let 2 C X be open and bounded and consider v € L*(2,m). Then, {d > r} is a set of finite perimeter for a.e.
r, F € AC((0,+00),R) and

F'(r)=— /Q vdPer({0 > r},-), for a.e. r € (0,+00) (52)

Proof. In view of Remark 5.2, we have that for a.e. 7 > 0 the set {0 > r} is of finite perimeter. We prove
the second part of the statement. We notice that |Vd| = 1, m-a.e. on {2 from Proposition 2.9. Moreover, we
compute for 7, h > 0,

|F(r—|—h)—F(r)|:F(r)—F(r—i—h):/ vdm — vdm = vdm
{6>r} {6>r+h} {r<é<r+h}

1) [
/X(rr+h)( ) |V6|dm = / X(r,r—i—h)(s)/gvdPer({5>S}u')ds
r+h
/ /vdPer {6 > s},-)ds.

Since v € L'(£2,m), the function s — [vdPer({§ > s},-) is integrable on (0,00), we deduce that
F € AC((0,400),R) and (52) holds. O

Proposition 5.5 (Second Derivative of F). Let (X,d, m) be an RCD(K, N) space for K € R and N € (1,00),
let 2 C X be open and bounded and let v € D(A‘Q) N Lip(§2). Then

o /{5 }Amvdmfé#(vAé) (53)
>4
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holds in the sense of distributions on (0,00), where, according to (34) and (35), dx(vAd) is the Radon
functional over (0,00) defined by

S4(04)(¢) = - [ (VIo(ood)] Va)dm, Ve CF(0.50)
Proof. Let us compute the second derivative of the function F' in the sense of distributions. Fix ¢ €
C2°(0,00), then, applying Proposition 5.4, we have:

(F". o) :/ <p'(r)/vdper({5>r},.)dr (5:l>/9(<p/06)v|V6|dm @/Q(cp’oa)v\vaﬁdm
0

:/ V(¢ 0 8), V5) dm P“’&“—/(@oa)<w,v5> dm+/ (V[o(p 0 5)], V) dm
2 2 2

(54)

(A)

For the term (A) in (54), we would like to apply the definition of restricted Laplacian, since v € D(A|Q).
To do so, define:

P(r) = /07" w(s)ds, Vr>0.

Notice that ¥ € C°°(0, 00) but it does not have compact support. Nonetheless, its support is separated from
0, therefore ¢ o ¢ € Lip,,({2) and, by chain rule, the following identity holds

V(pod)= (¢ 0d)Vd=(pod)Vad.
Therefore, we may discuss the term (A) in (54) as follows:
/(gpoé)(VU Vé)ydm = / Vo,V (¢ od))ydm
= _/ (Yo §)A| vdm = / / X(0,5(z)) (1) (r) drA|Qv(x) dm(z)

—/ gp(r)/ A|demd7’.
0 {o>r}

Therefore, the following holds
(F" @) = / o(r) / Aj vdmdr +/ (V]v(p 0 )], Vd) dm, Ve CX(0,00). (55)
0 {6>r} 0

Regarding the last term in (r ), notice that v,d € Lip({2), thus, according to (34) and (35), it corresponds
to the Radon functional —d4(vAd). Indeed we have

34)

64 (vA8)(p) = (vAD) (0 6) E As(u(po0d)) = —/Q (V[v(pod)], Vi) dm, (56)
by definition of distributional Laplacian (36), since v(p o d) € Lip,,(£2). This concludes the proof. [
Remark 5.6. Let (M, g) be a complete Riemannian manifold and let 2 C M be open and bounded,
equipped with a smooth measure m. We assume that 92 is smooth, thus ¢ is a smooth function in a tubular

neighborhood U = {0 < § < ¢} of 9f2. Therefore, the term d.4(vAJ) can be rewritten in a simpler form.
Indeed, first of all, for every ¢ € Lip,,(U), we have that

_ /U 646 dm, (57)
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and thus, for ¢ € C°((0,¢)), we deduce that

5.4 (0A6) () = /Q (00 6)0 Addm T /0 o) / v AddPer({5 > r}, -)dr

_ / o(r) / v Addo,dr,
0 {6=r}

where o, is the Riemannian perimeter measure on the level sets of d. In our setting, it is still possible to
prescribe regularity on {2 to obtain an analogue to (57).

The next goal is to prove (53) dropping the assumption of the Lipschitz regularity of v. To do so, we need
the following approximation lemma.

Lemma 5.7. Let (X, d, m) be an RCD(K, N) space and let € > 0. Let £2 C X be an open and bounded set and
v € L®(2,m) N WH2(02) with supp(v) C {0 < & < €}. Then, there exists a sequence {v,} C Lip(2) with
supp(vn) C {0 < 8 < e} and ||[vn||Loo(2,m) < J0l|lLoo(2,m) such that v, — v in WH2(12).

Proof. We can assume, without loss of generality, that v > 0 (otherwise it is enough to write v = v —v~ and
use linearity). Let 7 € Lip,,(£2) such that 7 = 1 on supp(v) and supp(n) C {0 < § < €}. Since v € W2(£2),
by definition nv € W12(X). Thus, there exists a sequence {u, } C Lip(X) N W12(X) such that u,, — nv in
W12(X). Define @, :== nu,, we show that @, — v in WbH2(82). Indeed, @, — v = nu, — n’v = n(u, — ),
thus i, — 12 (m) < [l — 702y [l ey = 0 85 m = 00 and

11V (@n = )ll[L2(0,m) < 1V (un = 70)[[L2m) 191l 2o () + [1un = 10l L2(0m) 1TV A]] 200 (m) = 0,

as n — oo. To conclude, define v, := 4, A v: since v > 0, we have that suppv, C suppi, and
[vnllLee(2.m) < [[vllLec(2,m) by construction. Thus, it is only left to prove that [[v, — v[[y12¢0) — 0.
Therefore, we rewrite

R Up + v — |Gy — | gy Gnmv |un7v\7
2 2 2
thus easily proving that v, — v in L?(£2,m). Using the locality property of the gradient of elements of
Wh2(2), we get [[[V(in Av =)l 12(0,m) = IV (@in — 0)[ X{an<v}ll2(0,m) = 0 as n — oo, concluding the

proof. O

Corollary 5.8. Let (X,d,m) be an RCD(K, N) space. Let 2 C X be an open and bounded. Assume Of2
satisfies the (mIGC), condition. Then, for every v € D(A|Q) N L>®(N2,m) such that suppv C {0 < § < €},

P = / Al o dm — b (o[ AS)“Y m)
{6>}
in the sense of distributions in (0, 00).

Proof. Given v € L*(£2,m) N D(A|Q), we can repeat verbatim the proof of Proposition 5.5 up to the
identity (55). To conclude, it is enough to show that, for every v € L>(£2, m) N D(A|Q),

/ (V[o(p 0 8)], V6) dm = — 5 ([ A5]“m) ().

Indeed, since supp (v(¢ 0 J)) C {0 < § < €}, up to multiplying for a suitable cut-off function, we may assume
that suppv C {0 < § < €}. We consider the approximation given by Lemma 5.7 obtaining a sequence
{vn} C Lip,,(§2) such that
suppv, C{0<d <e€}, |vnlro(om) < Ivllreem and vy, WT(Q)> v as n — oo.
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Since vy, € Lip,,(2), recalling (56), we obtain

/ (Vvp(pod)],Vd)dm = —5#(1}n Ad)(p) = _/Un (p 0 6)[A8]"°9 dm

where in the second equality, we used (47), which holds since v,(p o §) € Lipy,({0 < ¢ < €}) and the
(mlGC), condition holds on 2. Then, we take the limit as n — oo, using dominated convergence theorem
on the right hand side, concluding the claim and therefore the proof, using that [v (¢ o §)[Ad]"9 dm =
04 (v[Ad]"m)(p). O

6. First-order asymptotics

This section is devoted to the proof of Theorem 1.1. We start by providing a few technical tools that are
used in the proof.

Theorem 6.1 ( Weak Gauss—Green Formula). Let (X,d, m) be an RCD(K, N) space and let 2 C X be open
and bounded. Then, for every w € D(div), it holds

/ div(w)dm = — /(w, Vo)dPer({d > r},), fora.e.r > 0. (58)
{6>r}

Proof. Let ¢ € C2°(0,00), then, by coarea formula, we have
S o(z)
/ o(s) / div(w)dm ds = / / o(s) ds div(w)dm(z) = / (1 0 8) div(w) dm, (59)
0 {6>s} 0
where ) (t) = f(f p(s)ds. Since, w € D(div), we may integrate by parts the last integral in (59), obtaining;:

Jwesawyan = - [(v(wos).wyam = - [(p08)(vsw)am.

An application of the coarea formula, cf. Proposition 5.1, together with Proposition 2.9, finally yields:

/ <p(s)/ div(w) dmds = —/ @(s) / (Vé,w) dPer({é > r},-)ds.
0 {6>s} 0
Since @ is arbitrary, we conclude. O

Remark 6.2. This result can be regarded as a weaker form of the Gauss-Green formula of [9, Prop. 2.30],
since it is formulated for almost every level set of 6. The advantage is that we do not need neither the notion
of Sobolev vector field, nor the one of its trace. Moreover, in the smooth setting, formula (58) identifies the
(outward-pointing) unit normal to {6 > s} as —V4.

Under the regularity assumption (mIGC), for 92, we deduce a second variation formula for the measure
of the super level set of the distance function, as a corollary of Theorem 6.1.

Corollary 6.3. Let (X,d,m) be an RCD(K, N) space for K € R and N € (1,00) and let 2 C X be open and
bounded. Assume 92 satisfies the (mIGC). condition. Then, the function r — Per({§ > r}) is WH1(0,€) and
its distributional derivative is

%Per({é > ) = / [A0]7°9 dPer({5 > 1},-),  for a.e. 1 € (0,€). (60)

In particular, (0,00) > 7+ Per({0 > r}) has a representative which is continuous at the point r = 0 and {2
has finite perimeter in X.

32



E. Caputo and T. Rossi Nonlinear Analysis 238 (2024) 113385

Proof. We first show that (0,¢) > 7 — Per({0 > r}) € R belongs to W,>!(0,¢).> Fix J = (5,7) € (0,¢).
Consider a good cut-off ¢ € Lip,,(£2) N D(A) (as in Proposition 2.12), identically equal to 1 on §~1(J) and
with compact support in {5/2 < 6 < (e +7)/2}. We claim that

¢ € D(A)  and  A(¢S) = 6A¢ + 2(Ve, V) + ¢[A5]". (61)

Indeed ¢é € Lip,,({2) and, for any g € Lip,,(X),
/ (V(65), Vg) dm = / (6V6,Vg) dm + / (66, Vg) dm
X X X
- / (V5,V(dg)) dm + / (Y, V(5g)) dm — 2 / 9(V6, V) dm
X X X
= —(494, go) —/ 0gApdm — 2/ g(Vo, Vi) dm.
X X

We discuss the term involving the Radon functional Ad. By our choice of ¢, it follows that, for any
g € Lip,,(X), supp ¢g C supp ¢ N 2 C B(9£2) N 2. Therefore, using (47) we get

(A5, g0) = / 90{457" dm.

In addition, recalling that Q" = Q(£ NTF?), on the one hand, for g-a.e. a« € Q', d(a(X,),x) > (e —7)/2
for any x € supp ¢ by Proposition 4.20, on the other hand, recalling that 6(b(X,)) < 0, we have that,
for g-a.e. @ € @', d(b(Xy),x) > §/2 for any x € supp ¢. As a consequence, using the bounds (40) on the
regular part of Ad (note that the disintegration of M| in {2 involves only transport rays in Q'), we obtain

p[Ad]"e9 € L>°(£2, m), proving the claim (61). Since ¢§ € D(A), we can apply (58) with w = V(¢d). We fix
a representative of (V(¢d), V§); then, there exists No C J with £1(Ng) = 0 such that

/ div(w) dm = /(V(¢5), Vo) dPer ({6 > r},-), for every r € J \ Np.
{6>r}

Furthermore, by Remark 4.15, there exists N1 C (0, €) with £!(N7) = 0 such that m({§ = r}) = 0, for every
r € (0,€) \ N1. Set N := Ny U Ny; then, for every s,r € J\ N with s < r, we obtain:

/ [Ad]"¢Y dm = div(w) dm = — / div(w) dm + / div(w) dm
{s<d<r} {s<d<r} {6>r} {6>s}

. /<v<¢5),v5> dPer({5 > r},-) — /<v<¢5),v5> dPer({5 > s},)
=Per({d > r}) — Per({ > s}).

From this identity, applying coarea formula (51), we finally obtain, for every s,r € J\ N with s < r,

Per({5 > r}) — Per({5 > s}) = / /[Aa]’“eg dPer({5 > £}, ) dt.

Exchanging the roles of r, s, we deduce an analogue formula for every s,r € J\ N with r < s. Hence, for a
fixed s € J\ N, we have that, for every r € J\ N,

Per({d > r}) = Per({0 > s}) + /T /[Aé]reg dPer({6 > t},-) dt. (62)

Since [[[Ad]"]| L1 (fo<s<eyy < o0 by Corollary 4.21, the right hand side of (62) extends to an absolutely
continuous function on all J, being the integral of a function in L'(J), plus a constant. Therefore, also

2 Given an open interval I C R, we recall that f € W,lo’rl(l) if, for any J € I open interval, f € W11 (J).
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recalling that Per({§ > -}) € L'(0,¢) by coarea formula, it belongs to W11(J). In addition, (62) is an
absolutely continuous representative of r — Per({d > r}), thus its distributional derivative on J is given by
formula (60). Since the distributional derivative in (60) is actually in L(0,¢€) by Corollary 4.21, we deduce
that Per({§ > -}) € WhH1(0,¢), as claimed. Finally, the lower semicontinuity of the perimeter implies that
Per({d > 0}) =Per(2) <oco. O

Recall the definition of e(t,r, s), the Neumann heat kernel on the half-line, that is

1 r—s)2 rts)2
e(t,r,s) = Tin (e( T +67< i > for (¢,r,s) € (0,00) x [0,00) x [0, 00).

With a slight abuse of notation, we denote the space Lg®° ((0, o), LL(0, oo)) as L°LL.

Lemma 6.4 (Duhamel’s Principle). Let s(t,r) € L°LL and vy,v; € C*°(0,00) N L>(0,00). Then, there
exists a unique weak solution v € LY, L° to the non-homogeneous heat equation on the half-line:

t,loc
0y — 0H)v(t,r) =<(t,7) in 2'((0,00) x (0,00)),
v(0,7) = vo(r) forr >0, (63)
Orv(t,0) = v1(t) fort > 0.

In particular, v € C*°((0,00) x [0,00)) and we have
t
v(t,r) 2/ e(t,r,s)vo(s ds+/ / — 7,71, 8)5(7,s)dsdr —/ e(t —7,7,0)vi(7)dr. (64)
0 0

Proof. If ¢ is smooth, then a classical solution v to (63) exists and is unique. In particular, v is given by
(64) and v € C*°((0,00) X [0,00)). We refer to [32] for further details. Thus, by linearity, it is enough to
study the case where vy = v; = 0: we wish to prove that

u(t,r) / / — 7,71, 8)5(7,8)dsdr (65)

is the unique solution to (63) in this situation. We begin by proving existence in L7,.L>°. Consider a family

of mollifiers {7} such that n. > 0, ||n;1(z) = 1 and suppne C (—¢,¢€), and define

T.(f)(t7) = / fr 8 ne(t — ) m(r —s)drds ¥ f € LL((0,00) x (0, 00)),

with the convention that f(¢,-) = 0 for t < 0. Set ¢, := T.(s), then, by standard properties of the convolution,
e € L°L} with

loellzoory < lsllpoers  and o =< in Li,, L.
For any e >0, denote by ve the unique solution to (63) with ¢. as source term and vg = v; = 0, that is
ve(t,r) fo I et — 7,7, 5)c(7,s) dsdr. For a fixed T > 0, we estimate for t <T

t t
1
'Uet,T' S eth,~,~ LOOdT Ce oolg/idTg oclﬁCT S corl,
|ve(t, 7)| /0 lle( )l Sell Loe 1 = sl zeery < C(D) [lsll oo

therefore {v.} is equibounded in L*°((0,7) x (0,00)), hence there exists & € L>((0,T) x (0,00)) such
that v. — @ in L>((0,T) x (0,00)), which together with the convergence of ¢. gives that ©(t,r) = v(t,),
where v is defined in (65). Moreover, by passing in the limit in the distributional formulation for v,
we have that v solves (63), giving existence of a weak solution. We prove uniqueness in Ly9,.L7° . Let

v, € L*((0,00) x (0,00)) be two solutions to (63) and set w := v — ¥. Then, by linearity, w solves (63)
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with vg = v1 = 0 and ¢ = 0. We consider the family {7.} as above and define w, := T.(w) which belongs to
C*((0,00) x (0,00)) and solves (63). On the one hand, by uniqueness of classical solutions, w, = 0, on the
other hand w, = w in L ((0, T) x (0, 00)). Therefore, w = 0. To conclude, notice that by the explicit formula
(64) and the regularity properties of the Neumann heat kernel e, we get that v € C*°((0,00) x [0,00)). O

Regarding the notation in the next theorem, we refer the reader to Definitions 3.6 and 3.7.
Theorem 6.5. Let (X,d, m) be an RCD(K, N) space for K € R and N € (1,00) and let 2 C X be open and
bounded. Assume 012 satisfies the (mIGC), condition. Moreover, assume that there exists p > 0 such that
[Ad]™%9 € L'P({0 < § < €}). (66)

Then, the heat content associated with {2 admits the following asymptotic expansion

2(14p)—1

Qo(t) =m(2) — \/fPer(.Q) +0 (t 2(1+p) > ast— 0T, (67)

Remark 6.6. Let E C {2 be a closed set with Cap(E) = 0, if (67) holds for {2, then the same expansion
holds for the set {2 C FE with the same reminder term. Indeed, on the one hand, due to Remark 3.8,
Qo(t) = Qo\p(t) for every t > 0. On the other hand,

m(2)=m(2\E) and Per(2) = Per(2\ E)
since m(2 A (£2\ E)) = 0. As a consequence of this remark, the expansion in (67) holds when considering

as {2 the set in the second picture in Fig. 1(b).

Proof of Theorem 6.5. Consider the compact set E := {6 > €/2} C {2 and let ¢ be a good cut-off function
(in the sense of Proposition 2.12) such that ¢ = 1 on E and supp ¢ C 2. We define ¢ := 1 — ¢ and, since
v € Lip,,(2)ND(A), Ap € L*°(m), we have that ¢ € D(A|Q) with A|Q¢ € L>®(02,m). Letting u; :== h{’x 0,
we compute

/Q(l—ut)dm:/g(l—ut)gzbdm—k/ﬁ(l—ut)apdm:(A)+(B).

As a consequence of Corollary 3.17, (B) = o(t), as t — 0. We focus on (A). Defining the auxiliary function
F(t,r) = f{5>r}(1 — ug)¢pdm, we can rewrite (A) = F'(t,0). Therefore, in order to conclude, it is enough to

show that
At 2(1+p)—1
F(t,0) = 4/ —Per(2) + O (t 2(1+p) ) , ast — 0%, (68)
T

To deduce such an equality, we apply the Duhamel’s principle, cf. Lemma 6.4, to the function F(¢,r), then

evaluate at r = 0. First of all, the initial datum is given by F(0,7) = 0. Second of all, for the boundary
condition, Proposition 5.4 gives that 9, F (t,0) = — [ ¢ (1—u;) dPer(£2, ). In addition, since u; € Wy>(£2), we
can apply Proposition 3.2 and obtain u; = 0, Per({2, -)-a.e., thus, recalling that ¢ =1 on 092, (1 —us)p =1,
Per(£2,-)-a.e.. Therefore, 0, F(t,0) = —Per(2) for every ¢t > 0. Third of all, for what concerns the source
term, note that we may apply Corollary 5.8 to F, since (1 —ut)¢ € D(A|Q) NL>® ({2, m) (see Propositions 3.9
and 3.11), obtaining that

PR = [ B[00 —u)]dm - 55(6(1 - u) 40 7m) (69)
{6>}
holds in the sense of distribution. Moreover, since u; solves (22), we get that

atF(t,T) = */ d)A‘QUt dm, (70)
{6>r}
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where A|Qut = Aguy as a consequence of (24). Using (69) and (70), we obtain

O F(t,r) — O?F(t,r) = — /{6> } (bA‘Qut dm — / A|Q[¢>(l — )| dm + 04 (P(1 — uy)[Ad]"Im)

{6>r}

D 2T0 V) = (L ) A1) dm 561~ u) A5 Tm) = ).
{6>r}

We now show that p; satisfies the hypotheses of Lemma 6.4. We write py = pui + pu?, where pf == gL' =
(f{5>‘}(2<Vut7V¢> —(1- ut)A|n¢) dm) L' and p? = 64(p(1 — uy)[A]"9m). We claim that the total
variation of p; is uniformly bounded, namely

sup |p](0, 00) < 0. (71)
>0

We compute the total variation of pj: notice that, up to a cut-off argument with a good cut-off function
which is 1 on 2, we have ¢ € D(A) N L (m), so by definition one has V¢ € D(div) and A¢ = div(Ve),
m-a.e. in £2. Analogously, we can extend 1 —u; to a function in W12(X) N L% (m). Thus, by Proposition 2.5,
(1 —u;)V¢ € D(div) and we can apply the weak Gauss—Green formula, cf. Theorem 6.1, obtaining

ge(r) = /{5> }(2<Vut, Vo) —(1— ut)A|Q¢) dm = (1- ut)A|Q¢ —2div((1 — u)Ve)) dm

{6>r} (72)

- /{§>r}(1 - ut)Ah’z(bdm - /2(1 —u){Veo, Vo) dPer({d > r},-)

for a.e. r > 0. Hence, using the weak maximum principle, cf. Proposition 3.9, and coarea formula (51), we
have

19121000 < / /2\1 | V| dPer({5 > s},-)ds +/ /{ 1] 8]0l dmas
0 0 6>s
< 2Lip(6)m(2) + 4], 0l 1o (0.m) m(£2) diamn (2,
and this bound is uniform as ¢ > 0. This proves that g;(r) € L{°LL. It remains to treat the term p?. Recall

that, given two metric spaces (Y,dy), (Z,dz), a signed measure ; on Y and a Borel map f:Y — Z, then
|faept] < falp]. Hence, using once again the weak maximum principle, we get:

|171(0,00) < d(|6(1 — ug)[A8]"|m)(0, 00) = /Q [6(1 = ur)[A6]"] dm < || oo [[[A]" | L1 ({o<s<ep)-

This implies that sup, |17|(0,00) < oo, proving (71).

We claim that pu; < £': p} is already absolutely continuous. The same is true for u?, for every t > 0.
Indeed, let N € Z(R) such that L}(N) = 0. If t ¢ N, then Per({6 > t},6 1(N)) = 0, being Per({§ > t},-)
concentrated on the set { = t}. Therefore, by coarea formula, we have

m(6~H(N)) = /000 Per({6 > t},6 H(N))dt = /NPer({5 >}, H(N))dt = 0.
As a consequence, 6 (V) is m-negligible, hence we finally deduce
S (001 — ulAd () = [ g 0 Ad S dm =,
proving that u? < £, and so y; < £1. Finally, combining this property and (71), we get that
e =cLh and s(t,r) € LPLL.
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We are in position to apply Lemma 6.4 with p; as above, vo(r) := F(0,7) = 0 and v(t) := 9,F(t,0) =
—Per(£2), and we have

(R1)

F(t,0) = /0 /000 e(t—1,0,8)g-(s)dsdr
+/O /0 et —7,0,s) dog[(1 — ur)p[Ad]"Im](s) dr +/0 e(t —7,0,0) Per(£2)dr.

(R2) (P)

The principal term (P) is explicitly given by:

dr Per(2) = il Per(£2).

/m m

2(1+p)—1
In order to conclude, it is enough to prove that |(R1)|+|(R2)| = (t 2(1+p) ) We start with (Rq): by (72),
we can rewrite this term as follows

(Ry) = / / — 10,8 (/{6>S}(1 — ) Ay dm /2(1 —w,)(V$, V) dPer({5 > s},-)> dsdr

Therefore, after the change of variable 7 = t0, we have that

/ / t(1-0), )/ (1—ut9)A|Q¢dmdsd9
o Jo {8>5}

(Ra1)

_ /1 / e(t(1 — 0),0, s)/2(1 — w40 (V, V5) dPer({5 > s}, ) dsdf.
0 0

(Ri2)
We first consider t?e term (Ryp). For simplicity of notations, we define G4 (s) := | (6> } )A‘ o®dm and
Gi(s) = X(0,0(8) Gi(5) + X(~e,0)(5) Gi(—5) and
1[ pe 1 2 1
[ | o= s ds] 0= [ (Pas-ai) 00 73)

where P; denotes the heat flow on R. Fix 6 € (0,1). We check that ||Gg|/pee — 0 as t — 0, indeed for s € R,

(32)
Guls) < [ 1wl 4] dlam < [ 11— el dm 8] 6l e ppeseey 2 old).
{e/2<6<e} {e/2<6<e}

Moreover, by the maximum principle, we have that ||Pyq_g)GllLe < [|Gigllzec for every ¢ > 0, thus
|P;(1-6)G10(0)| — 0, as t — 0T Therefore, since

IPy1—0)Geo(0)] < [|Pos_oy Gusllzoe < [|Gusllzoe < /
{e/2<6<¢€}

<m{€/2 <d <e}) |4, Lo qer2<s<eh)
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we can apply dominated convergence theorem in (73) and we get that |(R11)| = o(1). We study the term
(R12). We compute, for ¢ sufficiently small,

R12

)/2(1 —u)(Vp, Vo) dPer({d > s},-) ds d@‘

2e

,0)(1 — wyp)(Vep, V5) dm de‘

2
<L1pgb/ / e 4t<1 0 —————(1 — ugp) dmdl
2<a<e} mt(1 —6)

2Lip ¢
< m/ — -

where C' > 0 is constant independent of ¢. This shows that |(R1)| = o(t) as t — 0T.
We study the term (Rz). Since 942 verifies (mIGC), condition, by Corollary 6.3, we have that

do = OV,

[Per({3 > s})l| Loc(0,¢) < o0 (74)

Hence, for ¢t small, we compute

[(Re)| = e i T) [Ad]"Y dmdT

t —7) J{o<s<e}

e
t 1 / B 52 14p I+p 1 1+p
S T dm / [AsT e dm ) dr
/0 (t—1) ( {0<b<e} {0<b<e} 40

(66) C/t 1 </€ B (52 )HJP ({5 })d >1£P d
< _— e 4=7) ¢ Per > s S T
0 \/ﬂ'(th) 0

P

<7,,1> t 1 e 2 14p T+p
< C/ (/ e 4@-7) P ds) dr
o Vt—7 \Jo

cof 1 AL NG A R
a /o\/t—7</o ‘ s) L+p !

1
t 20+p) 2(1+p)—1
——— =Ct 20+,

T 2(1+p)

t t
§C/(t—7)_ﬁd7'§0/ T_ﬁdTSC
0 0

where the constant C' > 0 changes line by line and is independent of ¢. This proves that |(Rg)| =
2(1+p)—1
O(t 2(1+p) ) as t — 0T, and thus the same holds for |(R1)| + |(Rz)|. Finally, this implies that (68) is

verified, concluding the proof. [
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Appendix. On the definitions of local Sobolev spaces

For the sake of completeness, we compare the relevant definitions of local Sobolev spaces present in
literature and we prove they are equivalent. The following definition can be found in [7, Def. 2.14].

Definition A.1. Let X be a metric measure space and let £2 C X be open. We say that f € L2?(2,m)
belongs to H>?(£2) if the following conditions hold:

(i) of € WH2(X), for any ¢ € Lip,,(£2);
(i) |Df| € L?(22, m).

We equip this space with the following norm
2
20y = 113y + [ DS

For f € L?(f2,m) verifying item (1) of Definition A.1, the local minimal weak upper gradient |Df| can
be defined as follows: choose a sequence {x,} C Lip,,(§2) such that {x, = 1} /2, and set

IDfI=[D(fxn)l,  m-ae. on {xn =1} \{xn1 =1}, (75)

where fy, € W12(X) by item (1) of Definition A.1. It can be easily checked that (75) is independent on
the choice of the sequence {xy}.

Theorem A.2. Let (X,d, m) be a metric measure space and let 2 C X be open. Then W12(02) = H2(2)
and it holds that

- /Q DfP dm = Ch(J). (76)

Proof. First of all, we prove the inclusion W12(2) ¢ HY2(02). Let f € W12(2), then, by definition, there
exists an optimal sequence {f;} C Lip;,.({2) such that

fx —> f and 2Chg(f) = hm (lip fk)2 dm

As a consequence, for any ¢ € Lip,,(£2), the sequence {¢fi} C Lip,s(X)® approximates ¢f in L?(X, m),
and also

Ch(pf) < lim Ch(pf) < lim [ [¢?(lip fx)? + f2(lipp)?] dm < +oo.

k—o0 k—o0 J 2

Thus, item (1) of Definition A.1 is verified. Now consider a sequence {x,} as in (75), then, denoting by
2 = {Xn =1} \ {Xn—1 = 1}, we have

JRLIRCE Z / D(fxn)|? dm<Z lim [ (ip(i,))? dm

1 k—o0

<23 lim ., Daipf)” + 7 (lipx.)’] dm

n— 1k—>oc

= 22 lim / (lipfr)?dm <2 lim [ (lipf)? dm < +oo.

n— 1k~>oo k—o0 J 2

3 Here Lip,,(X) denotes the set of Lipschitz functions on X with bounded support.
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This settles also item (2) of Definition A.1, proving that f € H%?(£2) and < in (76) holds. For the converse
inclusion, let f € H%2(£2); using a Meyers-Serrin type-strategy, we find a sequence {f,,} C Lip,,(£2) such
that f,, — f in H“2(2). Using the L?(£2,m)-lower semicontinuity of Chy, we have that:

Chgo(f) < lim Cho(fr) = lim f/ 1D f]? dm = = /|Df\ dm < oo,

m—0o0 m—0o0
where the second to last equality holds since f,, € WH?(X), with bounded support in 2. This implies that
feWH2(2) and > in (76) holds. O

Assume (X,d,m) is infinitesimally Hilbertian. We can define the gradient operator restricted to (2,

V:HY2(02) — L*(TX)|, as follows: let f € H?(£2) and pick a sequence {x,} as above, then set

@

V= Zv(an)X{anl}\{xanl}' ()

n=1

On the one hand, the series (77) converges in L?(TX); indeed,

k
> V(fxn)xan
n=m

where 2, = {xn = 1} \ {xn—1 = 1}. Therefore, by dominated convergence theorem and using |Df| €

k

> Z l (an |X.Qn ID.ﬂ Z X2y, (78)

n=m

L?(£2,m), we conclude that the sequence (78) is Cauchy, thus proving the claim. On the other hand, by
locality of the global gradient in L?(T'X), (77) does not depend on the choice of the sequence {x,, }. We also
point out that, whenever f € W12(X), its restriction in {2 belongs to H'?(§2); in this case, (77) is consistent
with the gradient of f € W12(X) multiplied by .

Remark A.3. It is convenient to introduce Definition A.1, since if X is infinitesimally Hilbertian, meaning
that W12(X) is a Hilbert space, the same property is inherited by H?2({2). Indeed, it can be readily checked
that

IDf|? = (Vf,Vf) m-ae. in 2, if f € HY2(02). (79)

In particular, this implies that H12({2) is a Hilbert space, since f + ||| Df| H%z(g ) defines a quadratic form.
Thus, by Theorem A.2, we immediately deduce that W2(£2) is a Hilbert space.

Proposition A.4. Let (X,d, m) be an infinitesimally Hilbertian metric measure space and let 2 C X be open.
Let u,v € HY2(2) N L% (2, m), then wv € HY?(2) and

V(uv) = vVu + uVo. (80)

Proof. For a given ¢ € Lip,,({2), choose 9 € Lip,,({2) such that ¢ =1 on supp(y). Then,

puv = ppuv = (pu) () € WH(X),

by basic properties of W12(X). Then, item (1) of Definition A.1 is verified. On the other hand, by locality
of the minimal weak upper gradient, it follows that |D(uv)| € L' (£, m) and also item (2) of Definition A.1
is satisfied. It is left to prove (80). We consider {x,} as above, with x, > 0, and

U'UX% = (an) (vXn)-
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Then, using the definition (77) of gradient restricted to {2, we compute

Z U’an XO2=11\{x2_,=1} = Z (V(uxn)vxn +uxnV(vxn)) X{xn=1N\{xn-1=1}
n=1 n=1
(o) oo
- <Z V(UX")X{Xn_l}\{Xn1_1}> vtu (Z V(UXH)X{Xn—l}\{Xn1—1}>
n=1 n=1
= vVu+ uVo.

This concludes the proof. O
We introduce here a useful calculus rule for VVO1 2(£2). We refer to Section 3 for the precise definition.

Proposition A.5. Let (X,d,m) be a metric measure space and let 2 C X be open. Let ¢ € C1(R) with
¥(0) = 0 and bounded derivative. Then, for every f € Wol’z(ﬁ) we have o f € W01’2(Q).

Proof. Since f € W, ?(2), there exists a sequence {f,} € Lip,,(£2) such that f, — f in W2(X). Then
Y o f, € Lip,,(£2) and, in addition supp (¢ o f,,) C supp f,, € 2, using that ¢(0) = 0. To conclude, it is
enough to check that ¢ o f, — o f in WH2(X). First of all, we have

Hwofn 1/)0f||L2 2,m) < Llp(l/f) an f”LQ(Q m) E_—)EO—) 0.

Second of all, by the chain rule d(¢) o f,,) = (¢’ o f,)dfn, m-a.e. in X, therefore we have
[ 1w fumvo pEam= [ 160 f.)df, = (' 0 s dm
Q Q
<2 [ o fu-'o fPIRAm 2 [ e fuPld( - 1) d
Q 2
<2 [ 070 fy = "o fPIAFE dm ot 2Lip(0)° 1 = AF1 (1)

Taking the limit as n — oo, the second term converges to 0, since f, — f in WO1 2(!2) For the first term,
notice that ¢' € C'(R), thus ¢’ o f,, — ¢’ o f m-a.e. up to a subsequence, and

[0 0 f— ' o fI7|df|2 < ALip(¥)|df[> € L'(2,m),

hence we conclude by dominated convergence theorem. Notice that, this same argument proves that, for any
subsequence, there exists a further subsequence converging to ¥ o f in W12(X). As a consequence, the full
sequence converges in W12(X). O

Remark A.6. Adapting the proof of Proposition A.5, one can prove that, for any v € WOI’Q(!Z) such that
v > 0, m-a.e., there exists an approximating sequence {v,,} C Lip,,({2) consisting of non-negative functions.
Indeed, let {u,} C Lip,(£2) such that u, — u in W, ?(£2) and consider 9(t) = max{0,¢} € Lip(R). Then,
Uy = U = houy, € Lipy,(£2). To prove v, — v in Wy *(£2), we follow the same strategy of Proposition A.5:
the only problem may arise at the discontinuity point of 1)’. However, since by locality dv = 0, m-a.e. in
{v =0}, in (81), we have

/ [0/ 0 vy — 3 00 |dof? =/ [0 0w — ¢ 0 v’|du]?,
0 {v>0}

and, up to a subsequence, we have dominated convergence as before.
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