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Abstract

We address the question of finding global solutions of the Helmholtz equation that are positive
in a given set. This question arises in inverse scattering for penetrable obstacles. In particular,
we show that there are solutions that are positive on the boundary of a bounded Lipschitz
domain.
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1 Introduction

The objective in this short note is to consider the following problem.

Question 1.1 Let k > 0 and let E be a subset of R" (n > 2). Does there exist a solution of
(A +kHu = 0in R” with u|g > 0?

Note that any solution of the Helmholtz equation (A + k2)u = 0 is C*°, and thus the
condition u|r > 0 can be understood pointwise. There is a substantial literature on zero sets
of solutions of elliptic equations and eigenfunctions, as discussed in the review [11]. In our
setting, any real valued solution of (A + k2)u = 0 in R” must have a zero in any closed ball
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of radius janz’lk’1 where j%zy1 is the first zero of the Bessel function J% (see e.g. [14,
Lemma 3.1]). Question 1.1 above is related to producing a global solution whose zero set
avoids a given set E.

Our motivation comes from inverse scattering theory and the works [2, 9, 14]. In these
works, one considers a bounded open set D C R” (penetrable obstacle) together with a
coefficient 1 € L*®(R") with |k| > ¢ > 0 a.e. near d D (contrast), and asks whether it is
possible to find a solution ug # 0 of (A + k®)ug = 0 in R” (incident wave) such that the
obstacle D with contrast 4 does not produce any scattering response. The last condition can
be precisely formulated as the existence of a function u solving

(A+ k> +hxp)u=0 inR",

u = uqp outside some ball.

If this happens for some contrast /4, then the obstacle D is called a non-scattering domain
and it will be invisible with respect to probing with the incident wave ug.

It was proved in [14, Theorem 2.1] that if D has real-analytic boundary and if there is an
incident wave uy with ug|yp > 0, then D is a non-scattering domain. Similarly, the work [9]
introduced the notion of quadrature domains for the Helmholtz operator A + k2 and proved
that if D is such a domain, and if there is an incident wave ug with uglyp > 0, then D is a
non-scattering domain. On the other hand, the works [2, 14] show that under a nonvanishing
condition for u#( on d D, the boundary of a non-scattering domain can be interpreted as a free
boundary in an obstacle-type problem and hence such a domain must be either regular or
have thin complement near any boundary point.

It was also proved in [14] that one may be able to find incident waves that are positive on
the boundary of a bounded C!' domain (Lipschitz if n = 2, 3). Our first main result extends
this to Lipschitz domains in any dimension.

Theorem 1.1 Let D C R" (n > 2) be a bounded Lipschitz domain such that R" \ D is
connected. Suppose that k* > 0 is not a Dirichlet eigenvalue of — A in D. Then there exists
a Herglotz wave function uq (see Definition 2.1) satisfying

(A+KkHug=0 in R" and uglyp > 0.

The proof of Theorem 1.1 is done in two steps. One first constructs a solution v of
(A +k*v =0in D with v|yp > 0 by solving a Dirichlet problem. Then one approximates
v in D by a suitable Herglotz wave uo in R" via a Runge approximation argument. This
approximation needs to be done in a suitable norm to obtain the pointwise condition ug|yp >
0, but since D only has Lipschitz boundary the solution v is not very regular and this limits
the choice of possible norms. We will work with fractional Sobolev spaces H*'” and invoke
the theory of boundary value problems in Lipschitz domains.

We remark that the assumption in Theorem 1.1 that k2 is not an eigenvalue is necessary,
at least when D is a ball (see Example 2.5). For the first eigenvalue this was pointed out in
[14, Remark 3.2].

Another instance of subsets E C R” where one can arrange ug|g > 0 is given in the
following result.

Theorim 1.2 Letk > 0, and let D C R" (n > 2) be a bounded Lipschitz domain such that
R™\ D is connected and |D| < |B,| where r = j% 1k’l. If E C D is compact, then there

! This is one of the areas where Carlos Kenig has made pioneering contributions.
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exists a Herglotz wave function ug (see Definition 2.1) satisfying
(A+KkHug=0 in R" and uolg > 0. (1.1)

The proof is similar to that of Theorem 1.1, except that in the first step we use the Faber—
Krahn inequality to produce a solution v that is positive near E.

Remark 1.3 If E is sufficiently nice and low dimensional, it may be possible to use
Theorem 1.2 to find solutions that are positive on E. For example, let E be a smooth compact
manifold with dim(E) = m < n —2 embedded in R”, which is homeomorphic to a compact
submanifold Ey of R"~! = R"~! x {0} ¢ R”". This holds e.g. when m < n/2 by the Whitney
embedding theorem, or when E is homeomorphic to S”. Since R" \ E| is connected, by
[12, Corollary 7.9] one sees that R" \ E is (pathwise) connected. One can construct a tubular
neighborhood D = {x € R" : d(x, E) < ¢} of E having smooth boundary d D and arbi-
trarily small measure [12, Theorem 9.23 and Remark 9.24] (see also [10, Theorem 6.24]).
Since R" \ E is connected, one can connect any two points in R” \ D by acurve y in R" \ E.
By considering the curve F(y) where F is a continuous map on R” that fixes R” \ D and
collapses D \ E to D, we see that R” \ D is connected. Since D has smooth boundary,
also R™ \ D is connected. (See [5, pp. 61-62] for a related discussion.) Thus we may apply
Theorem 1.2 to find a Herglotz wave function u satisfying (1.1). Note that the connectedness
of R" \ E can fail when E has dimension n — 1.

2 Solutions Satisfying the Positivity Condition

In this section we will prove Theorems 1.1 and 1.2. We begin with some preparations.

2.1 Fractional Sobolev Spaces

Foreachs € Rand 1 < p < oo, the fractional Sobolev space H*-?(R") is the Banach space
equipped with the norm
lull rs.p @y := (D) ull e eny,

where (D)* is the the Bessel potential of order s, i.e. the Fourier multiplier corresponding to
(£)* = (1 4+ |&[>)2. In particular when s = k > 1 is an integer, we also have H*?(R") =
Wk-P(R"), where

WhP(R") = {u € LP(R")| D% € L? (R")for all multi-indices o with |o| < k}.
From [1, Corollary 6.2.8], we have the duality statement
(HSP(R")* = H*P (R") foralls e Rand 1 < p < oo, 2.1
where (p’)’1 + p’1 = 1. We also recall the Sobolev embedding ([1, Theorem 6.5.1]):
H*PR") c H"PY(R")

wheneverl<p§p1<oo,—oo<s15s<oo,ands—%=sl—i.

pi
Let D be an open set in R”. We define

H*?(D) :={u|lp |u € H*P(R")} foralls e Rand1 < p < o0.
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This is a Banach space equipped with the quotient norm

vl zs.p(py = inf{|lull gs.r@ny | u|p = v}.

When D is a bounded Lipschitz domain, from [8, Theorem 2.3] we know that there exists a
bounded linear extension operator

E: H*?(D) — H*P(R") with Eu =uin D forallu € H*?(D).
If F C R" is closed, we define
HpP®R") == {u € H*P(R") | supp(u) C F}.
If D is a bounded Lipschitz domain, the following result can be found in [8, Remark 2.7]:

C2°(D) is dense in H%p (R™) foreachs e Rand 1 < p < oo. (2.2)

2.2 Runge-Herglotz Approximation

The next objective is to prove a result stating that solutions in H*-? (D) can be approximated
in D by Herglotz waves. We first give a definition.

Definition 2.1 Let k > 0 and consider the operator Py : C®(S"~!) — C®(R") defined by
Ppw= [ i @d xer
Sn—l

The functions u = P;f with f € C®(S""") are called Herglotz waves, and they are
particular solutions of (A + k*)u = 0 in R”.

Proposition 2.2 Letk > 0, 0 <s = 1,1 < p<oo,andlet D C R" (n > 2) be a bounded
Lipschitz domain such that R" \ D is connected. Given any v € H*"P (D) with (A+k*)v =0
in D, there exist Herglotz waves uj € C*°(R") such that

lu; —vllgsripy — 0 as j— oo.
If v is real-valued, then so are u ;.

The proof of Proposition 2.2 is very similar to [14, Proposition 3.4] that considered
approximation in W17 (D). Here we need to work with fractional Sobolev spaces instead.

Proof In view of the Hahn—Banach theorem, it is enough to prove that any bounded linear
functional £ : H*?(D) — C that vanishes on {P f|p | f € C*®(S"~!)} must also vanish
on{ve H"’(D)| —(A+ k*)v =0in D}. Let £ be such a linear functional, and define a
bounded linear functional €; : H%?(R") — C by £;(u) := £(u|p). By duality (2.1), there
exists a unique u € H —s.p' (R™) such that

L1 (u) = (u, n) forall u € H*P(R™),

where (-, -) is the sesquilinear distributional pairing in R". It is easy to see that 4 = 0 in
R"™ \ D, and the condition £(Py f|p) = 0 forall f € Cc®s" implies that

(Pef, ) =0 forall feC®S" . 2.3)
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We now define the distribution w := @y * u, where

n=2
ik 2 _n=2
Dp(x) = ———1Ix|” 2

Q2m)

Hg (k|x])

is the outgoing fundamental solution of the Helmholtz operator —(A + k) and Hél) is the
Hankel function (see [15, §1.2.3]). Then w is a distributional solution of

—(A+KHw=p in R". (2.4)

Elliptic regularity yields w € Hli;‘v’p / (R™), and since supp(i) C D we also have that w is
C*®inR"\ D.
Given any f € C®(S" ), we write u = Py f € C®°(R"). Using (2.3) and the fact that
1 has compact support, we have
0= (u, ) = lim (u, ), 2.5)
r—0o0

where (-, -)p, is the sesquilinear distributional pairing in the ball B,. We now consider a
cut-off function x € C2°(R") satisfying 0 < x < 1 and x = 1 near D. Using (2.4), we can
write (2.5) as

0= lim [(xu. (A+k)w)p, + (1= x)u. (A+k)w)s,]

= lim [((A+K)O). w)p, + (A + k(1 = x0u), w)s,
+/ (@0 xjw — (I u)w) dSi|
9B,

= lim / (Udjxjw — (O u)w) ds, (2.6)
r—o0 Jop,
where 9|,| = X -V denotes the radial derivative. Here we also used the fact that (A +ku=0
in R".

Using [13, Lemma 1.2 and equation (1.18)], we know that the Herglotz function u = Py f
has the following asymptotics as |x| — oo:

u(x) = ¢, x|~ (eiklx‘f()?) + i”_le_ik‘x|f(—)2)> roux™),  (27a)
O @) = ¢ I~ ik (1 £ () — i =2) ) + 0k, @27b)

n—1 mn=Di

where c;’k =k 2e 3 (271)_% . On the other hand, from [15, equation (2.27)], we know
that w has the asymptotics

w(x) = ¢ x| 7T e*HAwR) + 0(x17"F) as x| — oo, 2.7¢)
rjw(x) = cg,k|x|—?ikeik""ﬂ(k£) L Oo(x[7"F) as |x| — oo, (2.7d)
w(n—=3)i

where CZ = 27 le="3 (2n)’%k% and 1 € C°°(R") is the Fourier transform of the
compactly supported distribution 1.
Combining (2.6) with (2.7a)—(2.7d), we obtain

f@pkx)dx = 0.
Sn—1
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By the fact that f € C*(S"~!) was arbitrary, we conclude (k%) = O for all £ € S" 1.
Consequently, (2.7c¢) becomes

wx) = 0(x|~"F) as |x| — oo.

In other words, the far-field pattern of w is vanishing. By the Rellich uniqueness theorem [4,
71, the unique continuation principle and the connectedness of R" \ D, we conclude that

w=0 in R"\ D.

Since w € Hlﬁzs’p / (R™), we also conclude that w € H%_s’p / (R™).

Now let v € HS?(D) be any solution of (A + kv =0in D, and let § € H*?(R") be
such that v|p = v. We see that

() = 4(B]p) = (B, 1) = @, (A +kHw).

From (2.2), we know that there are w; € C°(D) with w; — w in H2=sp' (R™). Since
(A +k?)T = 0in D, we finally conclude that

() = lim (3, (A +kHw;) = lim (A + k>, w;) =0,
j—00 j—0o0

which is our desired result. O

2.3 Proof of the main result

Theorem 1.1 is an immediate consequence of the following result:

Theorem 2.3 Let D be a bounded Lipschitz domain in R* (n > 2) such that R" \ D is
connected. Suppose that k* > 0 is not a Dirichlet eigenvalue of —A in D. Given any
constant co € R, there exist Herglotz wave functions u; € C*°(R") solving (A + kz)uj =0
in R" such that

lim flu; —collLe@p) = 0.
]—00

Before we prove Theorem 2.3 we need the following result, which is a special case of [8,
Theorems 1.1 & 1.3].

Proposition 2.4 Let D be a bounded Lipschitz domain in R" (n > 2). If 2 < p < 0o and
f e HS=2P (D) where

1 3

—<s<—,

P P

then there exists a unique u € H* P (D) satisfying —Au = f in D andu = 0 on dD.

Proof We first consider the case when n > 3. Let pg be as in [8, Theorem 1.1] (with
Q=D).If p6 < p < 00, the result follows from [8, Theorem 1.1(c)]. On the other hand, if
2<p< p’o,the result follows from [8, Theorem 1.1(a)] since s < 3 < 1+%.The case when

n = 2 can be proved using identical reasoning using [8, Theorem 1.3] and the observation
32,1 O
p—pr 2

Proof of Theorem 2.3 Since k> is not a Dirichlet eigenvalue in D, there exists a unique
solution v € H'2(D) such that

(A+k2)v=0 in D and v=cy on dD.
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Ifv e HP (D) forsome 0 < s < 1and p > n/s, using Proposition 2.2, we know that there
exist Herglotz waves u; € C*°(R") such that

luj —collL=@p) = lluj —vize@p) < lluj —vicp) < Clluj —vliasrmp) = 0,

where we used the Sobolev embedding.
It remains to show that v € H*? (D) for some s, p with s > n/p, and this follows from
a standard bootstrap argument based on Proposition 2.4. We claim that

2 5 n—
ve H' (D) forO§j<T, (2.5)
where
1 _l o2
Dj T2 Jn—2'

The case j = 0 follows since v € H"2(D). We argue by induction and assume that this
holds for j. Define w := v — ¢ and note that w solves

2
—Aw=kveH"" (D), wlap =0.

2 5. 2
We next use the Sobolev embedding H i P (D) C Hﬁ_z’q(D) where % > % — 2 and

2 n 2 n
—_——_—— = =2 — —,

pj  pPj 4 q

2 95
Itfollows thatg = p; and thenindeed p% > %—2. Inparticular —Aw € H "it! 'p”l(D)

2 .
with w|yp = 0, and we may use Proposition 2.4 to conclude that w € H7+""/*' (D). This
completes the induction step and proves (2.5).

n—

2 5.
We have proved that v € H"J e (D) where j is the largest integer < 42. Using the

2 4.
above notation, we have Aw € H?J b (D) and w|yp = 0. By Sobolev embedding we have
Aw € H*~%P(D) whenever p > pj and

2 n n

——— =s5—-2—-—.

pj Pj
The last condition implies that

n 2—n 2—n .
s——=2+4+ =24+ —+2j>0
pj 2

since j > % —1L.Ifj > ”4;2 — 1, using Proposition 2.4 once again we obtain that w and
hence v is in H*? for some s > n/p. On the other hand, if j = % — 1 we iterate the
argument once more to get v € H*'? for some s > n/p. This concludes the proof. O

The next simple example shows that the condition that k2 is not an eigenvalue is necessary
at least for balls.

Example 2.5 Let v(x) := |x|2%’]%(|x|). We see that v € C*°(R") and (A + 1)v = 0 in
R”. Suppose that i is a real-valued function satisfying (A + 1)u; = 0 in R". Since

v(x) =0 when |x| = jn;Z forany m > 1,

,m
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where j 2 denotes the mth positive zero of J 12, We have

9
/ ul—vdS:/ (1 Av — vAup) dx = 0.
Kl=in2,, O xl<jnea

7 "

Since
m OV .
(=1D)"—(x) >0 when |x| = ji2
or 7

m?
it follows that #| must change sign on |x| = j% "
Similarly, if R > 0 and if ug solves (A + k,%)uo = 0 in R" where k,, = R’lj%,

define u via the rescaling

m’

wo(x) = u; (R_lj%’mx) for x € R”.

We see that (A 4+ 1)u; = 0 in R”. The above discussion shows that 1o must change sign on
JdBg.

The following strong maximum principle can be found in [9, Appendix A]. However, for
readers’ convenience, here we exhibit the statement as well as its proof.

Lemma 2.6 (Strong maximum principle) Let D be a bounded Lipschitz domain in R" (n >
2), and let k* < A1 (D), where 21 (D) > 0 denotes the smallest HO1 (D)-eigenvalue of —A. If
the solution u € H'(D) satisfies

(A+kHu=0inD, u>0 ondD,

then for each open component G of D we have either u = 0 in G or u > 0 in G (note that
u € C*(G) by elliptic regularity).

Proof 1t is easy to see that for each component G of D we have k% < 21(G) and
(A+kHu=0inG, u>0ondG.

Testing the equation above by u_ € HOl (G) and using Poincaré inequality, we have

2 1 2 k2 2
lu_|“dx < [Vu_|*dx = lu—_|“dx.
G MG Jg rM(G) Jg

. k2 —0; .
Since e < 1, then u_ = 0 in G, that is,

u>0inG. (2.6)

Letxo € G suchthatu(xg) = 0. The mean value theorem for Helmholtz equation (see e.g. [9,
Appendix A]) gives that

f u(x)dx =0 2.7
B (x0)

for all sufficiently small & > 0 so that B;(x9) C G. Since u is continuous in G, combining
(2.6) and (2.7) we know that u = 0 in B¢ (xp), and this shows that {x € G | u(x) = 0} is
both open and closed in G. Since G is connected, then we have either

(xeGlux)=0}=G or {xeG|ulkx)=0}=49,

which concludes our lemma. O
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Finally, we give the proof of Theorem 1.2.

Proof of Theorem 1.2 Since |D| < |B,| where r = j% lk‘l, the Faber—Krahn inequality
(see e.g. [3, Theorem III1.3.1]) implies that each connected component G of D satisfies

2 (G) > A1(B,) = k>

Case 1. If 1;(G) = k2, we choose v to be an eigenfunction corresponding to the first
eigenvalue with v > 0in G, i.e. v solves (A 4+ k?)v = 0 in G with v € H}(G), see e.g. [6,
Theorem 2(ii) in Section 6.5.1].

Case 2. If 11(G) > k2, then there exists a unique solution v € H 1(G) such that

(A+k>Hv=0inG, v=10ndG.

Using the strong maximum principle in Lemma 2.6, we know that v > 0 in G.

Next we choose a bounded Lipschitz domain D; that satisfies E C Dy, D1 C D, and
R"\ D is connected. The function v|p, isin H'“P(Dy) for any p > n and satisfies v|51 > 0.
The approximation resultin Proposition 2.2 yields a sequence of Herglotz waves u ; satisfying

lujlp, —vlilgirp,y) —> 0 as j— oo.
If j is sufficiently large, the Sobolev embedding ensures that u ;| > 0. o
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