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Abstract

We prove an estimate on the Hausdorff dimension of the set of two-sided boundary points of
general Sobolev extension domains on Euclidean spaces. We also present examples showing
lower bounds on possible dimension estimates of this type.
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1 Introduction

We continue the investigation of the geometric properties of Sobolev extension domains.
In this paper, the space of Sobolev functions we use on a domain 2 C R” is the homoge-
neous Sobolev space L7 (2), which is the space of locally integrable functions whose weak
derivatives belong to L (£2). We endow this space with the homogeneous seminorm

1/p
Il =1Vl = (/Q |Vf(x)|”dx> :

The reason for working with the homogeneous Sobolev space is simply to make our dimension
estimates scaling invariant. We will comment on the non-homogeneous spaces after stating
our main result.

We say that E: LLP(Q) — LLP(R") is an extension operator if Eu(x) = u(x) for all
u e LYP() and x € €, and if there exists a constant C > 1 so that for every u € LYP(Q)
we have ||Eul|p1.pgny < Cllullp1.p(q)- We name the infimum over such possible constants
C by ||E]|, and call it the norm of the extension operator. We say that a domain Q C R”
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is an L!-P-extension domain if such an operator exists. The same definition applies for the
non-homogeneous spaces W7 ().

Throughout this manuscript each time we refer to a Sobolev extension domain we mean
it with respect to the homogeneous norm, unless otherwise stated.

Already from the work of Calder6n and Stein [16] we know that Lipschitz domains are
W1-P_extension domains. However, much more complicated domains admit an extension
operator. For instance, the Koch snowflake domains are extension domains and in some
sense serve as sharp examples of extension domains in terms of the Hausdorff dimension of
the boundary, see [13]. In [13], the question of the possible size of the boundary for simply
connected planar Sobolev extension domains was studied. In particular, for these domains
there is an upper bound on the Hausdorff dimension of the boundary in terms of the norm
of the extension operator (although in [13] the bound was expressed in terms of a constant
in a characterizing curve-condition property provided in [9]). Note that for the boundary of
a general extension domain we cannot have a dimension estimate: take Q = [0, 1]* \ C"
with C C R a Cantor set of dimy;(C) = 1 but Lebesgue measure zero. Then €2 is a Sobolev
LP-extension domain, but dimy (3S2) = n.

With a bound on the dimension of the boundary, one might wonder what other geometric
limitations does the existence of an extension operator imply. Let us approach this with a
basic example of a domain that is not an L' P-extension domain for any p, the slit disc:
Q: =D\ [0, 1] x {0} C R2. A continuous Sobolev function in L7 () which is one above
[1/2, 1] x {0} and zero below it serves as an example of a function that cannot be extended
to a global Sobolev function since no extension would be absolutely continuous on almost
every vertical line segment. Notice however, that the slit disc is an example of a BV -extension
domain because its complement is quasiconvex (see [8]).

The slit disc example can be modified to a more delicate one by replacing the removed
line segment [0, 1] x {0} by a larger set where the two-sided points are at a Cantor set on
the previously removed line segment, see Figure 1 in Section 4. This will give a domain
where the extendability of Sobolev functions depends on the exponent p. Such constructions
will also play a role in this paper, see Section 4.2 (also for the precise definitions of these
domains). By removing small neighbourhoods of the two-sided points from the domain, one
can actually make the example into a Jordan domain and still retain the property of being a
Sobolev extension domain for some p’s, but not for other, see [11] for a similar construction
(and also the earlier works [14, 15]).

The slit disc and its variations have boundary points that can be approached from two
different sides in the domain. In this paper we study the question of how large this set of two-
sided points can be for a Sobolev extension domain. This question was already investigated
in [17] by the third named author in the case of planar simply connected domains. Before
continuing, let us give the definition of two-sidedness that we will use in this paper. In the
case of simply connected planar domains, the definition can also be reformulated in various
ways using conformal mappings, see [17].

Definition 1.1 (Two-sided points of the boundary of a domain) Let 2 C R” be a domain.
A point x € Q2 is called rwo-sided, if there exists R > 0 such that for all » € (0, R) there
exist disjoint connected components 2! and Qf of QN B(x, r) that are nested: Q! C Q! for
O<s<r<Randi € {l,2}.

We denote the set of two-sided points of €2 by 7q, or simply by 7, if there is no possibility
for confusion. Notice that the set 7 need not be closed.
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Two-Sided Boundary Points of Sobolev...

For p > n, we know that L!-? extension domains are quasiconvex (see [7, Theorem 3.1]).
Therefore, for an L-”-extension domain with p > n, we have 7 = (). The interesting case
is thus 1 < p < n. For this range we prove the following estimate on the size of 7:

Theorem 1.2 Letn > 2 and p € [1, n) and let Q2 C R" be a Sobolev L1-P_extension domain.
Then

(1) If p =1, then H"~!(Tg) = 0.
(2) If p > 1 there exists a constant C (n, p) > 0 so that

Cn, p)

i To) Sn—p— 0,
imy(Te) <n =P = g (1ED

where || E|| is the operator norm of the homogeneous Sobolev extension operator.

Here we use the convention that Tg = () whenever the bound on the right-hand side of the
estimate is strictly less than 0.1

Let us now comment on the non-homogeneous Sobolev spaces. For bounded domains €2
it is known that Sobolev L!-P-extension domains are the same as Sobolev W !-P-extension
domains (see [7]), so even though our main result is stated for homogeneous Sobolev exten-
sion domains, it can be applied to W!-7-extension domains in the case that € is bounded.
Let us note that there exist unbounded Sobolev W !-7-extension domains which are not L'-7-
extension domains (see [7, Example 6.7]). However, one might expect that our result still
applies for this unbounded case because having a dimension bound relies on local properties.
Indeed, our method of proof will show that we can handle also with unbounded wlr.
extension domains because the measure density condition (see Proposition 2.2) is still true
forevery r € (0, 1) and the proof of Theorem 1.2 studies locally the set of two-sided points to
estimate its dimension. We prefer to state our main theorem only for L P -extension domains
because of their homogeneous norm. If we stated it for WP _extension domains, then a
scaling of the domain €2 would perturb the norm of the operator E, and hence our estimate
in the dimension of the two-sided points. Obviously, a scaling of a set will never change its
dimension.

We will also give a size estimate on the two sided-points of BV -extension domains.

Theorem 1.3 Letn > 2 and let @ C R" be a BV -extension domain. Then Tq has o -finite
(n — 1)-dimensional Hausdorff measure.

Observe that taking €2 to be a slit disc shows the sharpness of this result.

We will present the proof of Theorem 1.2 in Section 2 and the proof of Theorem 1.3
in Section 3. After that, in Section 4, we show that Theorem 1.2 (1) is sharp: there exist
even a planar simply connected L"!-extension domain with dim(7) = 1. We also give
a class of domains €2, for each n > 2 with the sets of two-sided points 7, = C, being
Cantor sets, so that for every p € (1, n) there exists a constant C(n, p) for which, with the
explicit extension operators Ej : L17(£2,) — L7 (R") we construct, we have || Ey| — oo
as dimy/(C,) — n — p and the estimate

. C(n,

dimy(C) = n— p— S0P (1.1)
I Ex]

is satisfied.

! To make this formally correct we adopt the notational convention dim7 (%) = —oo.
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This set of examples together with Theorem 1.2 shows that the possible optimal asymptotic
behaviour for the dimension bound of the two-sided points in terms of the norm of the
extension operator is betweenn — p — C/||E|| andn — p — C /(|| E||" log(|| E||)). We note
that in [17] the exponents for the dimension bound and examples agreed, thus providing a
possibly sharper estimate. However, as the study in [17] was done in terms of a constant in a
characterizing curve condition, and since the dependence between this constant and the norm
of the extension operator has not been clarified, the estimate in [17] does not yet translate
to a sharp dimension estimate in terms of the norm of the extension operator in the planar
simply connected case.

2 Dimension Estimate for the Set of Two-Sided Points

In this section we will prove Theorem 1.2. Before doing so, we go through some notation
and lemmata.

We often denote by C(-) a computable constant depending only on the parameters listed
in the parenthesis. The constant may differ between appearances, even within a chain of
(in)equalities. By a < b we mean that @ < Cb for some constant C > 1, that could depend
on the dimension n. Similarly for a 2 b. Then a ~ b means that botha < banda 2 b
hold. We denote by m,, the n-dimensional Lebesgue measure on R”. We will also denote by
Q(x, s) the cube of center x and side length s > 0 and for a given cube Q = Q(x, s) and
some positive K > 0 we write KQ = Q(x, Ks). We denote the side length of a cube by
Q).

We will use the following basic lemma, similar to [17, Lemma 3.2].

Lemma21 Let F CR", 0 <A < 1,s >0andig € N. For everyi > ig let {x,i}keli be a
maximal \'-separated net in F. Assume that for each i > iy and k € I there exists j > i
such that

Nj <A U=Ds,

where N; = #({l € I; : B(x{, M) N B(xp, M) # 0}). Then dimp(F) <'s.

A measure density condition for Sobolev extension domains was proven in [4]. We will
need to make the dependence of the parameters more explicit, so we modify slightly the
proofs of [4, Lemma 11] and [4, Theorem 1] to obtain the following version of their measure
density condition.

Proposition 2.2 [Measure density condition] Let 1| < p < 0o and let 2 C R" be a Sobolev
LY“P-extension domain with an extension operator E.

— 1/n
(1) If 1 < p <nthenforallx € Qandr € (O, min {1, (#5(%)1))) }), denoting by

Q' a connected component of @ N B(x, r) with x € ', we have
m,(Q) = C(n, p)|E||"r".

(2) If p > n — 1 then for all x € Q and r € (0, diam (RQ)), denoting by Q' a connected
component of Q N B(x, r) with x € Q/, we have

m,(Q) > C(n, p)|E|I"Pr".
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Two-Sided Boundary Points of Sobolev...

Proof The case (2) follows by Theorem 2.2 and the proof of Theorem 4.1 from Koskela’s
dissertation [7], where he uses the concept of variational p-capacity. Notice that in the proof
of Theorem 4.1 the support of the test function u is contained in .

We look now at the case 1 < p < n.

Let us denote 9 = r. By induction, we define for every i € N the radius r; € (0, r;_1) by
the equality

m,(Q' N B(x,r;)) = %mn(Q’ NB(x,ri—1) =27'm,(Q)).

Since x € Q/, we have that r; N Oasi — oo.
For each i € N, consider the function f;: 2 — R

1, fory € B(x,r;) N/,
fiy) = {SEE2L fory € (B, i) \ B, i) N €Y,
0, otherwise.

For the homogeneous Sobolev-norm of f; we can estimate

1Y =/Q|Vfi|" < Iri = rict| P my((Bx, rio) \ B(x, 1) N Q)

= |ri — rim117P27 m, (2).

(2.1)

Call p* = 2 i For any Ef; € L'“P(R"), by the Sobolev-Poincaré-inequality (we will

-
also prove a variant of this later, see (2.3)), we know the existence of a constant ¢; € R (that

can be assumed to be between 0 and 1) so that
IEfi — cill Ly @ny < COr, PIIESill1pwry-
Hence we have the following chain of inequalities
i = cill oy < IESi = cill o qny < CO PIESill tony < Cr, pIEN il 1o -
Recall that by our choice of r = rp we always have

m,, (€2)
2

my (Q2\ B(x, ri—1)) = m, (2 \ B(x, rp)) = m,(2) —m,(B(x,rp)) =

and
m, (£2)

m, (B(x, ) N Q') <

for every i > 1. Then

v

/Ifi(y)—cl-l”*dy max{/ |ci|"*dy,/ |1—cl-|”*dy}
Q {y: fi(y»)=0} {y: fily=1}

max {le; 17 ma 2\ Bex, ri—0), 1=l my (Bx, ) 2]

%

v

m, (B(x, i) N ) - max {lei]”", 1= 1"}

m, (B(x,r;) NQ)- 277,

%
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so we write, using (2.1),

277 my (@) = 27 my (B i) N Q) < i =il e ) < CO pIENT 111y g

. P*/p
=C(n, pIEI® </Q|Vfi(y)|pdy)

< Con pIEN (Ir = a2 @)
< Cn, pIEN 277 Pmy ()P lri—y —ri 7.
Consequently,
rici —ri < Cn, p|E27/P =1/ Pm, (@)!/p=1r
= C(n, p)IEN27" m,(@)'".
By summing up all these quantities we conclude that

- o i Cn, p)lE|
r=ro= g(n_l —r;) <Cn, p)IE| ;2—’%”(9’)1/" = g (@)

This gives the claimed inequality.

Observe that the measure density condition only holds for 1 < p < oo. For Who°-
extension domains this is not true. Take for instance C C [0, 1] a fat Cantor set withm (C) >
0. Then almost every point of C is of density 1 on C, so [0, 1]\ C, whose closure is the whole
interval [0, 1], cannot satisfy any measure density condition. Then take = R" \ C” which
will be quasiconvex by [5, Theorem A], and consequently a W !*-extension domain by [4,
Theorem 7], but does not satisfy any measure density condition either.

In the proof of Theorem 1.2 we will use the following consequence of a Sobolev-Poincaré
type inequality (2.3). The proof of the lemma follows the proof for the classical Sobolev-
Poincaré inequality that can be found in many text books. However, for our application of
the lemma we need to include a set F that is removed when integrating the gradient of the
Sobolev function. This fact forces us to be more cautious. For the convenience of the reader,
we provide here the proof with the needed modifications.

Lemma23 Let1 < p <n, Q CR" beacube, § € (0,1) and F C Q such that for any
i e{l,...,n}wehave

m,_1(P;(F)) < T m,_1(P;(Q))
with P; the projection P;: (x1,...,Xxy) > (X1, ..., Xi—1, Xi+1, - .-, Xn). Then for any f €
WP (Q) sothat0 < f < 1 and
. 1 1 Q)"
min (mn({y € EQ S =0, m({y e EQ fO) = 1})> >4 TR
we have
/ V£ 5)IP dy = Cln, )" £(Q)" 7. 2.2)
O\F

Remark. Observe that for the conclusion of Lemma 2.3 it is not enough to only require
m, (F) to be small. Consider for instance the cube minus a very thin central band which
separates the cube in two connected components.
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Two-Sided Boundary Points of Sobolev...

Proof We will show that the following version of Sobolev-Poincaré inequality holds for our
function f:

n—p

pn n I/p
</ [f () — fal™=P dy) "< C(n, p) (/ IVf(y)I”dy> , (2.3)
A O\F

where A = {x S %Q 1 Pi(x) ¢ P;(F) for everyi} and

1
dy.
mn(A)fAf(y) y

fa=

Let us first observe that this implies

n—p

/ IVFOIPdy 2 (/ 1F ) = fal®T dy) '
O\F A

Zmax (my((y € A1 FOI=1)"T 1= fal”. mu((y € A: f0)=0D"T | al”)
> 6" 0(Q)" P max (|1 — fal”. 1fal?)
U

>80
thus giving the inequality (2.2). Above we used the simple observation that

mn(%Q \A) < %mn@. (2.4)

To prove (2.3) we start by presenting the Sobolev embedding in the form

n—p

pn o 1/p
< / Ok dy) <Cn, p. K) ( / |Vg<y)|1’dy) , 2.5)
A O\F

forall g € Wol’p(Q) with |g| < 1andm,({x € A" : |g(x)| > 1/2}) > K&§£(Q)" for some
positive constant K > 0, and where A’ = {x € Q : P;(x) ¢ P;(F) for every i}. Following
the proof of [2, Theorem 4.8] what we first get is

, el . L= 1/p
(/ NG dy) <Cn. p) (/ N dy) (/ IVe()|? dy) .
A O\F O\F

Note that by the properties of g and by definition of A’

_pn_ , nd "
lgM]"=Pdy <m,(Q\A) < 5 —£(Q)
Q\A/ n-2
and
o
_pn_ 1\n»r "

/ g7 dy > 3 K8L(Q)".

A/
Therefore,

o o o o
[ son®may < [ e ay= [ ey [ 1gmiay
O\F Q A’ O\A’
(2.6)
ﬂ
=d +C(”7P7K))/ lg(1™=7 dy.
A/

and finally we can get (2.5).
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Secondly, we apply the inequality (2.5) to the function g(y) = (f(y) — fa)¢(y), where
1

¢ € C3°(R") is supported in Q, is equal to 1 on %Q and |V¢| < @ We get
pn %{J pn ”P_np
(fA ) = fal7 dy) < (/A () = FdWIT dy)
1/p
<C(n, p) (f IVfnI? dy) 2.7
O\F
Cn, p) (/ » >””
+ — d .
°0) o [f(y) = falP dy

To handle the last term above, we first prove that

1/p 1/p
(/ [f(y) — fAI”dy> <C(n,p) (/ [f(y) — fA|de)
O\F A’
1/p
< C(n, p) <(/A lf(y) — fA/Ipdy>
1/p
([ 1w g ay) )

1/p
< C(n.p) (/A 1fO) = fAr|"dy) :

In the first inequality we are using a similar trick like in (2.6) (that0 < f < l and that f =1
and f = 0 in large enough sets). In the last inequality we use Holder inequality and the fact
that by (2.4) we have

m,(Q) m,(Q) __,_ e
g 22 'm,(Q) > 27" 'm,(4).
Finally, by modifying the standard proof for the Poincaré inequality (see [2, Section 4.5.2])
by first writing

1 1
m,,(4) = m, (2 Q) —m, (7 O\A) =

fG) = FI <D 1f @) = fGinl,

i=1

with z; = (¥1, ..., Yi, Xi+1, . - - Xp) so that z; and z;_; differ only in one coordinate, we are
able to consider absolute continuity only along lines going in the coordinate directions. Thus,
we obtain

[ 1ro = faray=capuor [ wrmiray.
A O\F
Combining the above with (2.7) concludes the proof.

We are now ready to prove Theorem 1.2.

Proof (Proof of Theorem 1.2) Let us first make some initial reductions. By the definition of
two-sided points we can write 7o = | J; oy 7i, where

7; = {x € 3Q :for every r < 27/ there exist two different connected components Q}, Qf

of @ N B(x, r) that are nested, thatis @ ¢ @/ for0 <s <r, j=1,2}.
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Observe that if x € 7; and Q!, Q2 are the associated nested connected components of
QN B(x,r) foreach r € (0,277), then x € QI N Q2 forall r € (0,27).

It is clear that it is enough to estimate dimy¢(7;) for a fixed i € N. We now cover 7; by
countably many balls B(zx, 27/ /6), where z; € 7T;. Then, for every k € N we introduce the
family of pairwise disjoint connected components of B (zx, 27 /2) N €2, which we denote by
{01]‘}161. Let us check now that

TN B 27'/6) < J90f N9OL. 2.8)
1£1
Take x € 7; N B(z, 27¢ /6). Since x € 7; there exist two different connected components
of QN B(x,27"), which we call Uy, Uy, so that x € dU N dU,. Therefore, using that
B(zx,27'/2)NQ Cc B(x,27)NK,

the sets Uy N B(zx, 277 /2) and U N B(zx, 27 /2) will have connected components, which
we call OIk, O;‘, so that x € 80[]‘ N 30;‘. We have then proved (2.8). Observe that we can
write
To =T nB@.277/6) N (00 N 90%).
ik 1T

Therefore, it is enough to justN estimate tEe Hausdorff dimension of 7; N B(zk, 2t /6) N
(0 OIk N 801‘) for fixed i, k, [, ] with [ # [. Each set of this type, that we call from now on
G, has the following properties: there is some xo € d€2 and some radius » € (0, 1) so that

G C 02N B(xg, r),
and there exist connected components 21, 2> C 2 N B(xp, 3r) for which
G C 9921 N92.
We will now proceed to estimate the Hausdorff dimension of such a set G.

(1) Let us first prove that H"~?(G) = O forall 1 < p < n. In particular, this will handle the
case p = 1 in the claim (1) of the theorem. We will use the well-known fact that for any
given h € LIIOC(R") and 0 < s < n we have

1
H [ 1x e R : limsup —/ Ih(y)|dy > 0} | =o. 2.9)
a0 € JB(xe)

See for instance [2, Theorem 2.10] for a proof of this assertion.
We start by defining a function u € L7 (),

u(x) = max (0, min (1,3 — r~ " dist (x, x0)) xg, (¥)) ,

where xq, denotes the indicator function of the set £21. Notice that u is locally Lipschitz
in 2 by the fact that 21 is a connected component of 2 N B(x¢, 3r). By Proposition 2.2,
for every x € G and every 0 < ¢ < r sufficiently small

min (m, (@1 N B(x, /2v/n)), m, (2 N B(x, £/24/n))) = C(n, p)IE["&".

Now, we apply Lemma 2.3 with the removed set F = § and the cube Q(x, 2¢//n)
centered at x and with side length 2¢/./n. Notice that Q(x, 2¢/+/n) contains the ball
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B(x, &/+/n) and is contained in the ball B(x, ¢), and so the Lemma 2.3 gives
f [VEu(y)|’dy > / IVEu(W)|P dy = C(n, p)|E||P7"e"P.
B(x.¢) 0(x.2¢//n)
Therefore,

lim sup ——
o0 € p

/ IVEu()IPdy = C(n, p)IEI’™" >0
B(x,e)

for every x € G, and using (2.9) we conclude H"~?(G) = 0.

We are done with the case p = 1 of Theorem 1.2. For the case p > 1 we will be able
to be more precise in the estimation of the Hausdorff dimension in terms of the norm
of the extension operator E: L7 () — LP(R™). For this we will follow a different
approach.

(2) Letus now focus on the case p > 1. First of all, call C(n, p) and C»(n, p) the constants
given by Proposition 2.2 and Lemma 2.3 respectively. Now we choose 0 < A < 1 so
that,

! Ci(n, '3 Co(n, p) o
1 —p-1 = 22n+13nn(2n+l—p)/2mn(B(0’ 1) IE] !

Then we choose ig € N so that 0 < A’© < r is small enough and such that Proposition
2.2 is satisfied.
We can do this because the term on the left hand side tends to zero as A — 0.

For every i € N, let {x,’; }ker; be a maximal Al -separated net of points in G. For every
i € Nand k € I; define

B = (B Ay By A 0 B(xf, A # ),

N;’k = #B;.’k for j > 0, and

oo
Ap =BG a0\ (U | By A,
j=ll€],'+j
Now define u; ; = u € L'"P() by
u(x) = max (o, min (1, 3 — 2~ dist (x, x,i)) xa, (x)) .

Without loss of generality we can assume that the extension operator applied to any function
0 < u <1 also satisfies 0 < Eu < 1. We then have

lll} 1) < / V)P dx < 3"mu(B(O, D)A P (2.10)
B(x},31)

By Proposition 2.2 and because A" < r, we have for i > io

min (m, (€21 0BG A 20m), ma (@2 0BG, 0H 20m)

n(i+j)

2 Ciln PIENT"

for every B(xli+j Aty e B;ﬁk. (Inthe casen — 1 < p < n Proposition 2.2 will give a better
estimate with || E||~? in the above estimate. We shall comment about this case in a remark
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at the end of the proof.) Applying Lemma 2.3 where again the removed set ' = ¢, for the
corresponding cube Q()c;ﬂ , 20117 1 /n) centered at x; */ and side length 2A'*/ /.\/n (thus
containing the ball B(x;ﬂ ) /+/1) and contained in the ball B(x; + , AtY), we have

v

[ VB
0t 2041 1 /)

_ G p)Cin, p)n=pin
= L—p)/2

[ VB
By ) (2.11)

”E”p—n)\(n—p)(i+j).

Thus, since ZBEBi_,k xp(x) < 3" forall x € B(x,ifj, Aty and by using (2.11) and
(2.10), we get the estir]nate

Cz("» P)Cl(”’ P)(n_p)/n ik p—ny m—p)(i+j) P
Yy NEEIENP" < Z | IVERG)I? dy

Bij’

53"/ IVEu(y)|? dy

Rn
n 14 P
< 3"NENP Nl p
< (m,(B(0, 1)3*) || E||P A1 =P,

This implies the bound

ik _ ma(BO, 1))321p(n=p)/2
1= Cy(n, p)Ci(n, p)=p)/n

forevery i, j € Nwithi > igand k € I;.
Let us next estimate the "~ !-measure of the (n — 1)-projections of the sets

oo
Fe=U U »

J=1 et

|E|"a~i0=P) (2.12)

foralli > ip and k € I;. By applying the estimate (2.12) and by the choice of X, for every
i>igandm=1,...,n,

o0
H' N (Pu(Fri)) < Y NPF @Aty
Jj=1

— oo
P (mn(B(o, 1)3n" ">/2> LEIAT 0D 3 20D

Can, p)Ci(n, =P/ et

ot (MaBO TR e
- Catn, p)Cr(n, py i ) VN 55

_ Gl pIEIT™ (220"
- 2n - 4" Jn '
Note that in Proposition 2.2 one can always assume Cy(n, p)[|E||™" < 1.

Suppose now that s < dimy(G). By Lemma 2.1 there exist mo > ip and ko € I, such
that "0 > 37 forall j > 0.
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For those fixed values mg, ko and using the above estimate on the H"~!-measure of
Py (Fi ), for the case i = mo + j, £ € I;, j > 0, we can apply Lemma 2.3 to the function
Umg.ky = U, that was defined before. That is,

/ IVEu()|P dy > IVEu(y)|” dy

Aot /A;"OJ“" NO("O™ 2amoti f )

[ IV Eu(y|” dy
Q)"0 200 | \fu)\ Fongy 1.

> C(n, p)|E||P" 7P motd)

where A;"OJF" C B(xlmoﬂ, Amotiy e B';’O’ko. Now, by (2.10), and by summing over all the
scales j > 0, we get

LLP(Q) =

(o.¢]
33 ) [ oy IVEUGDII" @y

T=0 ety BOO amotiyepoto) =T

CIE[PA™"=P) = Cm)| E||”||u])} > C(n)/ IVEu(y)|” dy
RH

oo
N — _ i
= Y NPRC@, p)E|PTA P00t

j=0
(o.¢]
> Z)ﬁjsc(n’ p)”E”P*")L("*P)(mOJrj)
j=0
mo(n—p)
= C(n, P)||E||p_"w-

—2n
This implies (observe that by the choice of A we have A > C(n, p)||E|| 7 T)

yen_p loe(=CopIE™) _  Coup)
- log(2) = IEI" Tog(1ED’

Since s < dims(G) was chosen arbitrarily, this concludes the proof of (2).

Remark 2.4 Let us make a remark on the case n — 1 < p < n. In this case, by applying
Proposition 2.2 (2) we could slightly improve the estimates in the previous theorem. We
would have that for the function u defined above,

_(n=p o
f~+v IVEu(y)|”dy = C(n, p)||IE|| p( n ))L("—P)(l+]),
A

and therefore

_ n-py_
log (1—C(n,p)||E|| r(*5) ")
< f— — < — —
=T Tog(%) =noh

Cn, p)
! .
IEI>P~ " log(IEl)
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3 Two-Sided Points of BV-Extension Domains

For a given domain 2 C R” the space of functions of bounded variation in €2 is
BV(Q) = {ueL'(Q) : [Dul(Q) < oo},

where
1Dul|(2) = sup{/ udiv(v)dx : v e CF(;RY), Jv| < 1}
Q

denotes the total variation of u on . We endow this space with the norm |[ullpyv (@) =
lullpiq) + |1 Dul|(€2). We say that €2 is a BV -extension domain if there exists a constant
C > 0 and a (not necessarily linear) extension operator 7: BV (2) — BV (R") so that
Tu|g = u and

ITullpy®ny < Cllullpv(e)

for all u € BV (€2) and where C > 0 is an absolute constant, independent of u.

Let us point out that 2 being a W!+!-extension domain always implies that it is also a
BV -extension domain (see [8, Lemma 2.4]).

A Lebesgue measurable subset E C R” has finite perimeter in Q if xg € BV (£2), where
xE denotes the indicator function of the set E. We set P(E, ) = || D xg||(£2) and call it the
perimeter of E in Q2. Moreover, the measure theoretic boundary of a set E C R” is defined
as

ENB R"\E)NB
ME=1xeR": limsupw > 0 and lim sup (RT\E) N BCx, r)l
o B(x, 1)l N0 |B(x, 7))l

>0¢,

and for a set of finite perimeter in 2 one always has P(E, Q) = H'LOME N Q). Finally,
let us recall the useful coarea formula for BV functions. Namely, for a given a function
u € BV (), the superlevel sets u; = {x € Q2 : u(x) > t} have finite perimeter in 2 for
almost every ¢ € R and
o0
| Dul|(2) = / P(u;, Q)dt. (3.1)

—00

Proof (Proof of Theorem 1.3) We want to prove that 7q has o-finite (n — 1)-dimensional
Hausdorff measure. Similarly to the beginning part of the proof of Theorem 1.2 and reasoning
by contradiction assume that there exists a set G C 92N B(xo, ro), withrg € (0, 1), x9 € G,
and two connected components 21, 27 C B(xg, 3r9) N 2 for which G C 921 N 32, such
that H'~1(G) = oo.

Consider the set E = B(xg, ro) N 21 for which we have yg € BV (R2). Take any measur-
able function v in R” so that v|g = xg. Note that Et N Q2 = E forevery t € (0, 1) for the
superlevel sets E, = {x € R" : v(x) > r}. By using the measure density condition proved
in [3, Proposition 2.3] applied to both connected components €2 and 2,, we get that there
exists ¢ > 0 so that

m,(Q; N B(x,r)) >cr’

fori =1,2andall x € G, r € (0, ro). In particular, for every x € G we have

. m, (B(x,r)NE) _ . m, (B(x,r) N Q)
limsup ——— > limsup — X > 0
~o  mu(B(x,r) ~o My (B(x,r)
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and

o m,(BO, ) NRUNE)) L my(B(x,r) N )
lim sup > limsup —— X > 0.
N0 m, (B(x,r)) 0 m, (B(x,r))

This means that G C BME. Hence, 'H"_I(BME,) > H'"1(G) = 0, so E, does not have
finite perimeter in R” for any 7 € (0, 1). Hence, by the coarea formula (3.1), v ¢ BV (R").

4 Examples
4.1 Sharpness of the Estimate forp = 1

The following example shows the sharpness of Theorem 1.2 (1). In this case, where p = 1,
we do not need to care about the norm of the extension operator and consequently, we can
rely on previous non-quantitative characterizations of W!-!-extension domains.

Example 4.1 Let us define
Q= (=1L D*\{(x,y) : |yl < dist(x,C),0 < x < 1}

with C C [0, 1] a Cantor set with dim#(C) = 1 and HY(C) = 0. See Fig. 1 for an illustration
of the domain 2.
We claim that €2, is a W!!-extension domain and that

dimy (T) = 1.

Fig. 1 The domain showing the sharpness of Theorem 1.2 (1). The set 7 here is the fat Cantor set without its
left-most point
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It is easy to see that dim¢(7) = 1, since 7 = (C x {0}) \ {(0, 0)}. In order to see that 25 is
a W1 extension domain, one can use the following characterization from [10] for bounded
planar simply connected domains: €2 is a W1!-extension domain if and only if

there exists a constant K so that for every x, y € Q€ there exists a curve

. .1
y C Qwithx,y €y, €(y) < K|x —y|, and H'(y N9) = 0.

Now, the domain €2, clearly satisfies (4.1) and is thus a W -extension domain.

Let us remark that Example 4.1 can also be generalized to higher dimensions n > 2 by
defining 2 C R" as a product 2, x (—1, 1)"~2. 1t is then clear that

dimy(7) =n— 1.

The fact that Q is a W'+ -extension domain does not seem to immediately follow from known
explicit results. One way to see that  is a W1 !-extension domain is the following. Observe
that the proof in [12] of the fact that a product of W!-P-extension domains, with p > 1, is
again a W!-P-extension domain relies on the explicit form of the extension operators (which
in that case can always be assumed to be a Whitney extension operators). In the case p = 1
it is unknown if the extension can always be done with a Whitney-type extension. However,
the extension operator constructed in [10] for simply connected planar domains, and in
particular for 25 is of Whitney-type. Thus, the argument in [12] goes through for our product
domain €.

4.2 A Bound for the Estimatesfor1 < p <n

The case 1 < p < n requires more work than the case p = 1, since the estimate in Theorem
1.2 depends on the norm of the extension operator. The assignment of reflected cubes in the
construction of the extension operator, and the estimate of the norm of the extension operator
follow roughly the proof of the sufficiency of the characterizing curve condition of planar
simply connected W!:”-extension domains [9].

Let us describe the family of domains €2, we consider, where A € (0, 1/2) refers to the
contraction ratio of the Cantor set C;, C R"~!. The Cantor sets C; we use are the standard
ones obtained as C; = ]_[:’:_11 K, with K, being the Cantor set on the unit interval given as
the attractor of the iterated function system { f1(x) = Ax, fo(x) = Ax + 1 — A}.

We define first a set

D=(0,1""2x ((—2, 1) x (=3/2,3/2)\ [—1,0] x [—1, 1])
and then the actual domain by carving out part of D:
Q. =D\ N,,

where
Ny = {1, x) € 00,117 ¢ [xp] < dist ((x1, ..., x0-1), o)}

Then, the set of two-sided points for €2, is
TQA =C), x {0}

and so it has dimension
(n—1)log2
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Our aim is to build an extension operator Ej; from L7 (2;) to L7 (R") for which we have

C(n, p)
[|Exll

dimy(C)) >n—p —

As will be explicit in (4.5), the constructed operator E, will be bounded only for p in the
range
1 < p <n—dimy(Cy).

It is enough to construct an extension operator Ej : LY'P(Q;) — LY“P(D), since the
extension from L7 (D) to L'-?(R") is independent of A, and exists since D is a Lipschitz
domain. Moreover, our definition of E, will be independent of p and will give a bounded
operator between the Sobolev spaces WLP(Q,) and W-P(D). From now on we consider
A € (0, 1/2) fixed and we denote the extension operator by E instead of E; to simplify the
notation.

Below by a dyadic cube we mean a set of the form Q = [0, 27K + 5 < R” for some
keZandj € 27%Z". Let W = {Q;}iew be a Whitney decomposition of the interior of N,
and W = {éi}ieN a Whitney decomposition of R" \ N,. This is

(W1) Each Q; is a closed dyadic cube inside N;,.

(W2) N, =J; Qi and for every i # j we have int(Q;) Nint(Q;) = .
(W3) For every i we have \/n(Q;) < dist (Q;, dNy) < 4/nl(Q;).
(W4) If Q; N Q; # ¥, we have $£(0i) < £(Q;) < 4£(Q1).

The definition of VW goes parallel. See [16, Chapter VI] for the existence of such Whitney
decompositions. Consider also the subfamily of Whitney cubes

V={QeW: on(0,11""" x {0}) # ).

Let us also distinguish an important subset of €2;, that we call

Qo = (0, 1) x (=2, 1) x (=3/2,3/2)\ [-1, 1] x [-1, 1]).

Note that for every é € W we have (00, D" I x (=1, )N int(é) = (). Next we choose
{¥i}ien a partition of unity subordinate to the open cover {(9/8)int(Q;)};cn and so that
Vi (0] S 60"

Now, given u € L7 (Q;) we assign a value

1
a4 = ——=—— u(x)dx
m, (Qri)) JOra

for every i € N, where the function R: N — N is defined as follows. If Q; € V, then
R(i) =0.If Q; ¢ V we assign R(i) to be the unique 1ndex so that Qi and QR(,) belong to
the same half-space {x, < 0} or {x,, > 0}, P,,(Q;) C P,,(QR(Z)) Z(QR(,)) < 24(Q;) where
P, R" - R" L (xy,...,x0) = (x1,...,%4—1), and QR is the closest cube to Q; with
the first three properties.

Now, we define the extension of the function u by

u(x), if x € Q)
Eu(x) = Zfil a;jyi(x), ifx € int(Ny), 4.3)
0, ifx e aN, N D, .

Let us explain first why Eu € LYP(D). On the one hand, Eu € L'?(Q;) and, on the
other hand, we will see later that Eu € L?(int(N,)). Since C, has Hausdorff-dimension
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strictly less than n — 1, we have that almost every line parallel to the coordinate axis does not
meet the set C;. Consequently, any function in L'-7(D \ C3) is also ACL on D, implying
that L?(D) = L'“7(D \ C,) as sets. So, in order to then have Eu € L7 (D), it suffices to
show that Eu € L7 (D \ Cy). This follows by noticing that by the definition of the operator
E, the trace of u

1
Tu(x)=1lm ——— u(y)d
NOmy, (B(x,r) N2 Jax,rnne, ey

on dN, \ C). coincides with that of Eu|in(n;)

1
TEu(x)=1lm —7M Eu(y)dy.
N0 my (B(x, r) N Ny) Jpx,mninn,)

To conclude that E is an extension operator it remains to control the L”-norm of the
gradient of the extension on int(N, ) by the L”-norm of the gradient of the initial function.

We know that supp(y/;) € %Qi and that |V (x)| < 2(0;)~! for every x and i € N, so
it is clear that for every x € Q;,

IVEu| < | Y. VY@ —a)| S Y. Q) 'aj —ail.
Q;NQ;#P Q;NQ;#0

Now, if we take a cube Q; € W, using that at most C(n) other cubes of the Whitney
decomposition are intersecting it and that £(Q;) ~ £(Q;) if Q; N Q; # ¥ we write

||VEu||mQ)—/ |VEu<x>|"dx</ Y U@ Pl —ajlP dx
’Q NQ;#Y
SUQ)"P Y la —ajl.
Q;iNQ;#0

(4.4)

It will be useful to work with chains of Whitney cubes that we next define. Given i, j so that
OiNQ;#0 and 0O, Qj ¢ V we define the chain of cubes joining QR(,) with QR(]), and
denoteitby C (Q R()> OR(j))>tobeaminimal famlly of Whltney cubes whose union’s interior
isa connected set containing both the interiors of Q R@) and Q R(j)- Note that we always have
#C(QR(,) QR(j)) < Coy(n). Suppose Ql ¢ V is a cube so that there exists Q; € V with
0iNQ; ;é @. For the associated cube Q r() we define C (Q R(i)» Qo) as a minimal family
of sets in WU {Qo} whose union 8 i 1nter10r is a connected set contalnlng both the interiors
of QR(,) and Qo and so that every Q S C(QR(,) Qo) satisfies Pn(QR(,)) -y (Q)

We can assume there is an order in the chain when moving from Qg(;) to Q R(j) and call
Qnext the next cube in the chain after Q We write

C(QR(:'), QR(j)) = {QR(i)a (QR(i))nexta R QR(,;)}-
To ease the notation in the following sums from now on we write
Ci,j= C(éR(i)v éR(j)) \ {éR(j)} and Cjo= C(éR(i), 00) \ {Qo)}.

Note that if Q; ¢ V and there does not exists Q; such that Q; € Vand Q; N Q; # @ we
define C; o = 0.
Let also write
= {Q eW : Q= 0gq forsomei > 1}.

We assert that the following claim holds.
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Claim 4.2 With the above notation and for every r > 0 we have the following.

(i) Forevery Q; ¢ V

IVEUl] )0, S > | Vu(x)|? dx
{0€T :#C(Qr(i) 0)<Co(n))

+LQ)PTPD(r, p) Y Q)PP /

N [Vu(x)|? dx,
0€Cig

QUQnexl

where D(r, p) = (1 — 2%)1"9, and for every Q; € V, we have

IVEUI])g, SUQ)"™P Y D) Y €@ [ vut P,

Q(/nQi?&VJ @ECj,o QUQnexl
Q;¢V

(i1) For a given Q € Wand k € Z we have

#[Q,- € W\ V : Q; has a neighbouring cube in V, £(0) = 2¥¢(0;), O € c,,o}

klog2
< 27('171) Togh

Assuming for a moment that the claim is true let us show how one can estimate the full
norm ||V Eul|| f PNy We first use Claim 4.2 (i) and change the order of summation to get

IVEulZ oy = 2o IVElTogy= D IVEul]ngy+ Y- IVEUlTnq,
QieWw 0i¢V QieV

< Z Z /§|Vu(x)|pdx

QGI {i :#C(QR(,'),Q)§C0(”)}

+2 ) Y Q)PP DG, p)UQ)TTTP f _IVu)|? dx

QEVV QGC,‘,O QUanxI
SIVull o+ D Y. L@ PP D(r, p)e(Q)P T
@EW Q‘GCI'T()
></‘~ _IVu(x)|P dx.
QUQnext

Moreover, by Claim 4.2 (ii) it follows that

Q) =r=re

2—n+p—(n—1) }ggi +rp’

s klog2 ~
> wQ) T g Y 2T e @)y =
{i: 0€Ci o} k=0 L

under the assumption

log?2
—n+p—(n—1)@+rp<0. 4.5)
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So, joining these facts together we get

IVEu HZP(NA) S IVu ”51’(&2”

1
+ D(r, / Vu(x)|? dx
QEZW_, ( p) (1 _ 2—n+p—(n—l)}g§i+rp> éuénexl | ( )|
1

| r-! 1
S = ||V”||p )
(1 — 25 ) (1 _ 2—n+p—(n—1)112§§+rp> LP ()

vlhere Wl = {é eW: #{i : @ € Cio} > 0} and énex, € C; o for some i € N such that
0 € Cip.
Choosing r = pp—_zl(n — p — dimy(C;)), we conclude that

1
B S ——m—
1— 2;(*”+]7+ imy¢ (Cy))
which yields
. C(n, p)
dimy(Cy) =zn—p—
[E]l

Let us now prove the Claim 4.2.

Proof (Proof of Claim 4.2) To prove (i) we need to estimate |a; — a;|” in the expression
(4.4). First note that from (4.4) one gets

p

1 1
. q:|P E -
“ aj| : ‘ ln”(é) ~/Q u(x) a nln(énexl) énex[ M(X) dx

QEC,’./

» (4.6)

> u@ [ vueoldx ]

éeci,j QU Qnext

N

where we are using the Poincaré inequality in the last line (see [6, Lemma 2.2] and also [1]).
Observe thatif Q;, Q; € Vthen R(i) = R(j) = 0and |a; — a;| = 0. We now consider two
cases.

(1) Suppose i, j are so that Q; N Q; # @ and Q;, Q; ¢ V. Then using (4.6), that
#C(Q R(i)s O(r(j)) < Co(n), that the sides of the cubes of the chain are comparable
to that of Qr(;), and hence that of Q;, and applying Holder inequality

- )4
la; —a;j|? < e(Q)t-mr (f _ |Vu(x>|dx)
j Z QUQnexI

QGC,',/

See)"" Y /~ _[Vu@)|? dx.

éeci,j QU QOnext

4.7)
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(2) Suppose i, jaresuchthat Q; N Q; # ¥, Q; €V (then R(j) = 0) and Q; ¢ V then we
fix r > 0 to be determined later and apply Holder inequality to (4.6) to get

p
ai—ajl” < D €@ e /N | Vu(x)|dx
Q‘ECLO QUQnexl
p—1
~ 4 ~ p
<[ > «pyr > z(Q)“*”*”P(/~ 3 |Vu<x>|dx)
@ECi,o QEC,' 0 QUQnexl
o - p -
S (Z(W(Qm)) 1) DIRA(o) Lt f~ _ IVu)|P dx
k=0 QEC, 0 QU Qnext
< DG pUDra) ™" (G /~  VuGIP dx
QECiO QUQnext
4.8)
Going back to equation (4.4) for any Q; ¢ V, using (4.7) and (4.8) we have
IVEl], o, S €0)"~ "( > la—alP+ Y |a,-—a_f|f’)
0;N0i#D, Q;¢V 0jNQi#D. QjeV
§£<Q,«>"‘P( >oowen™ Y / |Vu(x)|? dx
0;NQi#W, Q;¢V 0eC; 0U0hex
+ ). De.pUE)TT Y w@prr / _ |Vu<x>|”dx)
Q;NQi#M. Q;€V 0eCig QU Cnen

< > /~ V()P dx
[Q€T :#C(Or), 0)=Co(n)

+HUQ)"PTPD(r p) Y LQ)PTEY /w _Vu()l dx,
QJECLO QU Onext

and if Q; € V, using only (4.8)

IVEul]p o, SEQ)"7 Y lai—ajl”
0;NQ;i#0, Q;¢V

SUEH"PTT Y D@r.p) Y Q)P
Q;NQi#0, Q;¢V @eC,-,o

X/N _Vu(x)|P dx.
QUQnexl

which proves (i).
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Let us prove (ii). Let us write the Cantor set C; C [0, 11" ! as

o0 ) o0
a=Nc=N U &

i=0 i=01<j<20—Di

where I; ; is a translated copy of [0, A1 foralli =0, 1,2, ... and j =1,2,..., 2mn=Di
Itis cleag thaLfor i <i’,any cube I;, j contains 2(2’1)(i/’i) cubes of side length A
Fix Q € Wand k € N. Let ¢t € N such that £(Q) = 2. We count the cardinality of

A= {Q,» € W\ V : 0, has a neighbouring cube in V, £(Q) = 25¢(0;), O € c,-,o}.

Define B = {P,(Q;)}g;ca, Where P, : R" — R (xpy o, x0) = (X e e X 1)

Let m be the least positive integer such that A" < 277 and let/ be the least positive integer
so that A/ < 27~k By the properties of the Whitney decomposition, the construction of
the Cantor set and the minimality of m it is enough to count #{Q € B : dist (Q, I, ;) <
C(n)£(Q)} for a fixed I, j. Moreover, by the selection of / none of the cubes /; ; contains
any Q € B.

Because A! < £(Q), we have

#{Q € B : dist(Q. 1 ;) < CmE(Q)} < c(n)

forall I; j» C I, ;. Finally since I, ;j N Ci is a disjoint union of 2"V~ cubes I, of
side length A! we conclude that

log2
BA <HB < c(n)20=DU=m < o~k=Digs
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