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Abstract: The geodesic ray transform, the mixed ray transform and the transverse ray transform of a tensor field
on a surface can all be seen as what we call mixing ray transforms, compositions of the geodesic ray transform
and an invertible linear map on tensor fields. We provide an approach that uses a unifying concept of symmetry
to merge various earlier transforms (including mixed, transverse, and light ray transforms) into a single family
of integral transforms with similar kernels.
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1 Introduction

We give an algebraic point of view to various geodesic ray transforms of tensor fields, unifying the Riemann-
ian X-ray transform, the transverse ray transform, and the mixed ray transform, and the Lorentzian light ray
transforms. Our main result is a unifying point of view to two-dimensional ray transforms of tensor fields, not
a single new injectivity result. This approach comes with a natural notion of symmetry, which is not generally
the same as the symmetry of the covariant tensor field whose integral transforms are under study, but arises
from the structure of the relevant transform.

When two transforms differ from each other by a so-called mixing, they have the same injectivity proper-
ties by Theorem 3.3. Mixings turn mixed ray transforms into regular tensor transforms in two dimensions. In
Corollary 3.7, we recast the injectivity result [7] of the mixed ray transform on simple surfaces in our language
and we provide a reproof in Corollary 4.1. These results are also extended to Cartan—-Hadamard manifolds in
Corollary 4.2.

The tensor tomography results [9] on globally hyperbolic Lorentzian manifolds have a different kind of ker-
nel than their Riemannian counterpart. The kernel, when operating on symmetric tensor fields of order m > 2,
contains both potential fields and conformal multiples of the metric. In the present approach, the conformal
gauge is absorbed into the concept of symmetry, making the statements of solenoidal injectivity (s-injectivity)
fully analogous on Riemannian and Lorentzian manifolds; see Corollary 3.9.

A number of corollaries of the method are given in this article, and we refrain from listing them all here.
Consequently, we have a great amount of notation, and we have collected the key items in Section A to help the
reader.
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1.1 Mixing ray transforms

Let M be a Riemannian manifold of dimension n > 2. Let f € X(T,, M) be a covariant m-tensor field (not
necessarily symmetric) where m > 1. We completely exclude the scalar case m = 0 from our discussion. Let
A: X(TyuM) — X(Ty M) be an invertible linear map such that

ANx(V1, .o, vm) = [x(A1(X)V1, ., An(X) Vi),

where A;(x): TxM — TxM are linear isomorphisms. The linear maps X(T,,M) — X(T M) of this form are
called mixings in this article.
We study the class of geodesic ray transforms, called mixing ray transforms, defined by the formula

T4 (X,V)
Iaf(x,v) = j (At (P (D™
T_(X,v)
74 (X,V)
- j s A1V ) Pxn (D, o AP O)Fan (D)L, (L.D)

T_(x,V)

where yyy: [7-(X, V), T+(X, V)] — M is the maximal unit speed geodesic through (x, v) € SM. Formula (1.1) is
invariant under the geodesic flow ¢:(x, v) = (yxv(£), Yx.v (1)), thatis, s f(x, v) = Iaf(¢:(x, v)) forany t € Rin the
maximal domain of yy ,. This definition allows to define I4 on Riemannian manifolds without boundary, pro-
vided that the tensor field f is sufficiently integrable. We remark that if A; = Id for everyi =1, ..., m, then I is
the usual geodesic ray transform of tensor fields. Other special cases of the mixing ray transforms in two dimen-
sions have been studied earlier in [5, 7, 8], and somewhat related geodesic ray transforms in higher dimensions
have been studied recently in [1, 6, 19]. We remark that the mixing ray transforms are defined for all n > 2, but
they do not include the higher-dimensional transforms (n > 3) studied in [1, 6, 19].

The main problems that we study are uniqueness and stability for recovering f € X(T,, M) from the knowl-
edge of I4f. The main point of this work is an algebraic view of the mixing ray transforms. We present many
applications of the method and instead of having a main theorem we have a main idea how to study the mixing
ray transforms. We show in Theorem 3.3 and Corollary 3.4 that the related inverse problems for I, and Iz with
two different mixings A and 4 can be reduced to each other. Especially, this allows us to derive new uniqueness
and stability results for the mixed and transverse ray transforms in two dimensions using the known results
for the geodesic ray transform. These results are given in Corollaries 4.1, 4.2, 4.5 and 4.7. Moreover, we show
in Corollaries 4.9 and 4.13 that on compact simple surfaces and on certain Cartan-Hadamard manifolds the
geodesic ray transform and the transverse ray transform together determine one-forms uniquely. This extends
results in [5, 8] to more general Riemannian manifolds.

Furthermore, we study tensor decompositions and their symmetries with respect to these integral trans-
forms. These considerations lead us to Corollaries 3.7 and 3.9, which show how the earlier kernel characteri-
zations of the mixed ray transform on compact simple surfaces and the light ray transform on static globally
hyperbolic Lorentzian manifolds can be seen as s-injectivity results under the correct notions of symmetry.

1.2 Related problems

The geodesic ray transform has been studied extensively on Riemannian manifolds and s-injectivity is known
in many cases. For example, the geodesic ray transform is s-injective on tensor fields of any order on two-
dimensional compact simple manifolds [24] and on simply connected compact manifolds with strictly convex
boundary and non-positive curvature [23, 26, 29]. S-injectivity is also known on non-compact Cartan—-Hadamard
manifolds for all tensor fields which satisfy certain decay conditions [17, 18]. We refer to the surveys [13, 25]
for a more comprehensive treatment of the geodesic ray transform and s-injectivity. The mixed ray transform
has been studied mainly on two- and three-dimensional compact simple manifolds, and the kernel is known
in these cases for a certain class of tensor fields [6, 7] (see also [8, 29]). There are a few results for the trans-
verse ray transform: in R? the kernel of the transverse ray transform on vector fields consists of curls of scalar
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fields [8, 22], and in higher dimensions the transform is even injective on certain manifolds [29] (see also [1]
for a support theorem). Somewhat related transforms are the restricted transverse ray transform [14] and the
truncated transverse ray transform [20, 29].

The usual applications of the geodesic ray transform are medical imaging [21, 22], Doppler tomography
[27,30] and seismic imaging [29, 33]. The transverse ray transform has applications in polarization tomog-
raphy [29], photoelasticity [12], diffraction tomography [19] and also in the determination of the refractive
index of gases [5, 28]. The mixed ray transform arises in seismology as a linearization of the elastic travel time
tomography problem [6, 29].

Organization of the article. In Section 2, we recall the preliminaries on the geodesic ray transform and the
mixed ray transform. In Section 3, we define the mixing ray transforms and study their basic properties using
an algebraic approach. In Section 4, we apply our methods for the mixed ray transform and the transverse ray
transform on orientable two-dimensional Riemannian manifolds which admit s-injectivity of the geodesic ray
transform. We have included some of our notation in Section A.

2 Preliminaries

We mainly follow the reference [29] for the integral geometry part of this section. Basic theory of differential
geometry can be found in [15, 16] and basic theory of Sobolev spaces of tensor fields on manifolds can be found
for examplein [3, 36]. We always assume that (M, g) is a connected Riemannian manifold, and we can sometimes
allow it to be pseudo-Riemannian.

2.1 Notation

If E is a vector bundle, we denote by X(E) the space of all smooth sections of E. We use this notation whenever
the regularity is unimportant.

We let Tme = T*M®™ @ TM®™ be the bundle of tensors of type (mz, m;) over M. Then %(Tme) is the
space of all (my, mj)-tensor fields on M. We also write X(T,, M) = %(T?nM).

We denote by S;uM c X(T,, M) the space of all symmetric covariant tensor fields. When we want to
emphasize the regularity of the tensor field, we replace X with the regularity in question; for example
CYTmM) c X(TyyM), q € N, is the space of all C4-smooth (0, m)-tensor fields on M. For symmetric tensor
fields we write C4(S,, M) and so on. We use the Einstein summation convention, where every repeated index
(both as a subscript and superscript) is implicitly summed over.

2.2 Sobolev norms of tensor fields

Let f, h € X(T,mM) be tensor fields and m > 1. We define the fiberwise inner product by
8x(f ) = g1 (X) -+ 87 (X) oty Oy ()

and the fiberwise norm is denoted by |flg, = v/gx(f, /). If m = 0, we simply let |fl, = [f(X)I.
Let dVg(x) be the Riemannian volume measure on M. If M is orientable, then dVg(x) is given by the

Riemannian volume form and
AV, (x) = \/detg(x)dx* A--- Adx",

where (x!,...,x") are any positively oriented smooth coordinates. We define the LP-norm, 1 < p < oo, of
a tensor field f € X(T, M) by

p 1/p
s = [176.aveto)
M
whenever the integral exists.
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Denote by VKf € C47K(T,,, M) the k-th iterated covariant derivative of the tensor field f € C4(T,, M) when-
ever ¢ > k > 0 and k, g € N. We define the Sobolev norm | - || » by

i\ P
Mo = (XIVA5)
i=0
where V°f := f. Define C3°

,p(TmM) to be the set of smooth tensor fields f for which ||fllx, < co. The Sobolev
space WXP (T, M) is defined to be the completion of Cif’p(TmM) with respect to the norm | - || . We are mainly
interested in the space W*2(T,,M) =: HX(T;,M). Then H¥(T,,M) is a Hilbert space with the inner product

k k
SRkt = Y (VR 2 = Y jgx(vlf, VidVg(x).
i=0 i=0M

Similarly, one defines the Sobolev space H kK(SmM) ¢ HX(TuM) as the completion of Cif’z(SmM) with respect to
the norm induced by the inner product (-, - ) g(7,,m)-

2.3 Hodge star on orientable Riemannian surfaces

Assume that (M, g) is a two-dimensional orientable Riemannian manifold. For example, M is orientable if there
is a smooth mapping F: M — N such that F is a local diffeomorphism and N is orientable, or if M is simply
connected [15]. The Hodge star * is an operator on one-forms *: X(T1M) — X(T1M) and it corresponds to
a 90 degree rotation counterclockwise. Orientability of M guarantees that « is a well-defined global operator.
Since we can identify one-forms with vector fields by the musical isomorphisms b and §, we can also rotate
vector fields. To shorten the notation, we simply let § x b =: « and locally we have

2

*x(Vieg + viey) = —vies + vie,

in any positively oriented local orthonormal frame {e;, e;}.

2.4 The geodesic ray transform

For any set X we denote by F(X) the space of all complex-valued functions X — C. We define the map
A X(TyM) — F(TM) by
ANGY) = fx(V, oy V) = fiyg, OV -0,

where f;, ..i, (x) are the components of the tensor field f € X(T, M) in any local coordinates. We let

SM = U SM
XeM

be the sphere bundle where the fibers are the unit spheres
SxM ={v € TxM : |v|g, = 1}

of the tangent spaces TyM. The unit sphere bundle SM is not to be confused with the space S, M of symmetric
covariant tensor fields of order m. The geodesic flow is defined by ¢:(x, v) = (yxv(t), Vx,v(£)), where yy ,(¢) is
the unique geodesic such that (yx,v(0), yx,v(0)) = (x, v) € SM. If M has boundary M, we denote by 7(x, v) the
first time when the geodesic yx,, reaches oM.

Assume that (M, g) is a compact and non-trapping Riemannian manifold with boundary. Non-trapping
means that 7(x, v) < oo for all (x, v) € SM. We denote by 9;,SM c dSM the inward-pointing unit vectors. We
define the geodesic ray transform to be the operator I : X — F(8;,SM) given by the formula

(X,v)

If(x, v) = j(m((pt(x,v))dt, (X, V) € 0wSM, @.1)
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where X ¢ X(T, M) is any set such that the integral in (2.1) is well-defined. Typically, we choose X = C°(T, M)
or X = HX(T,,M). We note that the two definitions (1.1) and (2.1) agree when A = Id and (x, v) € 0j,SM (in that
case 7.(X,v) = 7(x, v) and 7_(x, v) = 0). One can also write If = Isyr(Aflsm), where the geodesic ray transform
of a function h: SM — Ris

7(x,v)
Ish(x, v) = j R(pe(x, V)AL, (X, V) € dSM. 2.2)
0

One can then define an adjoint I* by duality using an L-inner product. However, there are different measures
on 9;,SM which lead to different adjoints. We use the weighted measure defined in [25], which is invariant
under the scattering relation, and the normal operator N = I*I is defined with respect to this measure.

If f € H*(S;yM) and M is a compact Riemannian manifold with boundary, then there is the solenoidal
decomposition (see [29, Theorem 3.3.2])

f=f+0Vp, div(f)=0, plon =0,
where 5 € H*(S, M), p € H**'(S;n_1M) and m > 1. Moreover, if f € C®(S,, M), then
f* e C®(SmM) and p e C®°(Sp-1M).

Here o is the symmetrization of tensor fields (see Section 3.1 for details) and div( - ) is the covariant divergence.
The tensor field f* is the solenoidal part and oVp is the potential part of f. By the fundamental theorem of calcu-
lus, one sees that I(aVp) = 0 since p vanishes on the boundary. Therefore, potentials are always in the kernel of
and we can only try to recover the solenoidal part of f from I. When m > 1, we say that I is solenoidally injective
(s-injective) if for sufficiently regular f € S, M it holds that If = 0 if and only if f = oVp for some (sufficiently
regular) p € Sp,-1M vanishing on the boundary.

One particular class of manifolds where one usually studies the geodesic ray transform is the class of com-
pact simple manifolds. The manifold (M, g) is simple if it is non-trapping, has no conjugate points and the
boundary 6 M is strictly convex (the second fundamental form on d M is positive definite). Each compact simple
manifold is diffeomorphic to the Euclidean unit ball. It also follows that compact simple manifolds are simply
connected and hence orientable [24, 35].

One can also study the geodesic ray transform on certain non-compact manifolds. The manifold (M, g) with-
out boundary is a Cartan—-Hadamard manifold if it is complete, simply connected and its sectional curvature is
non-positive. Cartan-Hadamard manifolds are always non-compact, orientable and diffeomorphic to R". Basic
examples of Cartan-Hadamard manifolds are Euclidean and hyperbolic spaces. On such manifolds the geodesic
ray transform is defined by

If(x, v) = j(Aj)upt(x, v)de, (x,v) e SM. (2.3)

Note that completeness implies that geodesics are defined on all times by the Hopf—~Rinow theorem [16]. We will
use the following classes of tensor fields on Cartan—-Hadamard manifolds:
Ep(TmM) = {f € CY(TmM) : [flg, < Ce™1%*9 for some C > 0},
E},(TmM) ={f € C{(TmM) : g, + |Vflg, < Ce™ 1% for some C > 0},
1 Pp(TinM) = {f € CH(TmM) : |flg, < C(1 + d(x, 0))™" for some C > 0}, (2.4)
Py(TuM) = {f € C"(TuM) : Iflg, < C(1 + d(x, 0))™" and

IVflg, < C(1 + d(x, 0))™" for some C > 0}.

Here 0 € M is a fixed reference point and 1 > 0. The spaces defined above are independent of the choice of
this point.
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2.5 The mixed and transverse ray transforms

Define SxM ® SiM ¢ X(Tx+1M) to be the set of (k + I)-tensor fields which are symmetric in the first k and
last [ variables. Let Sx(TxM) denote the space of symmetric (0, k)-tensors on TxM for any fixed x € M. If
f € SkM ® S;M, then fy € Sx(TxM) ® Si(TxM). Let m: 8;,.SM — M be the restriction of the projection of the tan-
gent bundle. Let 77* (Sx M) be the pullback bundle of symmetric k-tensor fields so that for every ¢ € X(71*(SxM))
and (x, v) € 0inSM we have ¢y, € Sk(TxM).

Let v € SxM. We define the projection operator p, : TyM — v+ c TxM by

py(w) = w = gx(w, Vv = (§; - vy )wle;,
where the latter formula holds in any local coordinates. We then define the projection operator
PY: Si(TxM) — Si(TxM)

by the formula
(PKR)(v1, ..., Vi) = h(py(V1), . - ., Py (VK))

for any vy, ..., vk € TxM, and one can write in any local coordinates that
(PSR = (8] = VIvy,) - (8 = Vv Ry,

We can identify py as a (1, 1)-tensor by setting py(a, w) = a(py(w)), where w € TyM and a € T; M. We note that
also PXh = p®kh, where the product on the right-hand side is a contraction of p2¥ by h.

We define the contraction of f € Sx(TxM) ® S;(TxM) by v € T,M with respect to the last [ arguments as
amapping AL: Si(TxM) ® S;(TxM) — Sk(TxM) by

l . .
(Avf)il---ik :fil'"ikjl"'jlvh ce v]l'

Let us denote hy 7’ 5—’5 the parallel transport along y from y(¢) to y(s) whenever s, t € R belong to the maximal
domain of y. The mixed ray transform is the map Ly ;: SkM ® S;M — m*(SxM) defined by

T(X,V)

Lk’lf(x, V) = J 7;:10(PI;X,\}(t)Ai’X,v([)fyxv"(t))dt
0

for any (x, v) € 9;n.SM, whenever the integral is well-defined. We note that

PI;XYV(OA;X)V(I)]CVXYV(I)(WL ces WE) = fy @D W1 -+ Dy (0 Whs Vi (0, - -5 Pu (1)) (2.5)

forany wy, ..., wg € Ty, (oM.
Using (2.5) and the definition of the parallel transport 7, {,—’5 , one can show that the mixed ray transform acts
on (x, V) € 0inSM as

7(x,V)

(Lictf(x, v), (7 + av)®K) = J St Vw0 - L (OFR (0 - VL (0)de, 2.6)
0

where (17 + av)®K is the tensor product of 1 + av with itself k times, a € R and ,,(t) is the parallel transport
of a vector i = ny,,(0) € TxM orthogonal to v = yy ,(0); see [29, Chapter 5.2] for details.

The mixed ray transform is considerably simpler when M is orientable and n = 2. Then v+ is one-
dimensional for all (x, v) € 8;,SM and there is only one possible choice (modulo sign) for the vector n which is
parallel transported along y. We choose the orthogonal vector field as n(t) = (xy)(¢). It is clear that =y L y at
every point on the geodesic y and that D{(*)‘/) = 0 where D¥ is the covariant derivative along the geodesic y.
Therefore, xy is parallel along y. Now using formula (2.6), the mixed ray transform can be seen as a composition
Ly =10Ag; where

(Ak,lf)x(le---;vm) =fx(A1v1,..., Amvm) 2.7
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and A; =~ wheni=1,...,k,and A; =Id when i =k +1,...,k+ [ Thus in two dimensions the mixed ray
transform operates as
7(x,Vv)
Lifos) = | k)(oitnvide, (V) € 0uSM, 2.8)

0

and with these choices of Ay ; we have Ly = I,, where the transform I, is given by formula (1.1). If k = 0,
then Lo reduces to the geodesic ray transform I. If [ = 0, we call Ly the transverse ray transform and use the
notation I, := Li,. In higher dimensions n > 2 the operator = cannot be used to define the mixed ray transform
since it maps k-forms into (n — k)-forms.

3 The algebraic structure of mixing ray transforms

3.1 Decompositions of tensor fields

Leto: X(TyM) — Sy M be the usual symmetrization map of tensor fields where m > 2. Weremind thatif m = 1,
then any f € X(T, M) is symmetric. The components of of at a point x € M are

1
(Jf)il"'im(x) = W z ﬁ1(1)~~~ir(m)(x)x (31)

trelly,

where II,, is the group of permutations. The symmetrization ¢ is a projection X(T, M) — S M, and it turns
out to be orthogonal at every point with respect to any Riemannian metric by Proposition 3.1. In particular, o is
idempotent and we can decompose the space X(T,, M) as

Ker(o) @ Im(o) = X(TyM) 3.2)

byletting f = (f — of) + of. The decomposition (3.2) can be done on any differentiable manifold M. The set Ker(o)
can be identified with antisymmetric tensor fields when m = 2, and for m > 2 the antisymmetric tensor fields
are a strict subset of Ker(o).

Recall that the map A: X(T,,M) — F(TM) was defined by

(/‘{f)(xy V) =fX(v1"’)V): (33)

where F(TM) is the space of all complex-valued functions on TM. We note that the restriction Af]sy; deter-
mines Af completely since f is homogeneous of degree m. It follows directly from the definitions that Ao g = A.
It is true that Ker(o) = Ker(A) (see Proposition 3.1) and Ker(A) c Ker(I). Hence we call Ker(A) c X(T,,M) the
set of A-antisymmetric tensor fields or trivial part of the kernel of the geodesic ray transform depending on the
context.

We denote by Ax: (T M)®™ — F(T, M) the map (Axw)(v) = w(v,...,v),ie. (AN(X, V) = (Afx) (V). We let o
be the symmetrization of m-tensors in (T;M)®™, and let S(TxM) be the space of symmetric m-tensors
in (TyM)®™. We have the following proposition, which summarizes some important connections between
the different concepts introduced above.

Proposition 3.1. Suppose that m > 2 and let M be a Riemannian (or pseudo-Riemannian) manifold. Let x € M and
define the following sets:

@) Vi =Su(TxM), V, =Im(oy) and V3 = Ker(Ay)*.

() Wi = (Sm(TxM))*, Wy = Ker(oy) and W3 = Ker(Ay).

Then Vi=Vy=V3 Wi =Wy =Ws, and Vie I/V] = (T;M)W"for any l,] =1,2,3.

Proof. It follows directly from the definitions that V; = V,. Suppose that Wy, = W3 and V3 ¢ V3. This implies
that
(T;M)®m = Vz 5] Wz = V3 (5] W3 = V3 (7] Wz.
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Since V3 c V1 = Vy, we get that V, = V3. It then follows that

Vi=V;="V;s
Wy =W; =Ws,
Vie Wj=(TyM)®™ foranyi,j=1,2,3.

Hence it is sufficient to show that W, = W3 and V3 c V.

Let us first prove that W, = Ws. It is clear that Ker(oy) c Ker(Ay) since Ay o ax = Ax. Let f € Ker(4y). It now
follows that oyf € Ker(Ay). The polarization identity for symmetric multilinear maps [34, Theorem 1] states that
a symmetric multilinear map is uniquely determined by its restriction to the diagonal. Since A, ag,f is the restric-
tion of axf: (TxM)™ — Cto the diagonal of (TxM)™, oxf € Sm(TxM) and Axo,f = 0, we obtain that o,f = 0. This
shows that Ker(Ay) c Ker(oy), and we conclude that W, = Ws.

Let us then prove that V3 ¢ V. Let f € V. Fix some indices ji, ..., j,, and define the components of the
tensor h € (T; M)*™ by

by = 68— 008 o
Then h € Ker(4y) and gx(f, h) = 0 implies that fj,..;, = fi,,..i,- By switching the order of the indices ji in the
definition of h, one sees that f;,...;, has to be symmetric with respect to all indices. Hence V3 ¢ V;. This completes
the proof. O

Remark 3.2. This gives a somewhat unintuitive implication that the orthogonal complement of S,,(TxM) does
not depend on the Riemannian metric gy at the point x € M. This follows from Proposition 3.1 since the map-
ping ox does not depend on gy. Proposition 3.1 also shows that the symmetrization o: X(T;,M) — Sy M is an
orthogonal projection when M is equipped with any Riemannian or pseudo-Riemannian metric.

By Proposition 3.1, we have many choices for the decomposition of the space (T; M)®™. We will use the orthogo-
nal complement so that Ker(Ay) ® Ker(Ax)* = (T; M)®™. This allows us to decompose the space X(T; M) in the
following way. We define the space Ker(A)* by saying that f € Ker(4)* if and only if f;, € Ker(Ay)* for all x € M.
Define the projection 6: X(T,y M) — Ker(A)* such that (6f)x = Pker(,)-fx, Where Pgera,)- is the orthogonal pro-
jection Pgera s @ (T M)®™ — Ker(Ax)*. Then f = (f — 6f) + 6f, where f — 6f € Ker(A) and 6f € Ker(1)*. Hence
we have the orthogonal decomposition

Ker(A) @ Ker(A)* = X(TM)

where orthogonality is understood pointwise. We call the map & a A-symmetrization. Note that Ker(1) = Ker(o)
and Ker(A)* = S, M by Proposition 3.1.

Another way to view A-symmetric tensor fields is to take the quotient space Coim(A) = X(Tp,, M)/Ker(A)
which identifies all tensor fields which differ by an element of Ker(A). This definition is natural for the geo-
desic ray transform in the sense that If = Ih whenever f ~ h. It follows that if V is any algebraic complement
of Ker(A), i.e. Ker(A) @ V = X(Tp, M), then V = Coim(A) via the map v — [v] where [v] is the equivalence class
of v. This shows that one can realize the abstract quotient space Coim(A) as a complementary subspace of Ker(A)
and that all complementary subspaces are isomorphic.

More generally, let Q = |, @x € TM, where Qy c TyM. Let ry be the restriction of a multilinear map
on T M to Q. As before we can decompose (T3 M)®™ = Ker(A, x) @ Ker(A, x)*, where A, x = ry o Ax. This splitting
can be done globally as follows. Denote by r: F(TM) — F(RQ) the restriction to Q@ and define A, = r o A. Then we
have the decomposition

Ker(A,) ® Ker(A,)* = X(TmM) (3.4)

by writing f = (f — &,f) + &,f, where ,: X(TpM) — Ker(A,)* is defined by

(arf)x = PKer(/lr,X)fo

and the space Ker(A,)* is defined pointwise as earlier. We call the projection G, a A.-symmetrization. As
above, Ker(A;)* can be seen as a realization of the quotient space Coim(A;) = X(T, M)/ Ker(4,). It follows
that Ker(A) c Ker(A;) and Ker(4,)* c Ker(A)* ¢ §, M by Proposition 3.1.



DE GRUYTER J. limavirta et al., Mixed and transverse ray transforms == 51

Note that if r is the restriction to SM, then Ker(A,) = Ker(A). The geodesic ray transform can then be seen
as a composition I = Isys o A. We will generalize this approach in the next subsection.

3.2 The mixing ray transform

Let Aut(TM) be the automorphism bundle of the tangent bundle. A section B of this bundle, called an automor-
phism field, is a field whose value B(x) at any x € M is an automorphism (a linear self-bijection) of T, M. In local
coordinates, B can be expressed as .

B(x) = B,(x)dx* ® 9;,
where B]k(x) is an invertible matrix at every point x.

LetA;i=1,..., mbesmooth automorphism fields. Their tensor product A = A; ® - - - ® A, is a mapping of
tensor fields: A: X(T,M) — X(T,,M). From an invariant point of view, it operates on a tensor field f € X(T,,, M)
as

ANx(v1, ..., vm) = fx(A1(X)ve, ..., Am(X)Vm), (3.5)

and it can be written in local coordinates as

(AP iy () = (A1 00 = (Ap)] (O ().

Since each A;(x) (or (Ai)]k(x)) isinvertible and A; is smooth, also A is invertible and smooth. We call such map A
an admissible mixing of degree m.

Let r: F(TM) — F(Q) be the restriction to Q =,y @x ¢ TM, where Qy ¢ TxM and A, =10 A. Let Z be
avector space and letJ: F(Q) — Zbe alinear mapping. We define the abstract ray transform I ,: X(T,yM) — Z
by

Inr=JoAroA. (3.6)
Usually, r is the restriction to SM and ] is the geodesic ray transform on SM. We call I, , the mixing ray trans-
formwhen these assumptions hold and write A := A, and I := I4 , to simplify our notation. Next, we decompose
the space X(T,, M) into symmetric and antisymmetric parts with respect to A, o A. Assume we have the decom-
position Ker(A,) ® Ker(A,)* = ¥(TmM). Since A is a bijective linear map, we have Ker(, c A) = A~ (Ker(4,))
and
X(TmM) = A7 (Ker(A,) ® Ker(A,)*) = Ker(A, « A) ® A~ (Ker(A,)*). (3.7)
Hence, we choose A~ (Ker(A,)*) as the space of (A, o A)-symmetric tensor fields. The symmetrization map G4 r
is a projection onto A~'(Ker(A,)*) and it has the expression 64, = A~ > G, o A, where G, is a projection
onto Ker(A,)*.
One can also naturally define the mixing ray transform on a quotient space as a mapping

I} . X(TmM)/Rer(Ar 0 A) — Z

such that
I, = Lasf,
where [f] € X(T,, M)/ Ker(A, o A) is the equivalence class of f € X(T;, M). The transform IZJ is well-defined, i.e.
it does not depend on the representative.
We conclude this subsection with the following theorem, which basically says that it is enough to know the
properties of one mixing ray transform since any other mixing ray transform can be reduced to the known case.

Theorem 3.3. Let Eq, Ey, E5 ¢ X(T\y M) be subspaces and let m > 1. Assume that A and A are admissible mixings

of degree m and let D = A~' o A. Then the following properties hold:

() Kernel characterization: Let 3{ = 1d -G, and Y = Ker(Iz ,) N A~ (Ker(A;)%). Then f € Ker(I4,,) if and only
iff = Hf + Dw for some w € Y. We have the decomposition

Ker(I4,r) = Im(H) @ Im(D|y) = Ker(Ar o A) @ Im(Dly),

where Ker(I4,r), Im(H), Im(D|y) ¢ X(TmM).
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(ii) Reconstruction: Let Rz ,: Z — S be a left inverse of Iy . S — Z, where S ¢ A~}(Ker(A,)*). Then
Rar=Do fR;"ri Z — D(S)
is a left inverse of In r: D(S) — Z, where D(S) c A~1(Ker(A,)4).

(iii) Stability: Let (Z, || llz) and (E4, |l - llg,) be normed spaces. Also assume that D is bounded on (Eq, | - llg,) and
that the estimate ||fllg, < CII g’rﬂ| z holds for some subset S' ¢ A1 (Ker(A,)1). Then the estimate

Ifle, < CIDIE, 1 a,rfllz

holds for all f € D(S') ¢ A~ (Ker(A,)"4).

(iv) Adjoint and normal operator: Let (Z, (-,-)z) and (Ez, { -, - )g,) be Hilbert spaces. Assume that D-1is bounded
in(Eq, (-, )g,) and that I Ar E2a—>Z is bounded. Then the adjoints and the normal operators of I r and I Ar
satisfy the formulas

I, = (9_1)*I§,r’ Nar= (D) Ny, D

(v) Stability with normal operators: Suppose that the assumptions of (iv) hold and let || - |g, be a norm on Es.
Assume also that D* is bounded in (E3, || - | g,) and that the estimate |flg, < C|N3 ,fllg, holds for some subset
S" c A~Y(Ker(A,)1). Then the estimate

Ifle, < CIDIEND* Es N AES
holds for all f € D(S") c A~ (Ker(A,)*).
Proof. (i) If f is of the form f = Hf + Dw for some w € Y, then clearly f € Ker(l4 ). For the converse, let
w =03 ,D7'f = D716, ,f. We can write
f=(f-0arf)+0arf =Hf + DD G4, f = Hf + Dw.
Clearly, w € A-(Ker(A,)*) and
Iz W =I5, D7'Gu,f = Inr0a,f = In.f =0,

sow € Ker(Iz ,.). Assume thatf € Im(3) N Im(Dly). Now f € Ker(A, » A) and f = Dw, wherew ¢ A (Ker(A,)4).
But this implies w = D~1f € Ker(A, o A) and hence w = 0. Therefore, Im(%) N Im(D|y) = {0}.
(ii) Clearly,
D(S) ¢ DA (Ker(A,)h)) = A7 (Ker(A,)b).

Let f € D(S). Then
DRA,rIAJf = Dmﬁ,rlﬁ,rg_lf = DD_lf =1,

implying that D o R is a left inverse of I4 » on D(S).
(iii) For f € D(S") we find

Ifle, = 1DDAle, < IDIe D flg, < CIDIE, Iz, D~ flz = CIDIlE, 1a Az,

as claimed.
(iv) Using the definitions of adjoints, we obtain

Larf, )z = I3, D7 )z = (DAL hyg, = (f, (D7) I W,
Hence I, , = (D*l)*Ig . and the normal operator becomes
Nay =TIy Iar = (D)L I3, D7 = (D7) N;, D7
(W) If f € D(S"), then we have
WA, < IDIE 1D fle,

< CIDIE, ING, D~ flle,

= ClIDllg, IID*(D_l)*Ng,r@_lﬂIE3

< CIDIEg, 1D g, INa,rllEs-
The proof is finished. O
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3.3 Solenoidal injectivity

In this section, we analyze more closely the kernel characterization given in Theorem 3.3 (i). Specifically, we
apply our methods to show s-injectivity of general mixing ray transforms when s-injectivity of the geodesic ray
transform is known. We also use our approach to show that the earlier results about the kernel of the mixed ray
transform on compact simple surfaces and the kernel of the light ray transform on static globally hyperbolic
Lorentzian manifolds can be seen as s-injectivity results under correct notions of symmetry.

3.3.1 General results

Let r be the restriction to SM and let J = Isys so that I = Isy o A and I4 » = I o A. Since now Ker(4,) = Ker(4),
we use an abuse of notation and write A := A,. By Proposition 3.1, we can choose Ker(1)* = S;;M so that
G4 =A'o00Ais aprojection onto A~(S,, M). Further, we define the covariant derivative V4 = A~ o V. The
derivative V4 is natural for the transform I, since if v|ap; = 0, then I4(G4VAv) = 0.

We say that the mixing ray transform I, is s-injective on a compact Riemannian manifold with boundary if
the following property holds for all f € C®°(T,M): I4f = Oifand only if G4f = G4 VA for some u € C®(Sy_1 M)
vanishing on the boundary. S-injectivity allows one to decompose the kernel of I, as

Ker(Ilcoo(r,a) = IM(H|coo(r, 1)) ® IM(G4VA]y),

where H = Id -4 and
Y = {ueC®(Sm-1M) : ulom = 0}.

It follows that s-injectivity of any mixing ray transform implies s-injectivity for all mixing ray transforms.

Corollary 3.4. Letm > 1andlet (M, g) be a compact Riemannian manifold with boundary so that the transform I,
is s-injective for some A of degree m. Then I5 is s-injective for all A of degree m.

Proof. Letus denote 64 = A~'0A and 63 = A~ 0A for the projections. Using the solenoidal injectivity for I, we
easily obtain

Iif = Ia(A7YAf) = 0.
This is equivalent to the assertion that there exists u € Y such that

BAA‘lﬁf = 6AVAu.
This in turn is equivalent to the assertions that there exists u € Y such that

Gaf = 6;VAu.

The proof is finished. O

We immediately obtain the following corollary from the previous corollary.

Corollary 3.5. Take any m > 1. Assume that (M, g) is a compact Riemannian manifold with boundary so that the
geodesic ray transform is s-injective on m-tensor fields. Then I, is s-injective for all A of degree m.

We have similar results for the mixing ray transform in the quotient space X(T,, M)/ Ker(A - A). We denote
by [ -] the corresponding equivalence classes and say that the quotient transform defined by IZ [fla = 1af (see
Section 3.2) is s-injective if for all [f]4 € C°(T,,M)/ Ker(A - A) we have IZ [f1a = 0if and only if [f]4 = [VAu]a
for some u € C*°(S;;-1 M) vanishing on the boundary.

Corollary 3.6. Let m > 1and let A be a mixing of degree m. Assume that (M, g) is a compact Riemannian manifold
with boundary. Then 1, is s-injective if and only if IZ is s-injective.

Proof. Assume first that I is s-injective. We obtain

Inf =I4[fla = 0.
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This is equivalent to
oaf = 6AVA u,
which in turn implies
[fla = [Gafla = [GaVAula = [VAula.

Assume then that I is s-injective. Now,

I3[fla = Iaf = 0.
This is equivalent to
[Ala = [VAula,
which in turn implies f — VAu = h € Ker(A  A). Hence, 64f = 64 VAU O

The previous results imply that if IZ is s-injective for some A of degree m > 1, then Ig is s-injective for all A
of degree m. We remark that if A = Id, then IZ corresponds to the geodesic ray transform in the quotient space
X(TmM)/ Ker(A). Especially, s-injectivity of I on m-tensor fields implies s-injectivity for I q, where A is any mixing
of degree m.

3.3.2 Mixed ray transform on compact simple surfaces

Let us then consider the mixed ray transform Ly ; = Isy o A o Ax; on a compact simple surface (M, g), where Ay
is defined via equation (2.7). Define the operators A'w = oy ;(g ® w) and d'u = g;Vu, where gy is the symmetriza-
tion with respect to the last lindices and oy ; is the symmetrization with respect to the first k and the last lindices.
In coordinates,

A'W)igigjy oy = Ok 1ty Wigwiysji)»

(@ Wity = OV Wiyifyy)-

We compare our approach to the kernel characterization done in [7]. Especially, we obtain the following alter-
native result for s-injectivity.

Corollary 3.7. Let (M, g) be a two-dimensional compact simple Riemannian manifold and let f € C®°(Tx+1M).
Then Ly, f = 0ifand only if 6,,,f = Ga,,01VU, where u € C®°(SxM ® S;_1M) such that u|ay; = 0.

Proof. Assume that Ly ;f = 0. Since
Ga f € A (C®(SmM)) € C®(SkM ® SiM),
we obtain Ly 04, ,f = Lr,f = 0. By [7, Theorem 1], we have
Oa S = VU + o (gew)

for some u € C°(SkM ® S;-1M), ulapy =0 and w € C®(Sx-1M ® S;_1M). Now oy, 1(g ® w) € Ker(A - A ), and
hence
6Ak,lf = 8Ak_,cqu.

Then assume that 64, ,f = G4,,0;Vu for some u vanishing on the boundary. Since Ly, = Isy o A o A, and
Ao o = A, we obtain

Liif = Lii0a,,f = Tspro Ao Ak,l)(A];,llO'Ak,lalvu) = Ly, 0/Vu =0,
where the last equality follows from the fundamental theorem of calculus. O

Remark 3.8. The previous s-injectivity result is similar to what we obtained earlier, i.e. I, ,f = 0 if and only if
Oaf = 0ay, vAkty for some u € C*°(Sy,_1 M) vanishing on the boundary. We thus have the following alternative
characterizations of the kernel of the mixed ray transform:

Ker(Lg,1lceo(r,an) = IM(H| ceo(1,,01)) @ Im(aAk,,VAlxz),

Ker (L ilcoo(rnn) = IM(H] coo(7,,m1)) © IM(Ta,, d'y1),
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where H{ = Id -6, and

Y = {u e C®(Sm-1M) : ulay = 0},
Y = {u e C®(SkM ® Si-1M) : ulon = 0}.

Compare these to the decomposition of the kernel in [7]:
Ker(Li,1lceo(s,Masimn) = IM(A | ceo(s,  mos,oan) + Im(d’ |yr). (3.8

Our decompositions split any tensor field uniquely into the trivial part and non-trivial part of the kernel. The
uniqueness of decomposition (3.8) is not known and it only applies to tensor fields with certain symmetries.

3.3.3 Light ray transform on Lorentzian manifolds

We quickly review the relevant definitions for the light ray transform on static globally hyperbolic Lorentzian
manifolds. More details can be found in [9].

Suppose (N, g) is a smooth globally hyperbolic Lorentzian manifold of dimension 1 + n with signature
(=, +,...,+). Let B be a maximal light-like geodesic so that

VioBs) =0, E(Bs), B(s)) =0,

where V is the covariant derivative with respect to g. We define the light ray transform of f € C®(T,,N) by

(o)

Lpf = J AN(B(s), B(s))ds, (3.9)

-0

where B ranges over all light-like geodesics of N. Since (N, £) is globally hyperbolic, there exists a Cauchy hyper-
surface N ¢ N, i.e. a hypersurface such that any causal curve intersects N exactly once. We define g = g|y; note
that (N, g) becomes a Riemannian manifold. We will focus on static Lorentzian manifolds. It follows that if N
is static, then for any Cauchy hypersurface N c N there exists an isometric embedding ®: R x N — N so that
®*g = —kdt? + g, where k is a smooth positive function on N. We let g, = k!g.

Let r be the restriction to the set

Q={(x,v) e TM: g, (v,v) =0},

where M = ®(R x M), M c N, is a compact submanifold with smooth boundary and A, = r - A as before. We
define the quotient light ray transform Lg in C(TM)/ Ker(A;) by Lg[j] = Lgf; note that the definition does
not depend on the representative. We obtain the following s-injectivity result for Lz.

Corollary 3.9. Let (N, g) be a static globally hyperbolic Lorentzian manifold of dimension 1 + n and let N ¢ N
be a fixed Cauchy hypersurface. Let M = ®(R x M) where M c N is a compact n-dimensional submanifold with
smooth boundary and ® is the isometric embedding introduced earlier. Assume that the geodesic ray transform
is s-injective on (M, g.) and let [f] € C(TmM)/ Ker(Ay). Then Lg [f] = 0 for all maximal B in (M, g) if and only if
[fl = [VT] for some T € CX(Sp-1M).

Proof. Assume that Lg[ﬂ = 0. Then Lg(af) = Lgf = 0 and by [9, Theorem 2] we obtain of = VT + o(g ® U) for
some T € CP(Sp-1M) and U € C°(Sm-2M). Hence

[fl = [0f] = [oVT] + [a(g ® U)] = [VT],

where we used the fact that Ker(4) c Ker(4,) and a(g ® U) € Ker(A,). This gives the other direction of the claim.
Assume then that [f] = [VT] for some T € C2°(Sp_1M). The fundamental theorem of calculus implies that

L4If = LIVT] = Lp(oVT) = 0.

This concludes the proof. O
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Remark 3.10. One canrealize the quotient space X(T,, M)/ Ker(A,) as a complementary subspace V, ¢ X(T,, M)
which satisfies

This can be done for example by taking the orthogonal complement V, = Ker(A,)* with respect to a Riemannian
metric on M (see Section 3.1). Then Corollary 3.9 implies that we have the decomposition

Ker(Lgleer,ov0) = IM(H|cer,0v0) ® (G Ve (s, 100)),

where Gy is the orthogonal projection onto Ker(A,)* and H = Id —&.

3.4 Boundedness and pointwise estimates of mixings

In this section, we give sufficient conditions which imply pointwise norm estimates and continuity of A in
Sobolev spaces. Boundedness and pointwise estimates are used in Section 4 to prove stability estimates and
injectivity results for the mixed ray transform on two-dimensional orientable Riemannian manifolds.

Lemma 3.11. Let f € CY(TyM) where m > 1 and q € IN. Then the following properties hold:
(i) Ifthe A; satisfy the relation |A;v|g, < Ci(X)|vlg, for all v € TxM, then we have the pointwise estimate

|Aflg, < n™C1(0) -+ C(0)Iflg, -

Especially, if C; = Ci(x) are all bounded, then A extends into a bounded mapping A: LE(TmM) — L2(TmM).
(i) Ifin addition [V, Ailg, < C l’.(x) for any local frame {e;}, then we have the pointwise estimate

IV(ADlg, < C"Oflg, + VA,

where C"" = C"(x) can be expressed in terms of C; and C;. Especially, if C;, C} are all bounded, then A extends
into a bounded mapping A: H'(TymM) — H (TmM).
(ii) If (M, g) is a two-dimensional orientable Riemannian manifold, then the operator Ay, defined in (2.7) satisfies

IVP(Akiflg, = IVPflg,

forallp e N, p < q. In particular, the mixing Ay, extends into an isometry Ak : HP(TmM) — HP (T, M) for
allp € N.

Proof. (i) Choose normal coordinates in a neighborhood of x. The boundedness assumption for A; implies
j n o\
A0l < ( YIA0IR) T = 4y, < €00,
j=1

where the (A l)jk are the components of A; in these coordinates. Now we can estimate the norm as

n

Y (APiein (0

iyim=1

1A,

n n . . 2
Y (Y @l An 006, )

i+ lm=1 jl"'jmzl
n n
2 2 2
<nMCH) - Ch) Y Y g )]
i1 im=1j1+jm=1

<n®MCi(x0) -+ CL (I,

If the C; are all bounded, then A: L(T,yM) — L%*(T,,M) is bounded by definition and approximation by smooth
tensor fields.
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(ii) By choosing normal coordinates, the covariant derivative at the point x € M reduces to the ordinary

derivative. Now
n

Ve AilZ, = Y (0j(A)f ()%,
k,1=1

which implies |a,-(Al-)§‘ )] < le(x). Using the Leibniz rule, we obtain

n

IVANE, = Y (0k(Afiymin ()

Kyig-+im=1
< nPM((CDE() -+ Co(X) + -+ CE0) -+ (Cr) P QOIS + P CR(X) -+ Ch (0IV A,
= COOINZ, + COOIVAZ,.
By taking ~
C"(x) = V2max{C"%(x), CY2(x)},

we get the desired inequality. If C;, C} are all bounded, then A: H'(T;nM) — H'(T M) is bounded.
(iii) Again using normal coordinates, one can calculate that

gx(Axif, Arif) = &x(f, A Ak = &x(f. ),
where we used the relations
(A = ~A)" fori=1,...,k,

(A = 8y fori=k+1,...,k+1,
(~1)¥Ay = A,_(,ll.

For the derivatives we get
&x(VP(A)), VP(Af) = gx(VPf, VPf),

using the fact that
n

YA)MAY] =87 foralli=1,...,k+L O
j=1
Remark 3.12. In a similar fashion as in part (ii), one obtains the boundedness of A: H k(T M) —» HX(TjuM)
if one assumes boundedness of the derivatives up to order k € N, i.e. [V44ilg, < Cf‘ (x) for all |a| < k, where
C% = C%(x) isbounded, Vq = Vg, -+ Ve and |a| = aq + -+ + an.

4 The mixed and transverse ray transforms on two-dimensional
orientable Riemannian manifolds

4.1 Solenoidal injectivity on compact and non-compact surfaces

First we state a general result on s-injectivity of the mixed ray transform on compact orientable surfaces
with boundary. This follows from Corollary 3.5. We use the notation introduced in Section 3.3.1. Note that
Ay.if € CP(T,yM) whenever f € CP(T,,M), where p € N.

Corollary 4.1. Let m > 1. Let (M, g) be a compact two-dimensional orientable Riemannian manifold with bound-
ary such that the geodesic ray transform is s-injective on C*°(SmM), and let f € C®(TmM). Then Ly f = 0 if and
only if Ga, f = Ga, VA h for some h € C*(Sy-1M) vanishing on the boundary oM.

We note that the previous result holds on a wide class of two-dimensional orientable manifolds. These include
for example compact simple surfaces [24] and simply connected compact surfaces with strictly convex bound-
ary and non-positive sectional curvature [23, 29]. See [13, 25] for more manifolds with s-injective geodesic ray
transform.
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We have the following corollary for the mixed ray transform on Cartan-Hadamard manifolds, which is
a simple consequence of the pointwise estimates for Ay ; and the results in [18]. We denote by K(x) the Gaussian
curvature of (M, g) at x € M.

Corollary 4.2. Let (M, g) be a two-dimensional Cartan-Hadamard manifold and let m > 1. The following claims

are true:

(i) Let—-Ky<K<0forsomeKy>0andletf e E,17(TmM)for some n > %\/K—o Then Ly if = 0if and only if
6Ak,lf = aAk,lvAk'lh

forsome h € Sy_1M such that h € Ey_¢(Tm-1M) for all € > 0.
(ii) Let K € Px(M) for somek > 2andlet f € P%(TmM)for some n > 2. Then Ly f = 0 if and only if

Oaf = aAk),VAk”h
forsome h € Sy_yM N Py_1(Tin-1M).
Proof. ()Iff € E}, (TmM), then from the pointwise estimates for the transform Ay ; we obtain that
|0AKflg, < (MY2|Akiflg, = (M) |flg, < Ce1900)

for some C > 0, and
IV(0AkiNlg, < (MDVEV(Akif)lg, = (MDV2|Vflg, < C'e 1900

for some C’ > 0. Hence
1 3
0Arf € SmMnEn(TmM) for some n > E\/Kg.

Since I(0Ak,if) = Lx,if = 0, we must have oA;f = oVh for some h € Sy, 1M, where h € E;;_¢(Tp1M) for all
€ > 0by [18, Theorem 1.1]. This gives the claim for the first part.
(ii) Similarly, using the pointwise estimates, one obtains that

0Akif € SuM 0 Py(TuM) for some n > 2.

Now [18, Theorem 1.2] implies that cA,if = oVh for some h € Sy, 1M N Py_1(Tp-1M). This proves the second
part. O

Remark 4.3. One can study the mixed ray transform on asymptotically hyperbolic surfaces [10]. Let (M, g) be
an asymptotically hyperbolic surface, let M be the compactification of M and let p be a geodesic boundary
defining function as defined in [10]. One usually assumes that f € p!~™C>(S,, M) to obtain s-injectivity results
for the geodesic ray transform. It then follows that gAy if € p'~"™C*®(S,,M) and a similar s-injectivity result as
in Corollary 4.1 holds under certain assumptions on (M, g); we refer to [10] for a more detailed discussion. One
can also study the mixed ray transform on asymptotically conic surfaces (M, g'). One obtains s-injectivity for
tensor fields
f e A Co(SHM),

where p' is the boundary defining function, r > n/2 + 1 and S$$M’ ¢ S, M is the set of scattering tensor fields
on the compactification W; see [11] for more details.

4.2 Stability results on compact surfaces

In this section, we obtain stability estimates for the mixed ray transform. We begin with the following lemma.

Lemma 4.4. Let (M, g) be a compact simple surface. Then the normal operator of the mixed ray transform Ly is
Ny, = (-1)kA k,1NAk, 1, where N is the normal operator of the geodesic ray transform I on (k + l)-tensor fields.

Proof. By Theorem 3.3 (iv), we only need to calculate (D‘l)* = A} ;- Now for the matrix representations of 4;
we have that (4;)}, = ~(Aptfori=1,..., kand (AiYn = 8 fori=k+1,..., k+ L Using this, one obtains

&x(Awif, h) = gx(f, (1)K Ag ),
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and thus
(Arafy By 12w = CDXAk ) 12 (1,m)-

Hence A;; = (-1)kAy,;, which gives the claim. O

The next estimates are direct consequences of the results in [23, 31, 32]. We denote by Sol(T,, M) the set of

solenoidal tensor fields. For the definition of the tangential norm || - || HY(3SM) see [23].

Corollary 4.5. For any compact simple surface (M, g) and non-negative integers k and [ there is a constant C > 0
so that the following assertions hold:
(i) Letk+l=1.Let g beextended to a simple metric in My > M. Then the estimate

IAlz2(r, )/ C < Nkl (rymyy < ClAl2cron

holds for all f € A} (Sol(T1M)) n L*(T1 M).
(i) Let k + 1= 2. Let g be extended to a simple metric in M1 > M. Then the estimate

1Al z2cr,mn /C < INw il (mynny) < ClAlz2er,

holds for all f € A;’ll(Sol(TzM) N HY(S,M)).
(iii) Let m = k + | > 1. Assume further that (M, g) has non-positive sectional curvature. Then the estimate

WAzermny < CUL Al g2 o, 5m)
holds for all f € A} (So(TmM) N H'(SM)).
Proof. (i) We know that the stability estimate holds for the geodesic ray transform [32, Theorem 4]. Now
A LX(TiM) — LA(TiM)  and  Aj, = Ay HY(T1My) — H'(T1My)
are isometries by Lemma 3.11 (iii). By Theorem 3.3 (v), we obtain
IAlz2crany/C < INkifl e (romyy < Clfl2er -

(ii) By [31, Theorem 1], the stability estimate holds for the geodesic ray transform if we have s-injectivity. But
s-injectivity holds on two-dimensional simple manifolds for tensor fields of all order [24, Theorem 1.1]. Using
the fact that

Ag: LA(T;M) — LX(T;M)  and - Ay H(T:M) — H'(To,M)

are isometries, we obtain the stability estimate as in part (i) above.
(iii) We know that the stability estimate is true for the geodesic ray transform [23, Theorem 1.3]. Since
Ay L2(TjuM) — L*(T, M) is an isometry, Theorem 3.3 (iii) implies

Wlzzcr,an < CULAg22 o, 500y
This concludes the proof. O
Remark 4.6. Note that for example the estimate
Iflz2/C < INkiflm < Clifilze
holds for all f € A;}Z(S” ) if and only if the estimate
IAllL2/C < INRlg < CllhllL2
holds for all h € S". This follows since
Agr: HP(TM) — HP(TpM)

isanisometry for all p € N and Ny = (-1)kA k,1NA 1. Therefore, the sets defined in Corollary 4.5 are in a sense
largest sets where such stability estimates can hold. A similar sharp stability estimate as in Corollary 4.5 (iii) can
be proved on compact simple surfaces when m = 1, 2 (see [2, Theorem 1.1], and also [4] for the Euclidean case).
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4.3 Transverse ray transform of one-forms

Next we study the kernel of the transverse ray transform on one-forms in two dimensions. The result which
we obtain is previously known in R? (see [8, 22]). We recall that in our notation the transverse ray transform is
I,f =14f,where A; = » foralli € {1, ..., m}. For a scalar field ¢, we define curl(¢) = e2(¢)e1 - e1(¢)e2, where
{e1, e,} is any positively oriented local orthonormal frame and {e, €?} its coframe.

Corollary 4.7. Let (M, g) be a two-dimensional orientable Riemannian manifold with boundary such that the geo-
desic ray transform s s-injective on smooth one-forms, andlet f € C*°(T1M). Then I, f = 0ifandonly if f = curl(¢)
for some smooth function ¢ vanishing on the boundary.

Proof. If f = curl(¢) where ¢ vanishes on the boundary, then Af = d¢ and I, f = I(Af) = 0 by the fundamental
theorem of calculus. For the converse, if I, f = 0, then I(Af) = 0. By solenoidal injectivity, we have that Af = d¢
for some smooth scalar function ¢ vanishing on the boundary M. This implies that f = A~'d¢, which in a local
positively oriented orthonormal frame {ej, e2} means fi = ex(¢) and f> = —e1(¢), i.e. f = curl(®). O

Remark 4.8. We note that on two-dimensional Cartan-Hadamard manifolds one can also deduce from I, f = 0
that f = curl(¢) if one of the following assumptions holds:

() -Ko<K<0forsomeKj>0,andf € E},(TlM) for some n > % Ky

(ii) K € Px(M)for somek > 2,and f € P%(TlM) for some n > 2.

If we combine the data from the geodesic ray transform If and the transverse ray transform I, f, we can uniquely
reconstruct any smooth one-form on two-dimensional compact simple manifolds. This result is also previously
known in R? (see [5]). Recall that Agu = div((grad(u)), where grad(u) = (du)t.

Corollary 4.9. Let (M, g) be a compact simple surface. Then the geodesic ray transform and the transverse ray
transform together determine f € C*®°(T1M) uniquely, i.e. if both If =0and I, f =0, then f = 0.

Proof. Since (M, g) is simple, the solenoidal injectivity of I (see [24]) implies that f = du for some smooth func-
tion u vanishing on the boundary. On the other hand, I, f = 0 gives that f = curl(¢) for some smooth scalar
function ¢ by Corollary 4.7. But this implies that div(f) = 0. Therefore, Agu = div(f) = 0, so u is a harmonic
function vanishing on the boundary. We obtain u = 0 and hence f = 0. O

Remark 4.10. One could also use solenoidal decomposition to prove the previous corollary. By the solenoidal
decomposition f = f* + du, now If = 0 implies that f* = 0. On the other hand, I, f = 0 implies that f is solenoidal,
ile.f=f=0.

The previous corollary holds also on two-dimensional Cartan-Hadamard manifolds as we will prove next. We
first state and prove a version of Liouville’s theorem on Cartan-Hadamard manifolds.

Lemma 4.11. Let (M, g) be atwo-dimensional Cartan—-Hadamard manifold and let u be a harmonic function on M,
Le. Agu = 0. Fix any point o € M. Assume that one of the following conditions hold:
(i) -Ko <K <0forsomeK,>0,and

()l du(o| < ce 1400

for some C > 0 and some n > /K.
(ii) The curvature satisfies
|K(x)| < C(1 +d(x,0)7* 4.1

for some C > 0 and x > 2, and the function satisfies
luColldu(x)] < €1 +d(x, 0)™"

for somen > 1.
Then u is constant.

We point out that the conditions above are independent of the choice of 0 € M as in the definition of the spaces
in (2.4). Moving the point will only change the constants.
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Proof. Assume first that (i) holds. Let B,(0) be the geodesic ball of radius r > 0 centered at 0. Using the integra-
tion by parts formula (see [16]), we obtain

0= J uAudVy
M
- lim I ubudv,
r—-oo
Br(0)
= lim (- J lgrad(u)[2 AV, + j uN (AT ),
B(0) Sr(0)

where dI7g is the induced volume form on the geodesic sphere S-(0) = B,(0), and N is the outward unit normal
vector field. We focus on the second term. Since N(u) = gyx(grad(u), N) and |grad(u)|z, = |dulg,, we can estimate
that

[uN(w)| < lullgrad(u)lg, = |ulldulg,.

The volume form can be expressed in polar coordinates as dVg = Jo(r, 0)dl, where |J,(r, 0)| < CeVKor (see
[17, Lemma 4.7]). Therefore, we obtain

| J uN(u)dVgl < Clet-m+VKr 129
$r(0)

This implies |dulg, = |grad(u)|g, = 0 and hence du = 0. The connectedness of M implies that u is constant.
If ((i1)) holds, then |J,(r, 8)| < Cr [17, Lemma 4.7]. The claim is proved identically as in part (i). O

Remark 4.12. One can prove the previous lemma in the exact same way for Cartan-Hadamard manifolds of
dimension n > 2 using the growth estimates for the Jacobi fields proved in [18]. In condition (i) one requires
n > (n - 1)Ky, and in condition (ii) one requires n > n — 1.

Corollary 4.13. Let (M, g) be a two-dimensional Cartan-Hadamard manifold. Assume that one of the following
conditions holds:

() -Ko <K <0 forsome Ko >0, and f € E}(T1M) for some n > 3 VK.

(ii) The curvature satisfies the estimate (4.1) for some C > 0and x > 2, and f € P}](T1M) for some n > 2.

Then the geodesic ray transform and the transverse ray transform together determine the one-form f uniquely,
ie.ifbothIf =0andI,f =0, thenf = 0.

Proof. Assume that (i) holds. The condition If = 0 implies that f = dh for some h € E, _¢(M), where £ > 0 is
arbitrary (see [18]). On the other hand, I, f = 0 implies that Agh = div(f) = 0. Hence h is harmonic and satisfies
the decay estimate in Lemma 4.11. Thus h is constant and f = 0. The proof under assumption (ii) is identical. [

A Notation

A.1 Integral transforms

« If, the geodesic X-ray transform of a tensor field f of order m. See Section 2.4 and equations (2.1) and (2.3).

o Igyh, the geodesic ray transform of a function h: SM — R. See Section 2.4 and equation (2.2).

o I,f, the (abstract) mixing ray transform with a mixing A of degree m, operating on a tensor field f of
order m. See Section 3.2 and equation (3.6).

e Lyif = Ia,,f, the mixed ray transform of a tensor field f of order k + [ on a two-dimensional orientable
Riemannian manifold. See Section 2.5 and equations (2.7) and (2.8).

o I, f, the transverse ray transform of a tensor field f of order k, corresponding to the mixed ray transform
with [ = 0. See Section 2.5 and equation (2.7).

. IZ’,[f] = I, f, the quotient transform of an equivalence class of tensor field f of degree m. See Section 3.2.
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e Lpf, the light ray transform of a (compactly supported) tensor field of order m. See Section 3.3.3 and equa-
tion (3.9).

. Lg[f] = Lgf, the quotient light ray transform of an equivalence class of a (compactly supported) tensor
field f of degree m. See Section 3.3.3.

A.2 Other operators on tensor fields

o A, amixing composed of automorphisms of the tangent bundle. See Section 3.2 and equation (3.5).

o A;, automorphisms (fiberwise linear bijections) of the tangent bundle. See the beginning of Section 3.2.

o A and Ay, operators converting m-tensor field and m-tensor into a function on the tangent bundle and
tangent space. See Section 3.1 and equation (3.3).

e Ar=rodand A,y =y o Ay, where r and ry are the restriction operators on the tangent bundle and tangent
space. See Section 3.1.

o Ay, the mixing corresponding to the mixed ray transform Ly ;. See Section 2.5 and equation 2.7.

o 0, the usual symmetrization operator of tensor fields. See Section 3.1 and equation (3.1).

e 0Oa,, the projection operator onto A~1(Ker(A,)4), related to the mixing ray transform I, ;. See Sections 3.1
and 3.2, and equations (3.4) and (3.7).

o H =1d-0a,r, an operator projecting m-tensor field onto Ker(A, o A). See Sections 3.2 and 3.3, and Theo-
rem 3.3.

« D =A"'.4,an auxiliary operator related to two admissible mixings A and A of degree m. See Section 3.2
and Theorem 3.3.

o VA=A1ov, the weighted covariant derivative of an m-tensor field, where A is an admissible mixing of
degree m. See Section 3.3.1.

e Ni,1, the normal operator of the mixed ray transform Ly ; on compact simple surfaces. See Section 4.2 and
Lemma 4.4.

A.3 Other terms

e JF(X), the set of all functions X — C.

e Mor (M, g), aconnected (pseudo-)Riemannian manifold of dimension n > 2.

o SM, the sphere bundle whose fibers are unit spheres of the tangent spaces. See Section 2.4.

e X(TmM), the space of all covariant m-tensor fields. See Section 2.1.

o SnuM, the space of symmetric m-tensor fields. See Sections 2.1 and 3.1.

o CYTpM) and C1(S,M), the set of C7-smooth (symmetric) m-tensor fields, where g € IN. See Section 2.1.

o HX(T,M)and HX(S,, M), the L2-Sobolev space of (symmetric) m-tensor fields, where k € IN. See Section 2.2.

e Py(T,yM) and P},(TmM), the spaces of polynomially decaying m-tensor fields on Cartan-Hadamard mani-
folds. See Section 2.4 and equation (2.4).

e Ey(Ty,M)and E%(TmM), the spaces of exponentially decaying m-tensor fields on Cartan-Hadamard mani-
folds. See Section 2.4 and equation (2.4).

o [fl and [f]4, the equivalence class of the tensor field f, under the relation f ~ h if and only if

f—h e Ker(4, 0 A).
See Sections 3.1, 3.2, 3.3.1 and 3.3.3.
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