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1 Introduction

In the last decade interest in physics of small, submicrometer scale metal-
oxide-metal tunnel junctions and advanced fabrication technology led to the
observation of single particle, namely electron, tunnelling.

The ability to move electrons one at a time has inspired attempts to use
it, e.g., for metrological applications for constructing a standard for current
based on microscopic foundation [1, 2, 3]. One would force electrons to travel
through an array of tunnel junctions one by one at a frequency f, resulting
in current I determined by the frequency and the elementary charge! e as
I = ef. Another possible application of this so called single electronics
would be to use single electrons to store information, i.e., to represent bits of
computer memory or logic states by presence or absence of just one electron
[4, 5, 6, 7]. Two tunnel junctions in series with a gate electrode form a single
electron transistor (SET), which can be used as a very sensitive electrometer
8, 9, 10, 11].

The natural energy scale of single electron systems is Ec = €2/2C, where
C is the geometrical capacitance of the metal-oxide-metal junction and E¢
is the energy of one electron charging the capacitor plates, i.e., the energy
required for tunnelling. In the above mentioned applications, the charging
energy Ec must be much higher than the thermal energy kg7, or otherwise
thermal fluctuations will smear out single charge phenomena. Therefore, ef-
fort has been mostly focused to this regime, Ec > kT, whereas the opposite
high temperature limit, Ec < kT, has been largely overlooked. However,
in this thesis it is demonstrated that there is interesting physics in the high
temperature limit also, and, astonishingly, we provide the first commercially
potential application of single electron tunnelling research: thermometry.
When the thermal energy, kg7, is higher or comparable to the charging
energy, Ec < kgT, the conductance vs. bias voltage curve of an array of
tunnel junctions exhibits features suitable for primary thermometry. The
curve represents a nearly bell shaped dip in conductance whose half width,
V12, is directly proportional to absolute temperature. We have found out
that the tunnel junction thermometer is also quite robust to fabrication in-
homogeneities, background charges and external magnetic field. Usable tem-
perature range for AlIOx based tunnel junctions presently ranges from 10 mK
up to 77 K. Since one is usually interested in the temperature of the lattice
rather than that of the electrons, poor electron-phonon coupling becomes the
limiting factor at low temperatures. At high temperatures tunnel junction

1Tet us use the convention e > 0.



barrier starts to deform due to the high bias voltage needed to measure the
broad conductance dip and Vj,.

2 Arrays of tunnel junctions

2.1 General discussion

The object of study in this thesis is a one dimensional array of N tunnel
junctions in series as depicted in Fig. 1. The junctions are made of two
slightly overlapping metal layers separated by a thin oxide layer. The overlap
and the oxide layer result in a capacitance C; and the resistance Rr; of a
junction ¢, which is modeled by a parallel connection of Rr; and C;. The
junctions ¢ and ¢ + 1 isolate a small metallic island, which also has a stray
capacitance Cp;. Optionally, on each island ¢ one can attach a gate, which is
simply a metallic lead manufactured near the island producing capacitance
C,,; with island ¢. By applying a voltage V,; to the gates through external
wiring, one can change the potentials of the islands. This is discussed more
in Sec. 2.6 where we concentrate on single charge transferring devices.

The arrays and junctions sit on an isolating substrate, e.g., silicon at low
temperature. The capacitances between the non-adjacent islands are negli-
gibly small. The array is biased symmetrically at the two ends by voltages
+V/2 and one is usually interested in the current vs. voltage (I'V') relation-
ship of the array. Electrons tunnel through individual junctions yielding a
net flow of charge through the array at nonzero bias voltage.

R’r I>C RTvC T,N?

b -t

Figure 1: A symmetrically biased one dimensional array with N tunnel junc-
tions and N-1 stray capacitances Cy; included. C,; and V,; denote the gate
capacitances and the gate voltages, respectively.

There are up to billions of electrons on each island, and their charge is
largely compensated by the lattice ions. Yet, due to the smallness of the
islands, a lack or an excess of a single electron can change the electrostatic
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energy of an array considerably. Thus, for the phenomena under study, the
charge configuration {n} = {n;,n,,...,ny}, describing the number of ezcess
electrons on each island ¢, is sufficient to completely define the state of the
array. Naturally, n; may have negative values and this means that there is a
lack of electrons on island .

Each configuration {n} has a probability o({n}) of occuring, which de-
pends on the absolute temperature 7', the bias voltage IV and the parameters
of the array introduced above. We limit ourselves to the tunnelling event
between the adjacent islands 7 and ¢+ 1, i.e., an electron can tunnel through
just one junction at a time, and denote the tunnelling probability by Ff({n})
through the junction j at the state {n} to the left (-) or right (+), respec-
tively. Tunnelling through several junctions simultaneously, the so called
co-tunnelling, yields small effects in short arrays (V = 5) at low tempera-
tures [12, 13], but it is unimportant for the present discussion. The ends of
the array are held at a constant potential regardless of tunnelling through
the first/last junction. This means that we assume that the array is perfectly
voltage biased.

The configuration probabilities o({n}) are determined by a master equa-
tion [14] which can be written for IV junctions as

o({n}) =X, {o(...,n; — 1,njn DG g = g+ T o)
+o(...,n;+1Lnpa—1,.. )T (,n+ Lnja —1,..) (1)

—[F;—( ey My Mg, - - ) + F]_( <oy Mgy g1,y - - )]0( <y Mgy M1, - - )}

What is written in Eq. (1) is the probability flux into configuration {n}
minus the flux out of it. In steady state one has 6({n}) =0, i.e, when there
is no gate modulation or any other fluctuations in charge or voltage. The
tunnelling probabilities 'Y depend on the electrostatic energy difference for
the states before and after the tunnelling event [15].

2.2 Coulomb blockade

Let us study a perfectly symmetric two junction case (N = 2) with a gate
and ignore the ground capacitance for simplicity. Furthermore, we assume
that temperature is low, i.e., Ec > kgT. The center island has a capacitance
Cz = 2C + C, with the environment and, thus, one additional electron on
the island changes the energy by the amount €2/2Cs. At low temperature
and at low bias voltage, it may not be possible for an electron to tunnel into
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the center island, i.e., the energy required to charge the island (e?/2Cy) far
exceeds the energy available either from thermal excitations (kg7') or from
the bias supply (eV/2), €2/2Cs > eV/2, kpT.

Once the flow of electrons is prohibited, one observes zero current at
nonzero bias voltage in the IV - curve of the array: a phenomenon called
Coulomb blockade. Asymptotically, at high bias voltages, the IV - curve
approaches that of an ohmic resistor of resistance 2Rz, but with an offset
voltage V,s; = e/2C. This model suggests that at zero temperature one
would have a sharply defined threshold voltage V,¢; for the onset of current,
and absolutely no current when |[V| < V,r;. However, the co-tunnelling
effects give rise to nonvanishing current even in the Coulomb blockade region,
i.e., electrons tunnel through both junctions simultaneously with virtually no
increase in charging energy. Also, we have neglected quantum fluctuations,
which give rise to nonperfect Coulomb blockade. They can be effectively
suppressed, however, by making the resistance of junctions, Rr;, much higher
than Rg = h/e? ~ 26 kSQ.

The situation changes considerably by varying the gate (with capacitance
C,) voltage V,. The electrostatic energy of the system is

E = (—ne + Q,)?/2Cs . 2)

The charge induced by the gate voltage V, is @ = C,V,, and n is the
number of electrons on the island. Since n can have only integer values, the
corresponding change in £, AE, determines the energy needed for an electron
to tunnel into or out from the island initially in the state of minimum energy.
Interestingly, one can change AFE by varying the gate voltage V, and thus
Q@y. Minimum AE = 0 is achieved when @, = (n £ 0.5)e and the Coulomb
blockade is almost nonexistent, i.e., the IV curve follows closely to that of an
ohmic curve. The gate controls the electrostatic energy barrier and has effect
only at very low temperatures where thermal fluctuations are suppressed.
The occupation of the island with @ = 0 consists mostly of states n =
0,%1 and thus a change in @, by a fraction of electron charge changes the
current considerably. Gated two junction arrays can be used as very sensitive
electrometers as demonstrated in Ref. [16] down to < 10~* e/+/Hz noise level.

The models of Coulomb blockade and related experimental results are
depicted by a series of pictures in Fig. 2.

Typical junction capacitances are of the order C ~ 1073 —107'® F which
translates to temperature as T ~ E¢/kg ~ 1 — 10 K. Temperature should
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therefore be well below 1 K for Coulomb blockade to be clearly visible. Re-
cently, however, Coulomb blockade has been demonstrated at much higher
temperatures [17, 18, 19], in a special setup even up to room temperature
[20]. Resistances of the junctions are typically > 30 k2. Fabrication and
further properties of the junctions are described in Sec. 2.5.

In summary, a tiny metal structure can have a capacitance with the en-
vironment small enough for the associated single electron charging energy to
be decisive in its electrical behaviour, leading to nonlinear IV -characteristics
with Coulomb blockade.

2.3 Thermometry by arrays of tunnel junctions
2.3.1 Basic results

The Coulomb blockade is dominant in the low temperature regime, Ec >
kgT', but there is also interesting physics in the opposite limit, Ec < kg7,
where charging energy is inferior but not insignificant as compared to kg7
It was discovered in Ref. [P1] that, in the high temperature limit, arrays
of normal metal tunnel junctions exhibit features suitable for primary ther-
mometry. The thermometer operation is based on the universal shape of the
conductance curve of the array.

For an gateless IV - junction array, let us define dimensionless parameters
Uy = 2N—§lﬁ% for the absolute temperature T and vy = eV/NkgT for the
bias voltage V. Assuming that there are no ground capacitances? , Cy; = 0,
and the array is symmetric, Ry = Ry, and C = C; (Fig. 1), the conductance
G normalized by its asymptotic value, G, at vy — +00, is given by

G(uw)
Gr

=1-ung(vn), (3)

where the function g, introduced in [P1], is defined by
g(z) = [z sinh(z) — 4sinh®(z/2)]/8sinh*(z/2). (4)

Equation (3), strictly valid only when F¢ < kgT, represents a dip in
conductance as shown in Fig. 3. The full width at half minimum, Vj5, and
the normalized depth of the peak, AG/Gr, are given by

2In practise the ground capacitances can be neglected in most cases.
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Figure 2: Operation of a symmetrically biased SET transistor. (a) A
schematic picture of the experimental setup and (b) an atomic force mi-
croscope (AFM) image of the actual transistor. The overlapping white areas
are the tunnel junctions. (c) The potentials felt by a single electron with
negligible charging energy of the island (solid line) and with the charging
energy included (dashed line). The electron prefers not to move onto the
island unless it gains enough energy from the voltage supply or from thermal
excitations to win the charging energy. (d) Measured IV characteristics of a
transistor with Ry ~ 200 kQ, Csx, = 2.0-1071¢ Fat T = 100 mK for different
gate voltages and (e) modulation of current of the same transistor at a fixed
bias voltage as the gate voltage is varied. (f) Calculated current vs. volt-
age (IV) relationship (solid line) at a Jow temperature (e?/2C)/(kgT) = 40.
Coulomb blockade is clearly manifested as a flat zero current region at volt-
ages below |eV/E¢| ~ 1. The IV - curve becomes linear as V — +oo. At
nonzero temperature there is thermal rounding of the IV - curve at the onset
of current at the voltages |V| >~ V,5; = e/2C.



NkgT

AG _ uy _N-1¢€*/2C (6)
Gr 6 3N kgT '

For a given array of length N, the half width (Eq. (5)) is directly pro-
portional to temperature T and, since it depends only on the fundamental
constants of nature, is a primary measure of 7. The depth of the peak
(Eq. (6)) gives us a secondary thermometric parameter, since at least one
calibration point is needed for the capacitance C. The factor ’5.44’, in fact
5.43917. .., comes from the numerical solution of Eq. (3) for the half width,
and it simply yields one characteristic measure to cxtract 7' directly.
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Figure 3: Conductance in the high temperature regime from Eq. (3) foruy =
0.30. The inset contains the corresponding IV - curve, from which the weak
Coulomb blockade is not easily seen, as contrasted to the low temperature
case in Fig. 2 (with N=2).

Asindicated by the I'V - curve in the inset of Fig. 3, the Coulomb blockade
tendency is quite weak. Therefore, in the experiment, instead of measuring
the IV - curve and numerically differentiating it, one measures the conduc-
tance directly using standard lock-in techniques for much greater accuracy.
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In principle, the absolute temperature 1" by itself has little meaning as
far as the Coulomb blockade is concerned. Instead, one must always com-
pare the thermal energy kg7 to the characteristic energy E¢ of the array.
Therefore for a given temperature range, one can experimentally 'tune’ the
array by varying the size, i.e., the capacitance C, of the junctions. By lock-
in techniques one can measure conductance minima at AG/Gr = 0.2% and
the Coulomb blockade is not yet approached when AG/Gr = 30%. This
gives the ratio of the maximum and the minimum measurable temperatures
Tmaz/Tmin ~ 100 by just one array, where the mean of the temperature range,
Tnean, is determined by the capacitances of the array. There are, however,
some limitations. Increasing E¢ increases Tr,eqn but also the conductance dip
widens and one has to use large bias voltages to measure the dip. Large bias
tends to distort the apparent potential barrier of the junctions which shows
as deviations from the simple theory. This effect limits the use of the alu-
minium based tunnel junction thermometer to temperatures up to T =~ 77 K
at present.

2.3.2 Higher order corrections to the basic result

Actually, the results in Sec. 2.3.1 are correct only up to the first order in uy.
As the temperature is lowered, higher order terms in conductance become
noticeable. In Ref. [P2], the master equation (Eq. (1)) was solved and a
general formula for the conductance of a symmetric array (Rr; = Rr,C; =
C,Cy; = 0) was derived :

G(vn)

o = 1 - uvg(on) = 719" (w)h(ew) + (o)W (o) ©
—2u, (790 (m)h(on)? + 39" (ow) + 36" 0K @m)h(ox)
—cuy [200(omh(on) + 50" (o) (o) + 50 (om)h(ow M (o)
g (ow)h(ow)*| + Owh)

24

with h(z) = z coth(z/2).
Similarly at vy = 0, one obtains the depth of the peak as

AG 1 1 1 1
= <UN — 2 + —U3

= Rl . 4 5
G = 65U 50UV t 630UV ~ Boap vy +Ou) (8)
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As a special case, Eqgs. (7) and (8) are valid for an array of two tunnel
junctions (N = 2). But for the two junction case one has a rigorous numerical
method [P1], (Sec. 2.4.1) for calculating the IV - curve, from which the
conductance can be obtained as a numerical derivative. In uy, vy units,
the results for all N are the same. Therefore, one has two different ways of
calculating the conductance of an array with /N tunnel junctions.

Using the series expansions, one can calculate the linear correction to the
ideal first order result [Egs. (3), (5)]

N AG
SN2 L 0.3921122 9
Vij20 Gr (©)

where Vi /20 is full width at half minimum from Eq. (3) and AG/Gr is the
exact (measured) depth of the peaks. Equation (9) is calculated from Eq. (7)
using the terms up to the second order in uy and taking the first, i.e., linear,
term of the series expansion of the correction formula. Figure 4 depicts
corrections numerically calculated from Eq. (7) using terms up to the 2nd, 3rd
and 4th order, as well as the correction using the rigorous method (Sec. 2.4.1)
and the linear correction of Eq. (9).

The linear correction is seen to be quite accurate even up to such a high
peak depth as AG/Gr = 0.3. Since Eq. (9) was calculated using the terms
up to u%, this might suggest that including the second order term is sufficient
for describing the whole conductance dip. This is, however, not true for deep
peaks, as shown by a series of pictures for various peak depths in Fig. 5. The
fact that the linear correction applies so well up to high values of AG/Gr is
presumably a lucky coincidence.

2.3.3 Inhomogeneities in the array

Inevitably, there are some inhomogeneities in the tunnel junction parameters
Rr;,C; and Cp; due to the fabrication process. To study the effect of nonideal
circumstances, we first draw upon the first order result for the conductance
in the case of nonequal resistances and capacitances [P3]

E_ —1-9 iy RT,i A, RT,i eV

Gr 2 Ty 55T Ry EpT
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Figure 4: Corrections to the first order half width of Eq. (3), now denoted
by V12,0, as calculated up to various orders in uy. The linear correction and
the one from the rigorous calculation (’exact’) follow each other quite nicely.
AG/Gr is the true depth of the peak.

where Ry is the total resistance, Ry = Zf;l Rr; and A; describes the
Coulomb blockade threshold for the junction ¢. The term A; is given by
the inverse capacitance matrix C™' of the array: A; = (Ci'_ll,,-_l +Cii -
2C;, L 1)e?/2. If there are variations in the capacitances C; and Cy, but the

resistances are equal Rr; = Ry /N, Eq. (10) reduces to

N .
LRI L )
GT NkBT NkBT

(11)

which has exactly the form of Eq. (3) with uy replaced by 2N, A;/NkgT;
the two quantities coincide for a homogeneous array. Therefore Eq. (5) is
valid for the half width always if the resistances Rr; are equal even if ca-
pacitances would be different from each other. On the other hand, nonequal
resistances cause deviations from Eq. (5) and one can use Eq. (10) to calculate
the full curve and the half width, or use the following correction formula.

13
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Figure 5: Four peaks with increasing depth as calculated from Eq. (7) up to
different orders in uy. The solid line which extends further in bias than all
the others, is from the rigorous calculation, i.e., the one against which the
other curves from the series expansion are to be compared.

If we assume uniform thickness of the tunnel junction barrier (uniform
oxidation) it is supposed that Rr;C; = constant for all junctions, since
Rr; o< A7 1 and C;  A;, where A; denotes the tunnelling area of junction 4.
In the case of small variations and for Ry ;C; = constant, the dependence of
V1,2 on the variations is of quadratic form

2
Mpe (5—R> , (12)
1/1/2,0 RO RMS

where (§R/Ry)%1s is the RMS deviation of junction resistances from their
mean value Ry = Rg/N. The factor k¥ has an approximate value of k£ =2
0.73 + (N — 1)/N [P3] and the half width for the homogeneous case from
Eq. (5) is Vi/2,0-
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Inhomogeneities were studied experimentally in Ref. [P3] and by com-
puter simulations in Ref. [P4]. Both methods confirm a weak dependence of
V12 on the inhomogeneities. The ratio of the maximum and minimum areas
of junctions within a chain could be as high as 4,42 /Ami»n = 10 and yet only
a factor of 2 drop of V;/, was observed [P3]. A 10% peak-to-peak variation in
sizes of junctions yields an error of about 0.2% in Vi), and T. The effect of
inhomogeneities in the junction parameters is easy to push down to below 1%
level in error, in arrays where the junctions are not pushed to the minimum
size.

2.3.4 Background charges

The effect of variations in the junction parameters (Rr; and C;) could be
calculated analytically in the high T limit, but to account for background
charges one has to resort to numerical simulations. Background charges are
highly uncontrollable in the experiment and arise from the intrinsic proper-
ties of the materials used, whereas Rr;, C; variations are attributed to the
fabrication errors of the arrays.

On each island a random offset charge gp; was introduced drawn from
a uniform distribution within the interval [—e/2, +e/2], since the effect of
background charges qp; is e periodic. The uniform distribution reflects the
fact that nothing is known about gg;’s, i.e., there is no reason to prefer some
charges over the other. Some simulations were performed with a uniform
nonzero background charge gy = go i, with results equal to those in the other
configurations in the high temperature limit.

The effect of background charges on V;/; and AG/Gr are shown in Fig. 6
for arrays of 10 and 40 junctions as a function of uy, i.e., against 7. The
two junction case was studied in Ref. [P1]. It is seen that the correction
to the first order half width Vj/3( is linear in the beginning and that the
background charges start to have noticeable effect only as the temperature
is lowered such that uy > 3. This insensitivity to gp; can be qualitatively
explained by considering the number of electrons n; on each island ¢. At high
temperatures, large (> 1) fluctuations of n; effectively mask the small offset
charge |goi| < e/2, i.e., the effect of the background charges is buried under
the thermal noise and the offset charges start to have effect only when they
become comparable to the fluctuations.

Devices built out of tunnel junction arrays that manipulate charges at
single electron level are always hampered by background charge problems.
But in the thermometric operation we are not addressing single electrons
and the natural high temperature operating regime is much more forgiving

15
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Figure 6: Background charge effects on Vy/, and AG/Gr for (a),(b) 10 and
(c),(d) 40 junctions vs. uy = 2((N — 1)/N)(e?/kgT). Each point depicted
by a circle was calculated with a different set of random background charges
{90} (see text). The homogeneous case (Rr;, C; constant, Co; = 0,gp,; =0)
is plotted with solid square symbols.

in terms of the background charges.

2.4 Computational methods

2.4.1 The IV - curve of a 2 - junction array: an iterative algorithm

In the symmetric, fully homogeneous case, we can calculate the I'V - curve
of a two junction array (N = 2 in Fig. 1 without gates but possibly with
the ground capacitance Cy) by a rigorous numerical method. The island
between two junctions has a probability o(n) of occupying n electrons. Due
to symmetry, it is ohvious that a(n) = a(—n), i.e., "holes” and electrons
have an equal probability of existing. Before proceeding, let us define

16



describing the ratio of the occupation probabilities of the adjacent charge
states of the array.
In a steady state, &(n) = 0, and it directly follows from the master

equation [Eq. (1)] that

An

nin — Lp =V, 1
B BaPa = Co =0 (13)

where we have introduced the notation

A, = TT(n-1)+T;(n-1)
B, = I'i(n+1)+Tf(n+1)
Cn = Ti(n) +T1(n)+T5(n)+ T3 (n).

The tunnelling probabilities I'T, depend on V,T and n. Using the nor-
malization introduced before, we take the following shorthand notation u =
e2/(2C + Cy)/kpT and v = vy = eV/2kgT to account for temperature and
bias®. Now the gammas are expressed as

1 kgT (—-3Fn)uFv
2R7C Ec 1—exp([3 £ nJutv)

1 kgT (——%:l:n)uq:v
2RrC Ec 1—exp([3 Fnjutv)

Ii(n)

I3(n) =
When n = 0, it follows from Eq. (13) that

Co

= ‘ 14

Py

From Eq. (13) one obtains a recursive formula for P, :

3Note that u = uy if the stray capacitance Cp = 0.
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Cn — (An/Pp-1)

P, =
B,

(15)

Next we calculate the ratio Y, between the probabilities o(n) and o(0)
as
a(n)
T,=——~=PFP,_1T,_

"o
and use the fact that o(n) = o(—n) and normalize ¥

n=00
TN=—00

o(n) =1 to obtain

an equation for the probability of a neutral state:

o(0) = [1 123 Tn] o (17)

n=1

Now we are ready to give an algorithm for calculating the current at any
temperature and biased at any voltage. First, the occupation probabilities
o(n) are calculated up to a predefined maximum occupation n,,; for positive
n > 0, after which the current is easily calculated as the weighted difference
between the tunnelling rates at different occupations.

1. Calculate Py by Eq. (14) and set n =1 and Yo = 1.
2. Calculate P, using P,_; (Eq. (15)).
Calculate Y, using T,_; (Eq. (16)).

Advance to the next state, i.e., n — n+1 and go to step 2 if n < Nypqz-

AN S

Calculate ¢(0) from Eq. (17) by taking the sum up to n = npe,. The
probabilities o(n) are now obtained (Eq. (16)) as o(n) = o (0)T,.

6. In equilibrium, the current throngh both of the junctions is the same,

and thus it suffices to calculate the current through the first junction :

o0

I = —e 3 ofn)[If(n) - T1(n)]

n=--00

—e{o(0) [T} (0) - T7(0)]

+3% ot [T (n) = Ty () + T (=) - Ty (-]

[
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Conductance can be obtained by numerically differentiating the IV -
curve.

2.4.2 The IV - curve of an N - junction array: principle of the
numerical simulation

We start the discussion of an NV junction array with some physical consider-
ations to justify the simulation method to be described. Only the tunnelling
events between the neighbouring islands are taken into account and single
electrons are allowed to tunnel at a time. We recall that the effect of higher
order cotunnelling processes is negligible for long arrays [12, 21] also at high
temperatures. There are two time scales in the tunnelling process : i) the
tunnelling time through the barrier and ii) the time between two consecutive
tunnelling events. The latter of these is the dominant one and the tunnelling
time i) is not very well defined and is assumed to be negligible [22, 23, 24].
The time between the tunnelling events ii) is large enough for the subse-
quent tunnelling events to be uncorrelated to each other. Therefore there is
no 'memory’ in the system, i.e., the current configuration of charges (state
of the array) {n}, = {n1,ns,...,nn_1} completely determines the tunnelling
probabilities to the 2NV possible states. Once tunnelling through a junction
has occurred, the new state {n}, , once again serves as a starting point, and
it has no knowledge of its past and how it got there. Thus, one obtains a
series of states {n}, = {n}, = {n}, = ... each contributing to the total
current. Each state {n} has a probability o({n}) of existing, i.e., a sequence
of M tunnel events contains, on the average, o({n})M number of states {n}
assuming that ¢ has no time evolution.

Let us next focus on a particular state {n} and junction i. Our state
of interest is predicted to occur o({n})M times, but in how many of these
cases does the next electron tunnel through the junction 7 to the right (or
left)? The answer comes from the tunnelling probabilities per unit time
(rate) 7 ({n}) to the left (-) and right (+) through junctions j = 1,2,...,N
at the state {n}. Note that for a given bias and array, I' depends on the
configuration alone and does not have time evolution (Eq. (1)). The total
rate out of the initial state {n} is 's = X1, [I‘;'({n}) + F]‘({n})] and thus
a fraction

I 00} :
O = S T en + ) "
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of o({n})M take place through junction 7 to the right (+) or left (-). The
net amount of charge transferred forward (right) is

—e-o({n}) - M- [fF({n}) - £ ({n})]. (19)

Calculating the net charge in this way has great benefit over the conceptually
more appealing and simpler method of just following the electron tunnelling
through junction z and adding/subtracting the transferred charge depending
on the direction of tunnelling. Counting the electrons in that way essentially
simulates Eq. (18) numerically, but that is a futile effort since we know it
already! To obtain the total net charge §; transferred* through junction 4,
i.e., the difference of charge to the right and left, respectively, one has to take
all the M configurations into account

Gi=—e- % Mo({n}) - [fF({n}) = £ ({n})] , (20)

where the summation is taken over the M states {n}, = {n}, = {n}, —
...{n}p_,- Now, we still have a problem of the probabilities o({n}) since
they are not known in advance. However, using the fact that, in the long
run, each state is visited Mo({n}) times, we can write Eq. (20) as

6= 2 (77 {n}s) — £7 ({n}s)] (21)
n}s

where the summation is performed as the simulation progresses, i.e, for each
configuration, one calculates the argument in Eq. (21) and adds it to the
variable containing the sum up to the previous configuration. To distinguish
this ”dynamical” sum from the mathematical summation in Eq. (20), a sub-
script 'S’ has been added. The probabilities o({n}) are now naturally taken
care of in Eq. (21), since the more probable a state is, the more often it is
visited and accounted for in the summation of Eq. (21), i.e., the probabilities
o({n}) are estimated by simulation. Note that if one did not use Eq. (18)
but simply counted electrons tunnelling back and forth, one would be es
timating the tunnelling rates by simulation n addition to the probabilities

4Estimates of the actual quantities are distinguished by tilde (7) above their symbols.
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o({n}). This has little effect at low temperature, where thermally excited
tunnelling is rare and the difference f;" — f;” is large, but at high temperature
most tunnelling events are thermal and the difference f7 — f; is small as
compared to f or f;.

To calculate the current, one needs to know the time associated with the
charge transfer. The probability that a given configuration {n} is preserved
for a time period At is [15]

P(At) = exp(—T'sAt) (22)

from which one readily obtains the average time spent in {n}

st} = - = (ST (D + 7)) (23)

As in calculating the charge (Eq. (21)), the total time T associated with
the transferred charge is obtained by dynamically summing Eq. (23) along
the simulation path3

7= 3 slinks) (24)

and now the current through junction ¢ is easily obtained as

Z{n}s [f+({n}s) 3 {”}s)]
2n}s At({"}s) ’

(25)

Il
N
Il

i.e., the nominator and the denominator in Eq. (25) are separately calculated
during the simulation and, at the end, the results are divided to obtain the
current. Note that the factor M (Eq. (20)), the length of the simulation run,
is canceled in the division, as it naturally should.

In equilibrium, the current through each of the junctions has to be the
same, i.e., I = Iy = I, = ... = Iy, one can average over the I;’s and assign
(arbitrary) weight p; on them, too, because

5 Average time At is an exact quantity whereas the total time T is an estimate due to
the finite sampling of the configuration space.
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N N
YIi-pi=1-Y p=1, (26)
=1 =1

provided that the weights are normalized: ¥, p; = 1. Due to the finite
sums involved, there is no ambiguity in interchanging the summations over
i and {n}g to obtain the current from Eq. (25) as

Sinys AQ ({n})

1=5 . A}y’

where we have introduced a notation

- N, [ {nh) - Tr({n)] - b
A n}) = —e ' . 28
nd) X, [ ({n}) + T ({n})] (28)

By suitably choosing p; we can significantly speed up the computation
in practise. To determine the desirable weights p;, consider the tunnel resis-
tances Rr;. Tunnelling rate 'Y is inversely proportional to Rr; and hence
low resistance implies large rates and a small relative difference between the
forward and backward tunnelling rates (Eq. (28)). Therefore, because cur-
rent, i.e., net tunnelling rate of electrons is the same for all junctions, small
difference in rate implies high noise level, which we effectively eliminate by
applying a low weight on such a junction. Hence we choose the weight as
[25)

_ Ry,
=

pi (29)

although it is perfectly valid to experiment with other weights as well as long
as they sum up to unity. The weight factor in Eq. (29) greatly improves the
accuracy when simulating inhomogenous arrays at not that low temperatures.

Equations (23), (27), (28) and (29) present the main part of the simulation
method. The tunnelling rates, I'f, are calculated by considering the energy
difference AF before and after a tunnelling event. Let ¢; denote the potential
of the island ¢ before tunnelling and ¢ the potential after the tunnelling
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event. The change of energy in the tunnelling event at island : is given by
[15]

1 /
AFf =ge [(Pix1 + D) — (i + )] (30)

where ¢ + 1 is the island that an electron tunnelled onto from island . The
potentials ¢; are calculated from the equation

—Cipi1+(Ci+Ci11+Co,4) i —Cit10i41 = —€ni+goi , 1 =1,...,N—1 (31)

with g = V/2, oxn = —V/2 and gqq; is the background charge on island q.
Equation (31) is general, however, and applies to nonsymmetric bias config-
urations, too. The tunnelling rate through junction 2 is

1 AP
o S 7
I = P 1= exp (AR ReT) (32

At each configuration {n;} one calculates Eq. (32) for all the 2N tun-
nelling rates and throws a weighted dice according to the I'f’s to determine
the tunnelling event that actually takes place. This can be realized, e.g., by
dividing the interval [0,1] into 2N segments proportional to I';’s and choos-
ing an evenly distributed random number 7 € [0,1]. The segment into which
r lands determines the tunnelling event.

2.4.3 A practical method to extract V;,; from the conductance
data

We next turn our attention to the practical determination of temperature
from the measured data. In order to use arrays of tunnel junctions as ther-
mometers, one needs a method of extracting the half width Vj/, from the
measured conductance data. Though determining V), directly from a mon-
itor screen may be the easiest way, a less subjective and more accurate and
automated procedure is clearly needed.

For shallow dips, one can fit Eq. (3) for conductance data points to ob-
tain Vi/5. But as the dip gets deeper, the higher order terms become no-
ticeable and the shape of the dip begins to deviate from the first order form
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(cf. Fig. 5). Including more terms from the conductance series (Eq. (7)) in
the fitting procedure would be most inconvenient due to the nonlinear fitting
required. Instead, we perform polynomial fits of second order to the selected
regions of the conductance curve around the peak, and the half width re-
gions, respectively, and obtain the asymptotic conductance G as an average
at high positive and negative bias regions. The fits are illustrated in Fig. 7.
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Figure 7: Parabolic fits (solid lines) to discrete conductance points around
the peak, over an interval dp, and near the half width region, dh. Far from
V =0, Gt is obtained as an average across a region da (horizontal line) and
the conductance at zero bias is Go = G(V = 0).

The algorithm of determining Vi, in this way is described in Ref. [P6]
along with discussion about optimizing the width of each fit region in the
presence of noise in the experimental conductance data. The algorithm re-
quires relatively ”clean” data with no spurious data points and to this end,
we developed a filtering process to be first applied to the data. The main
motivation of developing the algorithm comes from the possible application
of the thermometer in an automated environment. Since Eq. (3) is inherently
nonlinear, fitting data to it requires an iterative process. This needs much
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more computational power than a simple parabolic fit used here. The speed
originates from the fact that our procedure is linear in its parameters. We
estimate that the present method is about one thousand times faster than
the nonlinear fitting.

2.5 Experimental results
2.5.1 Fabrication and measurements

All the samples were fabricated by electron beam lithography using two [26,
27] or three angle shadow evaporation techniques. Most arrays were made
by evaporating two layers of aluminium with oxidation in between to form a
tunnel barrier out of AlOx.

The overlap area between the two layers determines the size and thus the
capacitance of the tunnel junctions. In case of the thermometer, depending
on the operating temperature range, the junction areas were varied between
2-1073 and 2 (um)2 Figure 8 depicts the measurement geometry. One
actually measures resistance versus bias curve which is easily converted into
conductance. It is also possible to measure d/dV/, i.e., conductance directly.
Most measurements have been made in a single ended configuration.

Measured conductances follow the expression of Eq. (3) very closely. At
present, the absolute accuracy of the thermometers is about 0.3%. As an
example we show in Fig. 9 data of a sample with N = 20 junctions at
T = 4.212 K. Applying the method of Sec. 2.4.3 to the data of Fig. 9 yields
V12 = 40.183 mV, whereas the calculated value is 39.499 mV by Eq. (5) with
no corrections whereas the corrected value is 40.226 mV.

2.5.2 Physical limitations

The ratio of thermal energy kgT to the characteristic charging energy F¢ =
e2/2C determines whether the temperature is high or low for the thermo-
metric operation. This would suggest that one can choose the thermometer
parameters to work at any absolute temperature, given the technology to
control the junction capacitance C. There are, however, limitations at very
high and low temperatures due to material factors. The temperature that is
actually measured is the electronic one, but usually one is interested in the
temperature of the lattice rather than that of the electrons. This becomes a
limiting factor at low absolute temperatures due to the poor coupling between
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Combined DC and AC current source

~1-1000 MQ
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Figure 8: A simple measurement setup. The sample array is inside a refrig-
erator and it is biased through a resistor Ry by sweeping the voltage. Small
AC voltage is added to the sweep for lock-in (LI) purposes and the actual
bias voltage over the array is measured by a DC preamplifier. The output for
LI is proportional to the differential resistance dV/dI of the array, provided
Ry is much greater than Ry, the resistance of the array.
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Figure 9: An example of a measured peak (AG/Gr = 4.6 %) of an array of
N = 20 junctions at T = 4.2 K. The solid line shows the analytical result by

Eq. (3).

electrons and phonons. There is inevitably heating due to the measurement
currents (DC and AC) and, hence, at low absolute temperature the electronic
temperature is higher than that of the lattice due to the poor thermalization
and this results in a systematic error in temperature measurement. Thermal
connection between the crystal lattice of the Al island and the substrate is
not a bottleneck[28].

At the high absolute temperature end, bias sweep over a wide range is
required to measure the whole conductance peak. However, at high biases the
tunnel barrier whose height is about 2 eV is distorted significantly from the
square shaped one and this results in deviations from the simple theoretical
prediction of Eq. (3) because the simple expressions of, e.g., Eq. (32) for the
tunnelling rates are not strictly valid any more in the presence of ”barrier
suppression”. This is exemplified in the figures of Refs. [P2], [29]. Fig. 10
depicts schematically the limitations.

Last, but by no means the least, property of the tunnel junction ther-
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* Electron-phonon coupling OK ~TTK
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* Electron-phonon coupling poor ~ 10 mK

Figure 10: Schematic illustration about physical limitations of CBT ther-
mometry with Al/AlO./Al junctions at high/low absolute temperatures.

mometer is the independency of its reading on magnetic field [P3] at least up
to 8 T and within 2% of reproducibility of the experiments. Measurements
even at higher magnetic fields are in progress.

2.5.3 Solitary junctions

Unlike arrays, a solitary tunnel junction is believed to show no charging ef-
fects in the simplest picture with perfect voltage bias across. Experimentally,
a significant zero bias anomaly in the form of a drop of conductance exists
also in single junctions (30, 31, 32, 33]. We have developed a phenomeno-
logical model for the charging effects in a solitary junction. Due to the
shortness of the tunnelling time and the remoteness of the voltage source we
may assume that the bias across the junction drops at the very instant of the
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electron tunnelling event. The effective circuit seen by the electron is shown
in Fig. 11 where the capacitances C, result from the leads connected to the
junction. The electron ’sees’ length cr of the leads, where 7 ~ ii/AE with
AE = maz(eV, kgT) is the uncertainty time associated with the tunnelling,
and, c is the propagation velocity of the electromagnetic signals.

One is able to derive, at high enough 7', a formula for the conductance
[P2],[34] similar to Eq. (3), but now for single junctions. =~ We can treat this

I

C
V20— ] m [ }o-Vi2
— =

€ €

Figure 11: Phenomenological model for charging in solitary junctions: effec-
tive circuit.

problem also directly based on the microscopic theory reviewed in Ref. [35].
From this theory we obtain an equation for the two tunnelling rates as

T*(V) = e2.1RT /_ °; +(+eV — E)P(E), (33)

where v(z) = z/(1 — ezp(—z/kgT)), and P(F) is the probability for an
electron to exchange energy E with the environment in a tunnelling event.
The current can now be calculated from I = —e[I'" (V) — I'"(V)).

Because P(FE) is peaked around F = 0 and vanishes as E tends to 200, we
can expand the y(+eV — E) around +eV. By substituting this expansion to
the formulae of current up to the first order and using the facts [ P(E)dE =1
and [ EP(E)dE = €2/2C we obtain, in perfect analogy to Eq. (3)

G(vs)/Gr =1 — usg(vs) (34)

with vg = eV/kpT and ug = (€?/Cess)/kpT, where C,;; is the capacitance
seen by the junction.
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2.6 Pumping single electrons by surface acoustic waves

2.6.1 Controlling single charges: metrological applications

The ability to control charges on a single electron level allows one to con-
struct a current standard - at least in principle. Consider an array of tunnel
junctions with gates attached in the vicinity of the islands (Fig. 1). Gates are
simply metallic leads manufactured near the island producing a capacitance
C,,: with island <. By applying a voltage V,; to the gates through external
wiring, one can alter the potentials of the islands.

An electron pump is a device that transfers single electrons one by one
through the array by modulating the potentials of the islands. Triangular
shaped voltage pulses applied to the successive islands form a potential well
containing a single electron [36], Vj;Cy; + V4,:+1Cgi+1 = €, which propagates
from one end of the array to the other. Charge is transported even in the ab-
sence of bias voltage V. Given the frequency f of single electron propagation
through the whole array, we obtain a relation

I = ef. (35)
for the current I. Since f can be measured very accurately, Eq. (35) gives

us an accurate measure of I, provided an accurate electron pump can be
manufactured. The state-of-the-art circuits are accurate to 15 parts in 10~°
in transferring electrons [2].

An electron turnstile also transfers single electrons [37] one by one,
but there is only one gate in the middle (see Fig. 1 with even N and one
middle gate only) island and finite bias voltage is required for the operation.
With bias applied, the gate voltage first pulls an electron into the center
island from one side and eventually, in the second half of the clock cycle,
pushes the electron out of the array through the other side. Configurations
where an electron resides on either halves of the array are not stable, but
lead into a cascade of tunnel events, i.e., once an electron is not on the center
island, it is bound to continue tunnelling toward the center island or out of
the array determined by the bias and gate voltages. Eq. (35) holds also for
a turnstile.

The accuracy of the pump and turnstile are degraded by cotunnelling
effects, thermally activated tunnelling and possible background charge fluc-
tuations. Increasing the number of junctions [1, 2, 36] helps to prevent the
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cotunnelling problem, but long arrays are more tricky to operate. Low cur-
rent level is one of the obstacles in practical realizations of Eq. (35) and
cannot be arbitrarily increased by increasing the modulating frequency f.
The characteristic cut-off frequency of electron tunnelling is on the order of
1/RrC, and if the frequency is f > 1/RrC, the electron cannot follow the
traveling potential well. In fact, the stochastic nature of tunnelling limits the
upper operating frequency f of any single charge transferring device inde-
pendently of its detailed design. There is also a practical limitation for long
arrays, since external wiring is needed for the gates in the electron pump.
In turnstile, gates for the other islands, in addition to the center one, are
needed to compensate for the nonzero background charges.

2.6.2 SAW pump

In the electron pump one needs external wiring for the gates which severely
limits the practical maximum length of the array and makes it inconvenient
to use several arrays in parallel. Parallel arrays could be used to increase the
current level in the single charge transfer devices.

[\

ot

Figure 12: Principle of the SAW measurement. Transducer on the left gen-
erates surface acoustic waves (SAW), which are picked up by large antennas
near the array. The induced voltage is coupled to the islands via gates con-
nected to the antennas.

We have used surface acoustic waves (SAW) to modulate the potentials
of the islands [P7]. The SAW on a piezoelectric surface, in our case GaAs,
is an electroacoustic wave that can be created by interdigital transducers,
see, e.g., Ref. [38]. The wavelength ) is determined by the distance between
the fingers of the transducer. By the SAW one can create ac potentials on
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the islands of practically equal amplitude and well-defined phases simply by
choosing the amplitude of the SAW and the ratio between A and the distance
between the gates in the SAW field without external leads.

Experimental setup is shown in Fig. 12 and it was used to demonstrate
the pumping by SAW [39]. Since the islands are quite small, the coupling
of SAW through the stray capacitance Cy; is weak and one needs additional
antennas to pick up the SAW signal.

Numerical simulations of SAW pumping were performed by adding a peri-
odically modulated charge on each island. Now there is time evolution in the
probabilities o, tunnelling rates I' and thus one cannot use the accelerated
version (namely, Eq. (18) for the rates) of the simulation method described
earlier. To be specific, let us list the points to be taken care of:

e Due to the time dependence one has to proceed in steps of time At
that are small compared to the characteristic time scale in the system
which, in our case, is the period of modulation 1/f. For example, we
can choose At =0.05/f.

e One has to follow the single electron tunnelling events through junctions
and not to use the average 'rate’ of Eq. (18). For each junction ¢ one
obtains the net charge transferred forward ¢; (like Eq. (20)) which can
be averaged over the junctions Quve = ( fil cji) /NN since there is no
accumulation of charge inside the array.

e SAW modulation can be modelled as an effective time dependent charge
modulation added on the islands Qsaw,i(t) = C,;V,,i(t). Therefore, the
right hand side of Eq. (31) changes to —en; + go; + @saw,i(t) and the
potentials ¢; are calculated using this modified equation.

e Tunnelling rates are calculated as usual from Eq. (32). At each step
Eq. (22) is used to test whether a tunnelling event takes place or not,
i.e., does the current configuration survive the time At (a random num-
ber is needed). Time is incremented by At and the possible tunnelling
event taking place is realized in the same manner as before.

Note the conceptual difference between the SAW and thermometer simulation
methods. In the former we have constant steps in time and during each
time step a tunnelling event may or may not take place. In the latter we
have ’constant’ steps in configuration space, i.e., at each step a tunnelling
event takes place and the corresponding step in time vary from one event to
another. This approach is possible because there is no change in the physical
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conditions (bias, etc.) of the array between the tunnelling events. Of course,
it would be possible to have constant steps in time in this case, too, and at
each step use Eq. (22) to test whether electrons tunnel or not, but this would
be simply a less effective method.

SAW pump is a single charge transfer device and thus requires low temper-
atures for operation. It was discovered experimentally as well as by numerical
investigations, that background charges are the main problem in the SAW
pump. This effectively undermines the advantage of SAW, namely the wire-
less modulation which easily allows the use of parallel arrays to increase the
current level. The piezoelectric substrate (GaAs) also has more background
charge fluctuations than silicon and the charges migrate causing instability.
External leads may, after all, be required for accurate operation, at least for
DC compensation of charge fluctuations.
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https://doi.org/10.1063/1.362813

This is my central paper, where background charge effects were stud-
ied in depth and a temperature correction vs. peak depth curve was
calculated for peaks at not so high T" as Egs. (3-5) require in order
to be accurate enough. The simulation and data analysis methods are
presented in detail.

K.P. Hirvi and J.P. Pekola, Determination of thermometric parameters
from the conductance curve of a normal metal based tunnel junction
array, submitted to Comp. Phys. Commun. (1997).
https://doi.org/10.1016/S0010-4655(97)00071-4

A practical method of extracting thermometric parameters from the

measured conductance curve vs. bias voltage of tunnel junction ar-

ray, is presented. Instead of fitting the whole theoretical conductance

curve to the experiment, we perform several parabolic fits to selected

bias regions. The advantage of this method lies in the simplicity and

the subsequent speed of polynomial fits as opposed to the fitting of
34


https://doi.org/10.1063/1.115090
https://doi.org/10.1007/BF00754557
https://doi.org/10.1063/1.362813
https://doi.org/10.1016/S0010-4655(97)00071-4

pP7.

P8.

4

inherently nonlinear theoretical conductance curve. Optimizing the
polynomial fit procedure is discussed.

A.B. Zorin, J.P. Pekola, K.P. Hirvi, and M.A. Paalanen, Pumping of
single electrons with a traveling wave, Physica B, 210, 461 (1995).
https://doi.org/10.1016/0921-4526(94)01134-M

Surface acoustic wave was used in modulation of the potentials of the
islands in an array to achieve a pumping of electrons through the array.
The resulting transfer of charges should produce a DC current I = tef
through the chain, where f is the frequency of the wave and the sign
of the current depends on the value of the common DC bias of the
islands as well as on the direction of the wave propagation. However,
a much smaller current was observed and the most harmful factor in
practise was found to be the uncompensated background charges of
random nature. Simulations on the effect of the background charges
were made.

K.P. Hirvi, T. Méakeld, J. Pekola and M.A. Paalanen, Fconomical device
for measuring thickness of a thin polymer film, Rev. Sci. Instr., 65,
2735 (1994). https://doi.org/10.1063/1.1144609

An economic device for measuring the thickness of thin (< 1 pm)
polymer films using three semiconductor lasers, was developed. The
device has been used in measuring various dielectric coatings on silicon
and glass substrates.
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