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Geometry of Degeneracy in Potential and Density Space
Markus Penz1 and Robert van Leeuwen2

1Basic Research Community for Physics, Innsbruck, Austria
2Department of Physics, Nanoscience Center, University of Jyväskylä, Finland

In a previous work [J. Chem. Phys. 155,
244111 (2021)], we found counterexamples to
the fundamental Hohenberg–Kohn theorem
from density-functional theory in finite-lattice
systems represented by graphs. Here, we
demonstrate that this only occurs at very pe-
culiar and rare densities, those where den-
sity sets arising from degenerate ground states,
called degeneracy regions, touch each other or
the boundary of the whole density domain.
Degeneracy regions are shown to generally be
in the shape of the convex hull of an algebraic
variety, even in the continuum setting. The
geometry arising between density regions and
the potentials that create them is analyzed and
explained with examples that, among other
shapes, feature the Roman surface.

1 Introduction
The mapping from potentials to the corresponding
one-particle ground-state density in a many-particle
quantum system and the possibility of its inversion
forms the basis of density-functional theory (DFT)
[1, 2, 3, 4] and many of its variants [5, 6, 7, 8, 9]. This
theory is widely employed in electronic-structure cal-
culations, allowing for a good balance between accu-
racy and computational cost. The problem can also
be viewed as a control problem, where a potential
that produces a given target density is sought. De-
spite its prominent role, the topological structure of
the density-potential mapping is poorly studied, even
within ground-state DFT. Notable exceptions are a
work by Ullrich and Kohn [10] and a recent paper
by Garrigue [11] Garrigue [11]. The former inves-
tigated the dimensionality of sets in potential space
preserving a certain degeneracy in a finite-lattice sys-
tem. This indicated that while degeneracy is quite
common in the density domain, it remains rare in po-
tential space (yet, the latter statement does not follow
in their proof that fails to consider possible linear de-
pendencies of conditions, see Section 5). Such finite-
lattice systems are a frequent object of investigation in
quantum mechanics, especially in solid-state physics,
where their most basic realization is the important
Hubbard model [12, 13]. In DFT, finite-lattice sys-
tems also naturally arise with the choice of a finite ba-
Markus Penz: m.penz@inter.at

sis of localized orbitals and consequently are of prime
importance for the whole field [14].

The authors of the paper at hand also started their
inquiries in this area by focusing on finite-lattice sys-
tems, generalized by graphs, and a number of surpris-
ing results were already found, including the nullity
of the celebrated Hohenberg–Kohn theorem for sys-
tems with special symmetry [15]. The studied exam-
ples suggested a far-reaching conjecture on the spe-
cial geometry of the mapping, about the connection
between densities that arise from degenerate ground
states, later called degeneracy regions, and those for
which the Hohenberg–Kohn theorem fails, as well as
their corresponding potentials. This conjecture will
be proven here (Section 6), but first the shape of such
degeneracy regions will be clarified, with the surpris-
ing discovery of highly intricate objects from algebraic
geometry, e.g., the Roman surface, for which we give
a basic classification (Sections 2-3). With the same
techniques we give precise conditions where non-pure-
state v-representable densities, a concept from DFT,
arise (Section 4). To establish a link to the full geom-
etry of the mapping, the study of Ullrich and Kohn
[10] is rendered more precise and a new proof based
on Rellich’s theorem is provided (Section 5). The ex-
amples are all for small lattice systems and spinless
fermions, but it must be stressed that the results from
Sections 2-4 also apply to continuum systems and ev-
erything can also be extended to incorporate spin by
simply including additional internal degrees of free-
dom. Since this work can be considered a sequel to
our previous paper [15], we recommend looking there
for a deepened understanding.

The vector space that includes one-particle den-
sities shall generally be denoted Dens and similarly
Pot is the vector space of one-body potentials. In
a lattice system with M vertices this means that
Dens = Pot = RM , while in a continuum setting
one can choose Dens = L1(R3) ∩ L3(R3) and Pot =
L∞(R3) + L3/2(R3), its topological dual, like in Lieb
[16]. We define the density map ρ : H → Dens,Ψ 7→
〈Ψ, ρ̂Ψ〉/‖Ψ‖2 (also we use ρ : D → Dens,Γ 7→
Tr(ρ̂Γ) on the set of all density matrices for ensemble
states D) that takes fermionic many-particle states in
Hilbert space to their respective one-particle density
via the density operator ρ̂ [4]. We study a class of
Hamiltonians Hv = H0 + V that only differ with re-
spect to their real, scalar one-body potential v. Here,
H0 is the fixed (internal) part that is always assumed
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to be real (i.e., it does not include a vector potential,
or, more generally, allows for time-reversal symme-
try), while V is the operator acting on H that cor-
responds to the one-body potential v. The following
lemma will be important for the choice of eigenvectors
of such Hamiltonians.

Lemma 1. If Hv is real symmetric and has
a g-dimensional eigenspace U with eigenvalue E
then this space is spanned by g real orthonormal
vectors {Φk}gk=1 with complex coefficients, U =
spanC{Φ1, . . . ,Φg}.

Proof. For the g-dimensional eigenspace U with eigen-
value E choose a general basis {Ψk}gk=1. Then observe
that since Hv and E are real, the real and imagi-
nary part of those vectors are eigenvectors as well,
Hv Re Ψk = E Re Ψk and Hv Im Ψk = E Im Ψk. This
gives a total of 2g real eigenvectors that span the
whole U with complex coefficients, from which one
can get g real and orthonormal eigenvectors {Φk}gk=1
by the Gram–Schmidt process that span the same
space.

In particular, we can always already choose an
orthonormal basis of real eigenstates to span the
ground-state eigenspace, a property that we will use
extensively below. The following theorem allows us in
principle to switch any discussion about ground states
over to just densities. This implies an enormous re-
duction of complexity.

Theorem 2. Assume that two Hamiltonians Hv =
H0 + V,Hv′ = H0 + V ′ that differ only in their scalar
one-body potentials v, v′ share a common ground-state
density ρ. Then an (ensemble) ground state Ψ (Γ) of
Hv with density ρ is also an (ensemble) ground state
of Hv′ and vice versa.

This result means that to every ground-state den-
sity ρ we can assign a ground state Ψ(ρ) (or, more
generally, a class of ground states or ensembles with
the same density), irrespective of the present poten-
tial. As such, this is well-known as a part of the
Hohenberg–Kohn theorem and is individually called
a weak HK-like result sometimes [17]. We refer to our
previous work [15] and a recent review article [18] for
two distinct proofs of the above theorem. Already
Theorem 2 allows to define a universal energy func-
tional FHK(ρ) = 〈Ψ(ρ), H0Ψ(ρ)〉 for every ground-
state density ρ that gives the lowest possible internal
(kinetic plus interactions) energy of a pure state with
the prescribed density. It is customary to instead use
the much more well-behaved constrained-search func-
tional over ensemble states F (ρ) = infΓ7→ρ Tr(H0Γ)
[16] that is convex and equal to FHK on the lat-
ter functional’s domain. Any ground-state density
ρ to a potential v will then minimize the functional
F (ρ)+〈v, ρ〉 since this gives the total energy E(v). An
excellent mathematical review on the universal func-
tionals in DFT is Lewin et al. [19].

The second part of the Hohenberg–Kohn theorem,
which then maps ground states to unique potentials
(modulo a constant) and in conjunction establishes
the mapping from ground-state densities to poten-
tials, is omitted here. While it holds in the continuum
case for a large class of potentials [20], it generally
fails for finite lattice systems [15] that will serve as
the prime examples in this work. Where it fails, we
find densities that can be represented by multiple po-
tentials that differ in more than an additive constant.
Such densities we call non-uniquely v-representable
(“non-uv ”) and one observes that they always arise
when degeneracy regions touch, a feature that is the
main element of our geometry theorem in Section 6.
Thus we start by investigating the shape of such den-
sity sets.

2 State subspaces under the density
map
Let U be a g-dimensional subspace of a given Hilbert
space H spanned by real vectors {Φk}gk=1 with com-
plex coefficients. The Hilbert space can be H = CL,
L =

(
M
N

)
, in the case of N spinless fermionic par-

ticles on an M -vertex lattice [15, Sec. II.B], or the
usual anti-symmetric many-particle Hilbert space for
continuum systems H = ΛNL2(R3). It is possible to
extend to particles with spin by including the inter-
nal degrees of freedom into the Hilbert space of the
individual particles. Later, the subspace U will be the
space of g-fold degenerate ground states of a Hamilto-
nian Hv and so we call g the degree. We are interested
in the image of U under ρ. Let x = (x1, . . . , xg) ∈ Cg,
‖x‖ = 1, be the coordinates for a normalized state
Ψ ∈ U with respect to the real, orthonormal subspace
basis {Φk}gk=1 of U . The density is then evaluated as

ρ(Ψ) =
g∑
k=1
|xk|2ρ(Φk) +

g∑
k,l=1
k<l

2 Re(x∗kxl)〈Φk, ρ̂Φl〉

(1)

and we will later also use the notation ρ(x) for a fixed
basis {Φk}gk=1. We can also define the density map
for ensembles Γ ∈ D in U , i.e., ΓH ⊆ U , that we call ρ
as well. If Pj are the projections on orthonormal pure
states Ψj from the subspace U and Γ =

∑
j wjPj is a

density matrix with coefficients wj ≥ 0,
∑
j wj = 1,

then we define accordingly

ρ(Γ) =
∑
j

wjρ(Ψj). (2)

For the further discussion we define the concept of
a density region as the set of all densities belonging to
states in U . Later this will be a degeneracy region, the
set of all densities belonging to states in the ground-
state eigenspace U for a given potential v. Therein,
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we differentiate three levels, by first mapping only
UR = spanR{Φ1, . . . ,Φg}, i.e., the subspace spanned
by the basis vectors with only real expansion coef-
ficients, then the linear span U = spanC{Φ1, . . . ,Φg}
for general, complex expansion coefficients (which just
means the whole subspace), and lastly by forming the
full density region as all densities from that subspace
including mixed states.

DR = ρ(UR) (3a)
DC = ρ(U) (3b)
D = ρ({Γ ∈ D | ΓH ⊆ U}) (3c)

From the definition we see that the density region
does not depend on the choice of basis for U and that
DC is limited to pure-state densities, while D also
includes non-pure-state densities (see Section 4 where
it is shown that in general DC 6= D). That DR ⊆ DC
follows by definition and D includes the previous two
sets, since D is the set of all convex combinations of
pure-state densities as expressed in (2). We thus find
the following sequence of inclusions,

DR ⊆ DC ⊆ D. (4)

As the continuous image of a compact and connected
set those sets are all compact and connected. In order
to get DC from DR we define the segment set for an
arbitrary set X in a vector space as

segX = {λx+ (1− λ)y | x, y ∈ X, 0 ≤ λ ≤ 1}. (5)

Hence, instead of taking an arbitrary, finite number of
points and form their convex combination, like in the
convex hull, we only take two points in the segment
set. The segment set is equivalent to the geometric
join, as introduced in Bárány and Karasev [21], of a
set with itself. The construction of DC from DR is
then furnished by the following lemma.

Lemma 3. DC = segDR.

Proof. Take any density in DC, then it must be the
density of a normalized Ψ ∈ U . Such a vector can
always be split up into its real and imaginary part
as Ψ =

√
λΨ1 + i

√
1− λΨ2 with 0 ≤ λ ≤ 1 and

Ψ1,Ψ2 ∈ spanR{Φ1, . . . ,Φg}, both normalized as well.
Now,

ρ(Ψ) = 〈Ψ, ρ̂Ψ〉 = λ〈Ψ1, ρ̂Ψ1〉+ (1− λ)〈Ψ2, ρ̂Ψ2〉
= λρ(Ψ1) + (1− λ)ρ(Ψ2),

(6)
where the mixed term cancels since Ψ1 and Ψ2 are
real. Since ρ(Ψ1), ρ(Ψ2) ∈ DR this proves the asser-
tion.

By (2) the ρ(Γ) is a convex combination of pure-
state densities and it holds D = chDC, the con-
vex hull, so the following result follows directly from
Lemma 3.

Corollary 4. D = chDR.

This greatly simplifies the analysis of a density re-
gion D, since we can limit ourselves to the study of
DR and then just form the convex hull. In order to
get DR, we choose x ∈ Rg, ‖x‖ = 1, and split the map
x 7→ ρ(x) from coordinates to densities in (1) into two
stages. First, form the (g+1)g/2 second-order mono-
mials x2

k and xkxl that then live in a larger space,

ν : Rg −→ R(g+1)g/2

(x1, . . . , xg) 7−→ (x2
1, . . . , x

2
g, x1x2, . . . , xg−1xg).

(7)
This map is known as the Veronese embedding in al-
gebraic geometry [22, 23] and its image of the unit
sphere is the Veronese variety Vg. We immediately
see that antipodal points ±x on the unit sphere are
mapped to the same vector, so the map is usually
studied within projective space. Great circles on the
unit sphere are mapped to a ellipses [24, Prop. 3.3].
The second stage consists of linearly mapping to den-
sities with a map P formed by the factors ρk = ρ(Φk)
and ρkl = 2〈Φk, ρ̂Φl〉 as given in (1),

ρ =P ◦ ν : Rg −→ Dens

(x1, . . . , xg) 7−→
g∑
k=1

x2
kρk +

g∑
k,l=1
k<l

xkxlρkl.
(8)

The notation with the overlined index has been in-
troduced to avoid confusion with the density ρi at
a certain lattice point. This already shows that DR
is the linear map P applied to Vg and thus forms a
parametrized algebraic variety, while the whole den-
sity region D is then just its convex hull. In order to
arrive at a possible classification for D, we determine
its dimension within density space. This is given by
the number of linearly independent factors ρk and ρkl,
that is a total of (g+1)g/2 minus the dimension of the
kernel (nullity) of P given by κ = dim kerP , and then
finally minus 1 from the normalization constraint for
densities,

dimD = 1
2(g + 1)g − κ− 1. (9)

Hence, the basic classification of density regions will
be in (g, κ), the degree g ∈ {2, 3, . . .} and the nullity
κ ∈ {0, . . . , (g+1)g/2−1}. That κ = (g+1)g/2−1 is
possible in principle, but this implies that every state
in U is mapped to the exactly same density, which
seems unlikely in the absence of internal degrees of
freedom. This also implies that all ρkl must be zero,
since they sum up to zero and cannot be equal to the
density. The same two assertions also appear in Gar-
rigue [11, Cor. 1.7] for the conservation of degeneracy
in certain directions of potential variation. The den-
sity region is then just a single point, a singleton set,
and no special geometry arises. A larger κ cannot oc-
cur because then ρ would be the zero map. We can
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now imagine a mapping deg : ρ 7→ g that assigns to
every element of Dens that is the ground-state density
for some potential v (“v-representable”) the degree of
the degeneracy region it belongs to. The “rich struc-
ture” [25] of this map will become apparent in the
following examples.

3 Further classification and examples
for density regions
In this section the setting is the same as before, with
U a g-dimensional subspace of a Hilbert space H that
corresponds to a lattice or a continuum system. The
aim is to study and classify the density regions origi-
nating from U . We begin with the lowest degree g = 2,
so the possible nontrivial values for κ are either 0 or
1. Since x2

1 + x2
2 = 1 on the unit circle, we choose

x1 = cosϕ, x2 = sinϕ and (8) transforms into

ρ(x) = (cosϕ)2ρ1 + (sinϕ)2ρ2 + sinϕ cosϕρ12

= 1 + cos(2ϕ)
2 ρ1 + 1− cos(2ϕ)

2 ρ2 + sin(2ϕ)
2 ρ12

=
ρ1 + ρ2

2 +
ρ1 − ρ2

2 cos(2ϕ) +
ρ12
2 sin(2ϕ).

(10)
Here, the doubling of the angle ϕ is a result of the
identification of antipodal points. The formula shows
that all densities in DR lie on an ellipse with center
ρ = 1

2 (ρ1 + ρ2) and axes 1
2 (ρ1 − ρ2) and 1

2ρ12. Con-
sequently, D will be the filled ellipse. If κ = 1 then
all three factors ρ1, ρ2, ρ12 span the image of P as a
2-dimensional plane in density space, so ρ, 1

2 (ρ1−ρ2),
1
2ρ12 and with them the whole elliptical D lie in a
plane through the origin. But the normalization con-
straint for densities subtracts one further dimension,
soD actually collapses into a line segment, as required
by (9). If κ = 0 this restriction does not occur and
D will really be a filled ellipse. A simple example for
this case is the ground-state eigenspace for two non-
interacting spinless particles on a lattice with three
vertices in the shape of a triangle that is extensively
discussed in Sec. VI.C of Penz and van Leeuwen [15].
There D forms the incircle of the triangular density
domain that itself is the convex hull of the three ex-
tremal densities (1, 1, 0), (1, 0, 1) and (0, 1, 1).

If g = 3 and κ ≥ 2, the maximal dimension of the
density region given by (9) is 3, so we still have a
possibility to easily visualize it. The set DR as the
image of V3 under P with κ = 2 is generally called
a Steiner surface [26]. Here we will limit the discus-
sion to one example which yields the most famous
such surfaces, the Roman surface, while it remains
open if other types even appear as density regions.
For this example we utilize again a finite-lattice sys-
tem with two non-interacting spinless particles, now
in the form of a tetrahedron graph with equal hopping
between all vertex pairs. Since the density is defined
on just four vertices, the density space is R4 while the

Pauli exclusion principle and the normalization of the
density additionally yield the restrictions 0 ≤ ρi ≤ 1
and

∑
i ρi = 2. This gives a density domain in the

shape of an octahedron within the three-dimensional
affine hyperplane defined by the normalization con-
straint. The density region DR to be determined here
will then be a set within this octahedron. The one-
particle Hamiltonian for the given system when de-
rived from a graph Laplacian [15, Sec. II.D] is

h0 =


3 −1 −1 −1
−1 3 −1 −1
−1 −1 3 −1
−1 −1 −1 3

 (11)

and for v = 0 has the ground-state orbital

φ0 = 1
2 (1, 1, 1, 1) (12)

as well as the 3-fold degenerate first-excited states

φ1 = 1
2 (−1,−1, 1, 1) (13)

φ2 = 1
2 (−1, 1,−1, 1) (14)

φ3 = 1
2 (1,−1,−1, 1) (15)

that all give rise to a uniform density. These or-
bitals yield the two-particle Slater determinants Φk =
φ0∧φk, k ∈ {1, 2, 3}, that span the three-dimensional
ground-state subspace U . We note here that for
Hamiltonians derived from such graph Laplacians it
generally follows from the Perron–Frobenius theorem
that the ground-state orbital is non-degenerate [15,
Sec. V.A], so all our examples will be for N = 2 non-
interacting spinless particles, where orbitals from the
first-excited state also get filled. Using the orbital
expressions we get

ρk,i = φ2
0,i + φ2

k,i, ρkl,i = 2φk,iφl,i, (16)

where k, l ∈ {1, 2, 3} and i ranges over the lattice sites,
i ∈ {1, . . . ,M}. Putting in the numbers this gives

ρk = ρ = 1
2 (1, 1, 1, 1) (17)

ρ12 = 1
2 (1,−1,−1, 1) (18)

ρ13 = 1
2 (−1, 1,−1, 1) (19)

ρ23 = 1
2 (−1,−1, 1, 1). (20)

These vectors now make up the six columns in P and
we can check that indeed κ = dim kerP = 2. For DR
as the image of all x ∈ R3, ‖x‖ = 1, under ρ we get

ρ(x) = ρ

3∑
k=1

x2
k︸ ︷︷ ︸

1

+1
2


1 −1 −1 1
−1 1 −1 1
−1 −1 1 1

1 1 1 1



x1x2
x1x3
x2x3

0

 .

(21)
The surface defined by the last vector and
parametrized by the unit sphere ‖x‖ = 1 is an
amazing structure of tetrahedronal symmetry that is

Accepted in Quantum 2023-02-03, click title to verify. Published under CC-BY 4.0. 4



known as Roman surface, while the matrix in front is
orthogonal and just describes a mirroring at a plane
with normal vector (1, 1, 1,−1). The situation is dis-
played in Figure 1. The full density region D is then
the convex hull of DR and in this case is equal to the
segment set, so we have D = DC = segDR = chDR.
Since P maps R6 → R4 and κ = dim kerP = 2, an

Figure 1: The three-fold degeneracy region DR of the
tetrahedron graph inside the octahedronal density domain.
The corners of the octahedron correspond to the ex-
treme density (1, 1, 0, 0) and its permutations, generalized
barycentric coordinates are used to display densities.

embedding of R4 into R6 orthogonal to kerP allows
to see P as a projection with projection center kerP
[27, 1.2.7]. Using the following general lemma, that
the projection center does not intersect the Veronese
variety, helps to reduce the number of possible classes
of Steiner surfaces appearing as density regions next
to the Roman surface.

Lemma 5. Vg ∩ kerP = ∅.

Proof. This follows directly from the fact that for
all x ∈ Rg with ‖x‖ = 1, as the parameters of the
Veronese variety, ρ(x) = P ◦ν(x) is a normalized den-
sity, so it cannot be zero.

A subclassification of Steiner surfaces with (g, κ) =
(3, 2) conducted by Degen [24] considers various po-
sitions of the projection center and basically looks at
the shadows cast by the ellipses that compose the
Veronese variety. By Theorem 4.1 from the refer-
ence and our Lemma 5 their class (B) is ruled out.
If an ellipse is projected such that only a line re-
mains, this appears as a singular point in projective
space, and counting those points gives the five pos-
sible subclasses (Aa)-(Ae). In the case (Aa), three
ellipses from the Veronese surface are projected ex-
actly such that they appear as lines, the three lines of

self-intersection of the Roman surface. The shapes of
class (C) are quadrics, such as ellipsoids, that did not
show up in the examples studied here. If Lemma 5
could be strengthened to state that the complex ex-
tension of the Veronese variety has empty intersection
with the projection center then also class (C) can be
excluded. Since the possible surfaces that one can
construct like this correspond to triangular Bézier-
surface patches, this classification also has a relevance
in computer graphics and finite element methods [28].
A similar type of classification directly on the basis of
the matrix P that is less geometrical was given by
Coffman et al. [29] and Apéry [26, Ch. 1.3], while the
historically first classification was seemingly put for-
ward in the book of Michel [30, Ch. XV] based on
pencils of conics. For some classical literature that
presents more interesting properties in particular of
the Roman surface, see Clebsch [31], Cayley [32], La-
cour [33] and Hilbert and Cohn-Vossen [34, §46]. Very
recently, the possibility of physically realizing the Ro-
man surface by a spin-induced polarization vector in
a particular cubic crystal was reported in Liu et al.
[35]. The example of the Roman surface as the degen-
eracy region for v = 0 in a tetrahedron graph clearly
shows that while an individual ground-state density
does not need to reflect the symmetry of the system,
the whole degeneracy region does.

After this discovery, we expect even more intricate
geometric objects for g = 3, κ < 2 or g > 3. However,
it is clear from the fact that a higher-dimensional U is
composed of lower-dimensional subspaces that all DR
are parametrized families of other DR of lower degree,
just like the Roman surface can be constructed from a
family of ellipses (see Figure 2). Note that in the case
κ = 0 the full Veronese variety is retained as a density
region since all factors in (8) are linearly independent.
This actually happens in the cuboctrahedron-graph
example presented in in Sec. VI.E of Penz and van
Leeuwen [15] that is also discussed in Section 4 here.
For general (g, κ) a further subclassification, like it
was conducted by Degen [24] for (g, κ) = (3, 2) and
which was briefly discussed above, seems entirely pos-
sible.

4 Non-pure-state v-representable den-
sities
As already exemplified for the cases g = 2 and g = 3
in the previous section, the g-dimensional U can be
thought of as the g-fold degenerate eigenspace for a
given Hamiltonian with potential v. Since the Hamil-
tonian is assumed real symmetric, Lemma 1 shows
that such an eigenspace can always be spanned by
real eigenvectors. Then we write D(v) for the cor-
responding density region and it is called a degen-
eracy region, the set of all possible densities com-
ing from (ensemble) ground states to the potential
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Figure 2: Three different parametrizations for the Roman
surface that all show how it can be constructed from ellipses.
The first corresponds to introducing polar coordinates for
x ∈ R3 in (8), the second to doing the same in (21), while
the third is from Apéry [26, Sec. 2.4].

v. As demonstrated in Section 2, the degeneracy re-
gions can be classified by (g, κ). We define the subd-
ifferential of a convex functional at a certain point
as the set of all tangent lines in that point that
lie fully below the functional [36, Def. 2.30]. Like-
wise the superdifferential of a concave functional col-
lects all tangent lines above. Then, interestingly, it
holds that D(v) = ∂E(v), the degeneracy region is
the superdifferential of the concave energy functional
E(v) = infΨ{〈Ψ, HvΨ〉} that itself is the convex con-
jugate of the universal functional F (ρ). On the other
hand, v ∈ −∂F (ρ), the potential lies in the subdiffer-
ential of the universal functional if ρ is the ground-
state density for potential v. [37, 38]

From the definition of DC(v) it follows that this
set includes all densities coming from pure ground
states (pure-state v-representable). It is then known
from arguments in Levy [39] and Lieb [16] that if
g ≥ 3 there can occur densities that are not pure-
state v-representable, i.e., they are in D(v) but not
in DC(v), but the provided proofs remained vague (in
[15, Sec. VI.D] we even find a counterexample to a
statement in the proof of Lieb [16, Th. 3.4(i)]). The
following theorem helps to establish a precise condi-
tion when and for which density non-pure-state v-
representability will occur. More precisely, the con-
dition κ = 0 exactly prevents “certain linear depen-
dencies” that are mentioned in Levy [39] as a situation
where pure-state v-representability is still possible.

Lemma 6. If g ≥ 3 and κ = 0 then the central den-
sity ρ = (ρ1 + . . .+ ρg)/g is not in DC.

Proof. Because of Lemma 3 in order for ρ to be in DC

it must hold that there is a λ ∈ [0, 1] and x, y ∈ Rg
with ‖x‖ = ‖y‖ = 1 such that

(ρ1 + . . .+ ρg)/g = λρ(x) + (1− λ)ρ(y), (22)

with ρ(x), ρ(y) ∈ DR given by (8). Since κ = 0 it holds
kerP = {0} and we can apply P−1 and formulate
the equation above on the codomain of the Veronese
embedding as

1
g

= λx2
k + (1− λ)y2

k (23)

0 = λxkxl + (1− λ)ykyl (k 6= l) (24)

with k, l ∈ {1, . . . , g}. Suppose that some xk = 0 then
λ 6= 1 and yk 6= 0 follows from (23) and for all l 6= k
it holds yl = 0 from (24). Then (23) again says that
all xl, l 6= k, have the same non-zero value and that
λ 6= 0. Now since g ≥ 3 we can choose l 6= m both
different from k and then (24) yields a contradiction.
The same holds if some yk = 0. Therefore, it will be
assumed from here on that all coefficients xk, yk 6= 0.
This implies λ /∈ {0, 1} because else (24) cannot be
fulfilled. We can thus write

xkxl = −1− λ
λ

ykyl = −µ ykyl (k 6= l), (25)

where µ = (1 − λ)/λ > 0. This gives for k, l,m all
different,

(xkxl)(xkxm) = µ2(ykyl)(ykym)
⇒ x2

k(xlxm) = µ2y2
k(ylym)

⇒ − µx2
k(ylym) = µ2y2

k(ylym)
⇒ x2

k = −µ y2
k.

(26)

However, this is a contradiction since µ > 0 and xk, yk
were assumed to be non-zero and it follows that ρ /∈
DC.

Corollary 7. If there exists a potential v that gives
a degeneracy region D(v) with g ≥ 3 and κ = 0 then
the central density ρ plus a neighbourhood is non-pure-
state v-representable.

Proof. This is a direct consequence of Theorem 2. If
ρ ∈ D(v) would be the density of a pure ground state
Ψ of any v′ then this Ψ must also be the (pure) ground
state for v which is in contradiction to the statement
of Lemma 6 that ρ /∈ DC(v). Since DC(v) was noted
to be closed, we can find an open set including ρ that
has an empty intersection with DC(v).

An explicit example for non-pure-state v-
representability was given by the authors in
Sec. VI.E of Penz and van Leeuwen [15] with two
non-interacting spinless particles on a cuboctahedron-
graph system that exhibits three-fold degeneracy
in the ground state. We will briefly show that this
example fits to the results from above, i.e., it yields
a P with kernel zero. In order to determine the
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12×6 matrix P (12 because of the number of vertices
in the cuboctahedron and 6 from the dimension
of the codomain of the Veronese embedding for
g = 3) we have to calculate the factors ρk, ρkl
from the one-particle orbitals φk where the orbital
energies are ε0 < ε1 = ε2 = ε3, all written out in
the reference. Like before in the tetrahedron-graph
example, these orbitals yield the two-particle Slater
determinants Φk = φ0 ∧ φk, k ∈ {1, 2, 3}, that
span the three-dimensional ground-state subspace.
Equation (16) then again determines the vectors that
form the columns of P which can be checked to give
a matrix with kerP = {0}. Similar investigations
show that the icosahedron and dodecahedron graphs
for two particles described by graph Laplacians have
(g, κ) = (3, 0) at v = 0 too.

5 Degeneracy-preserving potential
manifolds
When degeneracy occurs for a fixed H0 and a cer-
tain potential v, variation of this potential can still
preserve the symmetry and thus the degree of degen-
eracy. For finite-lattice systems, the work of Ullrich
and Kohn [10] gives an upper limit to the dimensional
size of the manifold in which such potentials with g-
fold degeneracy are contained. The vertices of the
lattice will be indexed by i ∈ {1, . . . ,M} and thus a
density as well as a scalar potential are given as vec-
tors ρ, v ∈ RM . Since the density ρi at each vertex i
must be in [0, 1] for fermionic particles and since the
whole density is normalized to the number of parti-
cles,

∑
i ρi = N , the density domain has the shape of

an (M,N)-hypersimplex PM,N . The dual pairing (in-
ner product) between the potential and the density
that yields the potential energy is 〈v, ρ〉 =

∑
i viρi.

The whole expectation value of the Hamiltonian for
a normalized state Ψ ∈ H with density ρ is thus
〈Ψ, (H0 + V )Ψ〉 = 〈Ψ, H0Ψ〉 + 〈v, ρ〉. We will extend
the main result of Ullrich and Kohn [10] with a proof
resting solely on the classification for degeneracy re-
gions introduced in Section 2 and an extremely useful
result of Rellich [40, 41] (see also Kato [42] for a more
modern treatment) on the analyticity of eigenvalues
and eigenvectors under perturbations.

Theorem 8. Let H0 be a real symmetric matrix and
v ∈ RM a potential such that Hv = H0 + V has a de-
generacy region of class (g, κ). Then v (modulo con-
stants) is contained in a potential manifold of at most
dimension M − (g + 1)g/2 + κ in which the degree of
degeneracy g is preserved.

Proof. Let Hv have a g-fold degenerate ground
state. Then in the ground-state eigenspace we can
choose the real orthonormal eigenstates Φ1, . . . ,Φg by
Lemma 1. Let U be a perturbation of the potential
with one-body potential u such that for the perturbed

HamiltonianHv(λ) = Hv+λU the g-fold ground-state
degeneracy is preserved. As usual, adding a constant
potential to U does not change this situation. Accord-
ing to Rellich’s theorem we can choose g orthonormal
ground states Ψ1(λ), . . . ,Ψg(λ) with common eigen-
value E(λ) which are analytic in λ for small enough
|λ|. These states are generally not analytically con-
nected to our chosen basis {Φk}gk=1 at λ = 0. How-
ever, the states

Φ̃k(λ) =
g∑
j=1

Ψj(λ)〈Ψj(λ),Φk〉 (27)

are analytic in λ as well and do have the property
that Φ̃k(0) = Φk, which follows by noting that the
states Ψj(0) form a complete basis set in the ground-
state eigenspace of the unperturbed system. Using
the eigenstate property Hv(λ)Φ̃k(λ) = E(λ)Φ̃k(λ) we
differentiate with respect to λ and then set λ = 0 to
get

HvΦ̃′k(0) + UΦk = E(0)Φ̃′k(0) + E′(0)Φk. (28)

We project this onto the subspace spanned by Φl and
use HvΦl = E(0)Φl to get

〈Φl, UΦk〉 = E′(0)δkl. (29)

Since we have the possibility to add any constant
potential to U , we can use this gauge freedom to
set E′(0) = 0 and thus arrive at the conditions
〈Φ1, UΦ1〉 = . . . = 〈Φg, UΦg〉 = 0 in the diagonal and
〈Φl, UΦk〉 = 0 off-diagonal, a total of g+g(g−1)/2 =
(g+ 1)g/2 constraints. However, by remembering the
definition of ρk, ρkl from Section 2, we see that those
constraints are actually equivalent to 〈u, ρk〉 = 0 and
〈u, ρkl〉 = 0 for k, l ∈ {1, . . . , g}, k < l, which is noth-
ing but the matrix equation PTu = 0. Thus, if u is in
the kernel of the transpose of the (M × (g + 1)g/2)-
matrix P , the constraints are fulfilled and this assures
that the added potential does not change the degree
of degeneracy to first order in λ (since it still can
change the degree to second order, we only get an
upper bound for the dimension of the invariant man-
ifold). To get the dimension of the kernel, we simply
use the rank-nullity theorem for P and PT and the
fact that the rank of a matrix is equal to the rank of
its transpose.

dim kerP = κ = 1
2(g + 1)g − rankP (30)

dim kerPT = M − rankP = M − 1
2(g + 1)g + κ

(31)

These considerations restrict the dimension of the po-
tential manifold (modulo constants) that preserves
the g-fold degeneracy to at most M − (g + 1)g/2 +
κ.
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The previous result of Ullrich and Kohn [10] did
not contain a reference to the nullity and implicitly
assumed κ = 0, so their dimension is M − (g+ 1)g/2,
which is less then the possible maximal dimension of
Theorem 8 if κ > 0. Taking the maximal nullity,
κ = (g + 1)g/2 − 1, the maximal dimension for the
potential manifold that preserves degeneracy evalu-
ates as M − 1, which is just the full dimensionality of
the potential space (modulo constants) and thus in-
validates the argument of Ullrich and Kohn [10] that
degeneracy is rare in potential space. Nevertheless,
the potentials that lead to degeneracy are still ex-
pected to be of measure zero in the absence of in-
ternal degrees of freedom, since they either have to
obey certain symmetries or trigger accidental degen-
eracy, so Theorem 8 is simply not useful for the case
of maximal nullity. The result also does not fit to the
maximal dimension derived in Penz and van Leeuwen
[15, Sec. IV.B] from the original result of Ullrich and
Kohn [10] asM −3, which lead to the premature con-
clusion that the set of non-uv potentials has measure
zero.

The relevance of Theorem 8 in the present context is
that whenever v leads to a degeneracy region D(v) of
class (g, κ), it can actually be the member of a whole
family of degeneracy regions of the same degree with
an (M − (g + 1)g/2 + κ)-dimensional parametriza-
tion. Each degeneracy region within this family can
be reached by moving the potential inside the mani-
fold that preserves the degree of degeneracy. Such a
family will be called a degeneracy bundle. Note that
the separate degeneracy regions in such a bundle can
lie arbitrarily close together but never touch, a no-
tion that will become important in Section 6. Since
the dimension of a degeneracy region is given by (9),
the largest possible dimension of a whole degeneracy
bundle is

M − 1
2(g+1)g+κ+ 1

2(g+1)g−κ−1 = M −1, (32)

which is precisely the full dimensionality of the den-
sity domain when normalization is taken into account.
This led Ullrich and Kohn [10] to the statement that
degeneracy can be considered common in the density
domain. Precise numbers for the ratio of degeneracy
in the density domain are calculated for a few exam-
ples in the concluding Section 7.

To give an example, we will resort again to the
tetrahedron graph with two particles from Section 3.
There we studied the degeneracy set D(0) of class
(g, κ) = (3, 2), the convex hull of the Roman surface
DR(0), that appears for v = 0, the potential with
maximal symmetry. Here Theorem 8 for M = 4,
g = 3, κ = 2 leaves no possible dimension for the man-
ifold of invariant degeneracy. Indeed, by changing the
potential, we will necessarily diminish the system of
symmetry and thus reduce the degree of degeneracy.
However, for a potential of type v = (s, 0, 0, 0) (and
all permutations), s > 0, still a degeneracy of class

(g, κ) = (2, 0) remains, since the vertices apart from
the first one still retain a triangular symmetry. (For
s < 0 the two-fold degeneracy is in the first excited
state.) The application of Theorem 8 for M = 4,
g = 2, κ = 0 now gives a one-dimensional manifold,
parametrized by s > 0, in which the degree of degen-
eracy is preserved. In the limit s→∞ the first vertex
is effectively removed from the system and the case of
the triangle graph, with the incircle of the triangular
density domain P3,2 as degeneracy region, remains.
In summary, four degeneracy bundles in the shape of
cylinders parametrized by s > 0 will extend from the
flat sides of the convexified Roman surface until they
reach the faces of the octahedron P4,2. The whole sit-
uation is displayed in Figure 3. The collection of all
degeneracy regions and bundles will be called the de-
generacy structure. In the next section we investigate
how this geometrically relates to non-uv densities and
the corresponding potentials.

Figure 3: The union of all degeneracy regions (degeneracy
structure) of the tetrahedron graph inside the octahedral
set of densities P4,2. The four degeneracy bundles in the
shape of cylinders reaching out from the flat sides of the
convexified Roman surface have to be imagined as filled.

6 Geometrization of the potential-
density mapping
Contrary to the continuum case of standard DFT,
where the Hohenberg–Kohn theorem implies that ev-
ery ground-state density comes from a unique poten-
tial, at least if those are limited to a certain class
[20], the lattice case introduced in Section 5 allows
for non-uniquely v-representable (“non-uv”) densities.
We proved their existence together with some exam-
ples and basic properties in our previous work [15],
where we also put forward the idea of a full ge-

Accepted in Quantum 2023-02-03, click title to verify. Published under CC-BY 4.0. 8



ometrization of the mapping from potentials to densi-
ties with degeneracy regions and non-uv densities and
their corresponding potentials as the prime elements.
We wrongly conjectured that degeneracy regions have
a spherical shape, while actually their shape is much
more intriguing, as was demonstrated in Section 3.
With these first results in hand, we will here finalize
and prove the geometry conjecture.

Theorem 9 (Density-Potential Geometry). The oc-
currence of non-uv densities in the given setting is
limited to two situations:

(a) If two different degeneracy regions D(vI), D(vII)
intersect (in a single density or forming a de-
generacy region of strictly lower degree) then ρ ∈
D(vI) ∩ D(vII) is non-uv. All potentials on the
line segment that connects vI and vII yield the
same ground-state density ρ.

(b) If a degeneracy region D(vA) touches the bound-
ary of the density domain PM,N then this bound-
ary density ρ is non-uv. All potentials from a ray
with apex vA yield the same ground-state density
ρ. Furthermore, such densities are the only v-
representable densities on the boundary of PM,N ,
other boundary points are not v-representable.

Proof. We begin with a general observation concern-
ing non-uv densities. If a density ρ arises from two dif-
ferent potentials v, v′ then by Theorem 2 both Hamil-
tonians Hv, Hv′ share a ground-state density matrix
Γ 7→ ρ. It is then clear that this Γ is also an eigen-
state of Hvλ

with vλ = λv + (1− λ)v′ for any λ ∈ R.
But since ρ is the ground-state density for both po-
tentials v, v′, it must also minimize both convex func-
tionals F (ρ) + 〈v, ρ〉, F (ρ) + 〈v′, ρ〉 by the definition
of a ground state. It is then also a minimizer for
λ(F (ρ)+〈v, ρ〉), (1−λ)(F (ρ)+〈v′, ρ〉) (λ ∈ [0, 1]) and
their sum F (ρ) + 〈λv+ (1− λ)v′, ρ〉. This shows that
ρ is the ground-state density for all potentials on the
line segment between v and v′. Since the eigenvalues
of Hvλ

are all continuous in λ by Rellich’s theorem,
there are two possibilities if λ is varied into both direc-
tions outside the interval [0, 1]: Either level crossings
occur and another ground state takes over in both
directions (Fig. 4a), or Γ remains the ground state
while |λ| → ∞ into one direction and a level cross-
ing occurs in the other direction (Fig. 4b). We will
link those two possible situations to the statements
(a) and (b) of the theorem in the following. The case
that it remains the ground state in both directions is
impossible, as the following will show.
To show statement (a), we take ρ ∈ D(vλ), where in
this special case D(vλ) can also denote a set contain-
ing the single ground-state density for a potential vλ if
no degeneracy arises. If level crossings occur in both
directions, say at λ1 and λ2 with λ1 < λ2, this im-
plies additional degeneracy at vI = vλ1 and vII = vλ2 .
Any non-uv density ρ ∈ D(vλ), λ1 < λ < λ2, then

λ

E

λ1 λ2

(a)

λ

E

vA

(b)

Figure 4: The two situations of level crossings in the proof
of Theorem 9.

belongs to two degeneracy regions D(vI), D(vII) of
strictly higher degree than D(vλ) because the cross-
ings add at least one to the degree. This means
D(vλ) = D(vI) ∩ D(vII), so ρ really lies in the in-
tersection of two degeneracy regions.
For statement (b) consider the case where |λ| → ∞ is
possible in one direction without a level crossing. This
means at least one component vλ,i of vλ diverges. If
vλ,i → +∞ then it must hold that ρi = 0 for this
density to still belong to the ground state. But then
performing vλ,i → −∞ means that at one point an-
other eigenstate (and there must always be at least
one vertex i with ρi > 0) will take over the role of the
ground state. But this must happen at a level cross-
ing, say at vA, where the energies match (because by
Rellich’s theorem the variation of v leads to a contin-
uously changing energy) and such we arrive at a de-
generacy region D(vA) 3 ρ. If vλ,i → −∞ then since
any ground-state density minimizes F (ρ)+〈vλ, ρ〉 and
F is bounded on PM,N (as a finite convex function on
a compact domain), only a density with ρi = 1 qual-
ifies. Going into the opposite direction vλ,i → +∞,
the energy must increase and thus at one point an-
other eigenstate will again take over. Consequently,
if |λ| → ∞ is possible in one direction without a level
crossing for a non-uv density, this density simultane-
ously belongs to the boundary of PM,N (because it
has either ρi = 0 or ρi = 1) and to a degeneracy re-
gion D(vA).
Conversely, assume a v-representable ρ is on the
boundary of PM,N , which means it has at least one
component ρi = 0 or ρi = 1. In the case ρi = 1, vi
can always decrease from its previous value and will
only make the energy smaller, also compared to the
energy of other eigenstates that have ρi ≤ 1, thus
not influencing the ground state. This gives a ray of
potentials that all lead to the same density ρ, thus
making it non-uv. Yet, by continuously increasing vi
one will find the end point, call it vA as before, of
such a ray when the potential is large enough such
that another eigenstate takes over and assumes the
role of ground state, exactly at a point of degener-
acy. In the case ρi = 0, the ray just extends into
the other direction, since changing vi arbitrarily will
not influence the energy of the original ground state,
but continuously decreasing vi will eventually allow
another eigenstate to take over the role of the ground
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state, again at a point of degeneracy. This proves that
a density on the boundary of PM,N is v-representable
if and only if it also belongs to a degeneracy region
D(vA).

It must be noted that the last part of the proof
shows that if for a v-representable boundary density
multiple components ρi are either 0 or 1, which is
possible at least in principle, the rays combine into a
convex set of non-uv potentials. But such a situation
was never observed in any of the examples studied in
the course of this work, just as the possibility of degen-
eracy regions touching each other or the boundary in
more than a single point has not been verified. While
singleton degeneracy regions are not principally ruled
out in the theorem, degeneracy regions that just arise
from internal degrees of freedom do not play any role
in the context of the theorem, because the external
potential does not couple to the internal coordinates.

The following corollary, put forward as a conjecture
in Penz and van Leeuwen [15], is imminent from the
fact that degeneracy regions are always closed and
that non-uv densities only arise as their intersection
or when they touch the boundary. We also include
our previous results that the non-uv densities have
measure zero in the density domain [15, Sec. III.D],
which is visible from the density-potential geometry
theorem as well.

Corollary 10. The set of non-uv densities is closed
and has measure zero in the (M−1)-dimensional den-
sity domain PM,N .

Conversely, this shows that almost all densities are
uniquely v-representable, which means the failure of
the Hohenberg–Kohn theorem for lattice systems can
be considered less drastic. If a density is non-uv af-
ter all then by Theorem 9 it must lie at the touching
point of two degeneracy regions or where a degener-
acy region touches the border of the density domain, a
quite peculiar property. If, on the other hand, we can
guarantee the validity of the Hohenberg–Kohn the-
orem in some setting, then this in turn means that
degeneracy regions can never touch each other or the
boundary. Another previous result [15, Cor. 20] is
also a direct consequence of the theorem on density-
potential geometry: The set of potentials leading to
a non-uv density that is not on the boundary of the
density domain is always bounded.

We would like to give examples for the geomet-
rical situations present in Theorem 9, two where a
degeneracy region touches the boundary of the den-
sity domain PM,N and another where degeneracy re-
gions touch each other. The first situation was al-
ready present in the triangle graph example discussed
in Sec. VI.C of Penz and van Leeuwen [15] where the
degeneracy region for v = 0 touches the boundary
of P3,2 at the three points where the incircle touches
an equilateral triangle and correspondingly three rays

of non-uv potentials shoot off from v = 0 to infin-
ity in the potential space. Another example can be
found in the tetrahedron graph that features the Ro-
man surface as a degeneracy region for v = 0 and that
has already been discussed twice here. The Roman
surface touches the boundary of the octahedron P4,2
exactly at the four points (1, 1

3 ,
1
3 ,

1
3 ) (and permuta-

tions) corresponding to the vertices of its tetrahedral
symmetry. Those are opposite to the flat face where
the cylinder-shaped degeneracy bundles are attached,
as can be seen from Figure 3. Since those degeneracy
bundles correspond to the potential v = (s, 0, 0, 0)
(and all permutations), s > 0, one can intuitively
state that the non-uv potential rays corresponding
to the touching points are given by v = (s, 0, 0, 0)
(and all permutations), s < 0. On the other hand,
the tetrahedron graph example, although it contains
a large amount of degeneracy, does not feature any
degeneracy regions touching each other. For this we
switch over to two non-interacting spinless particles
on a simple square graph, a setting studied before in
Sec. III.C and IV.B of Penz and van Leeuwen [15].
There it was already noted that non-uv densities oc-
cur at the diagonals of the middle plane of the octa-
hedron P4,2 that correspond to line-segments between
potentials leading to degeneracy, but no picture of the
full degeneracy structure was provided. We show this
in Figure 5 that exhibits a pillow-like structure com-
posed from families of ellipses (degeneracy bundles)
that is symmetric around the middle plane of the oc-
tahedron P4,2. Those ellipses get flatter as the poten-
tial strength increases and they approach the edge of
the density domain. For v = 0, on the other hand, we
have ρ1 = ρ2 = 1

2 (1, 1, 1, 1) and ρ12 = 1
2 (1,−1, 1,−1)

as the columns of P which means (g, κ) = (2, 1) and
thus, as it was described in Section 3, the degener-
acy region collapses into a vertical line segment in the
center of P4,2.

It is interesting to note that the geometrical fea-
tures discussed here also appear in the universal func-
tional F (ρ). Since all densities ρ ∈ D(v) = ∂E(v)
in a degeneracy region arise from a single poten-
tial and v ∈ −∂F (ρ) as discussed in Section 4, this
means that F (ρ) is always flat on D(v). Conversely,
F (ρ) is locally strictly convex outside of degeneracy
regions. When two degeneracy regions touch at a
non-uv ρ then F (ρ) displays a kink between the flat
regions at that point which is responsible for non-
differentiability of F (ρ) and a subdifferential −∂F (ρ)
containing more than a single potential. Such a sit-
uation is displayed in Figure 6, where the example
of the square graph is repeated limited to densities
on the middle plane of the octahedral density domain
P4,2 with touching degeneracy regions along the diag-
onals.
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(a) (b)

Figure 5: Left, the union of all degeneracy regions of the square graph inside the octahedral set of densities P4,2. Right, four
elliptical degeneracy regions from it are displayed that mutually touch at the diagonals drawn in red.

Figure 6: The universal functional −F (ρ) displayed on
the middle plane of the density octahedron from Figure 5.
Where degeneracy regions touch, the functional becomes
non-differentiable, while it is constant along the lines that
are inside an elliptical degeneracy region. Note that it is
differentiable again on the center point.

7 Summary and open questions

In summary, we analyzed the geometrical structures
arising from degeneracy in the density domain and in
potential space. While a state eigenspace is mapped
to intricate shapes given by the convex hulls of alge-
braic varieties (Sections 2 and 3) and their geomet-
ric properties tell when a density is not pure-state v-
representable (Section 4, those shapes can even form
bundles of a certain dimensionality when the potential
is varied (Section 5). Finally, by just observing where
those objects, the degeneracy regions, touch each
other or the boundary of the density domain, one finds
densities that are represented by multiple potentials
(non-uv densities), a situation where the Hohenberg–
Kohn theorem from density-functional theory fails.
Overall, a beautiful geometrical picture of the rela-

tion between potentials and their ground-state densi-
ties emerges.

Looking at the different examples that have been
discussed here reveals that a substantial part of the
whole density domain is filled by the degeneracy struc-
tures. We might thus wonder about the precise degen-
eracy ratio, i.e., the volume of the complete degener-
acy structure divided by the volume of the hypersim-
plex PM,N . For the triangle graph and the square
graph this can be calculated by elementary methods
and we get 0.605 and 0.589, respectively. To calculate
the volume of the convexified Roman surface is much
harder, but we can give a lower and an upper estimate
by considering a tetrahedron inside the Roman surface
and one enclosing it. The inner tetrahedron shares
the four points where the Roman surface touches the
boundary of P3,2 as vertices. The outer tetrahedron
is taken such that it shares the flat sides of the con-
vexified Roman surface as faces, which means that
the cylindrical degeneracy bundles lead exactly to the
incircles of the tetrahedron faces. This gives a degen-
eracy ratio for the tetrahedron-graph system between
0.528 and 0.703. Hence, in all those examples that are
highly symmetric and thus can give rise to degeneracy
more easily, the degeneracy ratio is about 60%, still
an unexpectedly large number. Such a large amount
of degeneracy was also observed in the discretization
of continuum systems [25], so it is not exclusively an
effect in small lattice systems.

We finally list a number of open challenges and
ideas for further investigations linked to the theory
developed in this work:

• One obvious open task would be to completely
classify all possible shapes of degeneracy regions
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for general (g, κ) following the analysis of De-
gen [24] and Coffman et al. [29] that settle the
case (g, κ) = (3, 2). Some could already be ruled
out by Lemma 5, but possibly other classes also
never appear as degeneracy regions, which could
be demonstrated by further investigations related
to the nature of kerP . After all, in our examples
of all Steiner surfaces only the Roman surface ap-
peared. The case of a singleton degeneracy region
with κ = (g + 1)g/2− 1 was also never observed
in an example and it is open if it can even oc-
cur without internal degrees of freedom. If it can
be proven that they do not exist then this would
save the original argument of Ullrich and Kohn
[10] that degeneracy in potential space is rare.

• In order to find more classes of degeneracy re-
gions or whole degeneracy structures, one can
naturally study other interesting finite-lattice
system. For the preparation of this work graph
systems apart from the triangle, square, tetrahe-
dron and cuboctahedron with two particles have
been studied: the diamond graph shows only ac-
cidental degeneracy for a certain symmetrical po-
tential with (g, κ) = (2, 1), the claw graph just
one cylindrical degeneracy bundle, the octahe-
dron graph has a degeneracy region with (g, κ) =
(3, 3) that has the shape of a triangle, and the
cube graph leads to bundles of (g, κ) = (3, 0) re-
gions (this yields another example for non-pure-
state v-representability by Corollary 7), further
cylindrical bundles and a Roman surface in the
center. But this list is far from exhaustive.

• It was already noted in Section 6 that cases of
whole degeneracy regions as the intersection be-
tween two larger degeneracy regions or at the
boundary have not yet been observed. The ques-
tion remains if they are even possible. It also
remains open if touching the boundary of PM,N

only occurs at the highest-dimensional faces of
the hypersimplex, where all ρi > 0, or also at
lower-dimensional edges. In case of the former
and since by Theorem 9 densities on the border
are only v-representable if they are contained in
a degeneracy region, this means that densities
with ρi = 0 can never occur for any potential
v in a finite-lattice system or, in other words,
all ground-state densities are strictly positive.
Some corresponding results for non-interacting or
weakly-interacting lattice systems can be found
in Penz and van Leeuwen [15, Sec. V.A].

• Non-uv densities and especially densities from de-
generacy regions, since they are more frequent,
can pose a problem to the convergence of the
Kohn–Sham iteration by introducing ambiguities
[25]. Imagine the target density of an interacting
system that lies within a degeneracy region of the
non-interacting reference system (this can indeed

happen, since for example a Hamiltonian with
a central potential commutes with the Laplace–
Runge–Lenz vector, leading to additional sym-
metries, while the Coulomb interaction breaks
this symmetry), then even if we find an almost
correct effective potential we would lie outside of
the degeneracy region and thus potentially stay
far away from the target density.

• In the end of Section 6 we noted that F (ρ) is
flat on degeneracy regions, a feature that will not
be respected by the usual approximations to the
universal functional. More insight into its shape,
arising from the discussed geometrical structure,
can thus improve such approximations.

• Moreau–Yosida regularization is applied to the
universal functional F (ρ) in order to remedy non-
differentiability of the functional [37, 38] and to
help proving convergence of the Kohn–Sham iter-
ation in the finite lattice case [43, 44]. In the geo-
metrical picture, this leads to degeneracy regions
that shrink slightly, thus moving apart from each
other, and a boundary of the density domain that
is entirely removed. This then avoids any non-uv
densities by Theorem 9.

• Further dual settings apart from “density-
potential” with even more complicated geome-
tries can be considered as well. For example
current DFT maps the tuple (ρ, j) including the
current density to (v,A), where the potential is
complemented by a vector potential [45]. Since
Theorem 2 also holds for this case, a correspond-
ing geometrical analysis can be conducted. It
is known that non-uv densities do also occur in
current DFT in the continuum case, where they
were shown to arise in situations where one also
has ground-state degeneracy [46].

• Theorem 9 exhibits an interesting dual structure
between the geometric elements in the density
and potential spaces introduced here. That the
spaces themselves are topological duals of each
other was already noted, but we also see that each
degeneracy region (as an extended object) is con-
nected to a single density point, while the straight
lines connecting those points correspond to the
density where the degeneracy regions touch. This
structure is very similar to the nerve complex of
a set family.
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