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THE VOLUME OF THE BOUNDARY OF A SOBOLEV (p,q)-EXTENSION
DOMAIN

PEKKA KOSKELA, ALEXANDER UKHLOV AND ZHENG ZHU

ABSTRACT. Let n > 2 and 1 < ¢ < p < oo. We prove that if Q@ C R” is a Sobolev
(p, q)-extension domain, with additional capacitary restrictions on the boundary in the case
g <n—1,n>2 then |0Q| = 0. In the case 1 < ¢ < n— 1, we give an example of a Sobolev
(p, q)-extension domain with |9Q] > 0.

1. INTRODUCTION

Let 1 < ¢ < p < o0o. Then a bounded domain 2 C R", n > 2, is said to be a Sobolev
(p, q)-extension domain if there exists a bounded extension operator

E W' (Q) - Wh(R"),

Partial motivation for the study of Sobolev extensions comes from PDEs (see, for example,
[27]). In [2, 36] it was proved that if Q@ C R™ is a Lipschitz domain, then there exists
a bounded linear extension operator E : W"P(Q2) — W*P(R"), for each k¥ > 1 and all
1 < p < oo. Here W*P(Q) is the Banach space of LP-integrable functions whose weak
derivatives up to order k belong to LP(€2). More generally, the notion of (g, d)-domains was
introduced in [16] and it was proved that, for every (e,d)-domain there exists a bounded
linear extension operator E : WkP(Q) — WHP(R"), for all k > 1 and 1 < p < oco.

A geometric characterization of simply connected planar Sobolev (2, 2)-extension domains
was obtained in [43]. By later results in [18, 20, 21, 33|, one now understands the geometry
of simply connected planar Sobolev (p, p)-extension domains, for all 1 < p < co. Geometric
characterizations are also known in the case of homogeneous Sobolev spaces L*P(2), 2 <
p < 00, defined on simply connected planar domains. Here L¥P(€) is the seminormed space
of locally integrable functions whose kth-order distributional partial derivatives belong to
LP(€2). However, no characterizations are available in the general setting.

The boundary 0X2 of a Sobolev (p, p)-extension domain is necessarily of volume zero when
1 < p < oo by results in [9]. Actually, Q2 has to be Ahlfors regular in the sense that

(1.1) |B(x,r) N Q| > C|B(x,r)|
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for every z € 99 and all 0 < r < min{l1, % diam Q} with a constant C' independent of x,r.
Even more is known if () is additionally a planar Jordan domain. In this case 2 has to be
a so-called John domain when 1 < p < 2 and the complementary domain needs to be a
John domain when 2 < p < co. Consequently, the Hausdorff dimension of 0f) is necessarily
strictly less than two by results in [22]. For a sharp estimate see the very recent paper [26].
However, in general, the Hausdorff dimension of the boundary of a Sobolev (p, p)-extension
domain 2 C R" can well be n.

Much less is known when ¢ < p. Even though the case of Hélder-type cuspidal boundaries
has been studied in detail [8, 28, 29, 30, 31], no geometric criteria are available even when
is planar and Jordan. The only existing result related to (1.1) is the generalized Ahlfors-type
estimate [39] (also see [40])

(1.2) O(B(x,r)P Y B(x,r)NQ? > C|B(z,r)]P

in the case n < ¢ < p < co. Here ® is a bounded and quasiadditive set function, see Section
3, defined on open sets U C R™. Tt is generated by the Sobolev (p, ¢)-extension property. By
differentiating ® with respect to the Lebesgue measure, one concludes that |0Q| = 0 if Q is
a Sobolev (p, ¢)-extension domain for n < ¢ < p < oo.

In this paper, we establish the optimal (capacitary) version of the generalized Ahlfors-
type condition (1.2) for all 1 < ¢ < p < oo, under additional capacitary restrictions on the
boundary in the case 1 < ¢ < n —1, n > 3. With the help of the Lebesgue differentiation
theorem it gives the following conclusion. The definition of ¢-fatness can be found in Section
2.

Theorem 1.1. Let 1 < g < p < o0 and let  C R™ be a Sobolev (p, q)-extension domain
which is q-fat at almost every x € 9. Then |02 = 0. In particular, if Q@ C R? is a Sobolev
(p, q)-extension domain with 1 < g < p < 0o, then |0Q)| = 0. Moreover, ifn > 3 and Q C R™
is a Sobolev (p, q)-extension domain withn —1 < ¢ < p < oo, then |0 = 0.

Our second result shows that one indeed needs to pose some additional assumption besides
the extension property in order to guarantee that |02 =0 when 1 < g <n — 1.

Theorem 1.2. Letn >3 and 1 < ¢ <n — 1. Then there exists p > q and a Sobolev (p, q)-
extension domain @ C R™ with a bounded linear extension operator such that |02 > 0.

This paper is organized as follows. Section 2 contains definitions and preliminary results.
Section 3 is devoted to set functions associated with extension operators. In Section 4, we
establish the generalized Ahlfors density condition. In Section 5, we deduce Theorem 1.1
from our generalized Ahlfors density condition. Section 6 contains a discussion on Sobolev
extension operators for outward cuspidal domains that give the sharpness of the generalized
Ahlfors density condition. Section 7 is devoted to the construction behind Theorem 1.2. In
the final section, Section 8, we pose open problems that arise from the results in this paper
and discuss the locality of our estimates.
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2. PRELIMINARIES

2.1. Definitions and notations. Let ) be a domain in the n-dimensional Euclidean space
R™ with n > 2. By the symbol Lip(f2) we denote the class of all Lipschitz continuous
functions defined on Q. The Sobolev space W?(Q2), 1 < p < oo, (see, for example, [27]) is
defined as a Banach space of locally integrable and weakly differentiable functions v : Q2 — R
equipped with the norm:

ullwrr@) = llullze@) + VUl zr @),

ou du : :
By o0 8%) is a weak gradient of u.

Let us give the definition of Sobolev extension domains.

where Vu = (

Definition 2.1. Let 1 < ¢ < p < co0. A bounded domain @ C R™ is said to be a Sobolev
(p, q)-extension domain, if there ezists a bounded operator

E W (Q) — WhH(R™)

such that for every function u € W(), the function E(u) € W“(R") satisfies E(u)|, = u
and

| () w1 e
|B] = sup -
wewtr(\(oy  |ullwie)

Linear Sobolev extension operators form a subclass of homogeneous Sobolev extension
operators. We prove that, for every Sobolev (p, g)-extension domain, there always exists a
positively homogeneous Sobolev extension operator. When ¢ = p one in fact can find a linear
extension operator [9] but it is not known if this could be the case when ¢ < p.

Lemma 2.1. Let Q C R™ be a Sobolev (p, q)-extension domain. Then every bounded Sobolev
extension operator E : W1P(Q) — WH4(R™) promotes to a bounded, positively homogeneous
Sobolev extension operator Ej, : WHP(Q) — WH(R™) with the operator norm inequality
[En ]l < 1E].

Proof. Let u € W'?(Q). When |[u|lwrsq) # 0, we define

u
Eyp(u) = |lullwieoE (—) :

||u||W1’P(Q)
Then for A > 0 we have

AU AU
En(Au) = ”)\uuwl,p(Q)E <—) = )\”U/le,p(Q)E (—)

[ Al we ) Mul[wre )
u
HUHWLP(Q)
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If ||ullwir) = 0, then necessarily E(u) = 0 and we set Ej(u) = 0. Finally,

1 U
1B = sup lallwroon E (—)
||u||W17p(Q) Wha(Rn)

ueW.2(Q)\{0} HUHWLP(Q)
[E () llwra@n
= sup HE(U)le,q(Rn) < sup 1R")
lullw1,p0)=1 ueW L (Q)\{0} ||UHW14>(Q)

= [I£]]

By Lemma 2.1, from now on, we may always assume that £ : WP(Q) — WH(R") is a
positively homogeneous, bounded Sobolev extension operator.
We continue with the definition of a strong bounded Sobolev extension operator.

Definition 2.2. Let Q C R™ be a Sobolev (p, q)-extension domain with 1 < g <p < oo. A
bounded Sobolev extension operator E, : WIP(Q) — WL9(R™) is said to be a strong bounded
Sobolev extension operator if, for every function u € WhP(Q) with u‘B o = ¢ for some

ball B(z,r) with B(xz,r) N Q # 0 and some constant ¢ € R, we hcw ( )(y) = ¢ for
H™-almost every y € B(x,r) NoS.

2.2. Fine Topology. In this section, we recall some basic facts about the fine topology
on R™. It is the coarsest topology on R"™ in which all superharmonic functions on R"™ are
continuous, see [12, Chapter 12]. Let us recall the definition of the capacity [12]. Let Q be
an open set in R™ and F' C Q be a compact set. Fix 1 < p < oo. The class of admissible
functions for the pair (F';2) is defined by setting

W, (F; Q) i={u e Co(Q)NW"(Q) :u>1on F}.
The p-capacity of F' with respect to €2 is defined by

cap,(F;Q) inf /\Vu )|[Pdz.

uewp (F;)
If U C Q is an open set, we define
cap,(U;Q) = sup{cap,(F;€2) : FFC U, F is compact}.
In the case of an arbitrary set E C () we define
(2.1) cap,(E; Q) = inf{cap,(U;Q) : ECU CQ, U is open}.

The p-capacity is an outer measure on €2 [12].
Let us recall the notion of variational p-capacity [7, 12, 27].

Deﬁniti0n_2.3. A condenser in a domain Q@ C R™ is a pair (E,F) of bounded compact
subsets of Q with dist (E,F) > 0. Fix 1 < p < oco. The set of admissible functions for the
triple (E, F; Q) is

WH(E,F;Q) ={ue W Q)NCQUEUF):u>1on Eand u <0 on F}.
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We define the p-capacity of the pair (E, F) with respect to Q by setting.
Cap,(E, F;Q) = inf Vu(z)|Pdx.
pBF0) = it [Vuta)
For a pair (U, V) of arbitrary bounded open subsets of Q0 with dist (U,V') > 0, we define the

p-capacity by setting
Cap,(U,V;Q) := sup Cap,(E, F;Q),

ECU,FCV
where supremum is taken over all compact subsets of 2 with E C U and F C V.

To simplify notation, set W,(E, F') := W,(E, F;R") and Cap,(E, F) := Cap,(E, F';R")
The following lemma gives the basic Loewner-type capacity estimate. The interested readers
can find a proof in [13].

Lemma 2.2. Let B C R" be a ball with radius r and n — 1 < p < oco. Suppose that
E,F C B are compact connected subsets with dist (E, F) > 0 and so that diam F > dr and
diam F' > dr for some 0 < § < 2. Then we have

(2.2) Cap,(E,F;B) > Cr"P,

where the constant C' only depends on 6, n and p. The inequality also holds for p = 1 when
n=2.

We have the following capacity estimate for concentric balls. See, for example, [12, page

35].
- n—p\? ! R = 1-p
03)  cany B B r) = Lo (5H) R =T b i)
Wn_1 logh™ & p=n
where 0 < r < R < oo and w,_; is the (n — 1)-dimensional mesure of the unit sphere

S0, 1).
Now, we are ready to define quasi-continuous functions, see [12].

Definition 2.4. Let 1 < p < oco. A function u € L, () is said to be p-quasi-continuous
if, for every e > 0, there exists an open set E. C Q with cap,(Ec; ) < € such that u 18

continuous.

Q\E.

We record the fact that every Sobolev function can be redefined in a set of measure zero
so as to become quasi-continuous. See [12, Chapter 4]. Actually, the capacity considered
in [12] is different from the capacity we consider here. There capacity is defined to be the
infimum of the Sobolev norms of all smooth admissible functions. Hence, that capacity is
larger than or equal to the capacity we consider here.

Lemma 2.3. Let 1 < p < oo and let u € WYP(Q). Then there exists a p-quasi-continuous
function @ € WHP(Q) with a(z) = u(z) for almost every z € Q. Furthermore, at every point
of continuity of u, we have u(z) = u(z).
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We continue with the definition of p-capacitary density.

Definition 2.5. Let 1 < p < oco. A set E C R" is said to be p-capacitary dense at the point
zeR”, if
cap, (ENB(2.):B(3)
im sup - -
P can, (B (5) B (5)
The following definition of p-thin sets can be found in [12, Chapter 12] for 1 < p < oo and
in [25] for p = 1.

> 0.

Definition 2.6. Let 1 < p < oco. A set E is p-thin at z if

/1 (capp(E N B(Z,t); B(Zv 2t)))pll @
0 cap,(B(z,t); B(z,2t)) t

A set E is 1-thin at z if

s H(B(z,1))
Furthermore, we say that E is p-fat at z if E is not p-thin at z.

=0.

The following proposition shows that capacitary density implies fatness. We will show in
Section 5 that actually capacitary density can be strictly stronger than fatness.

Proposition 2.1. Let n > 3. If a domain 2 C R" is g-capacitary dense at a point z € R"
for some 1 < p < oo, then ) is also p-fat at z.

Proof. Assuming that 2 is p-capacitary dense at the point z for 1 < p < oo, there exists a
positive constant 0, > 0 and a decreasing positive sequence {r;}2°,, which converges to 0,
such that

(2.4)

for every r;.
Let us first consider the case p = 1. We write A ~, B if %A < B < ¢A for a constant
¢ > 1. By [7, Proposition 6.4] we have that

o (5(:3) () o

with an implicit constant independent of r;. Hence we have
r;cap; (Q NnB (z, 2—’) B (z ﬂ))

)9 N
7 (B(z.r) >0, > 0.

This implies that Q is 1-fat at z.
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Let now 1 < p < oco. Without loss of generality, we may choose a sequence {r;}3°, with
16741 < r; for every i € N such that (2.4) holds. By (2.3), we have

T T
(2.5) cap, (B (z,p); B (z,2p)) ~. cap, (B (z, Z) ;B <z, 5))
for every p € (%, %) with a constant ¢ independent of p and 7;. Since p € (%, %),
W, (201 B (2,0); B(2,20) C W, (20 B (5 ) 1 B(2,20)).
Hence, we have
T
(2.6) cap, (Q nB <z Z> Bz, 2p)> < cap, (2N B(zp); B(2,2p)).

Let ue W, (2N B (z,%);B(z,2p)) be arbitrary. Then we define a function

fLEWp<QﬂB<Z,%>;B<Z,%>>

by setting
oL (=21 w(n—zp)\x F4z) W eeBEE\B(E)
- <

By the fact that =

/ |Vi(x)|Pdx < C/ |Vu(x)|Pdx
B(z,r—l) B(z,2p)

with a constant C' independent of z, 2 and p € (%,%). Since the test function u was
arbitrary, we have

T T r;
(2.7) cap, <Q N B (z, Z) B (z, 5)) < Ccap, (Q NB (z, Z) :B (z,2p)>
with an absolute positive constant C' independent of p € (7, % ). By combining inequalities
(2.6) and (2.7), we obtain
(2.8) cap, (Q N B (z, %) B (z, %)) < Ccap, (2N B(z,p); B(z2p))

with a positive constant C' independent of p € (%, %). Finally, by combining inequalities
(2.4), (2.5) and (2.8), we obtain
cap, (2N B(z, p); B (z,2p)) .
cap, (B(z, p); B (z,2p)) ’
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where 6, > 0 is a positive constant independent of p € (%, %). Since 167, < r; for every
1 € N, we have

/1 (capp (2N B(z,p); B (2, QP)))"ll dp
0 cap,, (B(z,p); B (z,2p))

p
cap, (2N B(z, p); B (z,2p)) = dp
s Z/ oG 5ea )

ig

=1

Hence 2 is p-fat at the point z. O

Let us consider the role of p in the validity of fatness and capacitary density. Given z € R"
and 0 < s < t, we set A(z;s,t) := B(x,t) \ B(z,s).

Theorem 2.1. Let 2 C R™ be a domain and let n —1 < p < co. Then () is p-capacitary
dense at every point of the boundary. A planar domain Q@ C R? is also 1-capacitary dense at
every point of the boundary.

Proof. We may assume that € is not entire R™. Fix € 9Q. Given 0 < ¢t < diam (£2)/3, we
may pick points z € B(z,t/2)NQ and y € Q\ B(z, 3t). Since 2 is open and connected, we find
a curve 7 that joins z to y in €2. This curve gives us compact connected sets £, C QN B(x, t)
and Fy C QN A(x;2t, 3t) with

< diam E,

DN |+

and

For every admissible function v € W,(Q2 N B(x,t); B(z,2t)), simply extend test functions
to be zero outside the ball B(z,2t). We obtain an admissible function belongs to the class
W, (E, Fy; B(x,4t)). By Lemma 2.2, for every n — 1 < p < oo, we have

cap,(©2 N B(w,t); B(x,2t)) > Capy(Ey, Fy; B(w,4t)) > Ct"P
for some positive constant C' independent of x and ¢. By (2.3) we conclude that
lim sup cap, (2N B(z,t); B(x,2t))
0+ cap, (B(x,t); B(x,2t))

Consequently, the domain € is p-capacitary dense at the point x € 9€).
Finally, let us assume that n = 2 and p = 1. Similarly as above, by Lemma 2.2, we have

cap, (2N B(x,t); B(x,2t)) > Capy (Ey, Fy; B(x,4t)) > Ct.

=9, > 0.
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Since
cap, (B(x,1); B(z,21)) ~e t
for some positive constant ¢ independent of x and ¢, we have

QNB 1 B(z,2
hIIlSllp Capl( N (xvt)v (Ia t))

=9, > 0.
t—0 capl(B(m,t),B(x,Zt))

Consequently, the domain € C R? is 1-capacitary dense at the point z € 9. O
Remark 2.9. We actually proved that

(2.10) cap,(Q2 N B(x,t); B(x,2t)) > Capy(Ey, Fy; B(w,4t)) > Cpt"™?

whenever z € 99, 0 < ¢ < 1 diam () and p > n — 1 (also for p =1 in the plane).

Definition 2.7. Let 1 <p < oco. A set U C R" is p-finely open if R™ \ U is p-thin at every
x e U, and

7, :={U C R"; U is p — finely open}
1s the p-fine topology on R™.
The following lemma comes from [12, Corollary 12.18].

Lemma 2.4. Suppose that a set E C R™ is p-fat at the point x € R™. Then every p-finely
open neighborhood of x intersects E. Consequently, x is a p-fine limit point of E.

By a result due to Fuglede [4], we have the following lemma.

Lemma 2.5. Let 1 < p < oco. If a function u is p-quasi-continuous, then wu is p-finely
continuous except on a subset of p-capacity zero.

By using the lemmata above, we can prove the following lemma. It is also a corollary of
the result in [17].

Lemma 2.6. Let Q0 C R™ be a domain such that ) is p-fat at almost every point of the
boundary 0. If u € WHP(R™) is a Sobolev function such that u’B(m m = © where x € 051,

0<r<1andcéeR, then u(z) = c for almost every z € 02 N B(x,r).

Proof. By Lemma 2.3, u has a p-quasi-continuous representative @ with u(z) = ¢ for every
z € QN B(x,r). By Lemma 2.5 and [3, Theorem 4.17], there exists a subset F; C R
with |Ey| = 0 such that @ is p-finely continuous on R"™ \ Fj. Since Q is p-fat at almost
every z € 02, by Lemma 2.4, there exists a subset Ey C 02 with |Es| = 0 such that, for
every z € (02N B(x,r)) \ (Ey U Ey), we have u(z) = ¢. Hence u(z) = ¢ for almost every
z € 00N B(x,r). O
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2.3. Gromov hyperbolicity. For each 1 < ¢ < n — 1, we will construct a Sobolev (p, q)-
extension domain whose boundary is of positive volume. In order to establish the extension
property of the domain, we will employ an approximation argument. Our domain {2 turns
out to be 0-Gromov hyperbolic with respect to the quasihyperbolic metric, which implies
that W1>°(Q) is dense in WHP(Q).

Definition 2.8. Let ; R™ be a domain. Then the associated quasihyperbolic distance
between a pair of points x,y € 2 is defined as

dz
ist gn(2,9) n /7 dist (z,99)’

where the infimum is taken over all the rectifiable curves v C Q connecting x and y. A curve
attaining this infimum is called a quasihyperbolic geodesic between x and y. The distance
between two sets is also defined in a similar manner.

The existence of quasihyperbolic geodesics comes from a result by Gehring and Osgood [5].
We continue with the definition of Gromov hyperbolicity with respect to the quasihyperbolic
metric.

Definition 2.9. Let 6 > 0. A domain is called 0-Gromov hyperbolic with respect to the
quasihyperbolic metric, if for all x,y, z € Q and every corresponding quasihyperbolic geodesic
Vs Vy,z Ond Vg ., we have

diSt qh(wa /Yy7z U ’Vx,z) S 57
for arbitrary w € 7,.,.

Let us give the definition of quasiconformal mappings.

Definition 2.10. Let Q,Q be domains in R™ and let 1 < K < oo. A homeomorphism
f:Q = of the class VV;:(Q,R”) is said to be a K-quasiconformal mapping, if

|IDf(x)|" < KJ¢(x), for almost every x € ).
Here |Df(z)| means the operator norm of the matriz D f(z) and J¢(x) is its determinant.
The following result was proved in [1].

Lemma 2.7. Let Q C R" be a domain which is quasiconformally equivalent to the unit
ball. Then €2 is 0-Gromouv hyperbolic with respect to the quasihyperbolic metric, where 6 > 0
depends only on the quasiconformality constant K and n.

The following density result comes from [19].

Lemma 2.8. If Q C R" is a bounded domain that is 6-Gromov hyperbolic with respect to
the quasihyperbolic metric, then, for every 1 < p < oo, W1*°(Q) is dense in WHP(Q).
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3. A QUASIADDITIVE SET FUNCTION

In this section, we will introduce a quasiadditive set function that is a minor modification
to the one introduced by Ukhlov in [39, 40]. Also see [44, 45] for related set functions.

Let us recall that a function ® defined on the class of open subsets of R" and taking
nonnegative values is called a quasiadditive set function (see, for example, [44]) if, for all
open sets U; C Uy C R™, we have

d(Ur) < @(Uy),

and there exists a positive constant C' such that for every collection of pairwise disjoint open
sets {U; C R™};en we have

(3.1) i O(U;) < CD (O UZ») .

The upper and lower derivatives of a quasiadditive set function are

— (B (B
D®(x) = limsup (B;) and D®(x) = liminf ( T).

r—0t | r| r—0F ’Br|

Let us formulate a result from [38, 44] in a convenient form.

Lemma 3.1. Let ® be a quasiadditive set function defined on open subsets of R™. Then

(1) for every open set U C R™ we have
/ﬁ(m) de < CO(U);
U

(2) for almost all points x € R™, the upper derivative is finite and
D®(x) < OD®(z) < 0.
The constants C' above are the same as the one in (3.1).

We continue with a detailed construction of a set function associated with an extension
operator, refining the constructions of [39, 40]. Let  C R"™ be a bounded Sobolev (p, q)-
extension domain and E : W'P(Q) — WH9(R") be the corresponding bounded extension
operator. Suppose that U C R" is an open set such that U N # (). We define

WS (U,Q) :={ueC(@QnNW"Q):u=00nQ\U}.

For every open set U C R"™ with UNQ # () and every u € W (U, Q), we define the ¢-Dirichlet
energy I'f;(u) on U and with respect to the boundary value u by setting

(3.2) I () = in { (/U |vu(z)\qczz)é e WM (U), 0], = u} |
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Then the set function ® is defined on U by setting
I g
(3.3) ® (U) := sup (ﬁ) cu € WJ(U,Q)
HUHWLP(UmQ)

with 1 = E — =, and by setting ®(U) = 0 for those open sets that do not intersect §2.
The Dlrlchlet energy defined in (3.2) has the following homogeneity.

Lemma 3.2. Let U C R" be an open set with U N IQ # (0. Then for every u € Wl (U, Q)
and every A > 0, we have I'l;(Au) = AI'f;(u).

Proof. Let {v;}52, € WH(U) be a sequence of functions with v;

= lim </ | Dv; (2 ]%lz)
1—00

% () = lim ( / |D)\vi(z)|qdz); = AT (u).

i—00

|UmQ = u and

Then we claim that

If this fails, then there exists another sequence {0;};2; C W4(U) with 4|, = Au and

o

T () = ( /U ]Dﬁi(z)]qdz); < ATY(u).

Then we have {50;}32, € W(U) with 19

%rgj(m) = (/U 5 qdz) < T (u).

This is a contradiction. [l

|UOQ = u and

1

S

The following theorem gives the important properties of ®.

Theorem 3.1. Let 1 < ¢ < p < 00. Let Q C R" be a bounded Sobolev (p, q)-extension
domain. Then the set function ® defined in (3.8) is a bounded quasiadditive set function
defined on open subsets U C R™.

Proof. The nonnegativity is immediate from the definition.
Let £ : W'?(Q) — WH4(R") be a bounded extension operator. For every open set U C R"™
with UNQ # 0 and every u € W§(U, 2), we have

Il (w) < IVEW)law) < Cllullwrrwng)-
This implies the boundedness of .
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Let U; C Uy C R™ be two open sets. If U1 NQ = (), we obviously have 0 = ®(U;) < ®(Us).
Thus assume Uy N Q # 0. Let u € WJ(Up,Q) € WJ(Us, Q) be arbitrary. Then for each
v € WH(Us,) with U}Uﬁg = u, we have

(/U |W(z)|qczz)‘l’ > (/U |Vv(z)|qdz>; .

This implies I'; (u) > T'{; (u). Since u € W§ (U, Q) C W§ (U, Q) is arbitrary, we obtain the
monotonicity that is ®(U;) < &(Us).

Let {U;}22, be a pairwise disjoint collection of open sets. Fix N € N and set U, := JY | U;.
Let 0 < e < 1. By (3.3), for every i, there exists a test function u; € W{ (U;, Q2) such that

1
(3.4) 0 () = (@(U) (1= 57)) " lusllwoon

Notice that also 1)\u2- satisfies (3.4) by Lemma 3.2, when A > 0. Hence, by replacing u; with
(®U) (1—%))r HuH;—lp(Q)’ we may also assume that

(3.5) s sy = 200 (1= 57)

Set

N
U = E ;.
i=1

Then v € W <Uf\i1 Ui, Q) . By definition (3.2), there exists a function v € W4 (Uf\il Ui>

with ’U‘Q = u and

HDU”Lq( N U) g
(3.6) 2k P U U;
HUHWI » (U, UinQ)

for 4 = 1,--- ,N. Then, we have v; € WH(U,) with

| Dvil| Loy = T, (ws).-
Then, by making use of (3.4), we obtain

1
q q

B7) (D]l a0y = (ZIszLqm); (i( ( Ez‘))E

=1

||uz ||;1/V1,17(Uimﬂ)>
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with § = % — =. The identity (3.5), together with the pairwise disjointness of U;, gives

(3.8)

(i (@(v)(l—g))z||ui||%m,pwm) (Z@ (1——))k||u||W1,p<Ugv_lUm>-

=1

1
p

First, suppose

(3.9) > o(Uh) > B(U,).

Since 0 < € < 1, we also have

Z@ U;) — ed(U,) > 0.

By combining inequalities (3.7) and (3.8), we obtain

el

(3.10) 1Dvll gy, vy > (Z@ (1——)) el i)

==

N
> <Z<I>(U¢)—€<I>(Uo)> [l viney:
i=1

Since u € WE(UN, Ui, Q), we conclude from (3.6) and (3.10) that

Dv N N &
L TN (2@(@)—6@(%)) |

HUHWLP(Uf.Vzl U;NQ) —1

\_/
==

Cd (U,

By letting € tend to zero, we arrive at

Zcp ) < CP (QU)

If (3.9) fails, then

Hence, we always have
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Since N € N is arbitrary and ¢ is both nonnegative and monotone, we conclude that

i O(U;) < (C+1)® <[j Ui> .

The following lemma is immediate from the definition (3.3) of the set function ®.

Lemma 3.3. Let 1 < g <p < oo. Let QQ CR" be a bounded Sobolev (p, q)-extension domain
and ® be the set function from (3.3). Then, for a ball B := B(x,r) with x € 9 and each
function u € WE(B, ), there exists a function v € W4(B) with U‘BOQ =u and

(3.11) 1Dl oy < 2% (B)||ullwir(ng), where 1/k=1/q—1/p.

4. THE GENERALIZED AHLFORS CONDITION
We begin with a general version of (1.2) for (p, ¢)-extension domains.

Theorem 4.1. Let Q C R™ be a Sobolev (p, q)-extension domain with 1 < q¢ < p < oo. Then
there exists a bounded quasiadditive set function ®, defined on open sets, such that, for every
z € 0N and each 0 < r < min{1,  diam (Q)}, we have

P
(4.1) ®(B(z,7))P 1| B(x,r) N Q* > rPCap, (Q NB (x, ;1) L ONA (m; g, %) ;B(:U,T)> :

Proof. Let Q C R™ be a Sobolev (p, g)-extension domain with 1 < ¢ < p < oo. Define the
associated set function ® by (3.3). Let z € 9Q and 0 < r < min{1, ; diam (Q)} be fixed.
Then we define a function u € W1?(Q) N C(Q2) by setting

1 in B(z, ) N,
(4.2) u(y) =4 Sy —=l+2 in (B(x,5)\ B(x,5) N,
0 in Q\ B(z,3).
We have
P P ’ c H
(4.3) |u(y)Pdy + Vu(y)[Pdy | < —|B(z,r) N Q7.
B(z,r)NQ B(z,r)NQ r

Because u € C(QNB(z,r)) with u = 0 on QNIB(z, r), we conclude that u € W§ (B(z,r), Q).
By Corollary 3.3, there exists a function v € W1H4(R™) with U‘B(x oo = U and

an ([ B voiay) < 206 ( [ P vulp)py)’
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with % = % Il). For every small € > 0, define v, to be the mollification of v as in [3, Section
4.2]. Then v, € C(R™) N WhH4(R"),

11_1;% ”VUEHLQ(B(aw’)) - HVUHLq(B(Z’J'))

and v, converges to v at every point of continuity of v. For every pair of compact sets (E, F)
with B C B(z,§)NQand F' C (B(x, 5)\ B(z, §)) N, there exists a sufficiently small ¢, > 0
such that for every 0 < € < ¢,, we have v, € W,(E, F; B(x,r)). Hence, we have

/ |Vou(x)|de = lim/ \Vue(z)|%dz > Cap, (E, F; B(z,1)).
B(z,r) e—0 B(z,r)

By taking the supremum over all pairs of compact sets (E, F') with £ C B(x, ) N Q and
F C (B(z,5)\ B(z, 7)) N, we obtain

(4.5) / \Vu(z)|?dz > Cap, (B (x, f) NQONA (x; C, ﬁ) ;B(x,r)> .
B(z,r) 4 24

By combining inequalities (4.3), (4.4) and (4.5), we obtain the inequality

_ r T 3r P
CO(B(z,r))’ Bz, ) N QT > rPCap, QﬂB(I,Z),QﬂA T3 ; B(z,r) ) .

Our claim follows for the set function ® := c®, where ¢ = CV/(P~9), ([l

The following theorem gives the generalized Ahlfors condition in g¢-fat Sobolev (p,q)-
extension domains for all 1 < ¢ < p < o0.

Theorem 4.2. Let Q C R"™ be a Sobolev (p, q)-extension domain, for 1 < q < p < oo, which
s q-fat at almost every x € 0S). Then there exists a bounded quasiadditive set function ®,
defined on open sets, with the following property. For almost every x € OS2, there exists
ry > 0 such that, for every 0 <r < r,, we have

(4.6) O(B(x,r)P~B(x,r) N QT > |B(z,r)P.

Proof. Suppose that € is ¢-fat at almost every x € 0f). By the Lebesgue density theorem
and Lemma 3.1, there exists a subset V C Q with |V| = |[Q] such that every z € V is a
Lebesgue point of € and € is ¢-fat at every z € V. Fix 2 € V. Let ¢ > 0 be sufficiently
small such that 1 —e > 2,1%1 Since x € V is a Lebesgue point of €, there exists 0 < r, < 1
such that for every 0 < r < r,, we have

_ 1
(4.7) |[B(a,r) N 2 (1 = €)|B(z,7)] 2 57| B(@,7)].
Let r € (0,7,) be fixed. Since |0B(z,s)| = 0 for every 0 < s < r, we have
T — 1 T 1
. - > - >
(4.8) B (2,7) 00 = 5 |B (2.5)] 2 sl Bl )]
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and
_ — 1
(4.9) )(B(x,r) \ B (m, g)) N Q’ > |B(z,r) N Q| — ‘B (x, g)’ > 2—n|B(x,r)|.

Let u be defined by (4.2). Let ® be the set function from (3.3). Then u € W§(B(z,r), Q).
By (4.4) and (4.3), we have v € WY4(B(x,r)) with

==

(4.10) ([ vewray) < c @@t Sipenno
B(x,r)
with + = 5 113. Since ) is g-fat at every y € V, Lemma 2.6 implies that v(y) = 0 for
almost every y € (B(x,r)\ B(z,5)) NV and v(y) = 1 for almost every y € B(x,7) NV.
Since |V| = [Q|, v(y) = 1 for almost every y € B(z,§)NQ and E(u)(y) = 0 for almost every
y € (B(z,r)\ Bz, 5)) N
By the Poincaré inequality on balls, we have

(4.11) Cr / Voly)|'dy > / [0(y) — vigem|'dy.
B(x,r) B(z,r)

1

If UB(z,r) > 29

(4.9) that

1 q
[ 1) = vaenliiy = (5)
B(z,r)

In the case vp(,) < %,
(4.8) that

1 q
[ o) = vaen iy = ()
B(z,r)

In conclusion, we always have

(4.12) /( | [v(y) — vB@n|*dy > C|B(z, )|
B(x,r

since v(y) = 0 for almost every y € (B(z,r) \ B(z,%)) N, we conclude from

<B(a:,r) \ B (a: g)) mﬁ‘ > C|B(z,r)|.

since v(y) = 1 for almost every y € B(z,%) N, we conclude from

B (x g) mﬁ‘ > C|B(z,r)|.

By combining inequalities (4.10), (4.11) and (4.12), we obtain the inequality
O(B(z,r))"?B(x,r) N QT = C|B(z, 7).
The desired inequality follows from this by replacing ® with ¢® for a suitable c. O

5. THE VOLUME OF THE BOUNDARY

We prove, relying on the generalized Ahlfors condition, that the boundary of a g¢-fat
Sobolev (p, g)-extension domain is of volume zero.
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Proof of Theorem 1.1. Let us assume that |0Q| > 0. Then, by the Lebesgue density theorem
(see, for example [36]) and Theorem 4.2, there exists a subset V' C 09 with [V/| = [0Q] > 0
such that every point z € V' is a Lebesgue point of 992, D®(z) < oo and

(5.1) O(B(x,r)P~B(x,r) N QT > C|B(z,r)]P
holds for every x € V and each 0 < r < r,. Fix € V. Then by inequality (5.1), we have
B 0
|B(x,r) N 0Q| < |B(z,r)| = [B(x,r) N Q| < |B(z,r)| - Lr)’pq
®(B(z,r))
for every 0 < r < r,. Hence, by Lemma 3.1, we obtain
_ |B(x,r)NoQ| . |B(x,r)| — |B(z,r) N Q|
limsup —————— < limsup
r—0+ |B<.§C,7’)‘ r—0t |B(.T,T>’
B B(x,r)| -
glimsup|(L’T)|—Clinlinf|(m;)| —CD(z)7 < 1.

r—0t |B(J},7‘)| r—0F @(B(l‘,?‘))%

This contradicts the assumption that x € V' is a Lebesgue point of 9€2. We conclude that
|0€2| = 0. Thus we have verified the first claim of the theorem.
The final claims follow from Theorem 2.1 in combination with the first claim. O

We have not required our Sobolev extension operators to have any local properties. Let
us consider such a requirement. Recall the definition of a strong extension operator from
Definition 2.2. The following theorem shows that an extension operator can be promoted to
a strong one precisely when the boundary of our extension domain is of volume zero.

Theorem 5.1. Let Q C R™ be a bounded Sobolev (p, q)-extension domain for1 < q < p < 0.
Then there exists a strong bounded extension operator E : WHP(Q) — WH(R™) if and only
if |02 = 0.

Proof. Let Q C R™ be a Sobolev (p, g)-extension domain with 1 < ¢ < p < oo. First, if
09| = 0, by Definition 2.2, every bounded extension operator E : W'P(Q) — W14(R") is a
strong bounded extension operator.

Conversely, let us assume that there exists a strong bounded extension operator E :
Wh?(Q) — WH4(R™). Similarly to the set function @ in (3.3), we define a new set function

® here. First, for every open set U C R"™ with UNQ # () and every u € W (U, Q2), we define

Fq = inf (/ |Vo(z \%lz) ,

where we take the infimum over all functions v € W14(U) with v| vno = w and which

additionally satisfy the requirement that v(y) = ¢ for H"-almost every y € B(x,r) N U NN

if u‘B o = € for a ball B(z,r) with B(xz,r)NU # ). The existence of the strong extension
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operator £ guarantees this class of desired functions is not empty. Then we define the set
function ® by setting

- k

N q

®(U) := sup Tyl cu e WU, Q)
HUHWLP(UmQ)

with ¢+ = é — i, and by setting EIS(U ) = 0 for those open sets do not intersect §2. Within
a similar argument to the proof for Theorem 3.1, we obtain P is a nonnegative, bounded
and quasiadditive set function. Hence D®(x) < oo for almost every z € 92. Fix a function
u € WH(Q) as in (4.2). By the definition of @, there exists a function v € WI(B(x,r))
with v(y) = 1 for almost every y € B(z, §) N and v(y) = 0 for almost every y € (B(xz,r) \

B(z, %)) N Q such that

~1
IVl Lass) < 20%(B(z,7))ullwresne)-
Hence, similarly to the proof of Theorem 4.2, we obtain a similar point-wise density inequality

with (4.6) for ® replaced by ® for almost every = € €. Finally, by making use of Lebesgue
density theorem and repeating the proof of Theorem 1.1, we conclude that |02 = 0. 0

6. CUSPIDAL DOMAINS

6.1. Outward cuspidal domains. Since the lower bound in (4.1) comes with a term related
to the capacitary size of a portion of €2, let us analyze it carefully in the model case of an
exterior spire of doubling order. More precisely, let w : [0,00) — [0,00) be continuous,
increasing and differentiable with w(0) = 0, w(1) = 1 and so that w(2t) < Cw(t) for all
t > 0. We also require w’ to be increasing on (0, 1) with lim;_,o+ w’(t) = 0. We define

(6.1) O ={z=(t,) ERx R :0 <t <1,lz| <w(t)}UB((2,0),V2).

See Figure 1. We call 27 an outward cuspidal domain with a doubling cuspidal function w.
The boundary of 2! contains an exterior spire of order w at the origin.

The following theorem gives the sharp capacitary estimate at the origin for the outward
cuspidal domain €.

In this section, we formulate and prove Theorem 6.1 that gives the sharp capacity estimate
for outward cuspidal domains. After this, we use doubling order outward cuspidal domains
to construct examples towards the sharpness of inequality (4.1) and show that capacitary
fatness is a weaker condition than capacitary density.

The (p, q)-extendability properties for the domains Q" are known by [24, 28, 29, 30, 31].
We show that these domains give examples of settings where the exponents in (4.1) are
optimal and where boundedness of ® cannot be replaced, say, by an estimate of the type
®(B(x,r)) < Cr*. Besides of boundedness, the other crucial property of our set function ®
is quasiadditivity. It allows one to obtain better volume estimates when the center of B(x,r)
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FIGURE 1. An outward cuspidal domain.

does not belong to a suitable exceptional set. These estimates will be shown to be sharp for
wedges generated by €27'.

Theorem 6.1. Let n > 3, and let ) C R"™ be an outward cuspidal domain with a doubling
cuspidal function w. Then, for every 0 < r < 1, we have

(6.2) Cap, (Qg nB (o, %) PN A (o- r 37") . B(0, r)) -,

24
o (208(0.3) 03)) -
rnP if n—1<p<oo

log

w(r)

r(w(r)" 7 if 1<p<n-—1
where the constant ¢ is independent of r.

Proof. Fix arbitrary 1 < p < oo and a pair of compact sets (E, F') with E C Q" NB (0, i) and
FcQlnA (x; g) For every admissible function v € W, (Qg NnB (O, %) ;B (0, %)), by simply
extending it to be zero on A (0; 5 7’), we obtain an admissible function in W, (E, F'; B(0,7)) .
Hence, by taking the supremum over all pairs of compact sets (F, F') with £ C Q" N B (O, ﬁ)



THE VOLUME OF THE BOUNDARY OF A SOBOLEV (p,q)-EXTENSION DOMAIN 21

and FFC Q' NA (x; 5 ?j{), we obtain

cap, (Qg nB (0, 2) B (o, g)) > Cap, (Qg nB (o, %) Q"N A (o; g %) ;B(O,r)) .

We divide the argument for the remaining inequalities into three cases.
The case n — 1 < p < oo: By Lemma 2.2, we have
o 3r

Cap, <Q;“; N B (o, %) Q"N A (o, - Z) . B(0, r)> > O,

We define a test function v on B(0,r) by setting

1 if [z <7
(6.3) v(z) = q 22| +2 if <]z <2
0 if §<|z]<r

Since v € W, (QZJ N B (0, i) B (O, %)), we have
cap, (QZ} NB (0, f) ;B (0, t)) < / |Vou(z)[Pdz < Cr*7P.
4 2 B(0,r)

The case 1 < p <n—1: Given £ < p < 7, we define an (n — 1)-dimensional sphere S, by

S, = {zeR”:d(z, (%T,O,~- ,0)) :p}.

Sy ={z=(t,x1, 29, ,y_1) €S, : 1,1 >0}

and let Af(p) := SFn (B(0,5)NQp) and Af(p) == SSn (Q\B(0,%)). Since w is
doubling and

We set

lim w'(r) =0,

r—0t
we have
H*HAF (p) ~e (w(r))"" and H" (AT (p)) ~e (w(r))"™
for every p € (%,%). The implicit constants are independent of r and p. There exists

a bi-Lipschitz homeomorphism from S} to the (n — 1)-dimensional disk B"~'(0,p) with
a bi-Lipschitz constant independent of p, for example, see [14, Lemma 2.19]. Hence, for
each v € W, (B (0, ﬁ) Nnan. QrNA (0' z &) ; B(0, r)), by the Sobolev-Poincaré inequality

1204
on balls [3, Theorem 4.9], for almost every p € (, 7), we have

<Cr (7[ S;\Vv(zﬂpdz) '

L
*

(6.4) (f otz - Usﬂp*dz) .
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_ (n=1)p p
——. Assuming Vgt S =, we have

with p* =

(w(r)™ < c( / e =g

< C (/ |v(z)—vs+\p*dz) SC/ |Vou(z)|Pdz.
st : S5

If vgr > 3, we simply replace Af (p) by Ag(p) in the inequality above. Hence, for almost
every p € (% ), we have
(w(r)r < C / Vo(z)Pd.
Sy
By integrating over p € (£, 7), we obtain

(w(r) “pr<c/ [ iveapazdp<c [ v
S+

Since v € W,(E, F'; B(0,r)) for every pair of compact sets (E,F) with £ C B (O, %) nan

and F C Q2 N A(0;%,2")), we conclude that

Cap, (B (0, Z> N,y NA (0; g, %) ; B(0, r)) > CQ(UJ(T))TL—l—pr.

Towards the other direction of the inequality, we construct a suitable test function. We

define a cut-off function Fj by setting

1 if [z] <w(})

—|z w(3) r
Fl(Z) = Fl(t,l') = w(%)l—u‘J(g) + w(%)_2w(£) 1f ’U}( ) < ’x‘ < w(§) :

0 if ‘.Z" > W(i)
Then we define our test function v; € W,, (B (0,%) NQ2; B (0,%)) by vi(z) == v(z)Fi(z),
where v is defined in (6.3). Since w’ is increasing on (0, 00) and w is doubling, we have

() =wlg)—w(§)=w(f) svmr=on(y)

Hence, a simple computation shows that

c

Vo (2)] < {m

if [t| < § and |z| <w(r)
0 otherwise .

This implies

can, (B(0.7) N5 (0.3)) < / oy, V0 EIFdz < Crlw(y ™,
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The case p =n—1: Let z; := (—p,0,---,0) and 25 := (p,0,--- ,0) be a pair of antipodal
points on the (n — 2)-dimensional sphere dB"~'(0, p). Denote A+(p) = B" (2, w(p)) N
B"1(0,p) and A (p) := B" (22, w(p)) N B"(0,p). For every p € (0,7), there exists a
bi-Lipschitz homeomorphism H, : S — B"7'(0,p) with Af(p) = H, (A (p), Af(p) =
H,(A{ (p)), with a bi-Lipschitz constant independent of p. Let

{0}y x R" 2 :={o = (0,29, 23, ,&p_1):x; ER for i =2,3,--- ,n—1}.
For z € {0} xR""2NB"1(0, p), we define LZ, to be the line segment with endpoints 2, z and
Lz, to be the line segment with endpoints z;, z. We also define SZ := LZ \ B" (21, w(p))
and SZ := L7 \ B" (22, w(p)). For every pair of compact sets (E, F') with E C B (0,%) N,
and FFC Q' NA (O, 5 %) fix a test function
veEW,—1 (E,F;B(0,r)).

The function 0, defined by v, := ¥ o H*1 is continuous on B"1(0, p) with ﬂp‘fﬁ( ) > 1 and
vp‘/ﬁ( < 0. By the Fubini theorem, for almost every p € (£,%), 0, € W 1(B" (0, p)) N

C(B" 1(O p)). Let us fix such a p € (£,%). Then for H" *-a.e. z € {0} x R* >N B"(0,p),
by the fundamental theorem of calculus, we have either

1 1
§g/ Vi, (2)|dz or §g/ Vi, ()| da.

Then the Holder inequality implies either

2—n
(/ |z — 21|_1dm> < C/ |Vﬁp(x)|”_1|x — 21" %dx
% 5%
2—n
(/ |z — z2|1dx> < C/ |V17p(:1:)]”’1|:1: — 2" %dx.
N S5,

Hence, we have either

or

1
o =C Vi, ()" dx
log™ " o B=1(21,v/20)1 B (0,9)
or 1
<0 1V, (0)|"
log™™ 2t Br=1(22,v3p)NBr=1(0,9)

In conclusion, for every p € (%, %) with 0, € W'"1(B"71(0, p)), we have

1 o
. — / Vi, ()" de.
B"=1(0,p)

w(r)
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Since, for every p € (g, %), H,: S} — B" 10, p) is bi-Lipschitz with a bi-Lipschitz constant
independent of p, we have
— < C / 2)|" .

), we obtain

w(r

By integrating over p € (, §

T a2 S C/ ’V?A}(Z)‘nildz.
B(0,r)

w(r)

Since the pair of compact sets (E, F)) with E C B (O, ﬁ) N and FC O NA (0; 3 %) is
arbitrary and 0 € W, (E, F; B(0,r)) is arbitrary, we conclude that

3r r

Capoy (0B (0.5), 2004 (0:5,5);BO1) ) > Ot
4 24 log" w?r)

Towards the opposite direction of this inequality, we construct a suitable test function.
We define a cut-off function F; by setting

1 if 2] < w(t)
log 4zl r
Fy(2) = Fyfta) 1= { 5 if w() <ol <5
0 if |z > §

Then we define our test function vy € W,,_; (B (O, ﬁ) N B (O, %)) by

Fy(2) if |z] <%
log 21
va(z) = ( Fa() Gt i < e <5
0 if |2 > 3

Since w is doubling, a simple computation shows that

if |t| <% andw(}) <z <]

_c
Vs (2)] < { o8 56

0 elsewhere
Hence,
r n r n—1 O’I"
cap,_; (B <0, —> NnQr: B (O, —)) < Vg (2)]"Hdz < ————
4 2 n log — (T)
By combining the three cases above, we obtain the sought-for inequalities. O

We proceed to show the sharpness of the inequality (4.1). We need the following lemma.
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Lemma 6.1. Let 0 < X < n and ® be a non-negative, bounded, monotone and quasiadditive
set function defined on open sets. Define

E:{xéﬁ:limsnpw:m}.

r—0
Then
HMNE) = 0.
Proof. For each x € E and every § > 0, there exists 0 < r, < d such that
SO(B(x,ry)) > 7).
Define
F :={B(z,r;):x € E}.

By the classical Vitali covering theorem, there exists an at most countable subclass of pairwise
disjoint balls {B;}2, in F such that

Ec| /5B
i=1
Hence, writing r; for the radius of B;, we have

Hips(E) < Ci(n’)ﬁ)’\é(]csi@(B

< C§6D (U ) < COD(R™).

The claim follows by letting ¢ tend to zero. OJ
6.2. Sharpness of the generalized capacitary Ahlfors type condition.

Sharpness of (4.1). We use outward cuspidal domains to construct Sobolev extension do-
mains that show the sharpness of (4.1). Given s € (1,00) and a > *=, let w(t) = t*log®($),
and consider the outward cuspidal domain 7, g () = Qr C R™ By results due to Maz’ya

and Poborchi in [28, 29, 30, 31|, we have the followmg results. For n > 3, Q"

Sobolev (p, g)-extension domain for

tslog*(5) 15 @

(1+(n—1)s)p 1+(n—1)s (n—1)+(n—1)%s
(6.5) lsgs= 1+(n—1)s+(s—1)p it 5 ( 7(?)12)57%2]9 < o ,
1<q<m if DD < o o
For n =2, O} .0 a(e) is a Sobolev (p, ¢)-extension domain for 1+8 <p<ooand1<q< 12Tp

Clearly, there exists a constant C' > 1 such that for every () < r < 1, we have

1 1+(n—1)s a(n—1) 1+(n—1)s a(n—1)
(6.6) rold log™" ( > < [B(0,7) N jogaey| < Cr ) 1og (r> :

ts log®
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Furthermore, (6.2) gives us a lower bound for the capacitary term in (4.1) in terms of r, ¢, s, n
and log® (f) )

By comparing the capacity estimate, (6.6) and (6.2) for the values of ¢, p given by (6.5)
we see that (4.1) cannot hold for a bounded set function ® for better exponents than the
given ones.

Let us also analyze the additivity of ®. Fix n > 3. Let k € {1,2,--- ,n — 2}, s € (1,00)
and o > =1 be fixed. We define a domain G¥ (s, ) C R™ by setting

k1
k — Ok+1 n—k—1
Gr(s,a) = Qtsloga(%) x R .

Since G¥ (s, a) is the product of fokl)ga(g) and R"*~1 by the extension results in [28, 29, 30,
t

31] and product results in [23, 46], we obtain the following conclusions. For k > 2, G* (s, )

is a Sobolev (p, ¢)-extension domain for

(1+ks)p : 1+k k+k?
(6 7) I < q< 1+ks+(s—1)p if 2+(k—sl)s <p < k:—i—lS’
: <g< (k+1)p if k+k2s <
Isg¢= T 53T Sp <o,
and G, (s, a) is a Sobolev (p, g)-extension domain for 132 < p < oo and 1 < ¢ < %.

Clearly, there exists a constant C' > 1 such that, for every x € {0} x R**~! and each

0 <r <1, we have
1
68) =) Flog™ (2) < [Bla.r) NGhls.a)| < O log ().
r r

Moreover, Fubini theorem, Theorem 6.1 and Lemma 2.2 give with some work the estimates

(6.9) Cap, <GZ(5, a)N B (x %) A (x; g ‘1_7“) . B(x, r))

cp(r)ne if k<g<oo
>0 P if =k
cyr(b—a)stn—k loga(k_‘n (f) if 1<qg<k
and, for k =1,
3
6.10 Cap, | GX(s,a)N B :c,i A x;f,—r i B(x,r) | > cr™ 4
T\ 4 2" 4

By Lemma 6.1, for H"*~!-almost every x € {0} x R""*~1  there exists M, < oo with
(6.11) O(B(z,r)) < Myr" 1,

If k£ > 2, by inserting (6.7), (6.9) and (6.11) into the inequality (4.1), we obtain the optimal
bound in (6.8), modulo logarithmic terms. The case k = 1 is analogous.

In conclusion, there is no hope in improving on the boundedness of the set function ®
from (4.1) so as to obtain estimates that would hold at every boundary point. Moreover,
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the quasiadditivity of ® gives rather optimal measure density properties for points outside
exceptional sets. 0

6.3. Fatness versus density. Recall from Section 2 that p-capacitary density implies p-
fatness and that every domain satisfies the density condition at each boundary point when
p>n—1.

Given 1 < p < n — 1, we construct outward cuspidal domains €2 C R" with suitable

functions w, such that €27 are p-fat but not p-capacitary dense at the tip 0.

Fix 1 < p < n — 1. We consider the function w(t) = —— and the corresponding

n—I—-p &
log :

outward cuspidal domain €27. By Theorem 6.1, we have

cap, (QZ NB (0, 2) ;B (0, g)) ~e

r r 3r rTP
Q" B( —) nAlo:Z ). BO,r)) ~ ———.
Capp( wﬁ 074 ) wﬂ <07 27 4) (0 T)) logp_lf

Hence, by (2.3), we have

and

[ (en@002:50.2) - [
~e ———dr = 0.
o \ can, (B(0.):B(0.5)) o Tlogt

Hence, the outward cuspidal domain (27 is not p-capacitary dense but nevertheless p-fat at
the tip 0. For p = n — 1, we choose the function w(t) = t*. By Theorem 6.1, for every
O<T<%,wehave

cap, i (%0 B (0 2) 5 (0, g)) ~e

3
Capp_1 <QZ N B (0, C) Ln N A (0; g, {) ; B(0, r)) ~e :_2

Hence, we have

[ CaPa (N B(0,5);B(0,5) ~. lim —- =0
50t capy 1 (B(0,£):B(0,%)) r0t log" 2 ¢
and !
s (cap,y (WNB(0,2);B0.5))\ Tdr [ 1
/o ( cap, , (B (0,%);B(0,%)) ) o /” rlog T
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Consequently, the outward cuspidal domain Q7 is not (n — 1)-capacitary dense but never-
theless (n — 1)-fat at the tip 0.

7. SOBOLEV (p, q)-EXTENSION DOMAINS WITH A POSITIVE BOUNDARY VOLUME

In this section, for every n > 3 and 1 < ¢ < n— 1, we construct a Sobolev (p, ¢)-extension
domain 2 C R™ with [0€] > 0. We also use this construction to prove Theorem 7.2 that
gives an even more striking example.

7.1. The initial construction. Let Q, := (0,1)" be the n-dimensional unit cube in R",
and Cy := (0,1)""! x (0,2) be an n-dimensional rectangle in R". Let S, := (0,1)""! be the
(n — 1)-dimensional unit cube in the (n — 1)-dimensional Euclidean hyperplane R"~!. Let
E C [0,1] be a Cantor set with 0 < H'(E) < 1. The Smith-Volterra-Cantor set guarantees
the existence of such an F, see [35]. Define

E"':=ExEx---xE.

n—1

Then E™' C [0,1]"! is nowhere dense in (0,1)"! with 0 < H" }(E"1) < 1. We let
W= {Q c (0,1)" "\ E"': Q is Whitney}

be the class of all Whitney cubes of the open set (0,1)"~!\ E""! see [37]. For every k € N,
we define W), to be the subclass of W with

Wi={QcW: 27" <1(Q) <27%}
where [(Q) is the edge-length of the cube ). We number the elements in Wy by
Wi, ={Ql:1<j< N}

Notice that N, < 2D+ For a Whitney cube Qi, we refer to its center by a:i Let
h:[0,1] — [0, 1] be an increasing and continuous function with ~2(0) = 0 and h(t) > 0 when
t > 0. We define

1
(7.1) ry o= (27D (g=ky) T

D) := B* !(x},r4) and D} := B"'(x}, ™). Then D} C DJ C Q. Since E"! is nowhere

dense in [0, 1], for an arbitrary z € E"~! and each ¢ > 0, therefxists a large enough k and
some j € {1,2,---, N} with Q] C (0,1)" ' N B"(z,¢). Then D} C (0,1)"' N B" !(x,e).

Hence, we have
o
—1 "’j
E"'c | JDbi
k=1 j

Dy, = GUD?@ andﬁh = GUF)%

k=1 j k=1 j

We define
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Then E™ ! C 85h and 'H”’l(@ﬁh) > anl(Enfl) > 0.

....................................................................................

T L T T

FiGURE 2. The set D,

We define CJ, := D], x [1,2), E‘,’c = Bfg x [1,2) and AL == CJ\ AC/{C We use the cylinders CJ
and CJ, to define two domains:

Q= QOUGUCf; and ﬁh = QOUDUE‘;.

k=1 j k=1 j
Given m € N, we set
o =0,uJJ and @ = Q,u | .
k=1 j k=1 j

Figure 3 illustrates the construction of these domains.
The following lemma goes back to a result of Viisdld [41]. See [42, Pages 93-94] for a full
proof. Also see [11].

Lemma 7.1. The domain (NZh is quasiconformally equivalent to the unit ball: there is a
quasiconformal mapping from the unit ball B™(0,1) onto €y,.

Hence, by Lemma 2.7 and Lemma 2.8, for arbitrary 1 < p < oo, Wl"’o(ﬁh) is dense in
WhP(€,). Consequently, also Wh>°(€,) N C(€y,) is dense.
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7.2. Cut-off functions. Let C := B"71(0,r) x (0,1) and C:= B*71(0,%) x (0,1). Then C
is a cylinder and Cisa sub-cylinder of C. We define Ac := C\ C. We employ the cylindrical

coordinate system

{Jf - ($17$27 e ,ZL‘n) = <8791a927 e 70n—2axn) € Rn}

where {(0,0,---,0,2,) : z, € R} is the rotation axis and s = 1/> 7' #2. For simplicity of
%

notation, we write 6 = (61,0s,--- ,0,_2). Under this cylindrical coordinate system, we can

write

C= {$ = (s,?,xn) eR"z, €(0,1),s€ [0,7‘),5> € [O,27r)"_2} ,

_ _ i n. z - n—2
C— {g;_ (5, 0 ,2,) € R% 2, € (0,1),5 € [0,2>, g e [0,2n) }
and . .

Ac = {x = (s, 0,z,,) Rz, €(0,1),s € (gm) .0 € [0,277)"’2}.
We define a subset D¢ of the cylinder C by setting

%
De = {x: (s, 6,2,) €R™ z, € <og) s (T

57 xn> ,? € [0,27r)”_2}.

O,
0

I 2 /
|/’\ s* \/
Lo Py

FIGURE 3. The domain Q§
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The next lemma gives two cut-off functions towards the construction of the desired exten-
sion operator.

Lemma 7.2. (1) : There ezists a function L: : Ac — [0,1] which is continuous on Ac \
OB™1(0,%) x {0}, which equals zero both on <§n71(0,7“)\B”_1(0 T)) x {0} and on the

’ 9 )9
set IB"1(0,7) x (0,1), which equals 1 on dB"~1(0,%) x (0,1) and which has the following

additional properties. The function Lk is Lipschitz on Ac \ D¢ with
. C .
|VLE(.T)| < — forxz € Ac \ Dec,
r

and L& is locally Lipschitz on D¢ with

; C
|VLe(z)| < DT for z € Dc.

(2) : There exists a function Lg : Ac — [0,1], which is continuous on Ac\ dB" (0, %) x {0},
which equals zero on OB™ (0, %) x [0,1), and which equals 1 both on dB"~'(0,r) x (0,1) and
on (B”_l((),r) \En_l((), g)) x {0}, and which has the additional following properties. The
function L2 is Lipschitz on Ac \ Dc with

VL (z)| < g for x € Ac \ D,

and L 1s locally Lipschitz on D¢ with

. C
VL (z)| < T for x € Dc.

Proof. (1) : We dgﬁne the cut-off function L% on Ac with respect to the cylindrical coordinate
system {z = (s, 0 ,x,) € R"} by setting

2s+2, wedAc\ D,

(7.2) LZC(ZL’) = xnfz’;i%), T e D_c\ 8Bn—1(07 g) X {0}7
0, z € 0B 1(0,%) x {0}.
Then, if € Ac \ D¢, we have
OL¢(x) _ OL¢(x) _ IL¢(x) — 0 and OL¢(x) _ 2
06, 00,,_o oz, 0s r
If x € D¢, we have
OLE(z) - OLE(x) _0

o0, T 00,
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‘ay’c(:p) Ty Tt (s—3) | 1
s (zn+(s=2)7| (l‘n—l-(s—%))Q T (s —5) a2
and .
oLe@)| | -3 | _|mte-n [ 1
Oy, (tn+ (s =) " |(@n+(s—5)° |~ V-5 +a2
Hence, we obtain
%7 MRS AC \D_Ca
(7.3) |VLL(2)| < { c veD
Vo ¢

(2) : We deﬁni> the cut-off function LZ on Ac with respect to the cylindrical coordinate
system {z = (s, 0 ,x,) € R"} by setting

%3—1, r € Ac\ D,

(7.4) Lo(z) = Eﬁgg,xefi\mw*mg)xwh
0, xz € 0B"1(0,%) x {0}
By similar computations, we have
o _
o T € AC \ Dc,
(7.5) |vp<ﬂ<{__g__,x€Do
a3 +(s—5)?

O

7.3. The extension operator. Towards the construction of our extension operator, we
define piston-shaped domains P by setting

Pl =D x (0,1)UDJ x [1,2).
The collection {P/} is pairwise disjoint. We set Uy := S, x (1,2) \ Q.

Given a cylinder C %> in order to simplify our notation, we write L}f = LZC], Ly, = Lg],

Al = Aci and D] = Dey. Then we define cut-off functions L and L° by setting

(7.6) Z Ly ;(z) for z € UA
and

(7.7) L(z) = ZLZ](x) for = € L_JA_fC
k.j kg

We define a reflection on S, x (1,2) by setting
(78) Rl(x) = (xlaan Ty Tp—1, 2 — xn) for every r = (2317.CE2, T 7-7:71) € So X (172)
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On the set |, ; Ai, we define a mapping R, which is a reflection on every Ai. With respect
to the local cylindrical coordinate system on every A{;, we write

(7.9) Ro(z) i= Rals, 0 ,22) = (-% + %rk, 7, :zcn)

— .
for x = (s, 0 ,z,) € Aj. Simple computations give the estimates
1

(7.10) c < |Jgr,(z)] < C and |DR4(x)] < C,
for every x € S, x (1,2), and

1
(7.11) c < |Jr,(z)] < C and |DRy(x)] < C,

for every z € U, ; Al

We begin by deﬁnlng our linear extension operator on the dense subspace W OO(Qh)

C(Q) of WP(€,). Given u € W(€,) N C(Qy), we define the extension E(u) on the
rectangle Cy by setting

u(z), z e, o
(7.12) E(u)(z) = § L'(z)(uo Ra)(x) + L(z)(uo R)(z), =€ Uy; A
(uoRy)(x), zeU.

We continue with the local properties of our extension operator.

Lemrnii 7.3. [iet E be the extension operator defined in (7.12). Then, for every u €
Whee(Q,) N C(Q), we have:

(1): E(u) is Lipschitz on Uy with
(7.13) IVE(u)(x)] < [V(uoRa)(z)|
for almost every x € Uy.

(2): E(u) is locally Lipschitz on Ap* with
(7.14) [VE(u)(2)| < VL, (2)(uoRe) ()] + L, (2) V(1o Re)(2)|

+ VLY (@) (w0 Ra) ()] 4 [L§ , () V (1 0 Ra) (2))]

for almost every x € Aj,.

% .
Moreover, with respect to the local cylindrical system x = (s, 0 ,x,) on CJ, for every
1 < g < o0, we have

(7.15) g |E(u)(x)|%dx < C . |u(z)|%dx
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and

116) [ IVE@)@)ds < C /P |Vu(w)|dr

1 ! . q
+C/Di; <\/x%+ (s— T—’“)2> (JuoRa(@)[* + [u o Ra(x)[*)dz

2

1 q
0 [ () o R + o Rl
A\D;

Tk
with some uniform positive constant C.

Proof. Since u € W*(€,) N C(€,), definitions of cut-off functions Lf, L° and reflections
Ri1, Ry easily yield that E(u) is Lipschitz on U; and that E(u) is locally Lipschitz on A7 for
every k and j. Inequalities (7.13) and (7.14) follow by the chain rule.

By the definition of E(u) in (7.12), we have

aan [ |E(u)(a:)|qu§/Pj ju)| 1

+ / L () (w0 Ro) () + L j(2) (w0 Ry)(2)|*da.
A

Since 0 < Lj () < 1and 0 < Lg, ;(z) < 1 for every x € A7, by (7.10), (7.11) and the change
of variables formula, we have

(7.18) / Ly (@) (wo Ra) () + L () (w0 Ry ) (x)|dar
A,
<C | |uoRy(x)|%dx+ C'/_ |u o Ro(z)|%dx
A A
<C [ |u(z)|dz.
”
By combining inequalities (7.17) and (7.18), we obtain inequality (7.15).

By inequality (7.14), we have

(7.19) |VE(u)(x)|%dx < / \Vu(z)|%de + I} + 17,
c P

k

where

I = /Aj | L (2)V (w0 Ry) ()| + /Aj LR () V (wo Ry)(w)| dx
& k
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and
1= [ VL@ Ra)@)ds + [ VL @) Ry @)lds,
A A
Arguing as for (7.18), we have
(7.20) <o | |Vu(z)|ds.

By inequality (7.3), we have

(7.21) /A VL (&) 0 Ro) &)

k

q
<o _(3) lwoRa s
AJ\Dj,

Tk

1 q
+C 5 | [(uoRy)(z)|ldx.
D} (\/Cﬂ% +(s- %) )

By (7.5), we have

(122) [ VL () (w0 R @)ld

1 q
< C/ _ (—) |(uoRy)(x)|dx
AI\D] \Tk

In conclusion, (7.21) and (7.22) give

(7.23) I} <C /

D

<\/ - )2> (w0 R)@)" + | (10 Re)(2)])da

x%—l—(s—%

rof (i>q ((wo Ry)(@)]? + |(u 0 Ro)(2)[9)da.

AJ\D] \Tk

Finally, by combining inequalities (7.19), (7.20) and (7.23), we obtain inequality (7.16).

35

O

7.4. An extension theorem. The following theorem provides us with examples of irregular

extension domains.
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Theorem 7.1. Let 1 <g<n—1and (n—1)g/(n —1—¢q) < p < oo be fized. Given X\ > 0,
define

1 ((1=A(n—1—¢q))(n—1)(k+1)+k)/3k
)

(724) h)\(t) = (—

There exists Ay := Ao(p,q) > 0 such that Qn C R™ is a Sobolev (p, q)-extension domain with

a bounded linear extension operator and with |0€,| > 0 whenever h(t) < hy(t) for some
A> A, and all 0 <t < 1.

Proof. By the definition of hy and (7.1), we have

(7.25) ry, < 27 AMTD(EHD,
Set
n—1—p p—q
7.26 Ao(p,q) = max{ , } .
(726) #:9) =1 = Dp— 0 —pa

((n=1)A=1)p
Ap+(n—1)A—1

notation, we refer to hy by h in what follows. Since E"~! C 8D, and H"(E") > 0, we
have E"' x [1,2] € 9, and H™(8Q,) > H"(E™! x [1,2]) > 0.

In order to prove that E defined in (7.12) is a bounded extension operator, we need an
approximation argument; linearity is immediately from (7.12). Given u € W*(Q,)NC()
and m € N, we define u,, := u‘ ay- Since ?2;7 is clearly quasiconvex, it follows that w,, is

Then, for every A > \,, we have 1 < ¢ < <n — 1. Fix such a A\. To simplify our

Lipschitz and bounded. We define the extension E™(u,,) of u,, by setting

U (), T € (NZ}?, -
E™(u)(x) := { L () (t, 0 Ro)(x) + LO(2) (um 0 Ry)(z), = € Ujey U, AL
(U, 0 Ry) (), x e U,

where U" = Sy x (0,1)\ Q. Since w,y, is Lipschitz, E™(u,,) is ACL on Cy. By the definition
of u,, and the Holder inequality, we have

(7.27) /~ [t ()% < |u(z)]|?de < C ( 5 ]u(x)]pdx> ’
aQp Qp, Qp,
and

(7.28) /~ |Vt (2)|%dz < / Vu(z)|%ds < C ( [ |Vu(:1:)|pd:v)g.

am O n



THE VOLUME OF THE BOUNDARY OF A SOBOLEV (p,q)-EXTENSION DOMAIN 37

Since the collection {P,g } is pairwise disjoint, by summing over j and k, (7.15) and the
Holder inequality imply

(7.29) /U |E™ (u)(z)|"dz < C /U i (2)]2dz < c( i yu(x)\pdx>’q’.

U, ra U P h
By (7.10), the change of variables formula and the Holder inequality, we have

q

(7.30) /U . [t 0 Ry ()]0 < /R o () |9de < c( i |u(az)\pdaj)p.

Qp
Consequently, by combining (7.27), (7.29) and (7.30), we obtain

(731) ( [ |Em<um><x>|wx>; < c( [ |u<x>|pdx);,

Qp
where the constant C' is independent of m and w.
By (7.13), we have

(7.32) /U VB () () i < / IV (1t 0 Ry ) ().

ur

By (7.10), the change of variables formula and the Holder inequality, we obtain

(7.33) /m |V (U, 0 Ry)(z)|%dz < /Um |V (tu, 0 Ry)(z)|%dz

hSATS]

<C |V, (x)|de < C (/

R (UT") Qn

\vu(x)|pdx>

By combining (7.32) and (7.33), we obtain
(7.34) / IVE™ (u,)(x)|%dx < C ( |Vu(x)|pdx) ’ :
U 8
where the constant C' is independent of m and u.
By (7.16) and the fact that the collection {P]} is pairwise disjoint, we have

(7.35) /U VE™(uy,)(x)]|dr < C/U |V, (z)|%dx

=1 Uj G, k=1 Uj P

+C | <\/ ! 2> ([(um © R1)(2)|* + [(um © Ro)(x)|*)dzx
U, U, i )

2 _ Tk
xn+(s 5

+C /U’,;’;luj AT (r—lk)q (| (m o R1)(x)|? + [(um 0 Ra)(x)|?)dx.
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The Holder inequality gives

(7.36) /U Vg, (2)|%de < C (/~ ]Vu(x)\pdx)g :

1 Uy P Qp

and

1 ! q q
(7.38) /U e (—) (1t 0 R@)I + [t © Ro) (@)[7)

Tk

< ( / _|<umo7z1><:c>rp+\(umom)(xﬂpdx)p

Ui, U, AJ\DY,
Prq —_
1\ 7 ?
x(/ __(—)pqda:> .
Urey U, A\D], \Tk

By (7.10) and (7.11), the change of variables formula yields that

(7.39) / (o R (@) P+ (U 0 Ro) (@) Pdr < C [ |u(@)|Pdx
U1 U; AL\D;, Qpn

and

(7.40) /Um U |(tm © R1) ()P + (U, 0 Ro)(2)|Pdx < C . |u(z)Pdz.
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With [, = \/95721 + (s — %)2, by (7.25) and (7.26), we have

_pq_
p—

1 ! n Q—H
(7.41) /Ugﬂl e \/ = dx < CZZT’“/ dl

22 4 (s — ) k=1 j

<C’ZZTk pq<022"1k+1)1)‘(_ )) < 00.

k=1 j
Furthermore,
L\ 2 m N
(7.42) /Uzn_l o (ﬁ) dr < C’;;Tk

o

Z (n=1)(k+1) (1-A(n—1—2L )) < o0,

k=1

By combining inequalities (7.35)-(7.42), we deduce that

q

(7.43) /U L @ < 0 ( /Q )+ \Vu(x)|pd:v> ‘

Next, by combining (7.28), (7.34) and (7.43), we conclude that

(7.44) /c |IVE™ () (x)|?dz < C ( u(x)|P + \Vu(x)\%:c) ’

Qp
Hence, by combining (7.31) and (7.44), we infer that
(7.45) E™ () [lwrage) < Cllullya,),

uniformly in m.
By the definitions of u,, and E™(u,,), for arbitrary m,m’ € N with m < m/, we have

(7.46) || E™ () = B™ () [fyr.0(cy) < /U’"/ o (LE™ () (2)|* + [V E™ () () [7) dz
k=m+1\Yj “k

L (7 4195 o)

39
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By the definition of E™(u,,) and E™ (u,,), the Holder inequality implies
[ @ V) @)
U?:mﬂ U]‘ C?c

<C , (um (@) + [Vum(2)|?) dz
R (U?:m+1 U, Ci)

q

P

< C(p.q) ( /R " U_Cj)<|u<a:>|p+|w<x>|p>dx) ,

and

a9 [ (1 )@l T )l de <

C (/ / ~ (Jupe [P + [V |P) dae —|—/ / (Juw P+ [ Vg P) dm)
U?=m+1 Uj Ci Ra (Uinzmﬂ Uj Ai)

<C (/ / ~ (Jul” + |Vul?) dz —l—/ , (JulP + |Vul?) d:v)
Ui i1 Uy € R (Urmaa Uj A7)

Since the volumes of R <U2":/m+1 U, Ai) and of Uzn:/mﬂ U, Cl tend to zero as m,m’ ap-

B

q

P

proach infinity, both terms in (7.47) and (7.48) converge to zero. Consequently, { E™(u,,)}
is a Cauchy sequence in the Sobolev space W'4(Cy) and hence converges to some func-
tion v € W4(Cy) with respect to the Wh%-norm. Furthermore, there exists a subsequence
of {E™(u,,)} which converges to v almost everywhere in Cy. On the other hand, by the
definitions of E™(u,,) and FE(u), we have

lim E™(uy,)(z) = E(u)(z)

m—r0o0
for almost every © € Cy. Hence v(z) = E(u)(x) almost everywhere. This implies that
E(u) € Wh4(Cy) with
(7.49) 1B @) l[wraeo) = [vllwraee) = m [ E™ (um)l[wiae) < Cllullying,)-

We conclude that F defined in (7.12) is a linear extension operator from W1*(€,) N C(Q)
to Wh4(Cy) with the norm inequality

IE@)lwraeo < Cllullwio,)s

where C' is independent of u. Since Wim(ﬁh) NC(Q) is dense in WLP(Q,), we can extend

E to entire W'?(Qy,). It follows that Q, is a Sobolev (p, q)-extension domain, since Cp is a
(¢, q)-extension domain. -
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7.5. Positive boundary volume.
Proof of Theorem 1.2. The claim is an immediate consequence of Theorem 7.1. 0

Theorem 1.1 relies on ¢-fatness which is a condition on relative capacity. This condition
is automatically satisfied when ¢ > n — 1, but it may fail miserably even for Sobolev (p, q)-
extension domains when 1 < ¢ < n — 1. This is the context of our next result.

Theorem 7.2. Letn > 3 and 1 < q < n — 1 be arbitrary, and let h : [0,1] — [0,1] be a
strictly increasing and continuous function with h(0) = 0 and h(1) = 1. Then there ezists
q < p < oo and a Sobolev (p, q)-extension domain 0, C R™ with a linear extension operator
and with a subset A C 0, of positive volume so that

L Capy (0B (0.5) 00N A (w5, %) Bn)

r—0+ h(r)

for every x € A.

Proof. Let n >3 and 1 < ¢ <n—1. Fix (n—1)¢g/(n —1—¢q) < p < oo and a strictly
increasing and continuous function A : [0, 1] — [0, 1]. Fix A > \,, where A, is from Theorem

7.1. Define
i 1\ (A=A @=1=0) (= 1) (k1)) /3%
h(t) := min < h(t), (;) :

Then (2; is a Sobolev (p, ¢)-extension domain with a linear extension operator by Theorem
7.1. Let A:= E"' x (3,2). Then A C 99, and |A| > 0. Let 0 < r < 1 and z € A be
arbitrary.

We define a cut-off function on the ball B(xz,r) by setting

1 in B(z, ),
(7.50) Fiu(y) = %ﬂy—x!—{—? in B(z,5)\ Bz, ),
0 in B(z,r)\ B(z,5).

Set u(y) = Xﬁ;(y) Since (Al,: is a Sobolev (p, q)-extension domain, E(u) € Wh4(Cy). The
function v defined by v(y) := Fj,(y)E(u)(y) for y € B(x,r) satisfies

veW, (@ﬂB(w,%),@ﬂA(x;g,i—r);B(:U,'r’)).

Pick k, € N so that 27%~2 < < 278~ If C/ N B(z,7) # 0, then, by the definition of C,
we have that k > k.. Moreover, by the definition of E(u) in (7.12), we have that

C J
Vo) < for every y € C,. N B(z, 1),
10, elsewhere .
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Hence, by the definition of v, we have

/ M\%<ZZ/ Vo(y) dy
B(z,r) j

J C.NB(z,r)
<C Z Dk ml=a < Z r27*h(87F) < Crh(r).
k=kr k=kr

Thus
~ T\ ~ r
Cap, (Qﬁ NnB (m, Z) ;N A (x; 3

This implies that

Cap, (ﬁ% N B (:1:, ﬁ) A NA ([E; % 374’") ;B(x,r))
lim sup < lim Cr =0,
r—0t h(T) r—0+t
as desired. 0
Remark 7.1. One can easily modify the construction of the domain from the previous proof
so as to obtain a domain that fails to be (n — 1)-fat at points of positive volume of the

boundary. Let us sketch the necessary changes since we cannot use an extension operator as
in the previous argument.

First, define r, = 27" 2 exp(—exp(2¥)) and Ry = 27572, Instead of E(u) in the above
computation, we use a function u defined as follows. On each Qi X [1,2), our function u as
a function of (y',t) satisfies u(y',t) = 1 if y € DL, u(y',t) = 0 if y' ¢ B"~'(x}, Ry) and

log <|y m)

U )

Define v(y) = Fy(y)u(y). Then a simple computation gives what we want.

otherwise.

8. FINAL COMMENTS

In this section, we discuss in more detail some of the issues mentioned in the introduction
and pose open problems that are motivated by the results in this paper.

First, let us comment on the locality of the estimate (4.6) from Theorem 4.2 that holds
for almost every x for 0 < r < r,. When ¢ > n — 1, we actually have this estimate for all x
and all 0 < r < min{1, diam (€2)/4}. This also holds when ¢ = 1 and n = 2.

Corollary 8.1. Suppose that 1 < q < p whenn =2 or thatn—1 < q <p whenn > 3. If Q)
is a Sobolev (p, q)-extension domain, then there is a nonnegative, bounded and quasiadditive
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set function ® defined on open sets, with the following property. For each x € 0S) and every
0 <7 < min{1, 1 diam (Q)}, we have

(8.1) O(B(x,r))P 1 B(z,r) N Q1 > |B(x,r)| .

This conclusion follows by combining Theorem 4.1 with Remark 2.9, see inequality (2.10).
Moreover, Theorem 4.1 shows that (8.1) holds also uniformly in z and r for 1 <¢g<n—1
if we assume that (2.10) holds for these values.

One can view the uniform validity of (8.1) as the optimal analog of the Ahlfors-regularity
condition (1.1). In [9, 10], it was shown, relying on (1.1), that a Sobolev (p, p)-extension
domain can be equipped with a linear extension operator. We proved in Lemma 2.1 that
a Sobolev (p, ¢)-extension domain can be equipped with a homogeneous extension operator
but we do not know if one could promote this to linearity. This motivates the following
problem.

Question 8.1. Suppose that §2 is a bounded domain that satisfies the conclusion of Corollary
8.1. Find the additional assumptions that ensure the existence of a linear extension operator

from WiP(Q) to WH(R™).

Given 1 < g < n — 1, we constructed a Sobolev (p, ¢)-extension domain whose boundary
has positive volume. We do not know if such domains exist also when ¢ =n —1 > 1.

Question 8.2. Let n > 3. Does there exist a Sobolev (p,n — 1)-extension domain Q C R",
for some p >mn — 1, so that |0Q| > 07

Furthermore, our constructions of examples of (p,q)-extension domains with positive
boundary volume have restrictions on p in terms of ¢g. Even though these restrictions are
natural for our constructions, we do not know if some other constructions would allow p to
be arbitrarily close to gq.

Question 8.3. Givenn > 3,1 < g <n—1 and p > q, does there exist a Sobolev (p,q)-
extension domain ) C R™ whose boundary has positive volume?

Finally, the reader familiar with [9] may wonder why we do not employ the argument that
was used there to prove (1.1) towards establishing (8.1) in the case ¢ < n. We have indeed
tried this but without success.

Acknowledgement. We wish to thank the referee for pointing out an inexactness in our
original proof for Theorem 3.1 and for several useful comments on the original manuscript.
The third author thanks Tero Kilpelidinen for introducing him to fine topology.

REFERENCES

[1] M. Bonk, J. Heinonen and P. Koskela, Uniformizing Gromov hyperbolic spaces. Astérisque No. 270
(2001), viii+99 pp.



14
2]
3]

[4]

PEKKA KOSKELA, ALEXANDER UKHLOV AND ZHENG ZHU

A. P. Calderén, Lebesgue spaces of differentiable functions and distributions, Proc. Symp. Pure Math.
4 (1961), 33-49.

L. C. Evans and R. F. Gariepy, Measure theory and fine properties of functions. Revised edition. Text-
books in Mathematics. CRC Press, Boca Raton, FL, 2015.

B. Fuglede, Quasi topology and fine topology. Séminaire Brelot-Choquet-Deny. Théorie du potentiel,
tome 10, no.2 (1965-1966), exp. no.12, p. 1-14.

F. W. Gehring and B. G. Osgood, Uniform domains and the quasihyperbolic metric. J. Analyse Math.
36 (1979), 50-74 (1980).

D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order. Reprint of the
1998 edition. Classics in Mathematics. Springer-Verlag, Berlin, 2001.

V. M. Gol’dshtein, Yu. G. Reshetnyak, Quasiconformal mappings and Sobolev spaces. Dordrecht, Boston,
London: Kluwer Academic Publishers, 1990.

V. M. Gol'dshtein and V. N. Sitnikov, Continuation of functions of the class Wpl across Holder bound-
aries. (Russian) Imbedding theorems and their applications, 31-43, Trudy Sem. S. L. Soboleva, No. 1,
1982, Akad. Nauk SSSR Sibirsk. Otdel., Inst. Mat., Novosibirsk, 1982.

P. Hajlasz, P. Koskela and H. Tuominen, Sobolev embeddings, extensions and measure density condition.
J. Funct. Anal. 254 (2008), 1217-1234.

P. Hajlasz, P. Koskela and H. Tuominen, Measure density and extendability of Sobolev functions. Rev.
Mat. Iberoam. 24 (2008), no. 2, 645-669.

J. Heinonen, The boundary absolute continuity of quasiconformal mappings II. Rev. Mat. Iberoamericana
12 (1996), no. 3, 697-725.

J. Heinonen, T. Kilpeldinen and O. Martio, Nonlinear potential theory of degenerate elliptic equations.
Oxford Mathematical Monographs. Oxford Science Publications. The Clarendon Press, Oxford Univer-
sity Press, New York, 1993.

J. Heinonen and P. Koskela, Quasiconformal maps in metric spaces with controlled geometry. Acta
Math. 181 (1998), no. 1, 1-61.

S. Hencl and P. Koskela, Lectures on mappings of finite distortion. Lecture Notes on Mathematics 2096,
Springer.

D. Herron and P. Koskela, Uniform, Sobolev extension and quasiconformal circle domains. J. Anal.
Math. 57 (1991), 172—202.

P. W. Jones, Quasiconformal mappings and extendability of functions in Sobolev spaces. Acta Math.
147 (1981) 71-78.

T. Kilpeldinen, A remark on the uniqueness of quasi continuous functions. Ann. Acad. Sci. Fenn. Math.
23 (1998), no. 1, 261-262.

P. Koskela, Extensions and imbeddings. J. Funct. Anal. 159 (1998), no. 2, 369-383.

P. Koskela, T. Rajala and Y. Zhang, A density problem for Sobolev spaces on Gromov hyperbolic do-
mains. Nonlinear Anal. 154 (2017), 189-209.

P. Koskela, T. Rajala and Y. Zhang, A geometric characterization of planar Sobolev extension domains.
https://arxiv.org/abs/1502.04139.

P. Koskela, T. Rajala and Y. Zhang, Planar W' -estension domains. contained in JYU-dissertation.
P.Koskela and S. Rohde, Hausdorff dimension and mean porosity, Math. Ann. 309 (1997), no. 4, 593—
609.

P. Koskela and Z. Zhu, Product of extension domains is still an extension domain. Indiana Univ. Math.
J. 69 (2020), no. 1, 137-150.

P. Koskela and 7Z. Zhu, The extension property for domains with one singular point.
https://arxiv.org/abs/2110.07565



THE VOLUME OF THE BOUNDARY OF A SOBOLEV (p,q)-EXTENSION DOMAIN 45

[25] P. Lahti, A notion of fine continuity for BV functions on metric spaces. Potential Anal. 46 (2017), no.
2, 279-294.

[26] D. Luci¢, T. Rajala and J. Takanen, Dimension extimates for the boundary of planar Sobolev extension
domains, https://arxiv.org/abs/2006.14213.

[27] V. Maz’ya, Sobolev spaces: with applications to elliptic partial differential equations. Springer,
Berlin/Heidelberg, 2010.

[28] V. G. Maz’ya and S. V. Poborchi, On extension of functions in Sobolev classes to the exterior of a
domain with the vertex of a peak on the boundary, Dokl. Akad. Nauk SSSR 275:5 (1984) 1066-1069
(Russian). English translation: Soviet Math. 29 (1984) 361-364.

[29] V. G. Maz’ya and S. V. Poborchi, Extension of functions in Sobolev classes to the exterior of a domain
with the vertex of a peak on the boundary I, Czech. Math. Journ. 36:111 (1986) 634-661 (Russian).

[30] V. G. Maz’ya and S. V. Poborchi, Differentiable functions on bad domains, World Scientific Publishing
Co., River Edge, NJ, 1997.

[31] V. G. Maz’ya and S. V. Poborchi, Eztension of functions in Sobolev classes to the exterior of a domain
with the vertex of a peak on the boundary II, Czech. Math. Journ. 37:112 (1987) 128-150 (Russian).

[32] P. Shvartsman, Local approximations and intrinsic characterization of spaces of smooth functions on
reqular subsets of R™. Math. Nachr. 279 (2006), no. 11, 1212-1241.

[33] P. Shvartsman, On Sobolev extension domains in R™. J. Funct. Anal. 258 (2010), no. 7, 2205-2245.

[34] P. Shvartsman, N. Zobin, On planar Sobolev L} -extension domains. Adv. Math., 287 (2016), 237-346.

5] H. J. S. Smith, On the integration of discontinuous functions. Proc. of the London Mathematical Society.

1874. First series. 6: 140-153.

[36] E. M. Stein, Singular integrals and differentiability properties of functions. Princeton University Press,
Princeton, 1971.

[37] E. M. Stein, Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals. With
the assistance of Timothy S. Murphy. Princeton Mathematical Series, 43. Monographs in Harmonic
Analysis, III. Princeton University Press, Princeton, NJ, 1993.

[38] T. Rado, P. V. Reichelderfer, Continuous transformations in analysis. Berlin: Springer-Verlag, 1955.
[39] A.D. Ukhlov, Lower estimates for the norm of the extension operator of the weak differentiable functions
on domains of Carnot groups. Proc. of the Khabarovsk State Univ. Mathematics, 8 (1999), 33—44.

[40] A. D. Ukhlov, Fxtension operators on Sobolev spaces with decreasing integrability. Trans. Razmadze
Math. Inst., 174 (2020), 381-388.

[41] J. Vaisald, Quasiconformal maps and positive boundary measure. Analysis 9 (1989), no. 1-2, 205-216.

[42] J. Vaiséla, The free quasiworld. Freely quasiconformal and related maps in Banach spaces. Quasicon-
formal geometry and dynamics (Lublin, 1996), 55-118, Banach Center Publ., 48, Polish Acad. Sci. Inst.
Math., Warsaw, 1999.

[43] S. K. Vodop’yanov, V. M. Gol’dstein, T. G. Latfullin, A criterion for the extension of functions of the
class Ly from unbounded plane domains. Siberian. Math. J., 20 (1979), 416-419.

[44] S. K. Vodop’yanov and A. D. Ukhlov, Set functions and their applications in the theory of Lebesgue and
Sobolev spaces. I [Translation of Mat. Tr. 6 (2003), no. 2, 14-65; MR2033646]. Siberian Adv. Math. 14
(2004), no. 4, 78-125 (2005).

[45] S. K. Vodop’yanov and A. D. Ukhlov, Set functions and their applications in the theory of Lebesgue and
Sobolev spaces. II [Translation of Mat. Tr. 7 (2004), no. 1, 13-49; MR2068275]. Siberian Adv. Math. 15
(2005), no. 1, 91-125.

[46] Z. Zhu, Sobolev Functions and Mappings on cuspidal Domains, JY U-Dissertation no. 253 (2020).

[47] W. P. Ziemer, Weakly differentiable functions. Sobolev spaces and functions of bounded variation. Grad-
uate Texts in Mathematics, 120. Springer-Verlag, New York, 1989.

w
w

o



46 PEKKA KOSKELA, ALEXANDER UKHLOV AND ZHENG ZHU

PEKKA KOSKELA, DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF JYVASKYLA,
P.O. Box 35 (MaAD), FI-40014, JYVASKYLA, FINLAND
Email address: pekka.j.koskela@jyu.fi

ALEXANDER UKHLOV, DEPARTMENT OF MATHEMATICS, BEN-GURION UNIVERSITY OF THE NEGEV,
P.O.B. 653, BE’ER SHEVA 84105, ISRAEL
Email address: ukhlov@math.bgu.ac.il

ZHENG ZHU, DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF JYASKYLA, P.O. Box
35 (MaAD), FI-40014, JYVASKYLA, FINLAND

Email address: zheng.z.zhu@jyu.fi



