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a b s t r a c t

We use the method of higher order linearization to study an inverse boundary
value problem for the minimal surface equation on a Riemannian manifold (Rn, g),
where the metric g is conformally Euclidean. In particular we show that with
the knowledge of Dirichlet-to-Neumann map associated to the minimal surface
equation, one can determine the Taylor series of the conformal factor c(x) at
xn = 0 up to a multiplicative constant. We show this both in the full data case
and in some partial data cases.
© 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under

the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

This article focuses on an inverse problem for the minimal surface equation (MSE), which is a quasilinear
elliptic PDE. In particular we consider MSE on a manifold (Rn, g), n ≥ 3, where gij(x) = c(x)δij ,
1 ≤ i, j ≤ n, with c ∈ C∞(Rn), c(x) > 0 for all x ∈ Rn, that is the metric is conformally Euclidean. The
aim is to use the method of higher order linearization to recover information about the conformal factor c

from boundary measurements. This method, which uses the nonlinearity of the partial differential equation
as a tool, was first introduced in [18] in the case of a nonlinear wave equation and was further developed
in [7,22] for nonlinear elliptic equations.

The novelty of this work is that we use higher order linearization in the case of MSE. For a sufficiently
smooth function u : Ω ⊂ Rn−1 → R, Ω a bounded domain with C∞ boundary, consider Graphu :=
{(x′, u(x′)) : x′ ∈ Ω} ⊂ Rn. If c ≡ 1 we would call Graphu a minimal surface if and only if the function u

solves the Euclidean MSE

div

⎛⎝ ∇u√
1 + |∇u|2

⎞⎠ = 0, in Ω .
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efine then a function F :Rn2 → R,

F (x′, u, p, P ) := −
n−1∑
i=1

Pii − n − 1
2c(x′, u)

(
n−1∑
i=1

pi∂xi
c(x′, u) − ∂xnc(x′, u)

)
(1.1)

+ 1
1 + |p|2

n−1∑
i,j=1

Pijpipj ,

where p = (p1, . . . , pn−1) ∈ Rn−1, P = (Pij) is an (n − 1) × (n − 1) matrix and x′ ∈ Rn−1. With the
onformally Euclidean metric, MSE takes the form

F (x′, u, ∇u, ∇2u) = −∆u − n − 1
2c

(∇x′c · ∇u − ∂xnc) + ∇uT ∇2u∇u

1 + |∇u|2
(1.2)

= − divgn−1

(
∇u

(1 + |∇u|2)1/2

)
+ (n − 1)∂xnc

2c(1 + |∇u|2)1/2

= 0.

for x′ ∈ Ω . Here divgn−1(a) =
∑n−1

i=1

(
∂xi

ai +
∑n−1

j=1 ajΓ
i
ij

)
is the Riemannian divergence with respect to

the first n − 1 variables and Γ i
ij is the Christoffel symbol corresponding to the metric g. The derivation of

this equation is done in Section 3.
In this work we consider a boundary value problem{

F (x′, u, ∇u, ∇2u) = 0 in Ω

u = f, on ∂Ω ,

and prove that it is well-posed (Section 2) for a certain class of small boundary values f . To be more precise,
we show that there is δ > 0 such that whenever f ∈ Cs(∂Ω), s > 3, s /∈ N, with ∥f∥Cs(∂Ω) ≤ δ, there exists

unique small solution u ∈ Cs(Ω̄) with sufficiently small norm. Let Uδ := {h ∈ Cs(∂Ω) : ∥h∥Cs(∂Ω) < δ}.
hus the Dirichlet-to-Neumann (DN) map can now be defined for these small solutions as

Λc : Uδ → Cs−1(∂Ω), f ↦→ ∂νuf

⏐⏐
∂Ω

. (1.3)

ere Cs = Ck,α, k ∈ Z, 0 < α < 1, is the standard Hölder space (see for example [6, Section 5.1]) and ∂νuf

s the Euclidean boundary normal derivative. One can think of the normal derivative on the boundary as
ension on the boundary caused by the minimal surface. From the knowledge of the DN map, can we recover
nformation about the metric g?

It is worth noting that there is a small gauge invariance for Eq. (1.2) and thus for the DN map. That is,
f you instead of c put λc, λ ̸= 0, into (1.2), the equation stays the same. Thus also the DN maps Λc and

λc are the same.
We also consider partial data cases, that is, if we have knowledge of the DN map in an open subset Γ of

he boundary ∂Ω . In this case the partial DN map is defined for f ∈ Uδ, spt(f) ⊂ Γ , as

ΛΓ
c : Uδ → Cs−1(∂Ω), f ↦→ ∂νuf

⏐⏐
Γ

. (1.4)

an we recover information about the metric g if we have knowledge of this partial DN map?
These are our inverse problems for the MSE and our main result gives the following answers. Before

tating it, we denote by F j the function F with c replaced by cj .

heorem 1.1. Let Ω ⊂ Rn−1, n ≥ 3, be a bounded domain with C∞ boundary, (Rn, g1), (Rn, g2) be two
Riemannian manifolds with (gj)ik(x) = cj(x)δik, where cj ∈ C∞(Rn), cj(x) > 0 for j = 1, 2 and for all

n ′ 2 ′ ′
∈ R . Assume that ∂xncj(x , 0) = ∂xn
cj(x , 0) = 0 for x ∈ Ω . We have four cases:

2
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(1) Let n > 3 and Λcj
be the DN maps associated to{

F j(x′, u, ∇u, ∇2u) = 0, in Ω

u = f, on ∂Ω ,
(1.5)

j = 1, 2, and assume that
Λc1(f) = Λc2(f)

for all f ∈ Uδ := {h ∈ Cs(∂Ω) : ∥h∥Cs(∂Ω) < δ}, where δ > 0 is sufficiently small.
(2) Assume either that

(a) n = 3, Γ ⊂ ∂Ω be open and Γ ̸= ∅ or
(b) n > 3, Ω ⊂ {xn−1 > 0}, Γ ⊂ ∂Ω be open, Γ ̸= ∅ and that ∂Ω \ Γ ⊂ {xn−1 = 0} or
(c) n > 3, Ω is a strict subset of some ball B ⊂ Rn−1, Γ ⊂ ∂Ω be open, Γ ̸= ∅ and that ∂Ω \Γ ⊂ ∂B.

In addition assume that
ΛΓ

c1(f) = ΛΓ
c2(f)

for all f ∈ Uδ, spt(f) ⊂ Γ , where δ > 0 is sufficiently small and ΛΓ
cj

are the partial DN maps associated
to (1.5) for j = 1, 2.

Then in the cases (1) and (2) we have for λ ̸= 0

∂m
xn

c1(x′, 0) = λ∂m
xn

c2(x′, 0), in Ω , m ≥ 0.

The assumption ∂xncj(x′, 0) = 0 is needed in order for u ≡ 0 to be a solution to (1.5), and this is used to
prove the well-posedness. The condition ∂2

xn
cj(x′, 0) = 0 is assumed in order for the method to work and it

is not known if it could be removed.
As an immediate corollary of Theorem 1.1 we get the following.

Corollary 1.2. Assume the conditions in Theorem 1.1 and assume additionally that cj are real analytic with
respect to xn. Then for λ ̸= 0 we have

c1(x) = λc2(x), x ∈ Ω × R.

In Section 5 we give a full proof of Theorem 1.1 and as mentioned, it will use higher order linearization
together with complex geometric optics (CGO) solutions. In the proof we first linearize (1.5) at u ≡ 0 and
the DN map at f = 0. We see that the linearization of (1.5) correspond to a conductivity equation where the
conductivity is cj(x′, 0). The first linearization of the DN map maps a boundary value f to ∂νv|∂Ω where v

is a solution to the conductivity equation. We will show that cj(x′, 0) can be recovered up to a multiplicative
constant with the knowledge of this (partial) DN map with the help of boundary determination for a first
order perturbation of the Laplacian from [2] ([10] for n = 3 and [12,29] for n > 3). In the full data case the
higher order linearizations lead to an integral equality∫

Ω

(
∂m+4

xn
c1(x′, 0) − λ∂m+4

xn
c2(x′, 0)

)m+3∏
N=1

vlN dx′ = 0.

where vlN are solutions to the first linearization. For the partial data cases, we need a special solution v(0)

which is positive in Ω and vanishes on ∂Ω \ Γ . With the help of this function we get the integral identity∫ (
∂m+4

xn
c1(x′, 0) − λ∂m+4

xn
c2(x′, 0)

)
v(0)

m+3∏
vlN dx′ = 0.
Ω N=1
3
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A
gain vlN are solutions to the first linearization. In both cases, choosing two of vlN to be real or imaginary
parts of CGO solutions and the rest equal to 1 we get that ∂m+4

xn
c1(x′, 0) = λ∂m+4

xn
c2(x′, 0) (for n = 3 [3],

for n > 3 [29]).
This method has received a lot of attention in various situations lately. Linearization has already been

used in a parabolic case in [11] where the author shows that the first linearization of the nonlinear DN map
is the DN map of a linear equation. Thus one can use the theory of inverse problems for linear equations.
Also nonlinear elliptic cases have been studied, for example in [13,28]. As mentioned above, the method
of higher order linearization was first used in [18] for a nonlinear wave equation. After that there were
two simultaneously published articles [7,22] in which higher order linearization was introduced to nonlinear
elliptic equations of the type ∆u + a(x, u) = 0. The important thing in this method was that it used the
nonlinearity as a tool. In [16,23] the method was further developed for the case ∆u + a(x, u) = 0 in inverse
problems with partial data. See also [24,27] for more results on the special case of a power type nonlinearity.

After these, there have been several articles using this method for different nonlinear elliptic equations.
Different cases of nonlinear conductivity equations have had a treatment in [4,14]. This method has also been
used in the case of a nonlinear magnetic Schrödinger equation [21] and in inverse transport and diffusion
problems [20]. See also [17] for a semilinear elliptic equation with gradient nonlinearities and [19] for the
case of fractional semilinear elliptic equations.

There are also works in inverse problems that have considered the minimal surface equation. The
Euclidean case has had a treatment in [25] where the authors consider a quasilinear conductivity depending
on a function u and its gradient.

Also while writing this article we have learned that Cătălin I. Cârstea, Matti Lassas, Tony Liimatainen
and Lauri Oksanen are working on an inverse problem involving minimal surface equation on a Riemannian
manifold in their upcoming preprint [5]. They simultaneously and independently prove a result similar to
Theorem 1.1. In their work it is shown that from the knowledge of the DN map of the minimal surface
equation it is possible to determine a 2-dimensional Riemannian manifold (Σ , g). We agreed with them to
publish our preprints at the same time on the same preprint server.

This article is organized as follows. In Section 2 we prove well-posedness for a general nonlinear boundary
value problem and we describe the first and second order linearizations for the general case. Section 3 is
dedicated to the derivation of the minimal surface equation on a manifold with conformally Euclidean metric.
Section 4 consists of describing the setting for Theorem 1.1 and then calculating the first and second order
linearizations in this setting. Finally, we will use higher order linearization to prove Theorem 1.1 in Section 5.

2. Well-posedness and linearizations

In this section, we consider general equations F (x, u, ∇u, ∇2u) = 0 and in later sections apply these
methods. Let Ω ⊂ Rn, n ≥ 2 be a bounded domain with C∞ boundary and let F : Ω̄ × R × Rn × Rn2 → R,
be a C∞ function. Consider next the boundary value problem{

F (x, u, ∇u, ∇2u) = 0, in Ω

u = f, on ∂Ω ,
(2.1)

where f ∈ Cs(∂Ω) and ∇u, ∇2u denote the gradient and Hessian of u, respectively. In addition let
F (x, 0, 0, 0) = 0 which guarantees that u ≡ 0 is a solution to (2.1) with f = 0.

Next we prove well-posedness for (2.1) using the implicit function theorem on Banach spaces [26, Theorem
10.6 and Remark 10.5]. In what follows, we denote for m×n matrices A = (aij), B = (bij) the matrix product

A : B =
m∑ n∑

aijbij
i=1 j=1

4
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nd ∇P F is the matrix with elements ∂Pij
F . Also a linear differential operator Lu = A(x) : ∇2u + b(x) ·

u + c(x)u is strictly elliptic [8] in Ω if for some constants λ,Λ > 0 we have

λ|ξ|2 ≤ ξT Aξ ≤ Λ|ξ|2, x ∈ Ω̄ ,

or all ξ ∈ Rn \ {0}. Here A is a symmetric n × n matrix.

roposition 2.1. Let F :Ω × R × Rn × Rn2 → R be a C∞ mapping with F (x, 0, 0, 0) = 0. Furthermore
ssume that the map

v ↦→ L(v) := ∂uF (x, 0, 0, 0)v + ∇F (x, 0, 0, 0) · ∇v + ∇P F (x, 0, 0, 0) : ∇2v

s injective on H1
0 (Ω) and that the operator L is strictly elliptic. Let s > 3, s /∈ N. Then there exists C, δ > 0

uch that for any
f ∈ Uδ := {h ∈ Cs(∂Ω) : ∥h∥Cs(∂Ω) < δ}

he boundary value problem {
F (x, u, ∇u, ∇2u) = 0, in Ω

u = f, on ∂Ω ,

as a unique small solution u = uf which satisfies

∥u∥Cs(Ω̄) ≤ C∥f∥Cs(∂Ω).

oreover the following mappings are C∞ maps

S : Uδ → Cs(Ω̄), f ↦→ uf ,

Λ : Uδ → Cs−1(∂Ω), f ↦→ ∂νuf |∂Ω .

roof. Let X = Cs(∂Ω), Y = Cs(Ω̄), Z = Cs−2(Ω̄) × Cs(∂Ω) and

T : X × Y → Z, T (f, u) =
(
F (x, u, ∇u, ∇2u), u|∂Ω − f

)
Since u|∂Ω , f ∈ Cs(∂Ω), u ∈ Cs(Ω̄) and F ∈ C∞, the map T really has this mapping property.

Next we show that the map u ↦→ F (x, u, ∇u, ∇2u) is a C∞ map Cs(Ω̄) → Cs−2(Ω̄). This is done by using
a Taylor expansion. Write λ = (z, p, P ) ∈ R × Rn × Rn2 and expand F (x, · ) at µ ∈ R × Rn × Rn2 :

F (x, λ + µ) =
∑

|α|≤k

Dα
µF (x, λ)

α! µα +
∑

|β|=k+1

Rβ(λ + µ)µβ ,

here
Rβ(λ + µ) = |β|

β!

∫ 1

0
(1 − t)|β|−1Dβ

µF (x, λ + tµ) dt.

ow let u ∈ Cs(Ω̄) be fixed, λ = (u, ∇u, ∇2u) and let µ = (h, ∇h, ∇2h), h ∈ Cs(Ω̄) be such that
µ∥C1,α(Ω̄) ≤ 1. It is enough to show that the map u ↦→ Dα

µF (x, u, ∇u, ∇2u) is continuous for all α and

Rβ(λ + µ) = o(µk) in Cs(Ω̄).

Firstly, since the composition of a C∞ function F with a Cs−2 function is again a Cs−2 function
9, Theorem A.8], we have the continuity. The space Cs(Ω̄) is an algebra under pointwise multiplication
5
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[

a

9, Theorem A.7], and thus

∥Rβ(λ + µ)µβ∥Cs(Ω̄) ≤ C
(

∥Rβ(λ + µ)∥C(Ω̄)∥µβ∥Cs(Ω̄) + ∥Rβ(λ + µ)∥Cs(Ω̄)∥µβ∥C(Ω̄)

)
≤ C∥Rβ(λ + µ)∥Cs(Ω̄)∥µ∥|β|

Cs(Ω̄)

≤ C∥µ∥|β|
Cs(Ω̄)

|β|
β!

∫ 1

0
(1 − t)|β|−1∥Dβ

µF (x, λ + tµ)∥Cs(Ω̄) dt

≤ CF,u∥µ∥|β|
Cs(Ω̄)

|β|
β!

∫ 1

0
(1 − t)|β|−1 dt

where ∥Dβ
µF (x, λ + tµ)∥Cs(Ω̄) is uniformly bounded in t ∈ (0, 1) and the bounding constant may depend on

u and F . This is due to F being a C∞ function and that u ∈ Cs(Ω̄). Now the remainder satisfies⏐⏐⏐⏐⏐⏐ ∑
|β|=k+1

Rβ(λ + µ)µβ
⏐⏐⏐⏐⏐⏐Cs(Ω̄) ≤ C∥(h, ∇h, ∇2h)∥k+1

Cs(Ω̄)

nd hence the map u ↦→ F (x, u, ∇u, ∇2u) is a C∞ map Cs(Ω̄) → R.
By the assumption F (x, 0, 0, 0) = 0 we have T (0, 0) = 0. Also DuT (0, 0) is linear and

DuT (0, 0)v = (∂uF (x, 0, 0, 0)v + ∇pF (x, 0, 0, 0) · ∇v + ∇P F (x, 0, 0, 0) : ∇2v, v|∂Ω ).

The mapping v ↦→ L(v) is injective and v ≡ 0 is a solution to{
∂uF (x, 0, 0, 0)v + ∇pF (x, 0, 0, 0) · ∇v + ∇P F (x, 0, 0, 0) : ∇2v = H, in Ω

v = g, on ∂Ω ,
(2.2)

when H = g = 0. Using Fredholm alternative [8, Theorem 6.15] the boundary value problem (2.2) has a
unique solution for all H and g. Thus DuT (0, 0) is surjective.

Then by the implicit function theorem there exist δ > 0 and Uδ := B(0, δ) ⊂ X = Cs(∂Ω) and a C∞ map
S : Uδ → Y = Cs(Ω̄) such that T (f, S(f)) = 0. Also, for small enough f ∈ Uδ (not necessarily the same δ)
and uf ∈ Cs(Ω̄), S(f) = uf is the only solution of T (f, uf ) = 0. Moreover, since S is Lipschitz continuous
and S(0) = 0, for u = S(f) we have

∥u∥Cs(Ω̄) ≤ C∥f∥Cs(∂Ω).

Also the mapping Λ is a well defined C∞ map between Uδ and Cs−1(∂Ω) since taking a normal derivative
is a linear map from Cs(Ω) to Cs−1(∂Ω). □

In order to use the method of higher order linearization, we calculate formally the first and second order
linearizations of (2.1) and the corresponding DN map. This formal looking calculation can be justified as
in [22].

Let us begin by assuming that for{
F j(x, u, ∇u, ∇2u) = 0, in Ω

u = f, on ∂Ω ,
(2.3)

j = 1, 2, we have ΛF 1(f) = ΛF 2(f) for all f ∈ Cs(∂Ω) with ∥f∥Cs(∂Ω) ≤ δ, for δ > 0 sufficiently small.
In order to find the linearizations, let ε1, . . . , εk be sufficiently small numbers and f1, . . . , fk ∈ Cs(∂Ω). Let
uj(x, ε1, . . . , εk) be the unique small solution to{

F j(x, uj , ∇uj , ∇2uj) = 0, in Ω∑k
(2.4)
uj = m=1 εmfm, on ∂Ω ,

6
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f

i
w
∂

T

or j = 1, 2. Differentiate this with respect to εl, l ∈ {1, . . . , k}, and evaluate at ε1 = · · · = εk = 0 to get{
∂uF j(x, 0, 0, 0)vl

j + ∇pF j(x, 0, 0, 0) · ∇vl
j + ∇P F j(x, 0, 0, 0) : ∇2vl

j = 0, in Ω

vl
j = fl, on ∂Ω ,

(2.5)

where vl
j := ∂εl

uj(x, ε1, . . . , εk)
⏐⏐
ε1=···=εk=0. The boundary value problem (2.5) has a unique solution if we

assume that the map

v ↦→ L(v) = ∂uF j(x, 0, 0, 0)v + ∇pF j(x, 0, 0, 0) · ∇v + ∇P F j(x, 0, 0, 0) : ∇2v

s injective on H1
0 (Ω) and assume strict ellipticity of the operator L. At this point, we would like to see

hat exactly is the first linearization and see if some information can be recovered about the coefficients
uF j(x, 0, 0, 0), ∇pF j(x, 0, 0, 0), ∇P F j(x, 0, 0, 0) from the knowledge of the DN maps corresponding to (2.3)

for j = 1, 2. What actually can be recovered depends on the equation at hand.
Let us next differentiate (2.4) first with respect to εl and then with respect to εa, a ̸= l:

Ij := ∂2
εaεl

F j(x, uj , ∇uj , ∇2uj)
= ∂εa

(
∂uF j(x, uj , ∇uj , ∇2uj)∂εl

uj

)
+ ∂εa

(
n∑

i=1
∂pi

F j(x, uj , ∇uj , ∇2uj)∂xi
∂εl

uj

)

+ ∂εa

⎛⎝ n∑
j,k=1

∂Pjk
F j(x, uj , ∇uj , ∇2uj)∂2

xjxk
∂εl

uj

⎞⎠
:= Ij,1 + Ij,2 + Ij,3.

hen we expand these one by one:

Ij,1 = ∂uF j∂2
εaεl

uj + ∂2
uF j∂εauj∂εl

uj +
n∑

i=1
∂pi

∂uF j∂xi
∂εauj∂εl

uj

+
n∑

j,k=1
∂Pjk

∂uF j∂2
xjxk

∂εauj∂εl
uj ,

Ij,2 =
n∑

i=1

(
∂pi

F j∂xi
∂2

εaεl
uj + ∂u∂pi

F j∂εauj∂xi
∂εl

uj

+
n∑

r=1
∂pr ∂pi

F j∂xr ∂εauj∂xi
∂εl

uj +
n∑

j,k=1
∂Pjk

∂pi
F j∂2

xjxk
∂εauj∂xi

∂εl
uj

)
,

Ij,3 =
n∑

j,k=1

(
∂Pjk

F j∂2
xjxk

∂2
εaεl

uj + ∂u∂Pjk
F∂εauj∂2

xjxk
∂εl

uj

+
n∑

i=1
∂pi

∂Pjk
F j∂xi

∂εauj∂2
xjxk

∂εl
uj +

n∑
r,t=1

∂Prt∂Pjk
F j∂2

xrxt
∂εauj∂2

xjxk
∂εl

uj

)
.

Evaluate Ij at ε1 = · · · = εk = 0 and denote w
(al)
j = (∂2

εaεl
uj)(x, ε1, . . . , εk)|ε1=···=εk=0 to have

Ij = ∂uF j(x, 0, 0, 0)w(al)
j + ∂2

uF j(x, 0, 0, 0)vlva (2.6)
+
((

∇p(∂uF j)
)
(x, 0, 0, 0) · ∇va +

(
∇P (∂uF j)

)
(x, 0, 0, 0) : ∇2va

)
vl

j (al) (
j
)

l a
+ ∇pF (x, 0, 0, 0) · ∇wj + ∇p(∂uF ) (x, 0, 0, 0) · ∇v v

7
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R

+
n∑

i=1

((
∇p(∂pi

F j)
)
(x, 0, 0, 0) · ∇va + (∇P (∂pi

F j)(x, 0, 0, 0) : ∇2va)
)

∂xi
vl

+ ∇P F j(x, 0, 0, 0) : ∇2w
(al)
j +

(
∇P (∂uF j)

)
(x, 0, 0, 0) : ∇2vlva

+
n∑

j,k=1

((
∇p(∂Pjk

F j)
)

· ∇va +
(
∇P (∂Pjk

F j)
)
(x, 0, 0, 0) : ∇2va

)
∂2

xixj
vl

Thus w
(al)
j satisfies the boundary value problem{

Ij = 0, in Ω

w
(al)
j = 0, on ∂Ω .

(2.7)

Next we would like to integrate I1 − I2 against a solution to the adjoint of

∂uF j(x, 0, 0, 0)vl
j + ∇pF j(x, 0, 0, 0) · ∇vl

j + ∇P F j(x, 0, 0, 0) : ∇2vl
j = 0

and use the assumption that the DN maps associated to (2.3) coincide for j = 1, 2 together with a
completeness result to recover information about the coefficients of I1 and I2. Again the information that can
be recovered depends on the equation and below this method is applied in the case of the minimal surface
equation.

What we would do next is to use an induction argument to show that from higher order linearizations it
is possible to recover more information. This too will be specified below.

3. Mimimal surface equation on a Riemannian manifold

In this section we derive Eq. (1.2). Let (M, g), M = Rn, n ≥ 3, be a Riemannian manifold with the metric

gij(x′, xn) = c(x′, xn)δij , (3.1)

where
(x′, xn) ∈ Rn−1 × R, c ∈ C∞(Rn), c(x) > 0 for all x ∈ Rn.

These assumptions are valid for the rest of the article, unless otherwise stated.
Let u :Ω ⊂ Rn−1 → R, u ∈ C2(Ω̄), and consider the graph of the function u

Graphu = {(x′, u(x′)) : x′ ∈ Ω} ⊂ M.

This graph is a minimal surface if and only if its mean curvature H is equal to zero at all points on the
graph. By defining

f :Ω × R → R, f(x′, xn) = xn − u(x′),

the graph of u is the surface
Σ := {(x′, xn) ∈ Ω × R : f(x′, xn) = 0}.

The mean curvature of Σ at x ∈ Σ is the sum of principal curvatures. We omit the normalizing factor
1

n−1 when calculating the mean curvature. In order to calculate the principal curvatures, we introduce the
iemannian gradient and Hessian of a function f : M → R:

∇gf = gij∂xi
f∂xj

, ∇2
gf =

(
∂2

x x f − Γm
ij∂xmf

)n

,

i j i,j=1

8
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w

t

b

here gij is the inverse of gij and Γm
ij = 1

2 gml(∂xi
gjl + ∂xj

gil − ∂xl
gij) is the Christoffel symbol related to

the metric g. Define also the Laplace–Beltrami operator, which is a trace of the Hessian (this is one way of
defining it), and the norm of the gradient:

∆gf = Tr(∇2
gf) = gij

(
∂2

xixj
f − Γm

ij∂xmf
)

, |∇gf |2g = gij∂xi
f∂xj

f.

Now the principal curvatures of Σ at x ∈ Σ are the eigenvalues of ∇2
gf(x) restricted to the tangent space

TxΣ at x. Since ∇gf(x)
|∇gf(x)|g

is a normal to Σ at the point x, we have TxΣ = {∇gf(x)}⊥, or in other words,
he tangent space TxΣ is the orthogonal complement of the vector ∇gf(x).

Let {E1, . . . , En−1} be an g-orthonormal basis of TxΣ . Then
{

E1, . . . , En−1,
∇gf(x)

|∇gf(x)|g

}
is an orthonormal

asis of Rn. Now the mean curvature of Σ at x ∈ Σ is the trace of ∇2
gf(x)|{∇gf(x)}⊥ :

H(x) =
n−1∑
i=1

⟨∇2
gf(x)Ei, Ei⟩

=
n−1∑
i=1

⟨∇2
gf(x)Ei, Ei⟩ +

(
∇2

gf(x)
)( ∇gf(x)

|∇gf(x)|g
,

∇gf(x)
|∇gf(x)|g

)

−
(
∇2

gf(x)
)( ∇gf(x)

|∇gf(x)|g
,

∇gf(x)
|∇gf(x)|g

)
= Tr(∇2

gf(x)) − |∇gf(x)|−2
g

(
∇2

gf(x)
)

(∇gf(x), ∇gf(x))

= ∆gf(x) − |∇gf(x)|−2
g

(
∇2

gf(x)
)

(∇gf(x), ∇gf(x)) .

Thus Graphu is a minimal surface if and only if

|∇gf(x)|2g∆gf(x) −
(
∇2

gf(x)
)

(∇gf(x), ∇gf(x)) = 0 for all x ∈ Graphu. (3.2)

Next we will calculate the minimal surface equation more explicitly using the conformally Euclidean
metric (3.1). Now gij = c−1δij is the inverse matrix of (3.1) and thus

∇gf = c−1
n∑

j=1
∂xj

f∂xj
, |∇gf |2g = c−1

n∑
i=1

∂xi
f∂xi

f.

Also the Christoffel symbol can be simplified by letting λ = 1
2 log c and hence ∂xi

λ = 1
2 c−1∂xi

c. Then

Γm
ij = 1

2gml
(

∂xi
gjl + ∂xj

gil − ∂xl
gij

)
= 1

2c−1
(

∂xi
cδjm + ∂xj

cδim − ∂xmcδij

)
= ∂xi

λδjm + ∂xj
λδim − ∂xmλδij .

Let us next calculate the two parts of (3.2) separately, starting from

c2|∇gf |2g∆gf =
(

n∑
i=1

∂xi
f∂xi

f

)⎛⎝ n∑
i=1

∂2
xixi

f −
n∑

m=1

⎛⎝ n∑
i,j=1

δijΓ
m

ij

⎞⎠ ∂xmf

⎞⎠
=
(

n∑
i=1

∂xi
f∂xi

f

)(
n∑

i=1
∂2

xixi
f − (2 − n)

n∑
m=1

∂xmλ∂xmf

)
,

9
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a
nd the other part becomes

c2∇2
gf(∇gf, ∇gf)

=
(

∂2
xixj

f − Γm
ij∂xmf

)
cgia∂xafcgjb∂xb

f

=
n∑

i,j=1

(
∂2

xixj
f −

n∑
m=1

(
∂xi

λδjm + ∂xj
λδim − ∂xmλδij

)
∂xmf

)
∂xi

f∂xj
f

=
n∑

i,j=1

(
∂2

xixj
f − ∂xi

λ∂xj
f − ∂xj

λ∂xi
f +

(
n∑

m=1
∂xmλ∂xmf

)
δij

)
∂xi

f∂xj
f

=
n∑

i,j=1

(
∂2

xixj
f − 2∂xi

λ∂xj
f
)

∂xi
f∂xj

f +
(

n∑
i=1

∂xi
f∂xi

f

)(
n∑

m=1
∂xmλ∂xmf

)
.

Now

c2|∇gf |2g∆gf − c2∇2
gf (∇gf, ∇gf)

=
(

n∑
i=1

(
∂xi

f
)2
)(

n∑
i=1

∂2
xixi

f + (n − 3)
n∑

m=1
∂xmλ∂xmf

)

−
n∑

i,j=1

(
∂2

xixj
f − 2∂xi

λ∂xj
f
)

∂xi
f∂xj

f.

Plugging the above to (3.2), we get that Σ is a minimal surface if and only if(
n∑

i=1

(
∂xi

f
)2
)(

n∑
i=1

∂2
xixi

f + (n − 3)
n∑

m=1
∂xmλ∂xmf

)
(3.3)

−
n∑

i,j=1

(
∂2

xixj
f − 2∂xi

λ∂xj
f
)

∂xi
f∂xj

f = 0

for x ∈ Σ .
Insert next f(x′, xn) = xn − u(x′) to the above in order to get an equation in terms of the function u.

Then the first line of (3.3) becomes (note that ∂xnu = 0)(
n∑

i=1
δin − 2δin∂xi

u +
(
∂xi

u
)2
)(

−
n∑

i=1
∂2

xixi
u + (n − 3)

n∑
m=1

∂xmλ(δmn − ∂xmu)
)

=
(

1 + |∇u|2
)

(−∆u + (n − 3)(∂xnλ − ∇x′λ · ∇u)) .

The second line is equal to

−
n∑

i,j=1
(−∂2

xixj
u − 2∂xi

λ(δjn − ∂xj
u))(δinδjn − δin∂xj

u − δjn∂xi
u + ∂xi

u∂xj
u)

=
n∑

i,j=1
∂2

xixj
u∂xi

u∂xj
u + 2∂xnλ − 2

n−1∑
i=1

∂xi
λ∂xi

u + 2
n−1∑
j=1

∂xnλ(∂xj
u)2

− 2
n−1∑
i,j=1

∂xi
λ∂xi

u(∂xj
u)2

= ∇uT ∇2u∇u + 2∂xnλ − 2∇x′λ · ∇u + 2∂xnλ|∇u|2 − 2∇x′λ · ∇u|∇u|2

= ∇uT ∇2u∇u + 2 (∂xnλ − ∇x′λ · ∇u) (1 + |∇u|2).
10
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C
f

w

F

ombining these two, we get that Graphu is a minimal surface if and only if the function u satisfies the
ollowing minimal surface equation

− ∆u + ∇uT ∇2u∇u

1 + |∇u|2
− n − 1

2c(x′, u(x′)) (∇x′c(x′, u(x′)) · ∇u − ∂xnc(x′, u(x′))) = 0 (3.4)

for all x′ ∈ Ω . Multiplying both sides with (1 + |∇u|2)−1/2 gives

− div
(

∇u

(1 + |∇u|2)1/2

)
−

n−1∑
i,j=1

∂xj
u

(1 + |∇u|2)1/2

∂xj
cδii

2c
+ (n − 1)∂xnc

2c(1 + |∇u|2)1/2

= − div
(

∇u

(1 + |∇u|2)1/2

)
−

n−1∑
i,j=1

∂xj
u

(1 + |∇u|2)1/2
Γ i

ij + (n − 1)∂xnc

2c(1 + |∇u|2)1/2

= − divgn−1

(
∇u

(1 + |∇u|2)1/2

)
+ (n − 1)∂xnc

2c(1 + |∇u|2)1/2

= 0.

In the Euclidean setting, c ≡ 1, this is the more familiar Euclidean minimal surface equation.

4. Preliminaries for the higher order linearization

In this section we use the method of higher order linearization on the minimal surface equation derived
in the previous section. From now on, assume that Ω ⊂ Rn−1 is a bounded domain. Let us start by looking
at the assumptions of Proposition 2.1, where it is assumed that u ≡ 0 is a solution to (3.4). This leads to
the condition that

∂xnc(x′, 0) = 0, x′ ∈ Ω , (4.1)

hich can be seen as follows. For a constant function u : Ω → R, u(x′) = d to be a solution to (3.4) is
equivalent with

− n − 1
2c(x′, d)∂xnc(x′, d) = 0 for all x′ ∈ Ω ,

which is equivalent with ∂xnc(x′, d) = 0 for all x′ ∈ Ω . The assumption (4.1) comes by setting d = 0.
Next we will focus on the boundary value problem (2.1) in the setting described above and calculate

the first and second order linearizations of (2.1) and the corresponding linearizations of the DN map. This
could be done directly from (3.4) but we will follow the general method in Section 2 and begin by defining
a function F :Rn2 → R,

F (x′, u, p, P ) := −
n−1∑
i=1

Pii − n − 1
2c(x′, u)

(
n−1∑
i=1

pi∂xi
c(x′, u) − ∂xnc(x′, u)

)

+ 1
1 + |p|2

n−1∑
i,j=1

Pijpipj .

Here p = (p1, . . . , pn−1) ∈ Rn−1, P = (Pij) is an (n − 1) × (n − 1) matrix and x′ ∈ Rn−1. Then (3.4) is
equivalent with F (x′, u, ∇u, ∇2u) = 0 for all x′ ∈ Ω .

Let us start with the first linearization. For this, let x′ ∈ Ω . As shown in Section 2, we need to differentiate
with respect to u, p and P . The first derivatives with respect to variable P are

∂Pkl
F (x′, u, p, P ) = −δkl + pkpl

2 .

1 + |p|

11
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W

S

H

hen evaluated at ε1 = · · · = εk = 0, we get

∂Pkl
F (x′, 0, 0, 0) = −δkl.

Next calculation is ∇pF :

∂pk
F (x′, u, p, P ) = −n − 1

2c
∂xk

c − 2pk

(1 + |p|2)2

n−1∑
i,j=1

Pijpipj

+ 1
1 + |p|2

n−1∑
i,j=1

Pij(δikpj + δjkpi)

= −n − 1
2c

∂xk
c − 2pk

(1 + |p|2)2

n−1∑
i,j=1

Pijpipj

+ 1
1 + |p|2

⎛⎝n−1∑
j=1

Pkjpj +
n−1∑
i=1

Pikpi

⎞⎠ .

etting ε1 = · · · = εk = 0, this becomes

∂pk
F (x′, 0, 0, 0) = − n − 1

2c(x′, 0)∂xk
c(x′, 0).

Since the solution operator S from Proposition 2.1 is smooth, the solution u(x′, ε) depends smoothly on ε

and thus u(x′, ε)
⏐⏐
ε1=···=εk=0 = 0. Hence the coordinate xn is 0 since we are on the graph of u.

What is left to calculate is the derivative ∂uF :

∂uF (x′, u, p, P ) = −n − 1
2c2 (∂xnc)2 + n − 1

2c
∂2

xn
c

+ n − 1
2c2 ∂xnc

n−1∑
i=1

∂xi
cpi − n − 1

2c

n−1∑
i=1

∂xi
∂xncpi.

ence, when evaluated at ε1 = · · · = εk = 0

∂uF (x′, 0, 0, 0) = n − 1
2c(x′, 0)∂2

xn
c(x′, 0),

since ∂xnc(x′, 0) = 0.
In Theorem 1.1 the condition ∂2

xn
c(x′, 0) = 0 is assumed and thus

∂uF (x′, 0, 0, 0) = 0. (4.2)

Now the first linearization (2.5) is the following boundary value problem⎧⎪⎨⎪⎩
∆vl + n − 1

2c(x′, 0)∇x′c(x′, 0) · ∇vl = 0, in Ω

vl = fl, on ∂Ω .

(4.3)

By multiplying the first equation in (4.3) with c(x′, 0)
n−1

2 we see that (4.3) is equivalent with⎧⎨⎩div
(

c(x′, 0)
n−1

2 ∇vl
)

= 0, in Ω

l
v = fl, on ∂Ω .

12
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H

a

A

p

H

ence the first linearization of the DN-map (1.3) at f = 0 is

(DΛc)0 : Cs(∂Ω) → Cs−1(∂Ω), f ↦→ ∂νvf

⏐⏐
∂Ω

. (4.4)

In dimension 3−1 = 2 one can recover c(x′, 0) up to a multiplicative constant using a boundary determination
result [2] together with the knowledge of the partial DN-map [10]. When n > 3, c(x′, 0) can be recovered,
again up to a multiplicative constant, combining the same boundary determination result and the DN
map [29] or the partial DN map (when Ω is as described in Theorem 1.1 part (2) [12]). Details will be
shown in the proof of Theorem 1.1.

For the second linearization, as can be seen from (2.7), second derivatives of the map F need to be
calculated. Firstly

∂Prs∂Pkl
F (x′, u, p, P ) = 0,

∂Pkl
∂uF (x′, u, p, P ) = ∂u∂Pkl

F (x′, u, p, P ) = 0

and hence, when evaluated at ε1 = · · · = εk = 0, these vanish. Let us next calculate other mixed derivatives.
Now

∂ps∂Pkl
F (x′, u, p, P ) = −2ps

(1 + |p|2)2
pkpl + 1

1 + |p|2
(δkspl + δlspk)

nd when evaluated at ε1 = · · · = εk = 0

∂ps∂Pkl
F (x′, 0, 0, 0) = ∂Pkl

∂psF (x′, 0, 0, 0) = 0.

lso
∂pk

∂uF (x′, u, p, P ) = n − 1
2c2 ∂xnc∂xk

c − n − 1
2c

∂xk
∂xnc.

Setting ε1 = · · · = εk = 0 we have

∂pk
∂uF (x′, 0, 0, 0) = ∂u∂pk

F (x′, 0, 0, 0) = 0,

since ∂xk
∂xnc(x′, 0) = 0 for k = 1, . . . , n − 1.

What is left are the second derivatives with respect to the variables p and u. Let us start from the variable
:

∂ps∂pk
F (x′, u, p, P ) = −2δsk

(1 + |p|2)2

n−1∑
i,j=1

Pijpipj

− 2pk

⎛⎝ −4ps

(1 + |p|2)3

n−1∑
i,j=1

Pijpipj + 1
(1 + |p|2)2

n−1∑
i,j=1

Pij(δispj + δjspi)

⎞⎠
− 2ps

(1 + |p|2)2

⎛⎝n−1∑
j=1

Pkjpj +
n−1∑
i=1

Pikpi

⎞⎠+ 1
1 + |p|2

(Pks + Psk).

ence when evaluating at ε1 = · · · = εk = 0

∂pr ∂pk
F (x′, 0, 0, 0) = 0.

For the variable u the second derivative reads

∂u∂uF (x′, u, p, P ) = n − 1
c3 (∂xnc)3 − 3(n − 1)

2c2 ∂xnc∂2
xn

c

+ n − 1
2c

∂3
xn

c − n − 1
c2 (∂xnc)2

n−1∑
∂xi

cpi
i=1
13
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T

+ n − 1
2c

(
∂2

xn
c

n−1∑
i=1

∂xi
cpi + ∂xnc

n−1∑
i=1

∂xi
∂xncpi

)

+ n − 1
2c2 ∂xnc

n−1∑
i=1

∂xi
∂xncpi − n − 1

2c

n−1∑
i=1

∂xi
∂2

xn
cpi.

hus, letting at ε1 = · · · = εk = 0

∂2
uF (x′, 0, 0, 0) = n − 1

2c(x′, 0)∂3
xn

c(x′, 0).

Let us plug the calculated derivatives in (2.6) to find out what is the second linearization:

I = n−1
2c(x′,0) ∂2

xn
c(x′, 0)w(al) + n−1

2c(x′,0) ∂3
xn

c(x′, 0)vlva − n−1
2c(x′,0) ∇x′c(x′, 0) · ∇w(al) − ∆w(al).

Here va, vl satisfy (4.3) with corresponding boundary values. Now the function w(al) = (∂2
εaεl

u)(x′, 0, . . . , 0)
solves ⎧⎪⎪⎪⎨⎪⎪⎪⎩

∆w(al) + n−1
2c(x′,0) ∇x′c(x′, 0) · ∇w(al)

+ 1−n
2c(x′,0) ∂2

xn
c(x′, 0)w(al) + 1−n

2c(x′,0) ∂3
xn

c(x′, 0)vlva = 0, in Ω

w(al) = 0, on ∂Ω .

(4.5)

In Theorem 1.1 there is an assumption that ∂2
xn

c(x′, 0) = 0 and thus the term n−1
2c(x′,0) ∂2

xn
c(x′, 0)w(al)

vanishes. Now the boundary value problem (4.5) is equivalent with⎧⎨⎩div
(

c(x′, 0)
n−1

2 ∇w(al)
)

− n−1
2 c(x′, 0)

n−1
2 −1∂3

xn
c(x′, 0)vlva = 0, in Ω

w(al) = 0, on ∂Ω .
(4.6)

5. Proof of Theorem 1.1

Now we use the method of higher order linearization to prove our main result. This will also make use of
the linearizations calculated in the previous section. Before the proof we state a proposition which says that
products of solutions to the Schrödinger equation form a complete set in L1(Ω) for n ≥ 2 (when n ≥ 3 [29],
when n = 2 [3], see also [1] and [23, Proposition 2.1] where this result is stated in the following form).

Proposition 5.1. Let Ω ⊂ Rn, n ≥ 2, be a bounded domain with C∞ boundary, q1, q2 ∈ C∞(Ω̄) and let
f ∈ L∞(Ω). Assume that ∫

Ω

fv1v2 dx = 0,

for all vj solving (−∆ + qj)vj = 0 in Ω . Then f ≡ 0 in Ω .

Proof of Theorem 1.1. The assumptions of Proposition 2.1 hold for our case and thus (1.5) is well-posed.
Assume now that we have two conformal factors c1, c2 on the manifold M . As in Section 2, let ε1, . . . , εN+1
be sufficiently small numbers, ε = (ε1, . . . , εN+1), f1, . . . , fN+1 ∈ Cs(∂Ω) and uj(x, ε) be the unique small
solution to {

F j(x, uj , ∇uj , ∇2uj) = 0, in Ω

uj =
∑N+1

m=1 εmfm, on ∂Ω ,

for j = 1, 2, where F j is (1.1) with c replaced by cj .
The proof now divides to the cases (1) and (2) and we will prove first (1). It is the most straightforward
of these cases and the other cases are proven similarly with only minor modifications.
14
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f
Λ

f
f

c

e

c

Case (1): Assume now that

Λc1(f) = Λc2(f) (5.1)

or all f ∈ Cs(∂Ω) sufficiently small. Now we have the corresponding F 1, F 2 and the first linearization of
cj

is (4.4), with c(x′, 0) replaced by cj(x′, 0), which corresponds to the conductivity equation⎧⎨⎩div
(

cj(x′, 0)
n−1

2 ∇vl
j

)
= 0, in Ω

vl
j = fl, on ∂Ω ,

(5.2)

or j = 1, 2. Using boundary determination from [2] for the case of Laplacian with a convection term we get
or x′ ∈ ∂Ω

∇x′c1(x′, 0)
c1(x′, 0) = ∇x′c2(x′, 0)

c2(x′, 0) ⇐⇒ ∇x′
(
ln(c1(x′, 0))

)
= ∇x′

(
ln(c2(x′, 0))

)
.

From this we get that ∇x′(ln(c1(x′, 0)) − ln(c2(x′, 0))) = ∇x′

(
ln c1(x′,0)

c2(x′,0)

)
= 0 which then implies that

1(x′, 0) = λc2(x′, 0) for x′ ∈ ∂Ω and λ ̸= 0. (We cannot use boundary determination for the conductivity
quation (e.g. [15]) because the DN maps are different: here f ↦→ ∂νvf

⏐⏐
∂Ω

instead of f ↦→ c1(x′, 0)∂νvf

⏐⏐
∂Ω

.)
It is known that the knowledge of this linearized DN map combined with c1(x′, 0)|∂Ω = λc2(x′, 0)|∂Ω gives
us c1(x′, 0) = λc2(x′, 0) in Ω [29].

By the gauge invariance of (4.3) (replacing c2(x′, 0) = λ−1c1(x′, 0)) we have that vl
j solves the equation⎧⎨⎩div

(
c1(x′, 0)

n−1
2 ∇vl

j

)
= 0, in Ω

vl
j = fl, on ∂Ω .

Since solutions to this are unique, we define vl := vl
1 = vl

2.
For recovering the higher order derivatives of cj(x′, 0) we can use the second linearizations (from (4.6))⎧⎨⎩div

(
cj(x′, 0)

n−1
2 ∇w

(al)
j

)
− n−1

2 cj(x′, 0)
n−1

2 −1∂3
xn

cj(x′, 0)vlva = 0, in Ω

w
(al)
j = 0, on ∂Ω .

(5.3)

orresponding to j = 1, 2. Notice that if we replace c2(x′, 0) by λ−1c1(x′, 0) in (4.5), except in the third
order derivative, we get that wal

2 solves⎧⎨⎩div
(

c1(x′, 0)
n−1

2 ∇w
(al)
2

)
− λ n−1

2 c1(x′, 0)
n−1

2 −1∂3
xn

c2(x′, 0)vlva = 0, in Ω

w
(al)
2 = 0, on ∂Ω .

(5.4)

Subtract now (5.3) for j = 1 from (5.4), integrate against v ≡ 1 (solution to the first linearization) over Ω∫
Ω

div(c1(x′, 0)
n−1

2 ∇w
(al)
1 − c1(x′, 0)

n−1
2 ∇w

(al)
2 )

−
(

n − 1
2 c1(x′, 0)

n−1
2 −1∂3

xn
c1(x′, 0) − λ

n − 1
2 c1(x′, 0)

n−1
2 −1∂3

xn
c2(x′, 0)

)
vlva dx′

= 0
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a

w
H

A
v

T

f

f

i

nd use integration by parts to have

0 =
∫

∂Ω

c1(x′, 0)
n−1

2
(

∇w
(al)
1 · ν − ∇w

(al)
2 · ν

)
dS

=
∫
Ω

div(c1(x′, 0)
n−1

2 ∇w
(al)
1 − c2(x′, 0)

n−1
2 ∇w

(al)
2 ) dx′

=
∫
Ω

n − 1
2 c1(x′, 0)

n−1
2 −1 (∂3

xn
c1(x′, 0) − λ∂3

xn
c2(x′, 0)

)
vlva dx′.

This is true since by (5.1)
∂νu1

⏐⏐
∂Ω

= ∂νu2
⏐⏐
∂Ω

and applying ∂εa∂εl

⏐⏐
ε=0 to this implies

∂νw
(al)
1
⏐⏐
∂Ω = ∂νw

(al)
2
⏐⏐
∂Ω , for a, l ∈ {1, . . . , k}.

Thus ∫
Ω

c1(x′, 0)
n−1

2 −1 (∂3
xn

c1(x′, 0) − λ∂3
xn

c2(x′, 0)
)

vlva dx′ = 0 (5.5)

for any va, vl solving the conductivity equation (5.2). A solution to (5.2) is equivalently a solution to⎧⎪⎨⎪⎩
(

−∆x′ + ∆x′ cj(x′,0)α/2

cj(x′,0)α/2

)
gl = 0, in Ω

gl = cj(x′, 0)α/2fl, on ∂Ω ,

here α = n−1
2 , gl = cj(x′, 0)α/2vl and ∆x′ denotes the Laplacian with respect to the first two variables.

ence by using the fact that a product of a pair of solutions (Proposition 5.1) is dense in L1(Ω), we get

∂3
xn

c1(x′, 0) = λ∂3
xn

c2(x′, 0), x′ ∈ Ω .

lso (5.3), (5.4) together with the previous equality and c1(x′, 0) = λc2(x′, 0), gives the following boundary
alue problem ⎧⎨⎩div

(
c1(x′, 0)

n−1
2 ∇

(
w

(al)
1 − w

(al)
2

))
= 0, in Ω

w
(al)
1 − w

(al)
2 = 0, on ∂Ω .

his has a unique solution and thus w
(al)
1 = w

(al)
2 .

Next we use induction to show ∂k
xn

c1(x′, 0) = λ∂k
xn

c2(x′, 0) for all k ∈ N. By the above this already holds
or k = 0, 1, 2, 3. Our assumption now is

∂k
xn

c1(x′, 0) = λ∂k
xn

c2(x′, 0), x′ ∈ Ω , for all k = 0, 1, 2, . . . , N ∈ N, N > 3.

Let us do a subinduction to prove

∂k
l1...lk

u1(x′, 0) = ∂k
l1...lk

u2(x′, 0), x′ ∈ Ω ,

or all k = 1, . . . , N , where ∂k
l1...lk

uj(x′, 0) = ∂kuj(x′,0)
∂εl1

...∂εlk

. Above we have shown this for k = 1, 2. Assume that

t holds for k ≤ K < N . Then the linearization of order K + 1 is, when evaluated at ε1 = · · · = εK+1 = 0,

div
(

cj(x′, 0)
n−1

2 ∇
(

∂K+1
l1...lK+1

uj(x′, 0)
))

+ RK(uj , cj(x′, 0), 0) (5.6)

+ Ccj(x′, 0)
n−1

2 −1∂K+2
xn

cj(x′, 0)
(

K+1∏
v(lk)

)
= 0,
k=1
16
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x

a

x

i

C
(

w

t
d

′ ∈ Ω , where C ̸= 0. Actually C = n−1
2 , since it comes from the u derivatives of F and is the constant n−1

2
ppearing in front of the second term of F . Also, here R is a polynomial of ∂k

xn
cj(x′, 0), ∂k

l1...lk
u1(x′, 0)

and the components of ∇x′
(
∂k

xn
cj(x′, 0)

)
. Now an integration by parts argument similar to the case of

the second linearization and together with Proposition 5.1 (choosing v3 = · · · = vK+1 = 1) gives
∂K+2

xn
c1(x′, 0) = λ∂K+2

xn
c2(x′, 0).

Subtracting Eqs. (5.6) (similarly as for Eqs. (5.3) and (5.4)) for j = 1, 2 we get⎧⎨⎩div
(

c1(x′, 0)
n−1

2 ∇
(

∂K+1
l1...lK+1

u1(x′, 0) − ∂K+1
l1...lK+1

u2(x′, 0)
))

= 0, in Ω

∂K+1
l1...lK+1

u1(x′, 0) − ∂K+1
l1...lK+1

u2(x′, 0) = 0, on ∂Ω .

This is true, since by induction assumptions for all x′ ∈ Ω we have ∇x′
(
∂k

xn
c1(x′, 0) − ∂k

xn
c2(x′, 0)

)
= 0

and the other terms agree for j = 1, 2, k ≤ K. Again, by the uniqueness of solutions, ∂K+1
l1...lK+1

u1(x′, 0) =
∂K+1

l1...lK+1
u2(x′, 0), x′ ∈ Ω , which ends the subinduction.

Returning to the original induction, the linearization of order N + 1 at ε1 = · · · = εN+1 = 0 is

div
(

cj(x′, 0)
n−1

2 ∇
(

∂N+1
l1...lN+1

uj(x′, 0)
))

+ RN+1(uj , cj(x′, 0), 0) + Ccj(x′, 0)
n−1

2 −1∂N+2
xn

cj(x′, 0)
(

N+1∏
k=1

v(lk)

)
= 0,

′ ∈ Ω . By the subinduction, the terms RN (uj , cj(x′, 0), 0) agree for j = 1, 2. Thus by subtracting, using
ntegration by parts and that ∂ν∂N+1

l1...lN+1
u1(x′, 0)|∂Ω = ∂ν∂N+1

l1...lN+1
u2(x′, 0)|∂Ω we get

∫
Ω

cj(x′, 0)
n−1

2 −1 (∂N+2
xn

c1(x′, 0) − λ∂N+2
xn

c2(x′, 0)
)N+1∏

k=1
vlk dx′ = 0.

hoosing all but two of the functions vlk to be equal to 1, we have by the completeness of such solutions
Proposition 5.1) that

∂N+2
xn

c1(x′, 0) = λ∂N+2
xn

c2(x′, 0), x′ ∈ Ω ,

hich ends the proof for case (1).
Case (2): Now we assume that the partial DN maps coincide for f ∈ Uδ, spt(f) ⊂ Γ . Then, as in

he previous case, from the first linearization we get c1(x′, 0) = λc2(x′, 0) in Ω (using first the boundary
etermination from [2], then [10] for n = 3 and [12] for n > 3). Now define vl := vl

1 = vl
2 again by uniqueness

of solutions.
Moving to the second order linearizations and recovering higher order derivatives produces some extra

work since we only have partial data. From the assumption that the DN maps coincide we get

∂νwal
1
⏐⏐
Γ = ∂νwal

2
⏐⏐
Γ . (5.7)

If we would now integrate the difference of (5.3), for j = 1, and (5.4) against v ≡ 1 and integrate by parts,
some terms would not cancel out. Let us instead introduce the function v(0) which is a solution to⎧⎪⎪⎨⎪⎪⎩

div
(

c1(x′, 0)
n−1

2 ∇v(0)
)

= 0, in Ω

v(0) = 0, on ∂Ω \ Γ

v(0) = g, on Γ ,

(5.8)
17
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w
i

here g ∈ C∞
c (Γ ) such that g ≥ 0 and g ̸≡ 0. Then by the maximum principle v(0) > 0 in Ω . Now we

ntegrate against this and use integration by parts to have∫
Ω

n − 1
2 c1(x′, 0)

n−1
2 −1 (∂3

xn
c1(x′, 0) − λ∂3

xn
c2(x′, 0)

)
v(0)vlva dx′

=
∫
Ω

div
(

c1(x′, 0)
n−1

2 ∇
(

w
(al)
1 − w

(al)
2

))
v(0) dx′

=
∫
Ω

(wal
1 − wal

2 ) div
(

c1(x′, 0)
n−1

2 ∇v(0)
)

dx′

+
∫
Γ

c1(x′, 0)
n−1

2
(

∂ν(wal
1 − wal

2 )v(0) − (wal
1 − wal

2 )∂νv(0)
)

dS

+
∫

∂Ω\Γ
c1(x′, 0)

n−1
2
(

∂ν(wal
1 − wal

2 )v(0) − (wal
1 − wal

2 )∂νv(0)
)

dS

= 0.

In the last inequality we used Eq. (5.7), the fact that v(0) solves (5.8) and that wal
j = 0 on ∂Ω for j = 1, 2.

Then using Proposition 5.1 and the positivity of v(0) we can conclude

∂3
xn

c1(x′, 0) = λ∂3
xn

c2(x′, 0), x′ ∈ Ω .

As in the previous case we use induction to show ∂k
xn

c1(x′, 0) = λ∂k
xn

c2(x′, 0) for all k ∈ N. By the above
this already holds for k = 0, 1, 2, 3. Our assumption now is

∂k
xn

c1(x′, 0) = λ∂k
xn

c2(x′, 0), x′ ∈ Ω , for all k = 0, 1, 2, . . . , N ∈ N, N > 3.

By a subinduction we can show that

∂k
l1...lk

u1(x′, 0) = ∂k
l1...lk

u2(x′, 0), x′ ∈ Ω ,

for all k = 1, . . . , N , where ∂k
l1...lk

uj(x′, 0) = ∂kuj(x′,0)
∂εl1

...∂εlk

. This goes in the same way as in the previous case
except the integration by parts argument needs to be done as shown in this case.

Returning to the original induction, the rest of the proof is again the same as in case (2). We only need to
modify the integration by parts argument using again the function v(0) and Proposition 5.1 which finishes
the proof. □
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