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1. Introduction

This article focuses on an inverse problem for the minimal surface equation (MSE), which is a quasilinear
elliptic PDE. In particular we consider MSE on a manifold (R",g),n > 3, where g;;(z) = c(z)di;,
1 <4,j7 <n, with c € C®°(R"), ¢(z) > 0 for all z € R", that is the metric is conformally Euclidean. The
aim is to use the method of higher order linearization to recover information about the conformal factor ¢
from boundary measurements. This method, which uses the nonlinearity of the partial differential equation
as a tool, was first introduced in [18] in the case of a nonlinear wave equation and was further developed
in [7,22] for nonlinear elliptic equations.

The novelty of this work is that we use higher order linearization in the case of MSE. For a sufficiently
smooth function v : £ C R"! — R, £ a bounded domain with C*° boundary, consider Graph, :=
{(z',u(z")) : 2’ € 2} C R™. If ¢ = 1 we would call Graph,, a minimal surface if and only if the function u
solves the Euclidean MSE

div | —Y" ) —0, i 0
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Define then a function F:R" — R,

F(2',u,p, P) := ZP“— (Zpl o (@, u) — O, c(a, u)) (1.1)

where p = (p1,...,pn—1) € R P = (P;) is an (n — 1) x (n — 1) matrix and 2/ € R"~1. With the
conformally Euclidean metric, MSE takes the form

_ T2
F(.TI, u’ vu7 VQU) _ n ]. (vw/c . vu — a:tnc) + M (12)
2c 1+ |V
~ v Vu n (n—1)0,c
N A+ V)2 ) 2e(1 + [VulP)1/2

=0.

for 2’ € 2. Here divy, ,(a) = Y1, (@%a, + Z] 1 a; j> is the Riemannian divergence with respect to
the first n — 1 variables and I ’:l-j is the Christoffel symbol corresponding to the metric g. The derivation of
this equation is done in Section 3.

In this work we consider a boundary value problem

F(z',u,Vu,V?u) =0 in 2
u = f, on 042,

and prove that it is well-posed (Section 2) for a certain class of small boundary values f. To be more precise,
we show that there is § > 0 such that whenever f € C*(0£2), s > 3, s ¢ N, with || f||csp0) < d, there exists
a unique small solution v € C*({2) with sufficiently small norm. Let Us := {h € C*(992) : ||h||csa0) < d}.
Thus the Dirichlet-to-Neumann (DN) map can now be defined for these small solutions as

A Us —>CS‘1(6Q), fl—>a,,u]f|an. (1.3)

Here C* = C** k € Z, 0 < a < 1, is the standard Holder space (see for example [6, Section 5.1]) and 9,u
is the Euclidean boundary normal derivative. One can think of the normal derivative on the boundary as
tension on the boundary caused by the minimal surface. From the knowledge of the DN map, can we recover
information about the metric g?

It is worth noting that there is a small gauge invariance for Eq. (1.2) and thus for the DN map. That is,
if you instead of ¢ put Ac, A # 0, into (1.2), the equation stays the same. Thus also the DN maps A. and
Ax. are the same.

We also consider partial data cases, that is, if we have knowledge of the DN map in an open subset I" of
the boundary 9f2. In this case the partial DN map is defined for f € Us, spt(f) C I, as

AD:Us — C*710802), [ dyuyl . (1.4)

Can we recover information about the metric g if we have knowledge of this partial DN map?
These are our inverse problems for the MSE and our main result gives the following answers. Before
stating it, we denote by FV the function F with ¢ replaced by c¢;.

Theorem 1.1. Let 2 C R"™', n > 3, be a bounded domain with C* boundary, (R™, g1), (R™, g2) be two
Riemannian manifolds with (g;)ix(z) = ¢j(x)dik, where ¢; € C®(R™), ¢j(x) > 0 for j = 1,2 and for all
x € R"™. Assume that 0y, c;(x',0) = 07 ¢;(2/,0) = 0 for 2’ € 2. We have four cases:

2



J. Nurminen Nonlinear Analysis 227 (2023) 113163

(1) Let n > 3 and Ac; be the DN maps associated to

{Fj(x’,u,Vu,VQU) =0, in (1.5)

u = f, on 012,

j=1,2, and assume that

Aey () = Aey (f)

forall f € Us := {h € C*(002) : ||hl|csp0) < 0}, where 6 > 0 is sufficiently small.
(2) Assume either that

(a) n=3, T C 0 be open and I" # () or
(b)) n>3, 2 C{xp_1 >0}, I' CIN be open, I' # O and that 02\ I' C {x,,_1 =0} or
(c) n >3, 2 is a strict subset of some ball B C R"™1 ' C 012 be open, I' # () and that 902\ T C OB.

In addition assume that

A, (f) = A5, (f)
forall f € Us, spt(f) C I', where § > 0 is sufficiently small and Af:; are the partial DN maps associated
to (1.5) forj =1,2.

Then in the cases (1) and (2) we have for X # 0

o7 cr(a!,0) = N co(2,0), in L2, m > 0.

The assumption J,,,¢;(z’,0) = 0 is needed in order for u = 0 to be a solution to (1.5), and this is used to
prove the well-posedness. The condition 8§ncj(x’ ,0) = 0 is assumed in order for the method to work and it
is not known if it could be removed.

As an immediate corollary of Theorem 1.1 we get the following.

Corollary 1.2. Assume the conditions in Theorem 1.1 and assume additionally that c; are real analytic with
respect to x,,. Then for A # 0 we have

c(z) = dea(z), z€ 2 xR

In Section 5 we give a full proof of Theorem 1.1 and as mentioned, it will use higher order linearization
together with complex geometric optics (CGO) solutions. In the proof we first linearize (1.5) at © = 0 and
the DN map at f = 0. We see that the linearization of (1.5) correspond to a conductivity equation where the
conductivity is ¢;j(2’,0). The first linearization of the DN map maps a boundary value f to d,v|g where v
is a solution to the conductivity equation. We will show that ¢;(2’,0) can be recovered up to a multiplicative
constant with the knowledge of this (partial) DN map with the help of boundary determination for a first
order perturbation of the Laplacian from [2] ([10] for n = 3 and [12,29] for n > 3). In the full data case the
higher order linearizations lead to an integral equality

m—+3
/ (07 ey (2,0) — MO ey (a,0)) H o'V da’ = 0.
£ N=1
where v!N are solutions to the first linearization. For the partial data cases, we need a special solution v(%)
which is positive in {2 and vanishes on 92 \ I". With the help of this function we get the integral identity

m+3
/ (O ey (2f,0) = A ey(a!,0)) 0@ T o' da’ = 0.
2 N=1
3
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Again v!N are solutions to the first linearization. In both cases, choosing two of v/~ to be real or imaginary
parts of CGO solutions and the rest equal to 1 we get that 6$L+4cl («,0) = )\8;';”1"’402(96’,0) (for n = 3 [3],
for n > 3 [29]).

This method has received a lot of attention in various situations lately. Linearization has already been
used in a parabolic case in [11] where the author shows that the first linearization of the nonlinear DN map
is the DN map of a linear equation. Thus one can use the theory of inverse problems for linear equations.
Also nonlinear elliptic cases have been studied, for example in [13,28]. As mentioned above, the method
of higher order linearization was first used in [18] for a nonlinear wave equation. After that there were
two simultaneously published articles [7,22] in which higher order linearization was introduced to nonlinear
elliptic equations of the type Au + a(x,u) = 0. The important thing in this method was that it used the
nonlinearity as a tool. In [16,23] the method was further developed for the case Au + a(z,u) = 0 in inverse
problems with partial data. See also [24,27] for more results on the special case of a power type nonlinearity.

After these, there have been several articles using this method for different nonlinear elliptic equations.
Different cases of nonlinear conductivity equations have had a treatment in [4,14]. This method has also been
used in the case of a nonlinear magnetic Schrodinger equation [21] and in inverse transport and diffusion
problems [20]. See also [17] for a semilinear elliptic equation with gradient nonlinearities and [19] for the
case of fractional semilinear elliptic equations.

There are also works in inverse problems that have considered the minimal surface equation. The
Euclidean case has had a treatment in [25] where the authors consider a quasilinear conductivity depending
on a function u and its gradient.

Also while writing this article we have learned that Catalin I. Carstea, Matti Lassas, Tony Liimatainen
and Lauri Oksanen are working on an inverse problem involving minimal surface equation on a Riemannian
manifold in their upcoming preprint [5]. They simultaneously and independently prove a result similar to
Theorem 1.1. In their work it is shown that from the knowledge of the DN map of the minimal surface
equation it is possible to determine a 2-dimensional Riemannian manifold (X, g). We agreed with them to
publish our preprints at the same time on the same preprint server.

This article is organized as follows. In Section 2 we prove well-posedness for a general nonlinear boundary
value problem and we describe the first and second order linearizations for the general case. Section 3 is
dedicated to the derivation of the minimal surface equation on a manifold with conformally Euclidean metric.
Section 4 consists of describing the setting for Theorem 1.1 and then calculating the first and second order
linearizations in this setting. Finally, we will use higher order linearization to prove Theorem 1.1 in Section 5.

2. Well-posedness and linearizations

In this section, we consider general equations F(x,u, Vu,V?u) = 0 and in later sections apply these
methods. Let 2 C R",n > 2 be a bounded domain with C'*° boundary and let F': 2 xR x R™ x R”Q - R,
be a C*° function. Consider next the boundary value problem

{F(a:,u,Vu,VQu) =0, in 2.1)

u = f, on 042,

where f € C*(0f2) and Vu,V?u denote the gradient and Hessian of u, respectively. In addition let
F(2,0,0,0) = 0 which guarantees that « = 0 is a solution to (2.1) with f = 0.

Next we prove well-posedness for (2.1) using the implicit function theorem on Banach spaces [26, Theorem
10.6 and Remark 10.5]. In what follows, we denote for m xn matrices A = (a;;), B = (b;;) the matrix product

A:B= Zm:zn:aijbij

i=1 j=1
4
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and VpF is the matrix with elements Jp, F'. Also a linear differential operator Lu = A(z) : V2u + b(z) -
Vu + c(x)u is strictly elliptic [8] in §2 if for some constants A, A > 0 we have

NEP® < €7 A < AP, ze
for all £ € R™\ {0}. Here A is a symmetric n X n matrix.

Proposition 2.1. Let F: 2 xR x R™ x R = R be a O mapping with F(x,0,0,0) = 0. Furthermore
assume that the map

v L(v) == 9, F(x,0,0,0)v + VF(z,0,0,0) - Vv + VpF(z,0,0,0) : Vv

is injective on HE(£2) and that the operator L is strictly elliptic. Let s > 3,s ¢ N. Then there exists C,§ > 0
such that for any
feUs :={heC(09):|hlcs@pa) <}

the boundary value problem
F(x,u,Vu,V?u) =0, in 2
u = f, on 012,

has a unique small solution uw = uy which satisfies
[ulles(y < Clifllesoa)-
Moreover the following mappings are C* maps

S:Ua—)CS(D), f|—>uf,
AZU[s—)Cs_1<a\Q), f'—>(9VUf|a_Q.

Proof. Let X = C*(02),Y = C*(2),Z = C*2(0) x C*(912) and
T:X xY = Z, T(fu)=(F(z,u,Vu, V?u),ulsn — f)
Since u|pq, f € C*(02), u € C5(2) and F € C*, the map T really has this mapping property.

Next we show that the map u + F(x,u, Vu, V2u) is a C> map C*(2) — C*~2(). This is done by using
a Taylor expansion. Write A = (z,p, P) € R x R™ x R and expand F(z, ) at p € Rx R® x R™:

DeF(z,\)
F(z, A+ p) = Z HTH + Z Ro(A + p)u®,
lal<k |8|=k+1
where .
Rg(\+p) = |§| (1—t)FI DIF (2, A+ tp) dt.
- JO

Now let u € C*(2) be fixed, A\ = (u, Vu,V?u) and let u = (h,Vh,V2h),h € C°(2) be such that
[tll o1y < 1. Tt is enough to show that the map u +— D¢ F(x,u, Vu, V?u) is continuous for all o and

Rg(A+p) =o(p*) in C*(02).

Firstly, since the composition of a C* function F with a C*~2 function is again a C*~2 function
[9, Theorem A.8], we have the continuity. The space C*({2) is an algebra under pointwise multiplication

5
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[9, Theorem A.7], and thus

IRs O+ i oy < € (1RO + )l 1l gy + 1RO+ w)lles o 11 e )
< ClIRs A+ Wl lllE )

Eis -
< Clulgs oy gy | (=0 HIDEF @A+ )l ox (ot
L ! 18]—1
< CF,uH/J’”Cs(Q)ﬁ ; (1-1) dt

where HDﬁF(m, A+tp)ll s o) is uniformly bounded in ¢ € (0,1) and the bounding constant may depend on
u and F. This is due to F being a C*° function and that u € C*(£2). Now the remainder satisfies

H > RB()\+M)NB’

|8l=k+1

os@ < Cl(h, VR, V2R)||EL g

and hence the map u — F(z,u, Vu, VZu) is a C> map C*(2) — R.
By the assumption F(z,0,0,0) = 0 we have T'(0,0) = 0. Also D, T(0,0) is linear and

D,T(0,0)v = (0, F(x,0,0,0)v + V,F(x,0,0,0) - Vo + VpF(zr,0,0,0) : VZv,0[50).

The mapping v — L(v) is injective and v = 0 is a solution to

(2.2)

0y F (2,0,0,0)v + V,F(x,0,0,0) - Vo + VpF(z,0,0,0) : Vv = H, in 2
v =g, on 042,

when H = g = 0. Using Fredholm alternative [8, Theorem 6.15] the boundary value problem (2.2) has a
unique solution for all H and g. Thus D, T(0,0) is surjective.

Then by the implicit function theorem there exist § > 0 and U; := B(0,d) C X = C*(9£2) and a C* map
S:Us — Y = C*(R2) such that T(f,S(f)) = 0. Also, for small enough f € U (not necessarily the same 4)
and uy € C*(2), S(f) = uy is the only solution of T'(f,us) = 0. Moreover, since S is Lipschitz continuous
and S(0) =0, for u = S(f) we have

lulles @y < Clliflles@on)-

Also the mapping 4 is a well defined C°° map between Us and C*~1(942) since taking a normal derivative
is a linear map from C*(£2) to C*~1(902). O

In order to use the method of higher order linearization, we calculate formally the first and second order
linearizations of (2.1) and the corresponding DN map. This formal looking calculation can be justified as
in [22].

Let us begin by assuming that for

{Fj(x,u,Vu, VZu) =0, in (2.3)

u=f, on 042,

Jj = 1,2, we have Ap1(f) = Ap2(f) for all f € C*(92) with |[f|cs@e) < d, for § > 0 sufficiently small.
In order to find the linearizations, let e1, ..., ey be sufficiently small numbers and fi, ..., fir € C*(0£2). Let
uj(z,e1,...,ex) be the unique small solution to

{Fj(x,uj7Vuj,V2uj) =0, in £ (2.4)

k
Uj = Zm:1 Emfm, on 042,
6
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for j = 1, 2. Differentiate this with respect to g;, I € {1,...,k}, and evaluate at e; = --- = ¢ = 0 to get

{8qu(a:,0,0, 0)v} + V,F(2,0,0,0) - Vol + VpFi(2,0,0,0) : V20, =0, in £ 25)

vé- = fi, on 042,

where vt = Oz, uj(x, €1, .. ,Ek)’ . The boundary value problem (2.5) has a unique solution if we

J
assume that the map

g1=-=€=0

v+ L(v) = 0,F9(x,0,0,0)v 4+ V,F’(2,0,0,0) - Vv + VpFi(z,0,0,0) : Vv

is injective on H}(§2) and assume strict ellipticity of the operator L. At this point, we would like to see
what exactly is the first linearization and see if some information can be recovered about the coefficients
0uF7(2,0,0,0), V,F’(z,0,0,0), VpFi(z,0,0,0) from the knowledge of the DN maps corresponding to (2.3)
for 7 = 1,2. What actually can be recovered depends on the equation at hand.

Let us next differentiate (2.4) first with respect to €; and then with respect to e,,a # I:

I; =02 _ F'(z,uj, Vu;, Vu;)

€a€l

=0, (8uF (x,uj, Vu;,V uj)agluj)

+ Oe, (Z 8,,2.Fj (z,uj, Vuy, V2uj)8xiagluj>

=1

+ O, Z op; I (x,u;, Vu;, V uj)ﬁijmkﬁsluj
7,k=1

=L+ 1L+ 13

Then we expand these one by one:

Iy = 0,F702 _uj+ 0 F10.,u;0-u; + > 0p,0uF 0y,0:,1;0:,u;

€afl
i=1

n

J 52 ) )

+ E Op;, OuF’ 396]_%35“%851%,
k=1

Lia=> <a 70,02, + 00y, FI 02110y, 021
=1
+ Zaprapipiawa%uja%aquj + Z Op,,0p, FI O3 xkagaujaxiagluj)

r=1 J,k=1

Ij,3 = Z <6P Fjai xkagaelu] +8 813 kFaé‘aujax wkaaluj

jk=1

n n
+ Y 0,0y I 00,0:,u;0; 4, Ocyus + Y Op,, Oy IV aﬁrlta%ujagjxkaquj)

i=1 rit=1
Evaluate I; at e; = --- = ¢ = 0 and denote wj (83,161 u;)(,€1,. -, €k)|ey=.mep—0 tO have
Ij = 0,F7(2,0,0,0)w’"™ + 82F7(x,0,0,0)v'v (2.6)

+ ((Vp(0uF"))(z, 0 0,0) - Vo + (vp(auFﬂ))(x,o7o70) L V2% ot
+ V,F(2,0,0,0) - Vool + (V,(8,F7))(2,0,0,0) - Vol
7
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+) (V05 F7)) (,0,0,0) - Vo' + (Vp (3, F7)(2,0,0,0) : V20*)) dy,0"
=1
+VpFi(2,0,0,0) : V2w!™ + (Vp(8,F7))(2,0,0,0) : V2ulo®

+ Y ((vp(apijj)) V0 + (Vp(@p,, F7)) (2,0,0,0) : v%a) &2, 0!
jik=1

Thus w](-al) satisfies the boundary value problem

Ij = 0, in 2
(al) (2.7)
w; ' =0, on a1.
Next we would like to integrate Iy — I5 against a solution to the adjoint of
OuF (2,0,0,0)0% + V,F (2,0,0,0) - Vol + VpF(2,0,0,0) : V20! =0
and use the assumption that the DN maps associated to (2.3) coincide for 7 = 1,2 together with a

completeness result to recover information about the coefficients of I; and I5. Again the information that can
be recovered depends on the equation and below this method is applied in the case of the minimal surface
equation.

What we would do next is to use an induction argument to show that from higher order linearizations it
is possible to recover more information. This too will be specified below.

3. Mimimal surface equation on a Riemannian manifold

In this section we derive Eq. (1.2). Let (M, g), M = R"™, n > 3, be a Riemannian manifold with the metric
gij(xlaxn) = C($/,$n)6i]‘, (31)

where
(2 2,) ER"I xR, c € C®(R"), ¢(z) >0 forall xcR"™

These assumptions are valid for the rest of the article, unless otherwise stated.
Let u: 2 C R* ' - R, u € C?(12), and consider the graph of the function u

Graph,, = {(z/,u(z")):2' € 2} C M.

This graph is a minimal surface if and only if its mean curvature H is equal to zero at all points on the
graph. By defining
FOXR =R, f(2 2,) =z, —u(z'),

the graph of u is the surface
Y={( z,) € 2 xR: f(a',z,) =0}

The mean curvature of X' at x € X is the sum of principal curvatures. We omit the normalizing factor
1
n—1
Riemannian gradient and Hessian of a function f: M — R:

when calculating the mean curvature. In order to calculate the principal curvatures, we introduce the

Vof =970, f05,, V2f= (agﬂj f=T"0,., f)

8

n
.. ?
1,5=1
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where ¢% is the inverse of gij and I'";; = %gml(amigjl + azjgil — 04,9i5) is the Christoffel symbol related to
the metric g. Define also the Laplace—Beltrami operator, which is a trace of the Hessian (this is one way of
defining it), and the norm of the gradient:

Agf =Te(V2f) =g (82,0 f = T"300,f ) o IVofl) = g"0u SO0, .

Now the principal curvatures of X at x € X are the eigenvalues of Vg f(x) restricted to the tangent space
T,X at x. Since % is a normal to X at the point x, we have T, X = {V,f(z)}*+, or in other words,
the tangent space T, X is the orthogonal complement of the vector V f(x).

Let {F1,..., E,_1} be an g-orthonormal basis of T, XJ. Then {El7 o Eal, |vvgff(( ))‘ } is an orthonormal
basis of R™. Now the mean curvature of X at € X' is the trace of ng( )|{ng(m)}¢

n—1

H(z) = Z(V?;f(x)Ei,Eﬁ

=1

2 2 ng(x) Vf()
_Zv z) By, ;) + (Vi f(z)) (IV )

of @), Ve f (@)

— (V2 f(x Vg f(z)
(Vaf( ”(w e

|
= Tr(V2f(x) = [V f(2)], 2 (Vif(2) (Vg ) of (2))
= Agf(z) = Vo f(@)];2 (Vi f(2) (Vof (), Vo f(x)).

Thus Graph,, is a minimal surface if and only if
|ng($)\§Agf(ar) — (V?f(a:)) (Vof(z),Vyf(z)) =0 forall z € Graph,. (3.2)

Next we will calculate the minimal surface equation more explicitly using the conformally Euclidean
metric (3.1). Now g" = ¢718;; is the inverse matrix of (3.1) and thus

Vol =Y 00 f0u; [Vofl2=c""> 0u,fOn,f.
j=1 i=1

Also the Christoffel symbol can be simplified by letting A = = 1ogc and hence 0, A = 3 c 1o, ;¢ Then
m 1 ml
I, = 59 (8xigjl + 0,9 — 8xlgij>

= %o*l (amiccsjm + O, dim — Oay C5ij)

= 90, AGjun + O, A, — Dy A3y

Let us next calculate the two parts of (3.2) separately, starting from

CIVofAgf = (Z 3zif3zif> SN2 f-> D 6y | on, f
=1 =1

m=1 \1i,j=1
i=1 m=1

9
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and the other part becomes

PV2F (V. V)
= (02,0 -1 axmf) €g"“Or, f o400, |

-y (aﬁm - Z (aximjm + O A — 8xm)\5”> O f) 00, 0s, f

ijfl m=1
_ Z ( oy f = 0 X0y f = 0 N0, f + (Zn: Dy Ao, f) 5ij> 00, 0s, f
=1 m=1
= Z (02,0, — 200,200, 1) 02, f 0, f + <Za 7o, f> (Z 8zm)\asz> .
J=1 = m=1

Now

CIVf2Agf = PVof (Vof,Vof)

(i (92,f) )(Z 02, f +(n—3 Zazmwmmf>

m=1
_ Zn: (2,0, F — 200,204, £) 0, fO, 1
ij=1

Plugging the above to (3.2), we get that X' is a minimal surface if and only if

<Z ) (Z 02y f +(n—3 Z L,,Aaﬁ,Lf) (3.3)

[ =1

=1
i (02,0, 1 = 200,202, 1) 02, 0r, f = 0

forz € X.
Insert next f(a’,x,) = x, — u(z’) to the above in order to get an equation in terms of the function w.

Then the first line of (3.3) becomes (note that 9, u = 0)

n

(Z Oin — 2(5m8%u + (8%'“)2) (_ ailmzu + (n — 3) Z &Cm)\(émn — awmu)>
=1 =1 m=1
= (1 + |vu\2) (—Au+ (n — 3)(Day A — Var X - Vi) .

The second line is equal to

= 3 (=021 — 200 X — 02, 1)) (Dinjn — OinD, 1 — 8Dt + D,y 1)

i,j=1
n n—1 n—1
= Y 03 u0pudy w4 20, A =2 0y Ny u+2) D, M(Daju)’
i,j=1 i=1 j=1
n—1
— 2 ) 02, A0, u(0,u)’
ij=1

= Vu ' VuVu + 20, A — 2V X - Vu + 20,, \|Vul> — 2V X - Vu|Vaul?
= Vu ' V2uVu + 2 0z, A — Vg X - V) (14 |Vul?).

10
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Combining these two, we get that Graph, is a minimal surface if and only if the function u satisfies the
following minimal surface equation
VuTV2uVu n—1

- dut = Caf 2 a(e) (Vare(@ (@) - Vu — 9y, c(2’,u(2')) = 0 (3.4)

for all 2/ € £2. Multiplying both sides with (1 + |Vu|?)~/2 gives

dgi Vu nil Oz;u Oz ;€03 n (n—1)0g,c
—div _
(1+ |Vul?)1/2 (1+ \Vu|2)1/2 2¢ 2¢(1 + | Vul?)1/2

ij=1

n—1
= —div —V Z .+ (n =10, c
(14 |Vul>)1/2 1+|Vu| )20 9e(1 4 |Vul*)1/2

. Vu (n—1)0,c
= —divg,_, 2 + 2
(1+ |Vu|7)1/2 2¢(1 4+ |Vul|)1/2

=0.

In the Euclidean setting, ¢ = 1, this is the more familiar Euclidean minimal surface equation.

4. Preliminaries for the higher order linearization

In this section we use the method of higher order linearization on the minimal surface equation derived
in the previous section. From now on, assume that 2 C R®! is a bounded domain. Let us start by looking
at the assumptions of Proposition 2.1, where it is assumed that u = 0 is a solution to (3.4). This leads to
the condition that

Oy, c(2',0) =0, 2’ €, (4.1)

which can be seen as follows. For a constant function u: 2 — R,u(z’) = d to be a solution to (3.4) is

equivalent with
n—1

2¢(2’,d)

which is equivalent with 9, ¢(z’,d) = 0 for all 2’ € 2. The assumption (4.1) comes by setting d = 0.

Op,c(x’,d)=0 forall 2’ € 02,

Next we will focus on the boundary value problem (2.1) in the setting described above and calculate
the first and second order linearizations of (2.1) and the corresponding linearizations of the DN map. This
could be done directly from (3.4) but we will follow the general method in Section 2 and begin by defining
a function F:R™ — R,

F(2' u,p, P) = ZP“— (Zpl o (@, u) — O, e u))
— 3 Z ijPiDj-

1+|| =1

Here p = (p1,...,pn—1) € R"" 1, P = (P;;) isan (n — 1) x (n — 1) matrix and ' € R"~!. Then (3.4) is
equivalent with F(2,u, Vu, V2u) = 0 for all 2’ € £2.

Let us start with the first linearization. For this, let ' € £2. As shown in Section 2, we need to differentiate
F with respect to u,p and P. The first derivatives with respect to variable P are

PrD1
5
1+ |p|

aPle(xlauvpv P) = _5kl +

11
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When evaluated at e = --- = ¢, = 0, we get
813le($/, 0, 0, O) = _6kl~

Next calculation is V, F":

n—1
n—1 2pk
817 F(x/au>pa P) = _7890 C— ———>5= P”pzpj
k 2c k (1+ [p*)? MZZI
1 n—1
Pi;( + 81p1)
PRRERES Z Z] Ncpj jkDi
1+ pl” 52
n—1
n—1 2pk
=———90 C‘izpup'p'
® 2 1jPiDj
2c k (1+ [p|*)2 =
Pk]pj + szPi
Ty \pl jzl Z
Setting €1 = - - - = g = 0, this becomes
-1
aka(x’7O70,0) 271( O)a (.T/,O).
clx

Since the solution operator S from Proposition 2.1 is smooth, the solution u(z’,¢) depends smoothly on
and thus u(a’, 5>|51=~-=ak=0 = 0. Hence the coordinate z,, is 0 since we are on the graph of w.
What is left to calculate is the derivative 9, F"

n—1
2¢2

n—1 n—1
n—1 n—1
+ ?axnc ;_1 axi Ccpi — o0 ;_1 axiaxn Cpi-

Hence, when evaluated at ey = --- =, =0

-1
OuF (2, u,p, P) = — (O, €)% + nTé'znc

-1
D52 c(a!,0),

uF la s Yy = 577 A
d.F(a',0,0,0) 2l 0]

since 0y, c(x’,0) = 0.
In Theorem 1.1 the condition 92 c¢(a’,0) = 0 is assumed and thus

0, F(2',0,0,0) = 0. (4.2)
Now the first linearization (2.5) is the following boundary value problem

-1
Avt + va/c(x’, 0)-Vol =0, in 2
20(:10’7 0) (4_3)

ol = fi, on 942.
By multiplying the first equation in (4.3) with ¢(z/, O)HT_1 we see that (4.3) is equivalent with

div (c(m’,O)nTilel) =0, in {2

vl = fi, on 0{2.
12



J. Nurminen Nonlinear Analysis 227 (2023) 113163

Hence the first linearization of the DN-map (1.3) at f =0 is
(DA:)o: C*(002) = C°71(00),  f = dyvy| (4.4)

In dimension 3—1 = 2 one can recover ¢(z’, 0) up to a multiplicative constant using a boundary determination
result [2] together with the knowledge of the partial DN-map [10]. When n > 3, ¢(2/,0) can be recovered,
again up to a multiplicative constant, combining the same boundary determination result and the DN
map [29] or the partial DN map (when (2 is as described in Theorem 1.1 part (2) [12]). Details will be
shown in the proof of Theorem 1.1.

For the second linearization, as can be seen from (2.7), second derivatives of the map F' need to be
calculated. Firstly

op,,0p, F (2’ u,p, P) =0,
Op, 0uF (z',u,p, P) = 8,0p,, F (' ,u,p, P) = 0

and hence, when evaluated at e = -+ = ¢ = 0, these vanish. Let us next calculate other mixed derivatives.
Now
0,.00, F(z/,u,p, P) — — 2P b (Gropt + Giepr)
ps VP, T ,u,p, = 5 PkPI T 5\ 0ksP1 1sPk
" (L+[pl")? 1+ |p|
and when evaluated at ¢ =¢e,=0

8p58ple(x’, 0, 0, 0) = (“)plepSF(x’, 07 0, 0) =0.

Also 1 1
n— n—
3pk8uF(9:/,u,p, P) = ?&Encazkc — Tcaxkaznc

Setting 1 = -+ = g = 0 we have
8pk8uF(x', 0,0,0) = (“)uaka(a:', 0,0,0) =0,

since Oy, Op,c(2’,0) =0for k=1,...,n -1
What is left are the second derivatives with respect to the variables p and u. Let us start from the variable

p:
2§ n—1
3p33ka($l7U,p» P)= S]; Z Pijpip;
(1 + |p| )2 Q=1
*4]) n—1 1 n—1
-2 | ———5— Pijpip; + ————— P;j(6ispj + 05sDi)
Tl TR
- Z Pyjp; + Z Pyp; | + %(Pks + Pgy).
(1+ Ip\ = 1+ [p|
Hence when evaluating at ey = -+ =¢,, =0

B, 0y, F(z',0,0,0) = 0.

For the variable u the second derivative reads

L_l(awnc)a? _ Maﬂcncaﬂ%nc

auauF /7 s aP =
(', u,p, P) 502

03
n—1.,5 n-1 5 =
+ 0, ¢ =~ (02,0)° D Doy

13
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n—1 n—1
n—1 9
+ 2¢ (a:r:nc Z Oy, cpi + Oy, C Z Oz, Ox, cpl->

i=1 =1
n—1
3%026%3%01% - T;
=1
Thus, letting at e =--- =¢;, =0
2 o on—1 4
3uF(x/,0,0,0) = maxnc(x',()).

Let us plug the calculated derivatives in (2.6) to find out what is the second linearization:

I=5051-02 c(z’, 0)yw() 4 _n=L 92 c(x!,0)vv® — #‘,}O)Vﬂc(:ﬂﬂ) V'™ — Agled),

2¢(z’,0) 2¢(a’,0)
Here v®, v! satisfy (4.3) with corresponding boundary values. Now the function w(®) = (862051 uw)(z',0,...,0)
solves
Aw@) 4 mvwlc(x’,O) - Vw(ed)
+201(9c’n0) 82 (:l: ’O)w(al) + 201(z’n0) 83 (:l:/, O)UIUG = 0’ in 02 (4'5)
w() =, on 0f2.
In Theorem 1.1 there is an assumption that 92 c(2’,0) = 0 and thus the term #f,lo)agnc(z’,())w(al)

vanishes. Now the boundary value problem (4.5) is equivalent with

div (c( L 0) T Vw(“l)) =le(a, 0)7*183 c(z',0)v'v® =0, in 2 (46)
wle) =0, on 012. .

5. Proof of Theorem 1.1

Now we use the method of higher order linearization to prove our main result. This will also make use of
the linearizations calculated in the previous section. Before the proof we state a proposition which says that
products of solutions to the Schrédinger equation form a complete set in L!(£2) for n > 2 (when n > 3 [29],
when n = 2 [3], see also [1] and [23, Proposition 2.1] where this result is stated in the following form).

Proposition 5.1. Let 2 C R*,n > 2, be a bounded domain with C* boundary, qi,q2 € C® () and let
f e L>®(R2). Assume that

/ fvivadx =0,
Q
for all vj solving (—A + ¢;)v; =0 in 2. Then f =0 in (2.

Proof of Theorem 1.1. The assumptions of Proposition 2.1 hold for our case and thus (1.5) is well-posed.
Assume now that we have two conformal factors ¢;, co on the manifold M. As in Section 2, let €1,...,en41
be sufficiently small numbers, € = (e1,...,en+1), f1,---, fn+1 € C*(012) and u;(z,€) be the unique small
solution to
Fi(z,uj, Vu;, V?u;) =0, in £
{uj = ZNH Emfm, on 042,

for j = 1,2, where F7 is (1.1) with ¢ replaced by c¢;.
The proof now divides to the cases (1) and (2) and we will prove first (1). It is the most straightforward
of these cases and the other cases are proven similarly with only minor modifications.

14
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Case (1): Assume now that
Aey (f) = Aey (f) (5.1)

for all f € C*(812) sufficiently small. Now we have the corresponding F'!, F? and the first linearization of
A is (4.4), with ¢(2’,0) replaced by ¢;(z’,0), which corresponds to the conductivity equation

div (cj(x’70)nT71Vv§») =0, in {2

(5.2)
vh = fi, on 042,

for j =1, 2. Using boundary determination from [2] for the case of Laplacian with a convection term we get
for o' € 002

VZIC1($,,O) _ VI’C2($/50)
ci(z/,0)  ea(2’,0)

— Vx’ (ln(cl (xl7 O))) = Vm’ (IH(CQ(Z‘/, O)))

From this we get that V(In(cq(2/,0)) — In(ce(2,0))) = Vo (111 z;g:g;) = 0 which then implies that
c1(z',0) = Aea(2/,0) for &' € 92 and A # 0. (We cannot use boundary determination for the conductivity
equation (e.g. [15]) because the DN maps are different: here f +— 8l,vf|69 instead of f — ¢q (2, O)8va‘an.)
It is known that the knowledge of this linearized DN map combined with ¢;(z’,0)|a = Aca(z’,0)|gq gives
us c1(a’,0) = Aea(2/,0) in 2 [29)].

By the gauge invariance of (4.3) (replacing ca(2,0) = A~ tci(2/,0)) we have that fué- solves the equation

div (cl(ac 0)“7 T Vol ) =0, in {2
v;- = fi, on 0f2.

Since solutions to this are unique, we define v! := v} = v}.

For recovering the higher order derivatives of ¢;(x’,0) we can use the second linearizations (from (4.6))

div (c](a: 0)" 7 Vw(al>— n=lei(a, 0)" 7 193 cj(a’,0)v'v* =0, in 02

5.3
w§al) =0, on 0f2. 5:3)

corresponding to j = 1,2. Notice that if we replace ca(z’,0) by A~1ci(z/,0) in (4.5), except in the third
order derivative, we get that w§! solves

div (cl(:r 0)" 7 Vw(al)) Lo (2, 0)z 193 Lca(a’,0)vlv* =0, in £2 (5.4)
D.
wéal) =0, on 0{2.

Subtract now (5.3) for j = 1 from (5.4), integrate against v = 1 (solution to the first linearization) over (2
/ div(e; (x’,O)nTAngal) — cl(x',O)nT_leéal))
Q

- (n21 (0%
=0

n—1
2

cl(:c 0) — A cl(x/,O)T183n02(r’,O)> vlo® do’

15
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and use integration by parts to have

0 :/ c1 (2, 0) (Vw(al) v— Vwéal) . 1/) as
o0

:/ div(cl(x’,O)nT_legal)—cz(m’,O) = vwl™) da’!
Q

1 -
= / n 5 c;l(ac’,O)Tl_1 (92 c1(2',0) — AD3 ca(a’,0)) vio® da'.
Q

This is true since by (5.1)
avul}ao = avu?’ao

and applying 0., 0, ’5:0 to this implies
8,,w(“l ’aQ =0, w2 )|ag7 for a,l € {1 k}

Thus
n—1
/ er(2/,0) = 71 (03 e1(a’,0) = NI co(2',0)) v'v®da’ =0 (5.5)
o

for any v?,v! solving the conductivity equation (5.2). A solution to (5.2) is equivalently a solution to

Az/c-(zl,o)o‘/2 .

gl = c;(a, O)"‘/Qfl, on 042,

n—1

where a = 5=, g = (e, 0)"/27)1 and A, denotes the Laplacian with respect to the first two variables.

Hence by using the fact that a product of a pair of solutions (Proposition 5.1) is dense in L'(£2), we get

x

92 c1(2',0) = A02 cx(2',0), 2’ € 0.

Also (5.3), (5.4) together with the previous equality and ¢1(z’,0) = Aca(2/,0), gives the following boundary
value problem
div (cl(x 0z =V ( (al) _ éal))) =0, inf
w§“” — wéal) =0, on 0f2.
This has a unique solution and thus wgal) = wéal).
Next we use induction to show 9% ¢1(2/,0) = A% ca(a’,0) for all k € N. By the above this already holds
for £ =0,1,2,3. Our assumption now is

O c1(2',0) = A0F ex(2’,0), 2’ €, forall k=0,1,2,...,NeN,N >3.

Let us do a subinduction to prove

alkl...lkul(xlvo) = alkl...lkUZ(x/a 0)7 s *Qa
forall k=1,..., N, where 0f ; u;(a’,0) = gslu’:_(gglo Above we have shown this for k£ = 1,2. Assume that
1 k
it holds for k¥ < K < N. Then the linearization of order K + 1 is, when evaluated at ey = --- = €41 = 0,
div (cj (@, 0)" TV (af”}m -(x',()))) + Ry (uj, ¢;(2', 0),0) (5.6)
K+1
+ Cej(a, 0)**131(+2 (2, 0) (H v(lk)> =0,
k=1

16
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z' € 2, where C' # 0. Actually C' = 5=, since it comes from the u derivatives of F' and is the constant 5=
appearing in front of the second term of F. Also, here R is a polynomial of agljncl7 (2! ,0),8f1'..lku1 (2’ 70)
and the components of V. (af.ncj(x’ 7O)). Now an integration by parts argument similar to the case of

the second linearization and together with Proposition 5.1 (choosing v® = ... = of+1

OET2¢y(2/,0) = NOK+2¢y(a,0).

Subtracting Egs. (5.6) (similarly as for Egs. (5.3) and (5.4)) for j = 1,2 we get

= 1) gives

div (cl(:c',O) TV ((9K+1

lKJr

uy(2/,0) — 0f (x',o))):o, in

a0 - 0l
1l K41

ug(2’,0) = 0, on 92.

o

This is true, since by induction assumptions for all #’ € 2 we have Vs (0F ¢1(2/,0) — 8% cao(2’,0)) =

and the other terms agree for j = 1,2, k < K. Again, by the uniqueness of solutions, 8K+Z1K+1u1 (2',0) =
8K+llK u2(2’,0), 2’ € £2, which ends the subinduction.
Returning to the original induction, the linearization of order N +1 at e =--- =en41 =0 is

div (cj(x/,O)n ‘v (5N+11N+1 '(CE',O)))

N+1
+ RN+1(U]',CJ'(I/,O) )+OCJ(1' 0)7718N+2 (l’l,O) (H v(lk)> = O,

k=1

x’ € {2. By the subinduction, the terms Ry (u;,c;j(z’,0),0) agree for j = 1,2. Thus by subtracting, using

integration by parts and that d, 8N+11N+1u1(x’, 0)lag = 0,0, +11N+1u2(:v', 0)|on we get
» N1
/ c¢j(2',0)7Z 1 (0N *2ei(27,0) — AON TPea (2, 0)) H o'k da’ = 0.
2 k=1

Choosing all but two of the functions v'¢ to be equal to 1, we have by the completeness of such solutions
(Proposition 5.1) that

ONFT2ei(2),0) = NON T2ey(2’,0), '€ 02,

which ends the proof for case (1).

Case (2): Now we assume that the partial DN maps coincide for f € Us, spt(f) C I'. Then, as in
the previous case, from the first linearization we get c1(z’,0) = Acz(2/,0) in 2 (using first the boundary
determination from [2], then [10] for n = 3 and [12] for n > 3). Now define v' := v} = v}, again by uniqueness
of solutions.

Moving to the second order linearizations and recovering higher order derivatives produces some extra

work since we only have partial data. From the assumption that the DN maps coincide we get
8w1l‘p—6 ’LU2 ’F (57)

If we would now integrate the difference of (5.3), for j = 1, and (5.4) against v = 1 and integrate by parts,
some terms would not cancel out. Let us instead introduce the function v(®) which is a solution to

div (cl(x 0)“ 7 Vy(())> =0, in

0@ =0, on 0N\ T (5.8)
0@ = g, on I,

17
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where g € C°(I') such that ¢ > 0 and g # 0. Then by the maximum principle v(*°) > 0 in 2. Now we
integrate against this and use integration by parts to have

1 -
/ o 51 (atr’,O)Tl_1 (83 c1(x',0) = AD2 ca(a’,0)) vDvlo® da’
Q

. . n-1 al) (al) (0) ’

= [ div(ei(2,0) 7 V (w!™ —w v\ dx

i (e (i - us™))

(wi — wsh) div (01 (o, O)nT_IVv(O)) da’

e1(@!,0)7 (9 (wi! — wgho® — (i — wg9,v®) ds

+ [ @0 (i - wgh® — i - ug)a,0®) ds

In the last inequality we used Eq. (5.7), the fact that v(®) solves (5.8) and that w}” =0on 9 for j =1,2.
Then using Proposition 5.1 and the positivity of v(?) we can conclude
92 c1(2),0) = N0 co(a’,0), 2’ €.
As in the previous case we use induction to show 9% c;(z/,0) = AOE c5(a’,0) for all k € N. By the above
this already holds for k = 0,1, 2, 3. Our assumption now is

O ci(2',0) = \0F ex(2’,0), 2’ €, forall k=0,1,2,....,NeN,N >3.

x

By a subinduction we can show that

a,

1eli

ul(x’,O)zalkl_ ug(2',0), 2’ € 0,

g

oFu (! 0) . . . .
(! — g\t
u;(2',0) = R This goes in the same way as in the previous case

forall k =1,...,N, where 8lk1mlk
except the integration by parts argument needs to be done as shown in this case.

Returning to the original induction, the rest of the proof is again the same as in case (2). We only need to
modify the integration by parts argument using again the function v(®) and Proposition 5.1 which finishes

the proof. O
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