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RESUME

Nous obtenons une preuve analytique pour l'estimation asymptotique de Hélder

et I'inégalité de Harnack pour les solutions d’une équation de programmation dy-

namique discréte. Les résultats se généralisent également aux fonctions satisfaisant

les inégalités de type Pucci pour des opérateurs extrémaux discrets. Ainsi, les ré-

sultats couvrent une classe d’équations suffisamment générale.
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1. Introduction

Recently a quite general method for regularity of stochastic processes was devised in [1]. It is shown that
expectation of a discrete stochastic process or equivalently a function satisfying the dynamic programming
principle (DPP)

uw) = [l +edn @)+ [ uwdy+ ) 1)

RN B.(z)

where f is a Borel measurable bounded function and v, is a symmetric probability measure with rather
mild conditions, is asymptotically Holder regular. Moreover, the result generalizes to Pucci-type extremal
operators and conditions of the form

where LT, £- are Pucci-type extremal operators related to operators of the form (1) as in Definition 2.3.
As a consequence, the results immediately cover for example tug-of-war type stochastic games, which have
been an object of a recent interest.

The proof in [1] uses probabilistic interpretation. In the PDE setting the closest counterpart would be
Krylov-Safonov regularity method [11]. It gives Holder regularity of solutions and Harnack’s inequality for
elliptic equations with merely bounded and measurable coefficients. The next natural question, and the aim
of this paper, is to try to obtain an analytic proof. In the PDE setting the closest counterpart would be
Trudinger’s analytic proof of the Krylov-Safonov regularity result in [21].

The Holder estimate is obtained in Theorem 4.7 (stated here in normalized balls for convenience) and it
applies to (1) by selecting p = sup | f|:

Theorem. There exists g > 0 such that if u satisfies LITu > —p and LZu < p in By where € < &g, we have
for suitable constants

lu(z) —u(z)] < C (sup lu| + p) (|a: — 2|7 -|-57>
B
for every x,z € By.

After establishing a Holder regularity estimate, it is natural to ask in the spirit of Krylov, Safonov and
Trudinger for Harnack’s inequality. To the best of our knowledge, this was not known before in our context.
The regularity techniques in PDEs or in the nonlocal setting utilize, heuristically speaking, the fact that
there is information available in all scales. Concretely, a rescaling argument is used in those contexts in
arbitrary small cubes. In our case, discreteness sets limitations, and these limitations have some crucial
effects. Indeed, the standard formulation of Harnack’s inequality does not hold in our setting as we show
by a counter example. Instead, we establish an asymptotic Harnack’s inequality in Theorem 5.5:

Theorem. There exists eg > 0 such that if u satisfies LITu > —p and LZu < p in By where € < ¢, we have
for suitable constants
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supu < C (infu+p+52’\supu) .
B1 B B3

Both the asymptotic Holder estimate and Harnack’s inequality are stable when passing to a limit with
the scale e, and we recover the standard Holder estimate and Harnack’s inequality in the limit.

The key point in the proof is to establish the De Giorgi type oscillation estimate that roughly states
the following (here written for the zero right hand side and suitable scaling for simplicity): Under certain
assumptions if u is a (sub)solution to (1) with u < 1 in a suitable bigger ball and

[Br N {u < 0} = 0|Brl,
for some 6 > 0, then there exist > 0 such that

supu <1 —mn.
Br

This is established in Lemma 4.5. Then we can obtain asymptotic Hoélder continuity by a finite iteration
combined with a rough estimate in the scales below .

It is not straightforward to interpret the probabilistic proof in [1] into analytic form to obtain the proof
of Lemma 4.5. Instead, we need to devise an iteration for the level sets

A={u> Kk} and B={u> Kk'fl}.

It seems difficult to produce an estimate between the measures of A and B by using the standard version of
the Calderén-Zygmund decomposition. The equation (1) is not infinitesimal, but if we simply drop all the
cubes smaller than of scale € in the decompositions, we have no control on the size of the error. To treat
this, we use an additional condition for selecting additional cubes of scale £. On the other hand, additional
cubes should belong to the set B above, so there are two competing objectives. Different nonlocal analytic
arguments, Alexandrov-Bakelman-Pucci (ABP) type estimates, and suitable cut-off levels will be used.

Unfortunately, but necessarily, the additional condition produces an error term in the estimate between
measures of A and B. Nonetheless, we can accomplish the level set measure estimate in Lemma 4.4 which
is sufficient to get the De Giorgi oscillation lemma.

The Holder estimate and Harnack’s inequality are key results in the theory of non-divergence form elliptic
partial differential equations with bounded and measurable coefficients. They were first obtained by Krylov
and Safonov in [11,12] by stochastic arguments. Later, an analytic proof for strong solutions was established
by Trudinger in [21], see also [10, Section 9]. In the case of viscosity solutions for fully nonlinear elliptic
equations, the ABP estimate and Harnack’s inequality were obtained by Caffarelli [6], also covered in [7,
Chapters 3 and 4]. For nonlocal equations, such results have been considered more recently for example in
[8] or [9]. In the case of fully discrete difference equations, we refer the reader to [13].

There is a classical well-known connection between the Brownian motion and the Laplace equation. The
dynamic programming principle (1) is partly motivated by the connection of stochastic processes with the
p-Laplace equation and other nonlinear PDEs. Our results cover (see [1] for details) in particular a stochastic
two player game called the tug-of-war game with noise. The tug-of-war game and its connection with the
infinity Laplacian was discovered in [19]. For the tug-of-war games with noise and their connection to p-
Laplacian, see for example [18], [17], [3] and [14]. There are several regularity methods devised for tug-of-war
games with noise: in the early papers a global approach based on translation invariance was used. Interior
a priori estimates were obtained in [16] and [15]. However, none of these methods seem to directly apply in
the general setup of this paper. In this setup, we refer to probabilistic approaches in [1] and with additional
distortion bounds in [2].
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2. Preliminaries

Let A >1,e>0,8 € (0,1] and « = 1 — 8. Constants may depend on A, o, § and the dimension N.
Further dependencies are specified later.

Throughout the article @ C R denotes a bounded domain, and B,(z) = {y € RV : |z — y| < r} as well
as B, = B,-(0). We use N to denote the set of positive integers. We define an extended domain as follows

Qpe := {z e R" : dist(z,Q) < Ae}.

We further denote

/u(x) dx = /u(m) dxr  and ]{lu(x) dx = |%A/u(x) dx.

RN
Moreover,
1/N
s = | [ @)Y da
Q
and
||f||L°°(S2) = sup | f].
Q
When no confusion arises we just simply denote || - ||y and || - |, respectively.
For z = (21,...,7x) € RN and r > 0, we define Q,(x) the open cube of side-length 7 and center z with

faces parallel to the coordinate hyperplanes. In other words,

Qr(x) :={yeRY : |y, —ai| <r/2, i=1,...,n}.
In addition, if Q@ = @Q,(z) and £ > 0, we denote £Q = Q¢ ().

Let M(B,) denote the set of symmetric unit Radon measures with support in By and v : RY — M(By)
such that

x — /u(m + 2) dv,(2) (3)

defines a Borel measurable function for every Borel measurable u : RY — R. By symmetric, we mean

for every measurable set £ C RY.

It is worth remarking that the hypothesis (3) on Borel measurability holds, for example, when the v,’s are
the pushforward of a given probability measure p in RY. More precisely, if there exists a Borel measurable
function h : RY x RN — B, such that

Vy = h(l‘v )#M

for each x, then
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o(z) = /u(x + 2) dvy(2)
_ / u(z + h(z, y)) du(y)

is measurable by Fubini’s theorem.
We counsider here solutions to the Dynamic Programming Principle (DPP) given by

u(z) =« / u(z + ev) dvg(v) + 8 u(y) dy + % f(z).

B.(x)

Definition 2.1. We say that a bounded Borel measurable function u is a subsolution to the DPP if it satisfies

u(z) <« / u(x +e2)dv,(2) + B u(y) dy + 2 f(2)

B ()

in . Analogously, we say that u is a supersolution if the reverse inequality holds. If the equality holds, we
say that it is a solution to the DPP.

If we rearrange the terms in the DPP, we may alternatively use a notation that is closer to the difference
methods.

Definition 2.2. Given a Borel measurable bounded function v : RY — R, we define £.u : RY — R as

Lgu(x)zgiQ( / (& + £2) dva (2 +/3]1 y) dy — u(z )).

With this notation, v is a subsolution (supersolution) if and only if L.u + f > 0(< 0).

By defining

du(z,y) : = u(z +y) +u(z —y) — 2u(z), (4)
and recalling the symmetry condition on v, we can rewrite

1

Lou(z) = 222 (a/éu(m,sz) dvg(z) + 08 ou(z,ey) dy) .

B

Our theorems actually hold for functions merely satisfying Pucci-type inequalities.

Definition 2.3. Let © : RY — R be a bounded Borel measurable function. We define the extremal Pucci
type operators

1
Lru(x) = 522 ( /s\}ll[; /(5u x,ez)dv(z) + B (5u(a: €y) dy)
ve A)

1
= — (a sup ou(x,ez) + B ou(z,ey) dy)
26 zEB) B4

and
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X
=
8
S~—
i

1 (a inf /5u(x,sz) dv(z) +

) d
2e2 vEM(B,) u(=:<9) y>

B,

% (a inf du(x,ez)+ 0 ou(z,ey) dy),

2€Bj B,
where du(z,ey) = u(z + ey) + u(x — ey) — 2u(z) for every y € Bj.
More generally we can consider functions that satisfy
Eju > —p, LZu<p.

If we omit the notation above £Zu < p reads as

u(x) >« inf /U(ZC +ev)dv(v) + 8 u(y) dy — €2p.
veM(Ba) B.(z)
Observe that the natural counterpart for the Pucci operator P(D?u) = sup;< 4<p; tr(AD?u) is given
by

Pru(z) : sup ou(x,eAy) dy. (7)

2e? j<a<a1 B,

Our operator is extremal in the sense that we have Lu > Piu for 8 = 4.

In many places we consider u defined in the whole RY but only for expository reasons: as usual we need
to have the function defined in a larger set than where the equation is given so that the integrands in the
operators are defined; this we always assume.

The existence of solutions to the DPP can be seen by Perron’s method. For the uniqueness in [1] we
employed the connection to a stochastic process. Here we give a pure analytic proof of the uniqueness.

Lemma 2.4 (Existence and uniqueness). There exists a unique solution to the DPP with given boundary
values.

Proof. As stated, the existence can be proved by Perron’s method. Then, there is a maximal solution that
we denote u. Suppose that there is another solution v. We have v < u and our goal is to show that equality
holds.

We define

M= zlelgu(a;) —v(x)

and assume, for the sake of contradiction, that M > 0. We define

My e Be@):m) > m@) +/2) _ |y € Bi:my) > 1/2)]
[B.] By]

A

where 7, stands for the projection in the first coordinate.
Given § > 0 we consider zy € Q such that u(zg) — v(xg) > M — §. We have

M —§ < u(zg) —v(xo)

=« / u(zo +ez) —v(xo +€2) dvg, (2) + 8 u(y) —v(y) dy
BE(xO)
<aM+p(1—-A)M+ BA]Z u(y) — v(y) dy.
{y€Be(0):m1(y)>m1 (w0)+e/2}
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Simplifying we obtain

0
M— o7 < u(y) — v(y) dy.
B {y€Be(z0):m1(y)>m1(x0)+e/2}

Then, there exists 21 € {y € B:(zo) : m1(y) > m1(xo) + €/2} such that

M - ﬂiA <u(zy) —v(zy).

Inductively, given x1_1 € Q we construct zj, such that M—ﬁ < u(xg)—v(zg) and m (zx) > m1(z0)+ke/2.
Since ) is bounded and the first coordinate increases in at least £/2 in every step, there exists a first n such
that x,, ¢ Q. Observe that n < ng = dk%éﬂ), therefore for ¢ small enough such that M — ﬁ > 0 we

have reached a contradiction. In fact, we have

O<M—L<M—L<u(a§n)—v($n)

(BA)re — (BA)™ —

and u(x,) = v(z,) since x,, ¢ Q. O
2.1. Examples and connection to PDEs

In this section, we recall some examples from [1] alongside other ones, all of which are covered by our
results. First, we comment about the passage to the limit with the step size € where the connection to PDEs
arises.

We consider ¢ € C%(Q), and use the second order Taylor’s expansion of ¢ to obtain

lim Log(x) = Te{D’¢(x) A(a)},
where

A(x):a/z®zdyz(z)+2( B 1.

2 N +2)
Above a ® b stands for the tensor product of vectors a,b € R™, that is, the matrix with entries (a;b;);;. See
Example 2.3 in [1] for the details.
We have obtained a linear second order partial differential operator. Furthermore, for 5 € (0, 1], the
operator is uniformly elliptic: given ¢ € RY \ {0}, we can estimate

B (A(x)€,€) _ al? B
N2 = gr — 2 TanN+2)

Roughly speaking, in the DPP (1), the fact that § is strictly positive corresponds to the concept of uniform
ellipticity in PDEs. In stochastic terms, there is always certain level of diffusion to each direction.

Tt also holds, using Theorem 4.7 (cf. [17, Theorem 4.9]), that under suitable regularity assumptions, the
solutions u. to the DPP converge to a viscosity solution v € C'(€2) of

Te{D%v(x) A()} = f (=),

as € — 0. This is obtained through the asymptotic Arzela-Ascoli theorem [17, Lemma 4.2].
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Moreover, by passing to the limit under suitable uniqueness considerations we obtain that the results in
this paper imply the corresponding regularity for the solutions to the limiting PDEs. That is we obtain that
the limit functions are Holder continuous and verify the classical Harnack inequality, see Remark 5.6.

The extremal inequalities (2) cover a wide class of discrete operators, comparable to the uniformly elliptic
operators in PDEs covered by the Pucci extremal operators, see for example [7]. Also recall (7) where we
commented on this connection.

Example 2.5. Our result applies to solutions of the nonlinear DPP given by

u(xr +ev) +u(r —ev
u(z) = o sup ( ) £l ) +5 u(z + ey) dy.
veEB) 2 B,

In [5] a control problem associated to the nonlinear example is presented and, in the limit as € — 0, a local
PDE involving the dominative p-Laplacian operator arises.

Heuristically, the above DPP can be understood by considering a value u at x, which can be computed by
summing up different outcomes with corresponding probabilities: either a maximizing controller who gets
to choose v wins (probability «), or a random step occurs (with probability 8) within a ball of radius e. If
the controller wins, the position moves to « + ev (with probability 1/2) or to « — ev (with probability 1/2).

Example 2.6. Motivation for this article partly arises from tug-of-war games. In particular, the tug-of-war
with noise associated to the DPP

u(z) = a sup u+ inf w |+ u(z)dz + 2 f(z), (8)
2 \B.(xy  B:(@) B.(x)
was introduced in [17]. This can be rewritten as
! sup u+ inf u—2u(z) | + 84 dulw,ey)dy)| + fx) =0
— [a| sup u+ inf u—2u(x u(x, z) =0.
2¢? B.(x) Be(x) B v

Since

sup u+ inf u < sup (u(z + £2) + u(z — £2))
B.(z) B (z) z€B;

we have 0 < f + L1w and similarly 0 > f + £_u. Therefore solutions to (8) satisfy (2), and our results
apply to these functions. As a limit one obtains the p-Laplacian problem with 2 < p < co. See Example 2.4
in [1] for other DPPs related to the p-Laplacian.

Example 2.7. Consider a stochastic process where a particle jumps to a point in an ellipsoid ¢ E, uniformly
at random (B C E, C Bp), see [2]. Such a process is associated to the DPP

u(z) = ][E u(z + ey) dy.

x

That DPP is covered by our results, see Example 2.7 in [1]. Such mean value property has been studied in
connection with smooth solutions to PDEs in [20] by Pucci and Talenti.

Example 2.8. Also Isaacs type dynamic programming principle

u(x) = a sup inf e tev) +ule —ev) + 8 u(z + ey) dy,
Veyvev B,
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with ¥V C P(B,), a subset of the power set, and 8 > 0, can be mentioned as an example. In particular, if
we consider

V = {7 N By : 7 is an hyperplane of dimension k}
we obtain
\e(D?*u) + CAu = f,
as a limiting PDE, where

\e(D%u) = dimi(nvf):k sgg(DZU v,v)

is the k-th eigenvalue of D?u, see also [4].

The applicability of the results in this article is by no means limited to these examples, but rather the
results apply to many kind of fully nonlinear uniformly elliptic PDEs.

3. Measure estimates

One of the key ingredients in the proof of Holder regularity is the measure estimate Lemma 3.6. To
prove it, we need an e-ABP estimate Theorem 3.1, an estimate for the difference between u and its concave
envelope Corollary 3.3, as well as a suitable barrier functions Lemma 3.5.

3.1. The e-ABP estimate

Next we recall a version of the ABP estimate. The discrete nature of our setting forces us to consider
non-continuous subsolutions of the DPP, so the corresponding concave envelope I' might not be C*! as in
the classical setting. Moreover, in this setting it is not easy to use the change of variables formula for the
integral to prove the ABP. In our previous work [1], the ABP estimate (Theorem 3.1 below) is adapted to
the discrete e-setting following an argument by Caffarelli and Silvestre ([8]) for nonlocal equations. The idea
is to use a covering argument on the contact set (where u coincides with I') to estimate the oscillation of T'.
It is also interesting to note that one can recover the classical ABP estimate by taking limits as ¢ — 0.

However, the e-ABP estimate as stated in [1] turns out to be insufficient to establish the preliminary
measure estimates needed in our proof of Hélder regularity. To deal with this inconvenience, and since the
e-ABP exhibits certain independence of the behavior of u outside the contact set, we need to complement
the e-ABP estimate with an estimate (in measure) of the difference between the subsolution w and its
concave envelope I' (Lemma 3.2) in a neighborhood of any contact point.

Given ¢ > 0, we denote by Q.(RY) a grid of open cubes of diameter £/4 covering RY up to a measure
zero. Take

QE(RN)::{Q:Qﬁ(-T) : xeﬁZN}.

In addition, if A ¢ RV we write
Q:(4):={Q € Q:(RY) : QnA#0}.

In order to obtain the measure estimates, given a bounded Borel measurable function w satisfying the
conditions in Theorem 3.1, we define the concave envelope of u™ = max{u, 0} in B, /5, ,. as the function
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I'2) inf{¢(x) : for all hyperplanes £ > u™ in B, /. ,.} if [2] <2VN + Ae,
x) =
0 if |z] > 2V N + Ae.

Moreover, we define the superdifferential of I at = as the set of vectors
VI(z) :={¢ e RN : T(z) <T(x)+ (,z—x) forall |z <2VN + Ae}.

Since T is concave, then VI'(z) # 0 for every |z| < 2v/N + Ae.
In addition, we define the contact set K, C B, v~ as the set of points where u and I' ‘agree’:

K, :={|z| <2VN : limsupu(y) = I'(z)}.
Yy—x
We remark that the set K, is compact. Indeed, K, is bounded and since u < I', the set of points where the
equality is attained is given by limsup,_,, u(y) — I'(z) > 0 and it is closed because limsup,_,, u(y) — I'(z)
is upper semicontinuous.
Now we are in conditions of stating the e-ABP estimate, whose proof can be found in [1, Theorem 4.1]
(see also Remark 7.4 in the same reference).

Theorem 3.1 (c-ABP estimate). Let f € C(B, y) and suppose that u is a bounded Borel measurable
function satisfying

u <0 inIRN\BQ\/N,

where LTu was defined in (5). Then

1/N
supuSC< > (SgpfﬂNQI) »

Byvw QeQ.(K.)

where C' > 0 is a constant independent of .

All relevant information of u in the proof of the e-ABP estimate turns out to be transferred to its concave
envelope I' in the contact set K, while the behavior of u outside K, does not play any role in the estimate.
Therefore, in order to control the behavior of u in B, /7, in the next result we show that u stays sufficiently
close to its concave envelope in a large enough portion of the e-neighborhood of any contact point xg € K.
It is also worth remarking that the result can be regarded as a refinement of Lemma 4.4 in [1], the main
difference being the possible discontinuities that u might present.

Lemma 3.2. Under the assumptions of Theorem 5.1, let xg € K. Then for every C > 0 large enough there
exists ¢ > 0 such that

|Beja(wo) N{T' —u < Cf (z0)e?}] > ce™.

Proof. By the definition of the set K, given zg € K, there exists a sequence {x,}, of points in Ez VN
converging to xg such that

I(zo) = nl;ngo u(xy).

Recall the notation du(xy,,y) : = u(x, +y) + w(z, —y) — 2u(xy,). Then, since u < T,
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IA

0T (zp,y) + 2|0 (zn) — u(zy)]
Q[F(xn) - u(xn)],

ou(zn,y)

IN

for every y, where the concavity of I' has been used in the second inequality. In particular,

sup du(zy,ez) < 2[[(z,) —u(xz,)] — 0
z€Bp

as n — 0o. On the other hand,

1

3 ]il ou(xy,ey) dy = ]{35 (u(zn +y) —u(rn)) dy

- f (u(o + ) — T'(z0)) dy

€

+ T(zo) — u(zy) + ][B (u(zn +y) —ulzo +y)) dy,

and taking limits

lim 1]{91 du(xn, ey) dy = ]{BE (u(xo +y) — I'(x0)) dy.

n—o0 2

Replacing in the expression for LI u(z,) we get

n—oo

e?liminf £ u(z,,) < ﬁ][ (u(zo +y) — I'(z0)) dy.
B.
Since L1u + f > 0 by assumption with continuous f, we obtain

f(wo)e®
B

Y

]{B (D(zo) — u(zo +y)) dy
_ ]{B (D(w0) — ulwo +y) + (£, ) dy,

for every vector £ € RY, where the equality holds because of the symmetry of B.. Since VI'(z¢) # () by the
concavity of I', we can fix £ € VI'(z).
Next we split B. in two sets: B. N {® < Cf(xg)e?} and B. N {® > Cf(z0)e?}, where we have denoted

®(y) :=L(zo) — ulzo +y) + (5, y)

for every y € B, for simplicity, and we study the integral of ® over both subsets.
First, since u < T and £ € VI'(xg) we have that

®(y) > T(xo) —T(2zo +y) + () >0

for every y € B., so we can estimate

®(y)dy > 0.

B.n{®>Cf(wo)e?}

On the other hand,
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O(y)dy > |B: N {® > Cf(w0)e”}C [f(xo)e”.
B.N{®>C f(xz0)e?}
Summarizing, we have proven that

f(x0)e? _ |BeN{® > Cf(xg)e?}]

Cf(xg)e?,
SO
2 oy _ 1Bl _ 4"
|Beja N{® > Cf(xo)e’}| < [BeN{® > Cf(xo)e’}] < o = C—6|BE/4|.
Therefore,

4N
|Be/a N{® < Cf(x0)52}| > | B. 4l (1 - C_ﬁ) =cel.

Finally, replacing ®, and since I'(xzo +y) < I'(z0)+ (£, ) for every y € B/, and £ € VI'(2¢), we can estimate

C€N

IN

{y € Beja : T(zo) — u(zo +y) + (£, y) < Cf(x0)e?}|
{y € Beys : Tl(wo +y) —u(zo +y) < Cf(x0)e”}|
= | Beja(zo) N{T —u < C f(xo)e®}

IN

)

so the proof is finished. O
We obtain the same estimate in each cube Q € Q. (K, ) immediately as a corollary of the previous lemma.
Corollary 3.3. Under the assumptions of Theorem 3.1, there exists ¢ > 0 such that

3VN QN {T —u < C(sup f)e’}] > ¢/Q)|
Q

for each Q € Q. (K,).

Proof. Let Q € Q.(K,). Then there is zo € @ N K,,. On the other hand, since diam Q = ¢/4, if we denote
by z¢ the center of @, we get that |zg — xo| < diam Q/2 and

B./4(0) = Baiam @(%0) C B3 giamq(2@) C 3VN Q.
Hence, by Lemma 3.2, using this inclusion and recalling that ¢V = (4v/N)¥|Q| we complete the proof. O
3.2. A barrier function for L2
Another ingredient needed in the proof of the measure estimate Lemma 3.6 is a construction of a barrier
for the minimal Pucci-type operator defined in (6). To that end, we prove the following technical inequality

for real numbers.

Lemma 3.4. Let 0 > 0. If a,b > 0 and ¢ € R such that |c| < a + b then

2
(a+b4+c) 7+ (a+b—c)"7 —2a"7 >20a" 7" [—b—i—a—;l <1—(J—|—2)b> %} 9)

a
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Proof. The inequality
(t+h) "+ ({t—h)7 =277 >0c(c+ 1)t 2h?

holds for every 0 < |h| < . This can be seen by considering the Taylor expansion in h of the LHS with error
of order 4 and bound the error since it is positive.
Then replacing t = a + b and h = ¢ we obtain that

(a4+b4+¢) 7+ (a+b—c)"7>2(a+b)"7 +o(c+1)(a+b) 722
Moreover, by using convexity we can estimate
—o —o —o—1 —o b
(a+b)77>a7—o0a b=a 1—0—-],
and similarly

(a+b) 2> a2 (1 (0 +2) b) .

a
Using these inequalities and rearranging terms we get

(a+b+c) " +(a+b—c)"7=2a"7>2a"° (1 - oé) +o(c+1)a 72 (1 —(c+ 2)b> A —2a7°
a

a
1 b\
=20a" 7! {—b +Z + (1 — (o + 2)—) C—] ,
2 a) a

and the proof is concluded. O

Next we construct a suitable barrier function. The importance of this function, which will be clarified
later, lies in the fact that, when added to a subsolution wu, its shape ensures that the contact set is localized
in a fixed neighborhood of the origin. Recall the notation £_ from (6).

Lemma 3.5. There exists a smooth function ¥ : RY — R and g9 > 0 such that

for every 0 < e < gg, where 1 : RN — R is a smooth function such that
Y <(0) in RN and P <0 in RV \ By 4.
Proof. The proof is constructive. Let o > 0 to be fixed later and define
U(z)=A1+|z[*)"7 - B
for each 2 € RN, where A, B > 0 are chosen such that

2 if 2] = 3VN
U(z) = if 2] = 3V,
0 if |z] = 2V/N.
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Then ¥ < 0 in RV \ Byyxand ¥ > 2in Q3 C B3/2\/ﬁ. We show that W satisfies the remaining condition
for a suitable choice of the exponent ¢ independently of €.
Since ¥ is radial, we can assume without loss of generality that = = (|z],0,...,0). Then

U(z+ey) = AL+ |z +eyl)™ = B= AL + |2 + *|y[* + 2efalys) ™ — B
for every y € RY. Thus, recalling (9) with a = 1+ |z|?, b = £2|y|? and ¢ = 2¢|z|y; we obtain that

0 (x,ey) = V(r +ey) + ¥(x —cy) — 2¥(x)

> 22 Ao (1 + |2[2) 7L |~ |yl2 + 20 + 1) (1 = (0 +2) G ] W
- L+ |22 ) 1+ a2

2
> 252 Ag(1 + |z[2)o 1 [AQ +2(0 + 1)(1 — (0 + 2)A2%e?) . f:ﬂyﬂ

for every |y| < A.

Fix g9 = €o(A, o) such that

1
€0<

T A2 +2)

SO

\$|2 2

5w > 2:2 A0 (1 )zl A2 1)——
(1'753/)_ € G( +|$|) +(U+ )].+|.’E|2y1

for every |y| < A and 0 < € < . In consequence we can estimate
inf §VU(z,ez) > 2eAc(1+ [z]?) "7 [-A?]
2€Bx

and

1 2
5 (2, ) dy > 2> Ao (1 + [a|?) =~} {_Az Lo+l il } |

B N+2 1+ |z

1

where we have used that JCBI yidy = e

Replacing these inequalities in the definition of L2 ¥ (x), (6), we
obtain

o+1 ||?
N+2 1+

L7U(z) > Ao(1 + |z}t [—A2 + 5 } =: —(x)

for every x € RY and 0 < € < ep. It is easy to check that 1 (z) < ¥(0) = AcA? for every z € RY. Moreover

Y(z) < Ao(1+ [zf?) 7" [Az _ M}

17(N +2)

for every |z| > 1/4. Choosing large enough o = o(N, A, 3) > 0 we get that (x) < 0 for every |z| > 1/4
and the proof is finished. O
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3.8. Estimate for the distribution function of u

In the next lemma we adapt [8, Lemma 10.1] to pass from a pointwise estimate to an estimate in measure.
This is done by combining the estimate for the difference between u and I' near the contact set with the
e-ABP estimate.

Lemma 3.6. There exist eg,p >0, M > 1 and 0 < p < 1 such that if u is a bounded measurable function
satisfying

L-u<p inBZ\/ﬁ,
u>0 inRN,

for some 0 < e < ey and

infu<l1

Q3 ’

then
H{u>M}NQ] < p.

Proof. The idea of the proof is as follows: first we use the auxiliary functions ¥ and ¢ from Lemma 3.5 to
define a new function

v=VU —u,

which satisfies the assumptions in Theorem 3.1 (e-ABP estimate) with f = ¢ + p. Then we use the e-ABP
together with the pointwise estimate infg, u < 1 and the negativity of ¢ outside B;,4 to obtain a lower
bound for the measure of the union of all cubes Q € Q.(K, N By,4). Combining this with the estimate of
the difference between v and its concave envelope at each cube @ (Corollary 3.3) we can deduce the desired
measure estimate for u.

Let v = U — u where ¥ is the function from Lemma 3.5. Since v > 0 and ¥ < 0 in RN \ Bzm, then
v < 0in RV \ B, /5. On the other hand,

supv > inf ¥ —infu > 1.
Qs Qs Qs

Similarly, since dv(z,ey) = 0¥ (x, ey) — du(x,ey), then

§ > inf §0¥ — inf ¢
zSequA v(z,ez) 2 imf (x,e2) Jnf u(z,ez)

so we have that
LIv(x) > LIU(z) — LIu(z) > —Y(x) — p.

Summarizing, v = ¥ — u satisfies supg, v > 1 and

LIv+y+p>0 in B, /5,
v <0 in RN\ B, /.
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Moreover, since 1 is continuous, we are under the hypothesis of the e-ABP estimate in Theorem 3.1, and
thus the following estimate holds,

1/N
sup v < Cl( > (supyt +p)NQ|> :

Byvw QeQ.(K,)

where C1 > 0. Then, since @3 C B, /5 and supg, v > 1, we obtain

1 1/N
&< (X eweren)
1 Q
QGQE‘(K'U)
1/N 1/N
(X swerie) o X oel)
Qeg.(Kk,) @ QEQ.(K.,)

where the second inequality follows immediately from Minkowski’s inequality. Since K, C B, 5 and
diam @) = ¢/4 for each @ € Q.(K,) then

> QI < IByywieal <€,
QEQ(Ky)

for every 0 < ¢ < gg. Replacing in the previous estimate and rearranging terms we get
1 1/N
o Cap < < > (SupW)NIQ) :
1 Q
QEQ(Ky)
Choosing small enough p > 0 we have that

1
< (sup™)NQ).
(2C)N QEQXS(:KU) Q

Next we observe that by Lemma 3.5, ¢» < 0 in RY \ By 4, so %t = 0 for each Q € Q.(K,) such that
QN Byyy = 0, while we estimate supg ¢ < 9(0) when Q N By 4 # 0. Thus

1
Ly
N
(2C19(0)) QEQ.(K,NBy4)

and recalling Corollary 3.3, we obtain the following inequality,

;g |3\/NQH{F—UgC(sup@/J++p)52}|.
EOOT e :

Notice that 3v N Q C By C Q1 for each Q € Q.(K, N By,4) and every 0 < ¢ < g9 with g9 > 0 sufficiently
small, so

3VNQN{I —v < C(Sgpw+ +p)e*} € Qun{T —v < C(¥(0) + p)e”}

for each Q € Q. (K, N By/4), where the fact that supg ¥+ < 1)(0) has been used again here. Furthermore,
if £ = ¢(N) € N is the unique odd integer such that £ — 2 < 3v/N < ¢, then each cube Q € Q.(K, N Bi/4)
is contained in at most ¢V cubes of the form 3v/N Q' with Q' € Q.(K, N By /1), and in consequence
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ComF < QT - v < CEwo) + e,

Finally, since ' > 0, v = ¥ — 4 < ¥(0) — u and ¢ < &,
c
e < |Q1 N {u < V(0) + C((0) + p)eg .-
Then let M := ¥(0) + C(¥(0) + p)ed and 1 — p : = ¢(2C19(0)€) =V, so that we get

1= <|Qun{u< M}

)

which immediately implies the claim. O
4. De Giorgi oscillation estimate

A key intermediate result towards the oscillation estimate (Lemma 4.5), Holder regularity (Theorem 4.7)
and Harnack’s inequality is a power decay estimate for |[{u > ¢} N @1|. This will be Lemma 4.4. Tt is based
on the measure estimates Lemma 3.6 and Lemma 4.2, as well as a discrete version of the Calderén-Zygmund
decomposition, Lemma 4.1 below.

4.1. Calderon-Zygmund decomposition

The discrete nature of the DPP does not allow to apply the rescaling argument to arbitrary small dyadic
cubes. To be more precise, since all the previous estimates require certain bound ¢y > 0 for the scale-size in
the DPP, and since the extremal Pucci-type operators £ rescale as E;a in each dyadic cube of generation
¢, the rescaling argument will only work on those dyadic cubes of generation ¢ € N satisfying 2‘c < &¢. For
that reason, the dyadic splitting in the Calderén-Zygmund decomposition has to be stopped at generation L,
and in consequence the Calderén-Zygmund decomposition lemma has to be adapted. We need an additional
criterion for selecting cubes in order to control the error caused by stopping the process at generation L.
We use the idea from [1].

We use the following notation: Dy is the family of dyadic open subcubes of Q1 of generation £ € N, where
Dy = {Q1}, Dy is the family of 2V dyadic cubes obtained by dividing @1, and so on. Given ¢ € N and
Q € Dy we define pre(Q) € Dy—_1 as the unique dyadic cube in Dy_; containing Q.

Lemma 4.1 (Calderén-Zygmund). Let A C B C Q1 be measurable sets, 41,92 € (0,1) and L € N. Suppose
that the following assumptions hold:

1. ‘A| S (51,’

2. if Q € Dy for some £ < L satisfies |ANQ| > 61|Q)| then pre(Q) C B;
3. if Q € Dy, satisfies |ANQ| > §2|Q| then Q C B;

Then,

Al < 51|B| + 2.

Proof. We will construct a collection of open cubes Qp, containing subcubes from generations Dy, Dy, ..., Dr.
The cubes will be pairwise disjoint and will be contained in B. Recall that by assumption |Q1NA| < 61 |Q1]-
Then we split @, into 2V dyadic cubes D;. For those dyadic cubes @ € D; that satisfy
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ANQ| > 61]Q, (10)

we select pre(Q) into Qp. Those cubes are included in B because of assumption (2).

For other dyadic cubes that do not satisfy (10) and are not contained in any cube already included in
Qp, we keep splitting, and again repeat the selection according to (10). We repeat splitting L € N times.
At the level L, in addition to the previous process, we also select those cubes @ € Dy, (not the predecessors)
into Qp for which

[ANQ[> 62[Ql, (11)

and which are not contained in any cube already included in Qpg. Those cubes are included in B because
of assumption (3).
Observe that for pre(Q) selected according to (10) into Qp, it holds that

|A N pre(Q)] < d1|pre(Q)]

since otherwise we would have stopped splitting already at the earlier round. We also have |[ANQ)| < 61|Q|
for cubes @ selected according to (11) into Qp, since their predecessors were not selected according to (10).
Summing up, for all the cubes Q € Qp, it holds that

[ANQ| < 611Q). (12)

Next we define Gy, as a family of cubes of Dy that are not included in any of the cubes in Qpg. It
immediately holds a.e. that

Acoi= |Jeu U e

QELB Qegr

By this, using (12) for every Q € Qp, as well as observing that |[A N Q| < §3|Q| by (11) for every Q € Gy,
we get

A= 3" [AnQl+ > |AnQ)|

QeQp QegrL

< ) s+ Y 6lQl
QeQp Qegr

< 81| B| + 2.

In the last inequality, we used that the cubes in Qp are included in B, as well as the fact that they are
disjoint by construction. O

As we have already pointed out, we use the estimate from Lemma 3.6 to show that the condition (2) in
the Calderén-Zygmund lemma is satisfied. To ensure that the remaining condition is satisfied for the dyadic
cubes in Dy, not considered before stopping the dyadic decomposition, we prove the following result using
the equation. Here ¢ is ‘relatively large’.

Lemma 4.2. Let 0 < g < 1 and p > 0. Suppose that u is a bounded measurable function satisfying

Lou<p inQyyw
u>0 in RY,
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for some 5 < e < ¢eq. There exists a constant c = c(eo, p) > 0 such that if

c

‘{U>K}HQ1|>K

holds for some K > 0, then
u>1 in Q.

Proof. By the definition of the minimal Pucci-type operator £ and since L u(z) < p for every x € Q4 /5
by assumption, rearranging terms we have

> inf _e?
uwza it / e+ en)dvlo) +9f )y
> B u(y) dy — 2p,
B.(z)

where in the second inequality we have used that u > 0 to estimate the a-term by zero. Then, by considering

f= IXBI’TI , we can rewrite this inequality as

uw) = L [ (Pt dy - 2,

e

which holds for every z € @, /7, and in particular for every |x| < 5V/N. Next observe that if |z|+& < 5V N,
then y € Qv for every y € B. (z), and thus applying twice the previous inequality we can estimate by
using change of variables

uw) > 5 [1(120) (%/f(ty)wz)dz—s%) dy —

- f—i/(gi]v/f(y;x)f(z;y)dy) u(z)dz — (14 8)e%p

= f_;/(f*f)(z_x)u(z)dz (14 B)e?p,

3

which holds for every |z| < 5v/N —¢.
Let n € N to be fixed later and assume that |z| + (n — 1)e < 5v/N. By iterating this argument n times
we obtain
ﬂn *n - T n—
u@) 2 Sp [ £ (5 Jul)dy — (L B+ B2+ 87
) (13)

S P

for every |z| < 5N — (n — 1)e, where f*™ denotes the convolution of f with itself n times. Observe that
f*™ is a radial decreasing function and f*" > 0 in B,,. Thus, since ¢ > % by assumption,

() (),

€o

which is strictly positive whenever |y — x| < #52. Now fix n € N such that |z| < 5V/N — (n — 1)gq for every
r € Q@ and |y — x| < %52 for every z,y € @1, that is n € N such that
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9
2vN<n50 < EVN"FEQ.
Then

)z e (BR) =0

for every z,y € (1. In this way )1 is contained in the support of y — f*”(%) for every z € @1, so
recalling that v > 0 we can estimate

[ (S )utway = /f*" ~Duly) dy
C/
c / uly) dy

{u>K}NQ1
Clu>K}n@| K

Y%

v

V

for each K > 0. Replacing this in (13) and recalling that ¢ < g we get

2
u(z) > c u> KynQ K- =P

1-5
g £gp
> C¥|{U>K}QQ1|K— l—ﬁ

for each K > 0 and every x € Q1.
N
Finally, let us fix ¢ = CB" (1+ Eop ) By assumption, [{u > K} N Q1| K > ¢ holds for some K > 0, so

g £gp
Olye- -1
u(z) > TTTo5

for every 1 and the proof is finished. O
4.2. Power decay estimate

The power decay estimate (Lemma 4.4) is obtained by deriving an estimate between the superlevel sets
of u and then iterating the estimate. In order to obtain the estimate between the superlevel sets, we use
a discrete version of the Calderén-Zygmund decomposition (Lemma 4.1) together with the preliminary
measure estimates from Lemma 3.6 and Lemma 4.2.

Lemma 4.3. There exist g, p,c >0, M > 1 and 0 < p < 1 such that if u is a bounded measurable function
satisfying

Lou<p inQyyw
u>0 in]RN,

for some 0 < e < ey and
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infu <1,
Qs
then
c
K*1n < 4k
fu> K0 Qul € = + i

holds for every K > M and k € N.

Proof. The values of M, u, €y and p are already given by Lemma 3.6, while ¢ has been fixed in Lemma 4.2.
For k =1, by Lemma 3.6, we have

c
fu>K}nQi < {u>Mn@i <p< I T
Now we proceed by induction. We consider
A=Ay ={u>K"}nQ, and B:=A4;,_;:={u>K"'}nQ.

We have A C B C Q1 and |A| < p. We apply Lemma 4.1 for 6; = u, do = % and L € N such that
2Le < gy < 2LF1e. We have to check in two cases that certain dyadic cubes are included in B.

Observe that since |A| < u, the first assumption in Lemma 4.1 is satisfied. Next we check that the
remaining conditions in Lemma 4.1 are also satisfied. Given any cube @ € D, for some ¢ < L, we define
4 : Q1 — R as a rescaled version of u restricted to @, that is

i(y) = sy ulo +27') (14

for every y € @, where x( stands for the center of (). Then

AN
Ha> KYnQi| =2N{u> K"} nQ| = | |QQ|.
Let us suppose that @ is a cube in D, for some ¢ < L satisfying
[ANQ| > plQ]. (15)

We have to check that pre(Q)) C B. Let us suppose on the contrary that the inclusion does not hold, that
is that there exists # € pre(Q) such that u(#) < K*~1. By (14) we have that

1
ou(y,éz) = 1 Su(zo + 2 %y, e2),

where & = 2%c < 2F¢ < &, and dii(y, £z) is defined according to (4). Replacing this in the definition of £
in (6), and since £Zu < p by assumption, we obtain

1
L-u(zo +2 %) <

1)
Letly) = qarger < gt =

0]

ﬁ)z'

where we have used that K > M > 1. Moreover @& > 0 and infg, @ < 1 since u(Z) < Kkl by the counter
assumption. Hence, the rescaled function @ satisfies the assumptions in Lemma 3.6, and thus

'Agf?' —{a> K} Qi <
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which contradicts (15). Thus pre(Q) C B and the second condition in Lemma 4.1 is satisfied.
Suppose now that @) € Dy, is a dyadic cube satisfying

[AnQl> <lQl
Then
i > K} Q| = |A|22|Q| > <,

and by Lemma 4.2 we have that @ > 1 in Q. Recalling (14) we get that v > K*~! in @, and thus Q C B
as desired.
Finally, the assumptions in Lemma 4.1 are satisfied, so we can conclude that

C

so the result follows by induction. We get

_C Lk
1-wr "

IN

c
[{u> K Qi) < (4 pt 4 p )+t

as desired. O

Next we show that a convenient choice of the constants in the previous result immediately leads to the
desired power decay estimate for [{u >t} N Q1]

Lemma 4.4. Let u be a function satisfying the conditions from Lemma /.3. There exist a > 0 and d > 1
such that

log t

|{U>t}ﬂQ1|§d€_ @
for every t > 1.

Proof. Let M > 1 and p € (0,1) be the constants from Lemma 4.3. Let us fix a = ﬁ > 0. Then given
m

t > 1 we choose K = K(t) = evV'oe®)/@ > 1 g0 t = K*1°8 K We distinguish two cases.
First, if K = K(t) > M, recalling Lemma 4.3 we have that the estimate

Lk
-k "

{u> K"} n@ <
holds for every k € N. In particular, if we fix k = |alog K| we get that
Kk < Kalog(K) =t

and

K-1_ 1
Ku

Mk < lua log(

Using these inequalities together with the estimate from Lemma 4.3 we obtain
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{u>t}nQi < {u> K"} NQl

< ;4_”’4
T (1-pK

c (e 1)1
- 1l—p p) K
E—

I—p  p

)

where in the last equality we have used the definition of K = K (¢).
On the other hand, if K () < M then we can roughly estimate

M _ Jlogt
< _— a
|{u>t}ﬂQ1|_1<K(t) Me

Finally, choosing d = max{M, =+ %} > 1, the result follows for every t > 1. 0O

We prove here the De Giorgi oscillation lemma. The lemma follows from the measure estimate in a
straightforward manner. Harnack’s inequality requires an additional argument that we postpone to the
next section.

Lemma 4.5 (De Giorgi oscillation lemma). Given 6 € (0,1), there exist eg,p > 0 and n =n(0) € (0,1) such
that if u satisfies

Lou<np in Qlo\/ﬁv
u>0 in RV,

for some 0 < e < ¢gp and
then

infu>n.
Qs =7

Proof. We take g, p > 0 given by Lemma 4.3. Let m = inf u for simplicity and define @ the rescaled version
3

of u given by
u(x) =

for every x € RN, Then iélf 4 < 1 and, by assumption,
3

o1
{a>—1n@Qil = [{u>1}nQi| 0.
Now suppose that £Zu < np where 0 < n < m is a constant to be chosen later. Then

P

£

< <p,

SlS

m
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> 1 (observe that in the case m > 1 we immediately get the

and recalling Lemma 4.4 with @ and ¢t = %

result) we obtain

log 1

1 — m
O<|{a>—}NQi <de V=
m

Rearranging terms we get

2
infu=m > e—allog §)

Qs ’

so choosing 1 = () = e~*(los 1 e (0,1) we finish the proof. 0O

Now we are in a position to state the Holder estimate. The proof after obtaining the De Giorgi oscillation
estimate is exactly as in [1]. The statement of the De Giorgi oscillation lemma here is different from the one
there. For the sake of completeness we prove that the statement here implies the one in [1].

Lemma 4.6. There exist k > 1 and C,e9 > 0 such that for every R >0 and € < eoR, if LIu > —p in Bir
with w < M in Brr and

|Br N {u < m}| > 6|Bg|,
for some p >0, 0 € (0,1) and m, M € R, then there exist n = n(d) > 0 such that

supu < (1 —n)M +nm + CR?p.
Br

Proof. We can assume that M > m, given v > 0 we define

M — u(2R
M — u(2Rx)

a(x) = T —m

in Byp. For k= 10N since Q5 C Br/2 we get that @ is defined in @, /7. Since u < M we get @ > 0.
Also, since u < m implies @ > 1 we get

|Br N {u < m}|

|Br

> 6.
2
For & = 53 < &p, since Liu > —p, we get L7u < %. Therefore, Lemma 4.5 implies that there exists

/>0 and i = 7j(6) € (0,1) such that if 22 < i we get

inf @ > 7.
Qs =7

Then,

supu < M(1 =7 +7) +m(7) + 7).
Q6R

Since Br C Qgr and this holds for every v > 0, we get

supu < M (1 —7) + mij.
Br



A. Arroyo et al. / J. Math. Pures Appl. 167 (2022) 225-256 249

Finally we take n = and C = %. Thus, if ;é[Rj £ < pn the result immediately follows from above. And if
4R%p > pii(M — m) we have

supu < M

Br

=1 =M+ igm+7(M —m)

AR?
<(1—7)M +fim+ ﬁp

=1 —nM+nm+CR?*p. O
As we already mentioned, the Hélder estimate follows as in [1].

Theorem 4.7. There exists g > 0 such that if u satisfies LIu > —p and LZu < p in Br where € < goR,
there exist C,~v > 0 such that

C
- < = + R? ) — 2|7 +¢&"
u(z) —u(z)] < 75 (%ISIUI p (Ix 2V +e )

for every x,z € Br/s.
5. Harnack’s inequality

In this section we obtain an ‘asymptotic Harnack’s inequality’. First, we prove Lemma 5.2 that gives
sufficient conditions to obtain the result. One of the conditions of the lemma follows from Theorem 4.7 so
then our task is to prove the other condition.

Before proceeding to the proof of the asymptotic Harnack we observe that the classical Harnack’s in-
equality does not hold.

Example 5.1. Fix ¢ € (0,1). We consider Q = By C RY and A = {(z,0,...,0) € Q : z € eN}. We define
v:Q— M(By) as

ENB
v (E) = [EN By for z ¢ A,
| B
0, +0_c
Uy = Oer + 0—ey for v € A,
2
where e; = (1,0, ...,0). Now we construct a solution to the DPP L.u = 0 in 2, we assume a > 0. We define

{ak if v = (ke,0,...,0), k€N,
u(x) =

1 otherwise,

where a; = a > 0 is arbitrary and the rest of the a’s are fixed so that L.u(ke,0,...,0) =0 for each k € N.
Observe that if x ¢ A then du(x,ey) =0 a.e. y € By and thus

1

Lou(z) = %2 ]{3 ou(z,ey)dy = 0.

Otherwise, for z = (ke,0,...,0) we get
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Cou(z) = — (aéu(m,sel)—i-ﬁ 5u(x,5y)dy)

57 o
1 g1+ ap—1
=3 <a#+6—ak>.
Thus for the DPP to hold we must have
ay, = 1_a+aak—1‘£ak+1

for k € N where we are denoting ag = 1. Clearly this determines the values of the whole sequence, we
explicitly calculate it. Let ¢ and ¢ be the solutions to the equation z = § (1 + x?), that is

14+vV1—0a? o 1=v1—-0a?
p=———— and p= —-——.
o o

Then

k_ -k
akzl—i—au.
Y-

Observe that infp, u =1 but supg, v > a; = a, so the Harnack inequality does not hold.

Let us observe that this does not contradict the Holder estimate since supp, |u/| is large compared to a.

We begin the proof of the asymptotic Harnack inequality with the following lemma that gives sufficient
conditions to obtain the result. The lemma is a modification of Lemma 4.1 and Theorem 5.2 in [16]. Our
result, however, differs from the one there since, as observed above, in the present setting the classical
Harnack’s inequality does not hold. The condition (ii) in Lemma 5.1 of [16] requires an estimate at level €
that we do not require here. Indeed, Example 5.1 shows that this condition does not necessarily hold in our
setting.

Lemma 5.2. Assume that u is a positive function defined in B3 C R™ and there is C' > 1, p >0 ande >0
such that

1. for some kK, A >0,

inf u<C (r_’\infu—i—p)
B, (x) By

for every |z| <2 and r € (ke, 1),
2. for some v > 0,

osc (u, By(x)) < C (1)7 sup u+ R*p
R Br(=)
for every |z| <2, R<1 and e < r < 0R with ek < RS where § = (2+22C)~1/7.

Then

supu < C (infu+p+52)‘ supu>
B, B B3

where C = C(k, \, 7, C) = (21722 C)2M 7 max(C22H2) | (2k)21).
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Proof. We define Ry, = 2'7% and M, = 4C(27%6)~2* for each k = 1,..., kg, where kg = ko(c) € N is fixed
so that

9=(ko+1) < f€ ko,
=%

Then

2)
2 > (i) M,
2K Mk'o
and 0Ry > 0Ry, > Ke.
We assume, for the sake of contradiction, that
supu > C (infu +p+e supu)
B, B B3

with

~ %% 2
C= maX{Ml, (7> } )

We get

1
supu > M (M

supu+infu+p> .
B B

ko Bs 1

We define 1 = 0 and z2 € Bg, (x1) = B1(0) such that

u(za) > M < sup u —|—infu—|—p) .
1

ko Bs B

We claim that we can construct a sequence zj11 € Bg, (xf) such that

w(zpq1) > My < supu+infu+p) ,
1

ko Ba B
for k=1,...,ko.

We proceed to prove this by induction, we fix k and assume the hypothesis for the smaller values. Since
0 < 1 we have Bysg, (xr) C Bg, (zx). Observe that |z;| < Ry + -+ Rip—1 <2 and 1 > §Ry, > ke. Then, by
hypothesis (1) we get

sup u>C L6 sup w— inf wu|—Rip
Br, (zx) Bsr,, (zr) Bsry, (zk)

>C e (u(xk) — inf w-— C’(Wp) .

Bsr, (zk)

We apply hypothesis (2) for Bsg, (x1), we get
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inf u+C8"p < C(6Ry)™* igfu +Cp+Cdp

Bsr,, (zk)

< 2C(6Ry)~2* i}glfu + MI;l p

My
= /; 1 <i£1fu—|—p>

< u(zg)/2,

where we have used that C(1 4+ 67) < 2C < M;/2 < My_1/2 and the inductive hypothesis.
Combining the last two inequalities we get

sup u > CTHTY (u(zy) — u(wr)/2)
Br,, (zr)

=C ' M u(xy)/2

1
>C7 WM, /2 supu + inf u + )
k—1/ (Mko Bf B P

1
:Mk( sup u + inf u + >,
Mko Bs B1 P

where the last equality holds by the choice of §. Then, we can choose 1 € Bg, (zx) such that

w(zpg1) > My < supu—i—i}rglfu—i—p) )
1

ko Bs

Therefore we get

w(Tpyr1) > supu + My, (i}rglfu—l—p) ,
1

Bs

which is a contradiction since xg,+1 € Ba. O

So, now our task is to prove that solutions to the DPP satisfy the hypothesis of the previous lemma. We
start working towards condition (1).

Theorem 5.3. There exists C, 0,69 > 0 such that if u is a bounded measurable function satisfying

L-u<0 in By,
u>0 z'n]RN,

for some 0 < & < gq, then

inf u<Cr=2%infu
B, (2) B

for every z € By and r € (ke, 1), where k = A/2(c + 1).

Proof. Let Q = By(z) \ B,(z). Our aim is to construct a subsolution ¥ in the Ae-neighborhood of €2, i.e. in
Q = Byiac(2) \ Br—pe(2), such that ¥ < w in Q.
Let ¥ : RN\ {0} — R be the smooth function defined by

U(r)=Alz — 2|72 - B
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for certain A, B,o > 0, which is a radially decreasing function. The constants A and B are fixed in such a
way that ¥ < w in Q\ Q, that is both in B, (2) \ Br_ac(2) and Bsyac(z) \ Bsa(z). More precisely, requiring

= inf u and

\II|aBr—AE(Z) Br(z) \P|334(z) =0

and since VU is radially decreasing, we obtain that ¥ < u in O \ Q. Therefore these conditions determine A
and B so that

|.%' _ Z|—2o _ 4—20 )
o) = R g

Let us assume for the moment that z = 0 and = (|z[,0...,0). Similarly as in the proof of Lemma 3.5,
using (9) we can estimate

2.2
5 (z,ey) > 2e% Ao|x| 272 [Az +2(c+1) (1 —(o+ Z)AE) yﬂ

2
for every |x| > r > Ac and |y| < A (so that |z +ey| > 0 and thus §U(z, ey) is well defined). Moreover, since
r € (ke, 1) we get

2.2 2

A
7"2 21*(0+2)§

1
1—(0+2) =2

where the equality holds for

k= Av/2(0 +2) > 2A.

This also sets out an upper bound for e: the inequality ke < 1 is satisfied for every 0 < ¢ < g¢ with

1
ep < A\/ﬁ Then

§U(z,ey) > 2% Aoz 272 [-A% + (0 + 1)yi]
for every |z| > r > Ae and |y| < A. Hence

inf 0W(z,e2) > 2e° Aofa| 7277 % [-A?]

z€Bp
and
1

]{31 6 (z,ey) dy > 2e? Ao |x| 272 [A2 + ]?f—’—i_— 2} ,

SO
+1
“W(z) > Aolz| 72072 | A2 + B2 =
£20) > Aofel 272 |-a? 4 5T | = (o

for every |z| > r > Ae. Choosing large enough o depending on N, 5 and A we get that ¢» < 0 for every
|z] > Ae.
Summarizing, since Q = By(z) \ B,(z) with r > ke > 2Ae, we obtain

LU >—)p inQ,
¥ <u in Q\ Q.
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In what follows we recall the e-ABP estimate to show that the inequality ¥ < w is satisfied also in €.
But before, as in the proof of Lemma 3.6, we define v = ¥ — u and since by assumption £Zu < 0 in
Q = By(2) \ B.(z) C By, we have

E:v >LV—Lu>—y
in Q. Thus

LIv+y >0 inQ,
v <0 in()\Q.

By the e-ABP estimate (see Theorem 4.1 together with Remark 7.4 both from [1]),
N NN
supv§§upv+6’< Z (sup¢+) |Q> )

@ Q\Q QGQE(K'U)

where K, C ) stands for the contact set of v in € and QE( K,) is a family of disjoint cubes @ of diameter
e/4 such that Q N K, # (), so that Q C €. Since v < 0 in Q\ 2 and ¢ < 0, we obtain that v < 0 in £, that
is, ¥ < w in . In consequence,

3—20 _ 4—20
: > i _ .
A A SR
> (3727 —47%%)(r — Ae)* inf u

B, (z)

> (3720 —47%) (C>20 inf u
- 2 B (z)

for every z € By, where we have used r > ke > 2Ae so that r — Ae > 5, so the proof is finished. O
Now we prove that condition (1) in Lemma 5.2 holds in the desired setting.

Corollary 5.4. There exists C,0,e9 > 0 such that if p > 0 and u is a bounded measurable function satisfying

L-u<p in By,
u>0 in RN,

for some 0 < & < gq, then

inf u < 0(752" infu+ p)
B, (2) B,

for every z € By and r € (ke, 1), where k = Ay/2(c + 1).

Proof. We consider ii(z) = u(x) — Ap|x|?, where A > 0 is a constant to be fixed later. Then
Sz, ey) = du(x, ey) — 22 Aply|? < du(z,ey),

$0

inf 0a(z,ez) < inf du(x,ez)
z€Bp 2€Bx
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and

N
0z, ey)dy = Su(z,ey) dy — 26 Ap ———,
£ onwenay= f outwendy 2240 7

where we have used that § B, ly|? dy = NLH Therefore,

N N
u < LTu — — < — R <
Loa< L u ApﬂN+2_(l /15]\[_~_2>;)_07

where the last inequality holds for a sufficiently large choice of A.
Therefore we can apply Theorem 5.3 to 4. Observe first that since r € (ke, 1) and z € By then B,.(z) C Bs.
Thus @ > u — 9Ap in B,(z) and

By

inf u—9A4p < inf @< Cr=2infa < Cr=2infu
(2 By (z) B
and the result follows. 0O

Now we are ready to state the main result of the section.

Theorem 5.5. There exists C, X\, g9 > 0 such that if u > 0 in RN is a bounded and measurable function
satisfying LTu > —p and LZu < p in By for some 0 < € < g, then

supu < C (infu+p+€2’\supu) .
B, By B3

Proof. By Corollary 5.4 we have that u satisfies condition (1) in Lemma 5.2 for A = 20. We deduce condition
(2) by taking infimum over z, z € B, in the inequality given by Theorem 4.7. We use € < r to bound &7 < r7.
In this way, we obtained the inequality for every r < R/2 and ¢ < ggR. We need it to hold for every r < 0R
and € < %R. Therefore we have proved the result if § < 1/2 and % < g¢. That is we have obtained the result
as long as 4 is small enough. Recall that § = (2“‘2/\0)_1/7. Then, it is enough to take v > 0 small enough.
We can do this since g, C, £ and A only depend on A, a, 8 and the dimension N, and not on . Also if
Theorem 4.7 holds for a certain y > 0 it also holds with the same constants for every smaller v > 0. O

Remark 5.6. Let {u. : 0 < € < g0} be a family of nonnegative measurable solutions to the DDP with
f = 0. In view of Theorem 4.7 together with the asymptotic Arzeld-Ascoli theorem [17, Lemma 4.2], we
can assume that u. — u uniformly in By as € — 0. Then by taking the limit in the asymptotic Harnack
inequality

supu. < C (inf ue + €2 sup u8> ,
By B B3

we obtain the classical inequality for the limit, that is

supu < C'inf u.
B4 B

Similarly if {u. : 0 < & < g9} is a uniformly convergent family of nonnegative measurable functions such
that Lu. > —p and LZu. < p, then for the limit we get

supu < C(inf u + p).
By B1
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