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Abstract: Stratified groups are those simply connected Lie groups whose Lie algebras admit a derivation for
which the eigenspace with eigenvalue 1 is Lie generating. When a stratified group is equipped with a left-
invariant path distance that is homogeneous with respect to the automorphisms induced by the derivation,
this metric space is known as Carnot group. Carnot groups appear in several mathematical contexts. To un-
derstand their algebraic structure, it is useful to study some examples explicitly. In this work, we provide a
list of low-dimensional stratified groups, express their Lie product, and present a basis of left-invariant vector
fields, together with their respective left-invariant 1-forms, a basis of right-invariant vector fields, and some
other properties. We exhibit all stratified groups in dimension up to 7 and also study some free-nilpotent
groups in dimension up to 14.

Keywords: Carnot groups; stratified groups; nilpotent Lie algebras; free nilpotent groups; exponential coor-
dinates; associated Carnot-graded Lie algebra
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1 Introduction

Stratified groups, equipped with their homogeneous metrics, appear in several mathematical contexts. Such
metric groups arise in harmonic analysis, in the study of hypoelliptic differential operators, and as bound-
aries of strictly pseudo-convex complex domains, see the books [4, 30] as initial references. When equipped
with Carnot-Carathéodory metrics, stratified groups are also known as Carnot groups and they appear in geo-
metric group theory as asymptotic cones of nilpotent finitely generated groups, see [11, 25]. Sub-Riemannian
stratified groups are limits of Riemannian manifolds and are metric tangents of sub-Riemannian manifolds.
Sub-Riemannian geometries arise in many areas of pure and applied mathematics (such as algebra, geom-
etry, analysis, mechanics, control theory, mathematical physics), as well as in applications (e.g., robotics),
for references see the book [22]. The literature on geometry and analysis on stratified groups is plentiful. In
addition to the previous references, we also cite few more: [1, 3, 8, 13-15, 19, 23, 26, 27, 31, 32].

Stratified groups are simply connected Lie groups for which the Lie algebra admits a special grading,
called a stratification, and is equipped with one such a stratification. Namely, a grading is a stratification if
the degree-one layer of the grading is Lie generating. The presence of a positive grading implies that the Lie
algebra is nilpotent. Not all nilpotent Lie algebras admit a stratification; however, free-nilpotent Lie algebras
do. Each positive grading induces a one-parameter family of automorphisms, giving rise to the considera-
tion of homogeneous distances, which are unique up to biLipschitz equivalence, see [17] for an introduction.
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Hence, stratified groups have many analogies with (finite-dimensional) vector spaces. However, their possi-
ble non-commutativity provides some crucial differences.

In this paper, we provide the list of all stratifiable Lie algebras of dimension up to 7, as well as the free-
nilpotent Lie algebras of dimension up to 14. Moreover, up to dimension 6, we also consider those nilpotent
Lie algebras that are not stratifiable, and since they all happen to be positively gradable, we provide one such
grading for them.

Let us recall the terminology for stratifiability, stratifications, and gradings. We first stress that all Lie
algebras considered here are over R and finite-dimensional. Also, given two subspaces V, W of a Lie algebra,
we set [V, W] := Span{[X, Y]; X € V, Y ¢ W}. A stratification of step s of a Lie algebra g is a direct-sum
decomposition

g=VieVo®---® Vs,

for some integer s = 1, where Vs # {0} and [V, Vj] = Vj,, for all integers j € {1,..., s} and where we set
Vs = {0}. We say that a Lie algebra is stratifiable if there exists a stratification of it. Equivalently, as pointed
out in [6], stratifiable algebras are those nilpotent Lie algebras that possess a derivation inducing the identity
map modulo the derived subalgebra. Stratifiable algebras are also called Carnot algebras. We say that a Lie
algebra is stratified when it is stratifiable and endowed with a stratification. We should stress that in the case
of a stratifiable algebra, the choice of a stratification is essentially unique: every two stratifications of g differ
by a Lie algebra automorphism of g, see [17, Proposition 2.17] for a reference.

A stratification is a particular example of grading. Indeed, it is a grading where the layer of degree one is
Lie generating. A positive grading of a Lie algebra g is a family (V¢) (o, ,.) Of linear subspaces of g, where all
but finitely many of the V;’s are {0}, such that g is their direct sum

9=@Vt

te(0,+o0)

and where
[Vt, Vu] C Vi, forall t,u > 0.

We say that a Lie algebra is positively gradable if there exists a positive grading of it. We say that a Lie algebra
is graded (or positively graded, to be more precise) when it is positively gradable and endowed with a positive
grading. More considerations on this subject can be found in [18].

As usual, we only consider those Lie algebras that are indecomposable, i.e., those that are not the direct
sum of two nontrivial Lie algebras. The classification of stratified algebras that we provide in this paper will
give rise to the following consequence:

Proposition 1.1. There are 4 indecomposable stratified algebras in dimension 5, and 13 in dimension 6. All
nilpotent Lie algebras of dimension less than or equal to 6 are positively gradable; but 2 in dimension 5 and
11 in dimension 6 are not stratifiable. In dimension 7, there are two one-parameter families of indecomposable
stratified algebras, plus 45 more single examples.

For the list of nilpotent Lie algebras of dimension up to 7, we follow Gong’s classification from his thesis
[9]. However, in our paper we shall also point out for each Lie algebra what the corresponding name/number
is in the classifications present in de Graaf [10], Magnin [20], and Del Barco [2], respectively. This will provide
the reader with a database to navigate between the different notations. One should stress that the list in
Magnin’s paper [20] consists of indecomposable nilpotent Lie algebras with complex structural constants
(1.2), and is therefore shorter than the other ones. This is due to the fact that some Lie algebras are isomorphic
over algebraically closed fields, but are not isomorphic over R (we refer to Chapter 7 in [9] for a more thorough
explanation of this fact). Regarding the free nilpotent algebras of dimension greater than 7, we shall use Hall’s
construction from [12].

For each group in our list, we exhibit a basis of its Lie algebra following the presentation in [9] and we
study the differential structure in exponential coordinates for the respective simply connected Lie group. More
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precisely, we calculate the group law, the vector fields that are left-invariant extensions of the given basis,
and the respective left-invariant differential 1-forms. We also provide the expressions for the right-invariant
vector fields. One should stress that nilpotent groups that are not stratifiable do not have a canonical sub-
Riemannian structure. For these groups, we shall also add a subsection to present a possible grading and
discuss which polarizations give rise to a maximal Hausdorff dimension for their respective sub-Riemannian
distance, and calculate the tangent space. We also compute the asymptotic cones of all non-stratifiable nilpo-
tent Lie groups of dimension less than or equal to 6.

1.1 Notations and differential objects considered

For the groups discussed in this paper, we shall use the following notation for describing their differential
structure in exponential coordinates.

We present each Lie algebra with a choice of a basis denoted by X1, ..., X», and provide the list of non-
zero bracket relations in the form
n
(X, X1 = chiXe, (12)
k=1

where cll-j- € R are called structural constants, and of course we only present those for which i < j.

Since for such low-dimensional Lie algebras the list of equations (1.2) is rather short, we aim to provide a
visualization of the grading of the Lie algebra through a diagram as follows. For Carnot groups up to dimen-
sion 7, the sum in (1.2) is of at most one addend and most of the time the only non-zero coefficient is 1 or —1.
Hence, if for given i, j there exists k such that [X;, X ]-] = X, we will then visualize this relation as

X; X;
Xk

In other words, the bracket relation expressed in the diagram should always be read from left to right. If the
diagram should be read differently, we shall use the following notation. Namely, if the bracket relation is
[Xi, X;] = -Xj, we will draw the diagram as

X; X;

Xk

If instead the bracket relation is [X;, X ]-] = cX; for some c € R, we will then write

In the case of Carnot algebras where the given basis can be adapted to a stratification, we will also draw
the diagram by rows according to the different strata. For example, a diagram of the form
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X1 X

Xy

means that the vectors X, X, form a basis of the first stratum V, the vector X3 forms a basis of the second
stratum V,, the vector X, forms a basis of the third stratum V3, and the bracket relations are [X1, X>] = X3,
(X1, X3] = X4, and [X;, X3] = X,,.

Moreover, other information is also readily available from simply looking at the diagram, such as the rank
of the Lie algebra, which is equal to the number of vectors in the first row, and the nilpotency step, which is
given by the number of rows in the diagram.

Given a basis X1, ..., X, of a nilpotent Lie algebra g, there exists a unique (up to isomorphism) simply
connected Lie group G with g as Lie algebra. Moreover, the exponential map exp: g — G is a diffeomorphism,
see [7] for a reference. We shall then parametrize G via the exponential map and our choice of basis. Namely,
we will use the identification

R" «+— G
n

(X1,...,xn) — exp(Zx,-X,—). 1.3)

i=1

Since in nilpotent groups the Baker-Campbell-Hausdorff formula converges globally, the identification
above allows us to write the group product. In fact, for all X, y € R", there exists a unique z € R" such that

exp <inXi) exp <Zin,-) = exp ( ZziX,-> . (1.4)
i=1 i-1 i-1

Via the identification (1.3), one can write the group law in (1.4) as
X*y=2. (1.5)

Hence, we have a group law * on R" that makes (R", *) a simply connected Lie group with Lie algebra g, whose
identity element is 0.

The basis X1, ..., Xn of g induces left-invariant vector fields on R" via the formula
x»—>d(Lx)0ei, i=1,...,n, (1.6)

where Lx(y) := x * y is the left translation, and by e; we denote the i-th vector of the standard basis of R".
We will still denote by X; the left-invariant vector fields given by equation (1.6). One should stress that each
vector field X; is represented by the i-th column of the matrix d(LX) 0’ fori=1,..., n. For better readability,
however, in our paper we will provide both d (Lx) pasa matrix, as well as the vector fields X1, ..., X, written
as derivations.

We also provide the explicit expression in coordinates of the basis 84, . . ., 6, of left-invariant differential
1-forms that is dual to the basis of left-invariant vector fields X1, ..., Xn, thatis
Gi(Xj)=6ij s fori,j=1,...,n. (1.7)

Likewise, one can repeat the same procedure for right translations. For shortness, we will only provide
the differential at 0 of right translations Rx(y) := y * X. The reader can then deduce the right-invariant vector
fields (and subsequently the right-invariant 1-forms) from the columns of the matrix d(Rx) o
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In the case of non-stratifiable nilpotent groups, we will insert an extra subsection to discuss the possible
Carnot-Carathéodory structures that maximize the Hausdorff dimension. In order to do so, we now recall the
notion of polarization and the method to calculate the dimension of the metric space that it defines (up to
biLipschitz equivalence). Given g a nilpotent Lie algebra, we denote by G the simply connected Lie group that
has g as Lie algebra. By applying left-translations, we have that any subspace V of g induces a left-invariant
subbundle A of TG. Following Gromov’s terminology, we call the pair (G, A) a polarization of G. We only focus
on the case where V is Lie generating, which is equivalent to saying that A is a bracket-generating distribution.
One can check that, since g is nilpotent, a subspace V C g is Lie generating if and only if

V+lg,gl=g. (1.8)

Once we fix a left-invariant norm || - || on A, we get that the triple (G, 4, || - ||) is an example of a Carnot-
Carathéodory space. We refer to Gromov seminal paper [11] for the theory of Carnot-Carathéodory spaces, also
called CC-spaces. Every CC-space is a metric space when equipped with the control distance. The Hausdorff
dimension with respect to this distance can be expressed as

Z i (rankAi - rankAH), (1.9

i
where rank A° = 0, rank A! = dim V, and

rankA' = dim (V + [V, V] + -+ + [V, [V, -+, [V, V]]]) .

i-1

Let us point out that if g is stratifiable, then a Lie generating subspace V C g maximizes the Hausdorff dimen-
sion if and only if V is the first layer of a stratification. On the other hand, this characterization is not present
for non-stratifiable Lie algebras. For this reason in our paper, when presenting a non-stratifiable nilpotent
Lie algebra g, we will add an extra subsection to discuss for which choice of polarization (G, A) we obtain
maximal Hausdorff dimension. In low dimension, except for a few cases, such polarizations are unique up to
automorphism. Namely, in dimension up to 5, all possible A with (1.8) differ by an automorphism. In dimen-
sion 6, except for Ng ; » and N 1 4, polarizations of maximal dimension are unique up to automorphism. For
the considered polarizations we calculate the tangent cone, which is also known as symbol, and by a theorem
of Mitchell is a very easily computable Carnot group, see [21].

By a theorem of Pansu, the asymptotic cone of every nilpotent Lie group equipped with a CC-metric is
a Carnot group, which does not depend on the choice of metric. Thus, for every non-stratifiable nilpotent
Lie algebra of dimension 5 or 6 we shall also determine its asymptotic cone. The calculation is done via the
associated Carnot-graded Lie algebra, for which we refer to [24].

Finally, after the list of Carnot groups of dimension 7, we analyze free-Carnot groups of low dimension.
Regarding the step-2 case, one can easily write down the product law and the left-invariant vector fields in
arbitrary dimension (this calculation is not original and can also be found in [3, 16, 18]). Regarding the step-3
case, the free-Carnot groups of rank 2 is 5-dimensional, so it is already included in Section 3 (see Lie algebra
N5, 5 on page 18).

In addition, we will present the rank-3 step-3 free-Carnot group, which has dimension 14, and the rank-2
free-Carnot groups of step at most 5, which have dimensions 5, 8, and 14, respectively. We will not discuss the
rank-4 step-3 case, which has dimension 30, nor the one with rank 3 and step 4, which has dimension 32.

Of the free-Carnot groups above, we will also provide exponential coordinates of the second type, together

with the change of variables with respect to the ones of first type. We shall add an s, as an exponent, to those
differential objects that are expressed in exponential coordinates of the second type.
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2 1D-4D nilpotent Lie algebras

The nilpotent Lie algebras of dimension up to 4 are well known, and they are all stratifiable. The list of the
stratifiable Lie algebras of dimension less than or equal to 4 is: R, R?, R?, N3 ,, R%, N3 , xR, and N, ,, where
here R" denotes the n-dimensional abelian Lie algebra, N5 ; is the first Heisenberg algebra, and N, , is the
Engel Lie algebra.

We shall now recall the non-zero brackets of these last two Lie algebras in order to help the reader get
familiar with our diagram notation.

The algebra N3 ,, which is the Lie algebra of the first Heisenberg group, and its stratification are repre-
sented as

Xy X5

Xv

Whereas the algebra N,,,, which is the Lie algebra of the Engel group, and its stratification are represented
as

X1 XZ

S

X3

Xy

In the case of the first Heisenberg group and the Engel group, it is sometimes convenient to work in
exponential coordinates of the first kind, and some other times in exponential coordinates of the second
kind.

N;;

B

The following Lie algebra is denoted as N3, by Gong in [9], as L3 , by de Graaf in [10], as k3 by Del Barco in
[2], and as G5 by Magnin in [20].

The only non-trivial bracket is the following:
[X 1 X 2] = X3 .

This is a nilpotent Lie algebra of rank 2 and step 2 that is stratifiable, also known as the first Heisenberg
algebra. The Lie brackets can be pictured with the diagram:

Xy X5

~_

X3

The composition law (1.4) of N3 , is given by:

® zZ1=X1t+tY1;



DE GRUYTER A Cornucopia of Carnot Groups in Low Dimensions =—— 161

® Z3=X2+tY2;
1
* z3=x3+y3+5(x1y2 - x2)1).

Since
1 0 0
d(LX)O = 0 1 of ,
the induced left-invariant vector fields (1.6) are:
® XlzaX1_X726X3;
* X2=aX2+leaX3;
M X3 = aX3 ]
and the respective left-invariant 1-forms (1.7) are:
L4 91 = Xm;
L4 62 = dXz;
* 03 =dxz - %dx; + Zdxy .
Finally, we have
1 0O O
dRxo=|0 1 0
X2 X1
2 2

One can also consider the exponential coordinates of the second kind. In this case, we obtain the follow-
ing expression for the left-invariant vector fields:

b Xi=aX1;
® X5 =0x, + X1 0x;
L4 X§=ax3.

N42

>

The following Lie algebra is denoted as Ny, by Gong in [9], as L4 3 by de Graaf in [10], as (2) by Del Barco in
[2], and as G, by Magnin in [20].

The non-trivial brackets are the following:
(X1, X5] = X3, [X1,X3] = X4 .

This is a nilpotent Lie algebra of rank 2 and step 3 that is stratifiable, also known as the filiform Lie algebra
of dimension 4, and also as the Engel algebra. The Lie brackets can be pictured with the diagram:

X1 XZ

The composition law (1.4) of N, 5 is given by:
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® Z1=X11tY1;
® Zy=X2+tY2;
1
* z3=Xx3+y3+5(X1¥2 - X21);
1 1
® Zyp=X4tYyst j(X1)’3 - X3y1) + ﬁ(xl - y1)(x1y2 - x2y1).

Since
1 0O O O
0 1 0 O
d(LX)O = _% x71 1 ol
2
X X Xoxq
122 12 2
the induced left-invariant vector fields (1.6) are:
° Xl = axl - XTZ ax3 - (:73 + Xi)zfl)axz‘ 5
L4 X2=axz+%ax3+%ax4;
o X3=ax3+%ax4;
* X4=0x,
and the respective left-invariant 1-forms (1.7) are:
L4 91 = Xm;
* 0, =dxy;
* O3 =dx3 - %dx;, + XTzdxl;
o 04 =dxs - Fdxs + Zdxy + (3 - 22)dx; .
Finally, we have
1 0 0O O
0 1 0 O
d(Rx)o = x72 _x71 1 0
N_xe XN _x g
12 12 2

One can also consider the exponential coordinates of the second kind. In this case, we obtain the follow-
ing expression for the left-invariant vector fields:

4 Xi =ax1;

o X5 =0x, + X1 0x; +§ax,,;
® X5 =0x; +X10x, ;

* X3 =0x, -

3 5D indecomposable nilpotent Lie algebras

Among all the indecomposable nilpotent Lie algebras of dimension 5, there are 4 Carnot algebras and 2 more
nilpotent Lie algebras, which are gradable. Moreover, there are other 3 decomposable nilpotent algebras,
which are stratifiable: the abelian R, the direct products of the first Heisenberg algebra times R?, and the
Engel algebra times R.

Ns ; non-stratifiable

The following Lie algebra is denoted as N5 1 by Gong in [9], as Ls ¢ by de Graaf in [10], as (1) by Del Barco in
[2], and as 5 ¢ by Magnin in [20].
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The non-trivial brackets are the following:
(X1, Xo] = X3, [X1, X3] = X4, [X1, X4] = [X2, X3] = X5

This is a nilpotent Lie algebra of rank 2 and step 4 that is positively gradable, yet not stratifiable. The Lie
brackets can be pictured with the diagram:

X1

The composition law (1.4) of N ; is given by:

® Zi=X1+Y1;

® Zp=X3tY2;

® Z3=Xx3+ty3+ %(Xﬂfz - X2y1);

24 = X4+ Y4+ 5(X1y3 - X3y1) + 15 (X1 - y1)(X1y2 - X2y1);

o z5 = X5+ Y5 + 3001V4 = XaY1 + X2y3 - X3¥2) + 15001 = y1)(X1y3 — X3Y1)
+ 15 (2 —y2)(X1y2 - X2y1) - 5 X1y1(x1y2 - X2¥1).

Since
1 0 0 0 O
0 1 0 0 O
_X2 X1
d(Lx)o = ] 2 1 0 0,
X1X2 _ X3 X X1
12772 12 , 2 10
KX X XX X3 X6 o q
12 2 12 2 12772 2

the induced left-invariant vector fields (1.6) are:

2
X X XX X X1X3+X .
¢ Xl:axl_%a’@_(%{_ izz)ax4_(74+ 12 z)axs’
2
— X X X1X X .
© Xy = 0x + %500 + Th0x + (32— 2)0xs 5
2
— X X X .
° X3 —aX3+71aX4+(ﬁ+72)axs,
o Xy4=0x, +50x;
L4 X5=ax5,

and the respective left-invariant 1-forms (1.7) are:

4 91 = Xm;
L4 92 = dXz;
e O3 =dx; - ledXZ + Xz—zdxl;

2
o 94 = dX4 - ledX3 + %dXZ 3
2 3 2 2
o 05 =dxs—Hdxs+ (- %)dxs+ (22 + % - T )dxy + (% - 222+ B2)dx, .

+
—~
[N

|

=~

fa

=<

l
< ~—

o,

=3

a
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Finally, we have

1 0 0 0O O
0 1 0 0O O
d(Rx)O = XTZ _% 1 0 0
$-3E % 3 10
X4 X1X3+x§ X1X3 4 X3 ﬁ - X X 1
2 12 12 2 12 2 2

Grading, polarizations of maximal dimension, and asymptotic cone
The Lie algebra N;s ; is not stratifiable, but it is gradable as
Vi = span{X;},i=1,...,5.

We claim that in this Lie algebra every two complementary subspaces to the derived subalgebra, as in
(1.8), differ by an automorphism. Indeed, when u’i varies, the matrix

1 0 0 0O O
0o 1 0 0O O

u; u 1 0 0
1 W

uf ud 3 1 0

wow ui-u3 w1

is a Lie algebra automorphism and sends the subspace span{X;, X,} to span{X; + u%Xg +utXy +u3Xs, Xo +
u%X 3+ u‘2‘X4 + u%X 5 }, which is an arbitrary subspace as in (1.8). In particular, every A as in (1.8) gives maximal
dimension. The tangent cone of each of such polarizations has Lie algebra isomorphic to Ns ; 3, see page 167.

The asymptotic cone of the Lie group with Lie algebra N ; has Lie algebra isomorphic to N5 , 1, which
is the filiform algebra of step 4. On the geometric side, we remark that it is an unsolved problem whether the
simply connected Lie group with Lie algebra N ; is quasi-isometric to its asymptotic cone, whose Lie algebra
is Ns3,1. In fact, the simply connected Lie groups with Lie algebras Ns ; and N5, 1 respectively, although
non-isomorphic, are not distinguishable by the quasi-isometric invariants known up to now (see the works
by Pansu [25], Shalom [29], and Sauer [28]). These two groups form the smallest-dimensional open case of a
well-known conjecture (see [5, Conjecture 19.114]). The reader could compare this with the case of N5, , on
page 166, whose Lie group is known to be non quasi-isometric to its asymptotic cone.

N5,2,1

The following Lie algebra is denoted as N, ; by Gong in [9], as Ls 7 by de Graaf in [10], as (2) by Del Barco
in [2], and as G5 5 by Magnin in [20].

The non-trivial brackets are the following:
[le XZ] = X3 s [XI’XB] = Xll s [XI’XZI] = X5 .

This is a nilpotent Lie algebra of rank 2 and step 4 that is stratifiable, also known as the filiform Lie algebra
of dimension 5. The Lie brackets can be pictured with the diagram:
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X1 XZ

The composition law (1.4) of N 5 ; is given by:

® Z1=X1tY13

® Z)=X2tY2;

o z3=x3+Yy3+ 3012 - X2y1);

® Zy =Xy tY4st %(X1)’3 - X3y1) + %(X1 -y1)(x1y2 = x2y1);

® Zs=X5+tYys+ %(X1Y4 - X4y1) + %(Xl - y1)(x1y3 - x3y1) - ﬁxlh(xl)’z - X2Y1)-

Since
1 0 0O 0 O
0 1 0 0 O
dLdo=| % % 1 0 o],
E-F Loy 10
oy o0 H oy

the induced left-invariant vector fields (1.6) are:

o Xy = 0n - 00 - (% TR)0y, - (400
o X5 =0y, + %a;@ + %axa ;

o X3=0x +%0x +130xs;

L4 X4=ax4+"716x5;

° X5 = axS N

and the respective left-invariant 1-forms (1.7) are:

4 91=dX1;

e 0, =dxy;
2 2;

o 03 =dx3 — Xtdx; + X2dxy;
3 3 2 1

x2 XZZ ’ X X1X
o 0, =dxy - Sdxs + Zdxy + (B - 2)dxg;
X.

6

2 3

= _X 4 -5 Xa _

* 05 =dxs - Sdxy + Zdxs - hdxy + (5 - 92 + 52 )dxg .

Finally, we have

1 0 0 0O O

0 1 0 0O O

d(Rx)o = XTZ _):71 1 0 0
So4e B % 1 o
-3 0 % -3 1
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N;s,,,> non-stratifiable

The following Lie algebra is denoted as Ns > » by Gong in [9], as Ls s by de Graaf in [10], as (4) by Del Barco
in [2], and as 5,3 by Magnin in [20].

The non-trivial brackets are the following:
(X1, Xo] = X4, [X1, Xu] = [X2, X3] = X5

This is a nilpotent Lie algebra of rank 3 and step 3 that is positively gradable, yet not stratifiable. The Lie
brackets can be pictured with the diagram:

Xy X5
X, X;
Xs

The composition law (1.4) of N ; , is given by:

® Z1=X1tY1;
® Z)=X2+Y2;
® Z3=X3+1Y3;
1
® Zyp=X4t+Yy4t j(XU’Z - X2y1);
1 1
* z5 = X5 + Y5 + ;(X1y4 — X4Y1 + X2y3 = X3¥2) + 13 (x1 = y1)(x1y2 - x2y1).

Since
1 0 0O 0 O
0 1 0O 0 O
d(Lx)o = 0 0 1 0 o0f,
-% S i 0O 1 o0

X
X]_ = axl - ijaxq - (74 + Xi)z(z)axs 5
X X X
X2 = axz + Tlax4 + (ﬁ - 73)())(5;
X3 = aXa + XTZaxs 5
X4 = ax4 + %axs 5
X5 = aXS )

and the respective left-invariant 1-forms (1.7) are:

L4 91 =dX1;
L4 02 =dX2;
* 03 =dxs;

i 94 = dX4 - %dXz + ijdxl;

2
05 = dxs — %-dxs - %dxs + ( + %5 )dxo + (% - X22)dx; .
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Finally, we have

My © m oo
ox P O oo
m 0o oo

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N5 , , is not stratifiable, but it is gradable as

Vi = span{X;,X>},
V, = span{X3, X},
V3 = span{X5 } .

We claim that in this Lie algebra every two complementary subspaces to the derived subalgebra, as in
(1.8), differ by an automorphism. Indeed, when u’l. varies, the matrix

1 0 0 0 O
-u3 1 0 0 O
0 0 1 0 O
up ui ui 1 0
u; uw oud ous 1

is a Lie algebra automorphism and sends the complementary subspace span{X;, X, X5} tospan{X; - ué‘X 2+
u‘l‘Xl, + u§X5, X5 + u§X4 + u§X5,X3 + ué‘Xl, + ngS}, which is an arbitrary subspace as in (1.8). In particular,
every A as in (1.8) gives maximal dimension. The tangent cone of each of such polarizations has Lie algebra
isomorphic to N; 3 », see page 170.

Given the simply connected Lie group with Lie algebra N5  », its asymptotic cone has Lie algebra isomor-
phic to N4 » x R, where N, , is the filiform algebra of step 3. On the geometric side, we remark that that this
non-stratifiable Lie group is known not to be quasi-isometric to its asymptotic cone, or to any other simply
connected nilpotent Lie group, from the work of [28]. The reader should compare this to the case of N5 ; on
page 163.

Ns5,3

The following Lie algebra is denoted as N, 3 by Gong in [9], as Ls ¢ by de Graaf in [10], as (3) by Del Barco
in [2], and as s 4 by Magnin in [20].

The non-trivial brackets are the following:
(X1, Xo] = X3, [X1, X3] = X4, [X2, X3] = X5

This is a nilpotent Lie algebra of rank 2 and step 3 that is stratifiable, also known as the free-nilpotent Lie
algebra of step 3 and 2 generators. The simply connected Lie group with Lie algebra N ; 3 is also know as the
Cartan group. This algebra will also be studied in the section of free-nilpotent Lie algebras, see page 279. The
Lie brackets can be pictured with the diagram:
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X1 X

~_

X3

X, X5 .

The composition law (1.4) of N ; 5 is given by:

® zZ1=X1tY1;

® Z) =X t+Y2;

o z3=x3+Yy3+3(x1y2 - X2y1);

o z4 = x4+ Y4+ 3001y3 = x3y1) + 15 (x1 - y1)(X1y2 - X2¥1);
® Zy =X5+)Ys+ %(X2J'3 - X3y2) + le(xz - y2)(X1y2 = X2¥1).

Since
1 0 0O 0 O
0 1 0O 0 O
dLxo- | % ¥ 1.0 0f,
-y B %10
the induced left-invariant vector fields (1.6) are:
2
¢ Xi= 0300 - (34 500 - Hons
2
Xy 00+ 300+ e - (3 - 45 0u
* X3=0x+ leax;. + ijaxs H
L4 X4 = ax4 M
* X5 =0x,,
and the respective left-invariant 1-forms (1.7) are:
e 01 =dxy;
o 92 = dXz;
* 03 =dx;3 - ledXZ + ijdxl;
2
* 04 =dxs - Sdxs+Zdxy + (% - %gdxl;
L 95 = dX5 - XTZdX;; + (X73 + X16X2)dX2 - %dxl .
Finally, we have
1 0 0O O O
0 1 0O 0 O
d(Rx)o = 2 -x 1 00
XZ
YoM f % 10

N5,3,1

The following Lie algebra is denoted as Ns 3,1 by Gong in [9], as Ls 4 by de Graaf in [10], as (8) by Del Barco
in [2], and as G5, ; by Magnin in [20].
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The non-trivial brackets are the following:
(X1, X2] = [X3, X4] = X5

This is a nilpotent Lie algebra of rank 4 and step 2 that is stratifiable, also known as the second Heisenberg
algebra. The Lie brackets can be pictured with the diagram:

Xl XNX3 X4
Xs

The composition law (1.4) of N; 3 ; is given by:

® Z1=X1+Y1;
® Z)=X2+Y2;
® Z3 =X3+Y3;
® Z4 =Xyt Yy
1
* Z5 = X5 + Y5 + 5 (X1y2 — Xoy1 + X3V4 — X4Y3).

Since
1 0 0 0 O
0 1 0 0 0
dLx)p=| 0 0 1 o0 o0},
0 0 0 1 O
the induced left-invariant vector fields (1.6) are:

* X1 =0x - %an H

e Xy =0y + %axs H

e X3= aX3 - %axs H

e X, = ax4 + X736X5 5

o X5 =0y,

and the respective left-invariant 1-forms (1.7) are:

L4 91 = Xm;

L4 62 = dXz;

L4 93 = dX3;

L4 94 = dX4;

* 05 =dxs - $dxy + Zrdxs - Fdx, + %dx; .

Finally, we have
1 0 0 0 O
0 1 0 0 O
dRx)o=|0 O 1 0 O

0 0 0 1 0

Ns 3,2

The following Lie algebra is denoted as Ns 3, by Gong in [9], as Ls g by de Graaf in [10], as (6) by Del Barco
in [2], and as G5, by Magnin in [20].
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The non-trivial brackets are the following:
(X1, X5] = X4, [X1,X3] = X5,

This is a nilpotent Lie algebra of rank 3 and step 2 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X3 X, \lxz
Xs X4 .

The composition law (1.4) of N 3 , is given by:

® Z1=X1+Y1;
® Z)=X2tY2;
® Z3=X3+1Y3;
® Zyp =Xyt Y4t %(Xﬂ’z - X2Y1);
* z5 = X5 +y5 + 3(X1y3 — X3Y1).

Since
1 0O 0 0 O
0 1 0 0 O
d(Lx)O = 0 0 1 0 O],
-2 4 0 10
% 0 % 01
the induced left-invariant vector fields (1.6) are:
® X1=0x —F0x — 30xs 3
L4 X2 = axz + %axa;
L4 X3 = ax3 + %axs;
i X4 = aX4 5
° X5 = an )
and the respective left-invariant 1-forms (1.7) are:
L4 91 = dX1;
L4 92 = dXz;
L4 93 = dX3;
L4 04 = dX4 - ledXZ + XTZXm;
L4 95 = dX5 - %ng + X%dxl .
Finally, we have
1 0 0O 0 O
0 1 0O 0 O
dRx)o=|0 0 1 0 O
L -4 0 10
2 0 -% 01
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4 6D indecomposable nilpotent Lie algebras

Among all the indecomposable nilpotent Lie algebras in dimension 6, there are 13 Carnot algebras and 11
more nilpotent Lie algebras, which are gradable.

Ne,1,1 non-stratifiable

The following Lie algebra is denoted as N ;,; by Gong in [9], as L ;15 by de Graaf in [10], as (4) by Del Barco
in [2], and as 9,19 by Magnin in [20].

The non-trivial brackets are the following:
(X1, Xi] = Xi1, 2<i<5, [X2,X3] = X5, [Xo, X4] = X .

This is a nilpotent Lie algebra of rank 2 and step 5 that is positively gradable, yet not stratifiable. The Lie
brackets can be pictured with the diagram:

Xy
X5
X3
Xy
Xs
Xe

The composition law (1.4) of Ny 1 ; is given by:

® Z1=X1tY13

® Z;=X2tY2;

o z3=x3+Yy3+ 3012 - X2y1);

® Zy =Xyt Yyt %(Xl)/E - X3y1) + %(X1 -y1)(x1y2 = x2y1);

® 25 = X5 + Y5 + 5(X1Y4 = Xay1 + XaY3 — X3Y2) + 15 (X1 - y1)(x1y3 - X3y1)
+ 15 (x2 = y2)(X1y2 — X2y1) — 35 X1y1(61y2 - X2¥1);

® Zg = Xg + Y6 + 5(X1¥5 = X5y1 + XaV4 — X4Y2) + 15 (X2 = y2)(X1y3 — X31)
+ 15 (01 = y1)(X1y4 — X4y1 + X253 — X3Y2) — 95 X1Y1(X1Y3 - X3Y1)
- 2 (ay1 + x1y2)(x1y2 = X2y1) + 7553 — X3)(x1y2 - x2y1)
+ 185 (a1yi - X3y (x1y2 - x2y1) .
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Since
[ 1 0 0 0 0
0 1 0 0 0
-2 e 1 0 0
Wdo= | xp g 4 Y 1o
X1X3+X5 Xy X1X2 _ X3 ﬁ + X2 X1 1
12 2 12 2 2772 2
Xfxz _ X1X4+XpX3 _ X5 _X1X3 _ X4 _ Xf‘{ X1X2 X2 4 ﬁ X1
L720 2 2 12 2 72 6 2712 2
the induced left-invariant vector fields (1.6) are:
2 3
X X X1X3+X XX X1X4+X2X X
o X1 = 0x - G0, - (73_'_ Xi)z(z)axl,- (74_'_ 5 z)ax; + (7125 - MXutoXs _75)3,(6;
b 4
_ X1 X1 X1X2 _ X3 _(X1X3 | X4 o X5
[ ] Xz—axZ+76x3+1226X4+( 12 2)();(5 ( 12 + 2 +72 )axs,
— X X X1X,
° X3—ax3+71ax4+(ﬁ+72)axs+ 1626)(6!
2
_ X3 X
® Xy =0x, + %500+ (% + 13)0x
X
o X5 = axs + 716)(6;
° X6 = axs )
and the respective left-invariant 1-forms (1.7) are:
L4 91 = Xm;
* 0, =dxy;
® 03 =dxz - Edx; + Zdxq;
2
X X X X1X, .
. 94=dx4—71dx3+?12dx2+(73— 122 ) dxy; 3 o
_ _ X1 Xil _ X2 X1X2 xf; _ Xil )ﬂ X1X3+X2 X1X2 .
® 05 =dxs - Hdxs+ (3 -%)dxs + (%2 + % - 3F)dx + (5 222 4 2 ) dxy;
2 3 2 4
X X X X1X, X X X1X X1X2 X
o B0 = dxg - Fdxs + (3 - )dui s (392 - )des + (3 - 22 - 2 + ) dra
2 2 3
Xs _ XpX3+XiXs |, X1X5 | XiX3 _ XiXa
+(% e+ T + T - g ) dxa
Finally, we have
I 1 0 0 0 0
0 1 0 0 0
2 -4 1 0 0
d(RX)O = X3 _ Xi)z(z )1(% _X71 1 0
X4 _ X1x3+x3 X3 4 X1X ﬁ _ X _X1 1
2 12 2 12 T 2 ;2
Xs _ XaXy+XoX3 4 X3Xa X4 _ X1X3 _ i X1X2 X1 _xp _x1
Ry) 12 720 2 2~ 72 6 272 2

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N ; ; is not stratifiable, but it is gradable as

Vi = span{X;},i=1,...,6.

= O © © O O
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We claim that in this Lie algebra every two complementary subspaces to the derived subalgebra as in (1.8)

differ by an automorphism. Indeed, when u’l: varies, the matrix

1 0 0 0 0
0 1 0 0 0
TERRTE: 1 0 0
ut  uj ] 1 0
w us uy-u3 u 1

Lw S w-uf uwi-wg W

_ O O O O O
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is a Lie algebra automorphism and sends the complementary subspace span{X;, X,} to span{X; + u3X3 +
WXy +u3 Xs +uSXe, Xy +u3 X3 +u3X, +u5Xs + uSXe}, which is an arbitrary subspace as in (1.8). In particular,
every A as in (1.8) gives maximal dimension. The tangent cone of each of such polarizations has Lie algebra
isomorphic to Ng ; 5, see page 186.

The asymptotic cone of the Lie group with Lie algebra Ng 1 ; has Lie algebra isomorphic to the filiform
Lie algebra of first-type Ng, ;1 of step 5, see page 179.

Ne,1,> non-stratifiable

The following Lie algebra is denoted as Ny 1,, by Gong in [9], as L¢ 14 by de Graaf in [10], as (1) by Del Barco
in [2], and as ¢ 20 by Magnin in [20].

The non-trivial brackets are the following:
(X1, Xil = X1, 2<i<4, [X5,X3] = X5, [X2, X5] = Xg, [X3, X4] = X

This is a nilpotent Lie algebra of rank 2 and step 5 that is positively gradable, yet not stratifiable. The Lie
brackets can be pictured with the diagram:

Xy

X

Xs

X

The composition law (1.4) of N 1 , is given by:

® Zi=X1+tY1;

® Zry=X2+Y2;

® Z3=Xx3+ty3+ %(Xﬂfz - X2y1);

o z4= X4+ Y4+ 3(Xx1y3 - x3y1) + 5 (X1 - y1)(X1y2 - x2y1);

 z5 = X5 + Y5 + 3(X1Y4 — Xay1 + Xo¥3 — X3Y2) + 15 (x1 = y1)(x1y3 — X3¥1)
+ 15 (62 = y2)(X1y2 - X2¥1) - 25 X1y1(x1y2 - X2y1);

® Zg=Xeg+tYet %()QYS = X5Y2 = X3Y4 + X4Y3) + le(X4 - y4)(X1y2 = X2¥1)
+ 15002 = y2)(ays = Xay1 + X2y3 = X3y2) + 15(y3 = x3)(x1y3 - x31)
- 2*14[)(1)’2()(1)/3 - x3y1) + (X2y2 = x1y3)(X1y2 = X2¥1)] - ﬁyl(xlh - X2y1)2
+ 725(2y2 - x3x2)(1y2 - Xay1) + g (ayaya - x3y2)(x1y2 — x2y1)]
- DoX1(x1y2 - x2y1)*.
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Since
[ 1 0 0 0 0
0 1 0 0 0
_X X
3 2 1 0 0
d(Lx)O = _X1X2 _ X3 X1 X1 1 0
12 72 12 ,2
NG X 10 _ X 4% x 1
12 2, 177 2772 2
Go20Xy X0 xiXxs | Xs XX xBTS X6 U5 X
L= 12 720 12 2770 2 2 -2 2

. X1=aX1_X72()X3—(XZ3 X

o
><I\J

+
(x1x4—xz)(3 X X2 )a .
12 2 720 ) YXe6 »

— X X1X.

* X = axz + 710)(3 126X4 ( 122 - 73)6)(5 -2
— X x X. x3 —X1X3

[ X3 —ax3 +716x4 ( =L + )aXS ( R + fur M 12 )axs,

i X4=ax4+"716x5+( B2 = 3)0x 5

L4 X5=axs+x72()x6;

° X6=aX5,

and the respective left-invariant 1-forms (1.7) are:

* 01 =dxy;
* 0, =dxy;
L4 93 = dX3 - XfldXZ +% Xm;
o 04 =dx,—Sdxs+ 3 dxz + (% - 12 dxy;
3
X1X X X1X3+X2 xX2x3
. 95=dx5—71dx4+(?—7)dx3+( A +73—ﬁ)dx2+(2 - 2R A2 dxg;
27
° g = dx6 - %dxs + ("73 + X9 ) dx, + (2 - % - Xlxz)dx +(5+ %
2 3 2 2
x3 1X3 )c1x2 x xz X3-2XoX4 | X; _ XiXy
+ T 4 g g + (Zg T+ 5~ Thd ) dxa
Finally, we have
[ 1 0 0 0 0
0 1 0 0 0
Xy -X 1 0 0
2 2
d(RX)O = X3 _ X1X Xf X1
2 - -5 - 1 0
2 12 12 , 2
X4 _ X1X31X5 X3 4 XiXo X3 _x2 _X1 1
2 12 IR VE 2772 2
X5-2X2Xy4 + X%X% X5 | XiX4—XoX3 _ XTXZ X7XiXs _ Xe X3 4 XiXo  _Xo
L= 12 720 2 12 720 12 2 2 12 2

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra Ng 1 ; is not stratifiable, but it is gradable as

Vi = span{X;},i=1,...,5,
Ve = 0,
V; = span{Xg}.

_ O O O O O

_ O O © O O
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When u} varies, the matrix

1 O 0 0 0 0
1 0 0 0 0
oW 1 0 0 0
ut  uj us 1 0 0
u; uw us - us u3 1 0

L u ud uh-wui - W - 2uh-uwd-uwdud 1|

is a Lie algebra automorphism when 2u% = u3u3, and sends the complementary subspace span{X;, X,} to

span{X; + u3Xs + ujX, + U3 Xs + uXg, Xo + u3 X3 + uiX, + u5Xs + uSXs}, which is an arbitrary subspace as

in (1.8). The tangent cone of each of such polarizations has Lie algebra isomorphic to Ny , ; if 2u3 = u3u3,

to Ng».5 if 2u3 > u3u3, and to Ng , 5 4 if 2u3 < u3u3, see pages 190, 186, and 187, respectively. In particular,
each of such polarizations gives maximal Hausdorff dimension.

The asymptotic cone of the Lie group with Lie algebra N 1 , has Lie algebra isomorphic to Ng  ,, see
page 181.

N,1,3 non-stratifiable

The following Lie algebra is denoted as N ; 3 by Gong in [9], as Lg 17 by de Graaf in [10], as (5) by Del Barco
in [2], and as ¢ 17 by Magnin in [20].

The non-trivial brackets are the following:
(X1, Xl =Xi1, 2<i<5, [X5, X3] = X

This is a nilpotent Lie algebra of rank 2 and step 5 that is positively gradable, yet not stratifiable. The Lie
brackets can be pictured with the diagram:

Xy

X

The composition law (1.4) of N 1 3 is given by:

® Z1=X1tY1;

® Z)=X2+tY2;

o z3=x3+y3+ 301y2 - x2y1);

o z4 = X4+ Y4+ 3(X1y3 - x3y1) + 5 (X1 - y1)(X1y2 - x2¥1);

o 25 = X5 + Y5+ 3(X1ya — Xay1) + 15 (x1 = y1)(x1y3 — x3¥1) - 35 xX1y1(x1y2 — X2¥1);
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* Zg =Xg + Ve + 3(X1¥5 — X5y1 + X2¥3 — X3¥2) + 15 (x1 = y1)(X1¥4 — X4¥1)

+ 500 = y2)(X1y2 - x2y1) -

+ ﬁ(xly% - x{y1)(x1y2 - x2y1) -

7147(1)’1()(1}’3 -X3y1) + 7710(%

- x3)(x1y2 - x2y1)

Since
[ 1 0 0 0 0 O]
0 1 0 0O O O
_% % 1 0 0 O
d(Lx)O = X 2
1X2 X3 X1 X1
277 17 2 1. 00
X1X3 X4 X1 X1
-7 , o2 o
NXa XXt xs oxpo _x X ox X4ox 1
L720 12 2 12 27720 2 12 2 .
the induced left-invariant vector fields (1.6) are:
3 2
_ _ X _ (X3 4 x1% _ (Xs 1X2 _ XaXutX;  Xs .
* X1 =0x, — F0x; (2 2 )ax4 ( )axi‘ ( 720 12 Z)aX“
4
— X X X1X: X
o X2—0X2+716X3+1—§6x4 ( iZZ_TB_ l ax6,
X
o X3 = ax3 + %axq + ﬁaxs + %axs 5
X
L4 X4 = axl’ + %axs + ﬁaxé 5
L4 X5 = axs + %axﬁ;
° X6 = axﬁ,
and the respective left-invariant 1-forms (1.7) are:
* 01 =dxq;
L4 92 = dXz;
® 03 =dxz - Edx; + Zdxq;
2
. 94=dX4—X1dX3+X1dX2+(73 52 )dx;
® 05 =dxs — Sdx,+ 3 dx - N dx (3 -1x8 + 552 dxy s
5= 5 4 37 724 2 2 6 2% 1
4
_ _ _ L X X3 X1X2 X X5 X5+X1X4
* 0 =dxg dx5+ 1 dx, (% +35)dxs + (% + 22 + TVdxy + (5 =
xX2x X x
+ 5~ 1o )
Finally, we have
i 1 0 0 0 0 0
0 1 0 0 0 0
X _x
d(RX)O = X 2x X X22 i ° ° °
3 _ X1X2 21 — A1
3 13 1 ) 1 0 0
X4 _ X1X3 X1 _X1
imB o .om 3 b
Xs XXt XX x5, a0 X% x5 _xa g
L2 12 720 720 2 12 2

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N ; 5 is not stratifiable, but it is gradable as

Vi = span{X},
vV, = 0,
Vi = span{Xj1},i=3

7.

DE GRUYTER
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We claim that in this Lie algebra every two complementary subspaces to the derived subalgebra as in (1.8)
differ by an automorphism. Indeed, when u’i varies, the matrix

1 o0 0 0 0 0]

1 0 0 0 O
wow 1 0 0 O
uf ud 3 1 0 O
w o ouw  uy w1 0
[ uf uS wi-ui oup oul o1

is a Lie algebra automorphism and sends the complementary subspace span{X;, X,} to span{X; + uiX3 +
UtX, +u3Xs +ubXe, Xo +us X3 + usXy +usXs + uSXe}, which is an arbitrary subspace as in (1.8). In particular,
every A as in (1.8) gives maximal dimension. The tangent cone of each of such polarizations has Lie algebra
isomorphic to N ,, 7, see page 190.

The asymptotic cone of the Lie group with Lie algebra N i 3 has Lie algebra isomorphic to N, 1, the
first-type filiform algebra of step 5, see page 179.

N,1,4 non-stratifiable

The following Lie algebra is denoted as Ny ;1 4 by Gong in [9], as L¢ 11 by de Graafin [10], as (11) by Del Barco
in [2], and as 9,1, by Magnin in [20].

The non-trivial brackets are the following:

(X1, X>] = X3, [X1, X3] = X4,
(X1, X4l = Xg, [X2, X3] = X¢, [X2, X5] = Xo.

This is a nilpotent Lie algebra of rank 3 and step 4 that is positively gradable, yet not stratifiable. The Lie

brackets can be pictured with the diagram:
X
X3 Xs
Xy
Xe .

The composition law (1.4) of N 1 4 is given by:

Xy

® Z1=X1t+tY1;

® Z)=X2tY2;

o z3=x3+y3+ 30x1y2 - x2y1);

o z4 = X4+ Y4+ 3(X1y3 - x3y1) + 5 (X1 - y1)(X1y2 - x2y1);

® Z5 =X5+Ys;

® 26 =Xe + Y6 + 5(X1V4 = X4Y1 + Xa¥3 = X3Y2 + X2Y5 = X5¥2) + 13 (X1 = y1)(X1y3 — X3Y1)
+ le(Xz - y2)(x1y2 - x2y1) - ﬁxlh(h)’z - X2y1)-
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Since
' 1 0 0 0 0 O
0 1 0 0O O O
-% g 1 0 00
d(Lx)o = 2
N T S S
0 0 0 o 1 O
XGOS X XX _XatXs X%, M ox ox g
L=~ 12 2 12 2 2t 2 2 J
the induced left-invariant vector fields (1.6) are:
2
* X1=0x - X726X3 - (X73 + ng)axa - (Xleerxz + ij.)axé ;
¢ X)=0x, + leaX3 + %am + (Xi)z(z - L’EXS)()XG H
2
® X3=0x+%0x, + (% +15)0x
® X4 =0x, + Xilax6§
° X5 = aXs + X720X5;
M X6 = aX5 ’
and the respective left-invariant 1-forms (1.7) are:
* 01 =dxy;
L4 92 = dXz;
o 93 = dX3 - ledXZ + ijd)(l;
2
e 0, =dx, - %d)@ + %dXz + (Xf - Xlg‘z)dxl;
* 05 =dxs;
® 0g =dxg - %dxs - 5dx, + (ﬁ - %)dxs + (855 + 10 - ﬁ)dx +(%
6 2 2 52 2 “A4 6 2 3 2 6 24 2 2
_ Xz+’6‘lx3 + XéZZ )dX] .
Finally, we have
[ 1 0 0 0 0 O]
0 1 0 0 0 0
%2 —"2—1 1 0 0 0
d(Rx)o = 3
R T S .
0 0 0 0 1 0
Xy _ X1XHG X34 + Xax2 q_x _xu o _x 1
L2 12 12 12 2 2 2

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N ; 4 is not stratifiable, but it is gradable as

Vi = span{X;},i=1,2,4,
Vs = span{Xs3,Xs},
Vs = span{X¢}.

Every complementary subspace A to the derived subalgebra is spanned by X; + u3 X3 + utX, + u$Xe,
Xy +u3 X3 +usX, +uSXe, and X5 +ui X3 +ud X, +uéXs. Such a polarization gives maximal Hausdorff dimension
if and only if u2 is either -1 or 0.



DE GRUYTER A Cornucopia of Carnot Groups in Low Dimensions = 179

We claim that every two polarizations with u2 = 0 differ by an automorphism. Likewise, every two polar-
izations with ug = —1 differ by an automorphism. Indeed, when ui. varies, the matrix

1 0 0 0 0O O
—ud 1 0 0 0 0
woou 1 0 0 0
uj  u u 1 uz 0|’

0 0 0 0 1 O
u$ uS ui-ul-uts wd-ud oub o1

is a Lie algebra automorphism and sends the complementary subspace

span{Xy, X5, X5} (4.1)

to an arbitrary one with ug = 0. Instead, when u{: varies, the matrix

1 0 0 0 0 0
—ud 1 0 0 0 o0
woou 1 0 -1 0
ui  ul u 1 uz -1 |’
0 0 0 0 1 0

is a Lie algebra automorphism and sends the complementary subspace

span{Xy, X,, X5 - X3} (4.2)

to an arbitrary one with ug = -1 . These two maximal-dimension polarizations (4.1) and (4.2) are not biLips-
chitz equivalent since they have different tangents: N 5 5 and N , ¢ respectively, see pages 203 and 189.

The asymptotic cone of the Lie group with Lie algebra Ng ; 4 has Lie algebra isomorphic to N5 5 1 x R,
where N , 1 is the filiform algebra of step 4.

Ne,2,1

The following Lie algebra is denoted as N, 1 by Gong in [9], as L 15 by de Graaf in [10], as (3) by Del Barco
in [2], and as ¢ 16 by Magnin in [20].

The non-trivial brackets are the following:
(X1, Xi] = Xi11, 2<i<5.

This is a nilpotent Lie algebra of rank 2 and step 5 that is stratifiable, also known as the filiform Lie algebra

of first type of dimension 6, the second type is Ng 5, see page 181. The Lie brackets can be pictured with the
diagram:

X1 XZ
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The composition law (1.4) of N 5 ; is given by:

® Z1=X1t+tY1;
® Z) =X tY2;
1 .
* z3=x3+y3+5;(x1y2 - x2¥1);
i 1 .
* zy = X4+ Y4+ 3(1y3 = x3y1) + 15 (1 - y1)xay2 - xay1);

® z5 = X5 + Y5 + 3(X1y4 — Xay1) + 55 (x1 = y1)(X1y3 - x3¥1) - 3 X1y1(X1y2 - X2¥1);
® Zg=XegtYet+ %(Xﬂ's - Xs5y1) + le(xl =y (X1ys = X4y1) - ﬁX1Y1(X1Y3 - X3Y1)
+ 7353 = x3)0x1y2 - x2y1) + 135 (xay3 - x3y)(x1y2 - xoy1) .

Since
I 1 0 0
0 1 0
_X x1 1
2 2

d(Lx)o = X X 5 x
12 ~ 2 12 2
2
_X1X3 _ X4 0 X
1272, ., 12

_XaXs _ X5, X3X2 o Xy
L7112 ~ 2 * 720 720 O

the induced left-invariant vector fields (1.6) are:

3
1

2 4
- X X X .
* X3=0x6+F0x + T%axa = 7360%s 5
X X
o X3 = ax3 + 716)(4 + ﬁaxs ;
2
= X X .
® X4 =0x, + 3 0x; + 750x
X
o X5 = axs + 716)(6;
° X6 = ax(,,

and the respective left-invariant 1-forms (1.7) are:
L4 91 = Xm;
o 92 = dXz;
® 03 =dx3-%dx; + %zdxl;
o 04 =dx,—%dxs+Zdx, + (% - 22)dxy;
X,

X X2 X3 4 X1X3 XZXZ
* 05 =dxs - Bdxs + Fdxs - Shdxy + (%5 - +222)dxq;
2
1

o g = dxg - 5dxs + Sdx, - Ddxs + S dx +("—5—"1""+L
6= Uhe ™ UAS T g AL T R EA3 T 104 2T 2

Finally, we have

1 0 0
0 1 0
x _x
2 2
d(RX)O = X3 _ X1X2 ﬁ _X1
2 12 12 2
X4 _ X1X3 0 X
27 12 s . 12
X5 _ XaXq 4 X3X2 o Xq
L7 ~ 712 t 720 770 O

N6,2,2

Xs =00 = 0m - (3 + 52) 0~ (% + 45)00, + (55 -

SN » o o o

X1X4

0 O]
0 0
0 0
0 0
1 O
7 1
X25 )aX(, B
10 d
50 ) dX1
0 0
0 0
0 0
0 0
1 0
_%1 1

DE GRUYTER

The following Lie algebra is denoted as N > , by Gong in [9], as Lg 16 by de Graaf in [10], as (2) by Del Barco

in [2], and as ¢ 15 by Magnin in [20].
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The non-trivial brackets are the following:

(X1, X;]=Xi1, 2<i<4, [Xo, Xs] = Xg, [X3,X4] = -

This is a nilpotent Lie algebra of rank 2 and step 5 that is stratifiable, also known as the filiform Lie algebra
of second type of dimension 6, the first type is N¢ , 1, see page 179. The Lie brackets can be pictured with the
diagram:

X1 Xo
\/
X3
Xy
Xs
X, .

The composition law (1.4) of N > , is given by:

Z1=X1+Y1;

Zy =X +Y2;

z3 = X3 +y3 + 3(Xx1y2 - X2¥1);

Zy = X4 + Y4 + 3(x1y3 — x3y1) + 5501 = y1)(X1y2 - x2¥1);

Z5 = X5 +¥5 + 3(X1y4 — Xay1) + 151 = y1)(X1y3 = x3¥1) — 35 X1¥1(X1y2 = X2¥1);

Ze =XtV + %(X2Y5 —X5Y2 +X4Y3 — X3Y4) + % (Xz - y2)(X1y4 — X4y1)
+ le(h - x3)(X1y3 = X3y1) + le(Xz; - ya)(X1y2 — X2y1) - ﬁX1J’2(X1Y3 -X3Y1)
+ 5 x1y3(x1y2 = Xoy1) + 755 (iva — X3x2)(X1y2 - x2¥1) - 565V1(X1y2 - X2¥1)?
+ 135 X1y1y2 — x3y2)(x1y2 — x2¥1) - gx1(x1y2 - xay1)%

Since
[ 1 0 0 0 0 O]
0 1 0 0 0O 0
_X X
5 2 1 0 (O]
d(Lx)o = XX _ X3 Xy Xy 1 0o ol
12 2 12 2
X1X3 _ X4 X Xy
, 12 2, , 12 2 10
X3-2X3X4 + 0% xaxe X5 XX oxy _ XiX3  xixp X3 X2 q
L~ 12 720 12 2~ 720 2 12 12 2 2 i

the induced left-invariant vector fields (1.6) are:

X1 = 00 = 0~ (5 + 45)0u, - (7 F0) g, 4 (BB 0y,
X2 = axz ja)g 120){4 (
X3 =y, + B0, + s + (% - Xm)axé;
Xo = Ox, + %0, + (42— %) 0xes

X5 = 6X5 + %a)%;

X6 = ax6,

and the respective left-invariant 1-forms (1.6) are:

01 = Xm;
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92 = dXz;
® 03 =dxz - Edx; + Zdxq;

2
o 04 =dx, - %dxs+gdx + (5 - 42)dxy;
X

6
2 3 2
* 05 =dxs — §dx, + gdxs - hdx; + (5 - 55 + 522)dxy;
2 2
o 06 =dxg—%dxs + (5 +X2)dxy, — (% + 25 + T2 )dxs + (5 + 24 + 52
3 2 2,2
XX X3-2XaX4 XX
+ Tog ) dxa + (25 t26 ) dx1.
Finally, we have
i 1 0 0 0 0 O]
0 1 0 0 0O O
] -y 1 0 0 0
d(RX)O = X3 _ X1X2 ﬁ _Xx1 1 0 0
7”12 2 2
5 - 5 I S
X3-2X2X4 + X5 xs + XiXa _ X _xi_xixs xs + XX X2 q
V) 720 2 T 712 T 70 212 2t > L

Ng,2,3 non-stratifiable

The following Lie algebra is denoted as N, 3 by Gong in [9], as Le 13 by de Graaf in [10], as (9) by Del Barco
in [2], and as G, 13 by Magnin in [20].

The non-trivial brackets are the following:
(X1, X2 = X4, [X1,Xi] = X1, 1= 4,5, [X2, X3] = X5, [X3, X4] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 4 that is positively gradable, yet not stratifiable. The Lie
brackets can be pictured with the diagram:

X1 X5
\/
X, X5
Xs
Xq .

The composition law (1.4) of N ; 5 is given by:

® Z1=X11tY1;
® Z)=X2+tY2;
® Z3 =X3+1Y3;
o zy = X4+ Y4+ 3(X1y2 - X2¥1);
o z5 = x5 +ys + 3(01V4 = Xay1 + X2Y3 - X3¥2) + 15001 = y1)(X1y2 - X2y1);
® Zg=Xg +Ye + 3(X1¥5 — Xsy1 + X4y3 — X3Y4) + 15 (X1 = y1)(X1Y4 — X4¥1)
+ 15001 = y)(X2y3 - X32) + 5073 - x3)(x1y2 - x2y1) - 37 x1y1(X1y2 — X2¥1).
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Since
| 1 0 0 0 0 O]
0 1 0 0 0 0
0 0 1 0 0O 0
d(LX)O = _XTZ X71 0 1 0 ol >
XX3XaXe _ Xs  _XiX3 X4 4 XX X1 X3 X1 g
12 2 2t 12 12772 2 J
the induced left-invariant vector fields (1.6) are:
® X1 =0y - %am - (in + %)axs + (7)(2)(31_2)(1)(4 - st)a)% H
K= 0t o+ (500 - 40
° X3 = ax3 + %axs + (XTA + %)axs s
2
L4 X4 = ax4 + %aXS + (% - %)axs o
L4 X5 = axs + %axs;
* X6 = aXs,
and the respective left-invariant 1-forms (1.7) are:
* 01 =dxy;
* 0, =dxy;
* 03 =dxs;
d 94=dX4—%dX2+X72dX1; ,
® 05 =dxs — dx, - %dx; + (5 +3)dxa+ (% - Xlé"z)glxl;
o 06 = dxe - Xdxs +2(’(73 + ) dxy + (22 - B )dxs - (55 + 92 )dxy + (%
+ XXX s )dX1.
Finally, we have
[ 1 0 0 0 0 O]
0 1 0 0 0O O
0 0 1 0 0O O
d(RX)O = X72 _X71 0 1 0 0
2

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra Ny , 5 is not stratifiable, but it is gradable as

V1 = span{Xl,Xz} s

Vo, = span{Xs, X;},
Vs = span{Xs},
V, = span{X¢}.

Every complementary subspace A to the derived subalgebra is spanned by X; + ull‘X4 + uiX 5 + u?X6,
Xo+ub X4 +u3Xs+ubXe, and X3 +u’ X, +u3Xs +u$Xe. Such a polarization gives maximal Hausdorff dimension
if and only if ug +u$ = 0. We claim that every two polarizations giving maximal Hausdorff dimension differ
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by an automorphism. Indeed, when u’l: varies, the matrix

1 0 0 0O 0 O
-u3 1 0 0 0 O
0 0 1 0O 0 O
uj ur uy 1 0 o0
w u o -uf oud 1 0
W ud ud W our 1

is a Lie algebra automorphism and sends the complementary subspace span{X1, X5, X3} tospan{X; - u‘3‘X2 +
UPXy +us Xs +uSXe, Xo +us Xy +u3Xs +uSXe, X3 +u3X, - utXs +u$Xe}, which is an arbitrary one of maximal
dimension. The tangent cone of each of such polarizations has Lie algebra isomorphic to Ng 5 1, see page 199.

The asymptotic cone of the Lie group with Lie algebra N , 5 has Lie algebra isomorphic to N5 1 x R,
where N 1 is the filiform algebra of step 4.

N,2,4 non-stratifiable

The following Lie algebra is denoted as N , 4 by Gong in [9], as L¢, 1, by de Graafin [10], as (10) by Del Barco
in [2], and as G,11 by Magnin in [20].

The non-trivial brackets are the following:
(X1, X2] = X3, [X1, X3] = X4, [X1, Xu] = Xg, [X2, X5] = X .

This is a nilpotent Lie algebra of rank 3 and step 4 that is positively gradable, yet not stratifiable. The Lie
brackets can be pictured with the diagram:

X X,
\/
X3
X, Xs
X

The composition law (1.4) of N » 4 is given by:

®Z1=X1+Y15

® Z)=X2tY2;

o z3=x3+Yy3+3(x1y2 - X2y1);

® Zyp =Xyt Y4t %(X1)’3 - X3y1) + le(Xl -y (x1y2 = x2y1);

® Z5 = X5+ Ys;

* Zg=Xg + Y6+ 5(X1Y4 — XaY1 + X2Y5 — Xsy2) + 15 (X1 - y1)(x1y3 - X3y1)
- 3 x1y1(x1y2 — x2y1).
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Since

[ 1 0 0 0 0 O
0 1 0O 0 O O
_X2 X1

R I S

-y B % 1 00
0 0 0O 0 1 O

s _x _x X oxn 1

L 2 2 12 2 2 _

the induced left-invariant vector fields (1.6) are:

o X1=0x - %0x - (5 +252)0x - (45 +%)0x s
* X2 = axz + %am + %ah - X750X6 >

® X3=0x +50x + %axé ;

i X4=6x4+%6xe;

L4 X5 = axS + szaxs;

o X6 = ax6,

and the respective left-invariant 1-forms (1.7) are:

L4 91 =dX1;
L4 92 =dX2;
* 03 =dxs - Fdx; + %dxy;
2
© 04 =dx, - %dxs+Fdxy+ (%5 - 42)dxy;
* 05 = dxs;

o O = dxg - 2dxs - Sdxy + dxs + (5 - 5 )dxy + (% - 0¥ 4 X2 g
6 Xe > X5 > X4+6 X3 + 5 74 Xy + > 3 + 25 X1.

Finally, we have

[ 1 0O 0O O 0 O]
0 1 0 0 0 ©
5 -1 0 0 O
d(Rx)o = 3
R R I T SN
0 O 0O O 1 o0
X4 _ X1X3 X5 ﬁ X X9
L 2 12 2 12 2 2 i

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra Ny , 4 is not stratifiable, but it is gradable as

Vi = span{X;,X>},
V, = span{X3},
Vs = span{X,, X5},
V, = span{Xg}.

— 185

Every complementary subspace A to the derived subalgebra is spanned by X; + u%X3 +uiXy + ubXxg,
Xy +u3 X3 +usX,+uSXe, and Xs +ui X3 +ud X, +ubXs. Such a polarization gives maximal Hausdorff dimension
if and only if ug = 0. We claim that every two polarizations giving maximal Hausdorff dimension differ by an
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automorphism. Indeed, when ui. varies, the matrix

1 0 0 0 0 O

1 0 0 O

w u3 1 0 0 O

ui uy w3 1 ud o

0 0 0 0 1 O
L ug uS wy w ous 1

is a Lie algebra automorphism and sends the complementary subspace span{X1, X5, X5} to span{X; + u%X3 +
utXy +u$Xe, Xo + U3 X3 + u3Xy + uSXe, X5 + utX, + uéXe}, which is an arbitrary one of maximal dimension.
The tangent cone of each of such polarizations has Lie algebra isomorphic to Ny 3 3, see page 203.

The asymptotic cone of the Lie group with Lie algebra N , 4 has Lie algebra isomorphic to N5 1 x R,
where N 1 is the filiform algebra of step 4.

Ne,2,5

The following Lie algebra is denoted as N 5 by Gong in [9], as L¢ ,1(_1) by de Graaf in [10], as (7) by Del
Barco in [2], and as ¢ 15 by Magnin [20].

The non-trivial brackets are the following:
X1, Xi)=Xis1,1=2,3,5, [X2, Xj)] = Xjsp, j=3,4.

This is a nilpotent Lie algebra of rank 2 and step 4 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X X,
\/
X3
X, Xs
X

The composition law (1.4) of N ; 5 is given by:

® Z1=X1+1Y1;5

® Z)=X2tY2;

o z3=x3+y3+35001y2 - x2y1);

® Zy=XytY4+ %(X1y3 -X3y1) + le(xl -y1)(x1y2 = x2¥1);

® Zs5=X5+tys+ %(Xz)’3 - X3y2) + le(Xz - y2)(x1y2 - x2y1);

* Zg = Xg + Yo + 3(X1V5 — Xsy1 + Xo¥4 — X4Y2) + 15 (x1 = y1)(X2y3 — X3Y2)
+ 1500 = y2)(X1y3 — x3y1) = 55 (X1y2 + X2y1)(X1Y2 — X2¥1).
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Since
1 0 0O 0 0 O]
0 1 0 0O 0 O
-% g 1 0 0 0
d(Lx)o = XX, X x2 X ’
Hp-y L % 1 00
X X1X X X
-5 42-% % 0 10
_X2X3 _ X5 _ X4 X1X3 X1X2 X2 X1 1
L~ 12 2 2 12 6 2 2 i
the induced left-invariant vector fields (1.6) are:
2
s =00 = 00 - (3 2)0n - o - (4 + $)0u
2
© X3 =0x + %00 + 150x, + (X432 - %) 0xs — (B + X52) 0xs 5
o X3 = 6,(3 + %6,(4 + %aX5 + Xléiaxé H
o X4 = ()X4 + XTZa)%;
L4 X5 = 6,(5 + %a)%;
. X6 = ax6,
and the respective left-invariant 1-forms (1.7) are:
* 01 =dxq;
* 0, =dxy;
* O3 =dx3-%dx, + ’%dxl;
© 04 =dxs—Bdxs+ ZFdxy+ (5 - Xlé"zzdxl;
L4 95 = dX5 - %dX3 + (XTS + ng)dxz - %dxl;
X1 X2 X1X2 X4 X1X3 X%XZ Xs X2X3 X1X§
* 06 = dxg - Bdxs - %dxy + 52dxs + (%5 - X2 - 32 )dxo + (5 - 22 + 52 )dxy
Finally, we have
[ 1 0 0 0 0 O]
0 1 0 0 0 O
<] -X 1 0 0 O
d(RX)O Tl _xx X% _X1 1 0 0
27 12 2
-5 R % 0 1 0
X5 _ X2X3 X4 _ X1X3 Xix, X X1 1
L2 12 2 12 6 2 2 a

Ne6,2,5a

The following Lie algebra is denoted as Ng 5,
Barco in [2], and as G¢,15 by Magnin in [20].

54 by Gong in [9], as Lg ,1(1) by de Graaf in [10], as (8) by Del

The non-trivial brackets are the following:

(X1, Xi] = Xipq, 0=

2’3 ) [XZ’XB] =X5 ) [Xl’X4] = _XG ’ [XZ,XS] = _X6 .

This is a nilpotent Lie algebra of rank 2 and step 4 that is stratifiable. The Lie brackets can be pictured with

the diagram:
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X1 X5
\/
X3
X, Xs
Xe

The composition law (1.4) of N¢ 5 5 4 is given by:

® Z1=Xx1+Y1;

¢ Zy=X2+Y2;

® Z3=X3tYy3+ %(Xﬂ’z - X2y1);

24 = X4+ Y4+ 3(X1y3 - x3y1) + 1500 - y1)(ay2 - xay1);

* 25 = x5 + Y5 + 300y3 - x372) + 15002 — ¥2) (12 - x2y1);

* Zg = Xg + Yo + 3(X4Y1 — X1Y4 + X5Y2 — Xo¥5) + 15 (Y1 — x1)(X1y3 — X3Y1)
+ 15 (2 = X2)(X2y3 — X3Y2) + 55 (X1y1 + X2¥2)(X1Y2 — X2¥1).

Since
I 1 0 0 0 0 O]
0 1 0 0 0O O
-2 o 1 0 0O O
d(LX)O = _Xi)z(z 2_ x73 )1% x71 1 0 ol
By ¥ 0 10
L97+% R N -3 -% 1]

the induced left-invariant vector fields (1.6) are:

X1 = 0n = %00 — (5 + 552) 0, - 50xs + (22 +
© Xy =0+ 50w + 5w, + (45 - %) + (5 + 45 0xes
X3 = O, + 5 0, + G0, - 20,

Xy =ax4—%axG§

* X5 =0x; - ijax(,;

° X6 =ax6,

and the respective left-invariant 1-forms (1.7) are:

* 01 =dxq;

L4 92 =dX2;

03 = dx3 - % dx; + % dxy;

. 94=dx4—%dx3+§dxz+(ﬁ—%)dxl;

2 2
95 = dXS - XTZdXE, + (X% + 7X1X2>d)(2 - %Xm;
+

6
2,,2 3 2
- X X1 EESRES] XaX3 _ Xs | XjtXiXy (% _ X%
06 = dxg + 3 dxs + S dx, dxs + ( S+ 2R ) dxg - (B -2

6
2 3
XTX2+X5
+ 2552 ) dxg.

6
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Finally, we have

1 0 0 0O 0 O

0 1 0 0O 0 O

d(Ry)g - 2 —’:71 1 0 0 O
Tl % -3 1 000
_% Xi’Z(Z + %3 —%2 O 1 O

X3 _Xe X _ X _NYG a0 1

L12 2 12 2 12 2 2 .

N6,2,6

The following Lie algebra is denoted as Ny , ¢ by Gong in [9], as L¢ >0 by de Graaf in [10], as (14) by Del Barco
in [2], and as 9,10 by Magnin in [20].

The non-trivial brackets are the following:
(X1, Xo] = X4, [X1, X3] = X5, [X1, X4] = X¢, [X3, X5] = X .

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X1 X5 X3
Xy X5

X6

The composition law (1.4) of N ; ¢ is given by:

® Z1=X1tY13

® Zr=X2tY2;

® Z3=X3+Y3;

o zy = X4+ Y4+ 3(X1y2 - X2y1);

o z5 = X5 +ys + (X135 - X3¥1);

® Zo=Xg+ Vet %(X1Y4 - X4Y1 + X3Y5 = X5Y3) + 1—12()(1 - y1)xay2 - xay1)
+ 1505 = y3)(x1ys - x3y1).

Since

[ 1 0 0 0 0 O]

0 1 0 0 0O O

0 0 1 0O 0 O

d(LX)O = _% x71 0 1 0 ol

-5 0 1 0 1 0

_Xixa+xs X4 Xi Xixs X ox3 X3 q

L 12 2 12 12 2 2 2 -

the induced left-invariant vector fields (1.6) are:

2
- X X3 X1X24X3 | X4 .
¢ X1=0x—%0u - 300~ (T2 + %)
2
X pe
® X5 =0x, + FO0x, + 150x 5
x Xix3 _ x
o X3 = ax3 + 716)(5 + ( 123 - 75)6)(6;
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o X4=aX4+X716X6;
o X5=6X5+X736X6;
° XGZaXS’

and the respective left-invariant 1-forms (1.7) are:

L4 01 =dX1;
* 0 =dxy;
* 03 =dxs;

® 0, =dx, - %5dx; + %dxq;
° 95 = dX5 - %d)@ + X73dX1;

2 3
- _ X3 _ X1 X5 o X1X3 X1 Xy _ X3HX1X)
* 06 =dxg—Sdxs - Sdx, + (% +8)dx; + Ldxy + (% e )dxy.

Finally, we have

[ 1 0 0 0 0O O

0 1 0 0 0O O

dRuo = 0 0 1 0 0O O
X0 = X -5 0 1 0 0

% 0 -4 0 1 0

X4 _ X1XotX3 ﬁ Xixs L Xs o _x1 _X3 q

L2 12 12 12 2 2 2 -

Ne,2,7

The following Lie algebra is denoted as N , ; by Gong in [9], as L ;o) by de Graaf in [10], as (6) by Del Barco
in [2], and as G¢,14 by Magnin in [20].

The non-trivial brackets are the following:
[XI’Xi] = Xi+1 ) i= 2’ 3a 4 ’ [X21X3] = X6 .

This is a nilpotent Lie algebra of rank 2 and step 4 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X, X5
\/
X3
X, X,
Xs

The composition law (1.4) of N , 7 is given by:

® Z1=X1tY13

® 2y =X2+Y2;

o z3=x3+Yy3+3(x1y2 - X2y1);

* 24 = X4+ Y4 + 30013 - x3y1) + 15 (1 = y1)(xaya - xay1);

o z5 = x5 +¥s + 3001y4 — x4y1) + 15 (x1 — Y1) (X1y3 — X3y1) — 35 x1y1(x1y2 - x2¥1);
® Zg=XetYet %(Xz)’3 - X3y2) + le(Xz - y2)(x1y2 = x2y1).
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Since
[ 1 0 0 0 0 O]
0 1 0O O 0 O
X X1
W= | o e 2 m (1) 3 3 :
12 12 2
G 0 h % 1o
. - H-% % 0 0 1
the induced left-invariant vector fields (1.6) are:
Xm0 - 00 - (34 5500 - (45 + )0n - o
® X5 =0x, + 50x; + %axh + (432 - %) 0xe s
® X3 =0x, +50x, + %axS + X0 ;
* X4 =0x, + % 0x;;
® X5 = Oxs;
® X¢ = 0x»
and the respective left-invariant 1-forms (1.7) are:
e 0 =dxq;
e 0, =dxy;
* 03 =dx3 - %dx, + %dxl;
o 04 =dxy—5dxs+ Fdxy + (% - 12)dxy;
o 05 =dxs - dx,+ X—édx; - ;‘—zdxz +(B-ang X;zz)dxl;
o 05 = dxg - S dxs + (5 +22)dx, - Zdx,.
Finally, we have
I 1 0 0 0 0 O]
0 1 0 0O O O
x2 X1
d(RX)O = | x3 _7x1xz _x? _; (1) g g
12 12 2
-4 0 B -3 10
L H ey % 0 0

Ns,2,s non-stratifiable

The following Lie algebra is denoted as N , g by Gong in [9], as L¢ »3 by de Graaf in [10], as (21) by Del Barco
in [2], and as G ; by Magnin in [20].
The non-trivial brackets are the following:
(X1, Xo] = X3, [X1, X3] = X5, [X1, X4] = X¢, [X2, X4] = X5

This is a nilpotent Lie algebra of rank 3 and step 3 that is positively gradable, yet not stratifiable. The Lie
brackets can be pictured with the diagram:

Xy X
X3 X4

Xs X .
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The composition law (1.4) of N 5 g is given by:

®* Z1=X1+Y15

¢ Z)=X2+Y2;

o z3=x3+y3+ 300y2 - x2y1);

® Zy =Xyt Yy

* z5 = X5 + Y5 + 3(X1¥3 — X3y1 + XaY4 — XaY2) + 15 (x1 - y1)(x1y2 — X2y1);
® Zg=XegtYet+ %(Xﬂ'a - X4Y1)-

Since
i 1 0 0 0 0 O]
0 1 0O O 0 O
-% 4 1 0 00
_ 2 2
d(Lx)o = 0 0 0 1 0 0|’
=7 0 0 % 0 1]
the induced left-invariant vector fields (1.6) are:
* Xy =0x - XTZGX?, - (%32 + Xi)z(z)a)@ - le'axe H
* Xp=0x+ leam + (% - Xj")a)@ H
L4 X3 = ax3 + %axs;
® Xy =0x, + 7§ 0x; + 3 0x;
o X5 = axs;
L4 X6 = axé,
and the respective left-invariant 1-forms (1.7) are:
® 0; =dxy;
L4 92 = dXz;
d 93 = dX3 - ledXZ + X%dxl;
i 94 = dX4; "
o 05 =dxs — Zdxs - Sdxs + (% + F)dxy + (% - 922)dxy;
* 0 = dxg — 5-dx, + X-dxy.
Finally, we have
i 1 0 0 0 0 O]
0 1 0 0O 0 O
L -4 1 0 00
_ ) 2
d(Rx)o = 0 0 0 1 0 0
X.
2 0 o -% o 1]

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N ; g is not stratifiable, but it is gradable as

Vi = span{X;,X>},
V, = span{Xs,X;},
Vs = span{Xs,X¢}.
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Every complementary subspace 4 to the derived subalgebra is spanned by X; + u3 X3 + u3Xs + u$ X,
Xy +u3X3 + usXs + uSXe, and X, + uz X3 + uz Xs + uSX.

We claim that in this Lie algebra every two complementary subspaces to the derived subalgebra as in (1.8)
differ by an automorphism. Indeed, when u]l: varies, the matrix

1 0 0 o0

O 1 0 O
wouw 1 ou
O 0 0 1

5 3 5
u; u3 u; U

6 6
L ui w3 0wy

<
~W

O »r O O O O
o O © O

[EnN

sends the complementary subspace span{X1, X», X;} to span{X; + u3 X3 + u; Xs + uXg, X + usX3 + u3Xs +
uSXe, X, + uZX3 + uzX 5+ uﬁXG}, which is an arbitrary one. In particular, every A as in (1.8) gives maximal
dimension. The tangent cone of each of such polarizations has Lie algebra isomorphic to N¢ 3 ¢, see page 206.

The asymptotic cone of the Lie group with Lie algebra N ; g has Lie algebra isomorphic to Ng 5 4, see
page 204.

Né,2,9 non-stratifiable

The following Lie algebra is denoted as N, o by Gong in [9], as Lg ,4(;) by de Graaf in [10], as (20) by Del
Barco in [2], and as G¢ 5 by Magnin in [20].

The non-trivial brackets are the following:
(X1, Xo] = X3, [X1,X3] = X5, [X2, X3] = X¢, [X2, X4] = X .

This is a nilpotent Lie algebra of rank 3 and step 3 that is positively gradable, yet not stratifiable. The Lie
brackets can be pictured with the diagram:

X1 X

X5 X

The composition law (1.4) of N ; g is given by:

® Zi=X1tY1;

® Z)=X2+tY2;

o z3=x3+y3+ 30a1y2 - x2y1);

® Z4 =Xyt Y4

o z5 = X5 +y5 + 3(x1y3 - x3y1) + 15 (X1 - y1)(x1¥2 - X2¥1);

® Zg = Xg + Yo + 3(X2¥3 — X3Y2 + Xa¥4 — X4Y2) + 15 (x2 — y2)(X1y2 — X2¥1).

Since
1 0 0 0 0 O]
0 1 0 0 0 O
_X2 X1
d(Lx)o = ()7 g (1) 2 g 8 ’
oY B % 010
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the induced left-invariant vector fields (1.6) are:

o Xy = 0m - %0 — (3 +932)0x - Bx s

© Xp = x50+ T + (- ) xgs
® X3=0x +50x +%0x;

L4 X4=ax4+"72ax6;

. X5 =axs;

o X6 =ax6,

and the respective left-invariant 1-forms (1.7) are:

e 01 =dxy;
L4 92 = dXz;
* 05 =dX3—%dX2+%dX1;
L4 04 = dXz,;

2
L4 95 = dXS - ledX3 + %dXz + (% - Xl"z)dxl;

Finally, we have

1 0 0 0
0 1 0 0
] -X 1 o0
2 2
d(RX)O = 0 0 0 1
X3 _ X1X5 ﬁ _X1 0
2 12 1 2
_ﬁ X1X2 + X3+Xy _X2 _X2
L 12 12 2 2 2

Grading, polarizations of maximal dimension, and

asymptotic cone

The Lie algebra N ; ¢ is not stratifiable, but it is gradable as

%41
vV, =
V3

span{X1,X>},
Span{X3 s X4} s
span{Xs, X¢} .

SO = O O O O

_ O O © O O

DE GRUYTER

Every complementary subspace 4 to the derived subalgebra is spanned by X; + u%X3 + u§X5 + u?XG,
Xo+ u§X3 + ngS + u§X6, and X, + u2X3 + uZXS + uﬁXG. Such a polarization gives maximal Hausdorff dimension
if and only if uZ is either —1 or 0. We claim that every two polarizations giving maximal Hausdorff dimension

differ by an automorphism. Indeed, when u’l: varies, if we take uZ = 0 the matrix

possibly composed with the block diagonal matrix

Selele

1 0 0O 0 O
0o 1 0 0O 0 O
w w3 1 0 0 0
0O O 0 1 0 O
w ou w ou; 10
Lud u -l u§ o o1

Lol

-1
0

J
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is a Lie algebra automorphism and sends the complementary subspace span{X;, X,, X, } to span{X; +u3 X3 +
W Xs +uSXe, Xy + u3X3 + u3Xs + uSXe, X4 + u; Xs + u5Xe }, which is an arbitrary one of maximal dimension.
If instead we take u?, =-1,as u{: varies, the matrix

1 0 0O 0 O
0o 1 0 0O 0 O
w ou 1 -1 0 0
0 0 0 1 0 O0f’
u; u; w3 u; -1 0
L ue w3 W o 1|

possibly composed with the block diagonal matrix

el TS T

is a Lie algebra automorphism and sends the complementary subspace span{X;, X, X, } to span{X; + u%X 3+
w3 Xs+usXe, Xo +u3 X3 +us Xs+usXe, X4~ X3 +u; X5 +u$Xe }, which is an arbitrary one of maximal dimension.
The tangent cone of each of such polarizations has Lie algebra isomorphic to N 3 3, see page 203.

One should also be aware that Aut(Nj > 9) has two connected components (see [9] on page 35).

The asymptotic cone of the Lie group with Lie algebra Ny ; ¢ has Lie algebra isomorphic to N5, 3 x R,
where N ;5 is the free nilpotent Lie algebra of step 3 and 2 generators.

N6,2,0a NoON-stratifiable

The following Lie algebra is denoted as N ; 9 , by Gong in [9], as Lg »4(_1) by de Graaf in [10], as (18) by Del
Barco in [2], and as G¢ 5 by Magnin in [20].

The non-trivial brackets are the following:

(X1, X5l = X5, [X1, X3] = X5,
X2, X3] = —X¢, [X2, X4l = X5, [X1,X4] = Xs .

This is a nilpotent Lie algebra of rank 3 and step 3 that is positively gradable, yet not stratifiable. The Lie
brackets can be pictured with the diagram:

X1 X5
Xs X .

The composition law (1.4) of N > ¢ 4 is given by:

® Z1=X11tY1;

® Z) =Xy tY2;
1 .

* z3=x3+y3+5;(X1y2 - X2¥1);

® Zy =Xyt Y4
1 1

* 25 = X5 + Y5 + 5(X1¥3 = X3y1 + Xo¥4 — X4Y2) + 15 (x1 = y1)(X1y2 = X2¥1);
1 1

® Zo = Xg + Yo + 3(X1¥4 = X4y1 — X2¥3 + X3Y2) + 15 (V2 — X2)(X1y2 — X2¥1).
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Since
1 0 0 o0
0 1 0 0
_X2 X1 1 0
2 2
d(Lx)o = 0 0 0 1
X _xs X _x ox1 oxn
12 ~ 2 2~ 2 2 2
5 _x X3 _xix,  _X2 X
L 12~ 2 2 T 12 2 2
the induced left-invariant vector fields (1.6) are:
2
K= 0n -0 - (34 300+ (-0
2
¢ Ko= 0t $0n 4 (- %)0 + (¥ - $8)0us
® X3=0x +30x; — F0xg;
o Xq = axa + X726X5 + %axé H
* X5 = aXs;
L4 X6 = axs,
and the respective left-invariant 1-forms (1.7) are:
e 01 =dxy;
L4 92 = dXz;
* 05 =dx3 - Fdx; + Fdxy;
* 04 =dxy; ,
o 05 = dX5 - XTZdX4 - leng + (% + X%)dXZ + (X7 — Xléxz)dxl,
o 06 =dxg—5dxs+%dxs - (5 +292)dx, + (% + 2)dx,
Finally, we have
[ 1 0 0 o0
0 1 0 0
% -X 1 0
2 2
d(RX)O = 0 0 0 1
X3 _ X1X ﬁ + X4 X1 _X3
212 272 2 2
X 1 Xa _X3 _ XiXp X2 _X1
L1272 2 12 2 2

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N 5 9 4 is not stratifiable, but it is gradable as

%41
4]
V3

span{X1,X>},
span{Xs, X4},
span{Xs, X¢} .

S » O O O O

_ O O O O O

= O O O © O

DE GRUYTER

Every complementary subspace A to the derived subalgebra is spanned by X; + u{X3 + u§X5 + u?XG,

Xy +u3 X3+us Xs+uSXe, and X, +u; X3 +u; X5 +u$ Xs. We claim that in this Lie algebra every two complementary
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subspaces to the derived subalgebra as in (1.8) differ by an automoprhism. Indeed, when u’l: varies, the matrix

1 0O 0 O 0 0

0 1 0O O 0 0

w ou 1 u; 0 0

0O 0 o1 o0 0|’

u; w ou ou; 1 u
Lud u w W - 1

is a Lie algebra automorphism and sends the complementary subspace span{X;, X, X4} to span{X; + u%X 3+
W Xs+ubXg, Xo+u3 X3+us Xs+uSXe, X4+u; X3+u; Xs+u$Xe }, which is an arbitrary one of maximal dimension.
In particular, every A as in (1.8) gives maximal dimension. The tangent cone of each of such polarizations has
Lie algebra isomorphic to N 5 ¢, see page 206.

The asymptotic cone of the Lie group with Lie algebra N , ¢, has Lie algebra isomorphic to N5 ; 3 x R,
where N , 3 is the free nilpotent Lie algebra of step 3 and 2 generators.

Ns,2,10 non-stratifiable

The following Lie algebra is denoted as Ne > 19 by Gong in [9], as L ,4() by de Graaf in [10], as (19) by Del
Barco in [2], and as G¢ g by Magnin in [20].

The non-trivial brackets are the following:
[Xl) XZ] = X3 s [X1’X3] = X5 s [X21X3] = X6 s [XZ’XZI] = XS .

This is a nilpotent Lie algebra of rank 3 and step 3 that is positively gradable, yet not stratifiable. The Lie
brackets can be pictured with the diagram:

X1 X

~_

X3 Xy

X Xe

The composition law (1.4) of N 5 10 is given by:

® Z1=X1t+Y13
® 2 =Xy t+Y2;
o z3=x3+y3+3(X1¥2 - X2¥1);
® Zy =Xyt Yy

_ 1 1 .
® Z5=X5+Ys+ j(X1Y3 —X3Y1 +X2Y4 — X4Y2) + ﬁ(xl - y1)(x1y2 — x2y1);
* Zg = Xg + Yo + 3(X2¥3 — X3Y2) + 15 (x2 — ¥2)(X1y2 — X2¥1).

Since
1 0 0 0 0 O]
0 1 0 0 0 O
_%z %1 1 0 0 O
d(Lx)o = 0 0 0 1 0 of°
| -5 up-% % 0 0 1)
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the induced left-invariant vector fields (1.6) are:

o X1=0n %00 — (3 +45) 0y, ~ B0x:
Xy =0x, + % 0x, + (% - %) 0x + (X5 - %) x5
® X3 =0x; +50x +%0x;
o X4=axa+"72axs;
o X5 = axs H
X6 =ax6,

and the respective left-invariant 1-forms (1.7) are:

® 0; =dxy;
* 0, =dxy;
L4 93 = dX3 - ledXZ + XTZXm;
* 04 =dxy;

2
= - X - Moy Xa X3 _ XX .
* 05 =dxs — Rdxs - Sdxs + (G +%)dx, + (% - 922)dxy;

2
= X X3 4 X1Xo _5
L4 96—dX6 2dX3+ (2 + 6 )dXz 6dX1.

Finally, we have

1 0 0 0 0 O]

0 1 0O 0O 0O

2 -4 1 0 0 0

d(Rx)o = 0 0 0 1 0 0
2

3 ’Z‘iéz D+y % % 10

LB upey o3 0 0

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra Ng 1 is not stratifiable, but it is gradable as
Vi = span{X;,X>},
V, span{Xs, X4},
Vs span{Xs, X¢} .

Every complementary subspace A to the derived subalgebra is spanned by X; + u3 X3 + u3 X5 + u$Xe,
Xy +u3X3+usXs +uSXe, and X, +u; X3 +u; Xs +u§ Xe. Such a polarization gives maximal Hausdorff dimension
if and only if u; = 0. We claim that every two polarizations giving maximal Hausdorff dimension differ by an
automorphism. Indeed, when u{: varies, the matrix

1 O 0 0O 0 O
0 1 0 0O 0 O
u; u3 1 0 0 O
0O O 0 1 0 O
u; u, w u; 1 0
L ué uS -uwd u§ o 1

isa Lie algebra automorphism and sends the complementary subspace span{X;, X, X, } to span{X; + u%X3 +
w3 Xs +ubXe, Xy + u3Xs + u3Xs + uSXe, X4 + u; X4 + u§Xe}, which is an arbitrary one of maximal dimension.
The tangent cone of each of such polarizations has Lie algebra isomorphic to Ny 3 4, see page 204.

The asymptotic cone of the Lie group with Lie algebra N , 10 has Lie algebra isomorphic to N5 3 x R,
where N 5 is the free nilpotent Lie algebra of step 3 and 2 generators.
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N6,3,1

The following Lie algebra is denoted as N 3,1 by Gong in [9], as L 19(_1) by de Graaf in [10], as (15) by Del
Barco in [2], and as G¢ 9 by Magnin in [20].

The non-trivial brackets are the following:
(X1, Xl = X112, 1=2,3, [X5, Xs] = [X3, X4] = X .

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X5 X1 X,

X5 Xy

X6

The composition law (1.4) of N 3 ; is given by:

® Z1=X1tY13

® Z)=X2tY2;

® Z3=X3+1Y3;

o zy=x4+Yy4+3(X1¥2 - X2¥1);

® Z5 =X5+Y5+ %(Xl)/E - X3Y1);

* Zg=Xg + Y6 + 3(Xa¥5 — X5Y2 + X3Y4 — X4Y3) + 15 (x3 = y3)(X1y2 — X2¥1)
+ ﬁ(Xz -y2)(x1y3 - x3y1).

Since
[ 1 0 0 0 0 O]
0 1 0 0O 0 O
0 0 1 0O 0 O
d(Lx)e = ,
(LxJo -% g 0 1 00
-5 0 A 0 1 0
_X2X3 XaXs _ Xs  XiXp X4 X3 X2 q
L 6 12 2 12 2 2 2 i

the induced left-invariant vector fields (1.6) are:

* X1 =0x —%0x ~ F0x — %20x;
® Xy =0x, + %am + ()% - %)an H
® X3=0x+%0x + (452 - %)0x;
b X4=ax4+X736x6;

o X5 = axs + %axﬁ;

® X¢ = Ox,,

and the respective left-invariant 1-forms (1.7) are:

4 91 = Xm;
L4 92 = dXz;
* 05 =dxs;

o 04 = dX4 - %dXZ + %del;
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* 05 =dxs - Hdxz + Zdxy;
- _ X2 _ X3 X4 4 X1Xa Xs 4 XiX3 _ X2X3
L4 96—dX6 2dX5 2dX4+<2 + =5 )dX3+(2 + =5 )dXz 3 Xm.

Finally, we have

1 0 0 0 0 0
0 1 0 0o 0 o0
0 0 1 0 0 0

d(Rx)o =
(Rdo g -y 0 1 0 0
5 0 -4 0 1 0
el s A v S M S S

N6,3,1a

The following Lie algebra is denoted as N 3 1 o by Gong in [9], as L ;4(1) by de Graaf in [10], as (16) by Del
Barco in [2], and as ¢ o by Magnin in [20].

The non-trivial brackets are the following:
(X1, Xl = X512, 1=2,3, [X5, X4] = [X3, X5] = X .

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X3 X1 X,

X5 Xy

Xe

The composition law (1.4) of N 3 1 4 is given by:

® Z1=X1t+Y1;5

® Z) =Xz tY2;

® Z3=X3+Y3;

o zy = x4+ Y4+ 3(X1¥2 - X2¥1);

® Zs=X5+Y5+ %(X1Y3 - X3y1);

® Zg = Xe + Yo + 3(XaV4 — X4Y2 + X35 — Xs5¥3) + 15 (X2 = y2)(X1Y2 — X2¥1)
+ 15063 = y3)(X1y3 — X3y1).

Since

1 0 0 0 0 O]

0 1 0 0O 0 O

0 0 1 0O 0 O

d(LX)O = _XTZ x71 0 1 0 ol

% 0 el 0 1 0

GG xo X X6 X X 4 q

= 12 12 2 12 2 2 2 -

the induced left-invariant vector fields (1.6) are:



DE GRUYTER A Cornucopia of Carnot Groups in Low Dimensions = 201

X2 X3 X§+X3a .

[ ] Xl = axl - 76)(4 - 76;(5 - 12 Xe 5

_ X X1X, X.

o Xz—axz+716;(4+( 1 X

X X

L4 X3=ax3+leax5+( 123 —75
® X4 = aX4 + %axs;
o X5 = 6X5 + X%a)%;

° sta)%’

and the respective left-invariant 1-forms (1.7) are:

L4 91 = Xm;
L4 92 = dXz;
4 93 = dX3;

* 04 =dxy - EFdx; + %dxq;
* 05 =dxs - §dxs + S dxy;

2,.2
- _ X3 _X Xs | XiX3 Xa 4 XXz _ Nt
b 96 = dX6 7(1)(5 7dX4 + (7 + =% )dX3 + ( 5 + ¢ )dX2 3 dx;.

Finally, we have

M1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

d(RxJo = ] -4 0 1 0 0
X3 _X1

x§2+x§ X1Xzo X4 X1X3 ’ Xs (3(2 ia °

7> T2 t7 i t3 ~F —7 U

Ns,3,2 non-stratifiable

The following Lie algebra is denoted as Ny 5, by Gong in [9], as L¢ 10 by de Graafin [10], as (25) by Del Barco
in [2], and as G , by Magnin in [20].

The non-trivial brackets are the following:
[X1, Xo] = X3, [X1, X3] = X¢, [X4, X5] = X .
This is a nilpotent Lie algebra of rank 4 and step 3 that is positively gradable, yet not stratifiable. The Lie

brackets can be pictured with the diagram:

X1 X, X,

N

X3 Xs

Xe

The composition law (1.4) of N 3 , is given by:

® Z1=X1t+Y13
® Zr =Xy t+Y2;
1 .
* z3=x3+y3+5;(X1y2 - x2¥1);
® Z4 =Xyt Yy
® Z5 =X5+Ys5;
o Z6=Xg+ Y6+ Y0y —Xay1 + Xays = Xsya) + 5 (x1 - y1)(x1y2 - X2y1)
6 =Xe tYe+ 3WX1Y3 —X3Y1 + X4Y5 — X5Y4) + 15\ X1 —Y1)\X1Y2 — X2Y1).



202 — EnricoLe Donne and Francesca Tripaldi DE GRUYTER

Since
i 1 0O O 0 0 O]
0 1 0 0 0 O
-5 ¥ 1 0 00
_ p) 2
d(Lx)o = 0 o o 1 o0 of”
0 0O O 0 1 O
X X Xox X Xoq
L7127~ 27 12 2 2 2 J
the induced left-invariant vector fields (1.6) are:
° Xl = axl - %20)@ - (:i)z(z + %)axé;
L4 X2 = axz + Lzlax3 + %axs H
L4 X3 = ax3 + %axﬁ;
® X4 =0x, - staxsi
L4 X5 = axs + X%axé;
o X6 = axs,
and the respective left-invariant 1-forms (1.7) are:
L4 91 = Xm;
* 0, =dxy;
o 03 =dx3- %dXZ + X%dxl;
L4 94 = dX4;
L4 65 = dX5; s
* 06 = dxe - %dxs + Sdxs - %dxs + Fdxy + (% - 422 dx;.
Finally, we have
i 1 0 0 0 0 0]
0 1 0 0 0O O
X % 1 0 0 0
d(Rx)o = 0 0 0 1 0 0
0 0 0 0 1 0
x_xo Xo_x X% _xoq
L2 ~ 12 12 2 2 2 J

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N 3, is a not stratifiable, but it is gradable as

Vi = span{Xi, X5, X4},
V, = span{Xs3,Xs},
Vs = span{Xg}.

Every complementary subspace A to the derived subalgebra is spanned by X; +u3 X3 + u8Xg, X, +u3 X3 +
uSXe, X4+uz X3+u$ X, and X5 +uz X3 +ulXs. We claim that every two polarizations differ by an automorphism.
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Indeed, when v/ varies, the matrix

1 0 0 0 O
0 1 0 0 0 O
u w1 u; ui o

-u2 0 0 1 0 O
u; 0 0 O 1 O
g w3 ou§ ub o1

is a Lie algebra automorphism and sends the complementary subspace X1, X, X4, X5} to span{X; + u; X3 -
WXy +uz Xs + ubXe, Xo + w3 X3 + uSXe, X4 + usXs + uXe, Xs + uz X3 + uXg}, which is an arbitrary one of
maximal dimension. The tangent cone of each of such polarizations has Lie algebra isomorphic to N5 ; x N5,
where N3 is the first Heisenberg algebra.

The asymptotic cone of the Lie group with Lie algebra N 3, has Lie algebra isomorphic to N4, x R?,
where N, , is the filiform algebra of step 3.

Ne,3,3

The following Lie algebra is denoted as N 3 3 by Gong in [9], as L ;9(0) by de Graaf in [10], as (22) by Del
Barco in [2], and as G 4 by Magnin in [20].

The non-trivial brackets are the following:
(X1, Xo] = X3, [X1, X4] = X¢, [X2, X3] = X5.

This is a nilpotent Lie algebra of rank 3 and step 3. The Lie brackets can be pictured with the diagram:

X, X X,
Xe X3
Xs

The composition law (1.4) of N 5 3 is given by:

* Z1=X1tY135

® Z)=X2tY2;
1

® Z3=X3+Y3+ j(leZ - X21);

® Z4 =Xyt Y4

o 25 = X5 +y5 + 1002y3 ~ x3y2) + 502 - y2)(xaya - Xay1);

5 =X5+Ys5+ 5WX2Y3 —X3Y2) + 5X2 = ¥2)IX1Y2 — X2V1);

1

* Zg = Xg + Yo + 3(X1Y¥4 — X4y1).

Since
M1 0 0 0 0 O]
0 1 0 0 0 O
X x 1 0 0 O
_ 2 2

d(Lxo = 0 0 0 1 0 of”’
2
By % o0 10
| -% 0 0 % o 1]

the induced left-invariant vector fields (1.6) are:
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Xl = axl - ija)q - %axs - %axs;
X; = axz + Xfla)(s + (Xi)z(z - X73)aX5 5
X3 = ax3 + %axs 5

X4 =ax4+x71ax6;

X5 :axs;

X6 :axs,

and the respective left-invariant 1-forms (1.7) are:

o 91 =dX1;
* 0, =dxy;
® 03 =dxz - Edx; + Zdxq;
* 04 =dxy;
4 4>
2
L4 95 = dXS - ijdX3 + (XTB + X16X2)dX2 - %dxl;

L4 96 = dX6 - ledXz‘ + %’Xm.

Finally, we have

1 0 0 0 0 O
0 1 0 0 0 0
X X 1 0 00
d(Rx)o = (2) o2 0 1 00
By % 0 10
2 0 0o -% 0 1]

Ne,3,4

The following Lie algebra is denoted as N 3 4 by Gong in [9], as L¢ 5 by de Graaf in [10], as (23) by Del Barco
in [2], and as ¢ ¢ by Magnin in [20].

The non-trivial brackets are the following:
(X1, X2] = X3, [X2, X3] = X5, [X2, X4] = X .

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X, X, X,
Xs Xq
Xs

The composition law (1.4) of N 3 4 is given by:

® Z1=X1+Y1;

® Zr=X2t+Y2;
1 .

* z3=Xx3+y3+5(X1y2 - X2¥1);

® Zyp =Xyt Yy,

o 25 = x5 +ys + 100ays - x3y2) + 1500 - y2) (Y2 - xay1);

5 =X5 + Y5 + 5X2Y3 — X3)2 12 X2 = V2)\X1Y2 — X2Y1);

1

® Zg = Xg + Yo + 5(X2V4 — X4Y2).
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Since
M1 0 0 0 0 O]
0 1 0O O 0 O
-% 3 1 0 00
_ 2 2
Lo = | ¢ 0 0 1 0 0|’
2
-4 sp-3 % 0 10
Lo &0 %2 0 1]
the induced left-invariant vector fields (1.6) are:
2
* X1 =0x - %am - %ax;. H
¢ Xy =0+ B0+ (5 - )0 - Yo
L] X3 = ax3 + X726X5 5
o X4=ax4+szax6;
o X5 = ax5;
* X6 = aX(,’
and the respective left-invariant 1-forms (1.7) are:
* 01 =dxq;
e 0, =dxy;
L4 93 = dX3 - %dXZ + ijdxl;
* 04 = dxy; .
* 05 =dxs - %dxs + (% + X22)dx; - Zdxy;
i 96 = dX6 - szdXz‘ + %dXZ.
Finally, we have
[ 1 0 0 0 0 O]
0 1 0 0 0 O
7 -3 1 0 00
_| 2 2
dRxo = | 0 0 1 00
By ¥ 0 10
L O 3 0o -% o0 1]

Ne,3,5

The following Lie algebra is denoted as N 3 5 by Gong in [9], as Lg »,(o) by de Graaf in [10], as (29) by Del
Barco in [2], and as G¢,; by Magnin in [20].

The non-trivial brackets are the following:
(X1, Xo] = X5, [X1, X4] = X¢, [X2, X3] = X .

This is a nilpotent Lie algebra of rank 4 and step 2 that is stratifiable. The Lie brackets can be pictured with
the diagram:

Xs Xe

The composition law (1.4) of N 5 5 is given by:
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® Z1=X11tY1;

® Zy=X2+tY2;

® Z3=X3+Y3;

® Zy =Xyt Yy

* z5 = X5 +ys + 3(X1y2 - X2¥1);

® Zg = Xg + Y6+ 3(X1Y4 — XaY1 + X2Y3 — X3Y2).

Since
[ 1 0 0 0 0 O]
0 1 0 0O 0 O
0 0 1 0 0 O
d(Lx)o = ,
Udo=| 0 6 6 1 0 o0
—%2 %1 0O O 1 0
-3 -% % % 0 1]
the induced left-invariant vector fields (1.6) are:
® X1 =0x, ~ ijaxs - ij'ax(, H
e Xy =0x+ %ax5 - X%axs H
[ ] X3 =ax3+x726)(6;
(] X4=6x4+’%0x6;
L] X5 = axs;
L4 X6 = axﬁ,
and the respective left-invariant 1-forms (1.7) are:
L4 91 = Xm;
L4 92 = dXz;
L4 93 = dX3;
L4 94 = qu;
i 95 = dX5 - %dXz + X%dxl;
* O = dxg — Hdx, — % dxz + Zdx, + 5dxy.
Finally, we have
(1 o0 0 0 0 O]
0 1 0 0 0 O
0 0 1 0 0 0
d(Rx)o =
®o=10 6 o 1 0 o0
X 8% 0 0 10

N6,3,6

The following Lie algebra is denoted as N 3 ¢ by Gong in [9], as L¢, ¢ by de Graafin [10], as (24) by Del Barco
in [2], and as G4 3 by Magnin in [20].

The non-trivial brackets are the following:
(X1, X2] = X4, [X1,X3] = X5, [X2, X3] = X

This is a nilpotent Lie algebra of rank 3 and step 2 that is stratifiable, also known as the free Lie algebra of
step 2 and 3 generators. The Lie brackets can be pictured with the diagram:
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X4 X X5

The composition law (1.4) of N 5 ¢ is given by:

® Z1=X1+Y13
® Zr=X2tY2;
® Z3=X3+Y3;
® Zy=XytY4+t %(Xﬂfz - X2y1);
o z5 = X5 +ys + 3(x1y3 - X3¥1);
* Zg = X¢ + Y6 + 3(X2y3 — X3Y2).

Since
1 0 0 0 0 O]
0 1 0O 0 O O
0 0 1 0 0 O
d(Lx)o = ,
(LxJo % % 0 1 .0 0
% 0 % 010
[0 % % 0 0 1
the induced left-invariant vector fields (1.6) are:
* X1 =0x —F0x — F0xs;
* X; =0x, +%ax4 - "736,(6;
* X3=0x+ %axs + %axs;
.Xl&:an;
.X5=a)(5;
.X6=ax6,
and the respective left-invariant 1-forms (1.7) are:
L4 91 =dX1;
L4 92=dX2;
o 93 =dX3;
o 94=dX4—%dX2+X72dX1;
b 95 =dX5—%dX3+X73dX1;
* Og = dxg — % dxz + Zdx,.
Finally, we have
1 0 0 0 0 O]
0 1 0O O 0 O
0 0 1 0 0 O
d(Rx)o =
(Redo 2 -4 0 1.0 0
5 -4 0 1 0
0 % % 00 1

N6,4,4 a

The following Lie algebra is denoted as N 4 4 o by Gong in [9], as L¢ ,,(_1) by de Graaf in [10], and as (28) by
Del Barco in [2]. As a complex Lie algebra, N 4 4 4 is equivalent to the decomposable Lie algebra N3 ; x N3 5,
which is why this Lie algebra is not contained in the list produced by Magnin [20].
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The non-trivial brackets are the following:
(X1, X3] = X5, [X1,X4] = X¢, [X2, X4] = X5, [X2, X3] = X

This is a nilpotent Lie algebra rank 4 and step 2 that is stratifiable. The Lie brackets can be pictured with the
diagram:

Xs Xe

The composition law (1.4) of N 4 4 4 is given by:

® zZ1=X1t+tY1;

® Z)=X2+Yos

® Z3=X3tY3;

® Zy = X4t Y45
1 .

o z5 = X5 + Y5 + 3(X1Y3 — X3Y1 + XoY4 — X4Y2);
1

® Zg = Xg + Yo + 5(X1V4 — X4Y1 — X2¥3 + X3¥2).

Since
1 0o 0 0 0 O]
0 1 0 0O 0 O
0 0 1 0O 0 O
d(Lx)o = ,
Udo=105 6 o 1 0 0
-7 -3 % % 10
-3 7 -% % 0 1]
the induced left-invariant vector fields (1.6) are:
o X1 =0x _%6X5 _le‘axs;
* X5 :axz—%a)@ +X736X5§
L4 X3 =ax3 +%axs —%aXG;
L4 X4 =ax4+szax5 +%ax6;
°X5=0X5;
.X6=ax6,
and the respective left-invariant 1-forms (1.7) are:
* 01 =dxy;
L4 92 =dX2;
i 93 =dX3;
L4 94=dX4;
* 05 =dxs - Bdx, - Hdxsz + 5dx; + Bdxy;
o O¢ = dxg— §dx, + % dxs - §dx; + %dx.
Finally, we have
[1 0 0 0 0 0]
0 1 0 0 0 O
0 0 1 0 0 O
d(Rx)o =
Rdo=19 6 o 1 0 o0
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5 7D indecomposable Carnot nilpotent Lie algebras

The indecomposable Carnot Lie algebras in dimension 7 are uncountable. They can be subdivided into 45
examples plus two families whose expressions depend on a real parameter A. These two families are denoted
as (147E) and (147E4). In dimension 7 there are also uncountable non-stratifiable indecomposable nilpotent
Lie algebras, and not all of them are gradable. For the complete list we refer to [9].

(374)
The following Lie algebra is denoted as (37A) by Gong in [9], and as G7 4,2 by Magnin in [20].
The non-trivial brackets are the following:
[X19X2] = X5 s [X21X3] = X6 s [X29X4] = X7 .

This is a nilpotent Lie algebra of rank 4 and step 2 that is stratifiable. The Lie brackets can be pictured with
the diagram:

B XN4
Xs X, X .

The composition law (1.4) of (37A4) is given by:

® Z1=X1+tY13
® Z)=X2tY2;
® Z3=X3+1Y3;
® Z4 =Xyt Yy
* z5 = X5 +Yy5 + 3(x1y2 - X2y1);
* Zg = Xg + Y6 + 3(X2¥3 — X3Y2);
® Z7=X7+tYy7; + %(Xzﬂ - X4Y2)-

Since

1 0 0 0 0 0 O
0O 1 0 0 0 00
0O 0O 1 0 0 00

diIx)e=| 0 0 0 1 0 0 O0f,
-2 X 090 0 100
0 -% 2 0 010
Lo -% 0 % 0 0 1]

the induced left-invariant vector fields (1.6) are:

® X1 =0y - ijaxg H

e Xy =0y + %axs - %axs - %ax7 H
L4 X3 = ax3 + ijaxs;

* Xy=0x,+%0x;

® X5 =0x;

o X6=6x6;
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o X7=aX7’

and the respective left-invariant 1-forms (1.7) are:

i 91 = Xm;
L4 92 = dXz;
L4 03 = dX3;
L4 94 = qu;

d 95 =dX5—%dX2+X72dX1;
* O = dxg — % dxz + Zdxy;
L4 97 =dX7—X72dX4+X74dX2.

Finally, we have

d(Rx)O =

O ONF O O O
oy o o r oo
OO R OOOO
O, OO0 OO0 Oo
- 00000 O

N\bm\fﬁw‘f o O R O
~O O R, OO O
Nk

(37B)
The following Lie algebra is denoted as (37B) by Gong in [9], and as 7 4,1 by Magnin in [20].
The non-trivial brackets are the following:
(X1, X>] = X5, [X5, X3] = X¢, [X3,X4] = X7

This is a nilpotent Lie algebra of rank 4 and step 2 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X1 X, X3 \)T
Xs Xq X;.

The composition law (1.4) of (37B) is given by:

® Z1=X1+Y1;s
® Z=X2tY2;
® Z3=X3+Y3;
® Zyp =Xyt Yy,
® z5 = X5 + Y5 + 3(X1y2 - X2¥1);
* Zg =Xg + Ve + 3(X2¥3 — X3Y2);
o z7 =x7+y7 + 3(X3V4 — X4Y3).
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Since
M1 0 0 0 0 0 O]
0 1 0 0O 0 O O
0 0 1 0O 0 O O
d(Lx)o=| O 0 0 1 0 0 O],
L 4 0 0 10 0
o -% % 0 010
L0 0 -% % 0 0 1]
the induced left-invariant vector fields (1.6) are:
'XlzaX1_szax5§
® X3 =0x, + 3 0x; - $0x;
L4 X3 = ax3 + %axs - )(2—“6;(7;
.X4=ax4+X736X7;
b XS :aXS;
.X6=ax6;
.X7:ax7’
and the respective left-invariant 1-forms (1.7) are:
L4 91 =dX1;
L4 92=dX2;
* 05 =dxs;
* 04 =dxy;
d 65 =dX5—%dX2+X72dX1;
* Og = dxg — %dxs + S dxy;
* 07 = dx; - Zdx, + % dxs.
Finally, we have
M1 0 0 0O 0 0 O]
0 1 0 0 0O 0 O
0 0 1 0O O 0 O
d(Rx)o=| O 0 0 1 0 0 O
L X% 0 0 100
0 % -% 0 010
0o 0o % % 0 0 1]

(37B1)

The following Lie algebra is denoted as (37B;) by Gong in [9], and as G 4,1 by Magnin in [20].

The non-trivial brackets are the following:
(X1, X2] = X5, [X1,X3] = X¢, [X1, Xu] = X7, [X2, Xu] = X¢, [X3, X4] = X5

This is a nilpotent Lie algebra of rank 4 and step 2 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X, X, X5 X3

X7 Xs Xe
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The composition law (1.4) of (37B) is given by:

® Z1=X1+Y15

® Z)=X2tY2;

® Z3=X3+Y3;

® Z4 =Xyt Y4

® Zz =X5+tYs+ %(Xﬂ’z ~ X2y1 + X4Y3 — X3Y4);
® Zg=XetYet %(Xﬂ/a = X3Y1 + X2V4 — X4Y2);
o z7 =x7 +y7 + 3(X1¥4 — X4Y1).

Since

1 0 0 0 0O 0 O
0 1 0 0 0O 0 O
0 0 1 0 0O 0 O
dLxo=| 0 ©O0 0 1 0 0 of,
% % % % 100
G %% % 010
-% 0o o0 % o0 0 1]
the induced left-invariant vector fields (1.6) are:
® Xy =0x, - Xfax; - XTBaXG - )(746)(7;
* X5 =axz+leax5 —%axa;
* X3=0x +X746x5 +X716x6;
b X4 =aX4_X736X5 +%6X6+leaX7;
.X5:ax5;
.X6:ax6;
.X7=aX7’
and the respective left-invariant 1-forms (1.7) are:
L4 91 =dX1;
* 0 =dxy;
° 93 =dX3;
L4 94=dX4;
® 05 =dxs + S dx, - Sdxs - Sdx; + %dxq;
L4 96=dX6—X72dX4—X71dX3+X74dX2+X73dX1;
* 07 = dx; — Hdx, + 5-dxy.
Finally, we have
M1 0 0 0 0 0 O]
0 1 0 0 0O 0 O
0 0 1 0 0O 0 O
d(Rx)o=| O 0 0 1 0O 0 O
% % % 100
S % % % o010
% 0 o0 -% 0 0 1]

(370)

The following Lie algebra is denoted as (37C) by Gong in [9], and as G7 3,24 by Magnin in [20].
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The non-trivial brackets are the following:
(X1, X5] = X5, [X2, X3] = X¢, [X2, Xu] = X7, [X3, Xu] = X5.

This is a nilpotent Lie algebra of rank 4 and step 2 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X%Xl‘
Xs X6 X7
The composition law (1.4) of (37C) is given by:
® Z1=X1+Y13
® Z) =Xy +Y2;
® Z3 =X3+Y3;
® Z4 =Xyt Y4
® z5 = X5 + Y5+ 3(X1Y2 — X2Y1 + X3Y4 — X4Y3);
* Zg =Xg + Y6 + 3(X2¥3 — X32);
¢ Z7=X7+Y7+ %(X2Y4 - X4Y2).
Since
M1 0 0 0O 0 0 O]
0 1 0 0O 0 0 O
0 0 1 0O 0 0 O
dIx)p=| 0 O O0 1 0 0 of,
% % % % 100
o -% %2 0 010
Lo % 0 %2 0 0 1

the induced left-invariant vector fields (1.6) are:

o Xl=aX1_XTZaX5;
M X2 =aX2 +X71aX5 _%axs_%aX7;
o X3 =ax3 —%6,(5 +%ax6;
X
o X4=6X4+736X5 +X2—26X7;

o X5=axs;
o X6:ax6;
b X7=aX7’

and the respective left-invariant 1-forms (1.7) are:

4 91 = Xm;
L4 92 = dXz;
b 93 = dX3;
o 04 = dX4;

* 05 =dxs — Jdx, + %rdxs - 3dx; + %dxy;
d 06 = dXé - XTZdX'): + X73dX2;
* 07 = dx; - Rdx, + % -dx;.
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Finally, we have

1 0 0O 0 00O
0O 1 0 0 00O
0O 0 1 0 00O
dRx)o=|0 O O 1 0 0 O
- % % 10 0
o % -%X 0 010
0 % o0 -2 0 0 1]

(37D)

The following Lie algebra is denoted as (37D) by Gong in [9], and as G731, by Magnin in [20].

The non-trivial brackets are the following:
(X1, Xo] = X5, [X1, X3] = X¢, [Xa, X4l = X7, [X3, X4] = X5
This is a nilpotent Lie algebra of rank 4 and step 2 that is stratifiable. The Lie brackets can be pictured with

the diagram:

X1 X, X5 X,

Xs X X,

The composition law (1.4) of (37D) is given by:

® Z1=X1tY1;

® Z)=X2+tY2;

® Z3=X3+1Y3;

® Z4 =Xyt Y4

® Zs =X5+Ys+ %(Xﬂ’z = X2Y1 + X3Y4 — X4Y3);
* Zg = Xg + Yo + 3(X1¥3 — X3¥1);

o z7 =x7 +y7 + 30Q2Y4 - X4Y2).

Since

1 0 0 0 000
O 1 0 0 00O
0o 0 1 0 000

dZxo=|0 0o o0 1 0 0 Of,
% % -3 3 100
% 0 4 0 010
Lo -% 0 % 0 0 1]

the induced left-invariant vector fields (1.6) are:

® X1 =0x, — %0x; — 5 0x;

b X2 = aXz + LzlaXs - XTAaX7;
X

o X3 = ax3 - 746)(5 + %axé;
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X
o X[‘ = ax4 + 73())(5 + %ax7 H

o X5=a)(5;
L4 X6=ax6;
o X7=6X7,

and the respective left-invariant 1-forms (1.7) are:

o 91 = Xm;
L4 92 = dXz;
b 93 = dX3;
L4 94 = dX4;

® 05 =dxs - 5dx, + %dxs - 3dx; + % dxq;
b 96 =dX6—%dX3+X73dX1;
o 97 = dX7—X72dX4+X74dX2.

Finally, we have

1 0 0 0 00O
0O 1 0 0 000
0O 0 1 0 000
dRo=|{0 0 0 1 0 0 O
3 -3 3 -3 100
5 4 0 010
0 % 0o -% 0 0 1]

(37D,)

The following Lie algebra is denoted as (37D1) by Gong in [9], and as §7,3,12 by Magnin in [20].

The non-trivial brackets are the following:

[Xls XZ] = XS s [X1’ X3] =X6 s [Xla X4] = X7 s
[X2, X3] = -X7, [X2, X4l =X, [X3, X4] = —X5.
This is a nilpotent Lie algebra of rank 4 and step 2 that is stratifiable. It is also known as the Lie algebra of the
first quaternionic Heisenberg group, and it can be characterized as the only 7D Carnot algebra of rank 4 and

step 2 where every element in the first stratum has maximal rank, i.e. for every nonzero X in the first stratum,
the map ady is surjective.

The Lie brackets can be pictured with the diagram:

Xl XZ X3 Xq

Xs Xe X7

The composition law (1.4) of (37D;) is given by:

® Z1=X1+tY1;
® Z3=X2+Y2;
® Z3=X3+Yy3;
® Zy =Xyt Y
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1 .

* z5 = X5 +ys + ;(X1y2 — Xay1 + X4Y3 — X3Y4);
1

* zZg =Xg+ Y6+ 3(X1¥3 — X3Y1 + X2Y4 — X4Y2);
1

® z7 = X7 +y7+ 5(X1V4 — X4Y1 + X3Y2 — X2¥3).

Since

1 0 0 0O O 0 O
0 1 0 0O O 0 O
0 0 1 0O O 0 O
dx)o=| O O O 1 0 0 Of,
% % % %100
4 -3 % % 010
5% % % 00
the induced left-invariant vector fields (1.6) are:
* X1 = axl - ijax5 - %axs - le‘a)ﬁ;
o Xp= 00+ 00~ Hon + Fou
* X3=0x+ %axs + X0y, — %0x; 3
® X4 =0x,— 5 0xs +%30x +30x; 3
.X5=axs;
.X6=ax6;
.X7:ax7’
and the respective left-invariant 1-forms (1.7) are:
L4 91 =dX1;
L4 92 =dX2;
L4 93 =dX3;
L4 94=dX4;
® 05 =dxs + Zdx, - Fdxs - Sdxy + %dxq;
L4 96=dX6—X72dX4—%dX3+X74dX2+X73dX1;
* 07 =dx; - Hdx, + %dxz - Zdx, + 5dxy.
Finally, we have
M1 0 0 0O O 0 O]
0 1 0 0O O 0 O
0 0 1 0O O 0 O
dRx)o=|0 0 0 1 0 0 O
5 % % % 100
% -3 2% 010
5 5 % A 0 0]

(357A)

The following Lie algebra is denoted as (357A) by Gong in [9], and as G7 3 ¢ by Magnin in [20].

The non-trivial brackets are the following:
(X1, X2] = X3, [X1,X3] = X5, [X1, Xu] = X7, [X2, Xu] = X

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:
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Xl Xz X4

Xs

The composition law (1.4) of (357A4) is given by:

® Z1=X1t+Y13

® 2 =X2+Y2;
1 .

* z3=x3+y3+5(X1y2 - X2¥1);

® Zy =Xyt Y

o 25 = X5 +ys + 30ays - xay1) + 500 - y)Gay2 - x0y1);

5 =X5 +Y5 + 5X1Y3 = X3)1 12 X1 = Y1)X1Y2 — X2Y1);

1

* Zg=Xe + Yo + 3 (X2V4 — X4Y2);
1

* z7 = X7 +y7 + 3 (X1y4 — Xa4y1).

Since

ro1 0 0 0 0 0 O]
0 1 0 0 0 0 O

-% ¥ 1 0 0 0 0

d(Lx)o = 0 0O 0 1 0 0 O,

2

B p ¥ 0100

0 -% 0 %2 010

L -5 0 0 % 0 0 1]

the induced left-invariant vector fields (1.6) are:

o Xl = aXl - X726X3 - (X73 + %)aXS - %am 5
* Xp=0x + %am + %ax5 - Xj“ax(, H

L4 X3 = ax3 + "716;(5 5

® X4 =0x, +%0x, +50x;

[ ] X5 = aX5;
o X6 = 6;(6;
o X7 = 6X7,

and the respective left-invariant 1-forms (1.7) are:

* 01 =dxy;
L4 92 = dXz;
b 93 =dX3—%dX2+X72dX1;
i 94 = dX4;

2
05 =dxs - §dxs + Fdxy + (% - 122)dxy;
* 0g = dxg — Zdx, + 5 dxy;
e 07 =dxy; - §dx, + % dxy.
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Finally, we have

Tl 0O O 0 0 0 O]

0 1 0 0 0 00

X -4 1 0 0 0 O

d(Rx)o = 0 O O 1 0 00

2

oM op oo 0 100

0 X0 -% 010

L % 0o o0 -% o0 0 1]

(357B)

The following Lie algebra is denoted as (357B) by Gong in [9], and as §7,3,23 by Magnin in [20].

The non-trivial brackets are the following:
(X1, X2] = X3, [X1,X3] = X5, [X1, Xu] = X7, [X2, X3] = X .

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X, X5 Xy
X3 X7

X5 Xe

The composition law (1.4) of (357B) is given by:

® Z1=X1+Y1;s

® Z)=X2tY2;

o z3=x3+Yy3+3(x1y2 - X2¥1);

® Zy =Xyt Yy

® Z5=Xs5+t)Ys+ %(X1)’3 - X3y1) + le(Xl -y1)(X1y2 = X2¥1);
o zg=Xg + Y6+ 3(X2y3 — X3y2) + 15 (X2 = y2)(X1Y2 - X2¥1);
o z7 =x7 +y7 + 3(X1¥4 — X4¥1).

Since

1 0 0O 0 0 0 O]

0 1 0O 0 0 0 O

-5 2! 1 0 0 0 O
d(Lx)o = 0 0 0 1 0 0 0,

2

_ij_zxgz % 2 0 1 0 0

5 BeHR % 0 010

-5 0 0 % o0 o0 1]

the induced left-invariant vector fields (1.6) are:

2
X
* XK1= 00 - F 0 - (5450 - o - $0u

2
— X1 X1 X1X2 _ X3 .
o X2—6X2+76X3+ﬁaxs+( 12 7)6)(6,
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o X3 = ax3 + %aXS + %axﬁ H
o X4=ax4+%a)(7;

o X5=axs;
L4 X6=ax6;
° X7:ax7,

and the respective left-invariant 1-forms (1.7) are:

L4 91 = Xm;
L4 92 = dXz;
o 93 =dX3—%dX2+X72dX1;
* 04 =dxy;

2

X X X X1X .
* 05 =dxs - Bdxs + Fdxy + (% - —1622dx1,
L 96 = dX6 - ijdx—j + (X73 + X16X2)dxz — %d}(l;
d 97 = dX7 - %dXL‘ + le‘dXL

Finally, we have

1 0 0 0 0 0 O

0 1 0 0 0 0 O

% -4 1 0 0 0 O

d(Rx)o = 0 (3 0 1 0 0 O
%_Zi;z 3 -% 0 1 00

B B ¥ 0 010

S 0 0 -% 0 0 1]

(27A)
The following Lie algebra is denoted as (27A) by Gong in [9], and as G 4,5 by Magnin in [20].
The non-trivial brackets are the following:
(X1, X2] = Xg, [X1,X4] = X7, [X3,X5] = X7.

This is a nilpotent Lie algebra of rank 5 and step 2 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X X7

The composition law (1.4) of (27A) is given by;

® Z1=X1t+Y13

® 2 =Xy +Y2;

® zZ3=X3+Yy3;

® Zy =Xyt Yy

® Z5 = X5 +Ys;

* Zg=Xg + Y6 + 3(X1y2 - X2y1);

o z7 =x7 +y7 + 3(1Y4 = X4Y1 + X3Y5 - X5Y3).

Since
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1 0 0 0O O 0 O
0 1 0 0O O 0 O
0 0 1 0O O 0 O
dLx)o=1| 0 0 0 1 0 0 O],
0 0 0 0 1 0 O
% X 0 0 0 10
50 5 % % o
the induced left-invariant vector fields (1.6) are:
L4 Xl = axl - XTZ()XG - X%a)“ 5
L4 X2 =axz+%ax6;
* X3 :axa_%a)ﬁ;
L] X4=ax4+leaX7§
L4 X5 = axs + %36,(7;
L4 X6 = axﬁ;
o X7 = ()X7,
and the respective left-invariant 1-forms (1.7) are:
L4 91 = Xm;
* 0, =dxy;
* 03 =dxs;
L4 64 = dXz,;
L4 95 = dXS;
i 66 = dX6 - ledXZ + X%dxl;
* 07 =dx; - Fdxs - Hdx, + S dxsz + 5dxy.
Finally, we have
M1 0 0 0 0 0 O]
0 1 0 0 0 0 0
0 0 1 0 0 0 0
d(Rx)o=| 0 0 0 1 0 0 0
0 0 0 0 1 0 0
X 4 0 0 0 10
5 0 % % % 0 1

(27B)

The following Lie algebra is denoted as (27B) by Gong in [9], and as G7 3,19 by Magnin in [20].

The non-trivial brackets are the following:
(X1, X>] = Xg, [X1, X5] = X7, [X2, X3] = X7, [X3, X4] = X .

This is a nilpotent Lie algebra of rank 5 and step 2 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X1 Xz Xq X5 X3

Xe X7
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The composition law (1.4) of (27B) is given by:

® Z1=X1+tY1;5
® Z3=X2+Y2;
® Z3=X3+Yy3;
® Z4y =Xyt Y4
® Z5 = X5 +Ys;
* Zg = Xg + V6 + 3(X1YV2 — X2Y1 + X3V4 — X4Y3);
o z7 = X7 +y7 + 3(X1¥5 — Xsy1 + X2¥3 — X3Y2).

Since

1 0 0 0O O 0 O
0 1 0 0O O 0 O
0 0 1 0O O 0 O
dLx)o=] O 0 0 1 0 0 O],
0 0 0 0O 1 0 O
% % % % 0 10
5 % % 0 % o0l
the induced left-invariant vector fields (1.6) are:
* X1=0x - Xizaxs - Xisah H
® Xy =0x,+ 3 0x ~ $0x;
* X5=0x - %axé + ijam H
] X4=aX4+X736x6§
L4 X5 = 6,(5 + %6,(7;
L4 X6 =ax6;
b X7 = aX7’
and the respective left-invariant 1-forms(1.7) are:
* 01 =dxq;
b 92 = dXz;
i 93 = dX3;
b 94=dX4;
* 05 = dxs;
* O¢ = dxe — Fdx, + %rdxs - 3dx; + % dxy;
* 07 =dx; - §dxs - §dxz + Fdx, + Fdx,.
Finally, we have
M1 0 0 0 0 0 O]
0 1 0 0 0O O O
0 0 1 0 0O 0 O
dRxo=|0 O 0O 1 0 0 O
0 0 0 0 1 0 0
¥ -y % 5 0 10
5 % % 0 % o

(257B)

The following Lie algebra is denoted as (257B) by Gong in [9], and as G7,3,11 by Magnin in [20].
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The non-trivial brackets are the following:
(X1, Xo] = X3, [X1,X3] = X¢, [X1, Xu] = X7, [X2, Xs5] = X7.

This is a nilpotent Lie algebra of rank 4 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X; X,
Xe

The composition law (1.4) of (257B) is given by:

® Z1=X1t+Y1;

® Z) =X2+Y2;

o z3=x3+Yy3+3(x1y2 - X2¥1);

® Zyp =Xyt Yy,

® Z5 = X5+ Ys;

* Zg =X + Yo + 3(x1y3 — X3y1) + 15 (X1 = y1)(X1¥2 - X2¥1);
® zZ;=X7+Yy7+ %(Xlﬂ —X4Y1+X2Y5 — X5Y2).

Since

! 0 0 0 0 0 0

0 1 0 0 0 0 0

-5 ¥ 1 0 0 00

d(Lx)o = 0 0O 0 1 0 0 Of,

0 0O 0 0 1 00

gE-% L% 0 0 10

L% % 0 % % 0 1l

the induced left-invariant vector fields (1.6) are:

X1=0x - ija)q - (Xi)z(z + %)axe - le'am 5
Xo = Oy + 5 0x + 0y, - 5003

X3 =ax3 +%6x6;

® Xy=0x,+%30x;

® X5 = 0x; + Z0x;3

o X6 = axﬁ;

o X7 =OX7,

and the respective left-invariant 1-forms (1.7) are:

L4 91 = Xm;
L4 92 = dXz;
* 03 =dxz - %dx, + %dxy;
L4 94 = dX4;
i 95 = dX5;

2
X X X X1X, .
* 0g = dxe - Hdxs + Fdxy + (% - 22)dxy;
L4 97 = dX7 - XTZdX5 - ledX4 + %dXz + %“dxl.
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Finally, we have

o1 0O 0 0 0 0 0
0 1 0O 0O 0 00

L ! 0 0 0O

d(Rx)o = 0 0 0 1 0 0 O
0 0O 0 0 1 00

2
o4 B % 0 0 10
R X 0 -5 -% o0 1]

(247A)
The following Lie algebra is denoted as (247A) by Gong in [9], and as G7,3,20 by Magnin in [20].
The non-trivial brackets are the following:
(X1, Xi] =Xi1p, 2<i<5.

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

T . \Tz
Xs X4
X7 XG'
The composition law (1.4) of (247A) is given by:
® Z1=X1+Y1;
® Zr =Xty
® Z3=X3+Yy3;
o zy=x4+Yy4+3(X1y2 - X2¥1);
® Z5=X5+Y5+ %(X1Y3 - X3y1);
* Zg = Xg + Ve + 3(X1y4 — X4y1) + 55 (x1 - y1)(X1y2 - x2¥1);
o z7 = X7 +Yy7 +3(x1y5 - Xsy1) + 15 (x1 - y1)(x1y3 — x3¥1).
Since
[ 1 0 0 0 0 0 O]
0 1 O 0O O 0 O
0 0 1 0O O 0 O
dLdo= | -% ¥ 0 1 0 0 Of,
_x73 ()2 "71 0O 1 0 O
% % o0 ¥ 0 10
-3 0 H o0 % o

the induced left-invariant vector fields (1.6) are:

— _ X2 _ X3 _ ([ X1X2 Xy _ (X1X3 X5 .
® X1 =0x — %00~ $0x — (M52 +%)0x — (432 +%5)0x 5

2
X X
® X5 =0x, + FO0x, + 150x
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X3 =0x; + H0x, + %6)(7;
Xy = 0x, + %aXG H

X5 = axs + "716)(7;

X6 =ax6;

X7 =0X7,

and the respective left-invariant 1-forms (1.7) are:

L4 91 =dX1;
* 0, =dxy;
L4 93 =dX3;

hd 94 = dX4 - ledXZ + XTZXm;
* 05 =dxs — Hdxz + Zdxy;

2
* 0 = dxg—Gdxs + Fdxy + (% - 22)dxy;

N N
=
%
B
SN—"
a
=
kn

2
o 07 = dx; - %dxs + Fdxs + (

Finally, we have

1 0 0 0 0O 0 O

0 1 0 0 0O O O

0 0 1 0 0O O O

dRdo=| % % 0 1 0 00
] 0 -% 0 1 00

-4 4 0 -3 o 10
5% 0o % o -% 0 1

(247B)

The following Lie algebra is denoted as (247B) by Gong in [9], and as G7, 3 »1 by Magnin in [20].

The non-trivial brackets are the following:
[X1,Xi]l = X0, 2<i<4, [X3,X5] = X7.

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X3 Xy \Tz
Xs X4
X, X .

The composition law (1.4) of (247 B) is given by:

® zZ1=X1tY1;

® 2 =X2t+Y2s

® Z3=X3+tY3;

o zy = x4+ Y4+ 3(X1y2 - X2¥1);

® Z5 =X5+Y5+ %(X1Y3 - X3y1);

* Zg =Xg+ Y6 + 3(X1V4 — X4¥1) + 15 (x1 - y1)(X1y2 - X2y1);
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o z7 =x7+y7 + 3(X3¥5 — Xs5y3) + 15 (x3 = y3)(X1¥3 — X3¥1).

Since
1 0 0 0 0 0 O]
0 1 0 0O O 0 O
0 0 1 0O O 0 O
dLdo=| % % ©0 1 0 0o,
- 0 ) 0 1 00
4E-% B 0 3 0 10
L -5 0wy 0 % o1
the induces left-invariant vector fields (1.6) are:
2
[ ] X1 = axl - %a)@ - 6X5 - (XlXZ + Xa)axs - %a)(7;
L4 X2 = axz + X716X4 126)‘6 )
L4 X3 = ax3 + %axs (XiXB - )a)(7 >
.X4=ax4+%ax6;
L4 X5 = axs + %36;(7;
‘X6=ax6;
.X7:ax7,
and the respective left-invariant 1-forms (1.7) are:
L4 91 =dX1;
° 0, =dxy;
i 93 =dX3;
* 04 =dxy - Edx; + %dxq;
o 95=dX5— 1dX3+ Xm,
o Og=dxg- Sdx,+ 3 dx2+(7‘*— )dxl,
* 07 =dx; - Bdxs + (5 + X2)dx —fdxl
Finally, we have
1 0 0 0 0 0 O]
0 1 0 0 0 0 0
0 0 1 0 0O O O
dRdo=| % % 0 1 0 00
] 0 -y 0 1 00
o 0 % 0 10
| -5 0 *PF+% 0 -3 0 1]

(2470)
The following Lie algebra is denoted as (247 C) by Gong in [9], and as §7,,,43 by Magnin in [20].
The non-trivial brackets are the following:
(X1, Xi] = Xi1p, 2<i <4, [Xq, Xs5] = X7, [X3, X5] = Xq.

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:
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X1 X

X

The composition law (1.4) of (247 C) is given by:

® Z1=X1t+Y1;5
® Zr)=X2t+Y2;
® Z3=X3+Y3;
® Zy=X4tY4+ %(Xﬂfz - X2y1);
® Zs =X5+ Y5+ %(X1J/3 - X3Y1);

X;.

* Zg = Xg + Yo + 3(X1V4 — X4Y1 + X3Y5 — X5¥3) + 15 (x1 — y1)(X1y2 — X2¥1)

+ 15063 = y3)(x1y3 — X3y1);
o z7 = X7 +Yy7 + 3(x1ys — xsy1) + 5 (x1 - y1)(X1y3 - x3¥1).

Since
[ 1 0 0
0 1 0
0 0 1
_X X1
d(Lx)o = 2 2 0
_X3 X1
z 0o 2
_xand x, X oxx X
12 2 12 12 2
2
X5 X g X
L ~ 12 2 12

the induced left-invariant vector fields (1.6) are:

2
2 ). _ X2y, _ Xy _ (X0TG | x, (XX | Xs .
® X1 =0x ~%0x ~ %0k~ (T2 + %) 0x — (47 + %) 03

* Xy =0x, + §0x, + ’%axs;

® X3=0x + 50k + (M3 - 5)0x + ’%a;ﬁ;
o X4=axa+"71ax6;

o X5 =0x;s + 5 0xs + 3 0x;3

o X6 =ax6;

* X7 = 0x,,

and the respective left-invariant 1-forms (1.7) are:

L4 91 = Xm;
i 92 = dXz;
i 93 = dX3;

L4 64 = dXz, = %dXZ + %Xm;
X X .
® 05 =dxs — Fdxz + Fdxy;
L4 96=dX6—X73dX5—X71dX4+( 3

Xs
2
2
o 07 =dx; - Bdxs + Fdxs + (% - 19 dx,.

X1X x2 X,
+ 3)dX3+?1dX2+<74—

0 o
0 o
0 o
1 0
0 1
X1 X3
2 2
o %
XX+

SO B O O O O O

)dxl;

_ O O O O O O

DE GRUYTER
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Finally, we have

1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 O

dRo=| ¥ % 0 1 0 00
o<l 0 -4 0 1 00

¥ 0o F 0 0 -y o 1

(247D)

The following Lie algebra is denoted as (247D) by Gong in [9], and as G7,3,2> by Magnin in [20].

The non-trivial brackets are the following:
(X1, Xi] = Xiip, 2<i<4, [Xo, Xs] = X7, [X3,X4] = X7.

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X, X, X;
X 4 X 5

Xe X7

The composition law (1.4) of (247D) is given by:

® Z1=X1+Y13

® Zy=X2+Y2;

® zZ3=X3+Yy3;

o Zy=x4+Yy4+3(X1¥2 - X2¥1);

* z5 = X5 +ys + 3(x1y3 - X3¥1);

® Zg=Xg+Ye+ %(xlyz, - X4y1) + ﬁ(Xl - y1)(x1y2 - x2y1);

® z;=X7+y7+ %(x3y4 — X4Y3 + X2Y5 — X5Y2) + %(Xs -y3)(aay2 - x2y1)
+ 1500 - y2)(x1y3 - x3y1).

Since

i 1 0 0 0O 0 O O]

0 1 0 0O 0 O O

0 0 1 O 0 O O
d(Lx)o = -2 4 0 1 0 0 Of,

_%3 (Z "71 0O 1 0 O

-y H 0 %010

X2X3 X1X3 _ X5 X1X2 Xo X3 X2 0 1

L 12 2 12 2 2 2 .

the induced left-invariant vector fields (1.6) are:

_ X X X1X: X XX .
* X1=0x - %0~ FOx - (5 + %)k — 4703
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X3 = ax3 + Lzlaxs +

o X4=axa+%axé+
® X5 = 0x; + Z0x;3
o X6=ax6;

® X7:ax7’

X2 =axz+%ax4+ 1

2

X

%axs ( - *)aX7 ’
X1X _ 4)
12 2 X753

X

736)(7 3

and the respective left-invariant 1-forms (1.7) are:

e 01 =dxy;
* 0, =dxy;
* 03 =dxs;
® 04 =dxy - Edx; + Zdxq;
L4 95—dX5— 1dX3+ Xm,
o 0g=dxg—dxs+ 3 dxz+( - X2 dxy;
o 07 =dx; - %dxs - $dxy + (X2 + % )dxs + (X )dx; - 25.dx
Finally, we have
1 0 0 0
0 1 0 0
0 0 1 0
d(Rx)o = 2 -3 0 1
S0 % o
s B o -y

(247E)

O mr O O O OO0
— O O O O O

DE GRUYTER

The following Lie algebra is denoted as (247E) by Gong in [9], and as S7,,,12 by Magnin in [20].

The non-trivial brackets are the following:

[Xla Xl] =

Xi+2’ 25i54y [XlaXS]:

X6 s [XZ’XS] =

X7, [X35,X4] =

X;.

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with

the diagram:

Xy

X4

X6

The composition law (1.4) of (247E) is given by:

® Z1=X1tY1;
® Z) =X t+Y2;
® Z3=X3+1Y3;

1

® Zyp=Xyt+Y4t+ 7(X1)’2 - X2y1);
1

* z5 = X5 +Ys + 2(X1¥3 — X3Y1);

X

Xy

X3

Xs
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® Zg=Xe +Y6 + 3(X1V4 — X4y1 + X1¥5 — Xsy1) + 15 (x1 — y1)(x1y2 — X2¥1)
+ ﬁ(xl - y1)(x1y3 — x3y1);

o z7 = x7 +y7 + 3(X3V4 — X4Y3 + X2¥5 — X5¥2) + 15 (x3 = y3)(X1Y2 — X2¥1)
+ ﬁ(Xz -y2)x1y3 - x3y1).

Since
i 1 0 0 0O O 0 O]
0 1 0 0O O 0 O
0 0 1 0O O O O
d(Lx)o = -% 4 0 1 0 0 Of,
. 0 g 0 1 00
_X1X2t+X1X3 _ X4t+Xs ﬁ ﬁ X1 X1 1 0
1 Tz 12 12 2 2
_Xox3 XiXs _Xs  XiX _Xa X3 X2 g 1
L 6 2 "2 12 "2 2 2 .
the induced left-invariant vector fields (1.6) are:
® Xl = aXl - XTZaXQ - %aXS - (W + %)aXG - %6X7 ;
° XZ = aX2 + %GXA + %axé + (xi)z(B _ %)ab H
L4 X3 = ax3 + %axs + %axé + (% - le‘)a;h H
® X4 =0x, +%0x + Xfa)cy H
® X5 =0x; + 3 0xg + F0x3
L4 X6 = axe;
b X7 = aX7’
and the respective left-invariant 1-forms (1.7) are:
L4 91 = Xm;
4 92 = dXz;
i 93 = dX3;
* 04 =dxy - Edx; + %dxq;
o 05 =dX5—%dX3+X73dX1; , .
o Op = dxg— 5 dxs - dx, + Fdxs + Fdxy + (X505 - 10206 gy, ;
e 0; =dx; - ’%dx; - %d)q + (X16XZ + %‘)dX3 + (X16X3 + %)dxz - X%idxl_
Finally, we have
i 1 0 0 0 0 0 0]
0 1 0 0 0O O O
0 0 1 0 0O O O
d(Rx)o = 2 -4 0 1 0 00
x5 0 -y 0 1 00
X4+Xs _ X1X2+X1X3 ﬁ ﬁ _Xil _Xil 1 0
2 T 12 12 12 2 2
X2 X X1X X X1X, X. X X
L ir+t7 1t7 -7 —3 0 1l

(247E,)

The following Lie algebra is denoted as (247E;) by Gong in [9], and as G7,5,1, by Magnin in [20].
The non-trivial brackets are the following:

(X1, Xil = X2, 2<i<4, [Xy, X4l = X7, [X3,X4] = X7

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:
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X X, X3
X6 X7 .
The composition law (1.4) of (247E+) is given by:

® Z1=X1t+tY15

® 2 =X2+Y2;

® Z3=X3+1Y3;

® Zy=X4tY4+ %(Xﬂfz - X2y1);

® Zs =X5+ Y5+ %(X1J/3 - X3Y1);

* Zg = Xg + Yo + 3(x1¥4 — x4y1) + 15 (X1 — Y1) (X1y2 — X2¥1);

o z7 = X7 +y7 + 3(GY4 — X4Y3 + Xoy4 — X4Y2) + 15 (3 = y3)(X1y2 — X2¥1)
+ 1500 - y2)(xX1y2 - x2y1).

Since

1 0 0 0O 0 0 O]

0 1 0 0O 0 0 O

0 0 1 0O 0 0 O
dxdo=| -7 g 0o 1 0 0 0f,

_ng (Z "71 0 1 0 O

et TR 0 % 010
Bl e e R

the left-invariant vector fields (1.6) are:

2
- _X _X3 _(X1X2 4 X4 _ X315 .
Xl = axl 76X4 76){5 ( 12 + 7)6)(6 12 aX7 >
2
_ X X X1X3+X1 X X .
X2 = axz + 71())(4 + leaxs + (% - 7“)())(7 )
X X
X3 = ax3 + 716)(5 - 746)(7 H
X X2 +X
Xq = axa + 716)(6 + 22 3()X7 H

o X5 = axs;
* Xg= axs;
° X7 = aX7’

and the respective left-invariant 1-forms (1.7) are:

® 01 =dxy;
* 0, =dxy;
L4 93 =dX3;

L4 64 = dXz, - ledXZ + ijXm;
L4 95 = dXS - ledXE, + X%d)(l;
2
o 06 = dxe - %dxy + dxy + (% - 42)dxy;

2
o 07 = dxy - B32dxy + %pdxs + (X922 + ) dx, - 2 dx.

Finally, we have
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1 0 0 0 000
0 1 0 0 000

0 0 1 0 000

dRao= | % — o 1 000
% 0 %0 100

"74—% = o -% 010

(247F)

The following Lie algebra is denoted as (247F) by Gong in [9], and as G7 3,4 by Magnin in [20].

The non-trivial brackets are the following:

[lexi] =Xi+2 s i= 213 s [XZ’XZI] =X69
(X2, Xs5] = X7, [X5,X4] = X7, [X3, X5] = X¢ .

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X, X3 X3
X4 XS

Xe X,

The composition law (1.4) of (247F) is given by:

® Z1=X1t+tY15

® Z)=X2+tY2;

® Z3=X3+Yy3;

® Zy=Xy+Y4+ %(X1Y2 - X2y1);

® Zs =X5+Y5+ %(Xﬂfz - X3Y1);

o Zg =Xg+ Y6+ 3(XaVs — X4¥2 + X3Y5 — X5Y3) + 15 (X2 — y2)(X1¥2 — X2¥1)
+ 1506 - y3)0ays - x3y1);

o z7 =x7 +y7 + 30GY4 - X4y3 + Xay5 - X5¥2) + 15 (63 — y3)(X1y2 — X2¥1)
+ 15 (2 = y2)(X1y3 - X3¥1).

Since

r 1 0 0 0O O 0 0

0 1 0 0O O 0 O

0 0 1 0O O 0 O
d(Lxo= | -% 4 0 1 0 0 Of,

-% 0 X 0 1 0 0

_X2X3 X1X3 _ X5 X1X2 _ X4 X3 X2 0 1

- 6 12 2 12 2 2 2 -

the induced left-invariant vector fields (1.6) are:
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2
* X1 =0x, —%0x, - % OXS—ﬂaxé—%ah;
¢ K=on e o+ (4 )00 (- 5o
® X3=0x; +%0x + (Xi)z(” - —)(3;(6 (Xlxz - —)0;(7 ;
® X4 =0x, +%0x +%50x;
o X5 =0x;s + 5 0x + % 0x;3
L4 X6 =ax6;
o X7 =aX7,

and the respective left-invariant 1-forms (1.7) are:

L4 61 =dX1;
* 0, =dxy;
L4 93 =dX3;

i 94 = dX4 - XTIdXZ + ijdxl;
* 05 =dxs — Hdxz + Zdxy;

2,,2
o Og = dxg - Sdxs - Zdx, + (22 + % )dxs + (22 + %) dx, - 22 dxy;
e 07 =dx; - %dxs - $dx, + (X + %) dxs + (25 + %) dx, - 255dx,.
Finally, we have
o1 0 0 0 0 0 0]
0] 1 0 0 0O 0 0
0 0 1 0 0O 0 O
dRx)o= | % -4 0 1 0 00
X X
273 i 0 -5 0 1 00
NG XX L X XiX3 L X X _X3 1 ()
X2>2(3 X}’Zfz + é X})Z‘Z + i _é _é 0O 1
-6 1272 12 T2 2 2 -

(247F,)

The following Lie algebra is denoted as (247F1) by Gong in [9], and as G 3,4 by Magnin in [20].

The non-trivial brackets are the following:

[Xlin] =Xi+2 ’ i= 2’3 ) [XZ’X4] =X6s
(X2, X5] = X7, [X5,X4] = X7, [X3,X5] = -

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X1 X5 X3
X4 XS

X X5

The composition law (1.4) of (247 F,) is given by:

® Z1=X1+Y1;5
® Z)=Xx2+Y2;
® Z3=X3+Y3;
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o zy =x4+Yy4+3(X1¥2 - X2¥1);

® Zs =X5+Y5+ %(XU/B - X3y1);

® Zg = Xe+ Yo+ 3(X2V4 — X4Y2 — X3Y5 + X5¥3) + 15 (X2 = y2)(X1Y2 — X2¥1)
+ le()@ - x3)(X1y3 = x3y1);

o z7 =x7 +y7 + 3(3¥4 = X4Y3 + X2¥5 - X5¥2) + 15 (x5 = y3)(X1y2 — X2¥1)
+ ﬁ(xz -y2)(x1y3 = x3y1).

Since
M1 0 0 0 0 O 0]
0 1 0 0 0O O O
0 0 1 0 0O O O
dLx)o = | -% 4 0 1 0 0 0f,
_X3 X1
x§—7x§ xlxzo X4 Xs 7x1x3 )?z 13 o
o 122 2 12 7+ —2 10
X2X3 X1X3 _ X5 X1X2 _ X4 X3 X2 0 1
L—7% 12 -2 12 "2 2 ) .
the induced left-invariant vector fields (1.6) are:
2_,2
* X1 =0x - %ah - X736X5 + %axa - %6X7 H
® Xy =0x,+ %3 0x, + (Xi)z(z - %)6% + (% - Xis)a’ﬁ ;
o X3 =0+ %aXS + (%5 _ Xi)é;)axé + (Xi)zfz _ ijo)ax7 :
® X4 =0x, +%0x, +%50x;
® X5 =0x; — 7 0xs + F0xy3
o X6 = Oxé;
* X; =0y,
and the respective left-invariant 1-forms (1.7) are:
L4 91 = Xm;
L4 92 = dXz;
L4 93 = dX3;
* 04 =dx, - Sdx, + %dxy;
* 05 =dxs - §dxs + S dxy;
o 0 = dxe + Fdxs — % dxs — (X2 + 5 )dxs + (X2 + %) dxy + 252 dxg;
o 07 =dx; - %dxs - Bdxy + (X2 + %) dxs + (X2 + %) dx, - P dx
Finally, we have
M1 0 0 0 0O 0 O]
0 1 0 0 0O O O
0 0 1 0 0O O O
d(Rx)o = | % -4 0 1 0 00
5 0 -4 0 1 00
NG o X _Xa _Xs % a1
2 12 2 p) 2
=% AP+ R+ -F -% 01

(247G)

The following Lie algebra is denoted as (247 G) by Gong in [9], and as G7 > 34 by Magnin in [20].
The non-trivial brackets are the following:
(X1, Xi] = Xiu2, 2<i<4, [X1,Xs5] = Xg, [X2, X4] = X,
(X5, Xs5] = X¢, (X2, Xs] = X7, [X3,X4] = X7
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This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X1 X> X3

Xy Xs

X¢ X,

The composition law (1.4) of (247 G) is given by:

® Z1=X1tY1;
® Z)=X2+Y2;
® Z3=X3+Y3;
® Zyp =Xyt Y4t %(Xﬂ'z - X2Y1);
® Z5=X5+)Y5+ %(X1)’3 - X3Y1);
* Zg =Xg + Y6 + 3(X1Y4 — X4Y1 + X1Y5 — X5Y1 + XY — X4Y2 + X3Y5 — X5V3)
+ 15000 =1+ X2 = y2)(ay2 = xay1) + 15 (x1 = 1 + x3 = y3)(a1ys - x3y1);
* 27 =x7+y7 + 306Y4 = Xay3 + XaY5 = X5¥2) + 15063 — y3)(X1y2 = X21)
+ 15 (X2 = y2)(X1y3 - x3¥1).

Since

r 1 0 0 0 0 0 0]

0 1 0 0 0 0 0

0 0 1 0 0 0 0

d(Lx)o = -% 4 0 1 0o 0 o,

_X3 0 X1 0 1 0 0

L XIEXIGHGHXS  xgdxs XHX1Xa X, XHGX3 | Xs xjtX,  XitXs 1 0

12 2 12 2 12 2 2 2
_XoX3 X1X3 _ Xs X1Xo _ X4 X3 X2 0 1
= 6 12 2 12 2 2 2 -

the induced left-invariant vector fields (1.6) are:

2,2
_ _ X _ X3 _ (XXt X1 X3+X5+X3 X4+Xs _ X2X3 .
X1 =0 — % 0x,— 30 — ( 2 + B ) Oxg — 20, 5
2
- X1 XiHX1Xo _ Xa X1X3 _ Xs .
X2—0X2+76X4+(212 2)6X6+(12 2)6)(7,
X X{+X1X3 X X1X X, .
X3 =05 + 5 0% + (557 - %) 0xe + (432 - %) 0r5
X1+X X
® Xy =0x + 5720 + F0x 3

L4 X5 = aXS + Xl;h axé + )(72();(7;
[ ] X6 = axs;
. X7 = ax7,

and the respective left-invariant 1-forms (1.7) are:

o 91 =dX1;
L4 92 =dX2;
* 05 =dxs;

94 = dXz, - ledXZ + %del;
95 = dX5 - X%ng, + )%Xm;
2 2
_ _ X1tX3 _ X1tX X]+X1X3 X5 X1tX1X2 Xy
06 = dxe — 152 dxs — 22 dxy + (FF2 + %) dxs + (B2 + 5 ) dx,

2 2
+ (XI;ZXS _ X1X2+X1)6(3+X2+X3)

dxq;
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= - X - X X1Xp 4 X4 X1X3 |, Xs _ XaX3
* 0; = dx; - %dxs 2dx4+( 2 +2)dx3+( B +2)dx2 22 dx .

Finally, we have

r 1 0 0 0 0 0 O]
0 1 0 0 0 0 0
0 0 1 0 0 00
d(Rx)o = %2 —Xz—l 0 1 0 00
%3 0 X71 0 1 0 0
XAZXS _ xlxz+x11ng+x§+x§ xf+1x21xz + xj,, X%Jrlxzp@ + % _xlzxz _X1§X3 1 0
(247H)

The following Lie algebra is denoted as (247 H) by Gong in [9], and as G7,1,19 by Magnin in [20].

The non-trivial brackets are the following:
(X1, Xi] = Xip, 2<i< 4, [X2,X4] = X,
(X3, X5] = X¢, [X2, X5] = X7, [X3,X4] = X7.

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

Xy X3 X3

X4 Xs

X6 X7

The composition law (1.4) of (247 H) is given by:

® Z1=X1+tY13

® Zr =Xty

® Z3=X3+Y3;

o zy = X4+ Y4+ 3(X1y2 - X2y1);

o z5 = X5 +ys + (X135 - X3y1);

® Zg = Xg + Yo + 3(X1V4 — X4Y1 + X2Y4 — X4Y2 + X3Y5 — X5¥3) + 15 (X3 - y3)(X1Y3 — X3¥1)
+ 15 (01 —y1 + X2 = y2)(x1y2 - x2y1);

® Z7=X7+Y7+ %(X3J’4 ~ X4Y3 + X2Y5 = X5Y2) + le(X3 -y3)(x1y2 - x2y1)
+ le(Xz - y2)(x1y3 - x3y1).

Since
i 1 0 0 0 0 0 0]
0 1 0 0 0O 0 O
0 0 1 0 0O 0 O
d(Lx)o = -% 4 0 1 0 0 of,

% 0 X 0 1 00
_X1X2+X§+X§ _ X4 X%+X1X2 _ X4 X1X3 _ X5 X1+X2 X3 1 O

12 2 12 2 12 2 2 2
—_X2X3 XiX3 _ X5 X1Xo _ X4 X3 X2 0 1
- 6 12 2 12 2 2 2 -
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the induced left-invariant vector fields (1.6) are:

. Xl _ axl _ ijam _ X%ax5 _ (X1X21')2(§+X§ + %)axs _ %a)ﬁ ;
o Xp = Ony + H 0+ (UL~ %) 0 + (5 - %) 05
X5 =0+ 0+ (45 4)on + (H - $)0n

® X4 =0x, + 55520y, + 5 0x; 3

® X5 =0x; + 5 0x + % 0x;;

o X6 = dxs;

° X7 = a)(7,

and the respective left-invariant 1-forms (1.7) are:

® 01 =dxy;
L4 92 =dX2;
L4 93 =dX3;

L4 94 = dX4 - %dXZ + ’%dxl;
* 05 = dxs - dxz + Zdxy;

2
= _x _ XX X1X3 4 X5 XHaXs | Xq Xa
* ¢ =dxg - Fdxs 5 dx4+(6 +2)dx3+( z +2)dx2+(2

2,,2
X1X2+X5+X .
- 2 ) dx;

= - X2 - X1X2 4 X4 X1X3 , X5 _ XaX3
* 07 =dx; - %dxs - Bdxy + (2 + %) dxs + (B2 + %) dxy - 2 dx,.

Finally, we have

1 0 0 0 0 0 0]
0 1 0 0 0 00
0 0 1 0 0 00
dRdo- | % -4 01 0 00
% 0 -4 0 1 0 O

(247H,)

The following Lie algebra is denoted as (247H;) by Gong in [9], and as §7,1,19 by Magnin in [20].

The non-trivial brackets are the following:

[Xlin] =Xi+2 , 22 i< 4’ [X25X4] :XG’
(X3, X5] = —X¢, [X2,X5] = X7, [X3,X4] = X7

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X, X, X3

X4 XS

The composition law (1.4) of (247H) is given by:
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Z1=X1+Y13
Z =X +Y2;
Z3 = X3 tY3;

1 .
Zy =Xyt Y4+ j(XU/z - X21);
1 .
Z5 =X5 +ys5 + j(Xl}/B - X3y1);

Ze = Xg + Ve + 3(X1Y4 — XaY1 + XaY4 — X4Y2 — X3Y5 + X5¥3) + 15 (V3 — X3)(X1¥3 - x3¥1)

+ 15 (01 —y1 + X2 = y2)(x1y2 - x2y1);

z7 = X7 + Y7 + 3(X3Y4 — X4Y3 + X2¥5 — X5¥2) + 15(x3 = y3)(X1¥2 - X2¥1)

+ 450 - y2)aays - x3y1).

Since
i 1
0
0
X
d(Lx)O = _72
_X3
2
-x1x-X3 x4
12 2
_X2X3
- 6

0
1
0
X1
2
0
XX x4
12 2
X1X3 _ Xs
12 2

the induced left-invariant vector fields (1.6) are:

2 2
X X3—X1X2—X
X1 =0x, ——"zzaxq——f’axs+(73 2

Xy = 0, + G0, + (M5
X3 = 0n, + 50 + (% - 42
X4 = Ox, + 5205, + 5 0x; 5
Xs = Ox; - 50x + $0u3

X6 = axs;

X7 = 0x;,

12
X74) Oxe

)Oxe + (
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X X2X .
_%)aX(, - 2636X7s

X1X3 _ X5 .

+ ( 12~ 2 )0x7 ;
X1X2 _ X4 .
12 2 )ax7 ’

and the respective left-invariant 1-forms (1.7) are:

01 = Xm;
92 = dXz;
63 = dX3;

04 = dxy — 3dx; + % dxy;
05 = dxs — 5dxs + S dxy;

96 = dX6 + x73dX5 - 7)(1*2')(2 dX4 - (X1X3

2 2
X5-X1X2—X
+ B Y dx;

97 = dX7 - ijdX5 - %dX4 + (

Finally, we have

d(Rx)O = Z

6

X1X2 X4 X1X3 Xs _ X2X3
22+ B )dxs + (K2 + 5 )dx, - 5 dx.

*3) s+ (B 4 Sy + (%

O = O O O

<
s

+
M
9

[N/ialN

O »r O O O

=

in
+
=

[NeEN

Mgy m © © 00

¥ - 0 0 0o

N ™

SO r OO O OO

O r OO O OO0

_ O O © O O

= O O O O O
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(2471)

The following Lie algebra is denoted as (2471) by Gong in [9], and as G7 3,5 by Magnin in [20].

The non-trivial brackets are the following:
[XI)XI'] = Xi+2 ’ i= 2: 3 s [XZ’ XS] = X6 s [X31X4] = X6 ) [X31X5] = X7 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X1 X3 X3
Xq X5

X7 X

The composition law (1.4) of (2471I) is given by:

® Z1=X1t+tY1;5

® Z)=X2+Y2;

® Z3=X3+1Y3;

® Zy=Xy+Y4+ %(Xﬂfz - X2y1);

® Zs =X5+ Y5+ %(X1J/3 - X3Y1);

* Zg = Xg + Yo + 3(X3V4 — X4Y3 + Xo¥5 — X5¥2) + 15(x3 — y3)(X1y2 — X2¥1)
+ 15 (62 = y2)0aays - x3y1);

o z7=Xx7+y7 + 30GYys — x5y3) + 5506 - y3)(X1y3 - x3¥1).

Since

1 0 0 0 0 0 O]

0 1 0 0O 0 0 O

0 0 1 0O 0 0 O
dLx)o = | —% A 0 1 0 0 of,

-5 0 o 0O 1 0O

_X26)2<3 Xi)zfs XTS Xi’z(Z — XTA %3 X72 1 0

L -1 0 -7 0 % 0 1l

the induced left-invariant vector fields (1.6) are:

Xz = axZ + %16,(4 + (
X3 = ax3 + XTI()XS + (
Xy =aX4+X73(3X6§
X5 = Oxs + % 0xs + 5 0xs3
Xe = Ox¢;

° X7 = aX7,

2
X X X2X X .
Xl = axl - 726)(4 - %6X5 - 2636X6 - ﬁaX7 ’
3
2

X1X:

12
X1X;
12

and the respective left-invariant 1-forms (1.7) are:

L4 61 =dX1;
L4 92 =dX2;
* 03 =dxs;
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* 04 =dxy - EFdxy + %dxq;
b 95 = dX5 - %d)@ + X73dX1;
o 06 = dxg - %dxs - Sdxy + (X2 + % )dxs + (X2 + 5 )dx, - 52dxy;

6 6
2
07 = dx; - §dxs + (X2 + 5 )dxs - Zdx;.
Finally, we have
M1 0 0 0 0 0 O]
0 1 0 0 0O 0 O
0 0 1 0 0O 0 O
dRx)o= | % -4 0 1 0 0 O
5 0 -4 o 1 00
% 0 Wy 0 -3 0 1

(247))

The following Lie algebra is denoted as (247]) by Gong in [9], and as 7, »¢ by Magnin in [20].

The non-trivial brackets are the following:

[X1,Xi]=Xi12,1=2,3, [X1,X5] = X,
(X2, X5] = X7, [X3,X4] = X7, [X3, X5] = X .

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The non-trivial Lie brackets can be
pictured with the diagram:

Xy X3 X3
X4 Xs

X6 X7

The composition law (1.4) of (247]) is given by:

® Zi=X1t+tY1;

® Zr=X2+Y2;

® Z3=X3+Y3;

o zy = X4+ Y4+ 3(X1y2 - X2y1);

o zs =x5+ys5 + 3(X1¥3 - X3¥1);

® Zg=X¢ +Y6 +3(X1¥5 — X5y1 + X3¥5 — Xs5Y3) + 15 (x1 — y1)(x1y3 — X3¥1)
+ 1503 = y3)x1y3 - x3y1);

o 27 = X7 +y7 + 3(X3Y4 — X4Y3 + Xo¥5 — Xs5Y2) + 15 (x3 = y3)(x1y2 — X2¥1)
+ ﬁ(xz -y2)x1y3 - x3y1).
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Since
i 1 0 0 0 0 0 0]
0 1 0 0 0 0 0
0 0 1 0 0 0 0
d(Lx)o = -2 A 0 1 0 o0 of,
_% 0 i "71 0 1 0 O
wen oy o dgmon oo ompmoq o
_X2X3 X1X3 _ X5 X1X2 X4 X3 X2 0 1
L 12 2 12 2 2 .
the induced left-invariant vector fields (1.6) are:
2
* X5 = aXz + lea)a. + (Xi)z(s - X75)0X7 5
o X3 = ax3 + %axs + (7)(14-1)(21)(3 - st)ax(, + (Xi)z(z - %’)am 5
L4 X4 = ax4 + %30;(7;
L4 X5 = aXS + X15X3 axé + ijax7;
o X6 = aXG;
o X7 = ax7,
and the respective left-invariant 1-forms (1.7) are:
L4 91 = Xm;
* 0, =dxy;
o 93 = dX3;
o 0, =dx, - ledXZ + XTdeli
L4 65 =dX5—%dX3+X73dX}; ,
o 0g =dxg - 5% dxs + (G2 + 5 )dxs + (% - P )dxy;
o 07 =dx; - %dxs - Sdx, + (X2 + 5 )dxs + (52 + B )dx, - F2dx.
Finally, we have
i 1 0 0 0 0 0 O]
0 1 0 0 0 0O 0
0 0 1 0 0 0O 0
d(Rx)o = % - 0 1 0 0 0
X 0 - 0 1 00
gowpd o dgmag o0 mu oo

(247K)
The following Lie algebra is denoted as (247K) by Gong in [9], and as G7,5,35 by Magnin in [20].
The non-trivial brackets are the following:
(X1, Xil = Xi1p, 2<i<4, [X2,X5] = X7, [X3,X4] = X7, [X3,X5] = X

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:
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X

The composition law (1.4) of (247K) is given by:

® Z1=X1+Y1;
® Z) =Xy +Y2;
® Z3 =X3+Y3;
® Zy=X4+Y4+ %(X1Y2 - X2y1);
® Zs =X5+Y5+ %(X1Y3 - X3Y1);

X5

A Cornucopia of Carnot Groups in Low Dimensions

X3

Xs

X7

® Zg = Xg + Yo + 3(X1V4 = X4Y1 + X3Y5 — X5¥3) + 15 (x1 — y1)(X1y2 — X2¥1)

+ 150G - y3)(x1ys - x3y1);

o 27 = X7 +y7 + 3(X3Y4 — X4y3 + Xo¥5 — X5Y2) + 15 (x3 = y3)(X1y2 — X2¥1)

+ 1500 = y2)(xays - x3y1).
Since
i 1 0 0 0O 0 0 O
0 1 0 0O O O O
0 0 1 0O O O O
d(Lx)o = -% 4 0 1 0 0 of,

—X73 0 4 0O 1 0 O
_XXt  x X G _xooxu nmoq] g

12 2 12 2 "2 2 2
_X2X3 XiXs _Xs  XiXp X4 X3 X2 g 1
L 6 2 "2 12 "2 2 2 .

the induced left-invariant vector fields (1.6) are:

* Xy = ax1 - ijam - %axg - (X1X122+X3 + "‘*)6x6 - "2—6"36,(7 H
o Xy =0, + 50x, + Bxe + (M2 - %) 0u s
o Xy =00+ G0u + (5 - 5)ou + (4% -
® X4 =0x, +%0x, +50x;

® X5 =0xs + %axs + %axﬁ

* X6 = Oxe;

* X7 =0x,

)aX7 )

and the respective left-invariant 1-forms (1.7) are:

L4 91 = dX1;
L4 92 = dXz;
b 93 = dX3;

o 94=dX4—%dX2+X72dX1;
X X .
d 65 =dX5—71dX3+73dX1,
* 06 = dxg - Gdxs - Sdx, + (X
b 97=dX7—X72dX5—X73

6
1X2

+
dx, + ("6 +

%) dxs + (’“6"3 +%

% )dxs + 1dxz +(%- Xlxé”%)dxl;

2
_ X2X3
)dxz = 4

— 241
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Finally, we have

1 0 0 0 0 0 0]
0 1 0 0 0 0 O
0 0 1 0 0 0 O
d(Rx)o = % -4 0 1 0 00
5 0 -4 0O 1 00

(247N)

The following Lie algebra is denoted as (247N) by Gong in [9], and as 7,44 by Magnin in [20].

The non-trivial brackets are the following:
(X1, Xil = Xi1p, 1=2,3, [X1,X5] = X, [X2,X3] = X7, [X2, X4] = X .

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X, X, X3

Xe

The composition law (1.4) of (247 N) is given by:

® Z1=X1tY1;

® Zy=X2tY2;

® Z3=X3+1Y3;

o zy = x4+ Y4+ 3001Y2 - X2¥1);

* z5 = X5 +ys + 3(X1y3 — X3¥1);

* 26 = Xg + Yo + 3(XaV4 — X4Y2 + X1¥5 — Xs5y1) + 15 (x2 - y2)(X1y2 - X2¥1)

+ %(Xl - y1)(x1y3 - x3y1)l;
® Z7=X7+Y7+ %(X2J'3 - X3Y2).

Since
B 1 0 0 0 0 0 O]
0 1 0 0 0 0 O
0 0 1 0 0 0O
d(Lx)o = -% 4 0O 1 0 0 0f,
- 0 % 0 1 00
L 0 -5 X 0 0 0 1l

the induced left-invariant vector fields (1.6) are:

2
X, = X X3 X1X3+X X5 .
b 1_aX1_ 22())(4— Zaxs—( 12 2 + z)aX(,,
_ X X1x X4 X3 .
® X3 =00 +%0x + (M52 - %) 0 -5 0x;
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o X3 = 0+ $0x, + o + $0u s
* X4 =0x, + % 0x;

L4 X5 =6X5+%6X6;

o Xs = axé;

o X7 = 6X7,

and the respective left-invariant 1-forms (1.7) are:

L4 91 = dX1;
L4 62 = dXz;
* 03 =dxs;

* 04 =dxy - Fdxy + %dxq;
b 95 = dX5 - %d)@ + X73dX1;
2 2
= _ X1 _ X2 X3 X4 o X1X2 X5 _ X1X3+X) .
o 06 = dxg - Bdxs - dxy + Fdxs + (5 + X2)dxy + (% - 2552 ) dxg;
* 07 = dx; - Rdxz + Zdx,.

Finally, we have

o1 0 0 0 0 0 0]
0 1 0 0 0 00O
0 0 1 0 0 00O
d(Rx)o = 2 -% 0 1 0 00
L 0 -4 0 1 00
2 2
L O = -% 0 0 0 1]

(247P)

The following Lie algebra is denoted as (247 P) by Gong in [9], and as G 3 ;(;,) With A = 0, 1 by Magnin in [20].

The non-trivial brackets are the following:
[lexi] = Xi+2 ) i= 2, 3 s [XZ,XS] = X7 s [X39X4] = X7 s [X27X3] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X1 X, X3

X4 X5 X6

The composition law (1.4) of (247 P) is given by:

® Z1=X1tY13
® Zy=X2tY2;
® z3=X3+Y3;
o zy =x4+Yy4+3(X1¥2 - X2¥1);
® Z5 =X5+Yy5+ %(XH’B - X3Y1);
® Zg=Xg+Ve+ %(th - X3Y2);
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o z7 = X7 +y7 + 3(X3Y4 — X4Y3 + Xo¥5 — Xs5Y2) + 15 (x3 = y3)(X1y2 — X2¥1)
+ 15 (02 = y2)(X1y3 - X3¥1).

Since
1 0 0 0 0 0 O]
0 1 0 0O 0 0 O
0 0 1 0 0 0 O
d(Lx)o = | -% 3 0 1 0 0 Of,
-4 0 s 0O 1 0 O
0 -4 2 0O 0 1 O
XX XX X XX X X3 X2 g 1
L 2~ 2 -2 2 2 .

the induced left-invariant vector fields (1.6) are:

X X X2 X
o Xi=0n = $0x ~ Fous - 20

_ X X3 X1X3 _ X .
¢ X = 0u+ §0n - Hon + (- F)on s
° X3 = ax3 + %aXS + X726X6 + (Xi)z(z - XTI‘)())Q;

L4 X4 =ax4+X73a)(7;
® X5 =0x + X720X7;
o X6 =ax6;
o X7 =aX7,

and the respective left-invariant 1-forms (1.7) are:

° 91 =dX1;
L4 92 =dX2;
* 05 =dxs;

L4 94=dX4—X71dX2+X72dX1;
L4 95 =dX5—X71dX3+X73dX1;
i 96=dX6—X72dX3+X73dX2;
o 07 =dx; - %dxs - Sdx, + (2 + 5 )dxs + (X2 + 5 )dx, - 52 dx.

Finally, we have

1 0 0 0 0 00
0 1 0 0 0 00

0 0 1 0 0 00

dRx)o = | % -%4 0 1 0 00
L 0 -4 0 1 00

0 L -2 0 0 10
Bt S S S SR

(247P,)

The following Lie algebra is denoted as (247P;) by Gong in [9], and as 973,16 with A = 0, 1 by Magnin in
[20].

The non-trivial brackets are the following:
(X1, Xil = Xip , 1=2,3, [X5, X4] = X7, [X3,X5] = X7, [X5, X3] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:
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X7

The composition law (1.4) of (247 P;) is given by:

® Z1=X1+Y1;

® Z) =Xy +Y2;

® Z3 =X3+Y3;

® Zy=X4+Y4+ %(X1Y2 - X2y1);

® Zs =X5+Y5+ %(X1Y3 - X3Y1);

® Zg=Xg+ Yo+ %(Xz)/a - X3Y2);

¢ Z7=X7+tYy7+ %(Xs}/S = X5Y3 + X2Y4 = X4Y2) + %(Xz -y2)(x1y2 - x2¥1)

+ 15 (3 = y3)(x1y3 — x3¥1).

Since

d(Lx)O = -

ow\fjm\:foo'_‘
i
NMENE O » © ©
oo~ O0O0OO
oOrRr OO0 OO
O RO O0OO0OOOo

— O O O O O

_X§+X§ X1Xa _ X4 X1X3 _ Xs
- 12 12 2 12 2

e
e

the induced left-invariant vector fields (1.6) are:

2.2
* X1=0x ~ % 0x ~ §0x; — 52 0x 3

° X2=6X2+%6X4—X736X6+(Xi)2<2 — )aX7;
® X3=0x+%0x +%0x + (X5 -%5)0x;
* X, = aX4 + X72(%(7 >

L4 X5 = aXS + %36;(7;

L4 X6=6X6;

L X7 =6X7,

= N‘E

™)

and the respective left-invariant 1-forms (1.7) are:

L4 01 = Xm;
L4 92 = dXz;
* 03 =dxs;

* 04 =dxy - EFdx; + %dxq;
* 05 =dxs - §dxs + S dxy;
* 0g = dxg - %dxs + Fdxy;

2 2
_ _ X3 _ X XiX3 4 X5 XiXy | X4 _ Nt
o 07 =dx; - Bdxs - Zdx, + (52 + %) dxs + (X2 + %) dx, —dx.
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Finally, we have

[ 1 0 0 0 0 0 0]

0 1 0 0 0O 0 O

0 0 1 0 0O 0 O

dRx)o= | % -4 0 1 0 00
L -4 0 1 00

0 5 -% 0 0 10

The following Lie algebra is denoted as (2457A) by Gong in [9], and as §7,3,, by Magnin in [20].

The non-trivial brackets are the following:
[XI’Xi] =Xi+1 ) i= 2’3 ) [Xeri] =Xi+2 ’ i= 4: 5.

This is a nilpotent Lie algebra of rank 3 and step 4 that is stratifiable. The Lie brackets can be pictured with
the diagram:

el X, Xs
m
X; X,
Xy
Xe

The composition law (1.4) of (2457 A) is given by:

®Z1=X1+Y15

® Z)=X2tY2;

o z3=x3+Yy3+3(x1y2 - X2y1);

® Zyp =Xy tYyst %(X1)’3 - X3y1) + le(Xl -y (x1y2 = X2¥1);

® Z5=X5+Ys5;

* Zg = Xg + Yo + 3001¥4 = x4y1) + 15 (x1 — Y1) (X1y3 — X3y1) = F5xX1y1(01y2 - x2¥1);
o z7 =x7 +Yy7 + 3(X1¥5 — X5Y1).

Since

[ 0O 0 0O 0 0 O]

0 1 0 0 0 0 O

-2 % 1 0 0 0 O
diIx)o= |-432-% % % 1 o0 o of,

0 0O 0 0 1 0 O

% 0 n % 0 10

L -5 0 0 0 % 0 1)

the induced left-invariant vector fields (1.6) are:

— _ X2 _ (X3 4 X1X2 _ ( X1X3 X4 _ X5 .
® X1=0x - %0x - (B +552)0x - (8432 +%)0x — $0x3
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2
X
° X2 =()X2 +%ax3 +ﬁax4;
2
o X3 =ax3 +%ax4+%ax6;
L4 X4=6X4+%6x6;
L4 X5 =aX5 +X716x7;
[ ] X6 = aX(,;
o X7 = aX7’

and the respective left-invariant 1-forms (1.7) are:

* 01 =dxy;
* 0, =dxy;
d 93 = dX3 - %dXz + ijdXﬁ
2

o 04 =dxy—%dxs+ Fdxy + (% - 922)dxy;
e 05 = dxs;

5 5s

— X1 X X X0 _ xxs | X .

o 96 = dX6 - 7dX4 + ?de, - ﬂdXZ + ( % T ¢t 7>dX1,
d 97 = dX7 - %dXS + X75dX1.

Finally, we have

1 0 0 0 0 00

0 1 0 0 0 00

L -X 1 0 0 00

d(Rx)o = | % - 432 % -4 1 0 00
0 0 0 0 1 00

o4 0 H % 0 10

| % o o0 o0 -% o 1]

(2457B)

The following Lie algebra is denoted as (2457B) by Gong in [9], and as G7 3,3 by Magnin in [20].

The non-trivial brackets are the following:
(X1, Xil = X1, 1= 2,3, [X1,X4] = X7, [X2, X5] = X .

This is a nilpotent Lie algebra of rank 3 and step 4 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X, X, Xs
\/ N
X; X,
Xy
X7

The composition law (1.4) of (2457 B) is given by:

® Z1=X1+tY135
® Z)=X2tY2;
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z3 =x3+y3 + 3(Xx1y2 - X2y1);

z4 = X4 + Y4 + 3(01y3 = X3y1) + 15 (1 - y1)(x1y2 - Xoy1);
Z5 = X5 +Ys5;

Z6 = Xg + Yo + 3(X2¥5 — X5Y2);

z7 = X7 +y7 + 3(01y4 = X4y1) + 15 (X1 = y1)(X1y3 = X3¥1) — 25 X1y1(X1y2 — Xa¥1).

Since
1 0O 0 0 O
0 1 O 0 O
-4 % 1 0 O
Ao |XE-% # % 1 0
0 0 0O 0 1
0 -3 0 0 %
the induced left-invariant vector fields (1.6) are:
® Xl = aXl - szaxa) - (X73 + Xi)z(z)axa - (Xi)z(s + XTA)a)W >
° X2 = aXZ + %a)@ + %aXz, - XTSaXG ;
o X3 = ax3 + %axb + %6;{7 M
L4 X4 = axl’ + %a)q;
L4 X5 = axs + %axﬁ;
* Xg= axe;
o X7 = aX7’
and the respective left-invariant 1-forms (1.7) are:
® 01 =dxy;
* 0, =dxy;
® O3 =dx3-%dx; + ’%dxl;
o 04 =dx, - %dxs+Fdx+ (% - 42)dxy;
* 05 = dxs;
° 96=dX6—X72dX5+X7jdX2; , ,
07 =dxy - %dxy + Fdxs - Jhdx;y + (% - X5 + 522 dx,.
Finally, we have
1 0O 0 0 ©
0 1 0 0 0
2 —’:2—1 1 0 0
AR~ |- § % 1 o0
0 0 0 1
0 $ 0 0 -%
3-3 0o § -3 o

(2457L)

O B, OO O O O

O B OO O O O

_ O O O O O O

_ O OO O OO

DE GRUYTER

The following Lie algebra is denoted as (2457L) by Gong in [9], and as 7,9 by Magnin in [20].
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The non-trivial brackets are the following:

(X1, Xil = Xi11, 1= 2,3, [X1, X4] = X,
(X1, Xs] =X7, [X5, X3] = X5, [X5, X4l = X7, [X5, X5] = X6 .

This is a nilpotent Lie algebra of rank 2 and step 4 that is stratifiable. The Lie brackets can be pictured with
the diagram:

Xy X5

e

X4 X5

Xe X7

The composition law (1.4) of (2457L) is given by:

® Z1=X1+Y1;

® Zr=X2+Y2;

o z3=x3+Yy3+ 3012 - X2y1);

® Zy=XytY4s+t %(X1Y3 - X3y1) + ﬁ(Xl - y1)(x1y2 - x2y1);

o 5 = X5+ Y5 + 3(X2y3 - X3¥2) + 15 (x2 - y2)(X1y2 - X2¥1);

® 26 =Xg + Y6+ 5(X1V4 — Xay1 + X2Ys — X5Y2) + 15(X1 - y1)(x1y3 — X3y1)
+ 1500 = y2)(X2y3 — x3¥2) — 35 (X1y1 + X2¥2)(X1Y2 — X2¥1);

* 27 =X7 +y7 + 5(X1Y5 = Xsy1 + XaY4 = XaY2) + 15 (02 = y2)(x1y3 = X3¥1)
+ 15 (01 —y1)(X2y3 - X3¥2) — 35 (x1y2 + X2y1)(X1y2 — X2y1).

Since
i 1 0 0 0 0 0 O]
0 1 0 0O O 0 O
% g 1 0 0 00
2
dLxo = |- - % o % 1 .0 0 0f,
-y % 0 100
_XoX3 X5  _X1X3 _ X4 X1X2 X2 X0 1
S V) 2 2 2 2 J
the induced left-invariant vector fields (1.6) are:
2
® X1=0x ~F0x - (:% +452) 0~ 30k — (M7 + %) 0xs = (552 + 5 ) 05
© Xy =0x, + %0k, + 150x, + (32 - %) 0x; — (45 + %) 0, — (452 + %) x5

2 2
X5+X
® X3 =0x, + % 0x, + %0x + 52 0x, + X220y, ;
o X[‘ = ax4 + %axs + %6X7 ;
® X5 = Oxs + % 0x, + 3 0x;;
[ ] X6 = aX6;
° X7 = aX7,

and the respective left-invariant 1-forms (1.7) are:

* 01 =dxy;
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o 0, =dxy;
2 23
X X .
* 0 =dX3—71dX2+72dX1,
o 04 =dx, - %dxs+gdx + (5 - 42)dxy;
2
L4 05 = dX5 - XTZdX3 + (M + X3)dX2 - %Xm,

2 3
X1 X2+X5 .
+ Gt )dx;

2
X X1X; X. X1X X1X. X X2 X
o 07 =dx; - Bdxs - %dx, + 52dxs + (5 - X2 - 32 )dxo + (5 -8
2
X1X5
+ 13 )Xm.
Finally, we have
1 0 0 0 0 0 0]
0 1 0 0 0O 0 O
X2 _X1
X ; 1 0 0 00
X X1X X X
d(Rx)o = 73‘2172 12 -z 1 0 00
_X X1X2 4 X3 _X2
12 t7 o7 0 100
Xo _ XXz X5 XXz Xt x _x2 1
2 12 2 12 12 2 2
X5 _ X2X3 X4 _ X1X3 X1X2 _X2 _X1 0 1
L2 12 2 12 6 2 2 -

(2457L,)

The following Lie algebra is denoted as (2457L,) by Gong in [9], and as G7,2,¢ by Magnin in [20].

The non-trivial brackets are the following:

(X1, X;] = X1, 1=2,3, [X1,X4] = X¢,
(X1, X5]1 =X7, [X2, X3] = X5, [Xo, X4l = X7, [X2, X5] = X

This is a nilpotent Lie algebra of rank 2 and step 4 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X, X

.

X3
X4 X5

Xe X,

The composition law (1.4) of (2457L,) is given by:

® Z1=X1+Y1;5

® Z) =X tY2;

* z3=x3+Yy3+ 3(x1y2 - X2¥1);

o z4 = x4+ Y4+ 3001y3 - x3y1) + 15 (x1 - y1)(X1y2 - X2¥1);

* z5 = X5 +y5 + 3(Xay3 — x3¥2) + 55(x2 = y2)(X1y2 - X2¥1);

* 26 =Xg + Y6+ 5(X1Y4 = Xay1 = XaY5 + XsY2) + 15 (1 = y1)(x1y3 - X3y1)
52 = x2)(y3 - x3¥2) + 32 (y2 = x1y1)(X1Y2 = X2¥1);
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o z7 =x7+y7 + 3(X1¥5 = Xsy1 + Xa¥4 — X4Y2) + 15 (x2 — y2)(X1y3 — X3Y1)
+ 15 (1 = y1)(x2y3 = x3y2)] - 37 (x1y2 + X2y1)(x1y2 - X2y1).

Since
i 1 0 0 0 0 0 0]
0 1 0 0 0O O O
_X Xy
s 3 1 0 0 00
X
d(Lx)o = —"1’2‘22—% B ¥ 1 0 0 Of,
_X% X1X2 _ X3 X2
i¥3 -7 % 0 1 00
G X 06 X NTNox _xoq
12 2 12 2 12 2 2
_XXs X5 _XiX3 X4 XiXp X2 X 0 1
L 12 2 12 2 6 2 2 -

the induced left-invariant vector fields (1.6) are:

X 0 - B0 (5 + )0 - B - (5 +5) 00— (5 + 5500
. XZ = aX2 + %ah %axz, (X1X2 - 73) (XZX3 + Xzs)ax6 - (Xi)z(3 + %)a"? >
o X3 =0, + 5, + Gx, + ESR N

o Xy = 0n, + 5 0x + 2<ax7,

® X5 =0x; — % 0x + % 0xs;

* Xo = Oxg;

* X7 = aX7’

and the respective left-invariant 1-forms (1.7) are:

* 01 =dxq;
4 92 = dXz;
* 05 =dX3—X71dX2+X72dX1;

2
L4 94 = dX4 - ﬂdX3 + XfldXZ + ()%3 - Xl"z)dxl,
2

b 95=dX5— (1X3+(X3 +X1X )dXz—*dxl,
e 0, =d X2 q d % zd X2X3 Xs XlX%‘Xi d X4 _ X1X3
6= MXe+ 3 X5 = Fdxy + X3+ (2 =%+ 23 ) dxo + (B -4
+ 7'\, X2 Xz)dxl,
2 2
X1X X. X1X X1X X2 X X1X
. 07=dx7—71dx5—72dx4+172dx3+(7“—1?3— 22)dxy + (% - %2 + 352 ) dx,.
Finally, we have
F 1 0 0 0 0O 0 0]
0 1 0 0 0O 0 O
X2 _X1
2 2 1 0 0O 0 O
X
dRdo= %~ % 1 0 00
_X X1 L X3 _X
2 2 1t32 p] 0 100
2 2
X4 _ X1X3 XoX3 _ X5 Xij7X5  _Xxq X2 1 0
2 12 12 2 12 2 2
X5 _ X2X3 X4 X1X3 X1X2 _X2 _X1 0O 1
L2 12 2 12 6 2 2 A

(2457M)

The following Lie algebra is denoted as (2457 M) by Gong in [9], and as G7,,,s by Magnin in [20].
The non-trivial brackets are the following:
(X1, X] = X1, 1=2,3, [X1,X4] = X7,
[X1,Xs5] = Xe, [X2, X3] = X5, [X2, Xu] = X

— 251
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This is a nilpotent Lie algebra of rank 2 and step 4 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X, X5

>~

X3

N

The composition law (1.4) of (2457 M) is given by:

® Z1=X1+Y1;5
® Z)=X2+Y2;
o z3=x3+Yy3+3(Xx1y2 - X2y1);
* 24 = X4+ Y4+ 3(Xx1y3 = X3y1) + 15001 - y1)(ay2 - xay1);
® Zy =X5+)Ys+ %(X2J'3 - X3y2) + le(Xz - y2)(X1y2 = X2¥1);
* Zg = Xg + Yo + 3(XaV4 — X4Y2 + X1¥5 — Xs5¥1) + 15 (x1 — y1)(X2y3 — X3¥2)
+ 15002 = y2)(X1y3 = X3y1) — 55 (x1y2 + X2y1)(X1y2 — X2y1);
o 27 =x7+y7 + 300y4 = x4y1) + 15 (x1 - y1)(X1y3 - X3¥1) - S x1y1001¥2 = x2¥1).

Since
i 1 0 0 0O 0 0 O]
0 1 0 0O 0 O O
-% % 1 0 0 00
dldo= [-4¢-% ©H % 1 0 00|,
2

B % % 0 100
X2X3 _ X5 XixXs X4 XX X X1 1 0

12 2 12 2 62 2 2
-3 0 f % 0 o i

the induced left-invariant vector fields (1.6) are:

X1 =0 = %0~ (§ + 450 - Bow - (55
Xy = O, + $0u + 5x, + (42 - %) 0w, - (13
o X3 =0 + 5 n, + SO, + 923y, + Sy, 3

® X4 =0x, +30x +50x;

X5 = axs + %axs;

X6 = axs;

X7 = 6x7,

and the respective left-invariant 1-forms (1.7) are:

91 = Xm;
92 = dXz;
® 03 =dxz - Edx; + Zdxq;

2
o 04 =dx, - %dxs+gdx+ (5 - 42)dxy;

2
95 = dXS - ijdX3 + (XTB + Xléi)dXZ = %Xm;

2
= X X2 X1X3 Xy _ XXz _ X1X2 Xs _ XoX3 4 XiX5 .
* 0 = dxe — B dxs — Zdx, + X2dxs + (% - 22 - Z32)dx, + (5 + 552 ) dxq;




DE GRUYTER

2 3
L4 97 = dX7 - %qu + %ng - %dXZ + (%’ -

Finally, we have

(23457A)

d(Rx)O =

A Cornucopia of Carnot Groups in Low Dimensions == 253

2
92+ ) dxy.
0 0 0 0 0 O]
1 0 0 0O O O
-4 1 0 0O 0 O
2
’1% —"2—1 1 0 0 0
xixZ +X73 _X72 0 1 0 0
SR % % oy 10
0 5 -% o o 1]

The following Lie algebra is denoted as (23457A) by Gong in [9], and as G7,,,7 by Magnin in [20].

The non-trivial brackets are the following

(X1, Xil = X311, 1=2,3,4, [X1,X5] = X6, [X2, X3] = X7.

This is a nilpotent Lie algebra of rank 2 and step 5 that is stratifiable. The Lie brackets can be pictured with

the diagram:

X1

X5
\/
X3
X, X,
Xs
Xe

The composition law (1.4) of (23457A) is given by:

® Z1=X1t+Y13
® 2 =X2+Y2;

o z3=x3+Yy3+ 3012 - X2y1);

© 24 = X4+ Y4+ 3(X1y3 = x3y1) + 1500 - y)(aya - xaya);

® Zs=X5+tYys+ %(X1Y4 - X4y1) + 117()(1 - y1)(x1y3 - x3y1) - ﬁxl)ﬁ(xl)’z - X2Y1);

® Zg=XegtYe+ %(Xl)/S ~Xs5y1) + ﬁ(Xl - y1)(x1y4 = Xay1) - ﬁX1J’1(X1)’3 - Xx3y1)
+ 35 (x1y1 - X1y (X1y2 — x2y1) + 353 - X3)(X1y2 - X2y1);

o 27 =x7+Yy7 + 30y3 - X3¥2) + 15 (X2 = y2)(X1y2 — x2¥1).
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Since

' 1 0 0 0 0 0 O]

0 1 0 0 0 0 O

-% 253 1 0 0 0 O

dido=| =% B % 1 0 00,

B 0 = ¥ 100

SRoMe-3 A o0 H o3 o1o

LB - ¥ 0 0 0

the induced left-invariant vector fields (1.6) are:

o Xy = Om - 0 — (B + 52)dx, — (42 + %) s + (32 - 5~ ), ~ B
17 Ux 2 YX3 2 12 X4 12 2 X5 720 12 2 X6 12 Y%7 5

® X3=0x; +%30x, + %axs + 20y, ;
o Xy = 0x, + 5 0x + D0, ;

L4 X5 = axs + ’%6)(6;

o X6 =ax6;

® X7 = 0x;,

and the respective left-invariant 1-forms (1.7) are:

L4 91 = Xm;
L4 92 = dXz;
® 03 =dxz - Edx, + Zdxq;

2
o 04 =dx, - %dxs+gdxy + (5 - 42)dxy;
X,

o 05 = dxs - Ydx, + Sdxs - 5d :
o B = dxg - Gdxs + Ldx, - s + Hdy + (% - 1 4 50 X0 gy
o 67 = dX7 - XTZdX3 + (X73 + Xlgz)dxz — édxl
Finally, we have
1 0 0 0 0 00
0 1 0O 0 0 00
L —:71 1 0 0 0 O
dRxdo= | %~ 43 T % 1 0 00
Xy _ X1X3 Xil _Xil
xfo7 x1x142 X5 ?{‘1‘ 2 X%Z 11 00
72012 Y2 7720 0 5 -3 10
i -5 47 +7 -% 0 0 0 1)

(23457B)
The following Lie algebra is denoted as (23457B) by Gong in [9], and as G5, ¢ by Magnin in [20].
The non-trivial brackets are the following
[Xl’Xi] = Xi+1 s i= 2; 3; 4 ’ [XZ’XS] = X6 s [XZ’X3] = X7 ) [X3’X4] = _X6 .

This is a nilpotent Lie algebra of rank 2 and step 5 that is stratifiable. The Lie brackets can be pictured with
the diagram:
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X1 X5
\/
X3
X, X7
Xs
Xe

The composition law (1.4) of (23457B) is given by:

® Z1=X1+Y1;

® Zr=X2+Y2;

o z3=x3+Yy3+3(x1y2 - X2y1);

® Zyp=XytYyst %(X1Y3 - X3y1) + ﬁ(Xl y1)(X1y2 = X2¥1);

® Zy=X5+Yys+ %(X1)/4 - X4y1) + ﬁ(xl y1)(x1ys - x3y1) - 24X1)’1(X1)’2 - X2y1);

® zZg = Xe+ Yo+ 3(X2¥5 — X5¥2 — X34 + X4y3) + 15 (X2 = y2)X1Y4 — X4¥1)
+ 15 (3 = x3)(X1y3 — x3y1) + 5 (x4 - ya)(x1y2 - x2y1) - 3gX1(X1y2 - x2y1)?
- Hx1y2(x1ys = x3y1) - x1y3(x1y2 - x2y1)] + 35 (yiv2 — X3x2)(X1y2 - x2y1)
+ réoxﬂ’l)’z(xﬂfz - X2y1) - ﬁx%h()ﬁ}’z - X2y1) - 3%0)’1()(1)’2 - x2y1)%

¢ zZ7=X7+ty7+ %(X2Y3 - X3y2) + ﬁ(Xz -y2)(X1y2 = X2¥1).

Since
1 0 0 0 0 0 O
0 1 0 0 0 0 O
2 3 1 0 0O 0 O
2
_XiXp _ X3 X X1
d(Lx)o = ) 12 2 1 0 0 0,
3 - % 5% 100
Xx5 BTN XXy X0 X5 Xa _XX3 X1 _ X3 X 1 0
720 12 12 720 2 2 12 12 2 2
_% XiXp _ X3 X
L 1 12 2 ] 0 0 0 1_
the induced left-invariant vector fields (1.6) are:
2.2 2
X1X x2-2x2x X
* i 00 - 500 - (5 + )00 - (5 + 4)00 + (5 + 500 - fhow
X1X.
® X2=0x, +F0x; + 12‘)X4 VAl 0 - XTS)axe + (Xi)zcz - 73)6?‘7 ;

L4 X3 = ax3 + %BXA 12 axs ( ) + X X7 H
o Xy=0n + Gon + (G2 -%

L4 X5 =axs+%axﬁ;

L4 X6 = axe;

e X7= axw

2
)aX6 >

and the respective left-invariant 1-forms (1.7) are:

* 01 =dxy;
4 92 = dXz;
i 93=dX3—xfldX2+ 2dX1,

o Oy =dxs-Sdxz+73 dx2+("73—"1"2)dx1,
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o 05 = dxs - Sdxy + Sdxs - Sdx + (% -axn
5 57 U T g UA3Z T 4 UA2 2 6
— _ X2 X1X2 X3 _ (X4 X1X3
* Og = dxg 2dx;,+(26 + 8 )dxy - (% + 2
3 2,2
X1X2 X3-2XoX4 _ X1X5 .
+ To5 ) dxa + (2% T26 ) dX13

2
X X
o 07 = dx; - Rdxs + (3 +22)dxy - Zdxy.

Finally, we have

1 0 0 0 0
0 1 0 0 0
X2 _X1
F p 1 0 0
X3 _ X1Xp X3 _X1
d(Rx)o = 7 T 12 2 2 1 0
X4 _ X1X3 X _x 1
, 2 12 g 12 2
XX | X3720X xix _ XiX2 X5 _Xa _X1X3 X 4 X3 X
720 12 12 720 T 2 2 12 12 2 2
_X X1X2 o X3 _X
W) 2 t3 2 0 0

SO » O O O O O

_ O O © O © O

DE GRUYTER

The following Lie algebra is denoted as (23457 C) by Gong in [9], and as G754 by Magnin in [20].

The non-trivial brackets are the following

(X1, X1 =Xi11,1=2,3,4, [X1,X5] = X¢, [X2, Xs5] = X7, [X3,X4] = -X7.

This is a nilpotent Lie algebra of rank 2 and step 5 that is stratifiable. The Lie brackets can be pictured with

the diagram:

X, X,
\/
X3
X4
Xs
Xq X,

The composition law (1.4) of (23457C) is given by:

® Z1=X1+Y1;

® Zy=X2+tY2;

o z3=x3+Yy3+3(x1y2 - X2¥1);

® Zyp=X4tyst %(X1)’3 - X3y1) + le(Xl - y1)(x1y2 - x2y1);

o z5 = x5 +ys + 300V4 = x4y1) + 15 (x1 - y1)(X1y3 - X3y1) — 35 xX1y1(01y2 - x2¥1);

* Zg = Xg + Yo + 3(x1y5 = X5y1) + 15 (x1 = Y1) (X1Y4 — Xay1) - 55 X1y1(x1y3 - x3¥1)
+ 135 (x1y - X3y (x1y2 - x2y1) + 353 - x3)(x1y2 - x2y1);

o z7 = X7 +y7 + 3(X2¥5 — X5Y2 = X3Y4 + X4Y3) + 15(X2 = ¥2)(X1Y4 — X4Y1)
15 (3 = x3)(xay3 = x3y1) + 1500 = ya)xay2 = x2y1) = gx1y2(x1y3 - x3y1)
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- Fx1y3(X1y2 - X2y1) + 185 (X1y1¥2 - x1y2)(x1y2 - Xz)/1)

1 (2 2
+ 735 Vy1 - X1x2)(x1y2 — X2y1) - 355¥1(x1y2 — X2y1)* - gx1(x1ya - xay1)*.
Since
1 0 0 0 0O 0 O
0 1 0 0 0O 0 O
_X X1
: 3 1 0 0 00
_X1X3 _ X3 X1 X1
d(Lx)o = 272 W) 2 1 0 0 0],
Xix3 _ Xy X1 X1
, 12 2 04 12 2 100
XiX2 _ Xi1X4 _ Xs _ X% X1 X1
720 12 2 720 0 12 > 1.0
X3 + X5-2x2%4 X _ XX _ xs Xy _X1X3 X150 _ X3 X2 g 1
L 720 12 12 720 2 2 12 12 2 2 J
the induced left-invariant vector fields (1.6) are:
3
— X X X1X; X1X X X2 X1X, X
* X1=0x ——26X3 — (% +43)0x = (2 + %) 0xs + (Fo5 — B - %) 9x,
pope X2=2x,x
5+ )0,
4 3
_ _ X X1X4 _ Xs _ X3X2 .
* X3 =0x, +%0x + 130x, 7200xs + ( 12 ~ 2 ~ 720 )ax7 ;
2
_ X X X X1X .
* X3 —ax3+71ax4+éax5+(74— i23)ax7’
— X X X1X X
* Xy=0x + 716"5 + ﬁax(, + ( 12" - 73)6"7 >
— X X .
® X5 =0x; + 5 0x, + F0x3
[ ] X6 = aX(,;
° X7 = aX”
and the respective left-invariant 1-forms (1.7) are:
* 01 =dxy;
* 0, =dxy;
d 93 = dX3 - %dXz + ’%dxl;
2
o 04 =dxy—%dxs+ Fdxy + (% - 922)dxy;
2 3 2
_ _ X1 X1 _ X1 X4 _ X1X3 X1X2 .
L4 95—dX5 2dX4+ 6de3 2;&dx2+(% 6 + 2% )dX], , i
_ _ Q X1 _ X Xy Xs _ XaX4 , X1X3 _ X3X2 .
* 0 = dxe - Bdxs + Fdxs - 3 dxs + Fodxy + (5 ~ S T )dxlz,
— _ X2 X3, XaXy X4 4 XaXz | X1X2 X5 4 XaXs o X1X3
‘97“1"2 dx5+(2+ )Zd’z“* (B + X2+ g )dxs + (B + X0+ g
X7X2 X5—-2X2Xy4 XiX
ey + (S22 5 .
Finally, we have
1 0 0 0 0O O O
0 1 0 0 0O 0 O
X2 _x
: 5 1 0 0 00
X3 _ X1xo X1 _X1
d(Rx)o = 212 T 2 1 0 00
X4 _ X1X3 Xy _X1
2 12 04 12 P 1 00
X1X2 _ XiX4  Xs _ X X3 _X1
720 ~ 12 +7 720 0 2 > 1.0
X2x3 | x3-2xax4 X1Xs _ XiX2 | Xs X4 _ X1X3  X1X2 . X3 _ X2
L 720 T~ 12 2 " 720 1t72 2 T 12 2 t32 7 0 1j

(17)

The following Lie algebra is denoted as (17) by Gong in [9], and as G7,4,4 by Magnin in [20]. This is the 7-
dimensional Heisenberg Lie algebra, also called third Heisenberg algebra.
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The non-trivial brackets are the following:
[X1, Xo] = [X3, X4] = [X5, Xe] = X7.
This is a nilpotent Lie algebra of rank 6 and step 2 that is stratifiable. The Lie brackets can be pictured with

the diagram:

X, X, X3 X4 Xs Xe

X7

The composition law (1.4) of (17) is given by:

® Z1=X1+Y1;s
® Z=X3tY2;
® Z3=X3+Y3;
® Zy=X4t+ Yy
® Z5=X5+Ys5;
® Zg =XgtYes
® Z;=X7+Y7+ %(Xu'z —X2Y1 + X3Y4 = X4Y3 + X5Y6 — X6V5)-

Since

d(Lx)O =

_ O O O O O O

My © © © 0o
MO ©O O O = O
Mr© © O r oo
MO O » O O O
Mx O m oo oo
MR, O O 0 0 O

the induced left-invariant vector fields (1.6) are:

* Xi =0y _ijaxﬁ
* X; = 0x, +X71a)(7§
o X3 = aX3 - le‘am;
o Xq = axa + %36)(7;
X5 =ax; —LfaX7;
X(, =ax6+X75()X7;
X7 =aX7,

and the respective left-invariant 1-forms (1.7) are:

L4 91 = Xm;
° 92 = dXz;
L4 93 = dX3;
L4 64 = dXz,;
L4 95 = dXS;
L4 66 = dX6;

* 07 =dx; - S dxe + S dxs — Zdxy + 5rdxs - X-dx, + % dx,.
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Finally, we have

d(Rx)O =

_ O O O O O O

MO O O O O R
NbOOOOr—\O
MO O O R OO
My © © = OO0 oo
MO R, OO O O
My m © @0 oo

(147D)

The following Lie algebra is denoted as (147D) by Gong in [9], and as G7,,,, by Magnin in [20].
The non-trivial brackets are the following:
(X1, Xo] = X4, [X1, X3] = —Xg, [X2, X3] = X5,
[X1, X5] = [X1, Xe] = [X2, Xl = X7, [X3, Xu] = -2X7.

This is a nilpotent Lie algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

The composition law (1.4) of (147D) is given by:

® Z1=X1tY13

® Z)=X2tY2;

® zZ3=X3+Yy3;

o z4= X4+ Y4+ 5(X1y2 - X2)1);

o zs = x5+ Y5 + 3(X2¥3 - X3Y2);

* Zg = Xg + Y6 + 3(X3y1 - X1Y3);

¢ Z7=X7+tYy7+ %(Xl}/S — X5Y1 + X1V — Xe¥1 + X2V — XgY2 — 2X3Y4 + 2X4Y3)
+ 5 x1(x2y3 = x3¥2) = x2(X1y3 - X3¥1) = X1 (X135 — X3¥1) - 2X3(X1Y2 — X2¥1)]
- Sly100ays - x3y2) - ya(x1ys — x3y1) - yi(x1ys - x3y1) - 2y3(x1y2 — xay1)l.

Since
I 1 0 0 0 0 0 O]
0 1 0 0 0 0 O
0 0 1 0 0 0 O
d(Lx)o = -% 4 0 1 0 o0 of,
0 -5 x 0 1 0 o0
5 0 -% 0 0 1 0
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the induced left-invariant vector fields (1.6) are:

* X1 =0x - XTZaXA + XTB()XG + (xlxﬁl-ngx; - %)ah >
® X3 =00 +%50x - 50x - (% +22)0x;

© X3=0x + %0 — Sx, + (x4 - 3) x5

e X, = aX4 _X3aX7 5

L4 X5 = axs + %axﬁ

L4 X6 = ax6 + X1;X2 aX7;

* X7 = 0x,,

and the respective left-invariant 1-forms (1.7) are:

L4 91 =dX1;
L4 92 =dX2;
* 05 =dxs;

L4 94 = dX4 - ledXZ + %del;
* 05 =dxs - Zdxz + Zdxy;
* O = dxg + S dxz - Zdxy;
* 07 = dx; - X522 dxe - B dxs + x3dxy - (x4 + %)d}@ + (% - 50 )dxy + (5%

X1X3+3X2X3
+ =€ ) dX1 .

Finally, we have

1 0 0 0 0 0 0]
0 1 0 0 0 0 o0
0 0 1 0 0 0 o0
d(Rx)o = 2 -x 0 1 0 0 o0
0 21 -% 0 1 0 o0
-% 0 Y 0 0 1 0

2

(147E)

The following one-parameter family of Lie algebras is denoted as (147E) by Gong in [9], and as 973,16y with
A € (0, 1) by Magnin in [20].

For A € (0, 1), the non-trivial brackets are the following:

(X1, X5l = Xy, X1, X3] = X6, [ X2, X3] = X5,
[XI,XS] = _X7 s [X29X6] = AX7 s [X39X4] = (1 _A)X7 .

Let us stress that when A = 0, 1, the Lie algebra we obtain is isomorphic to (247P). This is a nilpotent Lie
algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with the diagram:
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The composition law (1.4) of (147E) is given by:

® Zi=X1+Y1;

® Zr=X2t+Y2;

® Z3=X3+Y3;

® Zy=X4tY4t %(Xﬂfz - X2y1);

o z5 = X5 +ys + ()3 — X32);

* Zg =X + Y6 + 3(X3y1 — X1Y3);

o z7 =x7 +Yy7 + 3[AX2¥6 — X6¥2) + (1 = D(X3Y4 = X4Y3) = X1¥5 + X5Y1]
+ 15 [(1 = Dx3(x1y2 - X2y1) - Axa(x1y3 - x3y1) - x1(x2Y3 - X3Y2)]
- 511 = Dy3(x1y2 - x2y1) - Aya(x1ys - x3y1) - y1(x2y3 = x3¥2)1.

Since
i 1 0 0 0 0 0 O]
0 1 0 0 0 0 O
0 0 1 0 0 0 O
d(Lx)o = -3 5 0 1 o o0 o,
0 -4 2 0 1 0 0
3 0 -3 0 0 1 0
%+ (2/1—11%)(2)(3 (2—/\1)51)(3 _ A% _(l—g)x;, _ (1+}i)£(1xz (1—;1)X3 1 /1% 1]

the induced left-invariant vector fields (1.6) are:

® X1 =0x, —%0x, + 5 0x + ("75 + 7(2A’11%X2X3)6x7 ;

* Xy = axz + %am - %axs + ((2_}?;1)(3 - Azﬁ)ah ;

o X3=0x + % 0x — S0y - (LR 4 Wl
° X4=ax4+%ax7;

* X5 =0x; — X71ax7;

o X6 = ax6 + %dh;

* X7 = 0x,,

and the respective left-invariant 1-forms (1.7) are:

L4 91 = Xm;
* 0, =dxy;
i 93 = dX3;

b 94 = dX4 - %dXz + x72dx1;

* 05 =dxs - %dxs + Zdxy;

L4 96 = dX6 + %dX3 - X73dX1;

o 0; = dx; - B2dxg + Gdxs - TP dxy + (P - WA gy o (Axs
+ (2—/1%x1X3)dX2 + ((2/\—16)X2X3 _ %)dxl'
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Finally, we have

[ 1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
d(Rx)o = 2 -4 0 1 0
0 ] -5 0 1
_X3 0 "71 0 0
QA-Dxox3 _ x5 (2-)x1x3 + Axe  (1-Mxs _ (+0)x1x; _ (1-A)x3 X1
L 12 2 12 2 2 12 2 2
(147E,)

g ooooo

_ O O O O O O

DE GRUYTER

The following one-parameter family of Lie algebras is denoted as (147E1) by Gong in [9], and as 973,16 with

A > 1 by Magnin in [20].
For A > 1, the non-trivial brackets are the following:

X1, X5] = X4, [X1, X3] = X6, [X2,X3] = X5,

(X2, Xl = 2X7, [X1, X6l = -AX7, [X2, X5] = AX7, [X3, X4] = -2X7.

Let us stress that when A = 1, the Lie algebra we obtain is isomorphic to (247P;). This is a nilpotent Lie
algebra of rank 3 and step 3 that is stratifiable. The Lie brackets can be pictured with the diagram:

X3 X, X5
\ / 7 7
\ e

AN / s
\ / e
\ / /7

\ 6 5 / 4 0,0
\ / S
NRNRN VAL
N \ S
72 NANAN v //// -A
\ \ ’
\\\\ =2 N
NN Vs ‘.,
NN v
NN aa
N [
NNV
SN
NV NV
X7

The composition law (1.4) of (147E1) is given by:

® Z1=X11tY1;

® Zy=X2tY2;

® Z3=X3+1Y3;

o zy = x4+ Y4+ 3001y2 - X2¥1);

* z5 = X5 + Y5 + ()3 — X32);

* Zg =Xg + Ve + 3(X3y1 - X1V3);

® Z7 = X7 +Y7 + X2V — XeY2 — X3V4 + X4Y3 + 3[AX2Y5 — X5¥2) = A(x1Y6 — X6Y1)]
+ 15 (Axa = Ay2)(x2y3 - x3y2) + 15 (Ax1 = Ay1)(x1y3 - X3¥1)
+ é()’z - x2)(x1y3 = x3y1) + %()’3 - x3)(x1y2 = x2y1)

Since

X O = O
o~ oo

d(Lx)O =17

>
o

ON‘GOOr—\
S © O O O

b
o N ol
™)

X1

™)

|
X ©orooo
¥ o~ oooo
, OO OO O

2 2
AXT=2x1X2+AX5

2x,-Axq
Xy + 12 2



DE GRUYTER A Cornucopia of Carnot Groups in Low Dimensions =——— 263

where

_ AX6 4X7X3 —/\X1X3 .
S R T R
& - AXs +2xe  2Xx1X3 + AXaX3
2 2 12 ’

the induced left-invariant vector fields (1.6) are:

o X a X) Xa Ax 4xyx3-AX1x
1 = 0xy 22 x4+*23 x6+(726+72 3]2 13)6)(7;

X X Axs+2x 2x1 X3+ X .
° Xz_axz"'*lax[,—éa;—( 5+eXe 4 2X1X3 23)07’

2 2
_ X X Ax{=2x1Xx2+Ax .
® X3=0x +%0x - §0x + (X4 + TT2) 0x; 5

o X4 = aX4 _X36X7 5

° X5=()XS+A%GX7;

L4 X6 = 6X6 + 72XZEAX1 6X7;
L4 X7 = 6X7,

and the respective left-invariant 1-forms (1.7) are:

L4 91 = Xm;
L4 92 = dXz;
d 93 = dX3;

* 04 =dxy - Fdx; + %dxq;
* 05 = dxs - %dxs + S dxy;
* Og = dxg + 5 dxs - Bdxy;

o 07 = dxy + 2520 gy, - M gy + x3dxy + (w ~X4)dx; + (/1x5§2x6
Finally, we have
M1 0 0 0 0 0 07
0 1 0 0 0 0 0
0 0 1 0 0 0 0
dRx)o= | % -% 0 1 0 o o,
o % -% 0 1 0 o0
-3 0 % 0 o0 1 0
L a; a, M -X4 X3 _/% AX]EZXZ 1]
where
a, = - Aaxs Ax
! 12 2’
a _ AX5 + 2Xg _ 2X1X3 +AX2X3
2 2 12 ’
(1374A)

The following Lie algebra is denoted as (137A4) by Gong in [9], and as 7 3,16 by Magnin in [20].

The non-trivial brackets are the following:
(X1, X5] = X5, [X1,Xs] = X7, [X3, X4] = X6, [X3,Xe] = X7

This is a nilpotent Lie algebra of rank 4 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:
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Xl XZ X3 X4
X5 Xe
X7

The composition law (1.4) of (137A) is given by:

® Z1=X1+Y1;

® 2 =X2+Y2;

® Z3=X3+Y3;

® Zy =Xyt Yy

® Zy =X5+)s+ %(Xﬂ’z - X2¥1);

* 26 =Xg + Y6+ 5(X3y4 — Xa4y3);

o 27 =x7+y7 + 3(X1¥5 = Xs5y1 + X3¥6 — X6¥3) + 15(x1 — y1)(X1y2 — X2¥1)

+ 1506 - y3)(X3y4 — x4Y3).

Since
i 1 0 0 0O 0 0 O]
0 1 0 0O 0 O O
0 0 1 0O 0 O O
d(Lx)o = 0 0 0 1 0 0 0f,
-2 4 0 0 1 0 0
0 0 -4 ¥ 0 1 0
xx X X X _xx X5ox omoq
- 12 2 12 2 12 12 2 2 -

the induced left-invariant vector fields (1.6) are:

X1 =0x, — ijaxs - (Xi)z(z + st)am;
X> = 0x, + H0x + %am ;

X3 = 0, — %0y, — (% + 2350y, 5
Xy = Oy + 50, + 50n, 5

X5 =axs +%a)(7;

L4 X6 = ax6 + %axﬁ

° X7 = a)(7,

and the respective left-invariant 1-forms (1.7) are:

° 91 = Xm;
L4 92 = dXz;
L4 93 = dX3;
L4 94 = qu;

* 05 =dxs — Hdx, + %dxq;
° 06 = dX6 - X73dX4 + XTI‘dX3;

2 2
o 07 =dx; - Sdxe - %dxs + Zdxy + (% - %) dxs + Ldxy + (5 - 22 dx;.
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Finally, we have

1 0 0 0 0 0 O]

0 1 0 0 0 0O O

0 0 1 0 0 0O O

dRdo=| O 0 0 1 0 0 0
% -y 0 o 1 0 0

0 0 %9 0 1 0

X _xx X X _xx X _x _xq

-2 12 12 2 12 12 2 2 -

(137A,)

The following Lie algebra is denoted as (1374;) by Gong in [9], and as G 3,16 by Magnin in [20].
The non-trivial brackets are the following:
(X1, X3] = X5, [X1, Xu] = X¢, [X1, X5] = X7,
[XZ’ X3] = _X6 s [XZ’ Xl{] = X5 s [XZs X6] = X7 .

This is a nilpotent Lie algebra of rank 4 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

Xl X3 X2 X4
X5 Xe
X7

The composition law (1.4) of (137A) is given by:

® Z1=X1t+Y13

® 2 =Xy +Y2;

® Z3=X3+Yy3;

® Zy =Xyt Y

* z5 = X5 + Y5 + 3(X1Y3 — X3Y1 + Xo¥4 — X4Y2);

® Zg=XetYet %(X1Y4 — X4Y1 — X2Y3 + X3Y2);

o z7 =x7+y7 + 3(X1¥5 = X5Y1 + X2¥6 — Xe¥2) + 15 (X1 — Y1) (X1Y3 — X3Y1 + X2V4 — X4Y>)

+ 15 (%2 = y2)(X1y4 - X4y1 - X2y3 + X3Y2)].

Since

i 1 0 0 0 0O 0 0]

0 1 0 0 0O 0 O

0 0 1 0 0O 0 O

d(Lx)o = 0 0 0 1 0 0 0,

= %% % 1 00

_X74 %3 —%2 %1 0 1 O

_XaX3+XpX4 _ X5 XoX3—XiXs4 _ X G- xax X1 X2 1

L 12 2 12 2 12 6 2 2 e

the induced left-invariant vector fields (1.6) are:
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® Xl = axl - %axs - Xj“axe - (X75 + 7)(1)(3{2)(2“)0;(7 5
* X5 = 0x, — 5 0xs + 5 0x + (0% - %) 0y, 5
* X3=0x+ %axs - XTZaXe + %ah H

® Xy =0x, + szaxs + %aXe + %am H

° X5 = OXS + %ax7;

o Ko =0+ $ 0

* X7 = axn

and the respective left-invariant 1-forms (1.7) are:

L4 91 = Xm;
L4 02 = dXz;
L4 93 = dX3;
L4 94 = qu;

® 05 =dxs — Rdx, - Hdxsz + 5dx; + Zdxq;
X X X X .
* O¢ =dxg - Fdx,+%dxs - Zdx, + 7“65)(12,
o 07 = dxy - %dxe - %dxs + 2dxy + T2 dxs + (B + X2 dx, + (%
_ X1X3+XoXg4
g )Xm.

Finally, we have

1 0 0 0 0 0 O]

0 1 0 0 0 0O O

0 0 1 0 0 0O O

d(Rx)o = 0 0 0 1 0 0 0
g 5 % ¥ 1 0 0

§ 5% B 0 1o

Xs _ X1X3tXoXs  XaX3=XaXa 4 Xe Xi‘/‘% i, _x X q

-2 12 12 2 12 6 2 2 -

(1370)
The following Lie algebra is denoted as (137C) by Gong in [9], and as S7 3,10 by Magnin in [20].
The non-trivial brackets are the following:
(X1, X2] = X5, [X1, X4] = X¢, [X1, X6l = X7, [X2, X3] = X6, [X3,X5] = -X7.

This is a nilpotent Lie algebra of rank 4 and step 3 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X1 X X3 Xy
Xs X6

X7

The composition law (1.4) of (137C) is given by:

® Z1=X1+Y1;5
® Z)=X2+Y2;
® Z3=X3+Y3;
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® Z4 =Xyt Y4

* z5 = X5 + Y5 + 3(x1y2 - X2y1);

* Zg =X + Y6 + 3(X1V4 — X4Y1 + X2¥3 — X3Y2);

¢ zZ7=X7+ty7+ %(Xl)/() - XgY1 — X3Y5 + X5Y3) + le(Xl = y1)(X1y4 — X4y1 + X2y3 — X3Y2)
+ 15 (y3 = x3)(x1y2 - X2y1)].

Since
i 1 0 0 0 0 0 0]
0 1 0 0 0 0O O
0 0 1 0 0 0 O
d(Lx)g = 0 0 0 1 0 o 0],
-% g 0 0 1 0O O
% % % 0 1o
XoX3-XiX4 _ Xe  _X1X3  XiXa 4 X5 ﬁ -5 X 1q
L= 12 2 6 12 2 12 2 2 -

the induced left-invariant vector fields (1.6) are:

Xi = 30y 0, = $0m, + (E5 - 505,
X3 = 0x, + B-0xs — 5 0x, — 2 0x; 3

X3 = 0xy + % 0x + (M52 + %) 0y 5

X4 = Ox, + 5 0x + %am ;

X5 = 6x5 - )(73();(7;

X6 = ax6 + %axﬁ

o X7 = 6X7,

and the respective left-invariant 1-forms (1.7) are:

L4 61 = Xm;
4 92 = dXz;
i 93 = dX3;
b 94 = dX4;

b 05 = dX5 - %dXZ + %del;
o 96 = dX6 - %dX4 - XTZdX3 + X73dX2 + X7[‘61X1;

2
- _ X1 X3 X1 X1Xa _ Xs _ Xix3 Xe 4 XaX3—XiX4
o 07 =dx; - §dxe + Sdxs + Zdxs + (X $)dxs - B dx, + (% + 2920% ) dx,

Finally, we have

1 0 0 0 0 0 0]

0 1 0 0 0 0O O

0 0 1 0 0 0O O

d(Rx)o = 0 0 0 1 0 0 0
L - 0 0 1 0 0

% $ % % 0 1 0

XXz XaXa | Xe  _X1X3 XXy _ Xs ﬁ x5 oq

L™ 2 6 "2 12 2 2

(12457H)

The following Lie algebra is denoted as (12457 H) by Gong in [9], and as G7,,,5 by Magnin in [20].

The non-trivial brackets are the following:

[XlaXi] =Xi+1) i= 23 3; 596, [XZ)X]] :Xj+29j= 3941 [X39X4] =X7'
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This is a nilpotent Lie algebra of rank 2 and step 5 that is stratifiable. The Lie brackets can be pictured with
the diagram:

X1 w X2
X3
Xy Xs
Xe
X7

The composition law (1.4) of (12457 H) is given by:

® Z1=X1+Y1;

® Z)=X2+Y2;

o z3=x3+Yy3+3(x1y2 - X2y1);

* 24 = X4+ Y4+ 3(X1y3 = X3y1) + 15001 - y1)(ay2 - xay1);

® Zy =X5+)Ys+ %(X2J’3 - X3y2) + le(Xz - y2)(X1y2 = X2¥1);

* Zg = Xg + Yo + 3(X1V5 = Xsy1 + Xo¥4 — X4Y2) + 15 (x1 = y1)(X2y3 — X3Y2)

+ 15002 = y2)(X1y3 = X3y1) — 55 (x1y2 + X2y1)(X1y2 — X2y1);

o 27 = X7 +y7 + 3(X1Y6 — Xe¥1 + X3Y4 — X4Y3) + 15(X1 = y1)(X1¥5 — X5Y1 + X2Y4 — X4Y2)
+ 1506 - y3)(x1ys - x3y1) + 504 — x4)(X1y2 - x2¥1) = 55 [x1y3(x1y2 - X2y1)
+X2y1001y3 = x3y1) + X1y1(%2y3 = X3Y2)] + 555 (1 + 3x1)(X1y2 - X21)

+ 135 (2y3 + X1y1y2 - 2x160y1)(X1Y2 — Xay1) + 755 (VY2 — X3x2)(x1y2 - X2y1).

Since
i 1 0 0 0 0O 0 O]
0 1 0 0 0O 0 O
_X2 X1
7 2 1 0 0O 0 O
X1X X X X
d(Lx)o = pseaie 3 o 2 1 0o 0 of,
_X X1Xp _ X3 X
12 12 2 2 0 1 0 0
_X2X3 _ )ﬁ X1X3 X4 X1X2 X2 X1 1 0
12 2 12 2 6 2 2
xfx% + X2X4=X3—X1X5 Xe  _X1X4 _ Xi'XZ XiXs _ Xa XXy 4 X3 ﬁ X101
L360 2 6 360 12 2 12 2 12 2 .

the induced left-invariant vector fields (1.6) are:

2 2 2
_ _ X2 _ (X3 X1X2 _ X _ [ X2X3 X5 X1X3 X2X4—X3-X1X5
X1=0x - %00 - (B +532)0n — 130x - (42 + F)0x + (38 + 13—
X
- 76)6X7;
2
X X X1X X X
o X2 = axz + 716)(3 + 1—56;(4 + ( iZz - 73)6)(5 - (74
— X1 X2 X1X2 X1X3 _ X4
° X3 —ax3+76x4+76X5+TaX6+(ﬁ 7)
X X1X X
® X4 =0x, +%0x + (452 +%5)0x;
2
X X
L X5 = axs + 716)(6 + 1—56;(7;
X
L4 X6 = aXG + 71())(7;
X7 = aX7,

and the respective left-invariant 1-forms (1.7) are:
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L4 91 = dX1;
L4 92 = dXz;
°* O3 =dx;-Fdx,+% dxl,
o 04 =dx,—-Sdxs+ 7 dxz +(% - xl"z)dxl,
o 95 = dX5 - ijdX—j + (XlXZ 73) ?dxl;
2 2
* 0 = dxe - $dxs - de4 + 132dx3 + (% -0 - AR dxg + (5 - 25+ 52 dxg;
2 3
xX1X X X X1X X1X2 X71X2
o 07 =dx; - Sdxg+ 7 dx5+(1T2—73)dx4+(74+ 19— S5 dxs + (T
2 2,2
_ X1X4 X6 X2X4—X3-X1X5 X1X2X3 _ Xi1X5
Jdxa + (%5 + 3 R V) $0-)dx1
Finally, we have
[ 1 0 0 0 0 0 0]
0 1 0 0 0 0O O
Xz—z —’% 1 0 0 0O O
2
- X3 _ X1Xp X X1
d(Rx)o = PRV 12 2 1 0 0 0
-5 Mo 4+ 5 -5 0 1 0 0
i S S S
Xfxg + XZXA_Xg_Xlxs + X6 _XiX4 Xixz X1X3 | X4 X1X2 _ X3 Xi _X1 1
L360 12 2 6 360 12 2 12 2 12 2 .

(12457L)

The following Lie algebra is denoted as (12457L) by Gong in [9], and as G7,1,17 by Magnin in [20].

The non-trivial brackets are the following:

[Xlin]ZXi+1’ 2 3 5 6 [XZ’X] )+2’]:354a
(X2, Xel = X7, [X3, X4l = X7, [X5,X5] =X

—_ 269

This is a nilpotent Lie algebra of rank 2 and step 5 that is stratifiable. The Lie brackets can be pictured with

the diagram:

Xl \/ XZ
X3
Xq X5
Xe
X7

The composition law (1.4) of (12457L) is given by:

® Z1=X1+tY13
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® Z)=X2tY2;

o z3=x3+Yy3+3(Xx1y2 - X2y1);

® Zyp=XptYyst %(X1J'3 - X3y1) + le(Xl -y (x1y2 = x2y1);

® Zs5=X5+tys+ %(Xz)’3 - X3y2) + le(Xz - y2)(x1y2 - x2y1);

* Zg = Xg + Yo + 3(X1V5 — XsY1 + Xo¥u — X4Y2) + 15 (x1 = y1)(X2y3 — X3Y2)
+ 15 (2 = y2)(X1y3 - x3y1) — 95 (X1y2 + X2y1)(X1Y2 — X2¥1);

® Z7=X7+y7+ %(Xﬂfé — XeY1 + X2V — X6¥2 + X3V4 — X4Y3 — X3Y5 + X5Y3)
+ 15 (X1 = y1)(X1y5 = Xsy1 + XaY4 = X4¥2) + 15 (X2 = y2)(X1Y5 — X5Y1 + XaY4 — X4Y2)
+ 506 - y3)(X1y3 = X3y1 = X235 + X3¥2) + 15 (X5 = ¥5 — X4 + y4)(X1¥2 - X2¥1)
+ ﬁ(Xz)G - x1y3)(X1y2 = X2¥1) = ﬁ(th +X22)(X1y3 = X3y1)
- 20y + x1y2)(xay3 = X3y1) + 1a5(X2y3 + X1¥3 + X1y1y2)(X1Y2 - X2¥1)

1 1 2
+ 180 (X2Y1Y2 = 2X1X2y1 = 2X1X2Y2)(X1Y2 = X2¥1) + 555 (V1 — y2)(x1y2 - X2¥1)
1 (2 2_ .2 2 1 2
+ 350 V1Y2 + Y1y3 — Xi1Xx2 — xax3)(X1y2 — Xay1) + 135 (X1 - y1)(x1y2 - xay1)°.
Since
[ 1 0 0 0 0 0 0]
0 1 0 0 0 0 0
_X X
s 3 1 0 0 0 0
X
Ao = |-42-% 5% g 1 0 o of,
S U T . N
Sy Hp-y oy Yy 10
2 2
X1X2+X5 X3 XitX1X2 _ X3 X1+X2
L a1 a as 7 t7 12 2 2 1]
where
2.2 3 2
a; - X1X5 + X1X3 . X2X4 — X3 — X1X5 — 2X2X5 _Xe
360 12 2’
X1X5 = XX4 = 2X1X4 + X3 X5X5 + X2 X3
a, = 1X5 — X2 X4 1X4+ X3 XgXo +X7X;  Xg
12 360 2’
a; = X1X3 — X2X3 + X5 — Xy
12 2

the induced left-invariant vector fields (1.6) are:

2 2.2 3
= _ X (B4 xx _X% (XX 4 X XxHxax
o Xl = axl 5 ax3 (2 + 12 )aXA lzaxs ( 12 + 5 )aXG + ( 360
xzx4—x§—x1x5—2xzx5

2274 73 2170 7 _ X6 .
+ 2 5 )0x; 3
2
X3 = 0x, + % 0x, + 150x, + (432 - 5 )0x, — (% + 452
2 X2 2] ;‘3 12 9%4 12 2 )Yxs 2 12
3
_XIX0HX1X5  Xg .
360 2 )aX7 ’
— X X X1X. X1X3—X2X3 X5—X4 .
X3 = ax3 + 716)(4 + 726)(5 + 1626)(6 + (T + T)a)ﬁ >
2
X X1X2+X X .
L4 X4 = ax4 + 72())(6 + (TZ + 73)())(7 ;
2
— X1 X1HXaiXo X3 .
L4 X5—ax5+76x6+(T 7)6)(7,
X1+X; .
L4 X6 = aXG + 12 ZBX7,
. X7 = ax7,

2
X1X5=X2X4—2X1X4+X3
)0 + (FERESTS

and the respective left-invariant 1-forms (1.7) are:

L4 91 = Xm;

L4 62 = dXz;

° 05 =dX3—%dX2+X72dX1;

o 0, = dxy, - 5 dxs + Ddxs + (% - 12 dxy;
05 = dxs - %dxz + (X2 + 5 )dx; - %dxl;

x x Xix Xo _ Xix3 _ XX Xs _ XXy | X1
B6 = dxg - dxs — G dx, + 52dxs + (% - X8 - 52 )dxy + (%5 - 228 + 752 )dxy;
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2 2
_ _ X1tX2 X3 X7+X1X2 X1X2+X5 _ X3
o 07 = dx; - M52 dxg + (% + TP ) dxs + (P22 - 5 )dxy + (
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X4—Xs
2

2 2 2,2 3 2
+ XaXs—Xox3 _ XjXo+Xi1Xp dX3 + X1X5+X1X2 4 XaXeXxs X3=2X1X4=X2X4+X1X5
6 12

60 12
2
Xe Xg X2X4=X3-X1X5—-2X2X5 X1X2X3 _
+ %) dx + (% + ’ +

2,2 3
X{X5+X1X5

12

Finally, we have

60

i 1 0 0 0 0 0 (0]
0 1 0 0 0 0 0
X _x
s ; 1 0 0 0 o
X
d(Rx)o = | 7 ~ 17 B -4 1 0 o of,
_% XiXp . X3 _X2
2 2732 2 0 1 0 0
X5 _ X2X3 Xy _ X1X3 X1X2 _X2 _X1 1 0
2 12 2712 6 P . T2
X1X2+X X7+X1X: X X1+X
L @ az as =yt B e Sl Sl
where
4 - X3X3 +X1X3  XaX4 = X3 — X1X5 — 2X2Xs5 L X6
! 360 2’
4 o XaXs—XaXa- 214 + X3 X3xy +X3x3 L Xe
2 12 360 2’
X1X3 — X2X3 X4 — X
ay - XXX Xa—Xs
12 2
(12457L,)

The following Lie algebra is denoted as (12457L;) by Gong in [9], and as G7,1,17 by Magnin in [20].

The non-trivial brackets are the following:

[X1,Xi]=Xi1,1=2,3, [X1,X4] = X6, [X1, X6] = X7,
(X2, X5] = X5, [X5, X5] = X6, [X3,Xs5] = -X7.

This is a nilpotent Lie algebra of rank 2 and step 5 that is stratifiable. The Lie brackets can be pictured with

the diagram:

X1

—

X6

X3

The composition law (1.4) of (12457L,) is given by:

® Z1=X1+Y13
® Z)=X2tY2;
1
* z3=Xx3+y3+5(X1¥2 - X2¥1);

X5
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1 1 .
* zy = X4+ Y4+ 3(1y3 - x3y1) + 15 (1 — y1)(xay2 - x2y1);
1 1
® Zs=X5+)Ys+ 7(X2Y3 - X3y2) + ﬁ(Xz -y2)(xX1y2 = X2¥1);
1 1
® Zg = Xg + Yo + 5(X5¥2 = Xo¥5 + X4¥1 — X1y4) + 15 (V1 — x1)(X1y3 — X3Y1)
1 1
+ ﬁ()/2 - x2)(x2y3 = x3y2)] + ﬂ(xlyl +X2y2)(X1y2 — X2y1);
1 1
* z7=X7+y7 + 5(X1¥6 — X6¥1 — X3Y5 + X5¥3) + 15 (X5 = ¥5)(X1Y2 — X2¥1)
1 1
+ 15 (V1 = x1)(2ys = X5y2 + X1¥4 = X4y1) + 13 (V3 — x3)(x2y3 — X3Y2)]
1
+ 5z y3(x1y2 = x2y1) + x1y1(x1y3 = x3y1) + x2y1(x2y3 = x3y2)]
1 (2 2 2 1 2
+ 155 (X1Y1 + X3y1 = X1y1 — X2y1Y2)(X1Y2 = X2¥1) — 555Y2(X1y2 — X2y1)
1 (3 2.3 2 1 2
+ 755 (7 + x1X53 = y1 = y1y3)xay2 - xay1) - X2 (x1y2 - xay1)”
Since
1 0 0 0 0 0 0
0 1 0 0 0 0O 0
_X X1
< ) 1 0 0 0 0
dlxo= |"*-% D b2 1 0 0 0
X - )
2
_X5 XiXa _ X3 X2
12 2 72 p) 0 1 0 0
X1X3 | X4 XoX3 4 X5 X%“‘% _X1 _X2 1 0
12 t732 12 t2 12 2 2
X5 _ X2X3 _X _X1X2 _ X3 X1
| Q@ az V) 2 -7 7 1]
where
- XXy + X1 X3
a X1X4 —X2X5  Xg  X3X2 + X1X)
12 2 720 ’
2 4, 2.2
a - X3+ 2X1Xs  X{ +X1X5
12 720 °
the induced left-invariant vector fields (1.6) are:
* Xi=0x - aX3 - (X3 + Xlxz)a"A h ‘)XS + (Xi 7“)3)(5 ()(1)(41_2)(2*)(5 -%
XEX +X1X
-= ;201 2)()X7;
x? x2+2x1x
L4 Xz = axz + X%a)g + ﬁa’“» + (Xi)z(z - %)axs + (X75 + X2)2(3)ax6 + (317215
4 2,2
X1 +X1%5 .
+ 0352 ) Oxr 5
+X
L4 X3 =ax3 +Lzlax4+x72axs - 1 Zaxé (*_7)(:2[)2(3)6)(7;
2
X
o X4 = ax4 - %axe - ﬁa)ﬁ 5
[ ] X5 = axs - ijaxs - (Xi)z(z + X3)a)(7,
L4 X6 = axa + "2—10;(7;
e X;=0
7 X7
and the respective left-invariant 1-forms (1.7) are:
L4 01 = Xm;
* 0, =dxy;
°* O3 =dxz-Sdx,+% dxl,
o 04 =dx,—Sdxs+ 3 dx2 + (% - 2 dxy;
2
o 05 =dxs - %dx;+ (’“6"2 + 8 )dx, - Zdxy;
2 2 3
o 06 = dxe + % dxs + %dxs - T2 dxs + (552 + 25 - 5 dx, + (10
2 3
_ XXt X“)dX .
24 2 1
2
2
e 07 =dx; - 1dx6 + (% - X2)dxs - —dx4 + (x1+2)2x2 % - 00y, + (B2
3
_ X1+X XZ X6 X1X4—X2X5 _ X X3+XZX3 X1X2+X1X2
122 ) dxa + (% + Mg 2 702 ) dxa.
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Finally, we have

1 0 0 0 0 0 0
0 1 0 0 0 0 0
2 % 1 0 0 0 o
X
d(Rx)o = | % — 43 o -7 1 0 0 0,
Eo%pey % 0 1 0 0
X1X3 _ X4  XoX3 _ X5 _x§+x§ X1 X2 1 0
2 -2 12 2 V) 2 )
where
a X1X4 = XaXs  Xg _ xX3x3 +x13
1 12 2 720
4 X3 +2x1X5 | X+ Xx3x3
2 - 12 720
(123457A)

The following Lie algebra is denoted as (123457A) by Gong in [9], and as §7,>,3 by Magnin in [20].

The non-trivial brackets are the following:

(X1, Xi] = Xi11,2<i<6.

— 273

This is a nilpotent Lie algebra of rank 2 and step 6 that is stratifiable, also known as the filiform Lie algebra

of dimension 7. The Lie brackets can be pictured with the diagram:

X1 XZ

The composition law (1.4) of (123457A) is given by:

®* Z1=X1tY15

® Z3=X2+Y2;

o z3=x3+Yy3+ 3012 - X2y1);

© 24 = X4+ Y4+ 5(X1y3 = x3y1) + 1500 - y1)(aya - xaya);

® Zs=X5+tYys+ %(X1Y4 - X4y1) + ﬁ(Xl - y1)(x1y3 = x3y1) - ﬁxl)ﬁ(h)’z - X2Y1);

® Zg=XetYet %(X1Y5 ~Xs5y1) + ﬁ(Xl - y1)X1y4 = Xay1) - ﬁxlh(h)’s - X3y1)
+ 353 = x3)(x1y2 - x2y1) + 135 (x1¥1 - X3y1)(X1y2 — X2y1);
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* 27 =x7+y7+ 3016~ Xey1) + 13001~ y1)X1ys = xsy1) = gz x1y1(x1y4 — Xay1)
+ ﬁ(xﬂ’% _X%Y1)(le3 - X3y1) + 7%0/3 _X%)(Xl)@ - Xx3y1)
+ e XV (x1y2 = Xay1) + g (v + X1y (xay2 - xay1)-

Since
1 0 0 0 0 0 O
0 1 0 0 0 0 O
_X X
< 3 1.0 0 00
_X1Xo _ X3 X X1
d(Lx)o = 127~ 7 W) 2 1 0 0 0Of,
_XiX3 _ X4 Xox
e Oa o 2 1 0 O
X1X2 _ Xxaxs _ Xs  _ X X xg
720 12 2 720 04 2 2 10
X1X3 _ X1Xs _ Xe _X X ox1
L720 ~ 12 ~ 2 0 70 0 1 2 1]
the induced left-invariant vector fields (1.6) are:
3
— _ X _ (X3 4L x1% _ (X4 4 X1X3 X1X2 _ XaXsa _ Xs
¢ X1=0x —F0x = (F+432)0x — (% +17)0xs + (F5 — 13* - %) 0x
+ (Xixs S48 XY,
720~ 12 2 )95
X1 x% X?
o Xz = axz + 7())(3 + ﬁax4 - 72—0())(6 ’
2 4
— X X X .
" X5 =0+ §0u + Thon ~ Fydus
X X .
L4 X4 = ax4 + 71())(5 + T%axs >
X X .
° X5 = axs + 716)(6 + ﬁa)q,
L4 X6 = ax6 + )‘2—10)(7;
° X7 = ax7,
and the respective left-invariant 1-forms (1.7) are:
* 01 =dxq;
L4 92 = dXz;
* 03 =dx3 - Edx; + Zdxq;
2
o 94 = dX4 - ledX3 + %dXz + ()% — Xlgz)dxl,
2 3 2
= _X1 X1 _X X1X2 _ X1X3 X4
® 05 =dxs— Sdx,+ szX3 2?dx2+(424 20 4+ %) dxy; 2 3
_ _ X1 X1 _ X X X5 XiXs , X3X3 _ X3X2
o 06 = dxg - §dxs + 7¢dx, Zg‘dx3+120dx2+(2 X 4 32 - 8 )dxg; 3
2 4 5 2
= _ X1 X1 _X5 X1 _ X Xe _ XiXs , XiX4 _ XjX3
* 0;= dxz $dxe + dxs = g dxy + 135dx3 - 73dxa + (5 6 T2z ~ 120
X{X2
+ 7120 )Xm.
Finally, we have
1 0 0 0 0 0 0
0 1 0 0 0 0 0
X2 _Xil
<! $ 1 0 0 0 0
X3 _ X1Xa X1 _X1
d(Rx)o = 7 12 W) 2 1 0 0 0
X4 X1X3 Xy _X1
; 5 > 04 o p 1 0 0
XiX2 _ xiX4 4 X5 _ X3 X _x
720 ~ 12 *7  ~70 04 ) 2 1 0
X3X3 _ X1Xs | Xe _ X5 X _x
L 720 +3 0 770 O 2 7 1]

DE GRUYTER
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6 Some free-nilpotent groups in low dimension

In this final section we analyze free-nilpotent groups of low dimension. We shall denote with F,s the simply
connected Lie group whose Lie algebra has rank r and is free up to nilpotency step s. In the specific, we shall
study F»3, Fa4, F33, F25, respectively.

F33 .

The following is the free-nilpotent Lie algebra with 3 generators and nilpotency step 3. It has dimension 14.

The non-trivial brackets coming from the Hall basis are:

[X1’X2] = X4 s [X1’X3] = XS s [X21X3] = X6 s [X1’X4] = X7 s
(X1, X5] = Xg, [X1, Xe]l = X9, [X2, X4l = X10, [X2, Xe] = X171,
(X3, X4l = X12, [X3, X5] = X153, [X3, Xe] = X14, [X2, X5] = Xo + X1 .

The composition law (1.4) of 33 is given by:

® Z1=X1tY13

® Z)=X2+Y2;

® zZ3=X3+Y3;

® Zp=XytYyst %(Xﬂfz - X2¥1);

® Z5=X5+Ys+ %(X1Y3 - X3Y1);

* Zg = X¢ + Y6 + 3(X2¥3 — X3Y2);

o z7 = X7 +y7 + 31y — x4y1) + 5 (x1 - y1)(X1y2 - x2y1);

o zg=xg+Yys+3(X1y5 — xsy1) + 15(x1 - y1)(X1y3 — x3¥1);

* Zg =Xg +Y9 + 3(X1¥6 — Xe¥1 + X2¥5 — X5Y2) + 15 (X1 — y1)(X2¥3 - X3Y2)
+ 15 (X2 = y2)(X1y3 - x391);

® Zijo=X10tYio+t %(Xzyzl ~X4y2) + le(Xz -y2)(x1y2 = X2y1);

o z11 = X11 + Y11 + 3(X2Y6 — X6¥2) + 15 (X2 = y2)(X2y3 — X3¥2);

® z13 = X12 + Y12 + 3(Xay5 — X5y + X3Y4 — X4y3) + 15 (X2 = y2)(x1y3 - x3y1)
+ 1500 - y2)(x1y2 - x2y1);

o z13=X13 + Y13 + 3(X3Y5 — X5¥3) + 15 (x3 - y3)(x1y3 - x3y1);

* Zi4 = X14 + Y14 + 3(X3V6 — X6¥3) + 15 (X3 = ¥3)(X2¥3 - X3Y2).

Since
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1 0 0 0 0 000O0OOUOUO OO
0 1 0 0 0 000 O0OOOUOUO OO

0 0 1 0 0 000 O0OOOUOUO OO

-2 sk 0 1.0 0 00O0O0O0OO0O0O

-5 0 2t 01 0 000O0O0OOUO OO

0 -5 X 0 01 000O0O0O0OO 0O

; BRI 1 L1 0 % 0 0 10000000
(Lx)o = O e 0 5 0 % 0 010000 O0 Of”
—Xf—z";’; % _uy oun 0 % % 00100000

-3 uo X% 0 2 0 0 0O0O0T1O0O0TO0TO

0 e R B 0 0 % 00001000

-1 Mo -o% Moox% % %2 0 0 00 00 100

-B 0 us_% 0 % 0 00 0 00 O0 10

) -3 BHL-% 0 0 % 0000 00 0 1]

the induced left-invariant vector fields (1.6) are:

_ X X X X1X X1X X, X2X
® X1 =0x, — %$0x, — 50x; - ( o M52)0x, - (5 + 152) 0% — (% + 2832) 0
2
X X2X .
- ﬁaxlo - 2636)(12 - ﬁaxw s
o Xy = 0, + 500, - 50 + F 0w - (42 +%5)0 2 XYy (X
2 X2 2 Uxy Xe T 12 Yx7 12 xo + 2 2 X10 2
X2X X1X X .
2 3)axu ( 123 - 75)6)(12 - ﬁaxla ’
2 2
X X
o X3 = ax3 + 7())(5 + 72(3;(6 + Tiaxs + 7X16X2 ax9 + Tiaxu + ( ixz - %)axlz + (X:llz
X X2X Xe .
- 75)6)(13 + ( i 7)6"14 ’
X
o X4 = ax4 + X71a)(7 + %axlo + 73())(12 5
X
o X5 = axs + Lzlaxs + %axg + szaxlz + 730)(13 5
o X6 = aX6 + %axg + %axlo;
o X7 = OX7 + %axg + XTZ()XH + X{axm;

* Xg = Oxg;

o X9 = axg;

* X10 = Oxyo3
* X11 = 0Oxis
® X12 = Oxyy;
® X13 = Oxy3;
® Xi4 = Oxy»

and the respective left-invariant 1-forms (1.7) are:

L4 91 =dX1;
L4 92 =dX2;
° 93 =dX3;

® 0, =dxs - Fdx, + Zdxy;
L4 65 =dX5 —%dX3+X73dX1;
L4 96 = dX6 - XTZdX—j + X%dXz;

* 07 =dx; - %dxs + %dxz + (%

o 05 =dxg— %dxs + dex3 +(%- "1"3)dx1;
® Oy = dxg — X-dxe — Xdxs + X2
o 91() = dX10 - 7dX4 + (XTZ’ + Xl‘#)dXZ = %Xm;

2
X X
o 011 = dxyy - Bdxg + 2dxs + (% - 29)dxy;




DE GRUYTER A Cornucopia of Carnot Groups in Low Dimensions == 277

Finally, we have

1 0 0 0O 0 0 00O0O0OTOGO0O
0 1 0 0O 0 0 00O0O0OTO0O0O

0 0 1 0O 0 0 00O0O0OTO0O0O

L <t 0 1 0 0 000O0O0OOO

5 -X 0O 1 0 00O0O0OO0O0O

0 5 % 0O 0 1 00O0O0O0O0TO0O

uw_oxo X 0O -% 0 0 10000000
dRdo= |x _xu ¥ 0 -% 0 01000000
o ponp o one 0 -% %X 00100000

SE 0 % 0 0 00010000

0 L = 0 0 -% 00001000

S MRS Ype% % % 0 00000100

1 0O Mp+%¥ 0 % 0 00000010

L O -3 8%+% 0 0 -% 00000 0 0 1

A representation of the left-invariant vector fields X} defined on R with respect to exponential coordi-
nates of the second kind is the following:

* Xj =0x;

® X5 =0x, +X10x, + Lfax7 +X1X20x103

® X5 = 0x; +X10x; + X20x + "éaxg + X1X20x, + %axu + (X1X2 = X4)0xy, + X1X30x15 + X2X30x,,3
L4 XZ = axa + XlaX7 +Xzax10;

® X2 = Ox; +X10xg + X20xy + X20x;, + X30x,33

® X7 = Ox +X10x5 + X20x1; + X30x,,3

* X5 =0x;
* X3 = Oxg;
* X3 = Oxo;
° XiO = Ox103
b Xi1 = axu;
* X1) = Oxus
* Xi3 = Oxis

S
* Xi4 = Oxy-

One can relate the exponential coordinates of first kind to the exponential coordinates of second kind. If
we denote by ay, ..., a4 the coordinates of second kind and by a4, . . ., a14 the coordinates of first kind, the
change of coordinates are given as follows:
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a = m
a =
as = a3
ay = 04— %
215 = 05— %
dg = Qg — a22a3
ar = 07— % + aigz
a9 = ag- alaezazas + %
app = apo-Fh- “13‘5
app; = app+88R5 480
aiz = a3- 9P - ai‘f
ay, = a4 - e - “if
and
aq = a
A = dy
a3 = das
ay = a,+ 4
as = as+ 4B
ag = ag+ 2B
a7 = a7+ 4+ ";“2
as = ag+ B+ OO
ag = @9+ NASNE 4 LDLL
a0 = app+ P+ al;g
a1 = ap+ e+ a§6“3
a;p = app+ @R 4 QR0
a;3 = apz+E+ “13“5
A14 = A4+ a32a6 + agi

More explicitly, we have

exp(a14X14) exp(@13X13) - - - exp(a1 X1) =

a1a3

= exp (a1X1 + Xy + a3 X3 + (ay - a120(z )Xy + (a5 — 5 ) X5+
g - 20K + (@ - B By (g D185, Gy
(g - 1126 ; 2% a1a62a3 )Xo + (a10 - a22a4 - aigﬁ )X10+
+ag - azz% ai? )Xip + (agy + B2 ; %% ala62a3 )X12+
+(ag3 - a32a5 - aitf )X13 + (@14 - % - ai;é )X14>

and viceversa

exp (a1 X1 + axXp + -+ -+ a3Xi3 + a14X14) =
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2 2
asag  a»a asas  a,a
= exp ((a14 + 32 6+ %)Xu) - exp ((6113 + 32 2 4 %)XB)'

2
ar)as — asa, a;aa a,ag asza
- exp ((012+ 2 52 =k g 162 3)X12)-exp <(a11+ 226+7263)X11>'

2
-exp ((am + a22a4 + a13a2 )X10> - exp ((ag + D1 ; a5 | a1§2a3 )Xg).

2 2
- exp ((ag + a12a5 + a16a3 )X8) - exp (((17 + a12a4 + a16a2 )X7) - exp ((a6 + a22a3 )XG).

aa a,a
*exp ((as + 12 3)X5> * exp ((04 + 12 2)X4) - exp(asXs) - exp(a,X2) - exp(ai X1) .

F23.

The following is the free-nilpotent Lie algebra with 2 generators and nilpotency step 3. It has dimension 5.
This Lie algebra is also denoted as N5, 3, see page 167.

The non-trivial brackets coming from the Hall basis are:

[X]_’XZ] = X3 ’ [X15X3] = X4 ’ [XZ’X3] = X5 .

A representation of the left-invariant vector fields X; defined on R> with respect to exponential coordi-
nates of the second kind is the following:

[ ] X‘i = axl ;
2
X
® X5 = 0x, + X10x; + 3 O0x, + X1X20x53
® X5 = 0x; + X10x, + X20xs3
° XZ=6X4;
L4 Xg =6X5.

One can relate the exponential coordinates of first kind to the exponential coordinates of second kind. If
we denote by a1, ..., s the coordinates of second kind and by ay, ..., as the coordinates of first kind, the
change of coordinates are given as follows:

a = o a1 = Az
a = a a = a
aa a,a
a = 03— 12 2 a3 = das+ 12 2
2 ’ 2
a1a3 aTa) ajas aiap
ag = Q4 — + Ay = Ay + +
2 12 2 6
2 2
aa aa aa aija
as = as-— 223— izz as = a5+—223+ 132

More explicitly, we have
exp(asXs) exp(asXy) - - - exp(a; X1) =

a1 a
2

2 2
a1 aza; arx a1
)X3 + (g - =52 + 220Xy + (a5 — =52 - 2)X5) ,

= exp (a1X1+a2X2+(a3— 5 13 5 5

and viceversa
exp(a1X1 + ax Xy + asXs + as Xy + asXs) =

2
aas + aiap

2
adas + aa;
2 6

2 3

= exp((as + )Xs) exp((as + )X4) - exp((asz + %alaZ)XB) -exp(a,X>) - explai X1) .
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F24.

DE GRUYTER

The following is the free-nilpotent Lie algebra with 2 generators and nilpotency step 4. It has dimension 8.

The non-trivial brackets coming from the Hall basis are:

(X1, X0l = X5, [X1, X3] = X4, [X2,X3] = X5,

(X1, X4l = X¢ , X1, X5] = [X2, X4] = X7, [X5, Xs5] = X5

The composition law (1.4) of F,4 is given by:

Z1=X1+Y1;
Z3 = X2 +Y2;

z3 = X3 +y3 + 3(x1y2 - X2y1);

Zy = x4 + Y4 + 3001y3 = x3y1) + 15 (x1 = y1)(X1y2 - X2¥1);
z5 = X5 + Y5 + 3(X2y3 - X3y2) + 15 (X2 = y2)(x1y2 — x2¥1);
Ze = Xo + V6 + 3(X1Y4 — X4y1) + 5 (x1 = y1)(X1y3 — x3¥1) = 35 X1y1(X1y2 - X2¥1);
Z7=X7+Yy7+ %(Xﬂ's — Xs5Y1 +XoYs4 — X4Y2) + le(Xl -y1)(x2y3 - x3y2)
+ le(Xz -y2)(x1y3 = x3y1)] - 714(X1)/2 +x2y1)(x1y2 = X2y1);

zg = xg + Y + 3(02y5 — X5¥2) + 15 (x2 = ¥2)(X2y3 — X3¥2) — 3 X2¥2(x1Y2 = X2¥1).

Since

the induced left-invariant vector fields (1.6) are:

Xl :aX1_XTZaX3_(

X5

; 2

— X1 X3 X1X2 _ X3 _ (X4 4 X1X3 _ (X5

=0x, + F0x; + 1zaxa+( 12 2)aX5 (2 t 12 )aX7 (2
X

X,
X3
X4
Xs
Xe
X7
Xg

[ 1 0 0O 0 0 0 0 O]

0 1 0O 0 0 0 0 O

-4 § 1 0 0 0 0 O

-5 a4 % 0 1 0 0 0
Xk 0 2 % 0 100
BoMp B-R N R 3 0010

0 - B 0 % 00

9+ 5000y, - B - (% +52)0x - (% + 52) 05
+Xf§3)ax8,

2
_ X X2 X1X2 X2 .
= 0x; + 5 0x, + FO0xs + T50x, + 7220x, + 150x; 5
X X
= O0x, + 3 0xs + F0x; 5
X X
= axs + 716)(7 + 726)(8 H

= aXé;
= ax7;
= aXs;

and the respective left-invariant 1-forms (1.7) are:

01 = Xm;
92 = dXz;

93 = dX3 - X71dX2 + X%dxl;
2
04 = dxy — %-dxs + ZFdxy + (5 - 222)dxg;

2
95 = dX5 - XTZdX3 + (X73 + 7x16)(2)dX2 - %dxl;

X _ X1

06 = dxg — dxy + Sz - Hdxy + (% - X5 4 K2) 4y,
6 = dxg = Sdxy + Zdxs - o + (5 - % 37 ) dxa;

0 = dxy — Sdxs — By + adxs + (% — 0 - X%y, 4 (% X, X%
7=y - Fdxs - Fdxy + A+ (B - 52 - )da+ (B -5+ T

)dX1;
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X X3 X X2 X x1X3 X
o Og = dxg - %dxs + Zdxs + (% - 222 - 32)dx, + 5%dx;.

Finally, we have

1 0 0 0 0O 0 0 O

0 1 0 0 0O 0 0 O

%2 —);71 1 0 0O 0 0 O
X3 _ X1X2 X X1

d(Rx)o = ? _ﬁlz xleli_ X3 _; (1) (1) g ((; g
i) 12 %72 i

B ax 0 % -4 0 1 00

$-% -3 55 % 3 o010

0 F-m B oo % oo

One can relate the exponential coordinates of first kind to the exponential coordinates of second kind. If
we denote by a1, ..., ag the coordinates of second kind and by ag, ..., ag the coordinates of first kind, the

change of coordinates are given as follows:

a, = a
a = Q)
aa
as = Qa3 - =122
2
- _ a3, X%
i = A4="5"+ 1y
- a8
as = Qs 5 %2
- _ ey, %03
ag = G~ =3 * 713 L
a; = a7- 0‘1‘15;‘120{4 + 0(10(62a3 + “iZz
2
- _ &as |, X543
ag = ag— =3~ + 3
and
a, = ai
a = aj
a3 = az;+ 4k
2
— aiaz | 414
Ay = A4+ + 3 5
- Qa3 | 11a;
s = dg+ 5 + 23 ,
ag = ag+ g+ 1D 4 TR
_ ayas+a,as , ajaxa; , 4ids
a7 = A7+ —"5—+—35—+—g°
2 3
= Gas | Az | 4idy
ag = ag+ e+ 22+ g

More explicitly, we have

exp(agXs) exp(a; X7) - - - exp(a1 X1) =

2
= exp (ale +aX; + (az - X143 )X3 + (ay - aas | 6% ) X4+
2 2 12
+(as — a3 _ ala%)X + (ag — Qs a%og)x +
) 12 P TYeT T 12 76
2.2 2
_ a105 + XAy a1a0a3 aza; _ ArAs asas3
Hay - DT O | Gy (g B2 Gy )

and viceversa

exp (a1 X1+ axXs + -+ azX; +agXg) =




282 — Enrico Le Donne and Francesca Tripaldi DE GRUYTER

2 3 2.2
= exp ((ag + a22a5 + a26a3 + 6118612 )Xs) - exp ((a7 ; Ads er a4 a1a32a3 + a18a2)X7).

2 3 2
aja, a*as; aa aas  a,a
-exp ((a6 + 12 44 16 3 4 ;42)X6> - exp ((aS + —22 3 4 132)X5)-

aja; ala 1
-exp | (asz + >t ¢ )X, | - exp (a3+§a1a2)X3 -exp(arX5) - exp(ai1Xy).

Fys.

The following is the free-nilpotent Lie algebra with 2 generators and nilpotency step 5. It has dimension 14.

The non-trivial brackets coming from the Hall basis are:

(X1, Xo] = X3, [X1, X3] = X4, [X2, X3] = X5, [X1, X4] = X6,

[X2, X5] = Xg, [X1, Xs] = [X2, X4] = X7, [X1, X7] = X10 + X13,
[X1, X6l = Xo, [X1, Xs] = X11 + X14, [X2, X6] = X10,

(X2, X7] = X11, [X2, Xg] = X125 [X3, Xul = X13, [X3, Xs5] = X14 .

The composition law (1.4) of F,5 is given by:

® Z1=X1+Y1;5
® Z)=X2+Y2;
o z3=x3+y3+ 300y2 - x2y1);
o z4 = x4+ Y4+ 3001y3 - x3y1) + 15 (1 - y1)(X1y2 - X2¥1);
o z5 = x5 +ys + 3(02y3 — x3y2) + 15 (X2 — y2)(X1y2 — X2¥1);
* Zg = Xg + Yo + 3(x1¥4 — x4y1) + 15 (x1 — Y1) (X1y3 — X3¥1) — 35 X1y1(x1y2 - x2¥1);
¢ Z7=X7+tYy7+ %(Xﬂ’s = X5Y1 + X2Y4 — X4Y2) + le(X1 - y1)(x2y3 — x3y2)
+ 15002 = y2)(X1y3 — X3¥1) — 55 (x1y2 + X2y1)(X1y2 — X2y1);
o zg =xg +ys + 3(02¥5 — X5¥2) + 15 (X2 = ¥2)(Xay3 — X3¥2) — FX2y2(x1Y2 - X2¥1);
* Zg = Xg +Yo + 3(X1¥6 — Xe¥1) + 15 (X1 = y1)(X1Y4 — X4¥1) — 3X1y1(X1Y3 — X3¥1)
+ 253 = xDx1y2 - xay1) + 5 (x1y3 - x3y1)(xay2 - x2y1);
® Zijo=X10t+tY10 t %(X1J’7 ~ X7y1 +X2Y6 — XgY2) + le(Xz = y2)(X1y4 = X4y1)
+ le(Xl = y1)(X1Y5 = X5y1 + X2V 4 — X4 2) — ﬁ(XU/z +X2¥1)(X1y3 = X3y1)
- 3ax1y1(X2y3 = X32) + 95(X1y1¥2 — X1X2¥1)(X1Y2 — X2¥1)
+ 5553y2 = X3x2)(X1y2 - x2¥1) + 135 (02y2 - x3y2)(xaya — x2y1);
® z11 = x11+ Y11 + 3(X1y8 — Xgy1 + X2y7 — X7y2) + 15 (x1 = y1)(Xays5 — X5Y>)
+ 15 (X2 = y2)X1Y4 = X4y2 + X1Y5 — X5Y1) = 57 (X2y1 + X1Y2) (X235 — X3Y2)
- 32x2y2(X1y3 = X3y1) + 255 (y1y3 - x103)(X1y2 - X2¥1)
+ 95 (Y12 - X1X2y2)(X1Y2 = X2¥1) + 185 (X1y3 - x3y1)(x1y2 - X2y1);
* Z13 = X1z + Y12 + 3(Xays — X3y2) + 15 (X2 = y2)(x2ys — X52) — 5 x2y2(Xay3 — X3¥2)
+ 3573 = x3)(x1y2 - X2y1) + 135 (X2y3 - X3y2)(X1y2 — X2y1);
o z13 = X13 + Y13 + 3(X1¥7 = X7V1 + X3Y4 — X4Y3) + 15 (X3 = y3)(X1¥3 - X3¥1)
+ 1501 = y1)(X1ys = Xsy1 + Xa¥4 = X4Y2) + 15 (Va = xa)(X1y2 = X2y1)]
- mxaysays - xay1) + xay1(x1ys - x3y1) + x1y1(x2y3 - x3¥2)]
+ 3553x1 + y1)(X1y2 - X2¥1)% + 555 VY2 — x1x2)(x1y2 - x2y1)
- g5x10Y1(X1Y2 = X2¥1) + 135 (2¥3 + x1y1¥2)(X1y2 — X2¥1);
® Zi4 = X14 + Y14 + 3(X1ys — XgY1 + X3Y5 — Xs5Y3) + 15 (X1 = y1)(x2y5 - X5¥2)
+ 15 (X3 = y3)(X2y3 = X3¥2) + 15 (V5 — X5)(X1Y2 - X2¥1)
- 5 X2y3(X1y2 — X2y1) — S5 x2y1(x2y3 — X3¥2) + 3553%2 + y2)(x1y2 — X2y1)?
+ 35(1y3 — X1x3)(X1y2 - X2y1) + 185 (X2y1y2 — X3y1)(X1Y2 - x2¥1).
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Since
o1 0 0O O O O O 0 0 O0O0O0 0 O]
0 1 0 0 0O 0 0 0 00 O0OO OO
-% X 1 0 0O 0 0 0 00 OOO OO
2
_xjs_zxgz X X 1 0 0 0 0 0O0O0O0GO0O
-3 "1’2‘2%’%01000000000
~%_uk 0 % 0 1 0 0 0O0O0O0O0O
A BRI R 1.0 ng X %X 0 1 0 0O0O0O0O0O
X0 = 0 —3—5—4*;’2‘3%02"72001000000’
a -3 o % 0 % 0 0 100000
2
a as 0X16:2%X72X710010000
a as 0%"16’:20*72"71001000
X X
725 ag 0 0 1 0 0 % 000100
a; as a apo 1 0 % 0 00 00 1 0
L ain ain ais 0 aiy 0 0 X71 0O 0 0 0 O 1_
where
4 - xfxz_xlx;,_&.
1 720 12 2’
o - x%x%_xzx4+x1x5_xl.
2 240 12 2’
4 - X xx X
3 240 12 2°
4 - X1X3  XoXs  Xg
4 240 12 2’
o - _XIX] XXy +X1X5 X7
> 240 12 2’
o - X xxs Xs
6 720 12 2’
4 - X3X3 X +XiXs —XoXa X7
77 360 12 2’
X3x2  X1X4
ag = - - >
360 6
- XaXs _ X4,
@ = T3 T
_ X1X2 X3
o = T3t
a _ X1X§ X2X5  Xg |
1 720 12 2’
g - x3x3 X3+ 2xxs
127 7720 12’
_ X2X3_X75_
a;z = EVE H
_ X1Xa2 X3
Qs = Tyt
the induced left-invariant vector fields (1.6) are:
2
 Xi=0m = $0n - (% + 5)0n - Hows - (34 4) o - (5 + )0
+ (55—~ $) 0 + (S ~ 5 - 5)on, + (55 - 5
4 2,2 _ 3
)0 + o+ (g~ TS )0, (3 - )
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2
_ X X X1X2 X4 X1X3 5 4 X2X3
* Ko = O+ 0u + Th0n+ (45— 8)0w ~ (3 + )0 — (3 + 7)o,
- X XiX2 | X1X4 4 Xe XiX5 | XoXytXiXs o X7 _(xax
720 Oxo = (240 A valn )axlo ( 240 + 712 + )axu ( 56
3
X2X5 Xg _ (X1X2 X1X4 _ xlx2 x3+2x1x5 .
tar 7)6"12 (3602+ 6 )aXB (72? +t =1 )6X14 H
X X X X1X; X X1X X, X1X
o X3 = ax3 + 71())(4 + 72())(5 + ﬁaxs + 71626)(7 + Téaxs + (7123 - 74)())(13 + ( 123

- %)6X14 5

® X4 =0x, + 50x, +%0x + ’%axg + 220y, + %axll +( i;z +%)0xs 3

® X5 =0x; + 3 0x, + % 0x; + ’%axlo + X220y, + ’%am + ﬁam + (M52 + %) 0xus
o X¢ = ax6 + %axQ + ijaxlo;

® X7 =0x;, + 3 0x0 + % 0xy; + F0xy35

® Xg=0xs + 50x; + % 0x;, + 5 0xy;

* Xo =0xs3

® X10 = Oxyo;
* X11 = Oxyys
® X12 = Oxpys
* X13 = Oxys;
* X14 = Oxyy»

and the respective left-invariant 1-forms (1.7) are:

L4 91 =dX1;

L4 92 =dX2;

* 0 =dX3—X71dx2+"2dx1;

® 04 =dx, - %dx;+ ¥ dx2+(73—xlg‘2)dx1;

e 05 =dxs - %dx; + ("3 + 222 ) dx; - ﬁdxl;
3

o ¢ =dxg— Xdxy + fd}g - ﬁdx2+ (& -28+ 27 )dxl,
X1

2
de3+("—4—%—"

ﬁ_xzxa_xlxz
2 6
% dxg + Sdxg - Sid %4

099—dx9—7 X6+? X4—j X3+120 X2+(2—120+24

e 07 =dxy - Xdxs - Zdx, + X 2)dx, + (%5 -

)dx2+ 24dxl,

2
* 05 =dxg - %dxs + Zdx; +

Nl < —~

L4 910 = dX10 - %dX7 +

X Xz X X3 X1X4

2
X3 _ X2 X1X2 _ x1x2 xlxz
edxs — %dxg + X2dx, - J2dxs + (ot + S

2
Xfé)dX + (X1X2X3 _X1Xy _ XoXatXiXs _ XJ)dX .
2 12 40 6 1>
* 011 = dxyy — Hdxg - %dx; + 2dxs + dX4 - A5 de3 + (X 32 + XaXpXs
_ XoX4+X1Xs _ X7 X2X3 _ X1X2 _ XoX5 _ Xg .
6 )dx +( 2%, 0 6l )dxi;
i 912 e Xmz - *dXS + dX5 -

. 913 =dX13 - 1C].X7 + dX5+ (%—

25y~ (5 -

2
X1XpX3 | X37XoX4+X1X5 | X7 .
ot 3 + %) dxg;

2
- _Xx1 X1X2 _ X3 Xs | XoX3 _ X1X5 X% _
L4 914 = dX14 7dX3 + ( 6 T)dXS + (7 + =% 2% )dX3 + ( 150

3 2
_ (Xlxz _ X3X3 _ XaXs

_ Xg
120 ~ 24 5> + 5 )dxg.

X1X2 X2X3 _ X2Xs
dx3 + ( 20 T 2% 6 ~ 2 )dXZ + 120dx1,
X7 X

F)dxa+ (% + Xlesx3 - )d (Xé)(;z

2
X3+2X1Xs5
T)dXZ
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Finally, we have

T 0 0 0 O O O O 00 OO0 0 O
0 1 0O 0 O O O O 0O0O0OTO OO
B -y 1 0 0 O 0O 0 0O0O0O0O0O

2

it it -4 1 0 0 O 0 0O0O0OO0O
2
-G wMxLxy % 9 1 0 0 0 0O0O0OO0O

X o 0 ¥ 4 0 1 0 0 00000 O

B_xG X_xn o onx o g .4 9 1 0 00000 0

dBdo=1" o s mx % o % o 0 1 000000
a -4 0 % 0 -% 0 0 10000 0
a5 as 0 M@ X _» 8 09 010000
XZ
a as Oﬁ"}’z‘zO—%—%001000
X as o 0 % o0 0 -% 000100
2
a; ag a apo 1 O -% 0 00 0 0 1 0
L di1 ain ais 0 aiy 0 0 —% 0O O 0 0 O 1_
where
3
_ X1X2_X1X4 X6 ,
a 720 12 " 2°
4 - x%x%_xzx4+x1x5+xi7'
2 240 12 2’
o - X3Xy  XiXg X ,
240 12 2
3
_ X1X2_X2X5 Xg .
a4 240 12 1 2°
o - _x%x%_xzx4+xlx5+xl_
240 12 2’
3
_ _X1X3  XaXs Xs |
s 720 12 T 2°
o - x%x%_x§+x1x5—x2x4+x77.
360 12 2’
a4 = _x%xz_xlxl‘;
360 6
- XX X4,
9 = T3 T
X1X X
3
_ X1 XaXs | Xg |
11 720 " 12 2
g = x3x3 X3+ 2xxs
12 720 12
X2 X X
a = 5+
X1X X

A representation of the left-invariant vector fields X§ defined on R'* with respect to exponential coordi-
nates of the second kind is the following:

o X‘i:axl;
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2 3 2 2 4 3 2,2 3
S X X X7X2 X1X X X7X2 X7 X X1X
® X5 =0x, + X10x; + F0x, + X1X20xs + F0xs + “520x; + “520x5 + 55 0xy + = 0xy0 + T2 0xyy + —¢20xp, +

2
x3x3 .
52 0xy5 + X1X2X30x143

o X35 = Oxy +X10x, +X20x; + 0 + s + 20 + L0y + X020, + 520, 420, + Oxyps + Ox1a’
3 x3 ¥ X10x, +X320x5 + 5 0xg T X1X20x; + 5 Oxg + ¢ Oxy 2 Yxio 7 Ox11 t 4 Ox1y ¥ X1X30x3 ¥ X2X30x,3

L4 XZ = ax4 +Xlax6
® X2 = 0x; +X10x,
L4 Xz = axﬁ +Xlax9

2 2
X X
+X20x, + F Oxg + X1X20xy0 + F O0xy; + X30x133

2 2 2
X X X
+X20x5 + 3 0xy + X1X20xy; + F0x, + 3 0xy5 + X30x143

+ X20x103

® X? = 0x; + X10x;0 + X20x;; + X10X13;
S .
o Xs = axs +X16x11 +X2()x12 +Xlax14,

* X5 = Oxo;

* XiO = Oxy03
° il = Oxy1
° iz = Oxy,3

S_ = .
13— ax13,
o Xi4 = axM.

One can relate the exponential coordinates of first kind to the exponential coordinates of second kind. If

we denote by a4, ...

a,
a
as
a
as
Qe
ar
as
asg
aio
an
ag2

ass

aiy

and

, A14 the coordinates of second kind and by ay, ...
change of coordinates are given as follows:

= o
= a3- %

= as- % _ a;‘z

= ag- a12a4 + aigs

— Q1 as+aray a1 aa3 “iag
A B T

= Qag- aas + aig3

- 0(9—“12“6+%—% 3,2
= an - e+ 5P+ T

= ai3- a1a7;a3a4 + “%0151*2“1015 + a1a32a4 _
= - altxgzaga; + a10132a5 _ ﬂz“%*-ll?ga%as

, d14 the coordinates of first kind, the
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ap = a1

A = dajp

a3 = a3+

ay = az+ BB+ “%Gaz

as = a5+ 2B 4D

Qg = ag Ut GOy G L

a7 = az;+ 7“1“5;“2“‘; + %2“1 + 4

as = ag+ B+ B0 D0

g = a9+%+a§6ﬂ+%+% 2 -

a0 = a1o+%+“1—6"5+%2“4+%§“3+“§32

a;; = alz+%+i6a5+“sz+“§—gg o -

A14 = A4+ 7‘11“8;@‘15 + alac%a‘g + % + 73‘11;2‘13 + aigz
More explicitly, we have

exp(ai4X14) exp(a13X13) - - - exp(a1 X1) =

= exp (ale +arXs + (a3 - 29255 4 (ay - a12a3 alaz VX 4+

aras alaz a1Qy a%a3

+(as - > X5 + (ag - > )Xo+
2
a10s5 + Ar Ay a1a0a3 a1‘12 (15124 asas3
+(az - + X7 + (ag - Xg+
(a7 3 A )X7 + (ag 5 3 )Xsg
2 4 2
a1ag A aja aQi107 + Ar0g  A705 + 2010, aa
+(a9_16+14_12)X9+(a10_17 206 | A1 Qs 1000, 2
2 12 720 2 12 180
2 2 2
a1ag + LA 2010705 + asa aad ara asa
Hagy - B¥e T XAy | 2 H A D0y (g, - X298, D205
2 12 180 2 12 720
Q107 + 030, Q205 — 0105 qiaaa, 0003
+(a13 - + + - )X13+
2 12 3 120
2 2 2.3
a1ag + a30as a10as anmas +aa;a3 a0;5
+agy - + - - )X14
2 3 12 360
and viceversa

exp (a1 Xy + arXp + -+ +a3Xi3 + a4 X14) =

2 2
aiag + asa ajara aa 3a,asa a’a3
:exp((a14+ 18235+ 162 5 4 33Jr 823 12)X14'

2 2 2
ajasy +asa ajas +ajaa aa ajaa aa
-exp((a13+ 1 72 3 4+ 145 61 2 4+ 33+ 142 3 2)X13)'

2 3 4
aag | a3as , dds alaz)X12>-

"eXp ((‘“2 T 6 24

2 2 2
a,ag +aa ajaa asa aijasa aja
148 2 7+ 142 5+ 2 4+ 14743 1 Z)Xll)

"€Xp ((a“ * 2 3 6 8 20

2 2
ajaz; +aza aa ajaa ajaa a a
147 2Ue6 + 21 5 + 14204 + 4 2 3 1 2)X10>

- €xXp ((010 + 7 6 3 3

)X10+

ala
+ 2)X12+
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2 3 4
) ajag aja; ajas aia )
P ((a9+ 2 "6 T2 " 1200%

2 3 2.2
ata; aqa ala
-exp ((ag + a22a5 + 26 3 4 18 2)X8> - exp ((a7 ; Jds 42-a2a4 + 6116132613 + 18 2)X7>.

2 3 2
. aja; ajas aiaz . aas a|a; .
exp ((a6 + 5 + C + 3% )X6> exp ((a5 + 5 + 3 )X5)

aias a%az 1
-exp | (as + >t ¢ )X, | - exp (a3+§a1a2)X3 -exp(arX,) - exp(ai1Xy).
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