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Abstract: Strati�ed groups are those simply connected Lie groups whose Lie algebras admit a derivation for
which the eigenspace with eigenvalue 1 is Lie generating. When a strati�ed group is equipped with a left-
invariant path distance that is homogeneous with respect to the automorphisms induced by the derivation,
this metric space is known as Carnot group. Carnot groups appear in several mathematical contexts. To un-
derstand their algebraic structure, it is useful to study some examples explicitly. In this work, we provide a
list of low-dimensional strati�ed groups, express their Lie product, and present a basis of left-invariant vector
�elds, together with their respective left-invariant 1-forms, a basis of right-invariant vector �elds, and some
other properties. We exhibit all strati�ed groups in dimension up to 7 and also study some free-nilpotent
groups in dimension up to 14.

Keywords: Carnot groups; strati�ed groups; nilpotent Lie algebras; free nilpotent groups; exponential coor-
dinates; associated Carnot-graded Lie algebra

MSC: 53C17; 43A80; 22F30; 14M17

1 Introduction

Strati�ed groups, equipped with their homogeneous metrics, appear in several mathematical contexts. Such
metric groups arise in harmonic analysis, in the study of hypoelliptic di�erential operators, and as bound-
aries of strictly pseudo-convex complex domains, see the books [4, 30] as initial references. When equipped
with Carnot-Carathéodorymetrics, strati�ed groups are also known as Carnot groups and they appear in geo-
metric group theory as asymptotic cones of nilpotent �nitely generated groups, see [11, 25]. Sub-Riemannian
strati�ed groups are limits of Riemannian manifolds and are metric tangents of sub-Riemannian manifolds.
Sub-Riemannian geometries arise in many areas of pure and applied mathematics (such as algebra, geom-
etry, analysis, mechanics, control theory, mathematical physics), as well as in applications (e.g., robotics),
for references see the book [22]. The literature on geometry and analysis on strati�ed groups is plentiful. In
addition to the previous references, we also cite few more: [1, 3, 8, 13–15, 19, 23, 26, 27, 31, 32].

Strati�ed groups are simply connected Lie groups for which the Lie algebra admits a special grading,
called a strati�cation, and is equipped with one such a strati�cation. Namely, a grading is a strati�cation if
the degree-one layer of the grading is Lie generating. The presence of a positive grading implies that the Lie
algebra is nilpotent. Not all nilpotent Lie algebras admit a strati�cation; however, free-nilpotent Lie algebras
do. Each positive grading induces a one-parameter family of automorphisms, giving rise to the considera-
tion of homogeneous distances, which are unique up to biLipschitz equivalence, see [17] for an introduction.
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Hence, strati�ed groups have many analogies with (�nite-dimensional) vector spaces. However, their possi-
ble non-commutativity provides some crucial di�erences.

In this paper, we provide the list of all strati�able Lie algebras of dimension up to 7, as well as the free-
nilpotent Lie algebras of dimension up to 14. Moreover, up to dimension 6, we also consider those nilpotent
Lie algebras that are not strati�able, and since they all happen to be positively gradable, we provide one such
grading for them.

Let us recall the terminology for strati�ability, strati�cations, and gradings. We �rst stress that all Lie
algebras considered here are overR and �nite-dimensional. Also, given two subspaces V ,W of a Lie algebra,
we set [V ,W] := Span{[X, Y]; X ∈ V , Y ∈ W}. A strati�cation of step s of a Lie algebra g is a direct-sum
decomposition

g = V1 ⊕ V2 ⊕ · · ·⊕ Vs ,

for some integer s ≥ 1, where Vs ≠ {0} and [V1, Vj] = Vj+1 for all integers j ∈ {1, . . . , s} and where we set
Vs+1 = {0}. We say that a Lie algebra is strati�able if there exists a strati�cation of it. Equivalently, as pointed
out in [6], strati�able algebras are those nilpotent Lie algebras that possess a derivation inducing the identity
map modulo the derived subalgebra. Strati�able algebras are also called Carnot algebras. We say that a Lie
algebra is strati�edwhen it is strati�able and endowed with a strati�cation. We should stress that in the case
of a strati�able algebra, the choice of a strati�cation is essentially unique: every two strati�cations of g di�er
by a Lie algebra automorphism of g, see [17, Proposition 2.17] for a reference.

A strati�cation is a particular example of grading. Indeed, it is a grading where the layer of degree one is
Lie generating. A positive grading of a Lie algebra g is a family (Vt)t∈(0,+∞) of linear subspaces of g, where all
but �nitely many of the Vt’s are {0}, such that g is their direct sum

g =
⊕

t∈(0,+∞)
Vt

and where
[Vt , Vu] ⊂ Vt+u , for all t, u > 0.

We say that a Lie algebra is positively gradable if there exists a positive grading of it. We say that a Lie algebra
is graded (or positively graded, to bemore precise) when it is positively gradable and endowedwith a positive
grading. More considerations on this subject can be found in [18].

As usual, we only consider those Lie algebras that are indecomposable, i.e., those that are not the direct
sum of two nontrivial Lie algebras. The classi�cation of strati�ed algebras that we provide in this paper will
give rise to the following consequence:

Proposition 1.1. There are 4 indecomposable strati�ed algebras in dimension 5, and 13 in dimension 6. All
nilpotent Lie algebras of dimension less than or equal to 6 are positively gradable; but 2 in dimension 5 and
11 in dimension 6 are not strati�able. In dimension 7, there are two one-parameter families of indecomposable
strati�ed algebras, plus 45 more single examples.

For the list of nilpotent Lie algebras of dimension up to 7, we follow Gong’s classi�cation from his thesis
[9]. However, in our paper we shall also point out for each Lie algebra what the corresponding name/number
is in the classi�cations present in de Graaf [10], Magnin [20], and Del Barco [2], respectively. This will provide
the reader with a database to navigate between the di�erent notations. One should stress that the list in
Magnin’s paper [20] consists of indecomposable nilpotent Lie algebras with complex structural constants
(1.2), and is therefore shorter than the other ones. This is due to the fact that some Lie algebras are isomorphic
over algebraically closed �elds, but are not isomorphic overR (we refer to Chapter 7 in [9] for amore thorough
explanation of this fact). Regarding the free nilpotent algebras of dimension greater than 7, we shall useHall’s
construction from [12].

For each group in our list, we exhibit a basis of its Lie algebra following the presentation in [9] and we
study thedi�erential structure in exponential coordinates for the respective simply connectedLie group.More
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precisely, we calculate the group law, the vector �elds that are left-invariant extensions of the given basis,
and the respective left-invariant di�erential 1-forms. We also provide the expressions for the right-invariant
vector �elds. One should stress that nilpotent groups that are not strati�able do not have a canonical sub-
Riemannian structure. For these groups, we shall also add a subsection to present a possible grading and
discuss which polarizations give rise to a maximal Hausdor� dimension for their respective sub-Riemannian
distance, and calculate the tangent space.We also compute the asymptotic cones of all non-strati�able nilpo-
tent Lie groups of dimension less than or equal to 6.

1.1 Notations and di�erential objects considered

For the groups discussed in this paper, we shall use the following notation for describing their di�erential
structure in exponential coordinates.

We present each Lie algebra with a choice of a basis denoted by X1, . . . , Xn, and provide the list of non-
zero bracket relations in the form

[Xi , Xj] =
n∑
k=1

ckijXk , (1.2)

where ckij ∈ R are called structural constants, and of course we only present those for which i < j.
Since for such low-dimensional Lie algebras the list of equations (1.2) is rather short, we aim to provide a

visualization of the grading of the Lie algebra through a diagram as follows. For Carnot groups up to dimen-
sion 7, the sum in (1.2) is of at most one addend and most of the time the only non-zero coe�cient is 1 or −1.
Hence, if for given i, j there exists k such that [Xi , Xj] = Xk, we will then visualize this relation as

Xi Xj

Xk .

In other words, the bracket relation expressed in the diagram should always be read from left to right. If the
diagram should be read di�erently, we shall use the following notation. Namely, if the bracket relation is
[Xi , Xj] = −Xk, we will draw the diagram as

Xi Xj

Xk .

If instead the bracket relation is [Xi , Xj] = cXk for some c ∈ R, we will then write

Xi Xj

Xk .

c

In the case of Carnot algebras where the given basis can be adapted to a strati�cation, we will also draw
the diagram by rows according to the di�erent strata. For example, a diagram of the form
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X1 X2

X3

X4

means that the vectors X1, X2 form a basis of the �rst stratum V1, the vector X3 forms a basis of the second
stratum V2, the vector X4 forms a basis of the third stratum V3, and the bracket relations are [X1, X2] = X3,
[X1, X3] = X4, and [X2, X3] = X4.

Moreover, other information is also readily available from simply looking at the diagram, such as the rank
of the Lie algebra, which is equal to the number of vectors in the �rst row, and the nilpotency step, which is
given by the number of rows in the diagram.

Given a basis X1, . . . , Xn of a nilpotent Lie algebra g, there exists a unique (up to isomorphism) simply
connected Lie groupGwith g as Lie algebra.Moreover, the exponentialmap exp: g→ G is a di�eomorphism,
see [7] for a reference. We shall then parametrizeG via the exponential map and our choice of basis. Namely,
we will use the identi�cation

Rn ←→ G

(x1, . . . , xn) 7−→ exp
Ä n∑
i=1

xiXi
ä
. (1.3)

Since in nilpotent groups the Baker-Campbell-Hausdor� formula converges globally, the identi�cation
above allows us to write the group product. In fact, for all x, y ∈ Rn, there exists a unique z ∈ Rn such that

exp
Ä n∑
i=1

xiXi
ä
exp
Ä n∑
i=1

yiXi
ä
= exp

Ä n∑
i=1

ziXi
ä
. (1.4)

Via the identi�cation (1.3), one can write the group law in (1.4) as

x * y = z . (1.5)

Hence,we have a group law * onRn thatmakes (Rn , *) a simply connected Lie groupwith Lie algebra g, whose
identity element is 0.

The basis X1, . . . , Xn of g induces left-invariant vector �elds on Rn via the formula

x 7→ d
(
Lx
)
0ei , i = 1, . . . , n , (1.6)

where Lx(y) := x * y is the left translation, and by ei we denote the i-th vector of the standard basis of Rn.
We will still denote by Xi the left-invariant vector �elds given by equation (1.6). One should stress that each
vector �eld Xi is represented by the i-th column of the matrix d

(
Lx
)
0, for i = 1, . . . , n. For better readability,

however, in our paper we will provide both d
(
Lx
)
0 as a matrix, as well as the vector �elds X1, . . . , Xn written

as derivations.
We also provide the explicit expression in coordinates of the basis θ1, . . . , θn of left-invariant di�erential

1-forms that is dual to the basis of left-invariant vector �elds X1, . . . , Xn, that is

θi(Xj) = δij , for i, j = 1, . . . , n . (1.7)

Likewise, one can repeat the same procedure for right translations. For shortness, we will only provide
the di�erential at 0 of right translations Rx(y) := y * x. The reader can then deduce the right-invariant vector
�elds (and subsequently the right-invariant 1-forms) from the columns of the matrix d

(
Rx
)
0.
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In the case of non-strati�able nilpotent groups, we will insert an extra subsection to discuss the possible
Carnot-Carathéodory structures that maximize the Hausdor� dimension. In order to do so, we now recall the
notion of polarization and the method to calculate the dimension of the metric space that it de�nes (up to
biLipschitz equivalence). Given g a nilpotent Lie algebra, we denote byG the simply connected Lie group that
has g as Lie algebra. By applying left-translations, we have that any subspace V of g induces a left-invariant
subbundle ∆ of TG. FollowingGromov’s terminology,we call the pair (G, ∆) a polarization ofG.We only focus
on the casewhereV is Lie generating,which is equivalent to saying that ∆ is a bracket-generating distribution.
One can check that, since g is nilpotent, a subspace V ⊂ g is Lie generating if and only if

V + [g, g] = g. (1.8)

Once we �x a left-invariant norm ‖ · ‖ on ∆, we get that the triple (G, ∆, ‖ · ‖) is an example of a Carnot-
Carathéodory space.We refer to Gromov seminal paper [11] for the theory of Carnot-Carathéodory spaces, also
called CC-spaces. Every CC-space is a metric space when equipped with the control distance. The Hausdor�
dimension with respect to this distance can be expressed as∑

i

i
(
rank ∆i − rank ∆i−1

)
, (1.9)

where rank ∆0 = 0, rank ∆1 = dimV, and

rank ∆i = dim
(
V + [V , V] + · · · + [V , [V , · · · , [V , V]]]︸ ︷︷ ︸

i−1

)
.

Let us point out that if g is strati�able, then a Lie generating subspace V ⊂ gmaximizes the Hausdor� dimen-
sion if and only if V is the �rst layer of a strati�cation. On the other hand, this characterization is not present
for non-strati�able Lie algebras. For this reason in our paper, when presenting a non-strati�able nilpotent
Lie algebra g, we will add an extra subsection to discuss for which choice of polarization (G, ∆) we obtain
maximal Hausdor� dimension. In low dimension, except for a few cases, such polarizations are unique up to
automorphism. Namely, in dimension up to 5, all possible ∆ with (1.8) di�er by an automorphism. In dimen-
sion 6, except for N6,1,2 and N6,1,4, polarizations of maximal dimension are unique up to automorphism. For
the considered polarizationswe calculate the tangent cone, which is also known as symbol, and by a theorem
of Mitchell is a very easily computable Carnot group, see [21].

By a theorem of Pansu, the asymptotic cone of every nilpotent Lie group equipped with a CC-metric is
a Carnot group, which does not depend on the choice of metric. Thus, for every non-strati�able nilpotent
Lie algebra of dimension 5 or 6 we shall also determine its asymptotic cone. The calculation is done via the
associated Carnot-graded Lie algebra, for which we refer to [24].

Finally, after the list of Carnot groups of dimension 7, we analyze free-Carnot groups of low dimension.
Regarding the step-2 case, one can easily write down the product law and the left-invariant vector �elds in
arbitrary dimension (this calculation is not original and can also be found in [3, 16, 18]). Regarding the step-3
case, the free-Carnot groups of rank 2 is 5-dimensional, so it is already included in Section 3 (see Lie algebra
N5,2,3 on page 18).

In addition, we will present the rank-3 step-3 free-Carnot group, which has dimension 14, and the rank-2
free-Carnot groups of step at most 5, which have dimensions 5, 8, and 14, respectively. Wewill not discuss the
rank-4 step-3 case, which has dimension 30, nor the one with rank 3 and step 4, which has dimension 32.

Of the free-Carnot groupsabove,wewill alsoprovide exponential coordinates of the second type, together
with the change of variables with respect to the ones of �rst type. We shall add an s, as an exponent, to those
di�erential objects that are expressed in exponential coordinates of the second type.
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2 1D–4D nilpotent Lie algebras

The nilpotent Lie algebras of dimension up to 4 are well known, and they are all strati�able. The list of the
strati�able Lie algebras of dimension less than or equal to 4 is:R,R2,R3, N3,2,R4, N3,2 ×R, and N4,2, where
here Rn denotes the n-dimensional abelian Lie algebra, N3,2 is the �rst Heisenberg algebra, and N4,2 is the
Engel Lie algebra.

We shall now recall the non-zero brackets of these last two Lie algebras in order to help the reader get
familiar with our diagram notation.

The algebra N3,2, which is the Lie algebra of the �rst Heisenberg group, and its strati�cation are repre-
sented as

X1 X2

X3 .

Whereas the algebra N4,2, which is the Lie algebra of the Engel group, and its strati�cation are represented
as

X1 X2

X3

X4 .

In the case of the �rst Heisenberg group and the Engel group, it is sometimes convenient to work in
exponential coordinates of the �rst kind, and some other times in exponential coordinates of the second
kind.

N3,2

The following Lie algebra is denoted as N3,2 by Gong in [9], as L3,2 by de Graaf in [10], as h3 by Del Barco in
[2], and as G3 by Magnin in [20].

The only non-trivial bracket is the following:

[X1, X2] = X3 .

This is a nilpotent Lie algebra of rank 2 and step 2 that is strati�able, also known as the �rst Heisenberg
algebra. The Lie brackets can be pictured with the diagram:

X1 X2

X3 .

The composition law (1.4) of N3,2 is given by:

• z1 = x1 + y1;
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• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1).

Since

d(Lx)0 =

 1 0 0
0 1 0
− x22 x1

2 1

 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 ;

• X2 = ∂x2 + x1
2 ∂x3 ;

• X3 = ∂x3 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1 .

Finally, we have

d(Rx)0 =

 1 0 0
0 1 0
x2
2 − x12 1

 .

One can also consider the exponential coordinates of the second kind. In this case, we obtain the follow-
ing expression for the left-invariant vector �elds:

• Xs1 = ∂x1 ;
• Xs2 = ∂x2 + x1 ∂x3 ;
• Xs3 = ∂x3 .

N4,2

The following Lie algebra is denoted as N4,2 by Gong in [9], as L4,3 by de Graaf in [10], as (2) by Del Barco in
[2], and as G4 by Magnin in [20].

The non-trivial brackets are the following:

[X1, X2] = X3 , [X1, X3] = X4 .

This is a nilpotent Lie algebra of rank 2 and step 3 that is strati�able, also known as the �liform Lie algebra
of dimension 4, and also as the Engel algebra. The Lie brackets can be pictured with the diagram:

X1 X2

X3

X4 .

The composition law (1.4) of N4,2 is given by:
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• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1).

Since

d(Lx)0 =


1 0 0 0
0 1 0 0
− x22 x1

2 1 0
− x1x212 −

x3
2

x21
12

x1
2 1

 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12 ∂x4 ;

• X3 = ∂x3 + x1
2 ∂x4 ;

• X4 = ∂x4 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1 .

Finally, we have

d(Rx)0 =


1 0 0 0
0 1 0 0
x2
2 − x12 1 0

x3
2 − x1x2

12
x21
12 − x12 1

 .

One can also consider the exponential coordinates of the second kind. In this case, we obtain the follow-
ing expression for the left-invariant vector �elds:

• Xs1 = ∂x1 ;
• Xs2 = ∂x2 + x1 ∂x3 +

x21
2 ∂x4 ;

• Xs3 = ∂x3 + x1∂x4 ;
• Xs4 = ∂x4 .

3 5D indecomposable nilpotent Lie algebras

Among all the indecomposable nilpotent Lie algebras of dimension 5, there are 4 Carnot algebras and 2 more
nilpotent Lie algebras, which are gradable. Moreover, there are other 3 decomposable nilpotent algebras,
which are strati�able: the abelian R5, the direct products of the �rst Heisenberg algebra times R2, and the
Engel algebra times R.

N5,1 non-strati�able

The following Lie algebra is denoted as N5,1 by Gong in [9], as L5,6 by de Graaf in [10], as (1) by Del Barco in
[2], and as G5,6 by Magnin in [20].
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The non-trivial brackets are the following:

[X1, X2] = X3 , [X1, X3] = X4 , [X1, X4] = [X2, X3] = X5 .

This is a nilpotent Lie algebra of rank 2 and step 4 that is positively gradable, yet not strati�able. The Lie
brackets can be pictured with the diagram:

X1

X2

X3

X4

X5 .

The composition law (1.4) of N5,1 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x1y4 − x4y1 + x2y3 − x3y2) + 1

12 (x1 − y1)(x1y3 − x3y1)
+ 1

12 (x2 − y2)(x1y2 − x2y1) − 1
24 x1y1(x1y2 − x2y1).

Since

d(Lx)0 =


1 0 0 0 0
0 1 0 0 0
− x22 x1

2 1 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0

− x1x3+x
2
2

12 − x4
2

x1x2
12 −

x3
2

x21
12 + x2

2
x1
2 1

 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 −

( x4
2 + x1x3+x22

12
)
∂x5 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 +

( x1x2
12 −

x3
2
)
∂x5 ;

• X3 = ∂x3 + x1
2 ∂x4 +

( x21
12 + x2

2
)
∂x5 ;

• X4 = ∂x4 + x1
2 ∂x5 ;

• X5 = ∂x5 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x1
2 dx4 +

( x21
6 −

x2
2
)
dx3 +

( x1x2
6 + x3

2 −
x31
24
)
dx2 +

( x4
2 −

x1x3+x22
6 + x21x2

24
)
dx1 .
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Finally, we have

d(Rx)0 =


1 0 0 0 0
0 1 0 0 0
x2
2 − x12 1 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0

x4
2 −

x1x3+x22
12

x1x2
12 + x3

2
x21
12 − x2

2 − x12 1

 .

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N5,1 is not strati�able, but it is gradable as

Vi = span{Xi} , i = 1, . . . , 5 .

We claim that in this Lie algebra every two complementary subspaces to the derived subalgebra, as in
(1.8), di�er by an automorphism. Indeed, when uji varies, the matrix

1 0 0 0 0
0 1 0 0 0
u31 u32 1 0 0
u41 u42 u32 1 0
u51 u52 u42 − u31 u32 1


is a Lie algebra automorphism and sends the subspace span{X1, X2} to span{X1 + u31X3 + u41X4 + u51X5, X2 +
u32X3+u42X4+u52X5}, which is an arbitrary subspace as in (1.8). In particular, every ∆ as in (1.8) givesmaximal
dimension. The tangent cone of each of such polarizations has Lie algebra isomorphic to N5,2,3, see page 167.

The asymptotic cone of the Lie group with Lie algebra N5,1 has Lie algebra isomorphic to N5,2,1, which
is the �liform algebra of step 4. On the geometric side, we remark that it is an unsolved problem whether the
simply connected Lie groupwith Lie algebra N5,1 is quasi-isometric to its asymptotic cone, whose Lie algebra
is N5,2,1. In fact, the simply connected Lie groups with Lie algebras N5,1 and N5,2,1 respectively, although
non-isomorphic, are not distinguishable by the quasi-isometric invariants known up to now (see the works
by Pansu [25], Shalom [29], and Sauer [28]). These two groups form the smallest-dimensional open case of a
well-known conjecture (see [5, Conjecture 19.114]). The reader could compare this with the case of N5,2,2 on
page 166, whose Lie group is known to be non quasi-isometric to its asymptotic cone.

N5,2,1

The following Lie algebra is denoted as N5,2,1 by Gong in [9], as L5,7 by de Graaf in [10], as (2) by Del Barco
in [2], and as G5,5 by Magnin in [20].

The non-trivial brackets are the following:

[X1, X2] = X3 , [X1, X3] = X4 , [X1, X4] = X5 .

This is a nilpotent Lie algebra of rank 2 and step 4 that is strati�able, also known as the �liform Lie algebra
of dimension 5. The Lie brackets can be pictured with the diagram:
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X1 X2

X3

X4

X5 .

The composition law (1.4) of N5,2,1 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x1y4 − x4y1) + 1

12 (x1 − y1)(x1y3 − x3y1) − 1
24 x1y1(x1y2 − x2y1).

Since

d(Lx)0 =


1 0 0 0 0
0 1 0 0 0
− x22 x1

2 1 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0

− x1x312 −
x4
2 0 x21

12
x1
2 1

 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 −

( x4
2 + x1x3

12
)
∂x5 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 ;

• X3 = ∂x3 + x1
2 ∂x4 +

x21
12∂x5 ;

• X4 = ∂x4 + x1
2 ∂x5 ;

• X5 = ∂x5 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x1
2 dx4 +

x21
6 dx3 −

x31
24dx2 +

( x4
2 −

x1x3
6 + x21x2

24
)
dx1 .

Finally, we have

d(Rx)0 =


1 0 0 0 0
0 1 0 0 0
x2
2 − x12 1 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0

x4
2 −

x1x3
12 0 x21

12 − x12 1

 .
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N5,2,2 non-strati�able

The following Lie algebra is denoted as N5,2,2 by Gong in [9], as L5,5 by de Graaf in [10], as (4) by Del Barco
in [2], and as G5,3 by Magnin in [20].

The non-trivial brackets are the following:

[X1, X2] = X4 , [X1, X4] = [X2, X3] = X5 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is positively gradable, yet not strati�able. The Lie
brackets can be pictured with the diagram:

X1 X2

X4 X3

X5 .

The composition law (1.4) of N5,2,2 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y4 − x4y1 + x2y3 − x3y2) + 1
12 (x1 − y1)(x1y2 − x2y1).

Since

d(Lx)0 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
− x22 x1

2 0 1 0
− x42 − x1x2

12 − x32 + x21
12

x2
2

x1
2 1

 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

( x4
2 + x1x2

12
)
∂x5 ;

• X2 = ∂x2 + x1
2 ∂x4 +

( x21
12 −

x3
2
)
∂x5 ;

• X3 = ∂x3 + x2
2 ∂x5 ;

• X4 = ∂x4 + x1
2 ∂x5 ;

• X5 = ∂x5 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx4 − x2

2 dx3 +
( x21
6 + x3

2
)
dx2 +

( x4
2 − x1x2

6
)
dx1 .
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Finally, we have

d(Rx)0 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
x2
2 − x12 0 1 0

x4
2 − x1x2

12
x3
2 + x21

12 − x22 − x12 1

 .

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N5,2,2 is not strati�able, but it is gradable as

V1 = span{X1, X2} ,
V2 = span{X3, X4} ,
V3 = span{X5} .

We claim that in this Lie algebra every two complementary subspaces to the derived subalgebra, as in
(1.8), di�er by an automorphism. Indeed, when uji varies, the matrix

1 0 0 0 0
−u43 1 0 0 0
0 0 1 0 0
u41 u42 u43 1 0
u51 u52 u45 u42 1


is a Lie algebra automorphism and sends the complementary subspace span{X1, X2, X3} to span{X1−u43X2+
u41X4 + u51X5, X2 + u42X4 + u52X5, X3 + u43X4 + u53X5}, which is an arbitrary subspace as in (1.8). In particular,
every ∆ as in (1.8) gives maximal dimension. The tangent cone of each of such polarizations has Lie algebra
isomorphic to N5,3,2, see page 170.

Given the simply connected Lie groupwith Lie algebra N5,2,2, its asymptotic cone has Lie algebra isomor-
phic to N4,2 × R, where N4,2 is the �liform algebra of step 3. On the geometric side, we remark that that this
non-strati�able Lie group is known not to be quasi-isometric to its asymptotic cone, or to any other simply
connected nilpotent Lie group, from the work of [28]. The reader should compare this to the case of N5,1 on
page 163.

N5,2,3

The following Lie algebra is denoted as N5,2,3 by Gong in [9], as L5,9 by de Graaf in [10], as (3) by Del Barco
in [2], and as G5,4 by Magnin in [20].

The non-trivial brackets are the following:

[X1, X2] = X3 , [X1, X3] = X4 , [X2, X3] = X5 .

This is a nilpotent Lie algebra of rank 2 and step 3 that is strati�able, also known as the free-nilpotent Lie
algebra of step 3 and 2 generators. The simply connected Lie groupwith Lie algebra N5,2,3 is also know as the
Cartan group. This algebra will also be studied in the section of free-nilpotent Lie algebras, see page 279. The
Lie brackets can be pictured with the diagram:
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X1 X2

X3

X4 X5 .

The composition law (1.4) of N5,2,3 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x2y3 − x3y2) + 1

12 (x2 − y2)(x1y2 − x2y1).

Since

d(Lx)0 =


1 0 0 0 0
0 1 0 0 0
− x22 x1

2 1 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0

− x
2
2

12 − x32 + x1x2
12

x2
2 0 1

 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 − x22

12∂x5 ;
• X2 = ∂x2 + x1

2 ∂x3 +
x21
12∂x4 −

( x3
2 − x1x2

12
)
∂x5 ;

• X3 = ∂x3 + x1
2 ∂x4 + x2

2 ∂x5 ;
• X4 = ∂x4 ;
• X5 = ∂x5 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x2
2 dx3 +

( x3
2 + x1x2

6
)
dx2 − x22

6 dx1 .

Finally, we have

d(Rx)0 =


1 0 0 0 0
0 1 0 0 0
x2
2 − x12 1 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0

− x
2
2

12
x3
2 + x1x2

12 − x22 0 1

 .

N5,3,1

The following Lie algebra is denoted as N5,3,1 by Gong in [9], as L5,4 by de Graaf in [10], as (8) by Del Barco
in [2], and as G5,1 by Magnin in [20].
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The non-trivial brackets are the following:

[X1, X2] = [X3, X4] = X5 .

This is a nilpotent Lie algebra of rank 4 and step 2 that is strati�able, also known as the second Heisenberg
algebra. The Lie brackets can be pictured with the diagram:

X1 X2 X3 X4

X5 .

The composition law (1.4) of N5,3,1 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x1y2 − x2y1 + x3y4 − x4y3).

Since

d(Lx)0 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
− x22 x1

2 − x42
x3
2 1

 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x5 ;

• X2 = ∂x2 + x1
2 ∂x5 ;

• X3 = ∂x3 − x4
2 ∂x5 ;

• X4 = ∂x4 + x3
2 ∂x5 ;

• X5 = ∂x5 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4;
• θ5 = dx5 − x3

2 dx4 +
x4
2 dx3 − x1

2 dx2 + x2
2 dx1 .

Finally, we have

d(Rx)0 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
x2
2 − x12

x4
2 − x32 1

 .

N5,3,2

The following Lie algebra is denoted as N5,3,2 by Gong in [9], as L5,8 by de Graaf in [10], as (6) by Del Barco
in [2], and as G5,2 by Magnin in [20].
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The non-trivial brackets are the following:

[X1, X2] = X4 , [X1, X3] = X5 .

This is a nilpotent Lie algebra of rank 3 and step 2 that is strati�able. The Lie brackets can be pictured with
the diagram:

X3 X1 X2

X5 X4 .

The composition law (1.4) of N5,3,2 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1).

Since

d(Lx)0 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
− x22 x1

2 0 1 0
− x32 0 x1

2 0 1

 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 ;

• X2 = ∂x2 + x1
2 ∂x4 ;

• X3 = ∂x3 + x1
2 ∂x5 ;

• X4 = ∂x4 ;
• X5 = ∂x5 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1 .

Finally, we have

d(Rx)0 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
x2
2 − x12 0 1 0
x3
2 0 − x12 0 1

 .
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4 6D indecomposable nilpotent Lie algebras

Among all the indecomposable nilpotent Lie algebras in dimension 6, there are 13 Carnot algebras and 11
more nilpotent Lie algebras, which are gradable.

N6,1,1 non-strati�able

The following Lie algebra is denoted as N6,1,1 by Gong in [9], as L6,15 by de Graaf in [10], as (4) by Del Barco
in [2], and as G6,19 by Magnin in [20].

The non-trivial brackets are the following:

[X1, Xi] = Xi+1 , 2 ≤ i ≤ 5 , [X2, X3] = X5 , [X2, X4] = X6 .

This is a nilpotent Lie algebra of rank 2 and step 5 that is positively gradable, yet not strati�able. The Lie
brackets can be pictured with the diagram:

X1

X2

X3

X4

X5

X6 .

The composition law (1.4) of N6,1,1 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x1y4 − x4y1 + x2y3 − x3y2) + 1

12 (x1 − y1)(x1y3 − x3y1)
+ 1

12 (x2 − y2)(x1y2 − x2y1) − 1
24 x1y1(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x1y5 − x5y1 + x2y4 − x4y2) + 1

12 (x2 − y2)(x1y3 − x3y1)
+ 1

12 (x1 − y1)(x1y4 − x4y1 + x2y3 − x3y2) − 1
24 x1y1(x1y3 − x3y1)

− 1
24 (x2y1 + x1y2)(x1y2 − x2y1) + 1

720 (y31 − x31)(x1y2 − x2y1)
+ 1

180 (x1y21 − x21y1)(x1y2 − x2y1) .
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Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
− x22 x1

2 1 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0

− x1x3+x
2
2

12 − x4
2

x1x2
12 −

x3
2

x21
12 + x2

2
x1
2 1 0

x31x2
720 −

x1x4+x2x3
12 − x5

2 − x1x312 −
x4
2 −

x41
720

x1x2
6

x2
2 + x21

12
x1
2 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 −

( x4
2 + x1x3+x22

12
)
∂x5 +

( x31x2
720 −

x1x4+x2x3
12 − x5

2
)
∂x6 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 +

( x1x2
12 −

x3
2
)
∂x5 −

( x1x3
12 + x4

2 + x41
720
)
∂x6 ;

• X3 = ∂x3 + x1
2 ∂x4 +

( x21
12 + x2

2
)
∂x5 + x1x2

6 ∂x6 ;
• X4 = ∂x4 + x1

2 ∂x5 +
( x2
2 + x21

12
)
∂x6 ;

• X5 = ∂x5 + x1
2 ∂x6 ;

• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x1
2 dx4 +

( x21
6 −

x2
2
)
dx3 +

( x1x2
6 + x3

2 −
x31
24
)
dx2 +

( x4
2 −

x1x3+x22
6 + x21x2

24
)
dx1;

• θ6 = dx6 − x1
2 dx5 +

( x21
6 −

x2
2
)
dx4 +

( x1x2
3 − x31

24
)
dx3 +

( x4
2 −

x1x3
6 − x21x2

12 + x41
120
)
dx2

+
( x5
2 −

x2x3+x1x4
6 + x1x22

12 + x21x3
24 −

x31x2
120
)
dx1 .

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
x2
2 − x12 1 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0

x4
2 −

x1x3+x22
12

x3
2 + x1x2

12
x21
12 − x2

2 − x12 1 0
x5
2 −

x1x4+x2x3
12 + x31x2

720
x4
2 −

x1x3
12 −

x41
720

x1x2
6

x21
12 − x2

2 − x12 1


.

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N6,1,1 is not strati�able, but it is gradable as

Vi = span{Xi} , i = 1, . . . , 6 .

We claim that in this Lie algebra every two complementary subspaces to the derived subalgebra as in (1.8)
di�er by an automorphism. Indeed, when uji varies, the matrix

1 0 0 0 0 0
0 1 0 0 0 0
u31 u32 1 0 0 0
u41 u42 u32 1 0 0
u51 u52 u42 − u31 u32 1 0
u61 u62 u52 − u41 u42 − u31 u32 1


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is a Lie algebra automorphism and sends the complementary subspace span{X1, X2} to span{X1 + u31X3 +
u41X4 +u51X5 +u61X6, X2 +u32X3 +u42X4 +u52X5 +u62X6}, which is an arbitrary subspace as in (1.8). In particular,
every ∆ as in (1.8) gives maximal dimension. The tangent cone of each of such polarizations has Lie algebra
isomorphic to N6,2,5, see page 186.

The asymptotic cone of the Lie group with Lie algebra N6,1,1 has Lie algebra isomorphic to the �liform
Lie algebra of �rst-type N6,2,1 of step 5, see page 179.

N6,1,2 non-strati�able

The following Lie algebra is denoted as N6,1,2 by Gong in [9], as L6,14 by de Graaf in [10], as (1) by Del Barco
in [2], and as G6,20 by Magnin in [20].

The non-trivial brackets are the following:

[X1, Xi] = Xi+1 , 2 ≤ i ≤ 4 , [X2, X3] = X5 , [X2, X5] = X6 , [X3, X4] = −X6 .

This is a nilpotent Lie algebra of rank 2 and step 5 that is positively gradable, yet not strati�able. The Lie
brackets can be pictured with the diagram:

X1

X2

X3

X4

X5

X6 .

The composition law (1.4) of N6,1,2 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x1y4 − x4y1 + x2y3 − x3y2) + 1

12 (x1 − y1)(x1y3 − x3y1)
+ 1

12 (x2 − y2)(x1y2 − x2y1) − 1
24 x1y1(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x2y5 − x5y2 − x3y4 + x4y3) + 1

12 (x4 − y4)(x1y2 − x2y1)
+ 1

12 (x2 − y2)(x1y4 − x4y1 + x2y3 − x3y2) + 1
12 (y3 − x3)(x1y3 − x3y1)

− 1
24 [x1y2(x1y3 − x3y1) + (x2y2 − x1y3)(x1y2 − x2y1)] − 1

360 y1(x1y2 − x2y1)
2

+ 1
720 (y21y2 − x21x2)(x1y2 − x2y1) + 1

180 (x1y1y2 − x21y2)(x1y2 − x2y1)]
− 1

120 x1(x1y2 − x2y1)2 .
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Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
− x22 x1

2 1 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0

− x1x3+x
2
2

12 − x4
2

x1x2
12 −

x3
2

x21
12 + x2

2
x1
2 1 0

x23−2x2x4
12 + x21x

2
2

720
x1x4−x2x3

12 − x5
2 −

x31x2
720

x4
2 + x22−x1x3

12
x1x2
12 −

x3
2

x2
2 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 −

( x4
2 + x1x3+x22

12
)
∂x5 +

( x23−2x2x4
12 + x21x

2
2

720
)
∂x6 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 +

( x1x2
12 −

x3
2
)
∂x5 +

( x1x4−x2x3
12 − x5

2 −
x31x2
720
)
∂x6 ;

• X3 = ∂x3 + x1
2 ∂x4 +

( x21
12 + x2

2
)
∂x5 +

( x4
2 + x22−x1x3

12
)
∂x6 ;

• X4 = ∂x4 + x1
2 ∂x5 +

( x1x2
12 −

x3
2 )∂x6 ;

• X5 = ∂x5 + x2
2 ∂x6 ;

• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x1
2 dx4 +

( x21
6 −

x2
2
)
dx3 +

( x1x2
6 + x3

2 −
x31
24
)
dx2 +

( x4
2 −

x1x3+x22
6 + x21x2

24
)
dx1;

• θ6 = dx6 − x2
2 dx5 +

( x3
2 + x1x2

6
)
dx4 +

( x22−x1x3
6 − x4

2 −
x21x2
24
)
dx3 +

( x5
2 + x1x4−x2x3

6
+ x21x3−x1x22

24 + x31x2
120
)
dx2 +

( x23−2x2x4
6 + x32

24 −
x21x

2
2

120
)
dx1 .

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
x2
2 − x12 1 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0

x4
2 −

x1x3+x22
12

x3
2 + x1x2

12
x21
12 − x2

2 − x12 1 0
x23−2x2x4

12 + x21x
2
2

720
x5
2 + x1x4−x2x3

12 − x31x2
720

x22−x1x3
12 − x4

2
x3
2 + x1x2

12 − x22 1


.

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N6,1,2 is not strati�able, but it is gradable as

Vi = span{Xi} , i = 1, . . . , 5 ,
V6 = 0 ,
V7 = span{X6} .
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When uji varies, the matrix

1 0 0 0 0 0
0 1 0 0 0 0
u31 u32 1 0 0 0
u41 u42 u32 1 0 0
u51 u52 u42 − u31 u32 1 0
u61 u62 u41u32 − u31u42 − u51 u41 − u31u32 2u42 − u31 − u32u32 1


is a Lie algebra automorphism when 2u42 = u32u32, and sends the complementary subspace span{X1, X2} to
span{X1 + u31X3 + u41X4 + u51X5 + u61X6, X2 + u32X3 + u42X4 + u52X5 + u62X6}, which is an arbitrary subspace as
in (1.8). The tangent cone of each of such polarizations has Lie algebra isomorphic to N6,2,7 if 2u42 = u32u32,
to N6,2,5 if 2u42 > u32u32, and to N6,2,5 a if 2u42 < u32u32, see pages 190, 186, and 187, respectively. In particular,
each of such polarizations gives maximal Hausdor� dimension.

The asymptotic cone of the Lie group with Lie algebra N6,1,2 has Lie algebra isomorphic to N6,2,2, see
page 181.

N6,1,3 non-strati�able

The following Lie algebra is denoted as N6,1,3 by Gong in [9], as L6,17 by de Graaf in [10], as (5) by Del Barco
in [2], and as G6,17 by Magnin in [20].

The non-trivial brackets are the following:

[X1, Xi] = Xi+1 , 2 ≤ i ≤ 5 , [X2, X3] = X6 .

This is a nilpotent Lie algebra of rank 2 and step 5 that is positively gradable, yet not strati�able. The Lie
brackets can be pictured with the diagram:

X1

X2

X3

X4

X5

X6 .

The composition law (1.4) of N6,1,3 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x1y4 − x4y1) + 1

12 (x1 − y1)(x1y3 − x3y1) − 1
24 x1y1(x1y2 − x2y1);
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• z6 = x6 + y6 + 1
2 (x1y5 − x5y1 + x2y3 − x3y2) + 1

12 (x1 − y1)(x1y4 − x4y1)
+ 1

12 (x2 − y2)(x1y2 − x2y1) − 1
24 x1y1(x1y3 − x3y1) + 1

720 (y31 − x31)(x1y2 − x2y1)
+ 1

180 (x1y21 − x21y1)(x1y2 − x2y1) .

Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
− x22 x1

2 1 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0

− x1x312 −
x4
2 0 x21

12
x1
2 1 0

x31x2
720 −

x1x4+x22
12 − x5

2
x1x2
12 −

x3
2 −

x41
720

x2
2

x21
12

x1
2 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 −

( x4
2 + x1x3

12
)
∂x5 +

( x31x2
720 −

x1x4+x22
12 − x5

2
)
∂x6 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 +

( x1x2
12 −

x3
2 −

x41
720
)
∂x6 ;

• X3 = ∂x3 + x1
2 ∂x4 +

x21
12∂x5 + x2

2 ∂x6 ;
• X4 = ∂x4 + x1

2 ∂x5 +
x21
12∂x6 ;

• X5 = ∂x5 + x1
2 ∂x6 ;

• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x1
2 dx4 +

x21
6 dx3 −

x31
24dx2 +

( x4
2 −

x1x3
6 + x21x2

24 )dx1;
• θ6 = dx6 − x1

2 dx5 +
x21
6 dx4 −

( x2
2 + x31

24
)
dx3 +

( x3
2 + x1x2

6 + x41
120
)
dx2 +

( x5
2 −

x22+x1x4
6

+ x21x3
24 −

x31x2
120
)
dx1 .

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
x2
2 − x12 1 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0

x4
2 −

x1x3
12 0 x21

12 − x12 1 0
x5
2 −

x1x4+x22
12 + x31x2

720
x3
2 + x1x2

12 −
x41
720 − x22

x21
12 − x12 1


.

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N6,1,3 is not strati�able, but it is gradable as

V1 = span{Xi} ,
V2 = 0 ,
Vi = span{Xi−1} , i = 3, . . . , 7 .
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We claim that in this Lie algebra every two complementary subspaces to the derived subalgebra as in (1.8)
di�er by an automorphism. Indeed, when uji varies, the matrix

1 0 0 0 0 0
0 1 0 0 0 0
u31 u32 1 0 0 0
u41 u42 u32 1 0 0
u51 u52 u42 u32 1 0
u61 u62 u52 − u31 u42 u32 1


is a Lie algebra automorphism and sends the complementary subspace span{X1, X2} to span{X1 + u31X3 +
u41X4 +u51X5 +u61X6, X2 +u32X3 +u42X4 +u52X5 +u62X6}, which is an arbitrary subspace as in (1.8). In particular,
every ∆ as in (1.8) gives maximal dimension. The tangent cone of each of such polarizations has Lie algebra
isomorphic to N6,2,7, see page 190.

The asymptotic cone of the Lie group with Lie algebra N6,1,3 has Lie algebra isomorphic to N6,2,1, the
�rst-type �liform algebra of step 5, see page 179.

N6,1,4 non-strati�able

The following Lie algebra is denoted as N6,1,4 by Gong in [9], as L6,11 by de Graaf in [10], as (11) by Del Barco
in [2], and as G6,12 by Magnin in [20].

The non-trivial brackets are the following:

[X1, X2] = X3 , [X1, X3] = X4 ,
[X1, X4] = X6 , [X2, X3] = X6 , [X2, X5] = X6.

This is a nilpotent Lie algebra of rank 3 and step 4 that is positively gradable, yet not strati�able. The Lie
brackets can be pictured with the diagram:

X1

X2

X3 X5

X4

X6 .

The composition law (1.4) of N6,1,4 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5;
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1 + x2y3 − x3y2 + x2y5 − x5y2) + 1
12 (x1 − y1)(x1y3 − x3y1)

+ 1
12 (x2 − y2)(x1y2 − x2y1) − 1

24 x1y1(x1y2 − x2y1).



178 | Enrico Le Donne and Francesca Tripaldi

Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
− x22 x1

2 1 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0

0 0 0 0 1 0
− x1x3+x

2
2

12 − x4
2

x1x2
12 −

x3+x5
2

x2
2 + x21

12
x1
2

x2
2 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 −

( x1x3+x22
12 + x4

2
)
∂x6 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 +

( x1x2
12 −

x3+x5
2
)
∂x6 ;

• X3 = ∂x3 + x1
2 ∂x4 +

( x2
2 + x21

12
)
∂x6 ;

• X4 = ∂x4 + x1
2 ∂x6 ;

• X5 = ∂x5 + x2
2 ∂x6 ;

• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5;
• θ6 = dx6 − x2

2 dx5 − x1
2 dx4 +

( x21
6 −

x2
2
)
dx3 +

( x3+x5
2 + x1x2

6 − x31
24
)
dx2 +

( x4
2

− x22+x1x3
6 + x21x2

24
)
dx1 .

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
x2
2 − x12 1 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0

0 0 0 0 1 0
x4
2 −

x1x3+x22
12

x3+x5
2 + x1x2

12
x21
12 − x2

2 − x12 − x22 1


.

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N6,1,4 is not strati�able, but it is gradable as

Vi = span{Xi} , i = 1, 2, 4 ,
V3 = span{X3, X5} ,
V5 = span{X6} .

Every complementary subspace ∆ to the derived subalgebra is spanned by X1 + u31X3 + u41X4 + u61X6,
X2+u32X3+u42X4+u62X6, and X5+u35X3+u45X4+u65X6. Such a polarization givesmaximal Hausdor� dimension
if and only if u35 is either −1 or 0.
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We claim that every two polarizations with u35 = 0 di�er by an automorphism. Likewise, every two polar-
izations with u35 = −1 di�er by an automorphism. Indeed, when uji varies, the matrix

1 0 0 0 0 0
−u45 1 0 0 0 0
u31 u32 1 0 0 0
u41 u42 u32 1 u45 0
0 0 0 0 1 0
u61 u62 u42 − u31 − u45u32 u32 − u45 u65 1

 ,

is a Lie algebra automorphism and sends the complementary subspace

span{X1, X2, X5} (4.1)

to an arbitrary one with u35 = 0. Instead, when uji varies, the matrix

1 0 0 0 0 0
−u45 1 0 0 0 0
u31 u32 1 0 −1 0
u41 u42 u32 1 u45 −1
0 0 0 0 1 0
u61 u62 u42 − u31 − u45u32 u32 − u45 u65 u45

 ,

is a Lie algebra automorphism and sends the complementary subspace

span{X1, X2, X5 − X3} (4.2)

to an arbitrary one with u35 = −1 . These two maximal-dimension polarizations (4.1) and (4.2) are not biLips-
chitz equivalent since they have di�erent tangents: N6,3,3 and N6,2,6 respectively, see pages 203 and 189.

The asymptotic cone of the Lie group with Lie algebra N6,1,4 has Lie algebra isomorphic to N5,2,1 × R,
where N5,2,1 is the �liform algebra of step 4.

N6,2,1

The following Lie algebra is denoted as N6,2,1 by Gong in [9], as L6,18 by de Graaf in [10], as (3) by Del Barco
in [2], and as G6,16 by Magnin in [20].

The non-trivial brackets are the following:

[X1, Xi] = Xi+1 , 2 ≤ i ≤ 5 .

This is a nilpotent Lie algebra of rank 2 and step 5 that is strati�able, also known as the �liform Lie algebra
of �rst type of dimension 6, the second type is N6,2,2, see page 181. The Lie brackets can be pictured with the
diagram:

X1 X2

X3

X4

X5

X6 .
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The composition law (1.4) of N6,2,1 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x1y4 − x4y1) + 1

12 (x1 − y1)(x1y3 − x3y1) − 1
24 x1y1(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x1y5 − x5y1) + 1

12 (x1 − y1)(x1y4 − x4y1) − 1
24 x1y1(x1y3 − x3y1)

+ 1
720 (y31 − x31)(x1y2 − x2y1) + 1

180 (x1y21 − x21y1)(x1y2 − x2y1) .

Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
− x22 x1

2 1 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0

− x1x312 −
x4
2 0 x21

12
x1
2 1 0

− x1x412 −
x5
2 + x31x2

720 − x41
720 0 x21

12
x1
2 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 −

( x4
2 + x1x3

12
)
∂x5 +

( x31x2
720 −

x1x4
12 −

x5
2
)
∂x6 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 −

x41
720∂x6 ;

• X3 = ∂x3 + x1
2 ∂x4 +

x21
12∂x5 ;

• X4 = ∂x4 + x1
2 ∂x5 +

x21
12∂x6 ;

• X5 = ∂x5 + x1
2 ∂x6 ;

• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x1
2 dx4 +

x21
6 dx3 −

x31
24dx2 +

( x4
2 −

x1x3
6 + x21x2

24 )dx1;
• θ6 = dx6 − x1

2 dx5 +
x21
6 dx4 −

x31
24dx3 +

x41
120dx2 +

( x5
2 −

x1x4
6 + x21x3

24 −
x31x2
120
)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
x2
2 − x12 1 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0

x4
2 −

x1x3
12 0 x21

12 − x12 1 0
x5
2 −

x1x4
12 + x31x2

720 − x41
720 0 x21

12 − x12 1


.

N6,2,2

The following Lie algebra is denoted as N6,2,2 by Gong in [9], as L6,16 by de Graaf in [10], as (2) by Del Barco
in [2], and as G6,18 by Magnin in [20].
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The non-trivial brackets are the following:

[X1, Xi] = Xi+1 , 2 ≤ i ≤ 4 , [X2, X5] = X6 , [X3, X4] = −X6 .

This is a nilpotent Lie algebra of rank 2 and step 5 that is strati�able, also known as the �liform Lie algebra
of second type of dimension 6, the �rst type is N6,2,1, see page 179. The Lie brackets can be pictured with the
diagram:

X1 X2

X3

X4

X5

X6 .

The composition law (1.4) of N6,2,2 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x1y4 − x4y1) + 1

12 (x1 − y1)(x1y3 − x3y1) − 1
24 x1y1(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x2y5 − x5y2 + x4y3 − x3y4) + 1

12
(
x2 − y2)(x1y4 − x4y1)

+ 1
12 (y3 − x3)(x1y3 − x3y1) + 1

12 (x4 − y4)(x1y2 − x2y1) − 1
24 x1y2(x1y3 − x3y1)

+ 1
24 x1y3(x1y2 − x2y1) + 1

720 (y21y2 − x21x2)(x1y2 − x2y1) − 1
360 y1(x1y2 − x2y1)

2

+ 1
180 (x1y1y2 − x21y2)(x1y2 − x2y1) − 1

120 x1(x1y2 − x2y1)2.

Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
− x22 x1

2 1 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0

− x1x312 −
x4
2 0 x21

12
x1
2 1 0

x23−2x2x4
12 + x21x

2
2

720
x1x4
12 −

x5
2 −

x31x2
720

x4
2 −

x1x3
12

x1x2
12 −

x3
2

x2
2 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 −

( x4
2 + x1x3

12
)
∂x5 +

( x23−2x2x4
12 + x21x

2
2

720 )∂x6 ;
• X2 = ∂x2 + x1

2 ∂x3 +
x21
12∂x4 +

( x1x4
12 −

x5
2 −

x31x2
720
)
∂x6 ;

• X3 = ∂x3 + x1
2 ∂x4 +

x21
12∂x5 +

( x4
2 −

x1x3
12
)
∂x6 ;

• X4 = ∂x4 + x1
2 ∂x5 +

( x1x2
12 −

x3
2
)
∂x6 ;

• X5 = ∂x5 + x2
2 ∂x6 ;

• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.6) are:

• θ1 = dx1;
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• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x1
2 dx4 +

x21
6 dx3 −

x31
24dx2 +

( x4
2 −

x1x3
6 + x21x2

24 )dx1;
• θ6 = dx6 − x2

2 dx5 +
( x3
2 + x1x2

6
)
dx4 −

( x4
2 + x1x3

6 + x21x2
24
)
dx3 +

( x5
2 + x1x4

6 + x21x3
24

+ x31x2
120
)
dx2 +

( x23−2x2x4
6 − x21x

2
2

120
)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
x2
2 − x12 1 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0

x4
2 −

x1x3
12 0 x21

12 − x12 1 0
x23−2x2x4

12 + x21x
2
2

720
x5
2 + x1x4

12 −
x31x2
720 − x42 −

x1x3
12

x3
2 + x1x2

12 − x22 1


.

N6,2,3 non-strati�able

The following Lie algebra is denoted as N6,2,3 by Gong in [9], as L6,13 by de Graaf in [10], as (9) by Del Barco
in [2], and as G6,13 by Magnin in [20].

The non-trivial brackets are the following:

[X1, X2] = X4 , [X1, Xi] = Xi+1 , i = 4, 5 , [X2, X3] = X5 , [X3, X4] = −X6 .

This is a nilpotent Lie algebra of rank 3 and step 4 that is positively gradable, yet not strati�able. The Lie
brackets can be pictured with the diagram:

X1 X2

X4 X3

X5

X6 .

The composition law (1.4) of N6,2,3 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y4 − x4y1 + x2y3 − x3y2) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x1y5 − x5y1 + x4y3 − x3y4) + 1

12 (x1 − y1)(x1y4 − x4y1)
+ 1

12 (x1 − y1)(x2y3 − x3y2) + 1
12 (y3 − x3)(x1y2 − x2y1) − 1

24 x1y1(x1y2 − x2y1).
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Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
− x22 x1

2 0 1 0 0
− x42 − x1x2

12
x21
12 −

x3
2

x2
2

x1
2 1 0

x2x3−x1x4
12 − x5

2 − x1x36
x4
2 + x1x2

12
x21
12 −

x3
2

x1
2 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

( x4
2 + x1x2

12
)
∂x5 +

( x2x3−x1x4
12 − x5

2
)
∂x6 ;

• X2 = ∂x2 + x1
2 ∂x4 +

( x21
12 −

x3
2
)
∂x5 − x1x3

6 ∂x6 ;
• X3 = ∂x3 + x2

2 ∂x5 +
( x4
2 + x1x2

12
)
∂x6 ;

• X4 = ∂x4 + x1
2 ∂x5 +

( x21
12 −

x3
2
)
∂x6 ;

• X5 = ∂x5 + x1
2 ∂x6 ;

• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx4 − x2

2 dx3 +
( x3
2 + x21

6
)
dx2 +

( x4
2 − x1x2

6
)
dx1;

• θ6 = dx6 − x1
2 dx5 +

( x3
2 + x21

6
)
dx4 +

( x1x2
6 − x4

2
)
dx3 −

( x31
24 +

x1x3
3
)
dx2 +

( x5
2

+ x2x3−x1x4
6 + x21x2

24
)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
x2
2 − x12 0 1 0 0

x4
2 − x1x2

12
x21
12 +

x3
2 − x22 − x12 1 0

x2x3−x1x4
12 + x5

2 − x1x36
x1x2
12 −

x4
2

x21
12 +

x3
2 − x12 1


.

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N6,2,3 is not strati�able, but it is gradable as

V1 = span{X1, X2} ,
V2 = span{X3, X4} ,
V3 = span{X5} ,
V4 = span{X6} .

Every complementary subspace ∆ to the derived subalgebra is spanned by X1 + u41X4 + u51X5 + u61X6,
X2+u42X4+u52X5+u62X6, and X3+u43X4+u53X5+u63X6. Such a polarization givesmaximal Hausdor� dimension
if and only if u53 + u41 = 0. We claim that every two polarizations giving maximal Hausdor� dimension di�er
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by an automorphism. Indeed, when uji varies, the matrix

1 0 0 0 0 0
−u43 1 0 0 0 0
0 0 1 0 0 0
u41 u42 u43 1 0 0
u51 u52 −u41 u42 1 0
u61 u62 u63 u52 u42 1


is a Lie algebra automorphism and sends the complementary subspace span{X1, X2, X3} to span{X1−u43X2+
u41X4 +u51X5 +u61X6, X2 +u42X4 +u52X5 +u62X6, X3 +u43X4 −u41X5 +u63X6}, which is an arbitrary one of maximal
dimension. The tangent cone of each of such polarizations has Lie algebra isomorphic to N6,3,1, see page 199.

The asymptotic cone of the Lie group with Lie algebra N6,2,3 has Lie algebra isomorphic to N5,2,1 × R,
where N5,2,1 is the �liform algebra of step 4.

N6,2,4 non-strati�able

The following Lie algebra is denoted as N6,2,4 by Gong in [9], as L6,12 by de Graaf in [10], as (10) by Del Barco
in [2], and as G6,11 by Magnin in [20].

The non-trivial brackets are the following:

[X1, X2] = X3 , [X1, X3] = X4 , [X1, X4] = X6 , [X2, X5] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 4 that is positively gradable, yet not strati�able. The Lie
brackets can be pictured with the diagram:

X1 X2

X3

X4 X5

X6 .

The composition law (1.4) of N6,2,4 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5;
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1 + x2y5 − x5y2) + 1
12 (x1 − y1)(x1y3 − x3y1)

− 1
24 x1y1(x1y2 − x2y1).
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Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
− x22 x1

2 1 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0

0 0 0 0 1 0
− x1x312 −

x4
2 − x52

x21
12

x1
2

x2
2 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 −

( x1x3
12 + x4

2
)
∂x6 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 −

x5
2 ∂x6 ;

• X3 = ∂x3 + x1
2 ∂x4 +

x21
12∂x6 ;

• X4 = ∂x4 + x1
2 ∂x6 ;

• X5 = ∂x5 + x2
2 ∂x6 ;

• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5;
• θ6 = dx6 − x2

2 dx5 − x1
2 dx4 +

x21
6 dx3 +

( x5
2 −

x31
24
)
dx2 +

( x4
2 −

x1x3
6 + x21x2

24
)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
x2
2 − x12 1 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0

0 0 0 0 1 0
x4
2 −

x1x3
12

x5
2

x21
12 − x12 − x22 1


.

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N6,2,4 is not strati�able, but it is gradable as

V1 = span{X1, X2} ,
V2 = span{X3} ,
V3 = span{X4, X5} ,
V4 = span{X6} .

Every complementary subspace ∆ to the derived subalgebra is spanned by X1 + u31X3 + u41X4 + u61X6,
X2+u32X3+u42X4+u62X6, and X5+u35X3+u45X4+u65X6. Such a polarization givesmaximal Hausdor� dimension
if and only if u35 = 0. We claim that every two polarizations giving maximal Hausdor� dimension di�er by an
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automorphism. Indeed, when uji varies, the matrix

1 0 0 0 0 0
0 1 0 0 0 0
u31 u32 1 0 0 0
u41 u42 u32 1 u45 0
0 0 0 0 1 0
u61 u62 u42 u32 u65 1


is a Lie algebra automorphism and sends the complementary subspace span{X1, X2, X5} to span{X1+u31X3+
u41X4 + u61X6, X2 + u32X3 + u42X4 + u62X6, X5 + u45X4 + u65X6}, which is an arbitrary one of maximal dimension.
The tangent cone of each of such polarizations has Lie algebra isomorphic to N6,3,3, see page 203.

The asymptotic cone of the Lie group with Lie algebra N6,2,4 has Lie algebra isomorphic to N5,2,1 × R,
where N5,2,1 is the �liform algebra of step 4.

N6,2,5

The following Lie algebra is denoted as N6,2,5 by Gong in [9], as L6,21(−1) by de Graaf in [10], as (7) by Del
Barco in [2], and as G6,15 by Magnin [20].

The non-trivial brackets are the following:

[X1, Xi] = Xi+1 , i = 2, 3, 5 , [X2, Xj] = Xj+2 , j = 3, 4 .

This is a nilpotent Lie algebra of rank 2 and step 4 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2

X3

X4 X5

X6 .

The composition law (1.4) of N6,2,5 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x2y3 − x3y2) + 1

12 (x2 − y2)(x1y2 − x2y1);
• z6 = x6 + y6 + 1

2 (x1y5 − x5y1 + x2y4 − x4y2) + 1
12 (x1 − y1)(x2y3 − x3y2)

+ 1
12 (x2 − y2)(x1y3 − x3y1) − 1

24 (x1y2 + x2y1)(x1y2 − x2y1).
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Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
− x22 x1

2 1 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0

− x
2
2

12
x1x2
12 −

x3
2

x2
2 0 1 0

− x2x312 −
x5
2 − x42 −

x1x3
12

x1x2
6

x2
2

x1
2 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 − x22

12∂x5 −
( x2x3

12 + x5
2
)
∂x6 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 +

( x1x2
12 −

x3
2
)
∂x5 −

( x4
2 + x1x3

12
)
∂x6 ;

• X3 = ∂x3 + x1
2 ∂x4 + x2

2 ∂x5 + x1x2
6 ∂x6 ;

• X4 = ∂x4 + x2
2 ∂x6 ;

• X5 = ∂x5 + x1
2 ∂x6 ;

• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x2
2 dx3 +

( x3
2 + x1x2

6
)
dx2 − x22

6 dx1;
• θ6 = dx6 − x1

2 dx5 − x2
2 dx4 + x1x2

3 dx3 +
( x4
2 −

x1x3
6 − x21x2

12
)
dx2 +

( x5
2 −

x2x3
6 + x1x22

12
)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
x2
2 − x12 1 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0

− x
2
2

12
x3
2 + x1x2

12 − x22 0 1 0
x5
2 −

x2x3
12

x4
2 −

x1x3
12

x1x2
6 − x22 − x12 1


.

N6,2,5 a

The following Lie algebra is denoted as N6,2,5 a by Gong in [9], as L6,21(1) by de Graaf in [10], as (8) by Del
Barco in [2], and as G6,15 by Magnin in [20].

The non-trivial brackets are the following:

[X1, Xi] = Xi+1 , i = 2, 3 , [X2, X3] = X5 , [X1, X4] = −X6 , [X2, X5] = −X6 .

This is a nilpotent Lie algebra of rank 2 and step 4 that is strati�able. The Lie brackets can be pictured with
the diagram:
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X1 X2

X3

X4 X5

X6 .

The composition law (1.4) of N6,2,5 a is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x2y3 − x3y2) + 1

12 (x2 − y2)(x1y2 − x2y1);
• z6 = x6 + y6 + 1

2 (x4y1 − x1y4 + x5y2 − x2y5) + 1
12 (y1 − x1)(x1y3 − x3y1)

+ 1
12 (y2 − x2)(x2y3 − x3y2) + 1

24 (x1y1 + x2y2)(x1y2 − x2y1).

Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
− x22 x1

2 1 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0

− x
2
2

12
x1x2
12 −

x3
2

x2
2 0 1 0

x1x3
12 + x4

2
x5
2 + x2x3

12 − x
2
1+x22
12 − x12 − x22 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 − x22

12∂x5 +
( x1x3

12 + x4
2
)
∂x6 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 +

( x1x2
12 −

x3
2
)
∂x5 +

( x5
2 + x2x3

12
)
∂x6 ;

• X3 = ∂x3 + x1
2 ∂x4 + x2

2 ∂x5 −
x21+x22
12 ∂x6 ;

• X4 = ∂x4 − x1
2 ∂x6 ;

• X5 = ∂x5 − x2
2 ∂x6 ;

• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x2
2 dx3 +

( x3
2 + x1x2

6
)
dx2 − x22

6 dx1;
• θ6 = dx6 + x2

2 dx5 + x1
2 dx4 −

x21+x22
6 dx3 +

( x2x3
6 − x5

2 + x31+x1x22
24

)
dx2 −

( x4
2 −

x1x3
6

+ x21x2+x32
24

)
dx1.
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Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
x2
2 − x12 1 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0

− x
2
2

12
x1x2
12 + x3

2 − x22 0 1 0
x1x3
12 −

x4
2

x2x3
12 −

x5
2 − x

2
1+x22
12

x1
2

x2
2 1


.

N6,2,6

The following Lie algebra is denoted as N6,2,6 by Gong in [9], as L6,20 by de Graaf in [10], as (14) by Del Barco
in [2], and as G6,10 by Magnin in [20].

The non-trivial brackets are the following:

[X1, X2] = X4 , [X1, X3] = X5 , [X1, X4] = X6 , [X3, X5] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X3

X4 X5

X6 .

The composition law (1.4) of N6,2,6 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1 + x3y5 − x5y3) + 1
12 (x1 − y1)(x1y2 − x2y1)

+ 1
12 (x3 − y3)(x1y3 − x3y1).

Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
− x22 x1

2 0 1 0 0
− x32 0 x1

2 0 1 0
− x1x2+x

2
3

12 − x4
2

x21
12

x1x3
12 −

x5
2

x1
2

x3
2 1

 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

( x1x2+x23
12 + x4

2
)
∂x6 ;

• X2 = ∂x2 + x1
2 ∂x4 +

x21
12∂x6 ;

• X3 = ∂x3 + x1
2 ∂x5 +

( x1x3
12 −

x5
2
)
∂x6 ;
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• X4 = ∂x4 + x1
2 ∂x6 ;

• X5 = ∂x5 + x3
2 ∂x6 ;

• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x3
2 dx5 − x1

2 dx4 +
( x5
2 + x1x3

6
)
dx3 + x21

6 dx2 +
( x4
2 −

x33+x1x2
6

)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
x2
2 − x12 0 1 0 0
x3
2 0 − x12 0 1 0

x4
2 −

x1x2+x23
12

x21
12

x1x3
12 + x5

2 − x12 − x32 1

 .

N6,2,7

The following Lie algebra is denoted as N6,2,7 by Gong in [9], as L6,21(0) by de Graaf in [10], as (6) by Del Barco
in [2], and as G6,14 by Magnin in [20].

The non-trivial brackets are the following:

[X1, Xi] = Xi+1 , i = 2, 3, 4 , [X2, X3] = X6 .

This is a nilpotent Lie algebra of rank 2 and step 4 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2

X3

X4 X6

X5 .

The composition law (1.4) of N6,2,7 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x1y4 − x4y1) + 1

12 (x1 − y1)(x1y3 − x3y1) − 1
24 x1y1(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x2y3 − x3y2) + 1

12 (x2 − y2)(x1y2 − x2y1).
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Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
− x22 x1

2 1 0 0 0
− x32 − x1x2

12
x21
12

x1
2 1 0 0

− x42 −
x1x3
12 0 x21

12
x1
2 1 0

− x
2
2

12
x1x2
12 −

x3
2

x2
2 0 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 −

( x1x3
12 + x4

2
)
∂x5 − x22

12∂x6 ;
• X2 = ∂x2 + x1

2 ∂x3 +
x21
12∂x4 +

( x1x2
12 −

x3
2
)
∂x6 ;

• X3 = ∂x3 + x1
2 ∂x4 +

x21
12∂x5 + x2

2 ∂x6 ;
• X4 = ∂x4 + x1

2 ∂x5 ;
• X5 = ∂x5 ;
• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x1
2 dx4 +

x21
6 dx3 −

x31
24dx2 +

( x4
2 −

x1x3
6 + x21x2

24
)
dx1;

• θ6 = dx6 − x2
2 dx3 +

( x3
2 + x1x2

6
)
dx2 − x22

6 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
x2
2 − x12 1 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0

x4
2 −

x1x3
12 0 x21

12 − x12 1 0
− x

2
2

12
x1x2
12 + x3

2 − x22 0 0 1


.

N6,2,8 non-strati�able

The following Lie algebra is denoted as N6,2,8 by Gong in [9], as L6,23 by de Graaf in [10], as (21) by Del Barco
in [2], and as G6,7 by Magnin in [20].

The non-trivial brackets are the following:

[X1, X2] = X3 , [X1, X3] = X5 , [X1, X4] = X6 , [X2, X4] = X5 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is positively gradable, yet not strati�able. The Lie
brackets can be pictured with the diagram:

X1 X2

X3 X4

X5 X6 .
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The composition law (1.4) of N6,2,8 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1 + x2y4 − x4y2) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x1y4 − x4y1).

Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
− x22 x1

2 1 0 0 0
0 0 0 1 0 0

− x32 − x1x2
12

x21
12 −

x4
2

x1
2

x2
2 1 0

− x42 0 0 x1
2 0 1

 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x5 − x4

2 ∂x6 ;
• X2 = ∂x2 + x1

2 ∂x3 +
( x21
12 −

x4
2
)
∂x5 ;

• X3 = ∂x3 + x1
2 ∂x5 ;

• X4 = ∂x4 + x2
2 ∂x5 + x1

2 ∂x6 ;
• X5 = ∂x5 ;
• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4;
• θ5 = dx5 − x2

2 dx4 − x1
2 dx3 +

( x4
2 + x21

6
)
dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ6 = dx6 − x1
2 dx4 +

x4
2 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
x2
2 − x12 1 0 0 0
0 0 0 1 0 0

x3
2 − x1x2

12
x21
12 +

x4
2 − x12 − x22 1 0

x4
2 0 0 − x12 0 1

 .

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N6,2,8 is not strati�able, but it is gradable as

V1 = span{X1, X2} ,
V2 = span{X3, X4} ,
V3 = span{X5, X6} .
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Every complementary subspace ∆ to the derived subalgebra is spanned by X1 + u31X3 + u51X5 + u61X6,
X2 + u32X3 + u52X5 + u62X6, and X4 + u34X3 + u54X5 + u64X6.

We claim that in this Lie algebra every two complementary subspaces to the derived subalgebra as in (1.8)
di�er by an automorphism. Indeed, when uji varies, the matrix

1 0 0 0 0 0
0 1 0 0 0 0
u31 u32 1 u34 0 0
0 0 0 1 0 0
u51 u52 u32 u54 1 u34
u61 u62 0 u64 0 1


sends the complementary subspace span{X1, X2, X4} to span{X1 + u31X3 + u51X5 + u61X6, X2 + u32X3 + u52X5 +
u62X6, X4 + u34X3 + u54X5 + u64X6}, which is an arbitrary one. In particular, every ∆ as in (1.8) gives maximal
dimension. The tangent cone of each of such polarizations has Lie algebra isomorphic to N6,3,6, see page 206.

The asymptotic cone of the Lie group with Lie algebra N6,2,8 has Lie algebra isomorphic to N6,3,4, see
page 204.

N6,2,9 non-strati�able

The following Lie algebra is denoted as N6,2,9 by Gong in [9], as L6,24(1) by de Graaf in [10], as (20) by Del
Barco in [2], and as G6,5 by Magnin in [20].

The non-trivial brackets are the following:

[X1, X2] = X3 , [X1, X3] = X5 , [X2, X3] = X6 , [X2, X4] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is positively gradable, yet not strati�able. The Lie
brackets can be pictured with the diagram:

X1 X2

X3 X4

X5 X6 .

The composition law (1.4) of N6,2,9 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x2y3 − x3y2 + x2y4 − x4y2) + 1

12 (x2 − y2)(x1y2 − x2y1).

Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
− x22 x1

2 1 0 0 0
0 0 0 1 0 0

− x1x212 −
x3
2

x21
12

x1
2 0 1 0

− x
2
2

12
x1x2
12 −

x3+x4
2

x2
2

x2
2 0 1


,
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the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x5 − x22

12∂x6 ;
• X2 = ∂x2 + x1

2 ∂x3 +
x21
12∂x5 +

( x1x2
12 −

x3+x4
2
)
∂x6 ;

• X3 = ∂x3 + x1
2 ∂x5 + x2

2 ∂x6 ;
• X4 = ∂x4 + x2

2 ∂x6 ;
• X5 = ∂x5 ;
• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4;
• θ5 = dx5 − x1

2 dx3 +
x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ6 = dx6 − x2
2 dx4 − x2

2 dx3 +
( x3+x4

2 + x1x2
6
)
dx2 − x22

6 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
x2
2 − x12 1 0 0 0
0 0 0 1 0 0

x3
2 − x1x2

12
x21
12 − x12 0 1 0

− x
2
2

12
x1x2
12 + x3+x4

2 − x22 − x22 0 1


.

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N6,2,9 is not strati�able, but it is gradable as

V1 = span{X1, X2} ,
V2 = span{X3, X4} ,
V3 = span{X5, X6} .

Every complementary subspace ∆ to the derived subalgebra is spanned by X1 + u31X3 + u51X5 + u61X6,
X2+u32X3+u52X5+u62X6, and X4+u34X3+u54X5+u64X6. Such a polarization givesmaximal Hausdor� dimension
if and only if u34 is either −1 or 0. We claim that every two polarizations giving maximal Hausdor� dimension
di�er by an automorphism. Indeed, when uji varies, if we take u34 = 0 the matrix

1 0 0 0 0 0
0 1 0 0 0 0
u31 u32 1 0 0 0
0 0 0 1 0 0
u51 u52 u32 u54 1 0
u61 u62 −u31 u64 0 1

 ,

possibly composed with the block diagonal matrixñ
0 1
1 0

ô
⊕
ñ
−1 −1
0 1

ô
⊕
ñ

0 −1
−1 0

ô
,



A Cornucopia of Carnot Groups in Low Dimensions | 195

is a Lie algebra automorphism and sends the complementary subspace span{X1, X2, X4} to span{X1+u31X3+
u51X5 + u61X6, X2 + u32X3 + u52X5 + u62X6, X4 + u54X5 + u64X6}, which is an arbitrary one of maximal dimension.

If instead we take u34 = −1, as u
j
i varies, the matrix

1 0 0 0 0 0
0 1 0 0 0 0
u31 u32 1 −1 0 0
0 0 0 1 0 0
u51 u52 u32 u54 −1 0
u61 u62 −u31 u64 0 1

 ,

possibly composed with the block diagonal matrixñ
0 1
1 0

ô
⊕
ñ
−1 −1
0 1

ô
⊕
ñ

0 −1
−1 0

ô
,

is a Lie algebra automorphism and sends the complementary subspace span{X1, X2, X4} to span{X1+u31X3+
u51X5+u61X6, X2+u32X3+u52X5+u62X6, X4−X3+u54X5+u64X6}, which is an arbitrary one ofmaximal dimension.
The tangent cone of each of such polarizations has Lie algebra isomorphic to N6,3,3, see page 203.

One should also be aware that Aut(N6,2,9) has two connected components (see [9] on page 35).
The asymptotic cone of the Lie group with Lie algebra N6,2,9 has Lie algebra isomorphic to N5,2,3 × R,

where N5,2,3 is the free nilpotent Lie algebra of step 3 and 2 generators.

N6,2,9 a non-strati�able

The following Lie algebra is denoted as N6,2,9 a by Gong in [9], as L6,24(−1) by de Graaf in [10], as (18) by Del
Barco in [2], and as G6,5 by Magnin in [20].

The non-trivial brackets are the following:

[X1, X2] = X3 , [X1, X3] = X5 ,
[X2, X3] = −X6 , [X2, X4] = X5 , [X1, X4] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is positively gradable, yet not strati�able. The Lie
brackets can be pictured with the diagram:

X1 X2

X3 X4

X5 X6 .

The composition law (1.4) of N6,2,9 a is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1 + x2y4 − x4y2) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x1y4 − x4y1 − x2y3 + x3y2) + 1

12 (y2 − x2)(x1y2 − x2y1).
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Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
− x22 x1

2 1 0 0 0
0 0 0 1 0 0

− x1x212 −
x3
2

x21
12 −

x4
2

x1
2

x2
2 1 0

x22
12 −

x4
2

x3
2 − x1x2

12 − x22 x1
2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x5 +

( x22
12 −

x4
2
)
∂x6 ;

• X2 = ∂x2 + x1
2 ∂x3 +

( x21
12 −

x4
2
)
∂x5 +

( x3
2 − x1x2

12
)
∂x6 ;

• X3 = ∂x3 + x1
2 ∂x5 − x2

2 ∂x6 ;
• X4 = ∂x4 + x2

2 ∂x5 + x1
2 ∂x6 ;

• X5 = ∂x5 ;
• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4;
• θ5 = dx5 − x2

2 dx4 − x1
2 dx3 +

( x21
6 + x4

2
)
dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ6 = dx6 − x1
2 dx4 + x2

2 dx3 −
( x3
2 + x1x2

6
)
dx2 +

( x4
2 + x22

6
)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
x2
2 − x12 1 0 0 0
0 0 0 1 0 0

x3
2 − x1x2

12
x21
12 +

x4
2 − x12 − x22 1 0

x22
12 +

x4
2 − x32 − x1x2

12
x2
2 − x12 0 1


.

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N6,2,9 a is not strati�able, but it is gradable as

V1 = span{X1, X2} ,
V2 = span{X3, X4} ,
V3 = span{X5, X6} .

Every complementary subspace ∆ to the derived subalgebra is spanned by X1 + u31X3 + u51X5 + u61X6,
X2+u32X3+u52X5+u62X6, and X4+u34X3+u54X5+u64X6.We claim that in this Lie algebra every two complementary
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subspaces to the derived subalgebra as in (1.8) di�er by an automoprhism. Indeed, when uji varies, thematrix

1 0 0 0 0 0
0 1 0 0 0 0
u31 u32 1 u34 0 0
0 0 0 1 0 0
u51 u52 u32 u54 1 u34
u61 u62 u31 u64 −u34 1

 ,

is a Lie algebra automorphism and sends the complementary subspace span{X1, X2, X4} to span{X1+u31X3+
u51X5+u61X6, X2+u32X3+u52X5+u62X6, X4+u34X3+u54X5+u64X6},which is anarbitrary oneofmaximal dimension.
In particular, every ∆ as in (1.8) givesmaximal dimension. The tangent cone of each of such polarizations has
Lie algebra isomorphic to N6,3,6, see page 206.

The asymptotic cone of the Lie group with Lie algebra N6,2,9 a has Lie algebra isomorphic to N5,2,3 × R,
where N5,2,3 is the free nilpotent Lie algebra of step 3 and 2 generators.

N6,2,10 non-strati�able

The following Lie algebra is denoted as N6,2,10 by Gong in [9], as L6,24(0) by de Graaf in [10], as (19) by Del
Barco in [2], and as G6,8 by Magnin in [20].

The non-trivial brackets are the following:

[X1, X2] = X3 , [X1, X3] = X5 , [X2, X3] = X6 , [X2, X4] = X5 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is positively gradable, yet not strati�able. The Lie
brackets can be pictured with the diagram:

X1 X2

X3 X4

X5 X6 .

The composition law (1.4) of N6,2,10 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1 + x2y4 − x4y2) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x2y3 − x3y2) + 1

12 (x2 − y2)(x1y2 − x2y1).

Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
− x22 x1

2 1 0 0 0
0 0 0 1 0 0

− x1x212 −
x3
2

x21
12 −

x4
2

x1
2

x2
2 1 0

− x
2
2

12
x1x2
12 −

x3
2

x2
2 0 0 1


,
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the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x5 − x22

12∂x6 ;
• X2 = ∂x2 + x1

2 ∂x3 +
( x21
12 −

x4
2
)
∂x5 +

( x1x2
12 −

x3
2
)
∂x6 ;

• X3 = ∂x3 + x1
2 ∂x5 + x2

2 ∂x6 ;
• X4 = ∂x4 + x2

2 ∂x5 ;
• X5 = ∂x5 ;
• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4;
• θ5 = dx5 − x2

2 dx4 − x1
2 dx3 +

( x21
6 + x4

2
)
dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ6 = dx6 − x2
2 dx3 +

( x3
2 + x1x2

6
)
dx2 − x22

6 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
x2
2 − x12 1 0 0 0
0 0 0 1 0 0

x3
2 − x1x2

12
x21
12 +

x4
2 − x12 − x22 1 0

− x
2
2

12
x1x2
12 + x3

2 − x22 0 0 1


.

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N6,2,10 is not strati�able, but it is gradable as

V1 = span{X1, X2} ,
V2 = span{X3, X4} ,
V3 = span{X5, X6} .

Every complementary subspace ∆ to the derived subalgebra is spanned by X1 + u31X3 + u51X5 + u61X6,
X2+u32X3+u52X5+u62X6, and X4+u34X3+u54X5+u64X6. Such a polarization givesmaximal Hausdor� dimension
if and only if u34 = 0. We claim that every two polarizations giving maximal Hausdor� dimension di�er by an
automorphism. Indeed, when uji varies, the matrix

1 0 0 0 0 0
0 1 0 0 0 0
u31 u32 1 0 0 0
0 0 0 1 0 0
u51 u52 u32 u54 1 0
u61 u62 −u31 u64 0 1


is a Lie algebra automorphism and sends the complementary subspace span{X1, X2, X4} to span{X1+u31X3+
u51X5 + u61X6, X2 + u32X3 + u52X5 + u62X6, X4 + u54X4 + u64X6}, which is an arbitrary one of maximal dimension.
The tangent cone of each of such polarizations has Lie algebra isomorphic to N6,3,4, see page 204.

The asymptotic cone of the Lie group with Lie algebra N6,2,10 has Lie algebra isomorphic to N5,2,3 × R,
where N5,2,3 is the free nilpotent Lie algebra of step 3 and 2 generators.
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N6,3,1

The following Lie algebra is denoted as N6,3,1 by Gong in [9], as L6,19(−1) by de Graaf in [10], as (15) by Del
Barco in [2], and as G6,9 by Magnin in [20].

The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , i = 2, 3 , [X2, X5] = [X3, X4] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X3 X1 X2

X5 X4

X6 .

The composition law (1.4) of N6,3,1 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x2y5 − x5y2 + x3y4 − x4y3) + 1
12 (x3 − y3)(x1y2 − x2y1)

+ 1
12 (x2 − y2)(x1y3 − x3y1).

Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
− x22 x1

2 0 1 0 0
− x32 0 x1

2 0 1 0
− x2x36

x1x3
12 −

x5
2

x1x2
12 −

x4
2

x3
2

x2
2 1

 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

x2x3
6 ∂x6 ;

• X2 = ∂x2 + x1
2 ∂x4 +

( x1x3
12 −

x5
2
)
∂x6 ;

• X3 = ∂x3 + x1
2 ∂x5 +

( x1x2
12 −

x4
2
)
∂x6 ;

• X4 = ∂x4 + x3
2 ∂x6 ;

• X5 = ∂x5 + x2
2 ∂x6 ;

• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;
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• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x2
2 dx5 −

x3
2 dx4 +

( x4
2 + x1x2

6
)
dx3 +

( x5
2 + x1x3

6
)
dx2 − x2x3

3 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
x2
2 − x12 0 1 0 0
x3
2 0 − x12 0 1 0

− x2x36
x1x3
12 + x5

2
x1x2
12 + x4

2 − x32 − x22 1

 .

N6,3,1 a

The following Lie algebra is denoted as N6,3,1 a by Gong in [9], as L6,19(1) by de Graaf in [10], as (16) by Del
Barco in [2], and as G6,9 by Magnin in [20].

The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , i = 2, 3 , [X2, X4] = [X3, X5] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X3 X1 X2

X5 X4

X6 .

The composition law (1.4) of N6,3,1 a is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x2y4 − x4y2 + x3y5 − x5y3) + 1
12 (x2 − y2)(x1y2 − x2y1)

+ 1
12 (x3 − y3)(x1y3 − x3y1).

Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
− x22 x1

2 0 1 0 0
− x32 0 x1

2 0 1 0
− x

2
2+x23
12

x1x2
12 −

x4
2

x1x3
12 −

x5
2

x2
2

x3
2 1

 ,

the induced left-invariant vector �elds (1.6) are:
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• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

x22+x23
12 ∂x6 ;

• X2 = ∂x2 + x1
2 ∂x4 +

( x1x2
12 −

x4
2
)
∂x6 ;

• X3 = ∂x3 + x1
2 ∂x5 +

( x1x3
12 −

x5
2
)
∂x6 ;

• X4 = ∂x4 + x2
2 ∂x6 ;

• X5 = ∂x5 + x3
2 ∂x6 ;

• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x3
2 dx5 − x2

2 dx4 +
( x5
2 + x1x3

6
)
dx3 +

( x4
2 + x1x2

6
)
dx2 − x22+x23

6 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
x2
2 − x12 0 1 0 0
x3
2 0 − x12 0 1 0

− x
2
2+x23
12

x1x2
12 + x4

2
x1x3
12 + x5

2 − x22 − x32 1

 .

N6,3,2 non-strati�able

The following Lie algebra is denoted as N6,3,2 by Gong in [9], as L6,10 by de Graaf in [10], as (25) by Del Barco
in [2], and as G6,2 by Magnin in [20].

The non-trivial brackets are the following:

[X1, X2] = X3 , [X1, X3] = X6 , [X4, X5] = X6 .

This is a nilpotent Lie algebra of rank 4 and step 3 that is positively gradable, yet not strati�able. The Lie
brackets can be pictured with the diagram:

X1 X2 X4

X3 X5

X6 .

The composition law (1.4) of N6,3,2 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4;
• z5 = x5 + y5;
• z6 = x6 + y6 + 1

2 (x1y3 − x3y1 + x4y5 − x5y4) + 1
12 (x1 − y1)(x1y2 − x2y1).
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Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
− x22 x1

2 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

− x1x212 −
x3
2

x21
12

x1
2 − x52

x4
2 1

 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x1x2
12 + x3

2
)
∂x6 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x6 ;

• X3 = ∂x3 + x1
2 ∂x6 ;

• X4 = ∂x4 − x5
2 ∂x6 ;

• X5 = ∂x5 + x4
2 ∂x6 ;

• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4;
• θ5 = dx5;
• θ6 = dx6 − x4

2 dx5 +
x5
2 dx4 − x1

2 dx3 +
x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
x2
2 − x12 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

x3
2 − x1x2

12
x21
12 − x12

x5
2 − x42 1

 .

Grading, polarizations of maximal dimension, and asymptotic cone

The Lie algebra N6,3,2 is a not strati�able, but it is gradable as

V1 = span{X1, X2, X4} ,
V2 = span{X3, X5} ,
V3 = span{X6} .

Every complementary subspace ∆ to the derived subalgebra is spanned by X1 + u31X3 + u61X6, X2 + u32X3 +
u62X6,X4+u34X3+u64X6, andX5+u35X3+u65X6.We claim that every twopolarizationsdi�er by anautomorphism.
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Indeed, when uji varies, the matrix 

1 0 0 0 0 0
0 1 0 0 0 0
u31 u32 1 u34 u35 0
−u35 0 0 1 0 0
u34 0 0 0 1 0
u61 u62 u32 u64 u65 1


is a Lie algebra automorphism and sends the complementary subspace X1, X2, X4, X5} to span{X1 + u31X3 −
u35X4 + u34X5 + u61X6, X2 + u32X3 + u62X6, X4 + u34X3 + u64X6, X5 + u35X3 + u65X6}, which is an arbitrary one of
maximal dimension. The tangent cone of each of such polarizations has Lie algebra isomorphic to N3,2×N3,2,
where N3,2 is the �rst Heisenberg algebra.

The asymptotic cone of the Lie group with Lie algebra N6,3,2 has Lie algebra isomorphic to N4,2 × R2,
where N4,2 is the �liform algebra of step 3.

N6,3,3

The following Lie algebra is denoted as N6,3,3 by Gong in [9], as L6,19(0) by de Graaf in [10], as (22) by Del
Barco in [2], and as G6,4 by Magnin in [20].

The non-trivial brackets are the following:

[X1, X2] = X3 , [X1, X4] = X6 , [X2, X3] = X5 .

This is a nilpotent Lie algebra of rank 3 and step 3. The Lie brackets can be pictured with the diagram:

X4 X1 X2

X6 X3

X5 .

The composition law (1.4) of N6,3,3 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x2y3 − x3y2) + 1
12 (x2 − y2)(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x1y4 − x4y1).

Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
− x22 x1

2 1 0 0 0
0 0 0 1 0 0
− x

2
2

12
x1x2
12 −

x3
2

x2
2 0 1 0

− x42 0 0 x1
2 0 1

 ,

the induced left-invariant vector �elds (1.6) are:
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• X1 = ∂x1 − x2
2 ∂x3 −

x22
12∂x5 −

x4
2 ∂x6 ;

• X2 = ∂x2 + x1
2 ∂x3 +

( x1x2
12 −

x3
2
)
∂x5 ;

• X3 = ∂x3 + x2
2 ∂x5 ;

• X4 = ∂x4 + x1
2 ∂x6 ;

• X5 = ∂x5 ;
• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4;
• θ5 = dx5 − x2

2 dx3 +
( x3
2 + x1x2

6
)
dx2 − x22

6 dx1;
• θ6 = dx6 − x1

2 dx4 +
x4
2 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
x2
2 − x12 1 0 0 0
0 0 0 1 0 0
− x

2
2

12
x1x2
12 + x3

2 − x22 0 1 0
x4
2 0 0 − x12 0 1

 .

N6,3,4

The following Lie algebra is denoted as N6,3,4 by Gong in [9], as L6,25 by de Graaf in [10], as (23) by Del Barco
in [2], and as G6,6 by Magnin in [20].

The non-trivial brackets are the following:

[X1, X2] = X3 , [X2, X3] = X5 , [X2, X4] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X4

X3 X6

X5 .

The composition law (1.4) of N6,3,4 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x2y3 − x3y2) + 1
12 (x2 − y2)(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x2y4 − x4y2).
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Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
− x22 x1

2 1 0 0 0
0 0 0 1 0 0
− x

2
2

12
x1x2
12 −

x3
2

x2
2 0 1 0

0 − x42 0 x2
2 0 1

 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

x22
12∂x5 ;

• X2 = ∂x2 + x1
2 ∂x3 +

( x1x2
12 −

x3
2
)
∂x5 − x4

2 ∂x6 ;
• X3 = ∂x3 + x2

2 ∂x5 ;
• X4 = ∂x4 + x2

2 ∂x6 ;
• X5 = ∂x5 ;
• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4;
• θ5 = dx5 − x2

2 dx3 +
( x3
2 + x1x2

6
)
dx2 − x22

6 dx1;
• θ6 = dx6 − x2

2 dx4 +
x4
2 dx2.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
x2
2 − x12 1 0 0 0
0 0 0 1 0 0
− x

2
2

12
x1x2
12 + x3

2 − x22 0 1 0
0 x4

2 0 − x22 0 1

 .

N6,3,5

The following Lie algebra is denoted as N6,3,5 by Gong in [9], as L6,22(0) by de Graaf in [10], as (29) by Del
Barco in [2], and as G6,1 by Magnin in [20].

The non-trivial brackets are the following:

[X1, X2] = X5 , [X1, X4] = X6 , [X2, X3] = X6 .

This is a nilpotent Lie algebra of rank 4 and step 2 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X3 X4

X5 X6 .

The composition law (1.4) of N6,3,5 is given by:
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• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x1y2 − x2y1);
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1 + x2y3 − x3y2).

Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
− x22 x1

2 0 0 1 0
− x42 − x32 x2

2
x1
2 0 1

 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x5 −

x4
2 ∂x6 ;

• X2 = ∂x2 + x1
2 ∂x5 −

x3
2 ∂x6 ;

• X3 = ∂x3 + x2
2 ∂x6 ;

• X4 = ∂x4 + x1
2 ∂x6 ;

• X5 = ∂x5 ;
• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4;
• θ5 = dx5 − x1

2 dx2 + x2
2 dx1;

• θ6 = dx6 − x1
2 dx4 − x2

2 dx3 +
x3
2 dx2 +

x4
2 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
x2
2 − x12 0 0 1 0
x4
2

x3
2 − x22 − x12 0 1

 .

N6,3,6

The following Lie algebra is denoted as N6,3,6 by Gong in [9], as L6,26 by de Graaf in [10], as (24) by Del Barco
in [2], and as G6,3 by Magnin in [20].

The non-trivial brackets are the following:

[X1, X2] = X4 , [X1, X3] = X5 , [X2, X3] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 2 that is strati�able, also known as the free Lie algebra of
step 2 and 3 generators. The Lie brackets can be pictured with the diagram:
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X1 X2 X3

X4 X6 X5 .

The composition law (1.4) of N6,3,6 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x2y3 − x3y2).

Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
− x22 x1

2 0 1 0 0
− x32 0 x1

2 0 1 0
0 − x32 x2

2 0 0 1

 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 ;

• X2 = ∂x2 + x1
2 ∂x4 −

x3
2 ∂x6 ;

• X3 = ∂x3 + x1
2 ∂x5 + x2

2 ∂x6 ;
• X4 = ∂x4 ;
• X5 = ∂x5 ;
• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x2
2 dx3 +

x3
2 dx2.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
x2
2 − x12 0 1 0 0
x3
2 0 − x12 0 1 0
0 x3

2 − x22 0 0 1

 .

N6,4,4 a

The following Lie algebra is denoted as N6,4,4 a by Gong in [9], as L6,22(−1) by de Graaf in [10], and as (28) by
Del Barco in [2]. As a complex Lie algebra, N6,4,4 a is equivalent to the decomposable Lie algebra N3,2 × N3,2,
which is why this Lie algebra is not contained in the list produced by Magnin [20].
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The non-trivial brackets are the following:

[X1, X3] = X5 , [X1, X4] = X6 , [X2, X4] = X5 , [X2, X3] = −X6 .

This is a nilpotent Lie algebra rank 4 and step 2 that is strati�able. The Lie brackets can be pictured with the
diagram:

X1 X3 X2 X4

X5 X6 .

The composition law (1.4) of N6,4,4 a is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1 + x2y4 − x4y2);
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1 − x2y3 + x3y2).

Since

d(Lx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
− x32 − x42 x1

2
x2
2 1 0

− x42
x3
2 − x22 x1

2 0 1

 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x3
2 ∂x5 −

x4
2 ∂x6 ;

• X2 = ∂x2 − x4
2 ∂x5 +

x3
2 ∂x6 ;

• X3 = ∂x3 + x1
2 ∂x5 − x2

2 ∂x6 ;
• X4 = ∂x4 + x2

2 ∂x5 + x1
2 ∂x6 ;

• X5 = ∂x5 ;
• X6 = ∂x6 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4;
• θ5 = dx5 − x2

2 dx4 − x1
2 dx3 +

x4
2 dx2 +

x3
2 dx1;

• θ6 = dx6 − x1
2 dx4 + x2

2 dx3 −
x3
2 dx2 +

x4
2 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
x3
2

x4
2 − x12 − x22 1 0

x4
2 − x32 x2

2 − x12 0 1

 .
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5 7D indecomposable Carnot nilpotent Lie algebras

The indecomposable Carnot Lie algebras in dimension 7 are uncountable. They can be subdivided into 45
examples plus two families whose expressions depend on a real parameter λ. These two families are denoted
as (147E) and (147E1). In dimension 7 there are also uncountable non-strati�able indecomposable nilpotent
Lie algebras, and not all of them are gradable. For the complete list we refer to [9].

(37A)

The following Lie algebra is denoted as (37A) by Gong in [9], and as G7,4,2 by Magnin in [20].
The non-trivial brackets are the following:

[X1, X2] = X5 , [X2, X3] = X6 , [X2, X4] = X7 .

This is a nilpotent Lie algebra of rank 4 and step 2 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X3 X4

X5 X6 X7 .

The composition law (1.4) of (37A) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x1y2 − x2y1);
• z6 = x6 + y6 + 1

2 (x2y3 − x3y2);
• z7 = x7 + y7 + 1

2 (x2y4 − x4y2).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
− x22 x1

2 0 0 1 0 0
0 − x32 x2

2 0 0 1 0
0 − x42 0 x2

2 0 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x5 ;

• X2 = ∂x2 + x1
2 ∂x5 −

x3
2 ∂x6 −

x4
2 ∂x7 ;

• X3 = ∂x3 + x2
2 ∂x6 ;

• X4 = ∂x4 + x2
2 ∂x7 ;

• X5 = ∂x5 ;
• X6 = ∂x6 ;
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• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4;
• θ5 = dx5 − x1

2 dx2 + x2
2 dx1;

• θ6 = dx6 − x2
2 dx3 +

x3
2 dx2;

• θ7 = dx7 − x2
2 dx4 +

x4
2 dx2.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
x2
2 − x12 0 0 1 0 0
0 x3

2 − x22 0 0 1 0
0 x4

2 0 − x22 0 0 1


.

(37B)

The following Lie algebra is denoted as (37B) by Gong in [9], and as G7,4,1 by Magnin in [20].
The non-trivial brackets are the following:

[X1, X2] = X5 , [X2, X3] = X6 , [X3, X4] = X7 .

This is a nilpotent Lie algebra of rank 4 and step 2 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X3 X4

X5 X6 X7 .

The composition law (1.4) of (37B) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x1y2 − x2y1);
• z6 = x6 + y6 + 1

2 (x2y3 − x3y2);
• z7 = x7 + y7 + 1

2 (x3y4 − x4y3).
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Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
− x22 x1

2 0 0 1 0 0
0 − x32 x2

2 0 0 1 0
0 0 − x42

x3
2 0 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x5 ;

• X2 = ∂x2 + x1
2 ∂x5 −

x3
2 ∂x6 ;

• X3 = ∂x3 + x2
2 ∂x6 −

x4
2 ∂x7 ;

• X4 = ∂x4 + x3
2 ∂x7 ;

• X5 = ∂x5 ;
• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4;
• θ5 = dx5 − x1

2 dx2 + x2
2 dx1;

• θ6 = dx6 − x2
2 dx3 +

x3
2 dx2;

• θ7 = dx7 − x3
2 dx4 +

x4
2 dx3.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
x2
2 − x12 0 0 1 0 0
0 x3

2 − x22 0 0 1 0
0 0 x4

2 − x32 0 0 1


.

(37B1)

The following Lie algebra is denoted as (37B1) by Gong in [9], and as G7,4,1 by Magnin in [20].
The non-trivial brackets are the following:

[X1, X2] = X5 , [X1, X3] = X6 , [X1, X4] = X7 , [X2, X4] = X6 , [X3, X4] = −X5 .

This is a nilpotent Lie algebra of rank 4 and step 2 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X4 X2 X3

X7 X5 X6 .
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The composition law (1.4) of (37B1) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x1y2 − x2y1 + x4y3 − x3y4);
• z6 = x6 + y6 + 1

2 (x1y3 − x3y1 + x2y4 − x4y2);
• z7 = x7 + y7 + 1

2 (x1y4 − x4y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
− x22 x1

2
x4
2 − x32 1 0 0

− x32 − x42 x1
2

x2
2 0 1 0

− x42 0 0 x1
2 0 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x5 −

x3
2 ∂x6 −

x4
2 ∂x7 ;

• X2 = ∂x2 + x1
2 ∂x5 −

x4
2 ∂x6 ;

• X3 = ∂x3 + x4
2 ∂x5 + x1

2 ∂x6 ;
• X4 = ∂x4 − x3

2 ∂x5 + x2
2 ∂x6 + x1

2 ∂x7 ;
• X5 = ∂x5 ;
• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4;
• θ5 = dx5 + x3

2 dx4 −
x4
2 dx3 − x1

2 dx2 + x2
2 dx1;

• θ6 = dx6 − x2
2 dx4 − x1

2 dx3 +
x4
2 dx2 +

x3
2 dx1;

• θ7 = dx7 − x1
2 dx4 +

x4
2 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
x2
2 − x12 − x42

x3
2 1 0 0

x3
2

x4
2 − x12 − x22 0 1 0

x4
2 0 0 − x12 0 0 1


.

(37C)

The following Lie algebra is denoted as (37C) by Gong in [9], and as G7,3,24 by Magnin in [20].
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The non-trivial brackets are the following:

[X1, X2] = X5 , [X2, X3] = X6 , [X2, X4] = X7 , [X3, X4] = X5.

This is a nilpotent Lie algebra of rank 4 and step 2 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X3 X4

X5 X6 X7 .

The composition law (1.4) of (37C) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x1y2 − x2y1 + x3y4 − x4y3);
• z6 = x6 + y6 + 1

2 (x2y3 − x3y2);
• z7 = x7 + y7 + 1

2 (x2y4 − x4y2).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
− x22 x1

2 − x42
x3
2 1 0 0

0 − x32 x2
2 0 0 1 0

0 − x42 0 x2
2 0 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x5 ;

• X2 = ∂x2 + x1
2 ∂x5 −

x3
2 ∂x6 −

x4
2 ∂x7 ;

• X3 = ∂x3 − x4
2 ∂x5 + x2

2 ∂x6 ;
• X4 = ∂x4 + x3

2 ∂x5 + x2
2 ∂x7 ;

• X5 = ∂x5 ;
• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4;
• θ5 = dx5 − x3

2 dx4 +
x4
2 dx3 − x1

2 dx2 + x2
2 dx1;

• θ6 = dx6 − x2
2 dx3 +

x3
2 dx2;

• θ7 = dx7 − x2
2 dx4 +

x4
2 dx2.
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Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
x2
2 − x12

x4
2 − x32 1 0 0

0 x3
2 − x22 0 0 1 0

0 x4
2 0 − x22 0 0 1


.

(37D)

The following Lie algebra is denoted as (37D) by Gong in [9], and as G7,3,12 by Magnin in [20].
The non-trivial brackets are the following:

[X1, X2] = X5 , [X1, X3] = X6 , [X2, X4] = X7 , [X3, X4] = X5 .

This is a nilpotent Lie algebra of rank 4 and step 2 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X3 X4

X5 X6 X7 .

The composition law (1.4) of (37D) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x1y2 − x2y1 + x3y4 − x4y3);
• z6 = x6 + y6 + 1

2 (x1y3 − x3y1);
• z7 = x7 + y7 + 1

2 (x2y4 − x4y2).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
− x22 x1

2 − x42
x3
2 1 0 0

− x32 0 x1
2 0 0 1 0

0 − x42 0 x2
2 0 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x5 −

x3
2 ∂x6 ;

• X2 = ∂x2 + x1
2 ∂x5 −

x4
2 ∂x7 ;

• X3 = ∂x3 − x4
2 ∂x5 + x1

2 ∂x6 ;
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• X4 = ∂x4 + x3
2 ∂x5 + x2

2 ∂x7 ;
• X5 = ∂x5 ;
• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4;
• θ5 = dx5 − x3

2 dx4 +
x4
2 dx3 − x1

2 dx2 + x2
2 dx1;

• θ6 = dx6 − x1
2 dx3 +

x3
2 dx1;

• θ7 = dx7 − x2
2 dx4 +

x4
2 dx2.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
x2
2 − x12

x4
2 − x32 1 0 0

x3
2 0 − x12 0 0 1 0
0 x4

2 0 − x22 0 0 1


.

(37D1)

The following Lie algebra is denoted as (37D1) by Gong in [9], and as G7,3,12 by Magnin in [20].
The non-trivial brackets are the following:

[X1, X2] = X5 , [X1, X3] =X6 , [X1, X4] = X7 ,
[X2, X3] = −X7 , [X2, X4] =X6 , [X3, X4] = −X5.

This is a nilpotent Lie algebra of rank 4 and step 2 that is strati�able. It is also known as the Lie algebra of the
�rst quaternionic Heisenberg group, and it can be characterized as the only 7D Carnot algebra of rank 4 and
step 2 where every element in the �rst stratum has maximal rank, i.e. for every nonzero X in the �rst stratum,
the map adX is surjective.

The Lie brackets can be pictured with the diagram:

X1 X2 X3 X4

X5 X6 X7 .

The composition law (1.4) of (37D1) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4;
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• z5 = x5 + y5 + 1
2 (x1y2 − x2y1 + x4y3 − x3y4);

• z6 = x6 + y6 + 1
2 (x1y3 − x3y1 + x2y4 − x4y2);

• z7 = x7 + y7 + 1
2 (x1y4 − x4y1 + x3y2 − x2y3).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
− x22 x1

2
x4
2 − x32 1 0 0

− x32 − x42 x1
2

x2
2 0 1 0

− x42
x3
2 − x22 x1

2 0 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x5 −

x3
2 ∂x6 −

x4
2 ∂x7 ;

• X2 = ∂x2 + x1
2 ∂x5 −

x4
2 ∂x6 +

x3
2 ∂x7 ;

• X3 = ∂x3 + x4
2 ∂x5 + x1

2 ∂x6 − x2
2 ∂x7 ;

• X4 = ∂x4 − x3
2 ∂x5 + x2

2 ∂x6 + x1
2 ∂x7 ;

• X5 = ∂x5 ;
• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4;
• θ5 = dx5 + x3

2 dx4 −
x4
2 dx3 − x1

2 dx2 + x2
2 dx1;

• θ6 = dx6 − x2
2 dx4 − x1

2 dx3 +
x4
2 dx2 +

x3
2 dx1;

• θ7 = dx7 − x1
2 dx4 + x2

2 dx3 −
x3
2 dx2 +

x4
2 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
x2
2 − x12 − x42

x3
2 1 0 0

x3
2

x4
2 − x12 − x22 0 1 0

x4
2 − x32 x2

2 − x12 0 0 1


.

(357A)

The following Lie algebra is denoted as (357A) by Gong in [9], and as G7,3,6 by Magnin in [20].
The non-trivial brackets are the following:

[X1, X2] = X3 , [X1, X3] = X5 , [X1, X4] = X7 , [X2, X4] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:
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X1 X2 X4

X3 X6 X7

X5 .

The composition law (1.4) of (357A) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x2y4 − x4y2);

• z7 = x7 + y7 + 1
2 (x1y4 − x4y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
− x22 x1

2 1 0 0 0 0
0 0 0 1 0 0 0

− x32 − x1x2
12

x21
12

x1
2 0 1 0 0

0 − x42 0 x2
2 0 1 0

− x42 0 0 x1
2 0 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x5 − x4

2 ∂x7 ;
• X2 = ∂x2 + x1

2 ∂x3 +
x21
12∂x5 −

x4
2 ∂x6 ;

• X3 = ∂x3 + x1
2 ∂x5 ;

• X4 = ∂x4 + x2
2 ∂x6 + x1

2 ∂x7 ;
• X5 = ∂x5 ;
• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4;
• θ5 = dx5 − x1

2 dx3 +
x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ6 = dx6 − x2
2 dx4 +

x4
2 dx2;

• θ7 = dx7 − x1
2 dx4 +

x4
2 dx1.
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Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
x2
2 − x12 1 0 0 0 0
0 0 0 1 0 0 0

x3
2 − x1x2

12
x21
12 − x12 0 1 0 0

0 x4
2 0 − x22 0 1 0

x4
2 0 0 − x12 0 0 1


.

(357B)

The following Lie algebra is denoted as (357B) by Gong in [9], and as G7,3,23 by Magnin in [20].
The non-trivial brackets are the following:

[X1, X2] = X3 , [X1, X3] = X5 , [X1, X4] = X7 , [X2, X3] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X4

X3 X7

X5 X6 .

The composition law (1.4) of (357B) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x2y3 − x3y2) + 1

12 (x2 − y2)(x1y2 − x2y1);
• z7 = x7 + y7 + 1

2 (x1y4 − x4y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
− x22 x1

2 1 0 0 0 0
0 0 0 1 0 0 0

− x32 − x1x2
12

x21
12

x1
2 0 1 0 0

− x
2
2

12 − x32 + x1x2
12

x2
2 0 0 1 0

− x42 0 0 x1
2 0 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x5 − x22

12∂x6 −
x4
2 ∂x7 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x5 +

( x1x2
12 −

x3
2
)
∂x6 ;
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• X3 = ∂x3 + x1
2 ∂x5 + x2

2 ∂x6 ;
• X4 = ∂x4 + x1

2 ∂x7 ;
• X5 = ∂x5 ;
• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4;
• θ5 = dx5 − x1

2 dx3 +
x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ6 = dx6 − x2
2 dx3 +

( x3
2 + x1x2

6
)
dx2 − x22

6 dx1;
• θ7 = dx7 − x1

2 dx4 +
x4
2 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
x2
2 − x12 1 0 0 0 0
0 0 0 1 0 0 0

x3
2 − x1x2

12
x21
12 − x12 0 1 0 0

− x
2
2

12
x3
2 + x1x2

12 − x22 0 0 1 0
x4
2 0 0 − x12 0 0 1


.

(27A)

The following Lie algebra is denoted as (27A) by Gong in [9], and as G7,4,3 by Magnin in [20].
The non-trivial brackets are the following:

[X1, X2] = X6 , [X1, X4] = X7 , [X3, X5] = X7 .

This is a nilpotent Lie algebra of rank 5 and step 2 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X4 X3 X5

X6 X7 .

The composition law (1.4) of (27A) is given by;

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4;
• z5 = x5 + y5;
• z6 = x6 + y6 + 1

2 (x1y2 − x2y1);
• z7 = x7 + y7 + 1

2 (x1y4 − x4y1 + x3y5 − x5y3).

Since
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d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
− x22 x1

2 0 0 0 1 0
− x42 0 − x52 x1

2
x3
2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x6 −

x4
2 ∂x7 ;

• X2 = ∂x2 + x1
2 ∂x6 ;

• X3 = ∂x3 − x5
2 ∂x7 ;

• X4 = ∂x4 + x1
2 ∂x7 ;

• X5 = ∂x5 + x3
2 ∂x7 ;

• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4;
• θ5 = dx5;
• θ6 = dx6 − x1

2 dx2 + x2
2 dx1;

• θ7 = dx7 − x3
2 dx5 − x1

2 dx4 +
x5
2 dx3 +

x4
2 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
x2
2 − x12 0 0 0 1 0
x4
2 0 x5

2 − x12 − x32 0 1


.

(27B)

The following Lie algebra is denoted as (27B) by Gong in [9], and as G7,3,19 by Magnin in [20].
The non-trivial brackets are the following:

[X1, X2] = X6 , [X1, X5] = X7 , [X2, X3] = X7 , [X3, X4] = X6 .

This is a nilpotent Lie algebra of rank 5 and step 2 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X4 X5 X3

X6 X7 .
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The composition law (1.4) of (27B) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4;
• z5 = x5 + y5;
• z6 = x6 + y6 + 1

2 (x1y2 − x2y1 + x3y4 − x4y3);
• z7 = x7 + y7 + 1

2 (x1y5 − x5y1 + x2y3 − x3y2).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
− x22 x1

2 − x42
x3
2 0 1 0

− x52 − x32 x2
2 0 x1

2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x6 −

x5
2 ∂x7 ;

• X2 = ∂x2 + x1
2 ∂x6 −

x3
2 ∂x7 ;

• X3 = ∂x3 − x4
2 ∂x6 + x2

2 ∂x7 ;
• X4 = ∂x4 + x3

2 ∂x6 ;
• X5 = ∂x5 + x1

2 ∂x7 ;
• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms(1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4;
• θ5 = dx5;
• θ6 = dx6 − x3

2 dx4 +
x4
2 dx3 − x1

2 dx2 + x2
2 dx1;

• θ7 = dx7 − x1
2 dx5 − x2

2 dx3 +
x3
2 dx2 +

x5
2 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
x2
2 − x12

x4
2 − x32 0 1 0

x5
2

x3
2 − x22 0 − x12 0 1


.

(257B)

The following Lie algebra is denoted as (257B) by Gong in [9], and as G7,3,11 by Magnin in [20].
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The non-trivial brackets are the following:

[X1, X2] = X3 , [X1, X3] = X6 , [X1, X4] = X7 , [X2, X5] = X7 .

This is a nilpotent Lie algebra of rank 4 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X4 X5

X3 X7

X6 .

The composition law (1.4) of (257B) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4;
• z5 = x5 + y5;
• z6 = x6 + y6 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z7 = x7 + y7 + 1
2 (x1y4 − x4y1 + x2y5 − x5y2).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
− x22 x1

2 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0

− x1x212 −
x3
2

x21
12

x1
2 0 0 1 0

− x42 − x52 0 x1
2

x2
2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x1x2
12 + x3

2
)
∂x6 − x4

2 ∂x7 ;
• X2 = ∂x2 + x1

2 ∂x3 +
x21
12∂x6 −

x5
2 ∂x7 ;

• X3 = ∂x3 + x1
2 ∂x6 ;

• X4 = ∂x4 + x1
2 ∂x7 ;

• X5 = ∂x5 + x2
2 ∂x7 ;

• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4;
• θ5 = dx5;
• θ6 = dx6 − x1

2 dx3 +
x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ7 = dx7 − x2
2 dx5 − x1

2 dx4 +
x5
2 dx2 +

x4
2 dx1.
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Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
x2
2 − x12 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0

x3
2 − x1x2

12
x21
12 − x12 0 0 1 0

x4
2

x5
2 0 − x12 − x22 0 1


.

(247A)

The following Lie algebra is denoted as (247A) by Gong in [9], and as G7,3,20 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , 2 ≤ i ≤ 5 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X3 X1 X2

X5 X4

X7 X6 .

The composition law (1.4) of (247A) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z7 = x7 + y7 + 1
2 (x1y5 − x5y1) + 1

12 (x1 − y1)(x1y3 − x3y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
− x32 0 x1

2 0 1 0 0
− x1x212 −

x4
2

x21
12 0 x1

2 0 1 0
− x1x312 −

x5
2 0 x21

12 0 x1
2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

( x1x2
12 + x4

2
)
∂x6 −

( x1x3
12 + x5

2
)
∂x7 ;

• X2 = ∂x2 + x1
2 ∂x4 +

x21
12∂x6 ;
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• X3 = ∂x3 + x1
2 ∂x5 +

x21
12∂x7 ;

• X4 = ∂x4 + x1
2 ∂x6 ;

• X5 = ∂x5 + x1
2 ∂x7 ;

• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x1
2 dx4 +

x21
6 dx2 +

( x4
2 − x1x2

6
)
dx1;

• θ7 = dx7 − x1
2 dx5 +

x21
6 dx3 +

( x5
2 −

x1x3
6
)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
x3
2 0 − x12 0 1 0 0

x4
2 − x1x2

12
x21
12 0 − x12 0 1 0

x5
2 −

x1x3
12 0 x21

12 0 − x12 0 1


.

(247B)

The following Lie algebra is denoted as (247B) by Gong in [9], and as G7,3,21 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , 2 ≤ i ≤ 4 , [X3, X5] = X7 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X3 X1 X2

X5 X4

X7 X6 .

The composition law (1.4) of (247B) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1) + 1
12 (x1 − y1)(x1y2 − x2y1);
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• z7 = x7 + y7 + 1
2 (x3y5 − x5y3) + 1

12 (x3 − y3)(x1y3 − x3y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
− x32 0 x1

2 0 1 0 0
− x1x212 −

x4
2

x21
12 0 x1

2 0 1 0
− x

2
3

12 0 x1x3
12 −

x5
2 0 x3

2 0 1


,

the induces left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

( x1x2
12 + x4

2
)
∂x6 −

x23
12∂x7 ;

• X2 = ∂x2 + x1
2 ∂x4 +

x21
12∂x6 ;

• X3 = ∂x3 + x1
2 ∂x5 +

( x1x3
12 −

x5
2
)
∂x7 ;

• X4 = ∂x4 + x1
2 ∂x6 ;

• X5 = ∂x5 + x3
2 ∂x7 ;

• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x1
2 dx4 +

x21
6 dx2 +

( x4
2 − x1x2

6
)
dx1;

• θ7 = dx7 − x3
2 dx5 +

( x5
2 + x1x3

6
)
dx3 − x23

6 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
x3
2 0 − x12 0 1 0 0

x4
2 − x1x2

12
x21
12 0 − x12 0 1 0

− x
2
3

12 0 x1x3
12 + x5

2 0 − x32 0 1


.

(247C)

The following Lie algebra is denoted as (247C) by Gong in [9], and as G7,2,43 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , 2 ≤ i ≤ 4 , [X1, X5] = X7 , [X3, X5] = X6.

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:
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X1 X2 X3

X4 X5

X6 X7 .

The composition law (1.4) of (247C) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1 + x3y5 − x5y3) + 1
12 (x1 − y1)(x1y2 − x2y1)

+ 1
12 (x3 − y3)(x1y3 − x3y1);

• z7 = x7 + y7 + 1
2 (x1y5 − x5y1) + 1

12 (x1 − y1)(x1y3 − x3y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
− x32 0 x1

2 0 1 0 0
− x1x2+x

2
3

12 − x4
2

x21
12

x1x3
12 −

x5
2

x1
2

x3
2 1 0

− x1x312 −
x5
2 0 x21

12 0 x1
2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

( x1x2+x23
12 + x4

2
)
∂x6 −

( x1x3
12 + x5

2
)
∂x7 ;

• X2 = ∂x2 + x1
2 ∂x4 +

x21
12∂x6 ;

• X3 = ∂x3 + x1
2 ∂x5 +

( x1x3
12 −

x5
2
)
∂x6 + x21

12∂x7 ;
• X4 = ∂x4 + x1

2 ∂x6 ;
• X5 = ∂x5 + x3

2 ∂x6 + x1
2 ∂x7 ;

• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x3
2 dx5 − x1

2 dx4 +
( x5
2 + x1x3

6
)
dx3 + x21

6 dx2 +
( x4
2 −

x1x2+x23
6

)
dx1;

• θ7 = dx7 − x1
2 dx5 +

x21
6 dx3 +

( x5
2 −

x1x3
6
)
dx1.
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Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
x3
2 0 − x12 0 1 0 0

x4
2 −

x1x2+x23
12

x21
12

x1x3
12 + x5

2 − x12 − x32 1 0
x5
2 −

x1x3
12 0 x21

12 0 − x12 0 1


.

(247D)

The following Lie algebra is denoted as (247D) by Gong in [9], and as G7,3,22 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , 2 ≤ i ≤ 4 , [X2, X5] = X7 , [X3, X4] = X7 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X3

X4 X5

X6 X7 .

The composition law (1.4) of (247D) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z7 = x7 + y7 + 1
2 (x3y4 − x4y3 + x2y5 − x5y2) + 1

12 (x3 − y3)(x1y2 − x2y1)
+ 1

12 (x2 − y2)(x1y3 − x3y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
− x32 0 x1

2 0 1 0 0
− x1x212 −

x4
2

x21
12 0 x1

2 0 1 0
− x2x36

x1x3
12 −

x5
2

x1x2
12 −

x4
2

x3
2

x2
2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

( x1x2
12 + x4

2
)
∂x6 − x2x3

12 ∂x7 ;
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• X2 = ∂x2 + x1
2 ∂x4 +

x21
12∂x6 +

( x1x3
12 −

x5
2
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x5 +

( x1x2
12 −

x4
2
)
∂x7 ;

• X4 = ∂x4 + x1
2 ∂x6 +

x3
2 ∂x7 ;

• X5 = ∂x5 + x2
2 ∂x7 ;

• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x1
2 dx4 +

x21
6 dx2 +

( x4
2 − x1x2

6
)
dx1;

• θ7 = dx7 − x2
2 dx5 −

x3
2 dx4 +

( x1x2
6 + x4

2
)
dx3 +

( x1x3
6 + x5

2
)
dx2 − x2x3

6 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
x3
2 0 − x12 0 1 0 0

x4
2 − x1x2

12
x21
12 0 − x12 0 1 0

− x2x36
x1x3
12 + x5

2
x1x2
12 + x4

2 − x32 − x22 0 1


.

(247E)

The following Lie algebra is denoted as (247E) by Gong in [9], and as G7,2,12 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , 2 ≤ i ≤ 4 , [X1, X5] = X6 , [X2, X5] = X7 , [X3, X4] = X7 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X3

X4 X5

X6 X7 .

The composition law (1.4) of (247E) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
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• z6 = x6 + y6 + 1
2 (x1y4 − x4y1 + x1y5 − x5y1) + 1

12 (x1 − y1)(x1y2 − x2y1)
+ 1

12 (x1 − y1)(x1y3 − x3y1);
• z7 = x7 + y7 + 1

2 (x3y4 − x4y3 + x2y5 − x5y2) + 1
12 (x3 − y3)(x1y2 − x2y1)

+ 1
12 (x2 − y2)(x1y3 − x3y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
− x32 0 x1

2 0 1 0 0
− x1x2+x1x312 − x4+x5

2
x21
12

x21
12

x1
2

x1
2 1 0

− x2x36
x1x3
12 −

x5
2

x1x2
12 −

x4
2

x3
2

x2
2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

( x1x2+x1x3
12 + x4+x5

2
)
∂x6 − x2x3

6 ∂x7 ;
• X2 = ∂x2 + x1

2 ∂x4 +
x21
12∂x6 +

( x1x3
12 −

x5
2
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x5 +

x21
12∂x6 +

( x1x2
12 −

x4
2
)
∂x7 ;

• X4 = ∂x4 + x1
2 ∂x6 +

x3
2 ∂x7 ;

• X5 = ∂x5 + x1
2 ∂x6 + x2

2 ∂x7 ;
• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x1
2 dx5 − x1

2 dx4 +
x21
6 dx3 +

x21
6 dx2 +

( x4+x5
2 − x1x2+x1x3

6
)
dx1;

• θ7 = dx7 − x2
2 dx5 −

x3
2 dx4 +

( x1x2
6 + x4

2
)
dx3 +

( x1x3
6 + x5

2
)
dx2 − x2x3

3 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
x3
2 0 − x12 0 1 0 0

x4+x5
2 − x1x2+x1x3

12
x21
12

x21
12 − x12 − x12 1 0

− x2x36
x1x3
12 + x5

2
x1x2
12 + x4

2 − x32 − x22 0 1


.

(247E1)

The following Lie algebra is denoted as (247E1) by Gong in [9], and as G7,2,12 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , 2 ≤ i ≤ 4 , [X2, X4] = X7 , [X3, X4] = X7 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:
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X1 X2 X3

X4 X5

X6 X7 .

The composition law (1.4) of (247E1) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z7 = x7 + y7 + 1
2 (x3y4 − x4y3 + x2y4 − x4y2) + 1

12 (x3 − y3)(x1y2 − x2y1)
+ 1

12 (x2 − y2)(x1y2 − x2y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
− x32 0 x1

2 0 1 0 0
− x1x212 −

x4
2

x21
12 0 x1

2 0 1 0
− x2x3+x

2
2

12
x1x3+x1x2

12 − x4
2 − x42

x2+x3
2 0 0 1


,

the left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

( x1x2
12 + x4

2
)
∂x6 − x2x3+x22

12 ∂x7 ;
• X2 = ∂x2 + x1

2 ∂x4 +
x21
12∂x6 +

( x1x3+x1x2
12 − x4

2
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x5 −

x4
2 ∂x7 ;

• X4 = ∂x4 + x1
2 ∂x6 +

x2+x3
2 ∂x7 ;

• X5 = ∂x5 ;
• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x1
2 dx4 +

x21
6 dx2 +

( x4
2 − x1x2

6
)
dx1;

• θ7 = dx7 − x3+x2
2 dx4 + x4

2 dx3 +
( x1x3+x1x2

6 + x4
2
)
dx2 − x2x3+x22

6 dx1.

Finally, we have
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d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
x3
2 0 − x12 0 1 0 0

x4
2 − x1x2

12
x21
12 0 − x12 0 1 0

− x2x3+x
2
2

12
x1x3+x1x2

12 + x4
2

x4
2 − x2+x32 0 0 1


.

(247F)

The following Lie algebra is denoted as (247F) by Gong in [9], and as G7,3,4 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , i = 2, 3 , [X2, X4] = X6 ,
[X2, X5] = X7 , [X3, X4] = X7 , [X3, X5] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X3

X4 X5

X6 X7 .

The composition law (1.4) of (247F) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x2y4 − x4y2 + x3y5 − x5y3) + 1
12 (x2 − y2)(x1y2 − x2y1)

+ 1
12 (x3 − y3)(x1y3 − x3y1);

• z7 = x7 + y7 + 1
2 (x3y4 − x4y3 + x2y5 − x5y2) + 1

12 (x3 − y3)(x1y2 − x2y1)
+ 1

12 (x2 − y2)(x1y3 − x3y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
− x32 0 x1

2 0 1 0 0
− x

2
2+x23
12

x1x2
12 −

x4
2

x1x3
12 −

x5
2

x2
2

x3
2 1 0

− x2x36
x1x3
12 −

x5
2

x1x2
12 −

x4
2

x3
2

x2
2 0 1


,

the induced left-invariant vector �elds (1.6) are:
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• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

x22+x23
12 ∂x6 − x2x3

6 ∂x7 ;
• X2 = ∂x2 + x1

2 ∂x4 +
( x1x2

12 −
x4
2
)
∂x6 +

( x1x3
12 −

x5
2
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x5 +

( x1x3
12 −

x5
2
)
∂x6 +

( x1x2
12 −

x4
2
)
∂x7 ;

• X4 = ∂x4 + x2
2 ∂x6 +

x3
2 ∂x7 ;

• X5 = ∂x5 + x3
2 ∂x6 + x2

2 ∂x7 ;
• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x3
2 dx5 − x2

2 dx4 +
( x1x3

6 + x5
2
)
dx3 +

( x1x2
6 + x4

2
)
dx2 − x22+x23

6 dx1;
• θ7 = dx7 − x2

2 dx5 −
x3
2 dx4 +

( x1x2
6 + x4

2
)
dx3 +

( x1x3
6 + x5

2
)
dx2 − x2x3

3 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
x3
2 0 − x12 0 1 0 0

− x
2
2+x23
12

x1x2
12 + x4

2
x1x3
12 + x5

2 − x22 − x32 1 0
− x2x36

x1x3
12 + x5

2
x1x2
12 + x4

2 − x32 − x22 0 1


.

(247F1)

The following Lie algebra is denoted as (247F1) by Gong in [9], and as G7,3,4 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , i = 2, 3 , [X2, X4] = X6 ,
[X2, X5] = X7 , [X3, X4] = X7 , [X3, X5] = −X6 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X3

X4 X5

X6 X7 .

The composition law (1.4) of (247F1) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
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• z4 = x4 + y4 + 1
2 (x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x1y3 − x3y1);

• z6 = x6 + y6 + 1
2 (x2y4 − x4y2 − x3y5 + x5y3) + 1

12 (x2 − y2)(x1y2 − x2y1)
+ 1

12 (y3 − x3)(x1y3 − x3y1);
• z7 = x7 + y7 + 1

2 (x3y4 − x4y3 + x2y5 − x5y2) + 1
12 (x3 − y3)(x1y2 − x2y1)

+ 1
12 (x2 − y2)(x1y3 − x3y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
− x32 0 x1

2 0 1 0 0
x23−x22
12

x1x2
12 −

x4
2

x5
2 −

x1x3
12

x2
2 − x32 1 0

− x2x36
x1x3
12 −

x5
2

x1x2
12 −

x4
2

x3
2

x2
2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 +

x23−x22
12 ∂x6 − x2x3

6 ∂x7 ;
• X2 = ∂x2 + x1

2 ∂x4 +
( x1x2

12 −
x4
2
)
∂x6 +

( x1x3
12 −

x5
2
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x5 +

( x5
2 −

x1x3
12
)
∂x6 +

( x1x2
12 −

x4
2
)
∂x7 ;

• X4 = ∂x4 + x2
2 ∂x6 +

x3
2 ∂x7 ;

• X5 = ∂x5 − x3
2 ∂x6 + x2

2 ∂x7 ;
• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 + x3
2 dx5 − x2

2 dx4 −
( x1x3

6 + x5
2
)
dx3 +

( x1x2
6 + x4

2
)
dx2 + x23−x22

6 dx1;
• θ7 = dx7 − x2

2 dx5 −
x3
2 dx4 +

( x1x2
6 + x4

2
)
dx3 +

( x1x3
6 + x5

2
)
dx2 − x2x3

3 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
x3
2 0 − x12 0 1 0 0

x23−x22
12

x1x2
12 + x4

2 − x1x312 −
x5
2 − x22

x3
2 1 0

− x2x36
x1x3
12 + x5

2
x1x2
12 + x4

2 − x32 − x22 0 1


.

(247G)

The following Lie algebra is denoted as (247G) by Gong in [9], and as G7,2,34 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , 2 ≤ i ≤ 4 , [X1, X5] = X6 , [X2, X4] = X6 ,
[X3, X5] = X6 , [X2, X5] = X7 , [X3, X4] = X7 .
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This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X3

X4 X5

X6 X7 .

The composition law (1.4) of (247G) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1 + x1y5 − x5y1 + x2y4 − x4y2 + x3y5 − x5y3)
+ 1

12 (x1 − y1 + x2 − y2)(x1y2 − x2y1) + 1
12 (x1 − y1 + x3 − y3)(x1y3 − x3y1);

• z7 = x7 + y7 + 1
2 (x3y4 − x4y3 + x2y5 − x5y2) + 1

12 (x3 − y3)(x1y2 − x2y1)
+ 1

12 (x2 − y2)(x1y3 − x3y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
− x32 0 x1

2 0 1 0 0
− x1x2+x1x3+x

2
2+x23

12 − x4+x5
2

x21+x1x2
12 − x4

2
x21+x1x3

12 − x5
2

x1+x2
2

x1+x3
2 1 0

− x2x36
x1x3
12 −

x5
2

x1x2
12 −

x4
2

x3
2

x2
2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

( x1x2+x1x3+x22+x23
12 + x4+x5

2
)
∂x6 − x2x3

6 ∂x7 ;
• X2 = ∂x2 + x1

2 ∂x4 +
( x21+x1x2

12 − x4
2
)
∂x6 +

( x1x3
12 −

x5
2
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x5 +

( x21+x1x3
12 − x5

2
)
∂x6 +

( x1x2
12 −

x4
2
)
∂x7 ;

• X4 = ∂x4 + x1+x2
2 ∂x6 + x3

2 ∂x7 ;
• X5 = ∂x5 + x1+x3

2 ∂x6 + x2
2 ∂x7 ;

• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x1+x3
2 dx5 − x1+x2

2 dx4 +
( x21+x1x3

6 + x5
2
)
dx3 +

( x21+x1x2
6 + x4

2
)
dx2

+
( x4+x5

2 − x1x2+x1x3+x22+x23
6

)
dx1;



A Cornucopia of Carnot Groups in Low Dimensions | 235

• θ7 = dx7 − x2
2 dx5 −

x3
2 dx4 +

( x1x2
6 + x4

2
)
dx3 +

( x1x3
6 + x5

2
)
dx2 − x2x3

3 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
x3
2 0 − x12 0 1 0 0

x4+x5
2 − x1x2+x1x3+x22+x23

12
x21+x1x2

12 + x4
2

x21+x1x3
12 + x5

2 − x1+x22 − x1+x32 1 0
− x2x36

x1x3
12 + x5

2
x1x2
12 + x4

2 − x32 − x22 0 1


.

(247H)

The following Lie algebra is denoted as (247H) by Gong in [9], and as G7,1,19 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , 2 ≤ i ≤ 4 , [X2, X4] = X6 ,
[X3, X5] = X6 , [X2, X5] = X7 , [X3, X4] = X7 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X3

X4 X5

X6 X7 .

The composition law (1.4) of (247H) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1 + x2y4 − x4y2 + x3y5 − x5y3) + 1
12 (x3 − y3)(x1y3 − x3y1)

+ 1
12 (x1 − y1 + x2 − y2)(x1y2 − x2y1);

• z7 = x7 + y7 + 1
2 (x3y4 − x4y3 + x2y5 − x5y2) + 1

12 (x3 − y3)(x1y2 − x2y1)
+ 1

12 (x2 − y2)(x1y3 − x3y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
− x32 0 x1

2 0 1 0 0
− x1x2+x

2
2+x23

12 − x4
2

x21+x1x2
12 − x4

2
x1x3
12 −

x5
2

x1+x2
2

x3
2 1 0

− x2x36
x1x3
12 −

x5
2

x1x2
12 −

x4
2

x3
2

x2
2 0 1


,
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the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

( x1x2+x22+x23
12 + x4

2
)
∂x6 − x2x3

6 ∂x7 ;
• X2 = ∂x2 + x1

2 ∂x4 +
( x21+x1x2

12 − x4
2
)
∂x6 +

( x1x3
12 −

x5
2
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x5 +

( x1x3
12 −

x5
2
)
∂x6 +

( x1x2
12 −

x4
2
)
∂x7 ;

• X4 = ∂x4 + x1+x2
2 ∂x6 + x3

2 ∂x7 ;
• X5 = ∂x5 + x3

2 ∂x6 + x2
2 ∂x7 ;

• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x3
2 dx5 − x1+x2

2 dx4 +
( x1x3

6 + x5
2
)
dx3 +

( x21+x1x2
6 + x4

2
)
dx2 +

( x4
2

− x1x2+x22+x23
6

)
dx1;

• θ7 = dx7 − x2
2 dx5 −

x3
2 dx4 +

( x1x2
6 + x4

2
)
dx3 +

( x1x3
6 + x5

2
)
dx2 − x2x3

3 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
x3
2 0 − x12 0 1 0 0

x4
2 −

x1x2+x22+x23
12

x21+x1x2
12 + x4

2
x1x3
12 + x5

2 − x1+x22 − x32 1 0
− x2x36

x1x3
12 + x5

2
x1x2
12 + x4

2 − x32 − x22 0 1


.

(247H1)

The following Lie algebra is denoted as (247H1) by Gong in [9], and as G7,1,19 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , 2 ≤ i ≤ 4 , [X2, X4] = X6 ,
[X3, X5] = −X6 , [X2, X5] = X7 , [X3, X4] = X7 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X3

X4 X5

X6 X7 .

The composition law (1.4) of (247H1) is given by:
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• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1 + x2y4 − x4y2 − x3y5 + x5y3) + 1
12 (y3 − x3)(x1y3 − x3y1)

+ 1
12 (x1 − y1 + x2 − y2)(x1y2 − x2y1);

• z7 = x7 + y7 + 1
2 (x3y4 − x4y3 + x2y5 − x5y2) + 1

12 (x3 − y3)(x1y2 − x2y1)
+ 1

12 (x2 − y2)(x1y3 − x3y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
− x32 0 x1

2 0 1 0 0
x23−x1x2−x22

12 − x4
2

x21+x1x2
12 − x4

2
x5
2 −

x1x3
12

x1+x2
2 − x32 1 0

− x2x36
x1x3
12 −

x5
2

x1x2
12 −

x4
2

x3
2

x2
2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 +

( x23−x1x2−x22
12 − x4

2
)
∂x6 − x2x3

6 ∂x7 ;
• X2 = ∂x2 + x1

2 ∂x4 +
( x21+x1x2

12 − x4
2
)
∂x6 +

( x1x3
12 −

x5
2
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x5 +

( x5
2 −

x1x3
12
)
∂x6 +

( x1x2
12 −

x4
2
)
∂x7 ;

• X4 = ∂x4 + x1+x2
2 ∂x6 + x3

2 ∂x7 ;
• X5 = ∂x5 − x3

2 ∂x6 + x2
2 ∂x7 ;

• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 + x3
2 dx5 − x1+x2

2 dx4 −
( x1x3

6 + x5
2
)
dx3 +

( x21+x1x2
6 + x4

2
)
dx2 +

( x4
2

+ x23−x1x2−x22
6

)
dx1;

• θ7 = dx7 − x2
2 dx5 −

x3
2 dx4 +

( x1x2
6 + x4

2
)
dx3 +

( x1x3
6 + x5

2
)
dx2 − x2x3

3 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
x3
2 0 − x12 0 1 0 0

x23−x1x2−x22
12 + x4

2
x21+x1x2

12 + x4
2 − x52 −

x1x3
12 − x1+x22

x3
2 1 0

− x2x36
x1x3
12 + x5

2
x1x2
12 + x4

2 − x32 − x22 0 1


.
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(247I)

The following Lie algebra is denoted as (247I) by Gong in [9], and as G7,3,5 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , i = 2, 3 , [X2, X5] = X6 , [X3, X4] = X6 , [X3, X5] = X7 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X3

X4 X5

X7 X6 .

The composition law (1.4) of (247I) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x3y4 − x4y3 + x2y5 − x5y2) + 1
12 (x3 − y3)(x1y2 − x2y1)

+ 1
12 (x2 − y2)(x1y3 − x3y1);

• z7 = x7 + y7 + 1
2 (x3y5 − x5y3) + 1

12 (x3 − y3)(x1y3 − x3y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
− x32 0 x1

2 0 1 0 0
− x2x36

x1x3
12 −

x5
2

x1x2
12 −

x4
2

x3
2

x2
2 1 0

− x
2
3

12 0 x1x3
12 −

x5
2 0 x3

2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

x2x3
6 ∂x6 −

x23
12∂x7 ;

• X2 = ∂x2 + x1
2 ∂x4 +

( x1x3
12 −

x5
2
)
∂x6 ;

• X3 = ∂x3 + x1
2 ∂x5 +

( x1x2
12 −

x4
2
)
∂x6 +

( x1x3
12 −

x5
2
)
∂x7 ;

• X4 = ∂x4 + x3
2 ∂x6 ;

• X5 = ∂x5 + x2
2 ∂x6 +

x3
2 ∂x7 ;

• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
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• θ4 = dx4 − x1
2 dx2 + x2

2 dx1;
• θ5 = dx5 − x1

2 dx3 +
x3
2 dx1;

• θ6 = dx6 − x2
2 dx5 −

x3
2 dx4 +

( x1x2
6 + x4

2
)
dx3 +

( x1x3
6 + x5

2
)
dx2 − x2x3

3 dx1;
• θ7 = dx7 − x3

2 dx5 +
( x1x3

6 + x5
2
)
dx3 − x23

6 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
x3
2 0 − x12 0 1 0 0

− x2x36
x1x3
12 + x5

2
x1x2
12 + x4

2 − x32 − x22 1 0
− x

2
3

12 0 x1x3
12 + x5

2 0 − x32 0 1


.

(247J)

The following Lie algebra is denoted as (247J) by Gong in [9], and as G7,2,26 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , i = 2, 3 , [X1, X5] = X6 ,
[X2, X5] = X7 , [X3, X4] = X7 , [X3, X5] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The non-trivial Lie brackets can be
pictured with the diagram:

X1 X2 X3

X4 X5

X6 X7 .

The composition law (1.4) of (247J) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x1y5 − x5y1 + x3y5 − x5y3) + 1
12 (x1 − y1)(x1y3 − x3y1)

+ 1
12 (x3 − y3)(x1y3 − x3y1);

• z7 = x7 + y7 + 1
2 (x3y4 − x4y3 + x2y5 − x5y2) + 1

12 (x3 − y3)(x1y2 − x2y1)
+ 1

12 (x2 − y2)(x1y3 − x3y1).
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Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
− x32 0 x1

2 0 1 0 0
− x1x3+x

2
3

12 − x5
2 0 x21+x1x3

12 − x5
2 0 x1+x3

2 1 0
− x2x36

x1x3
12 −

x5
2

x1x2
12 −

x4
2

x3
2

x2
2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

( x1x3+x23
12 + x5

2
)
∂x6 − x2x3

6 ∂x7 ;
• X2 = ∂x2 + x1

2 ∂x4 +
( x1x3

12 −
x5
2
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x5 +

( x21+x1x3
12 − x5

2
)
∂x6 +

( x1x2
12 −

x4
2
)
∂x7 ;

• X4 = ∂x4 + x3
2 ∂x7 ;

• X5 = ∂x5 + x1+x3
2 ∂x6 + x2

2 ∂x7 ;
• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x1+x3
2 dx5 +

( x21+x1x3
6 + x5

2
)
dx3 +

( x5
2 −

x1x3+x23
6

)
dx1;

• θ7 = dx7 − x2
2 dx5 −

x3
2 dx4 +

( x1x2
6 + x4

2
)
dx3 +

( x1x3
6 + x5

2
)
dx2 − x2x3

3 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
x3
2 0 − x12 0 1 0 0

x5
2 −

x1x3+x23
12 0 x21+x1x3

12 + x5
2 0 − x1+x32 1 0

− x2x36
x1x3
12 + x5

2
x1x2
12 + x4

2 − x32 − x22 0 1


.

(247K)

The following Lie algebra is denoted as (247K) by Gong in [9], and as G7,2,35 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , 2 ≤ i ≤ 4 , [X2, X5] = X7 , [X3, X4] = X7 , [X3, X5] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:
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X1 X2 X3

X4 X5

X6 X7 .

The composition law (1.4) of (247K) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1 + x3y5 − x5y3) + 1
12 (x1 − y1)(x1y2 − x2y1)

+ 1
12 (x3 − y3)(x1y3 − x3y1);

• z7 = x7 + y7 + 1
2 (x3y4 − x4y3 + x2y5 − x5y2) + 1

12 (x3 − y3)(x1y2 − x2y1)
+ 1

12 (x2 − y2)(x1y3 − x3y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
− x32 0 x1

2 0 1 0 0
− x1x2+x

2
3

12 − x4
2

x21
12

x1x3
12 −

x5
2

x1
2

x3
2 1 0

− x2x36
x1x3
12 −

x5
2

x1x2
12 −

x4
2

x3
2

x2
2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

( x1x2+x23
12 + x4

2
)
∂x6 − x2x3

6 ∂x7 ;
• X2 = ∂x2 + x1

2 ∂x4 +
x21
12∂x6 +

( x1x3
12 −

x5
2
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x5 +

( x1x3
12 −

x5
2
)
∂x6 +

( x1x2
12 −

x4
2
)
∂x7 ;

• X4 = ∂x4 + x1
2 ∂x6 +

x3
2 ∂x7 ;

• X5 = ∂x5 + x3
2 ∂x6 + x2

2 ∂x7 ;
• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x3
2 dx5 − x1

2 dx4 +
( x1x3

6 + x5
2
)
dx3 + x21

6 dx2 +
( x4
2 −

x1x2+x23
6

)
dx1;

• θ7 = dx7 − x2
2 dx5 −

x3
2 dx4 +

( x1x2
6 + x4

2
)
dx3 +

( x1x3
6 + x5

2
)
dx2 − x2x3

3 dx1.
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Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
x3
2 0 − x12 0 1 0 0

x4
2 −

x1x2+x23
12

x21
12

x1x3
12 + x5

2 − x12 − x32 1 0
− x2x36

x1x3
12 + x5

2
x1x2
12 + x4

2 − x32 − x22 0 1


.

(247N)

The following Lie algebra is denoted as (247N) by Gong in [9], and as G7,2,44 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , i = 2, 3 , [X1, X5] = X6 , [X2, X3] = X7 , [X2, X4] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X3

X4 X7 X5

X6 .

The composition law (1.4) of (247N) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x2y4 − x4y2 + x1y5 − x5y1) + 1
12 (x2 − y2)(x1y2 − x2y1)

+ 1
12 (x1 − y1)(x1y3 − x3y1)];

• z7 = x7 + y7 + 1
2 (x2y3 − x3y2).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
− x32 0 x1

2 0 1 0 0
− x

2
2+x1x3
12 − x5

2
x1x2
12 −

x4
2

x21
12

x2
2

x1
2 1 0

0 − x32 x2
2 0 0 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

( x1x3+x22
12 + x5

2
)
∂x6 ;

• X2 = ∂x2 + x1
2 ∂x4 +

( x1x2
12 −

x4
2
)
∂x6 − x3

2 ∂x7 ;
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• X3 = ∂x3 + x1
2 ∂x5 +

x21
12∂x6 + x2

2 ∂x7 ;
• X4 = ∂x4 + x2

2 ∂x6 ;
• X5 = ∂x5 + x1

2 ∂x6 ;
• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x1
2 dx5 − x2

2 dx4 +
x21
6 dx3 +

( x4
2 + x1x2

6
)
dx2 +

( x5
2 −

x1x3+x22
6

)
dx1;

• θ7 = dx7 − x2
2 dx3 +

x3
2 dx2.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
x3
2 0 − x12 0 1 0 0

x5
2 −

x22+x1x3
12

x1x2
12 + x4

2
x21
12 − x22 − x12 1 0

0 x3
2 − x22 0 0 0 1


.

(247P)

The following Lie algebra is denoted as (247P) by Gong in [9], and as G7,3,1(iλ) with λ = 0, 1 byMagnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , i = 2, 3 , [X2, X5] = X7 , [X3, X4] = X7 , [X2, X3] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X3

X4 X5 X6

X7 .

The composition law (1.4) of (247P) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x2y3 − x3y2);
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• z7 = x7 + y7 + 1
2 (x3y4 − x4y3 + x2y5 − x5y2) + 1

12 (x3 − y3)(x1y2 − x2y1)
+ 1

12 (x2 − y2)(x1y3 − x3y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
− x32 0 x1

2 0 1 0 0
0 − x32 x2

2 0 0 1 0
− x2x36

x1x3
12 −

x5
2

x1x2
12 −

x4
2

x3
2

x2
2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

x2x3
6 ∂x7 ;

• X2 = ∂x2 + x1
2 ∂x4 −

x3
2 ∂x6 +

( x1x3
12 −

x5
2
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x5 + x2

2 ∂x6 +
( x1x2

12 −
x4
2
)
∂x7 ;

• X4 = ∂x4 + x3
2 ∂x7 ;

• X5 = ∂x5 + x2
2 ∂x7 ;

• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x2
2 dx3 +

x3
2 dx2;

• θ7 = dx7 − x2
2 dx5 −

x3
2 dx4 +

( x1x2
6 + x4

2
)
dx3 +

( x1x3
6 + x5

2
)
dx2 − x2x3

3 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
x3
2 0 − x12 0 1 0 0
0 x3

2 − x22 0 0 1 0
− x2x36

x1x3
12 + x5

2
x1x2
12 + x4

2 − x32 − x22 0 1


.

(247P1)

The following Lie algebra is denoted as (247P1) by Gong in [9], and as G7,3,1(iλ) with λ = 0, 1 by Magnin in
[20].

The non-trivial brackets are the following:

[X1, Xi] = Xi+2 , i = 2, 3 , [X2, X4] = X7 , [X3, X5] = X7 , [X2, X3] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:
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X1 X2 X3

X4 X5 X6

X7 .

The composition law (1.4) of (247P1) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x2y3 − x3y2);
• z7 = x7 + y7 + 1

2 (x3y5 − x5y3 + x2y4 − x4y2) + 1
12 (x2 − y2)(x1y2 − x2y1)

+ 1
12 (x3 − y3)(x1y3 − x3y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
− x32 0 x1

2 0 1 0 0
0 − x32 x2

2 0 0 1 0
− x

2
2+x23
12

x1x2
12 −

x4
2

x1x3
12 −

x5
2

x2
2

x3
2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

x22+x23
12 ∂x7 ;

• X2 = ∂x2 + x1
2 ∂x4 −

x3
2 ∂x6 +

( x1x2
12 −

x4
2
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x5 + x2

2 ∂x6 +
( x1x3

12 −
x5
2
)
∂x7 ;

• X4 = ∂x4 + x2
2 ∂x7 ;

• X5 = ∂x5 + x3
2 ∂x7 ;

• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x2
2 dx3 +

x3
2 dx2;

• θ7 = dx7 − x3
2 dx5 − x2

2 dx4 +
( x1x3

6 + x5
2
)
dx3 +

( x1x2
6 + x4

2
)
dx2 − x22+x23

6 dx1.
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Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
x3
2 0 − x12 0 1 0 0
0 x3

2 − x22 0 0 1 0
− x

2
2+x23
12

x1x2
12 + x4

2
x1x3
12 + x5

2 − x22 − x32 0 1


.

The following Lie algebra is denoted as (2457A) by Gong in [9], and as G7,3,2 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+1 , i = 2, 3 , [X1, Xi] = Xi+2 , i = 4, 5 .

This is a nilpotent Lie algebra of rank 3 and step 4 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X5

X3 X7

X4

X6 .

The composition law (1.4) of (2457A) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5;
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1) + 1
12 (x1 − y1)(x1y3 − x3y1) − 1

24 x1y1(x1y2 − x2y1);
• z7 = x7 + y7 + 1

2 (x1y5 − x5y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
− x22 x1

2 1 0 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0 0

0 0 0 0 1 0 0
− x1x312 −

x4
2 0 x21

12
x1
2 0 1 0

− x52 0 0 0 x1
2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 −

( x1x3
12 + x4

2
)
∂x6 − x5

2 ∂x7 ;
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• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 ;

• X3 = ∂x3 + x1
2 ∂x4 +

x21
12∂x6 ;

• X4 = ∂x4 + x1
2 ∂x6 ;

• X5 = ∂x5 + x1
2 ∂x7 ;

• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5;
• θ6 = dx6 − x1

2 dx4 +
x21
6 dx3 −

x31
24dx2 +

( x21x2
24 −

x1x3
6 + x4

2
)
dx1;

• θ7 = dx7 − x1
2 dx5 +

x5
2 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
x2
2 − x12 1 0 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0 0

0 0 0 0 1 0 0
x4
2 −

x1x3
12 0 x21

12 − x12 0 1 0
x5
2 0 0 0 − x12 0 1


.

(2457B)

The following Lie algebra is denoted as (2457B) by Gong in [9], and as G7,3,3 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+1 , i = 2, 3 , [X1, X4] = X7 , [X2, X5] = X6 .

This is a nilpotent Lie algebra of rank 3 and step 4 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X5

X3 X6

X4

X7 .

The composition law (1.4) of (2457B) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
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• z3 = x3 + y3 + 1
2 (x1y2 − x2y1);

• z4 = x4 + y4 + 1
2 (x1y3 − x3y1) + 1

12 (x1 − y1)(x1y2 − x2y1);
• z5 = x5 + y5;
• z6 = x6 + y6 + 1

2 (x2y5 − x5y2);
• z7 = x7 + y7 + 1

2 (x1y4 − x4y1) + 1
12 (x1 − y1)(x1y3 − x3y1) − 1

24 x1y1(x1y2 − x2y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
− x22 x1

2 1 0 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0 0

0 0 0 0 1 0 0
0 − x52 0 0 x2

2 1 0
− x1x312 −

x4
2 0 x21

12
x1
2 0 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 −

( x1x3
12 + x4

2
)
∂x7 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 −

x5
2 ∂x6 ;

• X3 = ∂x3 + x1
2 ∂x4 +

x21
12∂x7 ;

• X4 = ∂x4 + x1
2 ∂x7 ;

• X5 = ∂x5 + x2
2 ∂x6 ;

• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5;
• θ6 = dx6 − x2

2 dx5 +
x5
2 dx2;

• θ7 = dx7 − x1
2 dx4 +

x21
6 dx3 −

x31
24dx2 +

( x4
2 −

x1x3
6 + x21x2

24
)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
x2
2 − x12 1 0 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0 0

0 0 0 0 1 0 0
0 x5

2 0 0 − x22 1 0
x4
2 −

x1x3
12 0 x21

12 − x12 0 0 1


.

(2457L)

The following Lie algebra is denoted as (2457L) by Gong in [9], and as G7,2,9 by Magnin in [20].
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The non-trivial brackets are the following:

[X1, Xi] = Xi+1 , i = 2, 3 , [X1, X4] = X6 ,
[X1, X5] =X7 , [X2, X3] = X5 , [X2, X4] = X7 , [X2, X5] = X6 .

This is a nilpotent Lie algebra of rank 2 and step 4 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2

X3

X4 X5

X6 X7 .

The composition law (1.4) of (2457L) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x2y3 − x3y2) + 1

12 (x2 − y2)(x1y2 − x2y1);
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1 + x2y5 − x5y2) + 1
12 (x1 − y1)(x1y3 − x3y1)

+ 1
12 (x2 − y2)(x2y3 − x3y2) − 1

24 (x1y1 + x2y2)(x1y2 − x2y1);
• z7 = x7 + y7 + 1

2 (x1y5 − x5y1 + x2y4 − x4y2) + 1
12 (x2 − y2)(x1y3 − x3y1)

+ 1
12 (x1 − y1)(x2y3 − x3y2) − 1

24 (x1y2 + x2y1)(x1y2 − x2y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
− x22 x1

2 1 0 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0 0

− x
2
2

12
x1x2
12 −

x3
2

x2
2 0 1 0 0

− x1x312 −
x4
2 − x2x312 −

x5
2

x21+x22
12

x1
2

x2
2 1 0

− x2x312 −
x5
2 − x1x312 −

x4
2

x1x2
6

x2
2

x1
2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 − x22

12∂x5 −
( x1x3

12 + x4
2
)
∂x6 −

( x2x3
12 + x5

2
)
∂x7 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 +

( x1x2
12 −

x3
2
)
∂x5 −

( x2x3
12 + x5

2
)
∂x6 −

( x1x3
12 + x4

2
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x4 + x2

2 ∂x5 +
x21+x22
12 ∂x6 + x1x2

6 ∂x7 ;
• X4 = ∂x4 + x1

2 ∂x6 + x2
2 ∂x7 ;

• X5 = ∂x5 + x2
2 ∂x6 + x1

2 ∂x7 ;
• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
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• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x2
2 dx3 +

( x1x2
6 + x3

2
)
dx2 − x22

6 dx1;
• θ6 = dx6 − x2

2 dx5 − x1
2 dx4 +

x21+x22
6 dx3 +

( x5
2 −

x2x3
6 − x31+x1x22

24
)
dx2 +

( x4
2 −

x1x3
6

+ x21x2+x32
24

)
dx1;

• θ7 = dx7 − x1
2 dx5 − x2

2 dx4 + x1x2
3 dx3 +

( x4
2 −

x1x3
6 − x21x2

12
)
dx2 +

( x5
2 −

x2x3
6

+ x1x22
12
)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
x2
2 − x12 1 0 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0 0

− x
2
2

12
x1x2
12 + x3

2 − x22 0 1 0 0
x4
2 −

x1x3
12

x5
2 −

x2x3
12

x21+x22
12 − x12 − x22 1 0

x5
2 −

x2x3
12

x4
2 −

x1x3
12

x1x2
6 − x22 − x12 0 1


.

(2457L1)

The following Lie algebra is denoted as (2457L1) by Gong in [9], and as G7,2,9 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+1 , i = 2, 3 , [X1, X4] = X6 ,
[X1, X5] =X7 , [X2, X3] = X5 , [X2, X4] = X7 , [X2, X5] = −X6 .

This is a nilpotent Lie algebra of rank 2 and step 4 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2

X3

X4 X5

X6 X7 .

The composition law (1.4) of (2457L1) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x2y3 − x3y2) + 1

12 (x2 − y2)(x1y2 − x2y1);
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1 − x2y5 + x5y2) + 1
12 (x1 − y1)(x1y3 − x3y1)

1
12 (y2 − x2)(x2y3 − x3y2) + 1

24 (x2y2 − x1y1)(x1y2 − x2y1);
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• z7 = x7 + y7 + 1
2 (x1y5 − x5y1 + x2y4 − x4y2) + 1

12 (x2 − y2)(x1y3 − x3y1)
+ 1

12 (x1 − y1)(x2y3 − x3y2)] − 1
24 (x1y2 + x2y1)(x1y2 − x2y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
− x22 x1

2 1 0 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0 0

− x
2
2

12
x1x2
12 −

x3
2

x2
2 0 1 0 0

− x1x312 −
x4
2

x2x3
12 + x5

2
x21−x22
12

x1
2 − x22 1 0

− x2x312 −
x5
2 − x1x312 −

x4
2

x1x2
6

x2
2

x1
2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 − x22

12∂x5 −
( x1x3

12 + x4
2
)
∂x6 −

( x5
2 + x2x3

12
)
∂x7 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 +

( x1x2
12 −

x3
2
)
∂x5 +

( x2x3
12 + x5

2
)
∂x6 −

( x1x3
12 + x4

2
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x4 + x2

2 ∂x5 +
x21−x22
12 ∂x6 + x1x2

6 ∂x7 ;
• X4 = ∂x4 + x1

2 ∂x6 + x2
2 ∂x7 ;

• X5 = ∂x5 − x2
2 ∂x6 + x1

2 ∂x7 ;
• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x2
2 dx3 +

( x3
2 + x1x2

6
)
dx2 − x22

6 dx1;
• θ6 = dx6 + x2

2 dx5 − x1
2 dx4 +

x21−x22
6 dx3 +

( x2x3
6 − x5

2 + x1x22−x31
24

)
dx2 +

( x4
2 −

x1x3
6

+ x21x2−x32
24

)
dx1;

• θ7 = dx7 − x1
2 dx5 − x2

2 dx4 + x1x2
3 dx3 +

( x4
2 −

x1x3
6 − x21x2

12
)
dx2 +

( x5
2 −

x2x3
6 + x1x22

12
)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
x2
2 − x12 1 0 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0 0

− x
2
2

12
x1x2
12 + x3

2 − x22 0 1 0 0
x4
2 −

x1x3
12

x2x3
12 −

x5
2

x21−x22
12 − x12 x2

2 1 0
x5
2 −

x2x3
12

x4
2 −

x1x3
12

x1x2
6 − x22 − x12 0 1


.

(2457M)

The following Lie algebra is denoted as (2457M) by Gong in [9], and as G7,2,8 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+1 , i = 2, 3 , [X1, X4] = X7 ,
[X1, X5] = X6 , [X2, X3] = X5 , [X2, X4] = X6 .
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This is a nilpotent Lie algebra of rank 2 and step 4 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2

X3

X4 X5

X7 X6 .

The composition law (1.4) of (2457M) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x2y3 − x3y2) + 1

12 (x2 − y2)(x1y2 − x2y1);
• z6 = x6 + y6 + 1

2 (x2y4 − x4y2 + x1y5 − x5y1) + 1
12 (x1 − y1)(x2y3 − x3y2)

+ 1
12 (x2 − y2)(x1y3 − x3y1) − 1

24 (x1y2 + x2y1)(x1y2 − x2y1);
• z7 = x7 + y7 + 1

2 (x1y4 − x4y1) + 1
12 (x1 − y1)(x1y3 − x3y1) − 1

24 x1y1(x1y2 − x2y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
− x22 x1

2 1 0 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0 0

− x
2
2

12
x1x2
12 −

x3
2

x2
2 0 1 0 0

− x2x312 −
x5
2 − x1x312 −

x4
2

x1x2
6

x2
2

x1
2 1 0

− x1x312 −
x4
2 0 x21

12
x1
2 0 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 − x22

12∂x5 −
( x2x3

12 + x5
2
)
∂x6 −

( x1x3
12 + x4

2
)
∂x7 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 +

( x1x2
12 −

x3
2
)
∂x5 −

( x1x3
12 + x4

2
)
∂x6 ;

• X3 = ∂x3 + x1
2 ∂x4 + x2

2 ∂x5 + x1x2
6 ∂x6 + x21

12∂x7 ;
• X4 = ∂x4 + x2

2 ∂x6 + x1
2 ∂x7 ;

• X5 = ∂x5 + x1
2 ∂x6 ;

• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x2
2 dx3 +

( x3
2 + x1x2

6
)
dx2 − x22

6 dx1;
• θ6 = dx6 − x1

2 dx5 − x2
2 dx4 + x1x2

3 dx3 +
( x4
2 −

x1x3
6 − x21x2

12
)
dx2 +

( x5
2 −

x2x3
6 + x1x22

12
)
dx1;
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• θ7 = dx7 − x1
2 dx4 +

x21
6 dx3 −

x31
24dx2 +

( x4
2 −

x1x3
6 + x21x2

24
)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
x2
2 − x12 1 0 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0 0

− x
2
2

12
x1x2
12 + x3

2 − x22 0 1 0 0
x5
2 −

x2x3
12

x4
2 −

x1x3
12

x1x2
6 − x22 − x12 1 0

x4
2 −

x1x3
12 0 x21

12 − x12 0 0 1


.

(23457A)

The following Lie algebra is denoted as (23457A) by Gong in [9], and as G7,2,7 by Magnin in [20].
The non-trivial brackets are the following

[X1, Xi] = Xi+1 , i = 2, 3, 4 , [X1, X5] = X6 , [X2, X3] = X7 .

This is a nilpotent Lie algebra of rank 2 and step 5 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2

X3

X4 X7

X5

X6 .

The composition law (1.4) of (23457A) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x1y4 − x4y1) + 1

12 (x1 − y1)(x1y3 − x3y1) − 1
24 x1y1(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x1y5 − x5y1) + 1

12 (x1 − y1)(x1y4 − x4y1) − 1
24 x1y1(x1y3 − x3y1)

+ 1
180 (x1y21 − x21y1)(x1y2 − x2y1) + 1

720 (y31 − x31)(x1y2 − x2y1);
• z7 = x7 + y7 + 1

2 (x2y3 − x3y2) + 1
12 (x2 − y2)(x1y2 − x2y1).
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Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
− x22 x1

2 1 0 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0 0

− x1x312 −
x4
2 0 x21

12
x1
2 1 0 0

x31x2
720 −

x1x4
12 −

x5
2 − x41

720 0 x21
12

x1
2 1 0

− x
2
2

12
x1x2
12 −

x3
2

x2
2 0 0 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 −

( x1x3
12 + x4

2
)
∂x5 +

( x31x2
720 −

x1x4
12 −

x5
2
)
∂x6 − x22

12∂x7 ;
• X2 = ∂x2 + x1

2 ∂x3 +
x21
12∂x4 −

x41
720∂x6 +

( x1x2
12 −

x3
2
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x4 +

x21
12∂x5 + x2

2 ∂x7 ;
• X4 = ∂x4 + x1

2 ∂x5 +
x21
12∂x6 ;

• X5 = ∂x5 + x1
2 ∂x6 ;

• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x1
2 dx4 +

x21
6 dx3 −

x31
24dx2 +

( x4
2 −

x1x3
6 + x21x2

24
)
dx1;

• θ6 = dx6 − x1
2 dx5 +

x21
6 dx4 −

x31
24dx3 +

x41
120dx2 +

( x5
2 −

x1x4
6 + x21x3

24 −
x31x2
120
)
dx1;

• θ7 = dx7 − x2
2 dx3 +

( x3
2 + x1x2

6
)
dx2 − x22

6 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
x2
2 − x12 1 0 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0 0

x4
2 −

x1x3
12 0 x21

12 − x12 1 0 0
x31x2
720 −

x1x4
12 + x5

2 − x41
720 0 x21

12 − x12 1 0
− x

2
2

12
x1x2
12 + x3

2 − x22 0 0 0 1


.

(23457B)

The following Lie algebra is denoted as (23457B) by Gong in [9], and as G7,2,6 by Magnin in [20].
The non-trivial brackets are the following

[X1, Xi] = Xi+1 , i = 2, 3, 4 , [X2, X5] = X6 , [X2, X3] = X7 , [X3, X4] = −X6 .

This is a nilpotent Lie algebra of rank 2 and step 5 that is strati�able. The Lie brackets can be pictured with
the diagram:
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X1 X2

X3

X4 X7

X5

X6 .

The composition law (1.4) of (23457B) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x1y4 − x4y1) + 1

12 (x1 − y1)(x1y3 − x3y1) − 1
24 x1y1(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x2y5 − x5y2 − x3y4 + x4y3) + 1

12 (x2 − y2)(x1y4 − x4y1)
+ 1

12 (y3 − x3)(x1y3 − x3y1) + 1
12 (x4 − y4)(x1y2 − x2y1) − 1

120 x1(x1y2 − x2y1)2
− 1

24 [x1y2(x1y3 − x3y1) − x1y3(x1y2 − x2y1)] + 1
720 (y21y2 − x21x2)(x1y2 − x2y1)

+ 1
180 x1y1y2(x1y2 − x2y1) − 1

180 x
2
1y2(x1y2 − x2y1) − 1

360 y1(x1y2 − x2y1)
2;

• z7 = x7 + y7 + 1
2 (x2y3 − x3y2) + 1

12 (x2 − y2)(x1y2 − x2y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
− x22 x1

2 1 0 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0 0

− x1x312 −
x4
2 0 x21

12
x1
2 1 0 0

x21x
2
2

720 + x23−2x2x4
12

x1x4
12 −

x31x2
720 −

x5
2

x4
2 −

x1x3
12

x1x2
12 −

x3
2

x2
2 1 0

− x
2
2

12
x1x2
12 −

x3
2

x2
2 0 0 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 −

( x1x3
12 + x4

2
)
∂x5 +

( x21x22
720 + x23−2x2x4

12
)
∂x6 − x22

12∂x7 ;
• X2 = ∂x2 + x1

2 ∂x3 +
x21
12∂x4 +

( x1x4
12 −

x31x2
720 −

x5
2
)
∂x6 +

( x1x2
12 −

x3
2
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x4 +

x21
12∂x5 +

( x4
2 −

x1x3
12
)
∂x6 + x2

2 ∂x7 ;
• X4 = ∂x4 + x1

2 ∂x5 +
( x1x2

12 −
x3
2
)
∂x6 ;

• X5 = ∂x5 + x2
2 ∂x6 ;

• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;
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• θ5 = dx5 − x1
2 dx4 +

x21
6 dx3 −

x31
24dx2 +

( x4
2 −

x1x3
6 + x21x2

24
)
dx1;

• θ6 = dx6 − x2
2 dx5 +

( x1x2
6 + x3

2
)
dx4 −

( x4
2 + x1x3

6 + x21x2
24
)
dx3 +

( x5
2 + x1x4

6 + x21x3
24

+ x31x2
120
)
dx2 +

( x23−2x2x4
6 − x21x

2
2

120
)
dx1;

• θ7 = dx7 − x2
2 dx3 +

( x3
2 + x1x2

6
)
dx2 − x22

6 dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
x2
2 − x12 1 0 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0 0

x4
2 −

x1x3
12 0 x21

12 − x12 1 0 0
x21x

2
2

720 + x23−2x2x4
12

x1x4
12 −

x31x2
720 + x5

2 − x42 −
x1x3
12

x1x2
12 + x3

2 − x22 1 0
− x

2
2

12
x1x2
12 + x3

2 − x22 0 0 0 1


.

(23457C)

The following Lie algebra is denoted as (23457C) by Gong in [9], and as G7,2,4 by Magnin in [20].
The non-trivial brackets are the following

[X1, Xi] = Xi+1 , i = 2, 3, 4 , [X1, X5] = X6 , [X2, X5] = X7 , [X3, X4] = −X7 .

This is a nilpotent Lie algebra of rank 2 and step 5 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2

X3

X4

X5

X6 X7 .

The composition law (1.4) of (23457C) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x1y4 − x4y1) + 1

12 (x1 − y1)(x1y3 − x3y1) − 1
24 x1y1(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x1y5 − x5y1) + 1

12 (x1 − y1)(x1y4 − x4y1) − 1
24 x1y1(x1y3 − x3y1)

+ 1
180 (x1y21 − x21y1)(x1y2 − x2y1) + 1

720 (y31 − x31)(x1y2 − x2y1);
• z7 = x7 + y7 + 1

2 (x2y5 − x5y2 − x3y4 + x4y3) + 1
12 (x2 − y2)(x1y4 − x4y1)

1
12 (y3 − x3)(x1y3 − x3y1) + 1

12 (x4 − y4)(x1y2 − x2y1) − 1
24 x1y2(x1y3 − x3y1)
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− 1
24 x1y3(x1y2 − x2y1) + 1

180 (x1y1y2 − x21y2)(x1y2 − x2y1)
+ 1

720 (y21y1 − x21x2)(x1y2 − x2y1) − 1
360 y1(x1y2 − x2y1)

2 − 1
120 x1(x1y2 − x2y1)2.

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
− x22 x1

2 1 0 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0 0

− x1x312 −
x4
2 0 x21

12
x1
2 1 0 0

x31x2
720 −

x1x4
12 −

x5
2 − x41

720 0 x21
12

x1
2 1 0

x21x
2
2

720 + x23−2x2x4
12

x1x4
12 −

x31x2
720 −

x5
2

x4
2 −

x1x3
12

x1x2
12 −

x3
2

x2
2 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 −

( x1x3
12 + x4

2
)
∂x5 +

( x31x2
720 −

x1x4
12 −

x5
2
)
∂x6

+
( x21x22
720 + x23−2x2x4

12
)
∂x7 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 −

x41
720∂x6 +

( x1x4
12 −

x5
2 −

x31x2
720
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x4 +

x21
12∂x5 +

( x4
2 −

x1x3
12
)
∂x7 ;

• X4 = ∂x4 + x1
2 ∂x5 +

x21
12∂x6 +

( x1x2
12 −

x3
2
)
∂x7 ;

• X5 = ∂x5 + x1
2 ∂x6 + x2

2 ∂x7 ;
• X6 = ∂x6 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x1
2 dx4 +

x21
6 dx3 −

x31
24dx2 +

( x4
2 −

x1x3
6 + x21x2

24
)
dx1;

• θ6 = dx6 − x1
2 dx5 +

x21
6 dx4 −

x31
24dx3 +

x41
120dx2 +

( x5
2 −

x1x4
6 + x21x3

24 −
x31x2
120
)
dx1;

• θ7 = dx7 − x2
2 dx5 +

( x3
2 + x1x2

6
)
dx4 −

( x4
2 + x1x3

6 + x21x2
24
)
dx3 +

( x5
2 + x1x4

6 + x21x3
24

+ x31x2
120
)
dx2 +

( x23−2x2x4
6 − x21x

2
2

120
)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
x2
2 − x12 1 0 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0 0

x4
2 −

x1x3
12 0 x21

12 − x12 1 0 0
x31x2
720 −

x1x4
12 + x5

2 − x41
720 0 x21

12 − x12 1 0
x21x

2
2

720 + x23−2x2x4
12

x1x4
12 −

x31x2
720 + x5

2 − x42 −
x1x3
12

x1x2
12 + x3

2 − x22 0 1


.

(17)

The following Lie algebra is denoted as (17) by Gong in [9], and as G7,4,4 by Magnin in [20]. This is the 7-
dimensional Heisenberg Lie algebra, also called third Heisenberg algebra.
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The non-trivial brackets are the following:

[X1, X2] = [X3, X4] = [X5, X6] = X7 .

This is a nilpotent Lie algebra of rank 6 and step 2 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X3 X4 X5 X6

X7 .

The composition law (1.4) of (17) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4;
• z5 = x5 + y5;
• z6 = x6 + y6;
• z7 = x7 + y7 + 1

2 (x1y2 − x2y1 + x3y4 − x4y3 + x5y6 − x6y5).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
− x22 x1

2 − x42
x3
2 − x62

x5
2 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x7 ;

• X2 = ∂x2 + x1
2 ∂x7 ;

• X3 = ∂x3 − x4
2 ∂x7 ;

• X4 = ∂x4 + x3
2 ∂x7 ;

• X5 = ∂x5 − x6
2 ∂x7 ;

• X6 = ∂x6 + x5
2 ∂x7 ;

• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4;
• θ5 = dx5;
• θ6 = dx6;
• θ7 = dx7 − x5

2 dx6 +
x6
2 dx5 −

x3
2 dx4 +

x4
2 dx3 − x1

2 dx2 + x2
2 dx1.
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Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
x2
2 − x12

x4
2 − x32

x6
2 − x52 1


.

(147D)

The following Lie algebra is denoted as (147D) by Gong in [9], and as G7,2,2 by Magnin in [20].
The non-trivial brackets are the following:

[X1, X2] = X4 , [X1, X3] = −X6 , [X2, X3] = X5 ,
[X1, X5] = [X1, X6] = [X2, X6] = X7 , [X3, X4] = −2X7 .

This is a nilpotent Lie algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X3 X1 X2

X6 X5 X4

X7 .

−2

The composition law (1.4) of (147D) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x2y3 − x3y2);
• z6 = x6 + y6 + 1

2 (x3y1 − x1y3);
• z7 = x7 + y7 + 1

2 (x1y5 − x5y1 + x1y6 − x6y1 + x2y6 − x6y2 − 2x3y4 + 2x4y3)
+ 1

12 [x1(x2y3 − x3y2) − x2(x1y3 − x3y1) − x1(x1y3 − x3y1) − 2x3(x1y2 − x2y1)]
− 1

12 [y1(x2y3 − x3y2) − y2(x1y3 − x3y1) − y1(x1y3 − x3y1) − 2y3(x1y2 − x2y1)].

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
0 − x32 x2

2 0 1 0 0
x3
2 0 − x12 0 0 1 0

x1x3+3x2x3
12 − x5+x6

2 − x62 −
x1x3
4 x4 − x21

12 −x3 x1
2

x1+x2
2 1


,
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the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 +

x3
2 ∂x6 +

( x1x3+3x2x3
12 − x5+x6

2
)
∂x7 ;

• X2 = ∂x2 + x1
2 ∂x4 −

x3
2 ∂x5 −

( x6
2 + x1x3

4
)
∂x7 ;

• X3 = ∂x3 + x2
2 ∂x5 − x1

2 ∂x6 +
(
x4 − x21

12
)
∂x7 ;

• X4 = ∂x4 − x3∂x7 ;
• X5 = ∂x5 + x1

2 ∂x7 ;
• X6 = ∂x6 + x1+x2

2 ∂x7 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x2
2 dx3 +

x3
2 dx2;

• θ6 = dx6 + x1
2 dx3 −

x3
2 dx1;

• θ7 = dx7 − x1+x2
2 dx6 − x1

2 dx5 + x3dx4 −
(
x4 + x21

6
)
dx3 +

( x6
2 −

x1x3
2
)
dx2 +

( x5+x6
2

+ x1x3+3x2x3
6

)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
0 x3

2 − x22 0 1 0 0
− x32 0 x1

2 0 0 1 0
x1x3+3x2x3

12 + x5+x6
2

x6
2 −

x1x3
4 −x4 − x21

12 x3 − x12 − x1+x22 1


.

(147E)

The following one-parameter family of Lie algebras is denoted as (147E) by Gong in [9], and as G7,3,1(iλ) with
λ ∈ (0, 1) by Magnin in [20].

For λ ∈ (0, 1), the non-trivial brackets are the following:

[X1, X2] = X4 , [X1, X3] = −X6 , [X2, X3] = X5 ,
[X1, X5] = −X7 , [X2, X6] = λX7 , [X3, X4] = (1 − λ)X7 .

Let us stress that when λ = 0, 1, the Lie algebra we obtain is isomorphic to (247P). This is a nilpotent Lie
algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with the diagram:
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X3 X1 X2

X6 X5 X4

X7 .

1−λ
−λ

The composition law (1.4) of (147E) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x2y3 − x3y2);
• z6 = x6 + y6 + 1

2 (x3y1 − x1y3);
• z7 = x7 + y7 + 1

2 [λ(x2y6 − x6y2) + (1 − λ)(x3y4 − x4y3) − x1y5 + x5y1]
+ 1

12 [(1 − λ)x3(x1y2 − x2y1) − λx2(x1y3 − x3y1) − x1(x2y3 − x3y2)]
− 1

12 [(1 − λ)y3(x1y2 − x2y1) − λy2(x1y3 − x3y1) − y1(x2y3 − x3y2)].

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
0 − x32 x2

2 0 1 0 0
x3
2 0 − x12 0 0 1 0

x5
2 + (2λ−1)x2x3

12
(2−λ)x1x3

12 − λx6
2 − (1−λ)x42 − (1+λ)x1x2

12
(1−λ)x3

2 − x12 λx2
2 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 +

x3
2 ∂x6 +

( x5
2 + (2λ−1)x2x3

12
)
∂x7 ;

• X2 = ∂x2 + x1
2 ∂x4 −

x3
2 ∂x5 +

( (2−λ)x1x3
12 − λx6

2
)
∂x7 ;

• X3 = ∂x3 + x2
2 ∂x5 − x1

2 ∂x6 −
( (1−λ)x4

2 + (1+λ)x1x2
12

)
∂x7 ;

• X4 = ∂x4 + (1−λ)x3
2 ∂x7 ;

• X5 = ∂x5 − x1
2 ∂x7 ;

• X6 = ∂x6 + λx2
2 ∂x7 ;

• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x2
2 dx3 +

x3
2 dx2;

• θ6 = dx6 + x1
2 dx3 −

x3
2 dx1;

• θ7 = dx7 − λx2
2 dx6 + x1

2 dx5 −
(1−λ)x3

2 dx4 +
( (1−λ)x4

2 − (1+λ)x1x2
6

)
dx3 +

( λx6
2

+ (2−λ)x1x3
6

)
dx2 +

( (2λ−1)x2x3
6 − x5

2
)
dx1.
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Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
0 x3

2 − x22 0 1 0 0
− x32 0 x1

2 0 0 1 0
(2λ−1)x2x3

12 − x5
2

(2−λ)x1x3
12 + λx6

2
(1−λ)x4

2 − (1+λ)x1x2
12 − (1−λ)x32

x1
2 − λx22 1


.

(147E1)

The following one-parameter family of Lie algebras is denoted as (147E1) by Gong in [9], and as G7,3,1(iλ) with
λ > 1 by Magnin in [20].

For λ > 1, the non-trivial brackets are the following:
[X1, X2] = X4 , [X1, X3] = −X6 , [X2, X3] = X5 ,

[X2, X6] = 2X7 , [X1, X6] = −λX7 , [X2, X5] = λX7 , [X3, X4] = −2X7 .

Let us stress that when λ = 1, the Lie algebra we obtain is isomorphic to (247P1). This is a nilpotent Lie
algebra of rank 3 and step 3 that is strati�able. The Lie brackets can be pictured with the diagram:

X3 X1 X2

X6 X5 X4

X7 .

−2
λ

−λ
−2

The composition law (1.4) of (147E1) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x2y3 − x3y2);
• z6 = x6 + y6 + 1

2 (x3y1 − x1y3);
• z7 = x7 + y7 + x2y6 − x6y2 − x3y4 + x4y3 + 1

2 [λ(x2y5 − x5y2) − λ(x1y6 − x6y1)]
+ 1

12 (λx2 − λy2)(x2y3 − x3y2) + 1
12 (λx1 − λy1)(x1y3 − x3y1)

+ 1
6 (y2 − x2)(x1y3 − x3y1) + 1

6 (y3 − x3)(x1y2 − x2y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
− x22 x1

2 0 1 0 0 0
0 − x32 x2

2 0 1 0 0
x3
2 0 − x12 0 0 1 0
a1 a2 x4 + λx21−2x1x2+λx22

12 −x3 λx2
2

2x2−λx1
2 1


,
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where

a1 = λx6
2 + 4x2x3 − λx1x3

12 ;

a2 = − λx5 + 2x62 − 2x1x3 + λx2x3
12 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 +

x3
2 ∂x6 +

( λx6
2 + 4x2x3−λx1x3

12
)
∂x7 ;

• X2 = ∂x2 + x1
2 ∂x4 −

x3
2 ∂x5 −

( λx5+2x6
2 + 2x1x3+λx2x3

12
)
∂x7 ;

• X3 = ∂x3 + x2
2 ∂x5 − x1

2 ∂x6 +
(
x4 + λx21−2x1x2+λx22

12
)
∂x7 ;

• X4 = ∂x4 − x3∂x7 ;
• X5 = ∂x5 + λx2

2 ∂x7 ;
• X6 = ∂x6 + 2x2−λx1

2 ∂x7 ;
• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x2
2 dx3 +

x3
2 dx2;

• θ6 = dx6 + x1
2 dx3 −

x3
2 dx1;

• θ7 = dx7 + λx1−2x2
2 dx6 − λx2

2 dx5 + x3dx4 +
( λx21−2x1x2+λx22

6 − x4
)
dx3 +

( λx5+2x6
2

− λx2x3+2x1x3
6

)
dx2 −

( λx6
2 + λx1x3−4x2x3

6
)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
x2
2 − x12 0 1 0 0 0
0 x3

2 − x22 0 1 0 0
− x32 0 x1

2 0 0 1 0
a1 a2 λx21−2x1x2+λx22

12 − x4 x3 − λx22 λx1−2x2
2 1


,

where

a1 = 4x2x3 − λx1x3
12 − λx62 ;

a2 = λx5 + 2x6
2 − 2x1x3 + λx2x3

12 ,

(137A)

The following Lie algebra is denoted as (137A) by Gong in [9], and as G7,3,16 by Magnin in [20].
The non-trivial brackets are the following:

[X1, X2] = X5 , [X1, X5] = X7 , [X3, X4] = X6 , [X3, X6] = X7 .

This is a nilpotent Lie algebra of rank 4 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:
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X1 X2 X3 X4

X5 X6

X7 .

The composition law (1.4) of (137A) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x1y2 − x2y1);
• z6 = x6 + y6 + 1

2 (x3y4 − x4y3);
• z7 = x7 + y7 + 1

2 (x1y5 − x5y1 + x3y6 − x6y3) + 1
12 (x1 − y1)(x1y2 − x2y1)

+ 1
12 (x3 − y3)(x3y4 − x4y3).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
− x22 x1

2 0 0 1 0 0
0 0 − x42

x3
2 0 1 0

− x1x212 −
x5
2

x21
12 − x62 −

x3x4
12

x23
12

x1
2

x3
2 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x5 −

( x1x2
12 + x5

2
)
∂x7 ;

• X2 = ∂x2 + x1
2 ∂x5 +

x21
12∂x7 ;

• X3 = ∂x3 − x4
2 ∂x6 −

( x6
2 + x3x4

12
)
∂x7 ;

• X4 = ∂x4 + x3
2 ∂x6 +

x23
12∂x7 ;

• X5 = ∂x5 + x1
2 ∂x7 ;

• X6 = ∂x6 + x3
2 ∂x7 ;

• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4;
• θ5 = dx5 − x1

2 dx2 + x2
2 dx1;

• θ6 = dx6 − x3
2 dx4 +

x4
2 dx3;

• θ7 = dx7 − x3
2 dx6 − x1

2 dx5 +
x23
6 dx4 +

( x6
2 −

x3x4
6
)
dx3 + x21

6 dx2 +
( x5
2 − x1x2

6
)
dx1.
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Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
x2
2 − x12 0 0 1 0 0
0 0 x4

2 − x32 0 1 0
x5
2 − x1x2

12
x21
12

x6
2 −

x3x4
12

x23
12 − x12 − x32 1


.

(137A1)

The following Lie algebra is denoted as (137A1) by Gong in [9], and as G7,3,16 by Magnin in [20].
The non-trivial brackets are the following:

[X1, X3] = X5 , [X1, X4] = X6 , [X1, X5] = X7 ,
[X2, X3] = −X6 , [X2, X4] = X5 , [X2, X6] = X7 .

This is a nilpotent Lie algebra of rank 4 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X3 X2 X4

X5 X6

X7 .

The composition law (1.4) of (137A1) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1 + x2y4 − x4y2);
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1 − x2y3 + x3y2);
• z7 = x7 + y7 + 1

2 (x1y5 − x5y1 + x2y6 − x6y2) + 1
12 (x1 − y1)(x1y3 − x3y1 + x2y4 − x4y2)

+ 1
12 (x2 − y2)(x1y4 − x4y1 − x2y3 + x3y2)].

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
− x32 − x42 x1

2
x2
2 1 0 0

− x42
x3
2 − x22 x1

2 0 1 0
− x1x3+x2x412 − x5

2
x2x3−x1x4

12 − x6
2

x21−x22
12

x1x2
6

x1
2

x2
2 1


,

the induced left-invariant vector �elds (1.6) are:



266 | Enrico Le Donne and Francesca Tripaldi

• X1 = ∂x1 − x3
2 ∂x5 −

x4
2 ∂x6 −

( x5
2 + x1x3+x2x4

12
)
∂x7 ;

• X2 = ∂x2 − x4
2 ∂x5 +

x3
2 ∂x6 +

( x2x3−x1x4
12 − x6

2
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x5 − x2

2 ∂x6 +
x21−x22
12 ∂x7 ;

• X4 = ∂x4 + x2
2 ∂x5 + x1

2 ∂x6 + x1x2
6 ∂x7 ;

• X5 = ∂x5 + x1
2 ∂x7 ;

• X6 = ∂x6 + x2
2 ∂x7 ;

• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4;
• θ5 = dx5 − x2

2 dx4 − x1
2 dx3 +

x4
2 dx2 +

x3
2 dx1;

• θ6 = dx6 − x1
2 dx4 + x2

2 dx3 −
x3
2 dx2 +

x4
2 dx1;

• θ7 = dx7 − x2
2 dx6 − x1

2 dx5 + x1x2
3 dx4 + x21−x22

6 dx3 +
( x6
2 + x2x3−x1x4

6
)
dx2 +

( x5
2

− x1x3+x2x4
6

)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
x3
2

x4
2 − x12 − x22 1 0 0

x4
2 − x32 x2

2 − x12 0 1 0
x5
2 −

x1x3+x2x4
12

x2x3−x1x4
12 + x6

2
x21−x22
12

x1x2
6 − x12 − x22 1


.

(137C)

The following Lie algebra is denoted as (137C) by Gong in [9], and as G7,3,10 by Magnin in [20].
The non-trivial brackets are the following:

[X1, X2] = X5 , [X1, X4] = X6 , [X1, X6] = X7 , [X2, X3] = X6 , [X3, X5] = −X7 .

This is a nilpotent Lie algebra of rank 4 and step 3 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2 X3 X4

X5 X6

X7 .

The composition law (1.4) of (137C) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
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• z4 = x4 + y4;
• z5 = x5 + y5 + 1

2 (x1y2 − x2y1);
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1 + x2y3 − x3y2);
• z7 = x7 + y7 + 1

2 (x1y6 − x6y1 − x3y5 + x5y3) + 1
12 (x1 − y1)(x1y4 − x4y1 + x2y3 − x3y2)

+ 1
12 (y3 − x3)(x1y2 − x2y1)].

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
− x22 x1

2 0 0 1 0 0
− x42 − x32 x2

2
x1
2 0 1 0

x2x3−x1x4
12 − x6

2 − x1x36
x1x2
12 + x5

2
x21
12 − x32 x1

2 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x5 −

x4
2 ∂x6 +

( x2x3−x1x4
12 − x6

2
)
∂x7 ;

• X2 = ∂x2 + x1
2 ∂x5 −

x3
2 ∂x6 −

x1x3
6 ∂x7 ;

• X3 = ∂x3 + x2
2 ∂x6 +

( x1x2
12 + x5

2
)
∂x7 ;

• X4 = ∂x4 + x1
2 ∂x6 +

x21
12∂x7 ;

• X5 = ∂x5 − x3
2 ∂x7 ;

• X6 = ∂x6 + x1
2 ∂x7 ;

• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4;
• θ5 = dx5 − x1

2 dx2 + x2
2 dx1;

• θ6 = dx6 − x1
2 dx4 − x2

2 dx3 +
x3
2 dx2 +

x4
2 dx1;

• θ7 = dx7 − x1
2 dx6 +

x3
2 dx5 +

x21
6 dx4 +

( x1x2
6 − x5

2
)
dx3 − x1x3

3 dx2 +
( x6
2 + x2x3−x1x4

6
)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
x2
2 − x12 0 0 1 0 0
x4
2

x3
2 − x22 − x12 0 1 0

x2x3−x1x4
12 + x6

2 − x1x36
x1x2
12 −

x5
2

x21
12

x3
2 − x12 1


.

(12457H)

The following Lie algebra is denoted as (12457H) by Gong in [9], and as G7,2,5 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+1 , i = 2, 3, 5, 6 , [X2, Xj] = Xj+2 , j = 3, 4 , [X3, X4] = X7 .
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This is a nilpotent Lie algebra of rank 2 and step 5 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2

X3

X4 X5

X6

X7 .

The composition law (1.4) of (12457H) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x2y3 − x3y2) + 1

12 (x2 − y2)(x1y2 − x2y1);
• z6 = x6 + y6 + 1

2 (x1y5 − x5y1 + x2y4 − x4y2) + 1
12 (x1 − y1)(x2y3 − x3y2)

+ 1
12 (x2 − y2)(x1y3 − x3y1) − 1

24 (x1y2 + x2y1)(x1y2 − x2y1);
• z7 = x7 + y7 + 1

2 (x1y6 − x6y1 + x3y4 − x4y3) + 1
12 (x1 − y1)(x1y5 − x5y1 + x2y4 − x4y2)

+ 1
12 (x3 − y3)(x1y3 − x3y1) + 1

12 (y4 − x4)(x1y2 − x2y1) − 1
24 [x1y3(x1y2 − x2y1)

+ x2y1(x1y3 − x3y1) + x1y1(x2y3 − x3y2)] + 1
360 (y1 + 3x1)(x1y2 − x2y1)

2

+ 1
180 (x2y21 + x1y1y2 − 2x1x2y1)(x1y2 − x2y1) + 2

720 (y21y2 − x21x2)(x1y2 − x2y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
− x22 x1

2 1 0 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0 0

− x
2
2

12
x1x2
12 −

x3
2

x2
2 0 1 0 0

− x2x312 −
x5
2 − x1x312 −

x4
2

x1x2
6

x2
2

x1
2 1 0

x21x
2
2

360 + x2x4−x23−x1x5
12 − x6

2 − x1x46 − x31x2
360

x1x3
12 −

x4
2

x1x2
12 + x3

2
x21
12

x1
2 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 − x22

12∂x5 −
( x2x3

12 + x5
2
)
∂x6 +

( x21x22
360 + x2x4−x23−x1x5

12
− x6

2
)
∂x7 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 +

( x1x2
12 −

x3
2
)
∂x5 −

( x4
2 + x1x3

12
)
∂x6 −

( x1x4
6 + x31x2

360
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x4 + x2

2 ∂x5 + x1x2
6 ∂x6 +

( x1x3
12 −

x4
2
)
∂x7 ;

• X4 = ∂x4 + x2
2 ∂x6 +

( x1x2
12 + x3

2
)
∂x7 ;

• X5 = ∂x5 + x1
2 ∂x6 +

x21
12∂x7 ;

• X6 = ∂x6 + x1
2 ∂x7 ;

• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:
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• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x2
2 dx3 +

( x1x2
6 + x3

2
)
dx2 − x22

6 dx1;
• θ6 = dx6 − x1

2 dx5 − x2
2 dx4 + x1x2

3 dx3 +
( x4
2 −

x1x3
6 − x21x2

12
)
dx2 +

( x5
2 −

x2x3
6 + x1x22

12
)
dx1;

• θ7 = dx7 − x1
2 dx6 +

x21
6 dx5 +

( x1x2
6 − x3

2
)
dx4 +

( x4
2 + x1x3

6 − x21x2
12
)
dx3 +

( x31x2
60

− x1x4
3
)
dx2 +

( x6
2 + x2x4−x23−x1x5

6 + x1x2x3
12 − x21x

2
2

60
)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
x2
2 − x12 1 0 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0 0

− x
2
2

12
x1x2
12 + x3

2 − x22 0 1 0 0
x5
2 −

x2x3
12

x4
2 −

x1x3
12

x1x2
6 − x22 − x12 1 0

x21x
2
2

360 + x2x4−x23−x1x5
12 + x6

2 − x1x46 − x31x2
360

x1x3
12 + x4

2
x1x2
12 −

x3
2

x21
12 − x12 1


.

(12457L)

The following Lie algebra is denoted as (12457L) by Gong in [9], and as G7,1,17 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+1 , i = 2, 3, 5, 6 , [X2, Xj] = Xj+2 , j = 3, 4 ,
[X2, X6] = X7 , [X3, X4] = X7 , [X3, X5] = −X7 .

This is a nilpotent Lie algebra of rank 2 and step 5 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2

X3

X4 X5

X6

X7 .

The composition law (1.4) of (12457L) is given by:

• z1 = x1 + y1;
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• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x2y3 − x3y2) + 1

12 (x2 − y2)(x1y2 − x2y1);
• z6 = x6 + y6 + 1

2 (x1y5 − x5y1 + x2y4 − x4y2) + 1
12 (x1 − y1)(x2y3 − x3y2)

+ 1
12 (x2 − y2)(x1y3 − x3y1) − 1

24 (x1y2 + x2y1)(x1y2 − x2y1);
• z7 = x7 + y7 + 1

2 (x1y6 − x6y1 + x2y6 − x6y2 + x3y4 − x4y3 − x3y5 + x5y3)
+ 1

12 (x1 − y1)(x1y5 − x5y1 + x2y4 − x4y2) + 1
12 (x2 − y2)(x1y5 − x5y1 + x2y4 − x4y2)

+ 1
12 (x3 − y3)(x1y3 − x3y1 − x2y3 + x3y2) + 1

12 (x5 − y5 − x4 + y4)(x1y2 − x2y1)
+ 1

24 (x2y3 − x1y3)(x1y2 − x2y1) − 1
24 (x2y1 + x2y2)(x1y3 − x3y1)

− 1
24 (x1y1 + x1y2)(x2y3 − x3y1) + 1

180 (x2y21 + x1y22 + x1y1y2)(x1y2 − x2y1)
+ 1

180 (x2y1y2 − 2x1x2y1 − 2x1x2y2)(x1y2 − x2y1) + 1
360 (y1 − y2)(x1y2 − x2y1)

2

+ 1
360 (y

2
1y2 + y1y22 − x21x2 − x1x22)(x1y2 − x2y1) + 1

120 (x1 − y1)(x1y2 − x2y1)2.

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
− x22 x1

2 1 0 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0 0

− x
2
2

12
x1x2
12 −

x3
2

x2
2 0 1 0 0

− x2x312 −
x5
2 − x1x312 −

x4
2

x1x2
6

x2
2

x1
2 1 0

a1 a2 a3 x1x2+x22
12 + x3

2
x21+x1x2

12 − x3
2

x1+x2
2 1


,

where

a1 = x21x22 + x1x32
360 + x2x4 − x

2
3 − x1x5 − 2x2x5

12 − x62 ,

a2 = x1x5 − x2x4 − 2x1x4 + x23
12 − x

3
1x2 + x21x22

360 − x62 ,

a3 = x1x3 − x2x3
12 + x5 − x42 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 − x22

12∂x5 −
( x2x3

12 + x5
2
)
∂x6 +

( x21x22+x1x32
360

+ x2x4−x23−x1x5−2x2x5
12 − x6

2
)
∂x7 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 +

( x1x2
12 −

x3
2
)
∂x5 −

( x4
2 + x1x3

12
)
∂x6 +

( x1x5−x2x4−2x1x4+x23
12

− x31x2+x21x22
360 − x6

2
)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x4 + x2

2 ∂x5 + x1x2
6 ∂x6 +

( x1x3−x2x3
12 + x5−x4

2
)
∂x7 ;

• X4 = ∂x4 + x2
2 ∂x6 +

( x1x2+x22
12 + x3

2
)
∂x7 ;

• X5 = ∂x5 + x1
2 ∂x6 +

( x21+x1x2
12 − x3

2
)
∂x7 ;

• X6 = ∂x6 + x1+x2
2 ∂x7 ;

• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x2
2 dx3 +

( x1x2
6 + x3

2
)
dx2 − x22

6 dx1;
• θ6 = dx6 − x1

2 dx5 − x2
2 dx4 + x1x2

3 dx3 +
( x4
2 −

x1x3
6 − x21x2

12
)
dx2 +

( x5
2 −

x2x3
6 + x1x22

12
)
dx1;
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• θ7 = dx7 − x1+x2
2 dx6 +

( x3
2 + x21+x1x2

6
)
dx5 +

( x1x2+x22
6 − x3

2
)
dx4 +

( x4−x5
2

+ x1x3−x2x3
6 − x21x2+x1x22

12
)
dx3 +

( x21x22+x31x2
60 + x1x2x3

12 + x23−2x1x4−x2x4+x1x5
6

+ x6
2
)
dx2 +

( x6
2 + x2x4−x23−x1x5−2x2x5

6 + x1x2x3
12 − x21x

2
2+x1x32
60

)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
x2
2 − x12 1 0 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0 0

− x
2
2

12
x1x2
12 + x3

2 − x22 0 1 0 0
x5
2 −

x2x3
12

x4
2 −

x1x3
12

x1x2
6 − x22 − x12 1 0

a1 a2 a3 x1x2+x22
12 − x3

2
x21+x1x2

12 + x3
2 − x1+x22 1


,

where

a1 = x21x22 + x1x32
360 + x2x4 − x

2
3 − x1x5 − 2x2x5

12 + x62 ,

a2 = x1x5 − x2x4 − 2x1x4 + x23
12 − x

3
1x2 + x21x22

360 + x62 ,

a3 = x1x3 − x2x3
12 + x4 − x52 .

(12457L1)

The following Lie algebra is denoted as (12457L1) by Gong in [9], and as G7,1,17 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+1 , i = 2, 3 , [X1, X4] = −X6 , [X1, X6] = X7 ,
[X2, X3] = X5 , [X2, X5] = −X6 , [X3, X5] = −X7 .

This is a nilpotent Lie algebra of rank 2 and step 5 that is strati�able. The Lie brackets can be pictured with
the diagram:

X1 X2

X3

X4 X5

X6

X7 .

The composition law (1.4) of (12457L1) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
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• z4 = x4 + y4 + 1
2 (x1y3 − x3y1) + 1

12 (x1 − y1)(x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x2y3 − x3y2) + 1
12 (x2 − y2)(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x5y2 − x2y5 + x4y1 − x1y4) + 1

12 (y1 − x1)(x1y3 − x3y1)
+ 1

12 (y2 − x2)(x2y3 − x3y2)] + 1
24 (x1y1 + x2y2)(x1y2 − x2y1);

• z7 = x7 + y7 + 1
2 (x1y6 − x6y1 − x3y5 + x5y3) + 1

12 (x5 − y5)(x1y2 − x2y1)
+ 1

12 (y1 − x1)(x2y5 − x5y2 + x1y4 − x4y1) + 1
12 (y3 − x3)(x2y3 − x3y2)]

+ 1
24 [x2y3(x1y2 − x2y1) + x1y1(x1y3 − x3y1) + x2y1(x2y3 − x3y2)]

+ 1
180 (x21y1 + x22y1 − x1y21 − x2y1y2)(x1y2 − x2y1) − 1

360 y2(x1y2 − x2y1)
2

+ 1
720 (x31 + x1x22 − y31 − y1y22)(x1y2 − x2y1) − 1

120 x2(x1y2 − x2y1)2.

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
− x22 x1

2 1 0 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0 0

− x
2
2

12
x1x2
12 −

x3
2

x2
2 0 1 0 0

x1x3
12 + x4

2
x2x3
12 + x5

2 − x
2
1+x22
12 − x12 − x22 1 0

a1 a2 x5
2 −

x2x3
12 − x

2
1

12 − x1x212 −
x3
2

x1
2 1


,

where

a1 = x1x4 − x2x5
12 − x62 −

x31x2 + x1x32
720 ,

a2 = x23 + 2x1x5
12 + x

4
1 + x21x22
720 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 − x22

12∂x5 +
( x1x3

12 + x4
2
)
∂x6 +

( x1x4−x2x5
12 − x6

2
− x31x2+x1x32

720
)
∂x7 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 +

( x1x2
12 −

x3
2
)
∂x5 +

( x5
2 + x2x3

12
)
∂x6 +

( x23+2x1x5
12

+ x41+x21x22
720

)
∂x7 ;

• X3 = ∂x3 + x1
2 ∂x4 + x2

2 ∂x5 −
x21+x22
12 ∂x6 +

( x5
2 −

x2x3
12
)
∂x7 ;

• X4 = ∂x4 − x1
2 ∂x6 −

x21
12∂x7 ;

• X5 = ∂x5 − x2
2 ∂x6 −

( x1x2
12 + x3

2
)
∂x7 ;

• X6 = ∂x6 + x1
2 ∂x7 ;

• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x2
2 dx3 +

( x1x2
6 + x3

2
)
dx2 − x22

6 dx1;
• θ6 = dx6 + x2

2 dx5 + x1
2 dx4 −

x21+x22
6 dx3 +

( x31+x1x22
24 + x2x3

6 − x5
2
)
dx2 +

( x1x3
6

− x21x2+x32
24 − x4

2
)
dx1;

• θ7 = dx7 − x1
2 dx6 +

( x3
2 − x1x2

6
)
dx5 − x21

6 dx4 +
( x31+x1x22

24 − x5
2 −

x2x3
6
)
dx3 +

( x23+2x1x5
6

− x41+x21x22
120

)
dx2 +

( x6
2 + x1x4−x2x5

6 − x21x3+x22x3
24 + x31x2+x1x32

120
)
dx1.
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Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
x2
2 − x12 1 0 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0 0

− x
2
2

12
x1x2
12 + x3

2 − x22 0 1 0 0
x1x3
12 −

x4
2

x2x3
12 −

x5
2 − x

2
1+x22
12

x1
2

x2
2 1 0

a1 a2 − x52 −
x2x3
12 − x

2
1

12
x3
2 − x1x2

12 − x12 1


,

where

a1 = x1x4 − x2x5
12 + x62 −

x31x2 + x1x32
720 ,

a2 = x23 + 2x1x5
12 + x

4
1 + x21x22
720 .

(123457A)

The following Lie algebra is denoted as (123457A) by Gong in [9], and as G7,2,3 by Magnin in [20].
The non-trivial brackets are the following:

[X1, Xi] = Xi+1 , 2 ≤ i ≤ 6 .

This is a nilpotent Lie algebra of rank 2 and step 6 that is strati�able, also known as the �liform Lie algebra
of dimension 7. The Lie brackets can be pictured with the diagram:

X1 X2

X3

X4

X5

X6

X7 .

The composition law (1.4) of (123457A) is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x1y4 − x4y1) + 1

12 (x1 − y1)(x1y3 − x3y1) − 1
24 x1y1(x1y2 − x2y1);

• z6 = x6 + y6 + 1
2 (x1y5 − x5y1) + 1

12 (x1 − y1)(x1y4 − x4y1) − 1
24 x1y1(x1y3 − x3y1)

+ 1
720 (y31 − x31)(x1y2 − x2y1) + 1

180 (x1y21 − x21y1)(x1y2 − x2y1);
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• z7 = x7 + y7 + 1
2 (x1y6 − x6y1) + 1

12 (x1 − y1)(x1y5 − x5y1) − 1
24 x1y1(x1y4 − x4y1)

+ 1
180 (x1y21 − x21y1)(x1y3 − x3y1) + 1

720 (y31 − x31)(x1y3 − x3y1)
+ 1

360 x
2
1y21(x1y2 − x2y1) + 1

1440 (x31y1 + x1y31)(x1y2 − x2y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
− x22 x1

2 1 0 0 0 0
− x1x212 −

x3
2

x21
12

x1
2 1 0 0 0

− x1x312 −
x4
2 0 x21

12
x1
2 1 0 0

x31x2
720 −

x1x4
12 −

x5
2 − x41

720 0 x21
12

x1
2 1 0

x31x3
720 −

x1x5
12 −

x6
2 0 − x41

720 0 x21
12

x1
2 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 −

( x4
2 + x1x3

12
)
∂x5 +

( x31x2
720 −

x1x4
12 −

x5
2
)
∂x6

+
( x31x3
720 −

x1x5
12 −

x6
2
)
∂x7 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 −

x41
720∂x6 ;

• X3 = ∂x3 + x1
2 ∂x4 +

x21
12∂x5 −

x41
720∂x7 ;

• X4 = ∂x4 + x1
2 ∂x5 +

x21
12∂x6 ;

• X5 = ∂x5 + x1
2 ∂x6 +

x21
12∂x7 ;

• X6 = ∂x6 + x1
2 ∂x7 ;

• X7 = ∂x7 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x1
2 dx4 +

x21
6 dx3 −

x31
24dx2 +

( x21x2
24 −

x1x3
6 + x4

2
)
dx1;

• θ6 = dx6 − x1
2 dx5 +

x21
6 dx4 −

x31
24dx3 +

x41
120dx2 +

( x5
2 −

x1x4
6 + x21x3

24 −
x31x2
120
)
dx1;

• θ7 = dx7 − x1
2 dx6 +

x21
6 dx5 −

x31
24dx4 +

x41
120dx3 −

x51
720dx2 +

( x6
2 −

x1x5
6 + x21x4

24 −
x31x3
120

+ x41x2
720
)
dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
x2
2 − x12 1 0 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0 0

x4
2 −

x1x3
12 0 x21

12 − x12 1 0 0
x31x2
720 −

x1x4
12 + x5

2 − x41
720 0 x21

12 − x12 1 0
x31x3
720 −

x1x5
12 + x6

2 0 − x41
720 0 x21

12 − x12 1


.
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6 Some free-nilpotent groups in low dimension

In this �nal section we analyze free-nilpotent groups of low dimension. We shall denote with Frs the simply
connected Lie group whose Lie algebra has rank r and is free up to nilpotency step s. In the speci�c, we shall
study F23, F24, F33, F25, respectively.

F33.

The following is the free-nilpotent Lie algebra with 3 generators and nilpotency step 3. It has dimension 14.
The non-trivial brackets coming from the Hall basis are:

[X1, X2] = X4 , [X1, X3] = X5 , [X2, X3] = X6 , [X1, X4] = X7 ,
[X1, X5] = X8 , [X1, X6] = X9 , [X2, X4] = X10 , [X2, X6] = X11 ,

[X3, X4] = X12 , [X3, X5] = X13 , [X3, X6] = X14 , [X2, X5] = X9 + X12 .

The composition law (1.4) of F33 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3;
• z4 = x4 + y4 + 1

2 (x1y2 − x2y1);
• z5 = x5 + y5 + 1

2 (x1y3 − x3y1);
• z6 = x6 + y6 + 1

2 (x2y3 − x3y2);
• z7 = x7 + y7 + 1

2 (x1y4 − x4y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z8 = x8 + y8 + 1
2 (x1y5 − x5y1) + 1

12 (x1 − y1)(x1y3 − x3y1);
• z9 = x9 + y9 + 1

2 (x1y6 − x6y1 + x2y5 − x5y2) + 1
12 (x1 − y1)(x2y3 − x3y2)

+ 1
12 (x2 − y2)(x1y3 − x3y1);

• z10 = x10 + y10 + 1
2 (x2y4 − x4y2) + 1

12 (x2 − y2)(x1y2 − x2y1);
• z11 = x11 + y11 + 1

2 (x2y6 − x6y2) + 1
12 (x2 − y2)(x2y3 − x3y2);

• z12 = x12 + y12 + 1
2 (x2y5 − x5y2 + x3y4 − x4y3) + 1

12 (x2 − y2)(x1y3 − x3y1)
+ 1

12 (x2 − y2)(x1y2 − x2y1);
• z13 = x13 + y13 + 1

2 (x3y5 − x5y3) + 1
12 (x3 − y3)(x1y3 − x3y1);

• z14 = x14 + y14 + 1
2 (x3y6 − x6y3) + 1

12 (x3 − y3)(x2y3 − x3y2).

Since
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d(Lx)0 =



1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
− x22 x1

2 0 1 0 0 0 0 0 0 0 0 0 0
− x32 0 x1

2 0 1 0 0 0 0 0 0 0 0 0
0 − x32 x2

2 0 0 1 0 0 0 0 0 0 0 0
− x42 − x1x2

12
x21
12 0 x1

2 0 0 1 0 0 0 0 0 0 0
− x52 −

x1x3
12 0 x21

12 0 x1
2 0 0 1 0 0 0 0 0 0

− x62 −
x2x3
12 − x52 −

x1x3
12

x1x2
6 0 x2

2
x1
2 0 0 1 0 0 0 0 0

− x
2
2

12
x1x2
12 −

x4
2 0 x2

2 0 0 0 0 0 1 0 0 0 0
0 − x2x312 −

x6
2

x22
12 0 0 x2

2 0 0 0 0 1 0 0 0
− x2x36

x1x3
12 −

x5
2

x1x2
12 −

x4
2

x3
2

x2
2 0 0 0 0 0 0 1 0 0

− x
2
3

12 0 x1x3
12 −

x5
2 0 x3

2 0 0 0 0 0 0 0 1 0
0 − x

2
3

12
x2x3
12 −

x6
2 0 0 x3

2 0 0 0 0 0 0 0 1



,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x4 −

x3
2 ∂x5 −

( x4
2 + x1x2

12
)
∂x7 −

( x5
2 + x1x3

12
)
∂x8 −

( x6
2 + x2x3

12
)
∂x9

− x22
12∂x10 −

x2x3
6 ∂x12 − x23

12∂x13 ;
• X2 = ∂x2 + x1

2 ∂x4 −
x3
2 ∂x6 +

x21
12∂x7 −

( x1x3
12 + x5

2
)
∂x9 +

( x1x2
12 −

x4
2
)
∂x10 −

( x6
2

+ x2x3
12
)
∂x11 +

( x1x3
12 −

x5
2
)
∂x12 − x23

12∂x14 ;
• X3 = ∂x3 + x1

2 ∂x5 + x2
2 ∂x6 +

x21
12∂x8 + x1x2

6 ∂x9 + x22
12∂x11 +

( x1x2
12 −

x4
2
)
∂x12 +

( x1x3
12

− x5
2
)
∂x13 +

( x2x3
12 −

x6
2
)
∂x14 ;

• X4 = ∂x4 + x1
2 ∂x7 + x2

2 ∂x10 +
x3
2 ∂x12 ;

• X5 = ∂x5 + x1
2 ∂x8 + x2

2 ∂x9 + x2
2 ∂x12 +

x3
2 ∂x13 ;

• X6 = ∂x6 + x1
2 ∂x9 + x2

2 ∂x10 ;
• X7 = ∂x7 + x1

2 ∂x9 + x2
2 ∂x11 +

x3
2 ∂x14 ;

• X8 = ∂x8 ;
• X9 = ∂x9 ;
• X10 = ∂x10 ;
• X11 = ∂x11 ;
• X12 = ∂x12 ;
• X13 = ∂x13 ;
• X14 = ∂x14 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3;
• θ4 = dx4 − x1

2 dx2 + x2
2 dx1;

• θ5 = dx5 − x1
2 dx3 +

x3
2 dx1;

• θ6 = dx6 − x2
2 dx3 +

x3
2 dx2;

• θ7 = dx7 − x1
2 dx4 +

x21
6 dx2 +

( x4
2 − x1x2

6
)
dx1;

• θ8 = dx8 − x1
2 dx5 +

x21
6 dx3 +

( x5
2 −

x1x3
6
)
dx1;

• θ9 = dx9 − x1
2 dx6 − x2

2 dx5 + x1x2
3 dx3 +

( x5
2 −

x1x3
6
)
dx2 +

( x6
2 −

x2x3
6
)
dx1;

• θ10 = dx10 − x2
2 dx4 +

( x4
2 + x1x2

6
)
dx2 − x22

6 dx1;
• θ11 = dx11 − x2

2 dx6 +
x22
6 dx3 +

( x6
2 −

x2x3
6
)
dx2;



A Cornucopia of Carnot Groups in Low Dimensions | 277

• θ12 = dx12 − x2
2 dx5 −

x3
2 dx4 +

( x1x2
6 + x4

2
)
dx3 +

( x1x3
6 + x5

2
)
dx2 − x2x3

3 dx1;
• θ13 = dx13 − x3

2 dx5 +
( x1x3

6 + x5
2
)
dx3 − x23

6 dx1;
• θ14 = dx14 − x3

2 dx6 +
( x6
2 + x2x3

6
)
dx3 − x23

6 dx2.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
x2
2 − x12 0 1 0 0 0 0 0 0 0 0 0 0
x3
2 0 − x12 0 1 0 0 0 0 0 0 0 0 0
0 x3

2 − x22 0 0 1 0 0 0 0 0 0 0 0
x4
2 − x1x2

12
x21
12 0 − x12 0 0 1 0 0 0 0 0 0 0

x5
2 −

x1x3
12 0 x21

12 0 − x12 0 0 1 0 0 0 0 0 0
x6
2 −

x2x3
12

x5
2 −

x1x3
12

x1x2
6 0 − x22 − x12 0 0 1 0 0 0 0 0

− x
2
2

12
x1x2
12 + x4

2 0 − x22 0 0 0 0 0 1 0 0 0 0
0 x6

2 −
x2x3
12

x22
12 0 0 − x22 0 0 0 0 1 0 0 0

− x2x36
x1x3
12 + x5

2
x1x2
12 + x4

2 − x32 − x22 0 0 0 0 0 0 1 0 0
− x

2
3

12 0 x1x3
12 + x5

2 0 − x32 0 0 0 0 0 0 0 1 0
0 − x

2
3

12
x2x3
12 + x6

2 0 0 − x32 0 0 0 0 0 0 0 1



.

A representation of the left-invariant vector �elds Xsi de�ned on R14 with respect to exponential coordi-
nates of the second kind is the following:

• Xs1 = ∂x1 ;
• Xs2 = ∂x2 + x1∂x4 +

x21
2 ∂x7 + x1x2∂x10 ;

• Xs3 = ∂x3 + x1∂x5 + x2∂x6 +
x21
2 ∂x8 + x1x2∂x9 +

x22
2 ∂x11 + (x1x2 − x4)∂x12 + x1x3∂x13 + x2x3∂x14 ;

• Xs4 = ∂x4 + x1∂x7 + x2∂x10 ;
• Xs5 = ∂x5 + x1∂x8 + x2∂x9 + x2∂x12 + x3∂x13 ;
• Xs6 = ∂x6 + x1∂x9 + x2∂x11 + x3∂x14 ;
• Xs7 = ∂x7 ;
• Xs8 = ∂x8 ;
• Xs9 = ∂x9 ;
• Xs10 = ∂x10 ;
• Xs11 = ∂x11 ;
• Xs12 = ∂x12 ;
• Xs13 = ∂x13 ;
• Xs14 = ∂x14 .

One can relate the exponential coordinates of �rst kind to the exponential coordinates of second kind. If
we denote by α1, . . . , α14 the coordinates of second kind and by a1, . . . , a14 the coordinates of �rst kind, the
change of coordinates are given as follows:
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

a1 = α1
a2 = α2
a3 = α3
a4 = α4 − α1α2

2
a5 = α5 − α1α3

2
a6 = α6 − α2α3

2
a7 = α7 − α1α4

2 + α21α2
12

a8 = α8 − α1α5
2 + α21α3

12
a9 = α9 − α1α6+α2α5

2 + α1α2α3
6

a10 = α10 − α2α4
2 − α1α22

12
a11 = α11 − α2α6

2 + α22α3
12

a12 = α12 + α3α4−α2α5
2 − α1α2α3

6
a13 = α13 − α3α5

2 − α1α23
12

a14 = α14 − α3α6
2 − α2α23

12

and



α1 = a1
α2 = a2
α3 = a3
α4 = a4 + a1a2

2
α5 = a5 + a1a3

2
α6 = a6 + a2a3

2
α7 = a7 + a1a4

2 + a21a2
6

α8 = a8 + a1a5
2 + a21a3

6
α9 = a9 + a1a6+a2a5

2 + a1a2a3
3

α10 = a10 + a2a4
2 + a1a22

3
α11 = a11 + a2a6

2 + a22a3
6

α12 = a12 + a2a5−a3a4
2 + a1a2a3

6
α13 = a13 + a3a5

2 + a1a23
3

α14 = a14 + a3a6
2 + a2a23

3 .

.

More explicitly, we have

exp(α14X14) exp(α13X13) · · · exp(α1X1) =

= exp
Ä
α1X1 + α2X2 + α3X3 + (α4 −

α1α2
2 )X4 + (α5 −

α1α3
2 )X5+

+(α6 −
α2α3
2 )X6 + (α7 −

α1α4
2 + α

2
1α2
12 )X7 + (α8 −

α1α5
2 + α

2
1α3
12 )X8+

+(α9 −
α1α6 + α2α5

2 + α1α2α36 )X9 + (α10 −
α2α4
2 − α1α

2
2

12 )X10+

+(α11 −
α2α6
2 + α

2
2α3
12 )X11 + (α12 +

α3α4 − α2α5
2 − α1α2α36 )X12+

+(α13 −
α3α5
2 − α1α

2
3

12 )X13 + (α14 −
α3α6
2 − α2α

2
3

12 )X14
ã

and viceversa

exp (a1X1 + a2X2 + · · · + a13X13 + a14X14) =
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= exp
Å
(a14 +

a3a6
2 + a2a

2
3

3 )X14
ã
· exp

Å
(a13 +

a3a5
2 + a1a

2
3

3 )X13
ã
·

· exp
Å
(a12 +

a2a5 − a3a4
2 + a1a2a36 )X12

ã
· exp

Å
(a11 +

a2a6
2 + a

2
2a3
6 )X11

ã
·

· exp
Å
(a10 +

a2a4
2 + a1a

2
2

3 )X10
ã
· exp

Å
(a9 +

a1a6 + a2a5
2 + a1a2a33 )X9

ã
·

· exp
Å
(a8 +

a1a5
2 + a

2
1a3
6 )X8

ã
· exp

Å
(a7 +

a1a4
2 + a

2
1a2
6 )X7

ã
· exp

Å
(a6 +

a2a3
2 )X6

ã
·

· exp
Å
(a5 +

a1a3
2 )X5

ã
· exp

Å
(a4 +

a1a2
2 )X4

ã
· exp(a3X3) · exp(a2X2) · exp(a1X1) .

F23.

The following is the free-nilpotent Lie algebra with 2 generators and nilpotency step 3. It has dimension 5.
This Lie algebra is also denoted as N5,2,3, see page 167.

The non-trivial brackets coming from the Hall basis are:

[X1, X2] = X3 , [X1, X3] = X4 , [X2, X3] = X5 .

A representation of the left-invariant vector �elds Xsi de�ned on R5 with respect to exponential coordi-
nates of the second kind is the following:

• Xs1 = ∂x1 ;
• Xs2 = ∂x2 + x1∂x3 +

x21
2 ∂x4 + x1x2∂x5 ;

• Xs3 = ∂x3 + x1∂x4 + x2∂x5 ;
• Xs4 = ∂x4 ;
• Xs5 = ∂x5 .

One can relate the exponential coordinates of �rst kind to the exponential coordinates of second kind. If
we denote by α1, . . . , α5 the coordinates of second kind and by a1, . . . , a5 the coordinates of �rst kind, the
change of coordinates are given as follows:

a1 = α1
a2 = α2
a3 = α3 −

α1α2
2

a4 = α4 −
α1α3
2 + α

2
1α2
12

a5 = α5 −
α2α3
2 − α1α

2
2

12

,



α1 = a1
α2 = a2
α3 = a3 +

a1a2
2

α4 = a4 +
a1a3
2 + a

2
1a2
6

α5 = a5 +
a2a3
2 + a1a

2
2

3

.

More explicitly, we have

exp(α5X5) exp(α4X4) · · · exp(α1X1) =

= exp
Å
α1X1 + α2X2 + (α3 −

α1α2
2 )X3 + (α4 −

α1α3
2 + α

2
1α2
12 )X4 + (α5 −

α2α3
2 − α1α

2
2

12 )X5
ã
,

and viceversa

exp (a1X1 + a2X2 + a3X3 + a4X4 + a5X5) =

= exp((a5 +
a2a3
2 + a1a

2
2

3 )X5) exp((a4 +
a1a3
2 + a

2
1a2
6 )X4) · exp((a3 +

1
2a1a2)X3) · exp(a2X2) · exp(a1X1) .
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F24.

The following is the free-nilpotent Lie algebra with 2 generators and nilpotency step 4. It has dimension 8.
The non-trivial brackets coming from the Hall basis are:

[X1, X2] = X3 , [X1, X3] = X4 , [X2, X3] = X5 ,
[X1, X4] = X6 , [X1, X5] = [X2, X4] = X7 , [X2, X5] = X8 .

The composition law (1.4) of F24 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x2y3 − x3y2) + 1

12 (x2 − y2)(x1y2 − x2y1);
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1) + 1
12 (x1 − y1)(x1y3 − x3y1) − 1

24 x1y1(x1y2 − x2y1);
• z7 = x7 + y7 + 1

2 (x1y5 − x5y1 + x2y4 − x4y2) + 1
12 (x1 − y1)(x2y3 − x3y2)

+ 1
12 (x2 − y2)(x1y3 − x3y1)] − 1

24 (x1y2 + x2y1)(x1y2 − x2y1);
• z8 = x8 + y8 + 1

2 (x2y5 − x5y2) + 1
12 (x2 − y2)(x2y3 − x3y2) − 1

24 x2y2(x1y2 − x2y1).

Since

d(Lx)0 =



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
− x22 x1

2 1 0 0 0 0 0
− x32 − x1x2

12
x21
12

x1
2 1 0 0 0 0

− x
2
2

12
x1x2
12 −

x3
2

x2
2 0 1 0 0 0

− x42 −
x1x3
12 0 x21

12
x1
2 0 1 0 0

− x52 −
x2x3
12 − x42 −

x1x3
12

x1x2
6

x2
2

x1
2 0 1 0

0 − x52 −
x2x3
12

x22
12 0 x2

2 0 0 1


,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 − x22

12∂x5 −
( x4
2 + x1x3

12
)
∂x6 −

( x5
2 + x2x3

12
)
∂x7 ;

• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 +

( x1x2
12 −

x3
2
)
∂x5 −

( x4
2 + x1x3

12
)
∂x7 −

( x5
2 + x2x3

12
)
∂x8 ;

• X3 = ∂x3 + x1
2 ∂x4 + x2

2 ∂x5 +
x21
12∂x6 + x1x2

6 ∂x7 + x22
12∂x8 ;

• X4 = ∂x4 + x1
2 ∂x6 + x2

2 ∂x7 ;
• X5 = ∂x5 + x1

2 ∂x7 + x2
2 ∂x8 ;

• X6 = ∂x6 ;
• X7 = ∂x7 ;
• X8 = ∂x8 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x2
2 dx3 +

( x3
2 + x1x2

6
)
dx2 − x22

6 dx1;
• θ6 = dx6 − x1

2 dx4 +
x21
6 dx3 −

x31
24dx2 +

( x4
2 −

x1x3
6 + x21x2

24
)
dx1;

• θ7 = dx7 − x1
2 dx5 − x2

2 dx4 + x1x2
3 dx3 +

( x4
2 −

x1x3
6 − x21x2

12
)
dx2 +

( x5
2 −

x2x3
6 + x1x22

12
)
dx1;
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• θ8 = dx8 − x2
2 dx5 +

x22
6 dx3 +

( x5
2 −

x2x3
6 − x1x22

24
)
dx2 + x32

24dx1.

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
x2
2 − x12 1 0 0 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0 0 0

− x
2
2

12
x1x2
12 + x3

2 − x22 0 1 0 0 0
x4
2 −

x1x3
12 0 x21

12 − x12 0 1 0 0
x5
2 −

x2x3
12

x4
2 −

x1x3
12

x1x2
6 − x22 − x12 0 1 0

0 x5
2 −

x2x3
12

x22
12 0 − x22 0 0 1


.

One can relate the exponential coordinates of �rst kind to the exponential coordinates of second kind. If
we denote by α1, . . . , α8 the coordinates of second kind and by a1, . . . , a8 the coordinates of �rst kind, the
change of coordinates are given as follows:

a1 = α1
a2 = α2
a3 = α3 − α1α2

2
a4 = α4 − α1α3

2 + α21α2
12

a5 = α5 − α2α3
2 − α1α22

12
a6 = α6 − α1α4

2 + α21α3
12

a7 = α7 − α1α5+α2α4
2 + α1α2α3

6 + α21α
2
2

24
a8 = α8 − α2α5

2 + α22α3
12

and 

α1 = a1
α2 = a2
α3 = a3 + a1a2

2
α4 = a4 + a1a3

2 + a21a2
6

α5 = a5 + a2a3
2 + a1a22

3
α6 = a6 + a1a4

2 + a21a3
6 + a31a2

24
α7 = a7 + a1a5+a2a4

2 + a1a2a3
3 + a21a

2
2

8
α8 = a8 + a2a5

2 + a22a3
6 + a1a32

8 .

.

More explicitly, we have

exp(α8X8) exp(α7X7) · · · exp(α1X1) =

= exp
Å
α1X1 + α2X2 + (α3 −

α1α2
2 )X3 + (α4 −

α1α3
2 + α

2
1α2
12 )X4+

+(α5 −
α2α3
2 − α1α

2
2

12 )X5 + (α6 −
α1α4
2 + α

2
1α3
12 )X6+

+(α7 −
α1α5 + α2α4

2 + α1α2α36 + α
2
1α22
24 )X7 + (α8 −

α2α5
2 + α

2
2α3
12 )X8

ã
and viceversa

exp (a1X1 + a2X2 + · · · + a7X7 + a8X8) =
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= exp
Å
(a8 +

a2a5
2 + a

2
2a3
6 + a1a

3
2

8 )X8
ã
· exp

Å
(a7 +

a1a5 + a2a4
2 + a1a2a33 + a

2
1a22
8 )X7

ã
·

· exp
Å
(a6 +

a1a4
2 + a

2
1a3
6 + a

3
1a2
24 )X6

ã
· exp

Å
(a5 +

a2a3
2 + a1a

2
2

3 )X5
ã
·

· exp
Å
(a4 +

a1a3
2 + a

2
1a2
6 )X4

ã
· exp

Å
(a3 +

1
2a1a2)X3

ã
· exp(a2X2) · exp(a1X1) .

F25.

The following is the free-nilpotent Lie algebra with 2 generators and nilpotency step 5. It has dimension 14.
The non-trivial brackets coming from the Hall basis are:

[X1, X2] = X3 , [X1, X3] = X4 , [X2, X3] = X5 , [X1, X4] = X6 ,
[X2, X5] = X8 , [X1, X5] = [X2, X4] = X7 , [X1, X7] = X10 + X13 ,

[X1, X6] = X9 , [X1, X8] = X11 + X14 , [X2, X6] = X10 ,
[X2, X7] = X11 , [X2, X8] = X12 , [X3, X4] = X13 , [X3, X5] = X14 .

The composition law (1.4) of F25 is given by:

• z1 = x1 + y1;
• z2 = x2 + y2;
• z3 = x3 + y3 + 1

2 (x1y2 − x2y1);
• z4 = x4 + y4 + 1

2 (x1y3 − x3y1) + 1
12 (x1 − y1)(x1y2 − x2y1);

• z5 = x5 + y5 + 1
2 (x2y3 − x3y2) + 1

12 (x2 − y2)(x1y2 − x2y1);
• z6 = x6 + y6 + 1

2 (x1y4 − x4y1) + 1
12 (x1 − y1)(x1y3 − x3y1) − 1

24 x1y1(x1y2 − x2y1);
• z7 = x7 + y7 + 1

2 (x1y5 − x5y1 + x2y4 − x4y2) + 1
12 (x1 − y1)(x2y3 − x3y2)

+ 1
12 (x2 − y2)(x1y3 − x3y1) − 1

24 (x1y2 + x2y1)(x1y2 − x2y1);
• z8 = x8 + y8 + 1

2 (x2y5 − x5y2) + 1
12 (x2 − y2)(x2y3 − x3y2) − 1

24 x2y2(x1y2 − x2y1);
• z9 = x9 + y9 + 1

2 (x1y6 − x6y1) + 1
12 (x1 − y1)(x1y4 − x4y1) − 1

24 x1y1(x1y3 − x3y1)
+ 1

720 (y31 − x31)(x1y2 − x2y1) + 1
180 (x1y21 − x21y1)(x1y2 − x2y1);

• z10 = x10 + y10 + 1
2 (x1y7 − x7y1 + x2y6 − x6y2) + 1

12 (x2 − y2)(x1y4 − x4y1)
+ 1

12 (x1 − y1)(x1y5 − x5y1 + x2y4 − x4y2) − 1
24 (x1y2 + x2y1)(x1y3 − x3y1)

− 1
24 x1y1(x2y3 − x3y2) + 1

90 (x1y1y2 − x1x2y1)(x1y2 − x2y1)
+ 1

240 (y21y2 − x21x2)(x1y2 − x2y1) + 1
180 (x2y21 − x21y2)(x1y2 − x2y1);

• z11 = x11 + y11 + 1
2 (x1y8 − x8y1 + x2y7 − x7y2) + 1

12 (x1 − y1)(x2y5 − x5y2)
+ 1

12 (x2 − y2)(x1y4 − x4y2 + x1y5 − x5y1) − 1
24 (x2y1 + x1y2)(x2y3 − x3y2)

− 1
24 x2y2(x1y3 − x3y1) + 1

240 (y1y22 − x1x22)(x1y2 − x2y1)
+ 1

90 (x2y1y2 − x1x2y2)(x1y2 − x2y1) + 1
180 (x1y22 − x22y1)(x1y2 − x2y1);

• z12 = x12 + y12 + 1
2 (x2y8 − x8y2) + 1

12 (x2 − y2)(x2y5 − x5y2) − 1
24 x2y2(x2y3 − x3y2)

+ 1
720 (y32 − x32)(x1y2 − x2y1) + 1

180 (x2y22 − x22y2)(x1y2 − x2y1);
• z13 = x13 + y13 + 1

2 (x1y7 − x7y1 + x3y4 − x4y3) + 1
12 (x3 − y3)(x1y3 − x3y1)

+ 1
12 (x1 − y1)(x1y5 − x5y1 + x2y4 − x4y2) + 1

12 (y4 − x4)(x1y2 − x2y1)]
− 1

24 [x1y3(x1y2 − x2y1) + x2y1(x1y3 − x3y1) + x1y1(x2y3 − x3y2)]
+ 1

360 (3x1 + y1)(x1y2 − x2y1)
2 + 1

360 (y
2
1y2 − x21x2)(x1y2 − x2y1)

− 1
90 x1x2y1(x1y2 − x2y1) + 1

180 (x2y21 + x1y1y2)(x1y2 − x2y1);
• z14 = x14 + y14 + 1

2 (x1y8 − x8y1 + x3y5 − x5y3) + 1
12 (x1 − y1)(x2y5 − x5y2)

+ 1
12 (x3 − y3)(x2y3 − x3y2) + 1

12 (y5 − x5)(x1y2 − x2y1)
− 1

24 x2y3(x1y2 − x2y1) − 1
24 x2y1(x2y3 − x3y2) + 1

360 (3x2 + y2)(x1y2 − x2y1)
2

+ 1
720 (y1y22 − x1x22)(x1y2 − x2y1) + 1

180 (x2y1y2 − x22y1)(x1y2 − x2y1).
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Since

d(Lx)0 =



1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
− x22 x1

2 1 0 0 0 0 0 0 0 0 0 0 0
− x32 − x1x2

12
x21
12

x1
2 1 0 0 0 0 0 0 0 0 0 0

− x
2
2

12
x1x2
12 −

x3
2

x2
2 0 1 0 0 0 0 0 0 0 0 0

− x42 −
x1x3
12 0 x21

12
x1
2 0 1 0 0 0 0 0 0 0 0

− x52 −
x2x3
12 − x42 −

x1x3
12

x1x2
6

x2
2

x1
2 0 1 0 0 0 0 0 0 0

0 − x52 −
x2x3
12

x22
12 0 x2

2 0 0 1 0 0 0 0 0 0
a1 − x41

720 0 x21
12 0 x1

2 0 0 1 0 0 0 0 0
a2 a3 0 x1x2

6
x21
12

x2
2

x1
2 0 0 1 0 0 0 0

a4 a5 0 x22
12

x1x2
6 0 x2

2
x1
2 0 0 1 0 0 0

x42
720 a6 0 0 x22

12 0 0 x2
2 0 0 0 1 0 0

a7 a8 a9 a10 x21
12 0 x1

2 0 0 0 0 0 1 0
a11 a12 a13 0 a14 0 0 x1

2 0 0 0 0 0 1



,

where

a1 = x31x2
720 −

x1x4
12 − x62 ;

a2 = x21x22
240 −

x2x4 + x1x5
12 − x72 ;

a3 = − x
3
1x2
240 −

x1x4
12 − x62 ;

a4 = x1x32
240 −

x2x5
12 − x82 ;

a5 = − x
2
1x22
240 −

x2x4 + x1x5
12 − x72 ;

a6 = − x1x
3
2

720 −
x2x5
12 − x82 ;

a7 = x21x22
360 −

x23 + x1x5 − x2x4
12 − x72 ;

a8 = − x
3
1x2
360 −

x1x4
6 ;

a9 = x1x3
12 − x42 ;

a10 = x1x2
12 + x32 ;

a11 = x1x32
720 + x2x512 − x82 ;

a12 = − x
2
1x22
720 −

x23 + 2x1x5
12 ;

a13 = x2x3
12 − x52 ;

a14 = x1x2
12 + x32 ,

the induced left-invariant vector �elds (1.6) are:

• X1 = ∂x1 − x2
2 ∂x3 −

( x3
2 + x1x2

12
)
∂x4 − x22

12∂x5 −
( x4
2 + x1x3

12
)
∂x6 −

( x5
2 + x2x3

12
)
∂x7

+
( x31x2
720 −

x1x4
12 −

x6
2
)
∂x9 +

( x21x22
240 −

x2x4+x1x5
12 − x7

2
)
∂x10 +

( x1x32
240 −

x2x5
12

− x8
2
)
∂x11 + x42

720∂x12 +
( x21x22
360 −

x23−x2x4+x1x5
12 − x7

2
)
∂x13 +

( x1x32
720 + x2x5

12 − x8
2
)
∂x14 ;
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• X2 = ∂x2 + x1
2 ∂x3 +

x21
12∂x4 +

( x1x2
12 −

x3
2
)
∂x5 −

( x4
2 + x1x3

12
)
∂x7 −

( x5
2 + x2x3

12
)
∂x8

− x41
720∂x9 −

( x31x2
240 + x1x4

12 + x6
2
)
∂x10 −

( x21x22
240 + x2x4+x1x5

12 + x7
2
)
∂x11 −

( x1x32
720

+ x2x5
12 + x8

2
)
∂x12 −

( x31x2
360 + x1x4

6
)
∂x13 −

( x21x22
720 + x23+2x1x5

12
)
∂x14 ;

• X3 = ∂x3 + x1
2 ∂x4 + x2

2 ∂x5 +
x21
12∂x6 + x1x2

6 ∂x7 + x22
12∂x8 +

( x1x3
12 −

x4
2
)
∂x13 +

( x1x3
12

− x5
2
)
∂x14 ;

• X4 = ∂x4 + x1
2 ∂x6 + x2

2 ∂x7 +
x21
12∂x9 + x1x2

6 ∂x10 + x22
12∂x11 +

( x1x2
12 + x3

2
)
∂x13 ;

• X5 = ∂x5 + x1
2 ∂x7 + x2

2 ∂x8 +
x21
12∂x10 + x1x2

6 ∂x11 + x22
12∂x12 +

x21
12∂x13 +

( x1x2
12 + x3

2
)
∂x14 ;

• X6 = ∂x6 + x1
2 ∂x9 + x2

2 ∂x10 ;
• X7 = ∂x7 + x1

2 ∂x10 + x2
2 ∂x11 + x1

2 ∂x13 ;
• X8 = ∂x8 + x1

2 ∂x11 + x2
2 ∂x12 + x1

2 ∂x14 ;
• X9 = ∂x9 ;
• X10 = ∂x10 ;
• X11 = ∂x11 ;
• X12 = ∂x12 ;
• X13 = ∂x13 ;
• X14 = ∂x14 ,

and the respective left-invariant 1-forms (1.7) are:

• θ1 = dx1;
• θ2 = dx2;
• θ3 = dx3 − x1

2 dx2 + x2
2 dx1;

• θ4 = dx4 − x1
2 dx3 +

x21
6 dx2 +

( x3
2 − x1x2

6
)
dx1;

• θ5 = dx5 − x2
2 dx3 +

( x3
2 + x1x2

6
)
dx2 − x22

6 dx1;
• θ6 = dx6 − x1

2 dx4 +
x21
6 dx3 −

x31
24dx2 +

( x4
2 −

x1x3
6 + x21x2

24
)
dx1;

• θ7 = dx7 − x1
2 dx5 − x2

2 dx4 + x1x2
3 dx3 +

( x4
2 −

x1x3
6 − x21x2

12
)
dx2 +

( x5
2 −

x2x3
6 + x1x22

12
)
dx1;

• θ8 = dx8 − x2
2 dx5 +

x22
6 dx3 +

( x5
2 −

x2x3
6 − x1x22

24
)
dx2 + x32

24dx1;
• θ9 = dx9 − x1

2 dx6 +
x21
6 dx4 −

x31
24dx3 +

x41
120dx2 +

( x6
2 −

x31x2
120 + x21x3

24 −
x1x4
6
)
dx1;

• θ10 = dx10 − x1
2 dx7 +

x21
6 dx5 −

x2
2 dx6 + x1x2

3 dx4 − x21x2
8 dx3 +

( x31x2
40 + x21x3

24 −
x1x4
6

+ x6
2
)
dx2 +

( x1x2x3
12 − x1x22

40 −
x2x4+x1x5

6 − x7
2
)
dx1;

• θ11 = dx11 − x1
2 dx8 − x2

2 dx7 + x1x2
3 dx5 + x22

6 dx4 −
x1x22
8 dx3 +

( x21x22
40 + x1x2x3

12
− x2x4+x1x5

6 − x7
2
)
dx2 +

( x22x3
24 −

x1x32
40 −

x2x5
6 − x8

2
)
dx1;

• θ12 = dx12 − x2
2 dx8 +

x22
6 dx5 −

x32
24dx3 +

( x1x32
120 + x22x3

24 −
x2x5
6 − x8

2
)
dx2 + x42

120dx1;
• θ13 = dx13 − x1

2 dx7 +
x21
6 dx5 +

( x1x2
6 − x3

2
)
dx4 +

( x4
2 + x1x3

6 − x21x2
12
)
dx3 +

( x31x2
60

− x1x4
3
)
dx2 −

( x21x22
60 −

x1x2x3
12 + x23−x2x4+x1x5

6 + x7
2
)
dx1;

• θ14 = dx14 − x1
2 dx8 +

( x1x2
6 − x3

2
)
dx5 +

( x5
2 + x2x3

6 − x1x22
24
)
dx3 +

( x21x22
120 −

x23+2x1x5
6

)
dx2

−
( x1x32
120 −

x22x3
24 −

x2x5
6 + x8

2
)
dx1.



A Cornucopia of Carnot Groups in Low Dimensions | 285

Finally, we have

d(Rx)0 =



1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
x2
2 − x12 1 0 0 0 0 0 0 0 0 0 0 0

x3
2 − x1x2

12
x21
12 − x12 1 0 0 0 0 0 0 0 0 0 0

− x
2
2

12
x1x2
12 + x3

2
x2
2 0 1 0 0 0 0 0 0 0 0 0

x4
2 −

x1x3
12 0 x21

12 − x12 0 1 0 0 0 0 0 0 0 0
x5
2 −

x2x3
12

x4
2 −

x1x3
12

x1x2
6 − x22 − x12 0 1 0 0 0 0 0 0 0

0 x5
2 −

x2x3
12

x22
12 0 − x22 0 0 1 0 0 0 0 0 0

a1 − x41
720 0 x21

12 0 − x12 0 0 1 0 0 0 0 0
a2 a3 0 x1x2

6
x21
12 − x22 − x12 0 0 1 0 0 0 0

a4 a5 0 x22
12

x1x2
6 0 − x22 − x12 0 0 1 0 0 0

x42
720 a6 0 0 x22

12 0 0 − x22 0 0 0 1 0 0
a7 a8 a9 a10 x21

12 0 − x12 0 0 0 0 0 1 0
a11 a12 a13 0 a14 0 0 − x12 0 0 0 0 0 1



,

where

a1 = x31x2
720 −

x1x4
12 + x62 ;

a2 = x21x22
240 −

x2x4 + x1x5
12 + x72 ;

a3 = − x
3
1x2
240 −

x1x4
12 + x62 ;

a4 = x1x32
240 −

x2x5
12 + x82 ;

a5 = − x
2
1x22
240 −

x2x4 + x1x5
12 + x72 ;

a6 = − x1x
3
2

720 −
x2x5
12 + x82 ;

a7 = x21x22
360 −

x23 + x1x5 − x2x4
12 + x72 ;

a8 = − x
3
1x2
360 −

x1x4
6 ;

a9 = x1x3
12 + x42 ;

a10 = x1x2
12 − x32 ;

a11 = x1x32
720 + x2x512 + x82 ;

a12 = − x
2
1x22
720 −

x23 + 2x1x5
12 ;

a13 = x2x3
12 + x52 ;

a14 = x1x2
12 − x32 ,

A representation of the left-invariant vector �elds Xsi de�ned on R14 with respect to exponential coordi-
nates of the second kind is the following:

• Xs1 = ∂x1 ;
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• Xs2 = ∂x2 + x1∂x3 +
x21
2 ∂x4 + x1x2∂x5 +

x31
6 ∂x6 +

x21x2
2 ∂x7 + x1x22

2 ∂x8 + x41
24∂x9 +

x31x2
6 ∂x10 + x21x

2
2

4 ∂x11 + x1x32
6 ∂x12 +

x21x3
2 ∂x13 + x1x2x3∂x14 ;

• Xs3 = ∂x3 +x1∂x4 +x2∂x5 +
x21
2 ∂x6 +x1x2∂x7 +

x22
2 ∂x8 +

x31
6 ∂x9 +

x21x2
2 ∂x10 + x1x22

2 ∂x11 + x32
6 ∂x12 +x1x3∂x13 +x2x3∂x14 ;

• Xs4 = ∂x4 + x1∂x6 + x2∂x7 +
x21
2 ∂x9 + x1x2∂x10 +

x22
2 ∂x11 + x3∂x13 ;

• Xs5 = ∂x5 + x1∂x7 + x2∂x8 +
x21
2 ∂x10 + x1x2∂x11 +

x22
2 ∂x12 +

x21
2 ∂x13 + x3∂x14 ;

• Xs6 = ∂x6 + x1∂x9 + x2∂x10 ;
• Xs7 = ∂x7 + x1∂x10 + x2∂x11 + x1∂x13;
• Xs8 = ∂x8 + x1∂x11 + x2∂x12 + x1∂x14 ;
• Xs9 = ∂x9 ;
• Xs10 = ∂x10 ;
• Xs11 = ∂x11 ;
• Xs12 = ∂x12 ;
• Xs13 = ∂x13 ;
• Xs14 = ∂x14 .

One can relate the exponential coordinates of �rst kind to the exponential coordinates of second kind. If
we denote by α1, . . . , α14 the coordinates of second kind and by a1, . . . , a14 the coordinates of �rst kind, the
change of coordinates are given as follows:

a1 = α1
a2 = α2
a3 = α3 − α1α2

2
a4 = α4 − α1α3

2 + α21α2
12

a5 = α5 − α2α3
2 − α1α22

12
a6 = α6 − α1α4

2 + α21α3
12

a7 = α7 − α1α5+α2α4
2 + α1α2α3

6 + α21α
2
2

24
a8 = α8 − α2α5

2 + α22α3
12

a9 = α9 − α1α6
2 + α21α4

12 − α41α2
720

a10 = α10 − α1α7+α2α6
2 + α21α5

12 + α1α2α4
6 − α31α

2
2

180
a11 = α11 − α1α8+α2α7

2 + α1α2α5
6 + α22α4

12 + α21α
3
2

180
a12 = α12 − α2α8

2 + α22α5
12 + α1α42

720
a13 = α13 − α1α7+α3α4

2 + α21α5−α1α23
12 + α1α2α4

3 − α31α
2
2

120
a14 = α14 − α1α8+α3α5

2 + α1α2α5
3 − α2α23+α1α22α3

12 − α21α
3
2

360

and
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

α1 = a1
α2 = a2
α3 = a3 + a1a2

2
α4 = a4 + a1a3

2 + a21a2
6

α5 = a5 + a2a3
2 + a1a22

3
α6 = a6 + a1a4

2 + a21a3
6 + a31a2

24
α7 = a7 + a1a5+a2a4

2 + a1a2a3
3 + a21a

2
2

8
α8 = a8 + a2a5

2 + a22a3
6 + a1a32

8
α9 = a9 + a1a6

2 + a21a4
6 + a31a3

24 + a41a2
120

α10 = a10 + a1a7+a2a6
2 + a21a5

6 + a1a2a4
3 + a21a2a3

8 + a31a
2
2

30
α11 = a11 + a1a8+a2a7

2 + a1a2a5
3 + a22a4

6 + a1a22a3
8 + a21a

3
2

20
α12 = a12 + a2a8

2 + a22a5
6 + a32a3

24 + a1a42
30

α13 = a13 + a1a7+a3a4
2 + a21a5+a1a2a4

6 + a1a23
3 + a21a2a3

4 + a31a
2
2

20
α14 = a14 + a1a8+a3a5

2 + a1a2a5
6 + a2a23

3 + 3a1a22a3
8 + a21a

3
2

10

.

More explicitly, we have

exp(α14X14) exp(α13X13) · · · exp(α1X1) =

= exp
Å
α1X1 + α2X2 + (α3 −

α1α2
2 )X3 + (α4 −

α1α3
2 + α

2
1α2
12 )X4+

+(α5 −
α2α3
2 − α1α

2
2

12 )X5 + (α6 −
α1α4
2 + α

2
1α3
12 )X6+

+(α7 −
α1α5 + α2α4

2 + α1α2α36 + α
2
1α22
24 )X7 + (α8 −

α2α5
2 + α

2
2α3
12 )X8+

+(α9 −
α1α6
2 + α

2
1α4
12 − α

4
1α2
720 )X9 + (α10 −

α1α7 + α2α6
2 + α

2
1α5 + 2α1α2α4

12 − α
3
1α22
180 )X10+

+(α11 −
α1α8 + α2α7

2 + 2α1α2α5 + α22α4
12 + α

2
1α32
180 )X11 + (α12 −

α2α8
2 + α

2
2α5
12 + α1α

4
2

720 )X12+

+(α13 −
α1α7 + α3α4

2 + α
2
1α5 − α1α23

12 + α1α2α43 − α
3
1α22
120 )X13+

+(α14 −
α1α8 + α3α5

2 + α1α2α53 − α2α
2
3 + α1α22α3
12 − α

2
1α32
360 )X14

ã
and viceversa

exp (a1X1 + a2X2 + · · · + a13X13 + a14X14) =

= exp
Å
(a14 +

a1a8 + a3a5
2 + a1a2a56 + a2a

2
3

3 + 3a1a22a3
8 + a

2
1a32
10 )X14

ã
·

· exp
Å
(a13 +

a1a7 + a3a4
2 + a

2
1a5 + a1a2a4

6 + a1a
2
3

3 + a
2
1a2a3
4 + a

3
1a22
20 )X13

ã
·

· exp
Å
(a12 +

a2a8
2 + a

2
2a5
6 + a

3
2a3
24 + a1a

4
2

30 )X12
ã
·

· exp
Å
(a11 +

a1a8 + a2a7
2 + a1a2a53 + a

2
2a4
6 + a1a

2
2a3
8 + a

2
1a32
20 )X11

ã
·

· exp
Å
(a10 +

a1a7 + a2a6
2 + a

2
1a5
6 + a1a2a43 + a

2
1a2a3
8 + a

3
1a22
30 )X10

ã
·
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· exp
Å
(a9 +

a1a6
2 + a

2
1a4
6 + a

3
1a3
24 + a

4
1a2
120 )X9

ã
·

· exp
Å
(a8 +

a2a5
2 + a

2
2a3
6 + a1a

3
2

8 )X8
ã
· exp

Å
(a7 +

a1a5 + a2a4
2 + a1a2a33 + a

2
1a22
8 )X7

ã
·

· exp
Å
(a6 +

a1a4
2 + a

2
1a3
6 + a

3
1a2
24 )X6

ã
· exp

Å
(a5 +

a2a3
2 + a1a

2
2

3 )X5
ã
·

· exp
Å
(a4 +

a1a3
2 + a

2
1a2
6 )X4

ã
· exp

Å
(a3 +

1
2a1a2)X3

ã
· exp(a2X2) · exp(a1X1) .
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