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Abstract

Quantum many-body theory is a tool for modeling the behaviour of systems
of many interacting quantum particles. It breaks transitions of the many-particle
system from one state to another down to the possible ways this transition can occur
in terms of interactions between individual particles. These possible transitions
are depicted using diagrams, and can be further broken down into diagrams
depicting the basic interaction processes from which the full transition process is
build of. Any set of possible interaction processes can then be chosen and applied
as corrections to a non-interacting system, thus building an approximate model
of the interacting system, that only allows transitions via the included processes.
What can reasonably be included in this way is necessarily a tiny subset of the full
complexity of the many-body system. Still, in practice quantum many-body theory
can be applied successfully to many real-world cases, since often the interactions
involved in a specific process are primarily of the simplest types.

The variety of different approximations that quantum many-body theory allows
raises the question of choosing the best option for a particular application. The
choice of an approximation is important not only in order to include the interaction
processes that contribute to the phenomenon under investigation, but also to retain
relevant properties of the exact system. Certain approximations can, for example,
violate conservation laws (of energy, particle number etc.). This thesis addresses in
particular another important property that can be violated in approximations: the
positivity of probabilities.

A recipe to construct positive approximations, i.e. approximations that are
guaranteed to give non-negative probabilities, has been previously developed for
system in equilibrium at zero-temperature [1, 2]. This recipe is based on diagram-
matic cutting-rules, which are used to cut diagrams depicting basic interaction
processes further into so called scattering diagrams. Expressing an approximation
in terms of scattering diagrams makes its positivity, or lack of it, apparent. Fur-
thermore, this approach makes the physical content of the diagrams more clear,
providing further aid in the choice of the correct approximation.

In this thesis cutting rules that can be applied to systems in finite temperature
are developed, and used to generalize the recipe for building positive approxi-
mations. This generalized recipe works not only for finite temperature systems,
but also for systems that are perturbed to non-equilibrium state from an initial
equilibrium. Several general results related to working with complicated diagrams
are also derived.
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Tiivistelmä (Abstract in Finnish)

Monen kappaleen kvanttiteoria on työkalu vuorovaikuttavien alkeishiukkasten
käyttäytymisen mallintamiseen. Se rikkoo monista hiukkasista koostuvan järjestel-
män transitiot tilasta toiseen erilaisiin tapoihin joilla tämä transitio voi tapahtua
yksittäisten hiukkasten välisten vuorovaikutusten tasolla. Nämä erilaiset mahdol-
lisuudet kuvataan diagrammeilla, jotka voidaan edelleen rikkoa diagrammeihin
jotka kuvaavat erilaisia perustason vuoravaikutusprosesseja joista transitio koko-
naisuudessaan koostuu. Mikä tahansa valikoima vuorovaikutusprosesseja voidaan
sitten valita ja lisätä korjauksena vuorovaikuttamattomaan järjestelmään. Tästä
seuraa approksimatiivinen malli vuorovaikuttavalle järjestelmällä, joka sallii tran-
sitiot ainoastaan sisällytettyjen vuorovaikutusprosessien kautta. Vuorovaikutukset
jotka voidaan sisällyttää tällä tavoin ovat väistämättä vain pieni osa koko mo-
nihiukkasjärjestelmän monimutkaisuudesta. Siitä huolimatta monen kappaleen
kvantti-teoriaa on sovellettu menestyksellä moniin todellisiin järjestelmiin, sillä
usein tietyn ilmiön synnyttävät vuorovaikutukset ovat enimmäkseen yksinkertai-
sia.

Erilaisten approksimaatioiden lukumäärä jotka monen kappaleen kvanttiteoria
sallii nostaa esiin kysymyksen oikein vaihtoehdon valinnasta kuhunkin tarkoi-
tukseen. Oikean approksimaation valinta on tärkeää paitsi oikeiden vuorovaiku-
tusprosessien sisällyttämiseksi tutkittavan ilmiön mallintamiseksi, myös tiettyjen
todellisen systeemin fysikaalisten ominaisuuksien säilyttämiseksi. Jotkin approksi-
maatiot voivat esimerkiksi rikkoa säilyvyyslakeja (energian, hiukkaslukumäärän
jne.). Tämä väitöskirja käsittelee erityisesti toista tulosten tulkinnan kannalta tär-
keää ominaisuutta joka saattaa puuttua approksimaatiosta: todennäköisyyksien
positiivisuus.

Approksimaatioiden jotka takaavat positiiviset todennäköisyydet, ns. positiivis-
ten approksimaatioiden, rakentamiseksi on aiemmin kehitetty resepti [1, 2] joka toi-
mii tasapainotilassa nollalämpötilassa oleville järjestelmille. Tämä resepti perustuu
diagrammien leikkaussääntöihin, joiden avulla vuorovaikutusprosesseja kuvaavat
diagrammit leikataan edelleen niin sanottuihin sirontadiagrammeihin. Approksi-
maation esittäminen sirontadiagrammien avulla tekee sen positiivisuuden, tai sen
puutteen, ilmeiseksi. Sen lisäksi tämä lähestymistapa tekee approksimaation fysi-
kaalisen sisällön hahmottamisen selkeämmäksi, helpottaen siten edelleen oikean
approksimaation valintaa.

Tässä väitöskirjassa kehitetään leikkaussäännöt joita voidaan soveltaa järjestel-
miin jotka ovat alussa tasapainotilassa äärellisessä lämpötilassa, mutta voidaan
myöhemmin saattaa epätasapainotilaan. Näitä leikkaussääntöjä käytetään sitten
yleistämään vastaavasti resepti positiivisten approksimaatioiden rakentamiseen.
Sen lisäksi johdetaan useita yleisiä tuloksia monimutkaisten diagrammien käsitte-
lyyn.
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Chapter 1

Introduction

1.1 The Many-Body Problem

The many-body problem concerns understanding the behaviour of systems con-
sisting of multiple mutually interacting parts. The region of systems presenting the
many-body problem is flanked on the other hand by systems where the interactions
are weak enough that one can describe the full system by considering a single
piece at a time, and on the other hand by systems in which the number of parts
is so large that the effects of their mutual interactions can be reduced to statistical
concepts, such as when the movement of a large number of atoms is described by
temperature and pressure.

Between the extremes there exist many important physical problems that resist
simple attempts to cut them into manageable parts. In these cases one needs to
consider the specifics, i.e. what is the property that needs to be calculated, and
which aspects of the many-body system are likely to affect it meaningfully. The
mathematical model of the system then needs to be put in such a form that the
unimportant parts can be discarded without destroying the properties that are
needed.

In practice such problems are often treated using so called perturbative methods.
In these approaches one identifies the property of the system that prevents its
solution, and starts by solving the system in its absence. One then introduces the
property that was removed back as a weak perturbation, and calculates correction
terms caused by its presence. Thus the solution to the original difficult problem
can be approached step by step from an easier starting point.

This thesis concerns such a perturbation theory being applied to elementary
particles in order to calculate properties of materials. The perturbation in this case
is the electromagnetic interaction, either between particles in the material or as an
external field corresponding for example to laser light directed to the material in
an experiment. Although the methods discussed here are very general, to make
the discussion more concrete we are going to consider in particular the so called
photo-emission experiments.

1



1.2 Photo-Emission Experiments

A typical solid crystalline material consists of a lattice of atoms/molecules with
their core electrons bound tightly to their nucleai while the outer electrons are
either shared between neighbouring nucleai to form bonds, or move across the
lattice from nucleus to nucleus. Often the free electrons can be studied indepen-
dently of the nucleai/core electron system which is relative immobile and can to
a good approximation be taken as an unmoving background. Still the sea of free
electrons contains a massive number of particles all interacting with each other
via electromagnetic forces. These free electrons conduct electric currents and their
behaviour determines the electric properties of the material in question.

Let us consider first a single electron around a nucleus. The state of the elec-
tron is described by a wave (called the wave-function), so that the height of the
wave corresponds to the probability to find the electron in a particular place in
a measurement. Due to the attractive interaction between the electron and the
protons, the low energy wave-functions will be those that quickly fall to zero away
from the nucleus. This creates a situation similar to a guitar string that is fixed at
its end points. Like harmonic frequencies of the string, the low energy states of
the electron will have one, two, three etc. oscillations over the nucleus. Thus the
energies of the electron take on discrete values.

The tendency for the wave-function to localize around the nucleus is balanced
by the fact that quickly varying wave-functions lead to higher kinetic energy for
the electron. The lowest energy states are therefore found by a balancing act
between the potential energy of the interaction, minimized by a localized wave-
function, and the kinetic energy of the electron, minimized by a slowly varying
wave-function.

When many atoms are brought together in a lattice the wave-function of an
electron begins to oscillate also over the lattice, which brings another energy
contribution and causes the discrete energy levels of the atom to spread out into
bands. Between these bands there are often energy ranges that contain no possible
states for the electrons. Thus for every material there is a specific band-structure
that is the result of the properties of the atoms/molecules that it consists of along
with the nature of the bonds that bind together the lattice.

The band-structure determines among other things the electric properties of the
matter. For example if the material has two bands with a gap between them, the
lower (so called valence band) being filled with electrons and the upper (so called
conduction band) being empty, it will be an electrical insulator, since electricity is
conducted by moving electrons, and in this case the electrons in the lower band
cannot move due to the band being full, and they cannot cross the gap to the upper
band without receiving a large amount of energy. If these bands get close enough
for hops across the gap to occur we have a semi-conductor, and if the bands overlap
giving the electrons room to move freely we have a conductor.

The band structure of a material can be experimentally probed with so called
photo-emission experiments. In these experiments the material is illuminated by
monochromatic light (for example from a laser). Monochromatic light consists
of photons with specific energy, and therefore as they interact with electrons in
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the system they deposit to an electron a known quantity of energy. If the photon
is energetic enough it will kick an electron out of the material, where it can be
observed and its energy measured. The difference between the photon energy and
the energy of the leaving electron then tells how much energy it took to extract
the electron from the material and therefore what sort of energy it initially had.
Repeating such experiments one can therefore obtain a spectrum of the energies
the electrons in the material occupy, and thus find out, for example, the extent of
the valence band in an insulator.

On the other hand the conduction band can be studied with inverse photo-
emission experiments, in which electrons are shot into the material. They settle on
some energy level in the material, and then relax to the lowest energy state (called
the ground-state) while emitting a photon that carries off the leftover energy. By
measuring the energy of the emitted photon the energy of the level the electron was
put on can be figured out, and thus the unoccupied levels of the material mapped
out.

Trying to model these experiments theoretically is a many-body problem, since
the electrons in a material interact and the removal or addition of an electron
therefore affects the system in complicated ways. Above we have spoken loosely
of energy levels that individual electrons can occupy, but to be precise since interac-
tions with other electrons affect each electron, we cannot separate a single electron
and instead have to consider all electrons of the system as occupying a specific
many-body state. The removal of an electron then causes the remaining electrons
to transition to a different many-body state with a different energy, and the energy
carried of by the leaving electron corresponds to the energy difference between the
initial and final many-body states.

In perturbative many-body quantum theory the system is first solved in absence
of interactions, and the correction due to the interactions is then calculated by
considering different ways the interactions between particles can occur in order of
increasing complexity.

The process by which the system transitions from a particular many-body state
to another one through certain interactions is called a scattering process. In pertur-
bative many-body quantum theory the various scattering processes are depicted
visually using the so called Feynman diagrams. Many different approximations
can then be constructed by including different sets of diagrams, and these approxi-
mations succeed in describing the experiment better or worse depending on how
many of the scattering processes that are most likely to occur in the experiment
have been included.

1.3 Scattering and Feynman Diagrams

Feynman diagrams are a general way to categorize different collision processes
between objects, and we can discuss these diagrams using a very concrete example
of colliding billiard balls. Let us consider a billiard table containing some number
of randomly placed balls. We strike one of the balls with our cue stick, and attempt
to calculate the probability of a ball entering a pocket by considering the various
possibilities of ball collisions and representing them using Feynman diagrams.
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This can be related to the photo-emission experiment by taking the balls to
represent the electrons, the cue stick the incoming laser light and the pockets the
electron detectors. To make the analogy to the photo-emission experiment closer
we could also require this to be done in the dark, so that we cannot say for certain
where any of the other balls are, although we know how they are distributed on
the table on a statistical level.

We attempt to find our answer step-by-step starting from the simplest possibili-
ties. The first thing to consider is that the ball may simply enter a pocket directly
without encountering any other balls on the way. We denote the simplest ball
movement process diagrammatically by an arrow such as

1 2
t t′

the probability for a ball to travel
from state 1 to state 2

(1.1)

Here 1 denotes the ball in position x1 moving at velocity v1, and likewise for 2.
Any combination of position and a velocity is a possible single-ball state (a state
that any single ball can occupy). The arrow (1.1) represents the probability for
a ball that is added to the table in state 1 at time t1 to occupy state 2 at time t2
when no collisions with other balls are taken into account (that is the when the
balls are imagined to simply pass through each other unimpeded). To find our
pocket-entering probability we take x2 to be the position of the pocket and x1/v1
to be the position/velocity of the ball we hit immediately after the hit. We can then
plot the probabilities as a function of the velocity v2 to find the energy spectrum of
the balls entering the pocket under this no-collision approximation.

But this does not yet correspond exactly to the picture of the photo-emission
experiment. We do not want to add a new ball to the table, but instead deposit
energy to one of the balls already on the table. We therefore do not want the
number of balls on the table to change. This can be achieved conveniently by
saying that at the time we add the ball we also remove a ball, or in other words we
add a lack-of-ball (which we simply call a ’hole’). This is represented by an arrow
going in the other direction, so that we have the diagram

1
2
3

t t′

the probability for a ball to travel
from state 1 to state 2 while a hole
travels from state 1 to state 3

(1.2)

To understand what we mean by a hole, we must consider the full many-ball state
of the table. A many-ball state consists of a list of all occupied single-ball states.
What the diagram more precisely denotes is the probability for the system on the
whole to transition from a specific many-ball state at time t1 to another at time
t2, when it is perturbed by our strike with the cue. This is expressed as a change
relative to what the initial many-ball state would have been at time t2 had we left
it alone. The perturbation, in this case our strike with the cue, causes a ball where
there would be no ball in the unperturbed state, and likewise a hole, or a lack of
ball, where there would be a ball in the unperturbed state. If the ball we hit would
have traveled in the unperturbed state, the relative lack of ball correspondingly
travels in the perturbed state. The diagram (1.2) for example can be seen as the
probability for the system to transition from the initial state on the left-hand side to
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a state on the right-hand side that differs from the initial state at t2 in that a ball
has been added in state 2 and a ball has been removed from state 3 (obviously
this probability is only defined if the unperturbed initial state in fact would have
a ball in state 3 at time t2). Put yet another way, the diagram (1.2) represents the
probability that our hit causes a ball that would have travelled to state 3 to instead
travel to state 2. We can again calculate the pocket-entering probability from this.
Since we do not care where the ball would have gone had we not hit it, we can
simply sum over all possible end states 3 for the hole, while taking state 2 located
in the pocket.

Non-interacting models such as this are used regularly in physics, and can
be quite sufficient if the interactions do not significantly affect the quantity being
calculated. But let us suppose this is not the case, and the collisions are too
important to ignore. The simplest thing we can do is to assume that the ball we hit
collides with another ball once. We denote this process diagrammatically by

1
2
3

5
6

4

t t′

the probability for a ball to travel
from state 1 to state 2 while collid-
ing on the way with a ball on state
4

(1.3)

Here we denote the collision by a wavy-line. This process causes a more compli-
cated change to the initial state, we have at time t2 balls at states 2 and 5, while
without our hit these balls would have been in states 3 and 6 respectively.

This raises another relevant issue. To make the analogy with electrons more
precise, we have to require that all our balls are exactly identical, and we really
cannot say if the ball that went to the pocket is the same one that we hit. It is
possible that our ball hit another one, causing it to travel to the pocket. Such
exchange processes will need to be taken into account in a theoretical calculation
since they cannot be distinguished from direct processes in an experiment. For
example in addition to (1.3) the same end state could also be reached by the process
described by

1
2
3

5
6

4

t t′

(1.4)

Obviously there are still more complicated ways for a ball to end in a pocket. In
theory the total probability can be calculated by adding up the probability of all
possible ball collision processes that can result in the ball going to a pocket. But
there is an impractical number of possible ways the collisions may go, especially
if there are a great many balls on the table. Not to mention the possibility that
multiple balls may end up in a pocket. If, however, we may take the collisions to
be in some sense rare, we may consider the more complicated collision processes
to be less likely, and that most times when a ball ends up in a pocket there will
have been relatively few contacts in the process. Then the number of processes that
need to be added up to obtain a reasonably good estimate may be manageable.

There are also multiple ways by which we can maximise the mileage we get
from the collision processes we do decide to calculate. We will here briefly present
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some such approaches, since they will end up raising the main issue discussed in
this thesis.

1.4 Interaction Processes and the Self-Energy

The laws of physics are reversible in time, and therefore if a collision process can
happen in one direction, it is always possible in the reverse direction as well. It
follows that gluing two collision processes together as in

(1.5)

creates a diagram describing a possible interaction process in which a ball is
collided with, moves about, and then returns back to its original location (or to
wherever the hole left behind has moved), depositing the energy it received from
the collision back to the colliding ball. Such a process may seem far too unlikely
to bother with for our billiard balls, but for electrons they may be very important,
since due to the discretization of energy levels and the requirement to conserve
energy the types of collisions that can happen are much more restricted. Note
that unlike billiard balls that experience friction and air resistance, electrons in
these diagrams have no way to dissipate energy unless we explicitly add diagrams
to describe that process. Furthermore whereas a billiard ball can transfer any
percentage of its energy in a collision, from a full transfer in a perfectly head on
collision to a very small amount if the balls only brush each other, electrons only
do so in specific quantities corresponding to the available discrete energy states to
scatter into. This is because with fundamental particles we are ultimately talking
about energy transfer between oscillating systems. No matter how hard one shakes
the first system, energy transfer does not occur if we are far from any resonant
frequencies of the other system.

An electron system may thus go through any number of interaction processes
that end up back in the original state before the final collision that sends an electron
to the detector. To take these into account we can replace simple arrows in our
diagrams by dressed arrows involving interaction processes along the way, such as

= + + + . . .
(1.6)

This equation can be written in a recursive form as

= +
, (1.7)

or more generally as

= + Σ , (1.8)
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where Σ is an object known as self-energy (the reason for the name will become
apparent later), which contains a sum of possible interaction processes; for example

Σ = + + + . . . (1.9)

Equation (1.8) can be iterated by starting from

= + Σ , (1.10)

and placing the result repeatedly back into the right-hand side of (1.8), until the
resulting probability reaches a stable value. In this way we have effectively calcu-
lated a probability for electron propagation from one state to another including an
arbitrary number of interaction processes along the way. After having calculated
the so called dressed propagator from (1.8) we can draw our scattering diagrams
using it, and thus effectively include an infinite number of diagrams in each such
dressed diagram.

The self-energy approximations can also be summed to infinite order through
various recursive systems of equations. Thus one can for example nest interaction
diagrams within themselves to generate diagrams such as

(1.11)

and so on. This generates an effectively infinite set of diagrams based on repeated
scattering by the initial choice of scattering processes, but does not introduce new
fundamental ways to scatter.

Alternatively one can consider interaction processes that involve a repeating
piece, such as repeated collisions between two particles as in

+ + + . . . (1.12)

This can be calculated recursively by first calculating the probability for a two
particle scattering

(1.13)

and linking them iteratively through

=T T+ . (1.14)

Joining the upper legs of T then leads to a self-energy of the form (1.12) that
includes effectively infinite interactions.
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It may of course be that the result of such summations does not lead to any
finite result. We are expanding our results as a series of correction terms to a
non-interacting system, which involves an assumption that the interacting system
is in some sense not too different from the non-interacting one and can therefore
be approached small step at a time. It may be, for example, that turning on
the interaction causes the melting temperature to decrease and triggers a phase
transition from solid to liquid, in which case a perturbative approach would
certainly fail. We will throughout this thesis assume that such complications do
not arise.

Such schemes to resum terms in various ways are an important way to improve
the quality of results one obtains from perturbative theories. The diagrammatic ap-
proach is very powerful in making creation of these schemes intuitive. Sometimes,
however, these tricks for nesting and chaining diagrams can end up obscuring
the clear physical picture that was originally one of the main strengths of the
diagrammatic approach.

1.5 Adding Up Probabilities

To explain this issue we will need to finally discuss something that is purely a
property of quantum systems. For a classical everyday system the total probability
for an event that can happen in multiple ways is calculated simply by adding the
probabilities of each alternative. Thus the true value is approached from below,
every alternative that is taken into account bringing one a little bit closer to the
correct result. In quantum mechanics, on the other hand, the alternatives contribute
probability amplitudes that have both direction and length. These are added end
to end, and the final probability to measure an outcome is found as the square of
the length of the total amplitude connecting the start and the end points, as shown
in the following figure:

classical: b quantum: (1.15)

Thus while for a classical system calculating very unlikely processes may be
unnecessary, at least one knows that they will bring you towards the correct result
if only by a minimal amount. In quantum mechanics certain alternatives may end
up forming loops in the sum and cancelling each other out. Calculating such loops
makes no difference to the result, and if a loop is only partially included it may
actually take you further away from the correct answer.

For an electron our scattering diagram corresponds to a probability amplitude.
The length of this amplitude can be calculated by mirroring the diagram and
gluing it to itself, in the same way that the self-energy diagrams are constructed.
For example the probability to scatter via the process

(1.16)
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can be obtained by calculating

. (1.17)

It follows that the scattering probability for an electron has the form of an amplitude
for an interaction process (or a scattering from an initial state back to the same state),
and therefore it can be calculated just from the knowledge of the self-energy without
having to consider individual scattering processes. Indeed in practice the self-
energy is the central quantity in such calculations, and different approximations
for scattering processes are typically expressed in terms of approximations for the
self-energy.

The connection between scattering processes and the self-energy has the added
complication, that the same self-energy diagram can result from many different
gluings of scattering diagrams. In such cases the self-energy diagram equals the
sum of possible glued pairs; for example

S = = + (1.18)

In this equation, however, the diagrams on the right-hand side have no clear
physical meaning. Mirrored pairs such as in (1.17) represent scattering probabilities
by the process depicted by the diagram being mirrored, however pairs of two
different scattering processes have no such interpretation. To obtain a self-energy
with clear physical content, we need to give it a form of a mirrored scattering
amplitude, such as

S′ =

[
+

] [
+

]
. (1.19)

This now has the form of a scattering probability where the scattering can happen
by two different processes. We note that this differs from (1.18) by inclusion of two
additional terms

S′ = S + + . (1.20)

Here the first glued pair is equal to the two interaction self-energy diagram (first
diagram in (1.12)) since there is only one possible gluing resulting in it. The second
diagram however represents only a part of the four interaction self-energy diagram
(third diagram in (1.12)).

This discussion raises the central point of this thesis. While the self-energy is a
convenient object for calculations, one always has to keep in mind that the choice
of the self-energy is in a sense a consequence of a more fundamental choice, i.e. that
of which scattering processes are to be included. This is important since although
every choice of scattering processes leads to a corresponding self-energy, not every
self-energy follows from a set of scattering processes (for example (1.18)). Using
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such a self-energy that does not correspond to a specific set of scattering processes
can lead to unphysical results, such as negative probabilities and negative particle
counts, which render the result incabable of being interpreted in any meaningful
way. Furthermore when using the various diagram resummation schemes, a self-
energy approximation not corresponding to a scattering approximation can cause
the iteration to fail to converge even if the system under consideration is otherwise
well behaved. These issues and how they can be avoided in practice when using
diagrammatic quantum many-body theory are the main subject of this thesis. To
get there we will first have to give the theory its true mathematical form.
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Chapter 2

Quantum Mechanics: Brief Introduction

Before presenting the theory in its mathematically relatively simple but rather
abstract form, we will try and give the reader some intuitive sense on how the states
of a quantum system connect to those of a classical system. Consider therefore a
classical many-body system consisting of N identical particles. The configuration
of the system is determined by the N positions of the particles x1, . . . , xN , and all
such configurations form a 3N dimensional configuration space R3N . In order to
solve the time-evolution of the system we need to further specify the velocities of
the particles. For any set of positions and velocities we can then use the Newtonian
equations of motion to find these values at any later (or earlier) time, and solve the
time-evolution of the system which draws a path in the configuration space.

A state of the corresponding quantum many-body system is a complex val-
ued function (known as the wave-function) over the classical configuration space
Ψ(x1, . . . , xN), the time-evolution of which is determined by the Schrödinger equa-
tion (to be discussed later). Being complex valued it associates to each classical
configuration an amplitude with a length and a phase. The length of the amplitude
(or more precisely the square of the norm |Ψ(x1, . . . , xN)|2) for a particular configu-
ration corresponds to the probability (or probability density if x are continuous) to
find the system in that configuration when performing a measurement.

Information about the particle velocities is encoded in the phases of the wave-
function, so that by Fourier transforming the wave-function

F [Ψ(x1, . . . , xN)] = Φ(p1, . . . , pN) (2.1)

we obtain a momentum wave-function. |Φ(p1, . . . , pN)|2 gives the probability
to find the particles with particular values of momenta in a measurement. This
connection between the positions and momenta gives rise to the Heisenberg uncer-
tainty principle, since the Fourier transform connects sharp features in the position
space to broad features in the momentum space, and vice versa.

Arguably the most important difference to classical theory that follows, is
that any sum of two wave-functions is also a complex valued function over the
configurations space, and therefore also a possible state of the quantum system.
For the probability interpretation to make sense we must of course require that∫

dx1 · · ·
∫

dxN |Ψ(x1, . . . , xN)|2 = 1 (2.2)
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so that we are certain to find the system in some state upon measurement. Given
that we take care to maintain this normalization, we can add quantum states
together to obtain new valid physical states as in

c1Ψ1 + c2Ψ2 = Ψ3, (2.3)

where c1 and c2 are complex numbers chosen so that Ψ3 fulfills (2.2). (2.3) is the
important superposition principle, from which much of the unique properties of
quantum theories arise. Moreover, (2.3) tells us that the state-space of a quantum
system is a vector space. This is the crucial fact that makes the mathematical form
of quantum theory on the other hand very elegant, and on the other hand very
different from that of classical physics.

Finally we note that the wave-functions is (anti)-symmetric with respect to
exchanging two particles with each other, i.e.

Ψ(x1, . . . , xi, . . . , xj, . . . , xN) = ±Ψ(x1, . . . , xj, . . . , xi, . . . , xN). (2.4)

Particles with a symmetric wave-function are called Bosons, and those with anti-
symmetric wave-function are called Fermions. Electrons, which we will in this
work concern ourselves with, are Fermions. One consequence of this is that the
probability to find two electrons in the same state is always zero. This is known
as the Pauli exclusion principle. It is of fundamental importance to all chemistry,
since by preventing the electrons from all condensing into the lowest energy state
it leads for example to shell structure in atoms and consequently to band structure
in materials. It follows that maintaining the anti-symmetry is an important concern
for building approximations for electron systems.

2.1 States and Measurements

The states of a quantum system form a Hilbert space, i.e. a vector space with an
inner product. We denote a vector in this space by |Ψ〉. Let |φ1〉, |φ2〉, |φ3〉 etc. form
an orthonormal basis in this space. Any state vector can then be expressed as

|Ψ〉 = ∑
i

ci|φi〉 (2.5)

where ci are complex numbers. The corresponding dual vector is given by

〈Ψ| = ∑
i

c∗i 〈φi|. (2.6)

The inner product is defined by

〈Ψ1|Ψ2〉 =
[
∑
i1

c∗i1〈φi1 |
] [

∑
i2

ci2 |φi2〉
]

= ∑
i1i2

c∗i1 ci2〈φi1 |φi2〉 = ∑
i1

|ci1 |2,
(2.7)

where we have used
〈φi1 |φi2〉 = δi1i2 (2.8)
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which holds since |φi〉 were taken to be orthonormal. For a system in state |Ψ〉 the
probability to find the system to be in state |φj〉 when performing a measurement
is given by

|〈φj|Ψ〉|2 = ∑
i
|ci〈φj|φi〉|2 = |cj|2. (2.9)

The numbers cj are called probability amplitudes to distinguish them from the
standard real valued probability |cj|2.

From experience we know that a measurement of any observable O from a
quantum system always gives a consistent result on repeated experiments. We
know therefore that for any measurement result Oi there must exist a state that
the quantum system can be on so that measurements on that state give Oi with
certainty. This is true for any possible result of the measurement. For a certain set
of possible results OI = {O1, . . . , ON} we therefore have a corresponding set of
states ΨI . These states must be orthogonal whenever they correspond to distinct
measurement results, since otherwise (2.9) would give a non-zero change to mea-
sure the other result from either state. Furthermore since a measurement always
gives some result the states |ΨI 〉must form a complete basis to the Hilbert space.
Using these sets we can define an operator corresponding to the measurement of a
specific observable O through

Ô|Ψi〉 = Oi|Ψi〉. (2.10)

Since |ΨI 〉 form a complete basis, this defines the operation of Ô on any state of
the system, giving

Ô|Φ〉 = Ô ∑
i

ci|Ψi〉 = ∑
i

ciOi|Ψi〉. (2.11)

We then find that the expression

〈Φ|Ô|Φ〉 =
[
∑

i
c∗i 〈Ψi|

]
Ô

[
∑

j
cj|Ψj〉

]
= ∑

ij
c∗i cjOj〈Ψi||Ψj〉

= ∑
ij

c∗i cjOjδij = ∑
i
|ci|2Oi

(2.12)

gives the expectation value for the observable O when measured from a system in
state |Φ〉.

Thus to any observable O there corresponds an operator Ô, which is Hermitian
since its eigenvalues are measurement outcomes and therefore real valued, and in
practice we find ourselves evaluating expressions of the form

〈Φ|Ô|Φ〉 (2.13)

in order to calculate results of experiments.
Particle positions are one possible observable to measure, and to them corre-

sponds a basis consisting of states with definite particle positions
|x1, . . . , xN〉. Here we take x to be a composite variable containing a position and
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a spin, i.e. xi = riσi, σi being the spin of the particle i. This is a basis defined by
continuous arguments, and thus we expand a state vector in this basis as

|Ψ〉 =
∫

dx1 · · ·dxNΨ(x1, . . . , xN)|x1, . . . , xN〉, (2.14)

where
∫

dxi =
∫

dri ∑σi
is a shorthand for integral over position and sum over

spin. Here Ψ(x1, . . . , xN) is the wave-function discussed in the previous section.

2.2 Time

To incorporate time into our calculations we define a time-evolution operator

|Ψ(t + ∆t)〉 = Û(t + ∆t, t)|Ψ(t)〉, (2.15)

that takes a state at time t and transforms it to the state at time t + ∆t. For any
quantum system there exist a set of states, called stationary states, with the property
that their time-evolution consists simply of the phase rotating at a specific rate Ei,
so that

|ψEi (t + ∆t)〉 = e−iEi∆t|ψEi (t)〉. (2.16)

These are the states that correspond to specific values of the total energy E, and
they form a basis to the Hilbert space. Thus any possible state of the system can be
expressed as a linear combination of stationary states. Such a linear combination,
e.g.

|Ψ(t)〉 = ∑
n

cn|ψEn(t)〉, (2.17)

then follows the equation

|Ψ(t + ∆t)〉 = ∑
n

e−iEn∆tcn|ψEn(t)〉. (2.18)

The time-evolution of the state as a whole is thus generated by the changing
interference pattern created by phases oscillating at different speeds corresponding
to their energies. Note that a shift of all energies by a constant introduces only an
overall phase factor, which does not affect the result of any measurement, since it
cancels out in (2.13).

The stationary states thus define the energy operator

Ĥ|ΨEn(t)〉 = En|ΨEn(t)〉, (2.19)

which is known as the Hamiltonian. We obtain

|Ψ(t + ∆t)〉 = ∑
n

e−iEn∆tcn|ψEn(t)〉 = e−iĤ∆t ∑
n

cn|ψEn(t)〉 = e−iĤ∆t|Ψ(t)〉, (2.20)

showing that the time-evolution operator has the form

Û(t + ∆t, t) = e−iĤ∆t. (2.21)
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We can then find the equation of motion by expanding Û as

e−iĤ∆t = 1− iĤ∆t +
(iĤ∆t)2

2!
+ . . . (2.22)

from which it follows that

|Ψ(t + ∆t)〉 − |Ψ(t)〉
∆t

=

[
−iĤ +

(iĤ)2∆t
2!

+ . . .
]
|Ψ(t)〉. (2.23)

Now taking the limit ∆t→ 0 we obtain the equation of motion for the state-vector

lim
∆t→0

|Ψ(t + ∆t)〉 − |Ψ(t)〉
∆t

= lim
∆t→0

[
−iĤ +

(iĤ)2∆t
2!

+ . . .
]
|Ψ(t)〉

⇒ δ

δt
|Ψ(t)〉 = −iĤ|Ψ(t)〉,

(2.24)

i.e. the Schrödinger equation.
So far we have made the tacit assumption that the Hamiltonian itself is time-

independent. If the system has time-dependent elements, such as an oscillating
electromagnetic field created by incoming light in a photoemission experiment, the
Hamiltonian will be time-dependent and the energy eigenbasis will vary in time.
Therefore the time-evolution operator also changes in time. To find an expression
for this operator we first note that the time-evolution operator must certainly have
the property

Û(t3, t2)Û(t2, t1) = Û(t3, t1). (2.25)

We use this to write the evolution from t to t + ∆t as a series of n small time-steps
δt = ∆t/n. Assuming the time-evolution of the Hamiltonian is smooth (in a
suitable sense) we can for large n take Ĥ to be constant during each sub-step and
write

|Ψ(t + ∆t)〉 = lim
n→∞

e−iĤ(t+nδt)δt · · · e−iĤ(t+δt)δte−iĤ(t)δt|Ψ(t)〉. (2.26)

We are now sorely tempted to use the multiplication property of exponential
function eAeB = eA+B. This, however, only holds when A and B commute, which
may not be the case for the Hamiltonians at different time-points. This obstacle
can be circumvented by introducing a time-ordering operation T {· · · }, which is
defined by the rule that the objects inside it are to be ordered such that larger time
arguments go to the left. For example

T {O(t1)O(t2)O(t3} = O(t3)O(t1)O(t2), when t3 > t1 > t2. (2.27)

It follows that inside the time-ordering the objects commute. In the case of (2.26),
since the exponentials are already time-ordered, we can write

|Ψ(t + ∆t)〉 = lim
n→∞

T {e−iĤ(t+nδt)δt · · · e−iĤ(t+δt)δte−iĤ(t)δt}|Ψ(t)〉

= lim
n→∞

T {e−i(Ĥ(t+nδt)+...+Ĥ(t+δt)+Ĥ(t))δt}|Ψ(t)〉

= T {e−i
∫ t+∆t

t Ĥ(t̄)dt̄}|Ψ(t)〉.

(2.28)
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The time-evolution operator for time-dependant Hamiltonians can therefore be
written as

Û(t2, t1) =

 T {e−i
∫ t2

t1
Ĥ(t̄)dt̄}, t2 > t1

T̄ {ei
∫ t1

t2
Ĥ(t̄)dt̄}, t1 > t2

(2.29)

where the t1 > t2 form can be obtained in a similar way by defining the anti-time-
ordering operation T̄ {· · · } that orders larger times to the right.

Note that

Û†(t, t0) = ei
∫ t

t0
dt̄ Ĥ†(t̄)

= e−i
∫ t0

t dt̄ Ĥ(t̄) = Û(t0, t). (2.30)

Thus the expectation value of an observable O at time t is given by

O(t) = 〈Ψ(t)|Ô|Ψ(t)〉 = 〈Ψ0|Û(t0, t)ÔÛ(t, t0)|Ψ0〉 = 〈Ψ0|ÔH(t)|Ψ0〉, (2.31)

where ÔH(t) = Û(t0, t)ÔÛ(t, t0) is so-called Heisenberg form of the operator Ô
and |Ψ0〉 = |Ψ(t0)〉 is the state of the system at an initial time t0. Thus the above
expression describes a measurement performed by preparing the system in state
Ψ0 at time t0 and then measuring the observable O at time t.

From this we can find the equation of motion for the Heisenberg operator ÔH(t).
We have from the chain rule

d
dt

ÔH(t) =
dÛ(t0, t)

dt
ÔÛ(t, t0) + Û(t0, t)

dÔ(t)
dt

Û(t, t0) + Û(t0, t)Ô
dÛ(t, t0)

dt
.

(2.32)
On the other hand

dÛ(t0, t)
dt

=
d
dt
T̄ {ei

∫ t0
t Ĥ(t̄)dt̄} = −iÛ(t0, t)Ĥ(t)

dÛ(t, t0)

dt
=

d
dt
T {e−i

∫ t
t0

Ĥ(t̄)dt̄} = iĤ(t)Û(t, t0),
(2.33)

and therefore

d
dt

ÔH(t) = −iÛ(t0, t)Ĥ(t)ÔÛ(t, t0) +

[
dÔ(t)

dt

]
H

+ iÛ(t0, t)ÔĤ(t)Û(t, t0).

(2.34)

Placing Û(t, t0)Û(t0, t) = 1̂ between Ô and Ĥ then leads to

i
d
dt

ÔH(t) = [ĤH(t), ÔH(t)] + i

[
dÔ(t)

dt

]
H

, (2.35)

where [A, B] = AB− BA is the commutator.

2.3 Temperature

To consider a system at finite temperature one can apply the methods of classical
statistical mechanics. One considers an ensemble of systems which are in states
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distributed according to the Bolztmann distribution, so that a random system in
the ensemble will be on state of energy E with probability e−βE

Z where β = 1
T is the

inverse temperature (using the natural units so that the Boltzmann factor kB = 1)
and Z = ∑n e−βEn is the partition function. Now each system in the ensemble is a
quantum system, and we can write the expectation value for the ensemble as

O(t) = ∑
E

e−β(E−µ)

Z
〈ΨE|ÔH(t)|ΨE〉

= ∑
E
〈ΨE|

e−β(Ĥ(t0)−µ)

Z
ÔH(t)|ΨE〉 = tr

[
ρ̂ ÔH(t)

]
,

(2.36)

where energies are given with respect to the chemical potential µ and we have
defined the density operator

ρ̂ =
e−β(Ĥ(t0)−µ)

Z
. (2.37)

The sum over E is now a trace, and is therefore basis independent.
For the thermodynamic ensemble (a macrocanonical ensemble) the Ĥ in (2.37)

is the Hamiltonian of the system at the initial time, but (2.37) applies generally
as well, since a positive semi-definite operator can always be written in this form
(and ρ̂ is PSD since its diagonal elements are probabilities). The density matrix is
useful since it can be used to represent both an expectation value for a quantum
mechanical superposition |Ψ〉 = ∑i ci|ψi〉 by writing[

∑
i

c∗i 〈ψi|
]

ÔH(t)

[
∑

j
cj|ψj〉

]
= ∑

n
〈ψn|∑

ij
c∗i cj|ψi〉〈ψj|ÔH(t)|ψn〉

= tr
[
ρ̂ ÔH(t)

] (2.38)

as well as a classical probability distribution as in (2.36) at the same time. This
makes it very convenient for treating ensembles of quantum states.
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Chapter 3

Many-Body Quantum Theory

3.1 Creation and Annihilation Operators

To construct a perturbation theory based on adding up scattering processes we
need a convenient way to modify a many-body quantum state by moving particles
between single-particle orbitals to generate excited states from a ground state. To
this end we define operators that add/remove particles to/from a many-body
state.

Let us first consider a system with one particle, and denote by |i〉 the states in
some orthogonal basis for this single-particle system. We take the quantum number
i to be discrete, but all results here apply to continuous quantum numbers as well
with the appropriate modifications (i.e. Kronecker deltas become delta-functions
and sums become integrals). We introduce a set of operators defined by

d̂†
i |0〉 = |i〉, d̂i|j〉 = δij|0〉. (3.1)

The fact that these operators are related by conjugation follows from noting that

〈j|d̂†
i |0〉 = δij = 〈0|d̂i|j〉. (3.2)

We then construct a basis for the many particle state-space (so called Fock-space)
by defining the N-particle state in which the single-particle orbitals {i1, . . . , iN} are
occupied as

|i1 · · · iN〉 = d̂†
i1 · · · d̂

†
iN
|0〉. (3.3)

The corresponding dual state-vector can then be written as

〈i1 · · · iN | = [d̂†
i1 · · · d̂

†
iN
|0〉]† = 〈0|d̂iN · · · d̂i1 . (3.4)

It follows that these operators operate on many-particle states following

d̂†
j |i1 · · · iN〉 = |iji1 · · · iN〉, 〈i1 · · · iN |d̂j = 〈iji1 · · · iN |. (3.5)

The requirement that the state should be anti-symmetric with respect to particle ex-
change for Fermionic particles then follows automatically if we define the operators
to anti-commute, i.e. that

[d̂†
i1 , d̂†

i2 ]+ = 0, [d̂i1 , d̂i2 ]+ = 0 (3.6)
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where [A, B]+ = AB + BA is the anti-commutator. For Bosonic particles the anti-
commutator is replaced by a commutator.

For the anti-commutator between creation and annihilation operators on the
other hand we find

〈i|[d̂†
j , d̂k]+|l〉 = 〈i|d̂†

j d̂k|l〉+ 〈i|d̂k d̂†
j |l〉

= δkl〈i|j〉 − 〈ki|jl〉
= δklδij + δkjδil − δklδij

= 〈i|δjk|l〉.

(3.7)

Taking therefore
[d̂†

j , d̂k]+ = δjk (3.8)

to hold generally we find that the annihilation operator operates to the right as

d̂j|i1 · · · iN〉 = d̂jd̂†
i1 · · · d̂

†
iN
|0〉

= [δji1 − d̂†
i1 d̂j]d̂†

i2 · · · d̂
†
iN
|0〉

= [δji1 d̂†
i2 − d̂†

i1 δji2 + d̂†
i1 d̂†

i2 d̂j]d̂†
i3 · · · d̂

†
iN
|0〉

=
N

∑
n=1

(−1)n+1δjin |i1 · · · in · · · iN〉,

(3.9)

where in denotes that the index in is removed from the list of occupied single-
particle states.

Using the anti-commutation relations the operation of any product of creation
and annihilation operators on any many-body state can be calculated. For example,
the combination of operators

n̂j = d̂†
j d̂j (3.10)

operators according to

n̂j|i1 · · · in〉 = ∑
k

δijik |i1 · · · in〉 = nj|i1, . . . , in〉 (3.11)

and is therefore called the number operator since its eigenvalue nj is one if the
single-particle orbital j is occupied and zero otherwise (this can be generalized for
Bosons in which case nj can take larger values).

Any transition between the many-body basis states in the single-particle orbital
basis can now be expressed as a string of creation and annihilation operators. A
general many-body operator in this basis can then be expressed as

Ô|iN 〉 = ∑
KM

d̂†
KOKMd̂M|iN 〉, (3.12)

where N = {i1, . . . , iN} etc. represent sets of single-particle orbital indices. This is
a convenient form to express operators for purposes of calculations. We express
the Hamiltonian in particular as

Ĥ(t) = ∑
i

d̂†
i hi(t)d̂i +

1
2 ∑

ij
d̂†

i d̂†
j vijd̂jd̂i, (3.13)
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where hi(t) corresponds to the part of the energy that only depends on particle
density at a single point (i.e. kinetic energy and potential energy of a particle in
external potentials) and vij is the part of the energy that depends on correlations
of particle density at two points (i.e. energy due to interactions). The factor 1

2
for the interaction cancels double counting due to the symmetric sum including
interaction in both directions for each particle pair. The fact that the i = j case is
also halved is not an issue for fermions, since two fermions never occupy the same
single-particle state. For bosons this needs to be corrected for.

Using this form of the Hamiltonian the equations of motion for the Heisenberg
forms of creation and annihilation operators are easy to derive from the general
Heisenberg equation of motion (2.35). We have

i
d
dt

d̂†
k,H(t) = [d̂†

k,H(t), Ĥ] = [d̂†
k , Ĥ]H . (3.14)

Using the commutation relations given above we obtain

d̂†
k Ĥ = d̂†

k

[
∑

i
d̂†

i hi(t)d̂i +
1
2 ∑

ij
d̂†

i d̂†
j vijd̂jd̂i

]
= Ĥd̂†

k − d̂†
k hk(t)−∑

i
d̂†

k vikn̂i

(3.15)

which leads to the unsurprising relation

Ĥd̂†
k = d̂†

k(Ĥ + hk(t) + ∑
i

vikn̂i). (3.16)

Therefore

− i
d
dt

d̂†
k,H(t) = d̂†

k,H(t)

(
hk(t) + ∑

i
vikn̂i,H(t)

)
. (3.17)

By conjugating this equation one then obtains for the annihilation operator

i
d
dt

d̂k,H(t) = d̂k,H(t)

(
hk(t) + ∑

i
vikn̂i,H(t)

)
(3.18)

3.2 Response Functions

Now we have the tools necessary to consider the response of a system to a change
in an external potential in a perturbative manner. We take a Hamiltonian of the
general form

Ĥ(t) = ∑
i

d̂†
i hi(t)d̂i +

1
2 ∑

ij
d̂†

i d̂†
j vijd̂jd̂i, (3.19)

where the single particle part hi(t) = h0,i + ui(t) contains a time-dependent exter-
nal potential.

We take the expectation value O(1) = 〈Ô(1)〉 = 〈Ôi1(t1)〉 (using the shorthand
n = intn for the arguments) of some observable O and expand it in terms of the
potential u as

O(1) = O(1)u=0 +
∫

d2 R(1, 2)u(2) +
1
2

∫
d2d3 R(1, 2, 3)u(2)u(3) + . . . (3.20)
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where
∫

dn =
∫ ∞

t0
dtn ∑in . Here R(1, 2) = δO(1)

δu(2) u=0
is the first order response

function, R(1, 2, 3) = δ2O(1)
δu(2)δu(3) u=0

the second order response function, and so on.
We can now work out expressions for the response functions as expectation

values of operators. For the first order response we have using the Hellmann-
Feynman theorem

δO(1)
δu(2)

= tr

[
ρ̂

δÔH(1)
δu(2)

]
(3.21)

where
δÔH(1)
δu(2)

=
δÛ(t0, t1)

δu(2)
ÔÛ(t1, t0) + Û(t0, t1)Ô

δÛ(t1, t0)

δu(2)
. (3.22)

Using the definition of the time-evolution operator (2.29) we get

δÛ(t0, t1)

δu(2)
=

δ

δu(2)
T̄ {ei

∫ t0
t1

Ĥ(t̄)dt̄}

= T̄
{[

i
∫ t0

t1

δĤ(t̄)
δu(2)

dt̄
]

ei
∫ t0

t1
Ĥ(t̄)dt̄

}
= T̄ {ei

∫ t0
t2

Ĥ(t̄)dt̄}
[

i
∫ t0

t1

δĤ(t̄)
δu(2)

dt̄
]
T̄ {ei

∫ t2
t1

Ĥ(t̄)dt̄}

= Û(t0, t2)

[
i
∫ t0

t1

δĤ(t̄)
δu(2)

dt̄
]

Û(t2, t1)

(3.23)

and since

δĤ(t̄)
δu(2)

=
δ

δu(2) ∑
i

d̂†
i ui(t̄)d̂i = δ(t̄− t2)d̂†

i2 d̂i2 = δ(t̄− t2)n̂i2 (3.24)

we obtain using Û(t1, t2)Û(t2, t3) = Û(t1, t3) and Û(t, t) = 1̂ that

δÛ(t0, t1)

δu(2)
= iθ(t1, t2)Û(t0, t2)n̂i2Û(t2, t1)

= iθ(t1, t2)Û(t0, t2)n̂i2Û(t2, t1)Û(t1, t0)Û(t0, t1)

= iθ(t1, t2)n̂(2)Û(t0, t1),

(3.25)

where n̂(2) = n̂i2,H(t2) is the Heisenberg form of the number operator. By analo-
gous calculation we find

δÛ(t1, t0)

δu(2)
= −iθ(t1, t2)Û(t1, t0)n̂(2), (3.26)

and substituting these into (3.22) obtain

δÔH(1)
δu(2)

= −iθ(t1, t2)[ÔH(1), n̂(2)]. (3.27)

Thus the first order response function is given by

R(1, 2) = −iθ(t1, t2)〈[ÔH(1), n̂(2)]〉0, (3.28)
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where 〈· · ·〉0 = tr{ρ̂ · · · }u=0. Note that R(1, 2) = 0 for t2 > t1, and therefore R
contains only the response to perturbations occurring in the past, in other words
the retarded (or causal) response.

The higher order response functions can now be worked out inductively. Let us
consider first the second order response given by

δ2O(1)
δu(2)δu(3)

=
δ

δu(3)

[
δO(1)
δu(2)

]
=

δ

δu(3)

[
−i
∫ t1

t0

d2 〈[ÔH(1), n̂(2)]〉0
]

= −i
∫ t1

t0

d2
[
〈 δ

δu(3)
[ÔH(1), n̂(2)]〉0

]
.

(3.29)

We can write the operator commutator above as

[ÔH(1), n̂(2)] = Û(t0, t2)[Û(t2, t1)ÔÛ(t1, t2), n̂i2 ]Û(t2, t0). (3.30)

Now if we take t2 > t3 the commutator on the right hand-side of (3.30) does not
depend on u(3). We can therefore follow the derivation for the first order response
given above with Ô replaced by [Û(t2, t1)ÔÛ(t1, t2), n̂i2 ] and obtain

δ2O(1)
δu(2)δu(3)

= (−i)2
∫

d2d3 θ(t1, t2)〈[[ÔH(1), n̂(2)], n̂(3)]〉0, t2 > t3. (3.31)

If on the other hand we take t3 > t2 we can simply apply the derivatives with
respect to u(2) and u(3) in the opposite order, and obtain (3.31) with 2 and 3
exchanged. We therefore have in total

R(1, 2, 3) =
δ2O(1)

δu(2)δu(3) u=0
= (−i)2

(
θ(t1, t2, t3)〈[[ÔH(1), n̂(2)], n̂(3)]

+θ(t1, t3, t2)〈[[ÔH(1), n̂(3)], n̂(2)]〉
)

.
(3.32)

Continuing this way one can derive for the (n− 1):th order response function
the expression

R(1, . . . , n)

=
1

in−1 ∑
P

θ(t1, tP(2), . . . , tP(n))〈[ÔH(1), n̂(P(2)), . . . , n̂(P(n))]〉, (3.33)

where the sum is over all permutations of 2, . . . , n and

[O1, . . . , On] = [· · · [[O1, O2], O3], . . . , On] (3.34)

is a nested commutator.
In particular if we take the Ô(1) = n̂(1) we obtain the so-called density response

function

χn(1, . . . , n)

=
1

in−1 ∑
P

θ(t1, tP(2), . . . , tP(n))〈[n̂(1), n̂(P(2)), . . . , n̂(P(n))]〉. (3.35)
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3.3 Contour Formalism

In this section we will introduce a mathematical formalism that will make working
with density response functions, and other similar objects, significantly simpler
and our results more general. It turns out we can avoid the nested commutator
structure appearing in the response functions, and go back to integrals over time-
ordered products, if we interpret the time as a contour variable on a back-and-forth
contour.

Consider first an integral over the first order response function∫
dt2 χ2(t1, t2) =

1
i

∫
dt2 θ(t1, t2)〈[n̂(t1), n̂(t2)]〉, (3.36)

where we have suppressed the quantum numbers i. Expanding the commutator,
we have two integrals over two different orderings of the operators

∫
dt2 θ(t1, t2)〈[n̂(t1), n̂(t2)]〉 =

∫ t1

t0

dt2 〈n̂(t1)n̂(t2)〉 −
∫ t1

t0

dt2 〈n̂(t2)n̂(t1)〉.
(3.37)

In the first integral we need t2 to be ordered before t1 and in the second integral
after t1. We therefore define a contour γ1 that starts from t0, goes along the real-axis
to t1 and then returns back along the real-axis to t0. We denote times on the forward
branch γ1− by t−, and times on the returning backward branch γ1+ by t+ (see left
figure in Figure 1). Furthermore we define operators on the contour as

O(t1+) = O(t1−) = O(t1). (3.38)

This now allow us to write (3.37) as∫
dt2 θ(t1, t2)〈[n̂(t1), n̂(t2)]〉

=
∫ t1−

t0−
dt2− 〈Tγ1{n̂(t1−)n̂(t2−)}〉 −

∫ t1+

t0+

dt2+ 〈Tγ1{n̂(t2+)n̂(t1+)}〉,
(3.39)

where Tγ1 is a contour ordering operation ordering times further along the contour
to the left. Times on the backward (t+) branch are always later on the contour than
those on the forward branch (t−). For times on the forward branch larger real-time
values are later on the contour, while for the times on the backward branch smaller
real-time values are later on the contour.

Now let us denote times along the contour by z and use z1 > z2 to mean that z1
is further along the contour than z2. We then write the integrals over contour times
as ∫ t1−

t0−
dt− =

∫
γ1−

dz (3.40)

∫ t1+

t0+

dt+ = −
∫ t0+

t1+

dt+ =
∫

γ1+

dz, (3.41)

where the integral over the backward branch is in the reverse direction so that the
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t−0 t−

t+ γet+0

t+0 − iβ

t+0 − iτ

t−0 t−

t+0 t+ γ

FIGURE 1: The two different contours used. (Left) The Keldysh contour γ, consisting of
a forward branch γ− and a backward branch γ+. The contour is ordered, meaning that
t+ > t−, while to both t+ and t− corresponds the same real-time value t (horizontal distance
from t±0 to t±). (Right) The extended contour γ′, with an added vertical branch γM. Note
that the horizontal branches are shifted from the real axis for illustrative purposes only; the
times t± are real.

contour γ1 = γ1−
⊕

γ1+ is continuous. We can then write (3.39) as∫
dt2 θ(t1, t2)〈[n̂(t1), n̂(t2)]〉

=
∫

γ1−
dz2 〈Tγ1{n̂(z1)n̂(z2)}〉+

∫
γ1+

dz2 〈Tγ1{n̂(z1)n̂(z2)}〉

=
∫

γ1

dz2 〈Tγ1{n̂(z1)n̂(z2)}〉.

(3.42)

Now we can also replace the contour γ1 with contour γ that goes from t0 to +∞
and back, since the forward and backward parts for t > t1 will cancel each other
out. We then have the contour equation∫

γ
dz2 χ(z1, z2) =

1
i

∫
γ

dz2 〈Tγ{n̂(z1)n̂(z2)}〉, (3.43)

where χ(z1, z2) is a contour-ordered response function which can be expanded as

χ(z1, z2) = θ(z1, z2)
1
i
〈n̂(t1)n̂(t2)〉+ θ(z2, z1)

1
i
〈n̂(t2)n̂(t1)〉. (3.44)

Note that for the expectation values above we can here use the real-time arguments
since the branch the time argument is on only affects the ordering of the operators,
and therefore the branch indices can be dropped whenever operators occur outside
a contour-ordering operation. The contour step-function θ(z1, z2) is defined to be
one when z1 > z2 and zero otherwise. Thus the contour formulation has allowed us
to replace the commutator by a contour-ordering operation, which is very useful for
manipulations of equations since operators under the ordering always commute.
Note that for fermionic operators we define the orderings to anti-commute. Here
n̂ acts like a bosonic operator, being a product of an even number of fermionic
operators.

The contour time-ordered expression is especially useful for perturbative ex-
pansions. To see this we note that if we define time-evolution operators on the
contour through

Û(t1±, t2±) = Û(t1, t2), (3.45)
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we can express a Heisenberg operator as

ÔH(t1) = Û(t0, t1)Ô(t1)Û(t1, t0) = Tγ1{Û(t0+, t1+)Ô(z1)Û(t1−, t0−)}
= Tγ1{Û(t0+, t1+)Û(t1−, t0−)Ô(z1)},

(3.46)

where we have used the commutativity of bosonic operators under the ordering
(the Hamiltonian is bosonic, and therefore so is Û). Note that we retain the time-
argument in Ô(z1) to keep track of its place in the contour ordering. Here

Û(t0+, t1+)Û(t1−, t0−) = Û(t0, t1)Û(t1, t0)

= T̄ {e−i
∫ t0

t1
dt̄Ĥ(t̄)}T {e−i

∫ t1
t0

dt̄Ĥ(t̄)}

= Tγ1{e
−i
∫

γ1
dz̄Ĥ(z̄)},

(3.47)

and therefore

ÔH(t1) = Tγ1{e
−i
∫

γ1
dz̄Ĥ(z̄)Ô(z1)}. (3.48)

Thus the contour formulation allows one to express all the time-evolution operators
as a single exponential, which makes differentiation with respect to parts of the
Hamiltonian convenient since one avoids the multiplication of terms by the chain
rule, as happened in (3.22).

For a product of operators

Ô1,H(t1) · · · Ôn,H(tn) (3.49)

we can replace each with (3.48) to obtain

Tγ1{e
−i
∫

γ1
dz̄1 Ĥ(z̄1)Ô1(z1)} · · · Tγn{e−i

∫
γn dz̄n Ĥ(z̄n)Ôn(zn)}

= Tγ1···n{e
−i
∫

γ1···n
dz̄Ĥ(z̄)Ô1(z1) · · · Ôn(zn)},

(3.50)

where now γ1···n = γ1
⊕

. . .
⊕

γn is a contour consisting of the n loop-contours
joined end to end. Now since Û(z1, z2)Û(z2, z3) = Û(z1, z3) holds for the contour
time-evolution operators, we can deform the contour by removing any parts where
the contour goes back-and-forth without encountering any of the contour-times
z1, . . . , zn. Thus for example for

Ô1(z1)Ô2(z2)Ô3(z3) (3.51)

the replacement

b b z3
b z2

b b z1

b b z3bz2
b b z1

(3.52)

leaves integrals over this contour unchanged. The possible deformations depend
on the real-time values of the time-arguments. For response functions in particular,
we see from (3.33) that the ordering is always such that the real-time values first
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increase and then decrease over the contour ordering, and therefore the contour
can always be truncated to a single loop. For example

b

b z2

b z4

b b z1

b z3 b b z2
b
z4

b b
z1

b
z3

(3.53)

If we furthermore extend the contour to +∞ we can use the same single-loop
contour γ that goes from t0 to ∞ and back for all response functions, and we have∫

dt2 · · ·dtn χn(t1, . . . , tn) =
∫

γ
dz2 · · ·dzn χn(z1, . . . , zn) (3.54)

where the contour response function is given by

χn(z1, . . . , zn) =
1

in−1 〈Tγ{nH(z1) · · · nH(zn)}〉

=
1

in−1 〈Tγ{e−i
∫

γ dz̄Ĥ(z̄)n(z1) · · · n(zn)}〉
(3.55)

Thus we have converted the expansion of the density in terms retarded response
functions (suppressing sums over quantum numbers)

n(t1) = ∑
n

1
n!

∫
dt2 · · ·dtn χn(t1, . . . , tn)u(t2) · · · u(tn), (3.56)

where χ1(t1) = n(1)u=0, into an equation on the contour in terms of contour
ordered response functions

n(t1) = ∑
n

1
n!

∫
γ

dz2 · · ·dzn χn(z1, . . . , zn)u(z2) · · · u(zn). (3.57)

3.3.1 Initial States and the Matsubara contour

The idea of the contour has a further use; we can express the density matrix as an
integral over an imaginary branch of a contour, thus obtaining for the expectation
value a simpler expression of a trace over a contour-ordered operator product.
Consider the forward time-propagator for a constant Hamiltonian, which can be
written simply as (see Section 2.2)

Û(t1, t0) = e−iĤ(t1−t0). (3.58)

Evaluating this for imaginary times gives

Û(−it1,−it0) = e−Ĥ(t1−t0), (3.59)

which evolves a general state according to

Û(−it1,−it0)|Ψ(t0)〉 = ∑
n

e−En(t1−t0)|ΨEn(t0)〉. (3.60)
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This obviously does not retain normalization, but it reduces the weight of each state
relative to its energy, so that the higher energy states are more quickly suppressed.
This is why imaginary time propagation can be used to find the ground-state
starting from any state with finite overlap with the ground-state. However, if we
propagate just the right amount, that is from t0 to t0 − iβ, where β = 1/(kBT) is
the inverse temperature, and then normalize the resulting state, we obtain

∑
n

e−βEn

∑m e−βEm
|ΨEn(t0)〉 =

e−βĤn

Z
|Ψ(t0)〉 (3.61)

where the states are weighted by Boltzmann factors with Z being the partition

function. Indeed e−βĤn
Z is just the density matrix operator (2.37) corresponding to

the grand canonical ensemble for µ = 0.
Therefore for systems initially in a finite temperature equilibrium one can

express the density matrix operator as

ρ̂ =
e−βĤM

Z
=

1
Z

e−i
∫ t0−iβ

t0
dt̄ ĤM(t̄)

=
1
Z
TγM{e

−i
∫

γM
dz̄ ĤM(z̄)}, (3.62)

where γM is a contour going from t0 to t0 − iβ and ĤM is the so-called Matsubara
Hamiltonian. The energy in Boltzmann factors is given with respect to the chemical
potential µ, and therefore the Matsubara Hamiltonian is related to the Hamiltonian
of the system by ĤM = Ĥ − µN̂. The value of the chemical potential fixes the
number of particles in the many-body ground-state. Substituting (3.62) into an
expectation value then leads to

〈ÔH(t)〉 = tr
[
ρ̂ Tγ{e−i

∫
γ dz̄Ĥ(z̄)Ô(z)}

]
=

1
Z

tr
[
TγM{e

−i
∫

γM
dz̄ ĤM(z̄)}Tγ{e−i

∫
γ dz̄Ĥ(z̄)Ô(z)}

]
=

1
Z

tr
[
Tγ′{e−i

∫
γ′ dz̄Ĥ′(z̄)Ô(z)}

] (3.63)

where on the last line we have defined an extended contour γ′ consisting of the
Matsubara contour γM attached to the end of the loop contour γ, and a modified
Hamiltonian

Ĥ′(z) =
{

Ĥ(t) z ∈ γ

ĤM z ∈ γM
(3.64)

Below we will continue to denote the contour by γ and the Hamiltonian by Ĥ, with
the understanding that they may be defined in multiple ways to obtain different
forms of the theory.

Note that this formulation is in fact very general, since the density matrix is
positive semi-definite, and therefore expression in the form of (3.62) is always
possible. In the general case, however, the Matsubara Hamiltonian will not be
related to the Hamiltonian of the system but is merely an alternative way to encode
information about the initial state.
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Finally we write the partition function in the form

Z = ∑
m

e−βEm = ∑
m
〈ΨEm |e−βĤM |ΨEm〉 = tr

[
e−βĤM

]
= tr

[
TγM{e

−i
∫

γM
dz̄ ĤM(z̄)}

]
= tr

[
Tγ′{e−i

∫
γ′ dz̄ Ĥ′(z̄)}

]
,

(3.65)

where in the end we have replaced the Matsubara contour with the full contour γ′,
since the loop part integrates to zero. Thus we obtain for an expectation value the
expression

〈Ô(t)〉 =
tr
[
Tγ′{e−i

∫
γ′ dz̄Ĥ′(z̄)Ô(z1)}

]
tr
[
Tγ′{e−i

∫
γ′ dz̄ Ĥ′(z̄)}

] . (3.66)

3.4 Green’s Functions

Previously we have introduced density response functions given by

χn(z1, . . . , zn) =
1

in−1 〈Tγ{nH(z1) · · · nH(zn)}〉. (3.67)

It turns out to be useful to generalize these objects by splitting the number oper-
ators into two-time objects: n̂(1) = d̂†

i1
(t1)d̂i1(t1) → d̂†

i1
(t1)d̂i2(t2). This leads to

expectation values of equal numbers of creation and annihilation operators, of the
form

Gn(1, . . . , n; 1′, . . . , n′) =
1
in 〈Tγ{d̂1 · · · d̂nd̂†

n′ · · · d̂†
1′}〉. (3.68)

These objects are known as Green’s functions. The main reason for introducing
them is that using the equations of motion for the creation and annihilation oper-
ators ((3.17) and (3.18)) one can derive a hierarchy of equations of motion for the
Green’s function themselves, that links every Gn to Gn+1 and Gn−1. This hierarchy
is known as the Martin-Schwinger hierarchy and, importantly, it has a known solu-
tion by which any Gn can be expressed in terms of G1. This result is the basis for
the diagrammatic expansion. A corresponding hierarchy for the density response
functions themselves can be derived (it is known as the BBGKY-hierarchy), but
no general way to express higher order density response functions in terms of the
lower order ones is currently known [3].

The simplest Green’s function is the single-particle Green’s function

G(z1, z2) =
1
i
〈Tγ{d̂(z1)d̂†(z2)}〉. (3.69)

Using the equations of motion for the creation and annihilation operators ((3.17)
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and (3.18)) with the shorthand notation ∂1 = ∂
∂t1

, we find that

i∂1G(1, 2) = ∂1〈Tγ{d̂1d̂†
2}〉

= 〈Tγ{d̂1(h1 + ∑
i

vi1n̂i)d̂†
2}〉

= h1G(1, 2) + ∑
i

vi1〈Tγ{d̂1d̂†
i d̂i d̂†

2}〉

= h1G(1, 2)−∑
i

vi1〈Tγ{d̂1d̂i d̂†
i d̂†

2}〉

= h1G(1, 2) + ∑
i

vi1G2(1, i, 2, i),

(3.70)

where we have the two-particle Green’s function

G2(1, 2, 1′, 2′) =
1
i2
〈Tγ{d̂1d̂2d̂†

2′ d̂
†
1′}〉. (3.71)

Likewise we have

iG(1, 2)
←−
∂ 2 = h2G(1, 2) + ∑

i
vi2G2(1, i, 2, i), (3.72)

where
←−
∂ 2 is a differential operator acting left.

In a similar manner one can then derive the equation of motion for the two-
particle Green’s function, finding that it depends in turn on the three particle
Green’s function, and so on. This forms the Martin-Schwinger hierarchy connecting
each n-particle Green’s function to the n + 1 and n− 1 particle Green’s functions.
These equation are given by

[i∂k − hk] Gn(1, . . . , n; 1′, . . . , n′)

= ±i
∫

dj vkjGn+1(1, . . . , n, j; 1′, . . . , n′, j+)

+
n

∑
l=1

(±)k+lδlkGn−1(1, . . . , k, . . . , n; 1′, . . . , l′, . . . , n′)

(3.73)

Gn(1, . . . , n; 1′, . . . , n′)
[
−i
←−
∂ k − hk

]
= ±i

∫
dj vkjGn+1(1, . . . , n, j−; 1′, . . . , n′, j)

+
n

∑
l=1

(±)k+lδlkGn−1(1, . . . , l, . . . , n; 1′, . . . , k′, . . . , n′),

(3.74)

where n means that argument n is removed from the argument list, and ±means
+ for bosons and − for fermions. As might be expected from an interacting system,
the propagation of n-particle excitations couples to the propagation of n+ 1-particle
excitations with strength relative to the interaction strength, and so on, since the
interactions ultimately connect all the particles in the system.

The Green’s functions as defined above are solutions to the Martin-Schwinger
hierarchy that fulfill the so-called KMS boundary conditions, i.e. they are
symmetric/anti-symmetric for bosons/fermions over the contour:

Gn(. . . , zi, . . .) = ±Gn(. . . , z f , . . .) (3.75)
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with zi and z f being the initial and final points of the contour respectively. These
symmetry relations are straightforward to derive from (3.68) using the commu-
tativity of objects under the contour-ordering along with the cyclic property of
trace.

Let us first discuss the case of the non-interacting limit, around which we will
later expand with respect to the interaction strength. It can be shown that for v = 0
the Martin-Schwinger hierarchy with KMS boundary conditions is solved by

gn(1, . . . , n; 1′, . . . , n′) =

∣∣∣∣∣∣∣
g(1; 1′) · · · g(1; n′)

...
...

g(n; 1′) · · · g(n; n′)

∣∣∣∣∣∣∣
±

, (3.76)

where ± denotes that this is a determinant for fermions and for bosons a so called
permanent, i.e. a determinant with all plus signs. This result is known as the
Wick theorem, and it forms the basis for diagrammatic perturbation theory. Note
that if g(1; 1′) describes propagation of particle from 1′ to 1, then gn describes
propagation of n particles from 1′, . . . , n′ to 1, . . . , n with a sum being taken over
all the ways the particles can be reordered during the propagation. This reordering
of particles gives for fermions a minus sign for every exchange according to their
anti-symmetry property.

Now we take the interacting Green’s function in the form

Gn(1, . . . , n; 1′, . . . , n′)

=
1
in 〈Tγ{e−i

∫
γ dz̄ Ĥ(z̄)d̂1 · · · d̂nd̂†

n′ · · · d̂†
1′}〉

=
1
in 〈Tγ{e−i

∫
γ dz̄ ĥ(z̄)e−i

∫
γ′ dz̄ Ĥint(z̄)d̂1 · · · d̂nd̂†

n′ · · · d̂†
1′}〉

(3.77)

where we have used the commutativity of bosonic operators under the contour-
ordering to split the exponential. Expanding the exponentials in terms of the
interaction as

e−i
∫

γ′ dz̄ Ĥint(z̄) = ∑
n

(−i)n

n!

n

∏
m=1

∫
γ

dzm Ĥint(zm)

= ∑
n

(−i)n

2nn!

n

∏
m=1

∫
γ

dm d̂†
im d̂†

jm vim jm(zm)d̂jm d̂im ,
(3.78)

where
∫

γ dm = ∑im jm
∫

γ dzm, allows one to take out of the expectation value
everything but the creation and annihilation operators. These come in equal
numbers, and thus one obtains an expression in terms of non-interacting Green’s
functions integrated against products of v. Specifically using the short-hand no-
tation Gn(1, . . . , n; 1′, . . . , n′) = Gn(N ;N ′) with N = {1, . . . , n} an ordered set of
argument labels, we have

Gn(N ;N ′) = 1
Z ∑
I

1
I!

(−i
2

)I
[
∏
i∈I

∫
di v(i, i′)

]
gn+2I(N , I , I ′;N ′, I+, I ′+)

(3.79)
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where I = {i1, . . . , iI} is another ordered set of argument labels representing
the arguments of the interactions v, and I+ represents the arguments I with
each contour time infinitesimally larger, so that they get ordered to the left of the
arguments in I . The structure of this equation will be made more clear below when
we express it diagrammatically. Note that the partition function expressed as in
(3.65) is also given by the above expression when n = 0, and therefore

Z =
1
Z ∑
I

1
I!

(−i
2

)I
[
∏
i∈I

∫
di v(i, i′)

]
g2I(I , I ′; I+, I ′+). (3.80)

3.4.1 Physical content of Green’s functions

Multi-particle Green’s functions on the contour are connected to the density-
response functions through

χ(1, . . . , n) = iGn(1, . . . , n; 1+, . . . , n+), (3.81)

where argument 1+ = i1z+1 has a contour-time infinitesimally later than t1, so
that it is ordered by the contour-ordering to the left of argument 1. But Green’s
functions also contain additional useful information about transitions between
many-body states in the system that can not be extracted from response functions.

The single-particle Green’s function on the contour can be written as

G(1, 2) = θ(z1, z2)G>
i1i2(t1, t2) + θ(z2, z1)G<

i1i2(t1, t2), (3.82)

where G> and G< are real-time functions given by

G>
i1i2(t1, t2) = −i〈d̂i1(t1)d̂†

i2(t2)〉, G<
i1i2(t1, t2) = i〈d̂†

i2(t2)d̂i1(t1)〉 (3.83)

that are called the greater component and the lesser component respectively (the
operators here are Heisenberg operators).

The greater and the lesser Green’s functions reduce to particle and hole density
operators on the time-diagonal, but the off-diagonal components involve a time-
evolution operator appearing between the operators when written in Schrödinger
picture

G>
i1i2(t1, t2) = −i〈Û(t0, t1)d̂i1Û(t1, t2)d̂†

i2Û(t2, t0)〉, (3.84)

which evolves the system in a N + 1 particle state (or N − 1 particle for the lesser
propagator). For this reason the greater and lesser components are sometimes called
particle and hole propagators respectively. It is important to keep in mind, however,
that put precisely they are transition probability amplitudes between many-body
states with an added particle/hole at a specific point, and it is misleading to think
about a particular particle propagating since there is fundamentally no way to
connect the particle that is added to the right hand side with the particle added to
the left hand side since fundamental particles are indistinguishable. The greater
Green’s function G>(t1x1, t2x2) is the probability amplitude that a many-body state
created by adding a particle at time t2 to the single-particle orbital i2 will after time-
propagation from t2 to t1 be the many-body state that would have been created
by adding a particle at time t1 to the single-particle orbital i1. Alternatively one
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can say that G>(t1i1, t2i2) gives the amplitude that, if a particle is added at (t2i2)
and after propagation until t1 a particle is removed from (t1i1), one reaches the
same many-body state that would have been reached without the particle addition
and removal. The lesser Green’s function represents the same amplitudes for holes
instead of particles.

Let us consider now a system of N particles in equilibrium at finite temperature.
The greater Green’s function, for example, can then be expressed using an energy
eigenbasis as

G>
i1i2(t1, t2) = −i〈Û(t0, t1)d̂i1Û(t1, t2)d̂†

i2Û(t2, t0)〉
= −i ∑

n
〈ψn|ρ̂ eiĤ(t0−t1)d̂i1eiĤ(t1−t2)d̂†

i2eiĤ(t2−t0)|ψn〉

= −i ∑
n

ρn〈ψn|d̂i1ei(Ĥ−EN
n )(t1−t2)d̂†

i2 |ψn〉.
(3.85)

Expanding the excited state in the energy eigenbasis as

d̂†
i |ψn〉 = ∑

m
|ψm〉〈ψm|d̂†

i |ψn〉 (3.86)

we have

G>
i1i2(t1, t2) = −i ∑

nm
ρn〈ψn|d̂i1 |ψm〉〈ψm|d̂†

i2 |ψn〉ei(EN+1
m −EN

n )(t1−t2). (3.87)

For the diagonal elements in terms of quantum numbers, i.e. when i1 = i2, the two
transition amplitudes turn into a probability

G>
i1i1

(t1, t2) = −i ∑
nm

ρn|〈ψm|d̂†
i1 |ψn〉|2ei(EN+1

m −EN
n )(t1−t2). (3.88)

We see therefore that the Green’s function only depends on the time difference
t1− t2 (as expected in equilibrium where we have time translational invariance) and
that the Fourier transform with respect to the time difference gives the spectrum of
the excitation energies EN+1

m − EN
n from N particle states to N + 1 particle states.

Similarly the lesser Green’s function gives the spectrum for transitions from N to
N − 1 particle states. The so called particle and hole spectral functions are defined
by

A>(ω) = iG>(ω) = i
∫

d(t1 − t2)eiω(t1−t2)G>(t1, t2)

A<(ω) = −iG<(ω) = −i
∫

d(t1 − t2)eiω(t1−t2)G<(t1, t2).
(3.89)

The spectrum of a two-particle Green’s function, on the other hand, has peaks
corresponding to transitions from N to N + 2 and N − 2 particle states, as well as
transitions among N and N + 1 particle states containing particle-hole excitations.
We will discuss spectral representations of multi-particle Green’s functions further
in Section 5.3 below.
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3.5 Diagrammatic Expansion

Consider first the single particle Green’s function as given by (3.79)

G(1; 1′) = g(1; 1′) +
1
Z
−i
2

∫
d2d3 v(2, 3)g3(1, 2, 3; 1′, 2+, 3+) + . . . (3.90)

The first term here is simply the single-particle Green’s function for the non-
interacting Hamiltonian ĥ, which we denote diagrammatically by

g(1; 1′) = bb
b 1′1 (3.91)

In the first order correction, on the other hand, we have the non-interacting third-
order Green’s function, given according to the Wick theorem (3.76) by

g3(1, 2, 3; 1′, 2′, 3′) =

∣∣∣∣∣∣
g(1; 1′) g(1; 2′) g(1; 3′)
g(2; 1′) g(2; 2′) g(2; 3′)
g(3; 1′) g(3; 2′) g(3; 3′)

∣∣∣∣∣∣
±

. (3.92)

We express a product of g-lines diagrammatically by

− g(1; 1′)g(2; 3′)g(3; 2′) =
bb

b

1′1
bb 2′2
bb 3′3

(3.93)

where we have also introduced a sign-rule stating that the sign of a diagram is
given by (−1)nc where nc is the number of crossings of g-lines in the diagram.
Note that from this sign-rule it follows that exchanging two vertices in the diagram,
which always changes the number of crossings be an odd number, changes the
sign of the diagram. This is consistent with the anti-symmetry of the Green’s
function with respect to exchanges of the primed or unprimed arguments among
themselves, which follows from (3.68) and the anti-commutativity of the Fermionic
creation/annihilation operators. Note that if the system also includes Bosonic
particles, these creation/annihilation operators would commute, and likewise
when applying the sign-rule for diagrams one should only take into account
crossings of two Fermionic lines.

The sign-rule allows one to express for example the third order Green’s function
diagrammatically as a simple sum that has the same form for both Bosonic and
Fermionic particles

g3(1, 2, 3; 1′, 2′, 3′)

=

bb 1′1
bb 2′2
bb 3′3

+

bb

b

1′1
bb 2′2
bb 3′3

+

bb

b
1′1

bb 2′2
bb 3′3

+

bb

b
1′1

bb 2′2
bb 3′3

+

bb 1′1
bb 2′2
bb 3′3

+

bb

b
1′1

bb 2′2
bb 3′3

(3.94)

In the first order correction term in (3.90) we have the second and third
primed/unprimed argument pairs of g3 equal, and an interaction v(2, 3) connecting
the pairs. We draw the interaction, including an i factor with it, as a wiggly line

iv(1; 1′) = 1 1′ (3.95)
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and would like to connect any lines sharing the same argument in a single point.
However, moving the vertices might change the number of crossed lines. We
therefore replace the crossed lines rule with an equivalent rule that does not
depend on the positions of the vertices. This is based on the observation that if
we imagine the primed/unprimed pairs of a Green’s function to be connected
pairwise by lines, as in

bb

b

1′1
bb 2′2
bb 3′3

(3.96)

then every exchange of two vertices that changes the number of crossings by an
odd number, also changes the number of closed loops created by the lines by an
odd number. Given that for the case with no crossings the number of loops created
is n, it follows that

(−1)nc = (−1)nl+n, (3.97)

where nl is the number of loops created when each vertex i is imagined to be
connected to the vertex i′. This rule does not depend on how the diagram is drawn,
and the value of a diagram therefore will depend only on its topology, i.e. on how
its vertices are connected.

Substituting (3.94) into the first order correction term in (3.90) now leads to

1
Z
−i
2

∫
d2d3 v(2, 3)g3(1, 2, 3; 1′, 2+, 3+) =

1
2Z b 1′1

b2 3

bg3

b

=
1

2Z

[
bb 1′1

bb

2
3 +

bb 1′1

bb2 3
+

bb 1′1

b2

3 b

+
bb 1′1

b

2

3

b

+ 1 1’bbb b
2 3

+ 1 1’bbb b
23

]
(3.98)

where we have introduced another rule stating that internal vertices, i.e. those
with all lines connected to them drawn, are to be integrated over the contour
and summed over all quantum numbers. In these diagrams some of the external
vertices of g3 are connected, creating loops. These loops should be included in nl
when calculating the sign for these diagrams from (3.97).

The types of vertices that appear in these diagrams are determined by the terms
of the Hamiltonian. Here the interaction term

Ĥi =
1
2 ∑

ij
d̂†

i d̂†
j vijd̂jd̂i (3.99)

generates a three-point vertex connecting a v-line and two g-lines. The fact that we
only have a single type of creation/annihilation operator means we only have one
type of g-line, which we assume to be Fermionic (corresponding for example to
electrons).
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Note that since in (3.98) the arguments 2 and 3 are integrated over, the diagrams
are symmetric with respect to exchanging them. Therefore two of the diagrams
come in equal pairs, the doubles being conveniently cancelled by the factor 1

2 in
front. Thus we can express (3.98) more compactly as

1
Z

[
1
2

(
bb 1′1

bb

2
3 +

bb 1′1

bb2 3

)
+

bb 1′1

b

2

3

b

+ 1 1’bbb b
23

]
. (3.100)

This cancellation is not a coincidence of course, since the factor 1
2 is in (3.99)

precisely because the sum over i and j includes vij and vji separately.
We will find that the two first diagrams in (3.100) are in fact cancelled by the

partition function, however to see this we need to consider the full expansion of
the interacting single-particle Green’s function G(1, 1′). The n-th order term in the
expansion of G(1, 1′) has the form

1
Z
(−i)n

2nn!

∫
d2 · · ·d(2n + 1) v2,3 · · · v2n,2n+1

× g2n+1(1, 2, . . . , 2n + 1; 2, 1′, 2+, . . . , (2n + 1)+),
(3.101)

which can be expressed diagrammatically by drawing n interaction lines and two
external vertices and connecting them with g-lines in every possible topologically
distinct way. Among the diagrams belonging to the second order correction to
G(1, 1′) are for example

1 1’bbb b bb

1 1’bb b b

1 1’bbb b

(3.102)

Among these are diagrams consisting of a connected diagram from the first or-
der correction along with a disconnected piece. These disconnected pieces are
sometimes called vacuum diagrams, since in relativistic quantum field theories
they represent spontaneous particle/anti-particle pair generation from the vacuum.
Likewise the third order correction term will contain connected diagrams from the
second order correction along with a vacuum diagram, and connected diagrams
from the first order correction along with a vacuum diagrams with two interaction
lines in them (or two copies of the single interaction diagram). This pattern con-
tinues infinitely, and when all correction terms are included there will be for each
connected diagram a set of diagrams consisting of that connected piece along with
any arbitrary collection of vacuum diagrams. It follows that we can factorize the
expansion into

G(1; 1′) =
1
Z

[
bb + bb + . . .

]  bb 1′1

b

2

3

b

+ 1 1’bbb b
23

+ . . .

 ,

(3.103)
where the first sum goes over every possible vacuum diagram (including diagrams
consisting of multiple disconnected vacuum diagrams) and the second sum every
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possible connected diagram. The sum over the vacuum diagrams, however, is
exactly the diagrammatic expansion of the partition function, as obtained from
(3.80). Thus the partition function cancels out all disconnected diagrams from the
expansion of G(1; 1′).

The diagrammatic expansion of an n-particle Green’s function can be found
in an analogous way by simply adding another pair of external vertices for each
additional particle. Thus for example the first order correction to the two-particle
Green’s function is

1 1’bbb b

2 b 2’b
+

1 1’

bbb b2

b

2’

b

+

bb 1′1

b

b

b 2′2 b

+

bb

1′1

b

b

b

2′2

b

+
b

1′1

b

b

2′2

b

+
b

1′1
b

b

2′2

b
.

(3.104)

The vacuum diagrams not connected to any of the external vertices are cancelled
from the expansion of any Gn just as for G(1; 1′).

Since the response functions have representations in terms of multi-particle
Green’s functions, their diagrammatic forms follow directly. As has been seen, the
first order response function can be expressed in terms of the two-particle Green’s
function as

χ(z1, z2) =
1
i
〈Tγ{n̂(z1)n̂(z2)}〉 = iG2(1, 2; 1+, 2+), (3.105)

which gives it a diagrammatic representation as

− iχ(z1, z2) = 21 g2 bb (3.106)

Likewise higher order response functions have representations in terms of higher
order Green’s functions as

− iχn(z1, . . . , zn) =
2

1 gn

b

b

nb

... (3.107)

The change in single-particle density due to an external potential u can therefore
be expanded as

∆n̂(1) = n̂(1)− n̂(1)u=0 =
∞

∑
n=2

∫
d2 · · · dn χn(1, . . . , n)u(2) · · · u(n)

=
∞

∑
n=2

u(2)
1 gn

b

b

u(n)b

...

(3.108)

Note that the Green’s function here is that for the Hamiltonian with u = 0.
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We finish this chapter by giving the rules for the reverse process, i.e. for associ-
ating with an arbitrary Green’s function diagram the corresponding mathematical
expression. These rules are known as Feynman rules, and can be stated as follows:
for a diagram belonging to Gn(1, . . . , n; 1′, . . . , n′)

1. label each vertex of the diagram

2. multiply together g(i, j) for each g-line going from vertex j to vertex i and a
v(i,j) for each interaction line connecting vertices i and j.

3. integrate each internal time-argument zi over the contour and sum over all
internal quantum numbers qi.

4. multiply the result by inv(−1)nl+n where nv is the number of interaction lines
and nl the total number of loops formed by g-lines in the diagram when the
external vertices are imagined to be joined together from i to i′.

3.6 Self-Energy

The diagrams discussed above are seen to often contain repetitions of the same
type of sub-diagrams. We will discuss on this chapter how by defining sums of
such sub-diagram insertions we can resum repetitive diagrams and thus include
certain classes of diagrams to infinite order while at the same time reducing the
number of distinct diagrams we need to deal with.

The single-particle Green’s function in particular is readily seen to be a sum of
diagrams of the form

b

(3.109)

where pieces containing interactions are connected by singular g-lines into chains.
By defining an object of the form

Σ = + + + + . . . (3.110)

we can express G using a recursive equation known as the Dyson equation

b = b + Σ (3.111)

which can be solved iteratively by starting from

b

′
= b + Σ (3.112)

and then substituting G′ to the right-hand side to obtain G′′ and so on until con-
vergence is reached. The object Σ is known as the self-energy. The reason for this
name is made clear by an alternative derivation, which also gives us an expression
for Σ in terms of G2, making its diagrammatic representation precise.
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The equation of motion for the single-particle Green’s function can be written
as [

i
d

dz1
− h(1)

]
G(1; 1′) = δ(1; 1′)± i

∫
d2v(1; 2)G2(1, 2; 1′, 2+). (3.113)

The self-energy Σ can be defined through the equation

± i
∫

d2v(1; 2)G2(1, 3; 2, 3+) =
∫

d3Σ(1; 3)G(3; 2), (3.114)

which allows the equation of motion to be written as[
i

d
dz1
− h(1)

]
G(1; 1′) = δ(1; 2) +

∫
d3Σ(1; 3)G(3; 2). (3.115)

This truncates the hierarchy, and allows the evolution of G to be solved as long as
an approximation for Σ can be found. (3.115) can be written in an integral form
(assuming the boundary condition (3.75)) as

G(1; 2) = g(1; 2) +
∫

d3d4 g(1; 3)Σ(3; 4)G(4; 2), (3.116)

where g(1; 2) is the solution for v = 0, i.e. the non-interacting limit. This is exactly
the Dyson equation given diagrammatically in (3.111).

Note that (3.115) can also be written in the alternative form∫
d3
[

i
d

dz1
δ(1, 3)−

(
h(1)δ(1, 3) + Σ(1; 3)

)]
G(3; 2) = δ(1; 2), (3.117)

which shows that the self-energy can be seen as a correction to the Hamiltonian that
is integrated over past times and thus depends on the history of the system. The
self-energy therefore represents a correction to the single-particle energies due to
interactions with other particles, i.e. self-interaction of the system. This correction
introduces memory, since the interaction causes the appearance of excitations with
finite life-time. These excitations are represented by the diagrams in the expansion
of the self-energy.

From (3.117) we also see that it is convenient to split the self-energy into time-
local and analytic parts as

Σ(1, 2) = δ(z1, z2)ΣHF(1, 2) + Σc(1, 2), (3.118)

where ΣHF(1, 2) is the so called Hartree-Fock self-energy given diagrammatically
by

ΣHF = + (3.119)

This is time-local, and can therefore be absorbed into h by defining

hHF = h + ΣHF (3.120)

leading to (3.117) taking the form∫
d3
[

i
d

dz1
δ(1, 3)−

(
hHF(1)δ(1, 3) + Σ(1; 3)c

)]
G(3; 2) = δ(1; 2). (3.121)
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Since (3.121) is of the same form as the original equation for g (3.117), the dia-
grammatic expansion can be performed using gHF in the exact same way, the only
difference being that the g-lines in the diagrams are now gHF lines containing
arbitrary numbers of ΣHF insertions. We therefore need to only consider diagrams
that do not have such insertions. Indeed including such diagrams in this expansion
would lead to double-counting. This reduces the number of diagrams we need to
deal with and includes interaction effects at the level of mean-field approximation
into the non-interacting Green’s functions (the content of this approximation is
discussed in the following chapter). Furthermore it allows us to work with an
analytic function Σc instead of Σ which contains delta-functions.

The correlation self-energy provides a convenient starting point for considering
different approximations. Any approximation for the self-energy generates through
the Dyson equation an approximation for the Green’s function, which includes
an arbitrary number of interaction processes, and is therefore essentially partially
summed to infinite order in the interaction strength. This can make it possible to
deal with stronger interactions as long as the Dyson equation still converges. Of
course only certain classes of diagrams are summed, and therefore the result is still
approximate. In the following chapter we will discuss further how the choices of
self-energy diagrams affect the physical content of the resulting approximation.

3.7 Scattering Amplitudes

As has been mentioned, probabilities in quantum mechanics come in the form of
probability amplitudes c represented by complex numbers, which are squared and
averaged over the ensemble as in

p = ∑
n

ρnc∗ncn (3.122)

to obtain a real valued classical probability p, discarding in the process the phase
information contained in the complex numbers. When trying to approximate a
number representing a probability, we generally want to construct an approxima-
tion for the amplitude rather than the probability directly, as this will be more
closely connected to the underlying theory and have a more clear physical inter-
pretation as a result.

The contour formalism introduced in the preceding sections is very efficient in
that it includes a large number of different physical processes into a minimal num-
ber of diagrams. It, however, gives us the diagonal elements of greater and lesser
Green’s functions/self-energies directly, and therefore makes their interpretation
as probabilities difficult, since it is not obvious from which probability amplitudes
these probabilities derive from. This can make the physical content of the resulting
approximations less obvious, and even lead one to consider approximations that
have no clear physical interpretation at all.

It is therefore expedient to obtain for quantities such as the single-particle
Green’s functions, self-energies and response functions expressions explicitly in
terms of amplitudes. These are not necessarily optimal for purposes of deriving
results or performing numerical calculations, but they are very useful as starting
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points for building approximations. Importantly we want to obtain these expres-
sions in diagrammatic form which allows us to connect the amplitudes directly to
scattering processes represented by diagrams, and thus to build approximations
to the various correlators starting from a set of scattering processes. This has the
added advantage of building in certain positivity properties of the exact system
so that they can be shown to be retained in the resulting approximations (see Pub.
[III]).

At zero temperature the greater and lesser components of a single-particle
Green’s function are trivially expressed as squares of amplitudes since the expecta-
tion value becomes simply (using the lesser component as an example)

G<(1, 2) = i〈d̂†(1)d̂(2)〉 = i〈ψ0|d̂†(1)d̂(2)|ψ0〉. (3.123)

Placing a sum over states between the d̂ operators gives

− iG<(1, 2) = ∑
n
〈ψ0|d̂†(1)|ψn〉〈ψn|d̂(2)|ψ0〉 = ∑

n
A†

n(1)An(2), (3.124)

with the amplitude
An(1) = 〈ψn|d̂(1)|ψ0〉. (3.125)

This gives each term A†
n(1)An(1) interpretation as the probability for removal of a

particle on orbital 1 from the many-body ground-state ψ0 to cause the system to
transition to the excited state ψn. The diagonal element of −iG< is therefore the
probability for the system to transition to any state, which is equal to the probability
that there is a particle to be removed on orbital 1 at the ground state.

One could now construct the excited states ψn from the ground-state by apply-
ing creation and annihilation operators, obtaining expressions of the form

|ψn〉 = d̂† · · · d̂†d̂ · · · d̂|ψ0〉. (3.126)

Substituting this into (3.125) gives an amplitude that can be interpreted as scattering
to a specific set of particle/hole excitations relative to the ground-state. It also
gives the amplitude a form of a zero-temperature multi-particle Green’s function,
allowing for diagrammatic expansion wherein each diagram represents a particular
way for the scattering process to occur.

At zero-temperature this process is also straightforward to follow for the self-
energy, as has been done in [1] for the equilibrium case and in Pub. [II] for the
steady-state limit, and for the polarizability (i.e. the irreducible part of the first
order response function), as has been done in [2].

At finite temperature this approach runs into complications due to the fact
that the finite temperature expectation value is a trace and therefore does not split
neatly into a product of expectation values of the same form, as would be required
for the diagrammatic expansion of each half to be performed. Nevertheless an
approach along these line is possible, and is presented here in Appendix B as it
offers some physical insight by separating the finite-temperature corrections into
distinct diagrams.

For derivations it turns out to be more convenient to approach the problem
from another angle, and start by performing the diagrammatic expansion and then

41



introducing a cutting procedure by which the diagrams are split into half-diagrams
and then collected into products. This approach was taken in Pub. [III], and will be
here briefly summarized.

The cutting procedure used in Pub. [III] proceeds by two steps. We first argue
that by extending the contour to distant past we can under very broad conditions
get rid of diagrams containing integrals over the Matsubara branch. This reduces
the contour to a single loop, which we can then deform into two loops, as in

b

b z1
b
z1

−T

b

b

−T

b
b

b
z2

z2

γ γ1

γ2

(3.127)
and by factorizing the g-lines passing between the two loops cut the diagrams
into two half-diagrams, both on a single loop contour, that represent scattering
amplitudes. We can then express the self-energy in terms of specific scattering
processes, giving it a clear physical interpretation.

The removal of Matsubara diagrams can be argued for as follows (See Pub.
[III] section 3.3. for more detail). We assume that our system is initially in a finite
temperature equilibrium state up to some time t0 when possible time-dependent
perturbations are applied. We can then extend the contour to infinite past, since this
merely corresponds to waiting for longer before applying the perturbation, which
makes no physical difference in a system in equilibrium. The Matsubara branch is
thus moved to infinitely remote past t = −T → −∞, after which every diagram
containing Matsubara integrals involves Green’s function lines between finite times
and the time −T. The time-evolution operators in such Green’s functions then
involve phase-factors of the form

e−iεi(t+T), (3.128)

where εi is the energy of some single-particle orbital. These energies are summed
over in the diagram, and if the spectrum of energies is continuous, these sums will
become integrals. The integrals over the phase-factor will then vanish due to the
Riemann-Lebesque theorem which states that

0 = lim
T→±∞

∫
dε F(ε) eiεT (3.129)

when F(ε) is integrable. In Pub. [III] we further show that the assumption of
continuous spectrum does not need to be made when the system is always in equi-
librium. We therefore conclude that if the contour is extended to an infinite time in
the past the Matsubara diagrams do not contribute and can be discarded, provided
that the system is either always in equilibrium, or is initially in equilibrium and
has a continuous single-particle energy spectrum.

We thus assume that we are now dealing with a diagrammatic expansion of
the self-energy on the horizontal contour that extends to distant past with the
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g-lines in the diagrams being finite temperature non-interacting Green’s functions.
Next we will deform the contour into two loops with the two external times of the
self-energy in the two end-points of the loops, as depicted in (3.127).

Each integral over the double-loop contour is then split into integrals over the
individual loops ∫

γ
=
∫

γ1

+
∫

γ2

(3.130)

and thus every diagram is split into a sum over diagrams with the internal vertices
integrated over the two different contours in every possible combination. For
example

1 2

<

=
1 2

γ1 γ2

+
1 2

γ1 γ2

+
1 2

γ1γ2

+
1 2
γ1 γ2

,

(3.131)

where the dashed line separates the regions integrated over γ1 and γ2. Here, since
we have a lesser component, z2 is later on the contour than z1, and therefore γ2 is
after γ1 on the deformed contour. Consequently every Green’s function line going
from a vertex in γ1 to vertex in γ2 is a greater component (as follows from (3.82)).
Likewise lines going in the other direction are lesser components.

Thus the γ1 and γ2 parts of the diagram can be separated to a product by
factorizing the greater and lesser components connecting them using the relation

g≶(t, t′) = gR(t, t0)g≶(t0, t0)gA(t0, t′), (3.132)

where g’s are understood as matrices with respect to the quantum numbers. The
equal time Green’s functions are directly related to the single-particle density
ρ(t0) = ρ0 at the initial time t0 through

g<(t0, t0) = iρ0, g>(t0, t0) = −i(1− ρ0) = −iρ̄0, (3.133)

where ρ̄0 is the hole-density. Both ρ and ρ̄ are positive matrices with respect to the
quantum numbers, and therefore we have

−ig<(t, t′) = [gR(t, t0)ρ
1
2
0 ][g

R(t′, t0)ρ
1
2
0 ]

† (3.134)

ig>(t, t′) = [gR(t, t0)ρ̄
1
2
0 ][g

R(t′, t0)ρ̄
1
2
0 ]

†. (3.135)

We can write these relations in terms of contour Green’s functions by defining the
initial particle and hole densities on the contour to be

ρ
1
2
0 (z) =

(
δ(z, t0−)− δ(z, t0+)

)
ρ

1
2
0

ρ̄
1
2
0 (z) =

(
δ(z, t0−)− δ(z, t0+)

)
ρ̄

1
2
0

(3.136)
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so that we have

−ig<(t, t′) =
[∫

γ
dz̄ g(z, z̄)ρ

1
2
0 (z̄)

] [∫
γ

dz̄′ ρ
1
2
0 (z̄
′)g(z̄′, z′)

]
(3.137)

ig>(t, t′) =
[∫

γ
dz̄ g(z, z̄)ρ̄

1
2
0 (z̄)

] [∫
γ

dz̄′ ρ̄
1
2
0 (z̄
′)g(z̄′, z′)

]
. (3.138)

This splits every diagram into two halves, with the cut g</g>-lines having extra
ρ1/2

0 /ρ̄1/2
0 factors at the end of them. Crucially the half-diagrams are otherwise

exactly the types of diagrams that appear in an expansion of a many-particle
Green’s function. Indeed if we sum over all cuts of all self-energy diagrams we
obtain for the self-energy the expression

−iΣ<
c (1, 2) =

∞

∑
N=1

(−1)N+1

N!(N + 1)! ∑
L 1

GN+2
...

L

2
GN+2

...
irr irr

(3.139)

where the Green’s functions are irreducible in the sense that diagrams in which the
left side can be disconnected from the right side by removing a single g-line are not
included. Sum over L represents the sum over all quantum numbers for the cut
g-lines, and N represents the number of particle-hole pairs cut. Starting the N-sum
from 1 leaves out diagrams that are reducible at the cut. The Green’s functions here
are contour ordered on a loop contour that starts from −∞ and integrated over the
contour for all vertices but 1 and 2. The circles on the end of the cut lines denote
the ρ1/2

0 /ρ̄1/2
0 factors (for left-going and right-going g-lines respectively).

(3.139) is derived in Pub. [III] Section 3.1. starting from the Lehmann represen-
tation at zero-temperature. After removal of the Matsubara diagrams the finite
temperature expansion contains the exact same diagrams as the zero-temperature
one, but with internal g-lines at finite temperature, and therefore the same expres-
sion holds also at finite temperature with only the difference that the cut g-lines
contain the ρ1/2

0 /ρ̄1/2
0 factors. In the following chapter we will further discuss how

this expression can be used to generate approximations.

3.7.1 Response Functions in terms of Scattering Amplitudes

Like the self-energy, density response can also be expressed in terms of scattering
amplitudes, giving it a clear physical interpretation. The single-particle density is
given by

n(t) = −iG<(t, t). (3.140)

If we go through the derivation discussed in the previous section for the Green’s
function instead of the self-energy we obtain

− iG<(1, 2) =
∞

∑
N=0

(−1)N+1

N!(N + 1)! ∑
L 1

GN+1
...

L

2
GN+1

... (3.141)
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which gives the single-particle density the diagrammatic representation

n(1) =
∞

∑
N=0

(−1)N+1

N!(N + 1)! ∑
L

1

GN+1

...

L

GN+1
...1

b

b (3.142)

Diagrammatic representations for the response functions can now be found
by expanding (3.142) with respect to the external potential u. The derivative of a
Green’s function with respect to u is given by

δ

δu(m)
Gn(1, . . . , n; 1′, . . . , n′)

=
1

inZ
δ

δu(m)
tr Tγ{e−i

∫
γ dz̄Ĥ′(z̄)d̂1 · · · d̂nd̂†

n′ · · · d̂†
1′}

=
1

in+1Z
tr Tγ{d̂†

md̂me−i
∫

γ dz̄Ĥ′(z̄)d̂1 · · · d̂nd̂†
n′ · · · d̂†

1′}

=
−1

in+1Z
tr Tγ{e−i

∫
γ dz̄Ĥ′(z̄)d̂1 · · · d̂nd̂md̂†

md̂†
n′ · · · d̂†

1′}
= −Gn+1(1, . . . , n, m; 1′, . . . , n′, m+),

(3.143)

which can be expressed diagrammatically as

δ

δu(m)
GN

...

b b

= − GN+1

...

mb

b b

(3.144)

Using this for example the first order response can be expressed as

χ(1, m) =
δn(1)
δu(m)

=
∞

∑
N=0

(−1)N+2

N!(N + 1)! ∑
L

 1

GN+2

...

L

GN+1

...1

mb

b

b
+

1

GN+1

...

L

GN+2

...1

m

b

b

b


(3.145)

where now the Green’s functions are those of the unperturbed system (u = 0).
Continuing in this way we find the M:th order response function to be

χM+1(1, m1, . . . , mM) =
δn(1)

δu(m1) · · · δu(mM)

=
∞

∑
N=0

(−1)N+M+1

N!(N + 1)!

M

∑
l=0

(
M
l

)
1

GN+l+1

...

GN+M−l+1

...

mlb

b

m1b...

mMb

ml + 1b...

n1 nN1′
1

b
(3.146)
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and thus the expansion of the density in terms of the response functions can be
expressed as

n(1) =
∞

∑
M=0

1
M!

∫
γ

dm1 · · ·dmM χM+1(1, m1, . . . , mM)u(m1) · · · u(mM)

=
∞

∑
N,M=0

(−1)N+M+1

N!(N + 1)!

M

∑
l=0

1
l!(M− l)!

1

GN+l+1

...
GN+M−l+1

...

u(ml)
b

b

u(m1)b

...

u(mM )b

u(ml + 1)b
...

n1 nN1′
1

b

,

(3.147)

where χ1(1) = n(1)u=0. In the following chapter we will make use of this expan-
sion to generate approximations for the response functions.
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Chapter 4

Diagrammatic Approximations

Diagrammatic expansions are an useful tool for constructing approximations with
tailored properties for modeling specific systems. They can also be used to derive
various techniques for extending approximations by chaining or nesting diagrams
recursively to effectively sum certain classes of diagrams up to infinite order. In
this chapter we will discuss the different ways diagrammatic approximations
can be constructed and how the choices made affect the physical content and
properties of the approximation. As examples we will exhibit several commonly
used approximations.

Consider first the single-particle Green’s function, that can be expressed dia-
grammatically as

b
=

b
+ + + + . . . (4.1)

The simplest way to approximate this is to simply cut the series at certain order,
obtaining for example to the first order the Hartree-Fock approximation

b 1 =
b

+ + . (4.2)

Here the second diagram gives by applying the Feynman rules (given at the end of
Section 3.5)

21

= −i
∫

d3d4 g(1, 3)g(3, 2)v(3, 4)g(4, 4+)

=
∫

d3d4 g(1, 3)g(3, 2)v(3, 4)n(4),

(4.3)

where one integrates over the particle density of the unperturbed system n(4). Note
that the equal time Green’s function becoming g(4, 4+), and thus relating to the
particle density, follows from (3.79), and ultimately from the fact that the interaction
term in our Hamiltonian contains particle densities. The Hartree diagram can thus
be seen to represent interaction with the particles of the unperturbed initial state.
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The last diagram in (4.2) is the corresponding exchange diagram (obtained for
example by exchanging the g-lines going into the interaction line). It corresponds
to the expression

21 = i
∫

d3d4 g(1, 3)g(3, 4)g(4, 2)v(3, 4). (4.4)

If the interaction is time-local (4.4) reduces to

i
∫

d3 g(1, 3)g(3, 2)g(3, 3+)v(3, 3), (4.5)

since the equal time Green’s function is diagonal with respect to the quantum
numbers. Thus (4.4) cancels the interaction of the particle with itself from (4.3).

Dealing with the Green’s function directly, however, is not very effective. Usu-
ally one starts instead from the Dyson equation

b = b + Σ (4.6)

which after choosing a diagrammatic approximation for the self-energy Σ is solved
self-consistently to effectively generate diagrams to infinite order. The self-energy
is usually separated into Σ = ΣHF + Σc where

ΣHF = + (4.7)

is the time-local Hartree-Fock part that is first order in the interaction, and the
remaining time-non-local second-order or higher correlation self-energy Σc. As
discussed below (3.118), being time-local the Hartree-Fock part of the self-energy
enters the equations as a potential, which we can include into the single-particle
Hamiltonian. This leads to a diagrammatic expansion where the g-lines in the
diagrams are Hartree-Fock Green’s functions, which is obtained from the Dyson
equation (4.6) when Σ = ΣHF. We then do not include any diagrams containing
ΣHF insertions, as these are already included to arbitrary order, and thus the
correlation self-energy to second order has only two diagrams

Σc = + . (4.8)

As opposed to the Hartree-Fock self-energy, which describes interaction with the
unperturbed initial state, the correlation self-energy describes excitations due to
the interaction. The first diagram in (4.8) is the simplest such process, wherein a
single particle-hole excitation is created and then decays depositing its energy back
to the propagating particle. The second diagram is again the exchange diagram
corresponding to the first one, which is made more clear by drawing it as

= , (4.9)
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and describes a process in which the original particle combines with the hole of the
excitation, and the excited particle continues propagating. Note that although we
discuss particle propagation for the sake of specificity, any g-line in these diagrams
can be either a particle or a hole propagator depending on the ordering on the
contour of its end points, with particles going forward on the contour and holes
backward. Thus each self-energy diagram involves multiple different physical
processes.

To higher orders the number of self-energy diagrams quickly increases. Com-
puting the self-energy order by order therefore quickly becomes quite complicated.
However, the idea of the Dyson equation, that is solving a set of diagrammatic
equations self-consistently, can be applied in multiple ways to the self-energy in
turn. This allows one to effectively include certain sets of diagrams to infinite order.

The simplest self-consistency cycle that can be utilized is based on the fact
that the self-energy expressed diagrammatically depends on the single-particle
Green’s function, which in turn depends on the self-energy via the Dyson equation.
This makes a closed system of equations, so that after choosing a self-energy
approximation and using that to find a Green’s function from

G(1) = g + g · Σ[g] · G(1), (4.10)

(here a · b =
∫

d2 a(1; 2)b(2; 3)) one can then solve the self-energy again using G(1)

and find
G(2) = g + g · Σ[G(1)] · G(2). (4.11)

Continuing this cycle until convergence leads to a G that fulfills

G = g + g · Σ[G] · G. (4.12)

Diagrammatically this process nests self-energy insertions on themselves, so that
for example for the self-energy

Σc[g] = (4.13)

one obtains after the first cycle

Σc[G1] = + + + . . . (4.14)

and further all diagrams with arbitrary numbers of repeated insertions on any
g-line. The next cycle nests insertions inside these insertions, and so on, so that at
convergence one includes effectively infinitely nested interaction processes. Note
that although an effectively infinite amount of diagrams is included in this way,
this is still a vanishingly small subset of all diagrams in the exact expansion, since
no new fundamental scattering processes are included, but merely those included
in the original self-energy are repeated in differing orders. This is the nature of all
such resummation schemes, as the full complexity of the many-body scatterings
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cannot be captured by any cycling of simple equations. Note that it is not even
guaranteed that a self-consistent solution of the Green’s function will provide a
better physical description. For example in finite systems self-consistency can
introduce spurious damping effects, as seen in [4]. This can happen, since the
resummation can introduce diagrams that in the full expansion would be cancelled
by some other set of diagrams that the resummation misses.

The self-energy approximation used in this type of scheme should not include
any diagrams that can be built by placing other self-energy diagrams as insertions
into each other, as this would lead to double-counting during the self-consistency
cycle. The exact self-energy expressed in terms of G then contains only diagrams
with no self-energy insertions of any type (an insertion being any part of the
diagram that can be detached from the rest of the diagram by cutting two g-lines).
Such diagrams are called G-skeletonic. This significantly reduces the number of
diagrams in Σ to any given order.

An alternative way to set up a resummation scheme is to express the self-energy
in terms of a higher-order kernel that can be chained via a Dyson-like equation.
As was discussed around (3.114), the self-energy can be related to the two-particle
Green’s function through

Σ · g = G2 (4.15)

which on the other hand can be obtained from the Bethe-Salpeter equation for G2

G2 = ± + K

[
G2 ∓

]
(4.16)

where the Bethe-Salpeter kernel K(1, 2; 3, 4) now plays a role similar to the self-
energy in the Dyson equation. Choosing for example

K = (4.17)

gives the two-particle Green’s function

G2 = ± + + + . . . (4.18)

which leads to the self-energy approximation

ΣT = + + + . . . (4.19)

that includes a single particle-hole excitation and an arbitrary number of inter-
actions between the propagating particle and the hole of the excitation. (4.19) is
known as the particle-hole T-matrix approximation. It is useful for example for
modeling of excitons, which are bound states of electrons and holes. There is also
a particle-particle (or hole-hole) T-matrix approximation, where the interactions
are between g-lines going in the same direction. This can be derived from an
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alternative form of the Bethe-Salpeter equation (Dyson type equations for higher
order functions come in multiple channels). Exchange diagrams can also be added
to both of these variants (see for example Pub. [III] Chapter 4.).

On the other hand taking

K = b (4.20)

leads to the two-particle Green’s function

G2 = ± + + + . . . (4.21)

and the self-energy approximation

ΣGW = + + + . . . (4.22)

known as the GW-approximation. The physical content of this approximation is
made more clear by noting that a single bubble

1 2 (4.23)

has the form of a non-interacting first order response function (see (3.106)). It can
thus be seen as describing response of the particle density to internal excitations
of the system, as opposed to an external potential. The GW-approximation chains
these responses together, thus introducing contributions from large scale density
fluctuations involving large numbers of particles. This is exemplified by the
fact that self-consistent GW-spectrum will include a plasmon peak coming from
collective oscillation of the electrons.

The name GW is based on the convention of denoting by W the so called
screened interaction

W(1, 2) = = + P21 + P P + . . .

= χ1 2

(4.24)

where P is the polarizability

− iP(1, 2) = [ 21 g2 bb ]irr = 1 2 + 1 2 + . . . (4.25)

that is irreducible in the sense that the one cannot disconnect 1 and 2 by removing
a single interaction line. In other words P is the irreducible part of the interacting
first order density response function χ(1, 2), which can be obtained from the
polarizability via a Dyson-like equation

χ = P + P χ . (4.26)
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Expressing diagrammatic approximations in terms of W is useful particularly since
it incorporates screening effects and is therefore often much shorter range than the
bare Coulomb interaction v. Shorter range interactions can lead to easier numerical
integration and better convergence properties, while also giving a better physical
description of the system. Of course there are additional equations to solve, but
these form a closed system that can be solved self-consistently, since G depends
on Σ, which depends on W, which depends on χ, which depends on P, which
depends on G again.

4.1 Scattering Diagrams and Positive Approximations

Taking the self-energy as a starting point for generating approximations has the
advantage of generating a large number of Green’s function diagrams based on
a small number of relatively simple self-energy diagrams. We can, however, take
a step further and generate the self-energy from an even smaller set of diagrams
representing scattering processes. This has the additional benefit of making the
physical content of the approximation more clear. Furthermore it allows one
to show that certain positivity properties of the exact system are retained by
approximations arrived at in this way. We will here give a brief overview of
these topics, that are discussed in detail in Pub. [III].

The scattering amplitude representation of a self-energy approximation can be
obtained by applying so-called cutting rules to factorize the self-energy diagrams
and writing them as products of amplitudes. This is achieved by applying the
contour-deformation used in 3.7 to individual diagrams.

Take for example the diagram

D<(1, 2) =


1 2

< (4.27)

from the T-matrix approximation. Deforming the contour into two loops containing
the two external vertices (see (3.127)), and splitting each internal contour time-
integral into a sum over the two loops, leads to a sum of diagrams corresponding
to every distribution of the internal times between the two loops. Denoting by γ1
and γ2 the two loops we have

D<(1, 2)

=
1 2

γ1 γ2

+
1 2

γ1 γ2

+
1 2

γ1γ2

+
1 2
γ1 γ2

(4.28)

Since we are considering the lesser component of the self-energy the loop γ2 comes
after the loop γ1 in the contour. Any g-line connecting the two-loops thus reduces
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to either a greater of a lesser component, and we have

γ1 γ2

=
<

<
>

= −
> >

<

<<

< (4.29)

where we have used (3.137) to factorize the lesser/greater g-lines. Here the minus
sign comes from the difference in prefactors when we consider the Feynman rules
for the self-energy diagram and the Feynman rules for the two half-diagrams
interpreted as diagrams belonging to expansion of G2 (see Pub. [III] Appendix B).
From the fact that g∗(1, 2) = −g(2, 1) for the contour Green’s function (and that
the prefactor for the right half-diagram has i2 for the two interaction lines) it then
follows that the diagonal elements of the self-energy have the form

− =

∣∣∣∣∣∣
∣∣∣∣∣∣
2

, (4.30)

and can thus be interpreted as probabilities to scatter by the process depicted
by the half-diagram. The off-diagonal elements on the other hand can be seen
as transition amplitudes between many-body states created by the two different
scattering processes.

Note that not every self-energy approximation can be expressed in this form.
For example if we take the first two lowest order terms of the GW-approximation

+ (4.31)

and apply the cutting rules, we obtain

+ + (4.32)

This cannot be written as a product of mirrored diagrams, and therefore does not
admit interpretation in terms of a well-defined set of scattering processes. Instead if
we take the two scattering processes appearing here and build a symmetric product
out of them we obtain∣∣∣∣∣∣ +

∣∣∣∣∣∣
2

= + + ,

(4.33)
Interpreting the right-hand side here as a two-point function then gives a self-
energy approximation containing these two scattering processes. The last diagram
here represent a partial integral of the fourth order diagram over a double loop
contour, which cannot be converted into a diagram integrated over a single loop
unless all parts of the double loop integral can be summed. In this way starting
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from a set of scattering processes often generates pieces of contour diagrams along
with the simple contour diagrams.

Adding the next higher order scattering diagram to the left hand side in (4.33)
would lead to all contributions to the fourth order GW self-energy diagram being
generated. However, this would also introduce partial integrals of the fifth and
sixth order self-energy diagrams. This process continues in higher orders, and all
the partial integrals can be fully summed only on the limit of infinite order.

This exemplifies the important point that the contour diagram representation
of the self-energy, while very efficient, can be misleading in that an approximation
consisting of a set of diagrams integrated fully over the contour does not necessarily
correspond to any well-defined set of scattering processes.

More generally we can add terms including higher order scattering processes,
such as ∣∣∣∣∣∣

∣∣∣∣∣∣
2

+

∣∣∣∣∣∣
∣∣∣∣∣∣
2

(4.34)

Note that sometimes a single contour self-energy diagram will include contribu-
tions from multiple orders of scattering processes, such as in

= + + . (4.35)

If we consider approximations that contain exchange terms, such as the 2B-
approximation, that can be expressed as

+ =
1
2

 +

 +

 (4.36)

we find that evaluating the bare product leads to duplicates of diagrams and
therefore an additional prefactor is needed to avoid double-counting. This happens
since the direct and exchange half-diagrams are related by permutation of the
labels of the cut lines, and thus two exchange half-diagrams combine to create a
direct diagram, the permutations cancelling each other out. Such expressions can
be simplified if the sum over permutations of the labels is over a subgroup of their
full permutation group. In such case the combinations of two permutations end
up generating the permutations of the same subgroup, and we sum over only a
single set of permutations. This generates no duplicate diagrams and requires no
prefactor to cancel them. For example for the 2B-approximation we could write

+ =

 +

 (4.37)

These cutting rules can also be applied to dressed diagrams. Since from the
Dyson equation one can derive (see A for a derivation including also the Matsubara
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contour)

G≶(t1, t2) = GR(t1, t0)g<(t0, t0)GA(t0, t2)

+
∫ ∞

t0

dt3dt4 GR(t1, t3)Σ[g]<(t3, t4)GA(t4, t2),
(4.38)

it follows that if Σ[g] is factorizable, then G≶ is factorizable as well. Furthermore if
G≶ and Σ[g] are factorizable, so is Σ[G]. Thus the positivity property is retained
by the self-consistency cycle for dressing G, and any positive Σ[g] approximation
will be positive for dressed G-lines as well. Note however that, as seen in (4.35),
certain products of scattering diagrams may come from cutting of non-skeletonic
contour diagrams. Therefore including a specific scattering process in a self-energy
approximation expressed fully in terms of dressed contour diagrams may not be
straightforward.

If one also wishes to dress the interaction lines, it is important to note that W
is not time local, and therefore can pass between different loops of the deformed
contour. Therefore diagrams expressed in terms off W generate additional cut
diagrams, that require factorization relations for W to cut them. These can be
derived using

W≶(t1, t2) =
∫ ∞

t0

dt3dt4 WR(t1, t3)P[g]<(t3, t4)WA(t4, t2), (4.39)

and applying the cutting rules discussed above to the polarization diagrams (this
has been done at zero-temperature in [2]).

In [1] it was shown that diagrammatic approximations constructed from scatter-
ing processes as discussed above have certain positivity properties. These results
are generalized to finite temperature in Pub. [III]. These properties guarantee in
particular that both the spectral function of the self-energy and that of the Green’s
function will be positive semi-definite. This is important since the spectral func-
tions represent probabilities that are directly linked to observations such as those
obtained from photo-emission spectroscopy experiments. If these functions take
negative values their interpretation as probabilities breaks down.

4.2 Conserving Approximations

In addition to the positivity of probabilities, another important physical constraint
one would wish to preserve in approximations is the upholding of various conserva-
tion laws. In this section we will briefly discuss how one can choose approximations
in such a way as to guarantee these laws.

Baym and Kadanoff showed [5] that if the single-particle Green’s function
fulfills the equations of motion

i∂1G(1, 2) = h1G(1, 2) + ∑
i

vi1G2(1, i, 2, i)

iG(1, 2)
←−
∂ 2 = h2G(1, 2) + ∑

i
vi2G2(1, i, 2, i)

(4.40)
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with a two-particle Green’s function that has the symmetry

G(1, 2; 1+, 2+) = G(2, 1; 2+, 1+), (4.41)

then the particle density and current obtained from G(1, 2) will fulfill the continuity
equation locally, and the total momentum change of the system will equal the total
force applied by external fields. If G2 furthermore fulfills the same boundary
conditions as the exact G2, it follows that the total energy change equals the total
power applied by external fields.

Baym also introduced [6] a convenient way to generate self-energy approxima-
tions that do not break these conservation laws. If a self-energy is obtained from a
functional Φ[G] through

Σ(1; 2) =
δΦ[G]

δG(2, 1+)
, (4.42)

then if Φ[G] is invariant under gauge transformation, time translations, space
translations, and rotations the resulting approximation will conserve particle num-
ber, energy, momentum, and angular momentum respectively. Note that this
so-called Φ-derivability is a stricter condition than those given above for G2. Every
Φ-derivable self-energy is conserving, but the reverse need not be true.

Suitable Φ[G] functionals can be constructed through a diagrammatic procedure
by summing over vacuum diagrams. These diagrams should be two particle
irreducible, i.e. not breakable into disconnected pieces by removing two g-lines, as
such diagrams would generate reducible self-energy diagrams. Resummations of
these vacuum diagrams can be performed by dressing the Green’s functions and
interaction lines either fully or partially in each vacuum diagram [7]. For practical
purposes one can interpret the functional derivative in (4.42) as a diagrammatic
rule that removes from Φ each G-line in turn. For example

δ

δG(2, 1+)
= 2× ,

δ

δG(2, 1+)
= 2× , (4.43)

which shows that the Hartree and Fock diagrams are both conserving individually.
The second diagram in (4.43) for a dressed interaction gives the GW self-energy,
which is therefore conserving. Likewise the two diagrams in the Second Born
self-energy can be obtained through

δ

δG(2, 1+)
= 4× δ

δG(2, 1+)
= 4× , (4.44)

and are therefore conserving. From higher order bubbles one can obtain linear
combinations of self-energy diagrams, in which case all diagrams need to be in-
cluded in the self-energy with correct relative weights to maintain the conservation
properties.

Note that any self-energy obtained from a Φ-functional consisting of full con-
tour diagrams will be made up of full contour diagrams as well. However, as
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was seen above, when building the self-energy approximation from scattering
processes in order to guarantee positivity properties, the resulting approximation is
often not of this form, but contains also partial contour diagrams. While most com-
monly used approximations, such as Second-Born, and various GW and T-matrix
approximations are both conserving and positive, this is seen to result mainly
from the simplicity of the diagrams involved. It appears that going beyond these
simplest approximations while retaining both conservation laws and positivity is
not possible, and that sacrificing one or the other is going to be inevitable. Still,
even if the presence of certain properties cannot be guaranteed, this does not mean
that they can not hold in practice, at least to the precision required for the particu-
lar calculation in question. When going beyond the standard approximations it
therefore becomes important to be able to determine not only whether a particular
approximation breaks conservation rules or positivity, but to what extent they are
broken.

4.3 Approximations to Response Functions

We can obtain diagrammatic approximations for the response functions by substi-
tuting approximations for the multi-particle Green’s functions into (3.107).

For example the density shift in the linear response approximation is given by

∆n(1) = n(1)− n(1)u=0 =
∫

d2 G2(1, 2; 1+, 2+)u(2), (4.45)

into which we can now substitute an approximation for the two-particle Green’s
function. On the non-interacting limit this is

g2(1, 2; 1′, 2′) = g(1; 1′)g(2; 2′)± g(1; 2′)g(2; 1′) (4.46)

leading to

∆n(1; 1+) =
∫

d2
[
g(1; 1+)g(2; 2+)± g(1; 2)g(2; 1)

]
u(2). (4.47)

Here the second term vanishes since
∫

d2 g(2, 2+)u(2) integrates to zero over the
loop contour and we are assuming that u = 0 on the Matsubara branch (with no
loss of generality, since we can always split the potential into initial value plus
correction and expand with respect to the correction). The density shift in the linear
response can therefore be expressed diagrammatically as

∆n(1) = 1 u(2)bb (4.48)

on the non-interacting limit. The first order correction due to interaction can be
obtained simply by including the first order correction to G2 (3.104) which results
in

∆n(1) = 1 u(2)bb + 1 b u(2)b + 1 b u(2)b (4.49)

where we take the arrows to denote Hartree-Fock Green’s functions and have
therefore removed the diagrams with first order self-energy insertions.
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The first diagram in (4.49) can be interpreted as the probability for the external
potential u (describing for example a laser beam) to cause a particle to propagate
into the detector at point 1, while the second diagram includes the effect of interac-
tion between the excited particle and the hole left behind to the first order. The last
diagram describes a process in which the excited particle transfers its energy to
another particle and sends it into the detector, which can be seen as the exchange
process corresponding to the second diagram (and indeed it has an opposite sign
due to an additional loop).

In the second order approximation we have the additional diagrams

1 b u(2)b , 1 b u(2)b , 1 b u(2)b

1 b u(2)b , 1 b u(2)b , 1 b u(2)b

1 b u(2)b , 1 b u(2)b , 1 b u(2)b

(4.50)

that include time-non-local second order self-energy insertions. Considering an
expansion in terms of G-lines dressed with the Second-Born self-energy

Σ2B(1, 2) =
21
+ 1 2 (4.51)

would then allow us to remove diagrams containing these insertions and express
the first order response to second order in terms of G-skeletonic diagrams as

∆1n̂(1)

= 1 u(2)bb + 1 b u(2)b + 1 b u(2)b

+ 1 b u(2)b + 1 b u(2)b + 1 b u(2)b

+ 1 b u(2)b + 1 b u(2)b + . . .

(4.52)

Given that the first order response depends on the two-particle Green’s func-
tion, one can also make use of the Bethe-Salpeter equation (4.16) to resum first
order response diagrams to infinite order. For example solving the Bethe-Salpeter
equation with the kernel

K = + b (4.53)

and substituting into (4.45) will generate all but the last two diagrams in (4.52),
along with an infinite series of others.

Like for the self-energy, these approximations are not always positive. To con-
struct positive approximations we can start from the scattering diagram expansion
of the density response (3.147). This will also show that most of the diagrams in
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(4.52) actually give zero contribution if vertex 1 is outside the sample material,
as in a photo-emission experiment. To the first order in u (3.147) gives on the
non-interacting limit

− in(1) = 1 b

b1
+ 1

b u(2)
b

b1
+

1

b u(2)

b

b1 + 1

b u(3)

b

b1

b u(2)

.

(4.54)
Gluing these diagrams using (3.137) thus gives

− i∆n(1) = 1
b u(1)

b
γ1
γ2

+
1

b u(1)
b

γ1
γ2 + 1

b u(3)
b

γ1
γ2

b u(2)
(4.55)

since the first diagram in (4.54) simply becomes iG<
u=0(1; 1+) = n(1)u=0. Now

if vertex 1 is outside of the material, the three first diagrams in (4.54) include
non-interacting Green’s functions describing particle propagation from inside the
material to the detector. These vanish assuming that electrons are not escaping the
material without receiving energy from the external field. Thus the lowest order
contribution to the photo-emission current comes from the diagram second-order
in u in (4.55). Furthermore, this is the only second-order diagram that contributes,
since the other two cuts of the second order contour response function

1
b u(3)

b
γ1
γ2

b u(2)
, 1

b u(3)
b

γ1
γ2

b u(2)
(4.56)

also vanish by the argument used previously. Due to these diagrams vanishing, the
second order density response outside of the material can be expressed simply as

− i∆n(1) = 1
b u(3)

b

b u(2)
(4.57)

where 2 and 3 are integrated over γ. This is, furthermore, a positive approximation,
since it equals (4.54).

The next higher order positive approximation is obtained by adding the second
order u scattering diagram

1
b u(3)

b

b u(2)
(4.58)

which leads to

− i∆n(1) = 1
b u(3)

b

b u(2)
+ 1 b u(3)b

b u(2)

b u(4)

+ 1
b u(4)

b
γ1
γ2

b u(3)

b u(2)

b u(5)

. (4.59)

We see that analogously to what happens with the self-energy, going beyond the
very simplest positive approximation we no longer have an expression in terms of
full contour diagrams only.
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Let us now briefly consider adding interactions to the second order response
given in (4.57). To begin with we will make the so-called ’sudden approximation’,
which assumes that after an electron has been kicked by the external potential it
has sufficient energy that it no longer significantly feels interactions with the other
electrons as it leaves the material. Diagrammatically this means leaving out any
diagrams that connect the three Green’s function lines in (4.57) to each other. It
follows that only scattering diagrams of the form

1

GN+1

...

u(2)b

n1 nN1′
b

(4.60)

appear. Substituting this into (3.147) we obtain

−in(1) =
∞

∑
N=0

(−1)N+1

N!(N + 1)! ...

1

GN+1

...

u(2)b

n1 nN1′
b

GN+1

1 b

u(3)b

. (4.61)

But here between the two connections to the external potential we have simply
the dressed Green’s function (3.141), and thus gluing the cut lines we obtain in the
sudden approximation

− in(1) = 1
b u(3)

b
γ1
γ2

b u(2)
. (4.62)

This depends on the interaction v only through the dressed Green’s function
between points 2 and 3, both of which are inside the sample. This Green’s function
can be taken to be the Green’s function of the bulk material, assuming the electron
is extracted from deep enough in the sample. The Green’s functions connected
to the point 1 outside the sample depend only on the mean-field of the electrons
along with the background potential describing the nucleai and the core electrons.

To improve on the sudden approximation while retaining the positivity of the
approximation, one can add scattering diagrams that couple to the leaving particle.
For example

1

u(2)b

b

,
1

u(2)b

b

, (4.63)

where the left diagram describes a process in which the leaving particle creates an
excitation on its way (or alternatively receives energy from a decaying excitation),
and the right diagram describes a process in which the leaving particle deposits its
energy to another particle, sending it out of the sample to the detector. For further
discussion see for example [8].
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Chapter 5

Multi-Point Contour Functions

In the preceding chapters we have dealt with diagrammatic expressions on a
contour, which are mapped by the Feynman rules to contour integrals over multi-
point functions defined in terms of contour-ordered products. In this chapter we
will discuss the structure of such expressions in terms of real-time functions, and
give tools to evaluate them in practice. We will emphasize clarity and refer to the
attached publications for derivations of many of the results.

The types of functions we are dealing with are products of (possibly real-time
dependant) operators inside a contour ordering operation, of the form

O(z1, . . . , zN) = 〈Tγ{Ô1(z1) · · · ÔN(zN)}〉, (5.1)

where the contour γ is a single loop starting from some initial time t0 < tN and
turning back at some later time T > tN . Specifically any unintegrated contour
diagram is of this form up to a prefactor. For our purposes here it is convenient to
expand the contour ordering as

O(z1, . . . , zN) = ∑
P

θ(zP(1), . . . , zP(N))(−1)|P|〈ÔP(1)(tP(1)) · · · ÔP(N)(tP(N))〉
(5.2)

where the sum is over all permutations of the indices 1 to N. We define a set
N = {1, . . . , N} of the indices 1 to N and write (5.2) in the shorthand form

O(zN ) = ∑
P

θ(zP(N ))O
P(N )(tN ), (5.3)

where OP(N ) = (−1)|P|〈ÔP(1) · · · ÔP(N)〉. The important point here is that O(zN )
depends on the branch indices of the contour times only through step-functions,
i.e. only so far as the branch indices affect the ordering of the times on the contour.
Functions with this property are discussed in Pub. [I] where they are called Keldysh
functions. Here we will briefly outline the results.

First we note that (5.3) is in fact more general than (5.1). For example the
correlation self-energy has the form

Σc(z1, z2) = θ(z1, z2)Σ>(t1, t2) + θ(z2, z1)Σ<(t1, t2) (5.4)

although it can not be written as (5.1). This can be seen for example from the
fact that the self-energy has a diagrammatic representation, and each diagram is
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a Keldysh function. As shown in Pub. [I], the integrated form of a diagram is
also a Keldysh function, as is a sum of Keldysh functions. Another immediate
consequence of (5.3) is that O(zN ) is symmetric with respect to the branch index of
the argument with the highest real-time value, i.e.

O(. . . , ti−, . . .) = O(. . . , ti+, . . .), ti > tN\i. (5.5)

5.1 Multi-Retarded Functions

The retarded component of a two-time Keldysh-function was defined earlier to
have the form

OR(t1, t2) = θ(t1, t2)[O>(t1, t2)−O<(t1, t2)], (5.6)

where O was for example the single-particle Green’s function or the self-energy.
This can be derived by considering a contour integral over z2∫

γ
dz2 O(z1, z2) =

∫
γ

dz2 θ(t1, t2)O(z1, z2), (5.7)

where we are allowed to place a step-function that effectively truncates the contour
at t1, since the part of the contour after that is simply a back and forth integration
of the same function, that gives zero. Splitting the integral over contour into the
forward and backward parts then gives∫

γ
dz2 O(z1, z2) =

∫
γ−

dt2− θ(t1, t2)O(z1, z2) +
∫

γ+

dt2+ θ(t1, t2)O(z1, z2)

=
∫ ∞

t0

dt2 θ(t1, t2)O(z1, t2−) +
∫ t0

∞
dt2 θ(t1, t2)O(z1, t2+).

(5.8)

Here since
O(z1, z2) = θ(z1, z2)O12(t1, t2) + θ(z2, z1)O21(t1, t2) (5.9)

we have
O(z1, t2−) = O12(t1, t2), O(z1, t2+) = O21(t1, t2) (5.10)

and thus ∫
γ

dz2O(z1, z2) =
∫ ∞

t0

dt2θ(t1, t2)[O12(t1, t2)−O21(t1, t2)]

=
∫

dt2OR(1,2)(t1, t2),
(5.11)

where O12 = O>, O21 = O< and OR(1,2) = OR. We can take the retarded com-
ponent to be defined by the requirement that the real-time integration over the
retarded component equals the contour integration over the original contour func-
tion. From this follows the structure of the retarded component. The step function
essentially truncates the contour integral so that it turns back at z1, and therefore
causes the contour ordering between 1 and 2 to switch when the integral turns
back. This turns the forward and backward contour integrals into integrals over
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ordered components, which are independent of the branch-indices, allowing the
integrals to be converted into real-time integrals, with a minus sign introduced
when the backward contour integration is reversed.

One can then introduce the higher order retarded components simply by con-
sidering more complicated integrals over Keldysh functions. First off, we add
another integrated time and consider∫

γ
dz2dz3 O(z1, z2, z3). (5.12)

Splitting the contour integrals into forward and backward parts now generates
four integrals∫

γ
dz2dz3

=
∫

γ−
dt2−dt3− +

∫
γ−

dt2−
∫

γ+

dt3+ +
∫

γ+

dt2+

∫
γ−

dt3− +
∫

γ+

dt2+dt3+.

(5.13)

As before we restrict the integrals below t1, and obtain (using shorthand θ(ti, tj) =
θij)∫

γ
dz2dz3 O(z1, z2, z3)

=
∫

γ−
dt2−dt3− θ12θ13O(z1, t2−, t3−) +

∫
γ−

dt2−
∫

γ+

dt3+ θ12θ13O(z1, t2−, t3+)

+
∫

γ+

dt2+

∫
γ−

dt3− θ12θ13O(z1, t2+, t3−) +
∫

γ+

dt2+dt3+ θ12θ13O(z1, t2+, t3+).

(5.14)

Here since z1 is at the end point of the contour

O(z1, t2−, t3+) = O312(t1, t2, t3), O(z1, t2+, t3−) = O213(t1, t2, t3). (5.15)

However, when both of the times are on the same branch the contour ordering is
not unambiguous. Therefore we further subdivide the terms by writing θ12θ13 =
θ12θ13(θ23 + θ32) = θ123 + θ132. This reduces all the contour functions to real-time
ordered components, and allows all contour integrals to be converted to real-time
integrals (with a minus sign for each integral on the backward branch) giving∫

γ
dz2dz3 O(z1, z2, z3)

=
∫

dt2dt3

[
θ123

(
O123 −O213 −O312 + O321

)
+θ132

(
O132 −O213 −O312 + O231

) ]
.

(5.16)

Now we can use the shorthand notation

O123 −O213 −O321 + O321 = O123−213−312+321 = O[[1,2],3] = O[1,2,3], (5.17)
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to express the sums over ordered components as nested commutators. Therefore
we find that ∫

γ
dz2dz3 O(z1, z2, z3) =

∫
dt2dt3 OR(1,23)(t1, t2, t3), (5.18)

where we have defined the retarded component

OR(1,23)(t1, t2, t3) = θ(t1, t2, t3)O[1,2,3](t1, t2, t3) + θ(t1, t3, t2)O[1,3,2](t1, t2, t3).
(5.19)

Thus by this derivation we reach exactly the structure we have met before in the
second order response function.

By an analogous derivation we find that∫
γ

dz2 · · ·dzN O(z1, . . . , zN) =
∫

dt2 · · ·dtN OR(1,2···N)(t1, . . . , tN), (5.20)

holds for

OR(1,2···N)(t1, . . . , tN) = ∑
P

θ(t1, tP(2), . . . , tP(N))O
[1,P(2),...,P(N)](t1, . . . , tN). (5.21)

Using the set notation we write this in a more compact form as

OR(e,I)(tN ) = ∑
P

θ(te, tP(I))O
[e,P(I)](tN ). (5.22)

where I = N \ e.
These retarded components correspond to the case of a single external time, so

that every time argument except one is integrated over. This occurs for example
for the response functions or for individual half-diagrams obtained from cutting
a self-energy diagram. The definition can also be generalized for diagrams with
multiple external vertices. As the simplest example we may take∫

γ
dz3 O(z1, z2, z3). (5.23)

We will treat separately the two contour orderings of z1 and z2, and start by
assuming that z2 > z1. In this case we can deform the contour such that it returns
to t0 between z1 and z2 and therefore has two loops. Since z1 and z2 are in different
loops of contour both loops can be truncated to the corresponding external time to
obtain:

b

b z1
b
z1

−T

b

b

−T

b
b

b
z2

z2

γ γ1

γ2

(5.24)
We denote this truncated contour by γ′ = γ1 + γ2. The integral over z3 then breaks
down to four branches∫

γ′
dz3 =

∫
γ1−

dt3,1− +
∫

γ1+

dt3,1+ +
∫

γ2−
dt3,2− +

∫
γ2+

dt3,2+. (5.25)
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The first two integrals here give∫
γ1−

dt3,1− θ13O(z1, z2, z3,1−) +
∫

γ1+

dt3,1+ θ13O(z1, z2, z3,1+)

=
∫

γ1−
dt3,1− θ13O213(t1, t2, t3) +

∫
γ1+

dt3,1+ θ13O231(t1, t2, t3)

=
∫

dt3 θ13[O213(t1, t2, t3)−O231(t1, t2, t3)].

(5.26)

where the contour orderings are fully determined, since z2 comes always after any-
thing on γ1, and on γ1 anything on the forward/backward branch is before/after
z1. We write the last line above as∫

dt3 θ13O2[1,3](t1, t2, t3) =
∫

dt3 O2R(1,3)(t1, t2, t3), (5.27)

using a partially retarded component. After an analogous calculation for the
integral over γ2 we have∫

γ
dz3 θ(z2, z1)O(z1, z2, z3)

=
∫

dt3 O2R(1,3)(t1, t2, t3) +
∫

dt3 OR(2,3)1(t1, t2, t3).
(5.28)

For the other ordering we would obtain∫
γ

dz3 θ(z1, z2)O(z1, z2, z3)

=
∫

dt3 OR(1,3)2(t1, t2, t3) +
∫

dt3 O1R(2,3)(t1, t2, t3),
(5.29)

and thus defining

OR(1,3)(t1, t2, t3) = θ(z1, z2)OR(1,3)2(t1, t2, t3) + θ(z2, z1)O2R(1,3)(t1, t2, t3) (5.30)

etc. we can write∫
γ

dz3 O(z1, z2, z3) =
∫

dt3

[
OR(1,3)(t1, t2, t3) + OR(2,3)(t1, t2, t3)

]
. (5.31)

By a similar calculation we would obtain for example∫
dz3dz4 θ(z1, z2)O(z1, z2, z3, z4)

=
∫

dt3dt4

[
OR(1,34)2 + OR(1,3)R(2,4) + OR(1,4)R(2,3) + O1R(2,34)

]
,

(5.32)

where

OR(1,34)2 = θ134O[1,3],4]2 + θ143O[1,4],3]2

OR(1,3)R(2,4) = θ13θ24O[1,3][2,4]

OR(1,4)R(2,3) = θ14θ23O[1,4][2,3]

O1R(2,34) = θ234O1[2,3],4] + θ243O1[2,4],3].

(5.33)
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The general case follows this same pattern, and is derived in detail in Pub.
[I]. For a multi-loop contour with E loops corresponding to E external arguments
E = {e1, . . . , eE} in this order, we have∫

γ
dzN\E O(zN ) = ∑

N1···NE

∫
dtN1 · · ·dtNE OR(e1,N1)···R(eE ,NE)(tN ), (5.34)

where the sum is over all ways to divide the argument labels in set N \ E into
the non-overlapping sets N1, . . . ,NE (with no sum over permutations) and the
multi-retarded component in which arguments Ni are retarded with respect to ei
for each i, is given by

OR(e1,N1)···R(eE ,NE)(tN )

= ∑
P1···PE

[
∏

i
θ(tei , tPi(Ni)

)

]
O[e1,P1(N1)]···[eE ,PE(NE)](tN ).

(5.35)

5.2 Langreth Rules

By Langreth rules we mean rules by which one may obtain from an equation
given in terms of contour diagrams equations relating diagrams given in terms of
real-time propagators. For example, the time-ordered cutting rules presented in
Pub. [III] Section 3.3. constitute Langreth rules in this sense, since after either a +
or − has been assigned to each vertex, every Green’s function reduces to one of
four real-time functions:

G+− = G>, G−+ = G<, G−− = GT , G++ = GT̄ . (5.36)

Thus for any contour diagram equation, any choice of plusses and minuses for the
external vertices produces an equation in terms of real-time Green’s functions only.

On the other hand, the retarded cutting rules given in Pub. [III] Section 3.4. do
not lead directly to Langreth rules. One would hope to be able to write a retarded
diagram in terms of greater, lesser and retarded single particle Green’s functions,
like a time-ordered diagram can be written in terms of greater, lesser and time-
ordered Green’s functions, however, the more complex structure of the retarded
diagram complicates such a derivation. Such retarded Langreth rules have been
discussed in Pub. [I], where several useful general results are derived and used to
derive Langreth rules for certain diagrams, but these derivations are done in per
diagram basis and it is not clear if they are possible for an arbitrary diagram.

Here we will discuss the original Langreth rules [9] applicable to convolutions
of two-point functions on a contour that possibly includes a Matsubara branch, and
present some generalizations of these rules for more complicated diagrammatic
structures.

As an example on how to deal with contour equations, we consider first a chain
of three two-point functions convoluted over the Keldysh contour:

A(z1, z2) =
∫

γ
dz3dz4 B(z1, z3)C(z3, z4)D(z4, z2). (5.37)
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A straightforward approach to convert (5.37) into real-time convolutions is to
simply integrate the branches separately by substituting∫

γ
dz =

∫ ∞

t0

dt− +
∫ t0

∞
dt+. (5.38)

Corresponding to the different branch indices one can define four real-time compo-
nents

A−−(t1, t2) = A(t1−, t2−), A−+(t1, t2) = A(t1−, t2+),

A+−(t1, t2) = A(t1+, t2−), A++(t1, t2) = A(t1+, t2+),
(5.39)

which together map the domain of definition of the contour-function. Substituting
(5.38) into (5.37) then generates for example

A−−(t1, t2) = B−− · C−− · D−−(t1, t2) − B−+ · C+− · D−−(t1, t2)

− B−− · C−+ · D+−(t1, t2) + B−+ · C++ · D+−(t1, t2),
(5.40)

using the shorthand notation

A · B(t1, t2)
.
=
∫ ∞

t0

dt3 A(t1, t3)B(t3, t2). (5.41)

Similar equation exists for each component of A. This approach is straightforward
to apply to any diagram, and in general results in 2N equations, each being a sum
of 2N real-time diagrams, when N is the number of internal vertices.

For functions, such as the singe particle Green’s function, that can be written as
a contour-ordered product of real-time operators

B(z1, z2) = 〈Tγ

{
Ô1(z1)Ô2(z2)

}
〉, Ôn(tn+) = Ôn(tn−) = Ôn(tn), (5.42)

the branch-index components are not independent. They are symmetric with
respect to the branch-index of the component with the highest value, so that for
example θ(t1, t2)O−−(t1, t2) = θ(t1, t2)O+−(t1, t2). Thus for a two-point function
only two of the components need to be solved.

For functions like (5.42) an alternative approach was introduced by Langreth
[9]. Writing the contour-ordering explicitly in (5.42) leads to

B(z1, z2) = θ(z1, z2)B>(t1, t2) + θ(z2, z1)B<(t1, t2) (5.43)

where the greater and lesser components

B>(t1, t2) = 〈Ô1(t1)Ô2(t2)〉, B<(z1, z2) = ±〈Ô2(t2)Ô1(t1)〉, (5.44)

are correlators of specific order, that are functions of real parameters only, since the
operators are the same on both branches. The lesser component gets a minus sign
from the permutation if Ô1 and Ô2 are fermionic.

Now starting from a chain of two functions

E(z1, z2) = F · G(z1, z2) (5.45)
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and assuming that F and G can be written as in (5.43), one can write the right hand
side as

E(z1, z2) = θ(z1, z2)
∫ ∞

t0

dt3

[
FR(t1, t3)G>(t3, t4) + F>(t1, t3)GA(t3, t4)

]
+ θ(z2, z1)

∫ ∞

t0

dt3

[
FR(t1, t3)G<(t3, t4) + F<(t1, t3)GA(t3, t4)

]
,

(5.46)

where

FR(t1, t2) = θ(t1 − t2)
[
F>(t1, t2)− F<(t1, t2)

]
(5.47)

FA(t1, t2) = −θ(t2 − t1)
[
F>(t1, t2)− F<(t1, t2)

]
(5.48)

are the retarded and advanced components. This reveals that E also has a repre-
sentation in terms of real-time components in the form (5.43) with the greater and
lesser components given by

E> = FR · G> + F> · GA, E< = FR · G< + F< · GA. (5.49)

For the retarded and advanced components themselves one can derive

ER = FR · GR, EA = FA · GA. (5.50)

Equations (5.49) and (5.50) are known as Langreth rules (along with others
given in table 5.1). They can be applied repeatedly to work out longer convolution
chains. For example for a chain of three functions one obtains the rules

A≶ = BR · CR · D≶ + BR · C≶ · DA + B≶ · CA · DA. (5.51)

AR/A = BR/A · CR/A · DR/A. (5.52)

One notices that working with retarded and advanced components leads to rules
with three terms as opposed to the four terms in (5.40). Furthermore the rules
for the retarded and advanced components are especially simple. This advantage
grows larger for longer chains. Looking at (5.51) one can already notice a pattern
starting to emerge, which shows that for a chain with N internal vertices the sum
will contain N + 1 terms, in contrast to the 2N terms in the rules obtained by fixing
the branch indices. The chain convolution, however, turns out to be an optimal
case. For more complicated diagrams the cancellations are not always as drastic.

Another advantage to the use of ordered components, as opposed to the branch-
index components, is their more directly physical nature. For two-point Green’s
function for example, the greater component corresponds to particle propagation
while the lesser component corresponds to hole propagation (as discussed in 3.4.1).
The retarded and advanced components correspond to forward and backward
propagation respectively, and are closely related to the spectral function. The
ordered components of higher order Green’s function can likewise be connected
to different types of multi-particle/hole excitations. While in the case of a single
particle Green’s function the different components are closely connected, through
G+− = G> and G−+ = G<, this direct connection breaks down for higher order
functions.
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D(z1, z2) =
∫

γ dz3 A(z1, z3)B(z3, z2) D(z1, z2) = A(z1, z2)B(z2, z1)

D> = AR · B> + A> · BA + Ae · Bd D> = A>B<

D< = AR · B< + A< · BA + Ae · Bd D< = A<B>

DR = AR · BR DR =

{
ARB< + A<BA

ARB> + A>BA

DA = AA · BA DA =

{
AAB< + A<BR

AAB> + A>BR

De = Ae ? BM + AR · Be De = AeBd

Dd = Ad · BA + AM ? Bd Dd = AdBe

DM = AM ? BM DM = AMBM

Table 5.1: The Langreth rules for convolutions (left) and products (right) given
using (5.41) and (5.56). The time-arguments for the real-time functions have been
suppressed.

Let us now consider extension of the above discussion to a contour that includes
the Matsubara branch. Branch index approach generalises trivially, one merely
adds an additional possible value for the branch index. We denote the vertical
branch by a vertical line |. There are now nine components in total, in addition to
A−−, A−+, A+− and A++ we have

A|−(τ1, t2) = A(t0 − iτ1, t2−) A−|(t1, τ2) = A(t1−, t0 − iτ2)

A|+(τ1, t2) = A(t0 − iτ1, t2+) A+|(t1, τ2) = A(t1+, t0 − iτ2)

A||(τ1, τ2) = A(t0 − iτ1, t0 − iτ2).

(5.53)

For a two-point function of the form (5.42) these components are connected through
A|− = A|+ and A−| = A+|, leaving a total of five independent components.
Because there are now three possible branch indices, the number of real-time
diagrams in each equation rises to 3N for N internal vertices.

For the retarded Langreth rules the generalization is less obvious, as even if
the contour-order is specified there remains a difference between operators on the
horizontal and on the vertical branch. One solution for this is to mix methods, and
start by using the branch-index approach to separate the horizontal and vertical
branches, before continuing with Langreth’s approach on the horizontal branch.
This is achieved by including the left-, right- and Matsubara components

Ad(τ1, t2) = A|±(τ1, t2) Ae(τ1, t2) = A±|(τ1, t2)

AM(τ1, τ2) = A||(τ1, τ2),
(5.54)

and using the greater and lesser components only when both parameters are on
the horizontal branches.

Starting then from a chain of two functions and separating the integrals between
Matsubara and horizontal branches

(∫
γ =

∫
γM

+
∫

γK

)
, one can derive for the

greater and lesser components the Langreth rules

E> = FR ·G> + F> ·GA + Fe ? Gd, E< = FR ·G< + F< ·GA + Fe ? Gd, (5.55)
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where

A ? B(t1, t2)
.
= −i

∫ β

0
dτ3 A(t1, τ3)B(τ3, t2). (5.56)

These integrals over the Matsubara branch take into account the effect of initial
state correlations on the propagation amplitude. The corrections for particle and
hole propagation are identical, and thus for the retarded/advanced component
these are cancelled and one obtains:

ER/A = FR/A · GR/A. (5.57)

The rules for all the components are given in 5.1).
Repeated application of these rules again leads to expressions for example for

the three function chain:

A≶ = BR · CR · D≶ + BR · C≶ · DA + B≶ · CA · DA

+ BR · Ce ? Dd + Be ? Cd · DA + Be ? CM ? Dd.
(5.58)

AR/A = BR/A · CR/A · DR/A. (5.59)

In this case the mixed approach results in 6 real-time diagrams for each of the five
components, in contrast to the 32 = 9 diagrams from the branch index method.

These Langreth rules can also be seen to follow from the cutting rules discussed
previously in 3.7 and with more detail, including effect of the Matsubara branch,
in Pub. [I]. For chain convolutions the retarded half-diagrams reduce to chains
of retarded or advanced single-particle Green’s functions following (5.57), giving
for example the three terms in (5.51) from the three possible cuts. See Appendix
A for an example of applying these rules to the interacting single-particle Green’s
function.

As mentioned, we do not know how to repeat this process for a general half-
diagram. We can, however, give some general results that help in reducing retarded
components into smaller pieces. In particular we can generalize the rules for
chains given above in several ways. Note first that performing some of the real-
time integrals over a retarded component leads to a retarded component of the
corresponding integrated diagram. This follows simply from∫

dtN1d tN2 DR(1,N1N2)(t1, tN1 , tN2) =
∫

γ
d zN1 dzN2 D(z1, zN1 , zN2)

=
∫

γ
d zN1 D̄(z1, zN1) =

∫
d tN1 D̄R(1,N1)(t1, tN1),

(5.60)

where D̄(z1, zN1) =
∫

γ dzN2 D(z1, zN1 , zN2). Thus supposed we have a retarded
component of some diagram that has a structure that consists of multiple sub-
diagrams connected by singular links A1

bb A2 A3
b1

R(1,··· )

(5.61)

One can then first integrate all internal time-arguments from the sub-diagrams
to reduce the diagram to a chain of two-point functions, and use the Langreth
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rules for a chain to obtain a simple chain of two-point functions. Expanding the
sub-diagrams again then leads to

A1
bb A2 A3

b

R(1, · · ·) R(i, · · ·) R(j, · · ·)
i j

1
(5.62)

Furthermore, diagrams that can be represented as forked chains such as A1
b

A3 A4
b

1

b

A2
b


R(1,··· )

(5.63)

can also be reduced to simple chains by for example taking in the above diagram
A1 and A2 to form a single sub-diagram A′1, in which case the situation reduces
to the previous one. The resulting retarded component of A′1 is then just another
chain of sub-diagrams, and thus one obtains

A1
b

A3 A4
b

1

b

A2
b

i j

l

R(1, · · ·)
R(i, · · ·) R(j, · · ·)

R(l, · · ·)

(5.64)

One practical result of this is that for retarded components of diagrams with
external legs, the external legs can be extracted as GR and GA lines, for example

 Gn

...

1

n

...

1′

n′

b

b


R(1,··· )

= G
R(1̄,·̄··)
n

...

1

n

...

1′

n′

1̄′

n̄′

1̄

n̄

A

AR

R
b

b

b

b

(5.65)

and therefore retarded components of Green’s functions diagrams, for example,
can be immediately reduced to retarded components of kernel diagrams.

5.3 Spectral Representations

In this section we will briefly discuss how to obtain spectral representations
for multi-retarded objects, such as retarded half-diagrams. Like the spectra of
greater and lesser Green’s functions defined in (3.89) are peaked at particle ad-
dition/removal energies, so the spectra obtained from scattering diagrams are
peaked at energies related to more complicated excitations involving particle/hole
pairs.
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We will demonstrate the steps of the general derivation given in Appendix D
of Pub. [III] by finding the spectral representation for the retarded single-particle
Green’s function. First we find the Fourier transform

gR(ω1, ω2) =
∫

dt1dt2 eiω1t1+iω2t2 gR(t1, t2)

=
∫

dt1dt2 eiω1t1+iω2t2 θ(t1 − t2)
(

g>(t1, t2)− g<(t1, t2)
)

.
(5.66)

Substituting

g≶(t1, t2) =
∫ dν

2π
g≶(ν)e−iν(t1−t2) (5.67)

for the lesser and greater Green’s functions (assuming equilibrium so that there is
dependence only on the time difference) we obtain

gR(ω1, ω2) =
∫ dν

2π

∫
dt1dt2 θ(t1 − t2)ei(ω1−ν)t1+i(ω2+ν)t2

(
g>(ν)− g<(ν)

)
.

(5.68)

The time integral here can be evaluated by expressing the step-function as

θ(t1 − t2) = −
1

2πi

∫ ∞

−∞
dξ

e−iξ(t1−t2)

ξ + iη
, (5.69)

where η is an infinitesimal positive number. This leads to∫
dt1dt2 θ(t1 − t2)ei(ω1−ν)t1+i(ω2+ν)t2

= − 1
2πi

∫
dξ

1
ξ + iη

∫
dt1 ei(ω1−ν−ξ)t1

∫
dt2 ei(ω2+ν+ξ)t2

= 2πi
∫

dξ
1

ξ + iη
δ(ω1 − ν− ξ)δ(ω2 + ν + ξ)

= 2πiδ(ω1 + ω2)
1

ω1 − ν + iη
.

(5.70)

Thus we have

gR(ω1, ω2) = 2πδ(ω1 + ω2)gR(ω1), (5.71)

with

gR(ω) =
∫ dν

2π

A(ν)

ω− ν + iη
(5.72)

being the commonly used retarded Green’s function in frequency domain (i.e. the
Fourier transform of gR(t1, t2) with respect to t1 − t2) and

A(ν) = A>(ν) + A<(ν) = ig>(ν)− ig<(ν) (5.73)

the associated spectral function that has peaks at both particle addition and removal
energies.

We note that the Matsubara Green’s function in frequency domain is given by

gM(ω) =
∫ dν

2π

A(ν)

ω− ν + µ
, (5.74)
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and is therefore related to the retarded Green’s function (5.72) by

gR(ω) = gM(ω− µ + iη). (5.75)

In Appendix D. of Pub. [III] we generalize the derivation given above for a
fully retarded function of the form

OR(e,I)(tN ) = ∑
P

θ(te, tP(I))O
[e,P(I)](tN ), (5.76)

where O(zN ) is an arbitrary Feynman diagram. This derivation gives for the
Fourier transform of (5.76)

OR(e,I)(ωN ) =
∫

dtN eiωN ·tN DR(e,I)(tN ), (5.77)

the expression
DR(e,I)(ωN ) = 2πδ(ω)DR(e,I)(ωN ) (5.78)

where δ(ω) = δ(ω1 + . . . + ωN) and the analytical part is given by

DR(e,I)(ωN )

= ∑
P

∫ dνL
(2π)|L|

(−1)NP
+(−i)N−1

∏
NP
−

k=1(Ω
P(N )
k − iηk)∏

NP
+

l=1(Ω
P(N )
l − iηl)

DP(N )(νL).
(5.79)

Here the sum is over all permutations of the ordered set N = {1, . . . , N}, and
NP
−/NP

+ is the number of elements of N ordered right/left of element e by per-
mutation P (corresponding to time-arguments on the forward/backward branch).
Furthermore Ω is given by

ΩNl =
l

∑
i=1

σi, ΩN̄l =
l

∑
i=1

σN+1−l , (5.80)

where σi is the total energy leaving the vertex/vertices at time tj of the diagram
O. Each Ωk thus corresponds to the total energy leaving certain part of the full
diagram, containing k of the first/last vertices in contour order. This expression
will therefore have peaks whenever this total energy becomes zero, i.e. when that
part of the diagram conserves energy. The function will be most strongly peaked
when the subsequent interaction processes that occur during the scattering each
conserve energy. The delta function in (5.78) enforces energy conservation over the
whole diagram. See Appendix D of Pub. [III] for precise diagrammatic rules for
calculating this expression for any diagram.

An analogous derivation for an arbitrary Matsubara diagram can also be per-
formed ([10, 11]). Comparison of these results leads to a generalization of (5.75)
to

OR(e,I)(ωN ) = OM(ωN − µ− iηN ), (5.81)

where OM is the Fourier transform of the Matsubara component of O(zN ).
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Chapter 6

Summary and Outlook

In diagrammatic many-body perturbation theory [12] behaviour of systems of many
interacting quantum particles is modelled by breaking the effect of the interaction
down into specific scattering processes. The individual processes can then be
freely included or excluded from the model to create various approximations with
differing accuracy and computational demand. These scattering processes are
represented using diagrams, which makes them intuitive to manipulate and to
interpret physically.

Due to the property of quantum mechanics, in which probabilities for events
follow from lengths of probability amplitudes, there arises a potential disconnect
between the structure of the theory and the results that are calculated from it,
which does not exist for classical theories. The length of an amplitude represented
as a complex number is given by the product of the amplitude with its conjugate.
In the diagrammatic perturbation theory the two halves of the product can be
conveniently combined into diagrams integrated over a looped contour [13] that
goes first forward and then backward in time. In this form equations are greatly
simplified and manipulations made more convenient. These manipulations on
the level of classical probabilities can, however, end up obscuring the underlying
probability amplitudes. And it is these amplitudes that have the clearest physical
interpretation in terms of the fundamental theory, and are therefore the best guide
to choosing appropriate approximations. Furthermore manipulations of the con-
tour diagrams can lead to expressions for probabilities that have no unambiguous
representation in terms of probability amplitudes at all. In addition to the resulting
ambiguity when it comes to the physical content of the approximation, this can lead
to uninterpretable results, such as negative probabilities, and to a loss of certain
mathematical properties important for example for convergence of self-consistent
calculations.

To solve these issues so called cutting rules have been developed, by which
contour diagrams are again cut into products of half-diagrams that represent
scattering amplitudes. In particular such an approach was applied [1, 2] to develop
a recipe for building so called positive approximations with certain guaranteed
positivity properties as well as a clear physical content in terms of scattering
processes. This recipe is based on extending the loop contour to distant future and
then cutting it into two halves at its end-point, leading to the contour diagram being
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cut into half-diagrams with one on a forward time-contour and one on a backward
time contour. This cut at the end-point of the contour necessitated assuming
equilibrium conditions in order retain knowledge of the systems state in the distant
future. Furthermore, this approach was restricted to the zero-temperature limit.
Earlier attempts to develop cutting rules for finite temperature systems had ran
into issues related to canceling out diagrams depicting thermal fluctuations (see
introduction of Pub. [III] for an overview of the earlier developments).

In the publications making up this thesis we derive cutting rules that can be
applied at finite temperature and to non-equilibrium systems, and use these rules
to generalize the recipe for building positive approximations.

In Pub. [I] we derive results for converting arbitrary contour functions into
real-time functions. These real-time functions have a structure that represents a
generalization of so called retarded functions. These results are based on deforming
the loop contour into multiple loops, and then cutting the contour between the
loops at the initial time. This leads to an expression in terms of sub-functions
expressed on the full loop contour, which can be represented as real-time retarded
functions. We apply these results to diagrams, obtaining a cutting rule that cuts
a contour diagram into retarded sub-diagrams. We further derive relations to
convert the resulting generalized retarded diagrams into smaller real time pieces.
These derivations generalize earlier results, especially those of Danielewicz [14]
and Langreth [9], allowing them to be applied to more complicated diagrams and
for finite temperature systems.

In Pub. [II] we apply the retarded cutting rule derived in Pub. [I] to express the
self-energy in terms of products of two retarded scattering diagrams. This allows
us to repeat the derivation of [1] while avoiding the equilibrium assumption, since
the contour is now cut at the initial time and therefore the state of the system in
the distant future does not enter the calculations. This generalizes the recipe for
building positive approximations to non-equilibrium systems on a steady-state
limit.

In Pub. [III] we develop finite temperature cutting rules based on the results
of Pub. [I], and use them to generalize the recipe for positive approximations to
finite temperature cases. We discuss the important positivity properties of correla-
tors in general terms, and then proceed to show how the approach used in Pub.
[II] does not neatly transform to finite temperature, but leads to proliferation of
diagrams and a need for stronger assumptions. We then introduce an alternative
diagrammatic derivation that avoids these issues, and leads to a scattering dia-
gram representation of the self-energy at finite temperature that has an analogous
structure to the zero-temperature expression, and thus allows the same recipe for
building positive approximations to be applied. We show that certain commonly
used approximations are positive at finite temperature. Finally we derive rules for
obtaining spectral representations for general retarded diagrams, and show that an
analytical continuation relation connects these diagrams to Matsubara diagrams
used for finite temperature equilibrium calculations.

The results derived in this thesis are of rather general nature, and are potentially
of use anywhere in the wide variety of contexts in which diagrammatic quantum
many-body theory is applied. The recipe for determining the positivity of approxi-
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mations is especially valuable when there is need to go beyond the commonly used
approximations. Such cases also benefit from the cleaner physical picture provided
by the scattering amplitude based approach to approximations made possible by
existence of applicable cutting rules. Furthermore, to reach our final results we
have presented many tools related to working with higher order propagators, such
as multi-particle Green’s functions. These tools are also of use for other pursuits
that involve such objects.
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Appendix A

Factorization of the Dressed G

In this appendix we will sketch out a diagrammatic derivation of (see 5.2 for the
notation)

G≶(t1, t2)

= GR(t1, t0)G≶(t0, t0)GA(t0, t2) + GR ·
(

Σ≶
c + Σec ? GM ? Σdc

)
· GA(t1, t2)

+ iGR(t1, t0)[Ge ? Σdc · GA](t0, t2)− i[GR · Σec ? Gd](t1, t0)GA(t0, t2),

(A.1)

where G and Σ are matrices with respect to the quantum numbers and

A · B(t1, t2)
.
=
∫ ∞

t0

dt3 A(t1, t3)B(t3, t2)

A ? B(t1, t2)
.
= −i

∫ β

0
dτ3 A(t1, τ3)B(τ3, t2)

(A.2)

are convolutions over the real and the imaginary branches of the contour respec-
tively.

(A.1) can also be written as

G≶(t1, t2) = GR(t1, t0)G≶(t0, t0)GA(t0, t2) + GR · Σ̃c[G] · GA(t1, t2), (A.3)

with

Σ̃≶
c (t1, t2) = Σ≶

c + Σec ? GM ? Σdc

+ δ(t1, t0)
[

Ge ? ΣM
r ? Gd

]
(t1, t2)δ(t2, t0)

+ iδ(t1, t0)
[

Ge ? Σdc
]
(t1, t2)− i

[
Σec ? Gd

]
(t1, t2)δ(t2, t0).

(A.4)

an alternative derivation can be found for example in [12] Section 9.7.
Starting from the Dyson equation

b = b + Σ + ΣΣ + · · · . (A.5)

Using the Langreth rule (5.57) we obtain for the retarded and advanced components

R = R +
Σ

R R R
+

ΣΣ

R R R R R
+ · · · . (A.6)
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and

A = A +
Σ

AA A
+

ΣΣ

AAA AA
+ · · · . (A.7)

respectively. For the lesser and greater components we obtain a sum of every
diagram for which each internal vertex is either retarded with respect to one of
the external vertices, or else part of a Matsubara set, with the additional rule that
retarded sets must be connected. In practice this leads to diagrams with a retarded
set to the left and to the right and a possible Matsubara set in the middle. The
diagrams fall into six different groups, depending on whether the edges between
the various sets fall on a g-line or a Σ-line. We will consider these groups of
diagrams one by one, taking as an example the lesser component.

1. Diagrams with no Matsubara set, where the edge of the retarded sets falls on
a g-line, are of the form

D11 =
Σ bbbΣbbb

R RR A A A<
=

ΣΣ

<RR A A
.

(A.8)
Here the three dots denote a chain of alternating g’s and Σ’s of an arbitrary
length, and as such they sum up to a dressed G-line by (4.6). Besides the
diagrams in (A.8) there are the special cases for when one or other of the
retarded sets is empty. If the left/right set is empty we are left with

D12 =
Σ

AA<
/ D13 =

Σ

R R <
. (A.9)

Finally there is the single diagram for which both the retarded sets are empty

D14 = 1 2
< . (A.10)

Making use of (3.132), which diagrammatically can be expressed as

R A<><> =1 12 2
(A.11)

as well as the rule for combination of retarded pieces derived in Pub. [I] we
obtain

D1 = D11 + D12 + D13 + D14 = AR < . (A.12)

2. Diagrams with no Matsubara set, where the edge of the retarded sets falls on
a Σ-line, are of the form

D2 =
bbbΣbbb

R R < A A
=

Σ

R A<
. (A.13)
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3. Diagrams containing a Matsubara set, where both the set edges fall on a
g-line, are of the form

D31 =
Σ bbbΣbbb Σ bbb

R R R ⌉ ⌈ A A AMM

=
ΣΣ Σr

R R A AM⌉ ⌈
.

(A.14)

Note that here Σr is the reducible self-energy. again we must consider the
special cases where one or both of the retarded sets are empty, given by

D32 =
ΣΣr

M AA⌈⌉
, D33 =

Σ Σr

R R M⌉ ⌈
,

(A.15)
and

D34 =
Σr

M⌉ ⌈
. (A.16)

Using

ge(t1, τ) = igR(t1, t0)gM(t0, τ), gd(τ, t2) = −igM(τ, t0)gA(t0, t2), (A.17)

which can be expressed diagrammatically as

⌉ = i R ⌉ , −ii ⌈ = ⌈ A , (A.18)

we obtain

D3 = D31 + D32 + D33 + D34 =
Σr

A⌈⌉ MR
. (A.19)

4. Diagrams containing a Matsubara set, where both the set edges fall on a
Σ-line, are of the form

D4 =
bbbbbb Σ Σbbb

R R AAM ⌈⌉
=

Σ Σ

R AM ⌈⌉
.

(A.20)

5. Diagrams containing a Matsubara set, where the left edge falls on a g-line
and the right edge falls on a Σ-line, are of the form

D51 =
bbbΣbbb Σ Σbbb

AA⌈MM⌉RRR

=
Σ Σ Σ

R R ⌉ M M A⌈
.

(A.21)
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Here there are again three special cases. One with a Matsubara set of a single
vertex, given by

D52 =
Σ Σ

R R ⌉ ⌈ A
, (A.22)

one with the left retarded set being empty, given by

D53 =
Σ Σ

⌉ M M ⌈ A
, (A.23)

and one with both of the above, given by

D54 =
Σ

⌉ ⌈ A
. (A.24)

Making use of (A.18) we obtain

D5 = D51 + D52 + D53 + D54 = i
Σ

R ⌉ ⌈ A
. (A.25)

6. Diagrams containing a Matsubara set, where the left edge falls on a Σ-line
and the right edge falls on a g-line, are left-to-right mirrored counterparts to
those of the previous category. Therefore we have

D6 = −i
Σ

R ⌉ ⌈ A
. (A.26)

We can further combine diagrams of the first and the third category to a single
expression, since

AR < +
Σr

A⌈⌉ MR

= GR(t1, t0)G<(t0, t0)GA(t0, t2) + GR(t1, t0)
[

Ge ? ΣM
r ? Gd

]
(t0, t0)GA(t0, t2).

(A.27)

Using G<(t0, t0) = GM(0, 0+), Ge(t0, τ) = GM(0, τ), Gd(τ, t0) = GM(τ, 0) we
have

G<(t0, t0) +
[

Ge ? ΣM
r ? Gd

]
(t0, t0) =

[
GM + GM ? ΣM

r ? GM
]
(t0, t+0 )

= GM(t0, t+0 ) = G<(t0, t0),
(A.28)

which when placed back into (A.27) leads to

AR < +
Σr

A⌈⌉ MR
= R A< (A.29)
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Collecting all the diagrams we obtain finally

1 2
< = R A< +

Σ

R A<
+

Σ Σ

R AM ⌈⌉

+ i
Σ

R ⌉ ⌈ A − i
Σ

R ⌉ ⌈ A
,

(A.30)

which is a diagrammatic representation of the original equation (A.1).
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Appendix B

Finite Temperature Cutting Rules
from the Lehmann Representation

In this appendix we will derive cutting rules for the Green’s function

G(x1z1, x2z2) = −iTr
[
ρ̂ Tγ

{
d̂H(x1z1)d̂†

H(x2z2)
}]

(B.1)

at finite temperature, starting from the Lehmann representation. The derivation
applies with small modifications to other two-particle correlators, for example
the self-energy and the polarizatio function. Here the contour γ is a single loop
containing the forward and backward real-time branches (see Figure 1) but we
do not include the Matsubara branch but instead work directly with the density
matrix ρ̂.

We start by making the adiabatic assumption [13]

ρ̂ = Ûη(t0,−T)ρ̂0Ûη(−T, t0), (B.2)

where ρ0 is the density operator of a noninteracting system and Ûη includes an
adiabatic switch-on of the interactions from a distant time −T in the past with η

an adiabatic parameter. This is a much stronger assumption than the Gell-Mann-
Low theorem used in the zero-temperature derivation [1], since in addition to
requiring that the non-interacting ground-state evolves to the interacting ground-
state during the switch-on, this must be assumed for all excited states as well. Note
that this assumption is not required for the diagrammatic derivation of the finite
temperature cutting rules presented in Pub. [III]. Under the adiabatic assumption
the single-particle Green’s function takes the form

G<(1, 2) = −i tr ρ̂0T {Ûη(−T, t0)d̂H(1)d̂†
H(2)Ûη(t0,−T)}

= −i tr ρ̂0Tγ′{d̂H(1)d̂†
H(2)}.

(B.3)

where we used the short-hand notation 1 = x1t1 and γ′ is the loop contour extended
backwards to −T.

We then introduce a complete set of non-interacting many-body eigenstates |L〉
of the form

|L〉 = ĉi′1
. . . ĉi′M

ĉ†
iN

. . . ĉ†
i1 |Φ0〉 (B.4)
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where L = (I, I′) is a multi-index with I = (i1, . . . , iN) and I′ = (i′1, . . . , i′M). The
states |L〉 satisfy the orthonormality relations

〈L1|L2〉 = δN1,N2 δM1,M2 ∑
P
(−1)|P|δL1,P(L2)

(B.5)

where P(L) = (P1(I), P2(I′)) consists of all permutations P1 and P2 of the labels I
and I′ in L separately and |P| = |P1|+ |P2| is the overall sign of the permutation.
There are N!M! of such permutations and the completeness relation in the relevant
Hilbert space for our states is therefore given by

∞

∑
N,M=0

∑
L

1
N!M!

|L〉〈L| = 1 (B.6)

where the summation index L = (I, I′) runs over all orderings of the indices in the
multi-labels I and I′.

The states |L〉 are eigenstates of the non-interacting many-body Hamiltonian
Ĥ0 with eigenvalues

EL = E0 +
N

∑
i=1

εi −
M

∑
i′=1

εi′ . (B.7)

Thus expressing the trace in terms of these states allows the density-matrix, ex-

pressed as ρ̂0 = e−β(Ĥ0−µN̂)

Z0
, to be brought outside the trace, leading to an expression

for the Green’s function of the form

G(1, 2) = −i ∑
L

e−β(EL−µNL)

Z0
〈L|d̂†

H′(2)d̂H′(1)|L〉. (B.8)

In the zero-temperature derivations one places a sum over states between the
d̂-operators in order to reach a PSD expression. As will be seen below, for the
finite temperature case this is not helpful, since the two factors will in any case be
coupled by the summation over L. We therefore express the expectation value in
(B.8) as a whole in terms of Green’s functions as

〈L|d̂†
H′(2)d̂H′(1)|L〉

= 〈Ψ0|d̂i1 · · · d̂iN d̂†
i′M
· · · d̂†

i′1
d̂†

H′(2)d̂H′(1)d̂j′1
. . . d̂j′M

d̂†
jN . . . d̂†

j1 |Ψ0〉
= (−1)MiN+M+1GN+M+1(1, i1 · · · iN , i′1 · · · i′M; 2, i1, · · · iN , i′1 · · · i′M),

(B.9)

where the (−1)M factor comes rearranging the operators according to the definition
of Green’s function, with creation operators to the right and annihilation operators
to the left.

Using (B.9) (B.8) can be expanded diagrammatically using the zero-temperature
Wick-theorem as

G<(1, 2)

=
∞

∑
N,M=0

1
N!M! ∑

L

e−βĒL

Z0
iN(−i)M 1 GN+M+1 2

−T−

−T+

i′1 · · · i′M i1 · · · iN

i′1 · · · i′M i1 · · · iN

bb ,
(B.10)
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where the sum over L sums over the quantum numbers i1, . . . , iN and i′1, . . . , i′M.
It turns out that connecting the L vertices to each other generates, together

with the Boltzmann factors, terms that can be interpreted as finite temperature
corrections to the other g-lines. We therefore express a contour-ordered single-
particle Green’s function at finite temperature as

gλ(z1, z2) = g0,λ(z1, z2) + δgλ(t1, t2), (B.11)

where g0,λ is the zero-temperature Green’s function (here n̄λ = 1− nλ)

g0,λ(z1, z2) = θ(z1, z2)g>0,λ(t1, t2) + θ(z2, z1)g<0,λ(t1, t2)

= θ(z1, z2)(−i)n̄λe−iελ(t1−t2) + θ(z2, z1)inλe−iελ(t1−t2),
(B.12)

and δgλ is a correction term given by

δgλ(t1, t2) = i( fλ − nλ)e−iελ(t1−t2) = i
[
n̄λ fλ − nλ f̄λ

]
e−iελ(t1−t2), (B.13)

where fλ = f (ε̄λ) and f̄λ = 1− fλ. The density matrix element in (B.10), on the
other hand, can be expressed as

e−βĒL

Z0
=

e−β ∑λ n(L)
λ ε̄λ

∏λ(1 + e−βε̄λ)
= ∏

λ

e−βn(L)
λ ε̄λ

1 + e−βε̄λ
= ∏

λ

[
n(L)

λ fλ + n̄(L)
λ f̄λ

]
. (B.14)

The L vertices are all either the start or the end point of the contour, and
therefore any g-lines connecting to them reduce to either a greater component (the
unprimed vertices) or a lesser component (the primed vertices). Therefore unless
the pair of vertices i are directly connected without interactions (a case that will
be handled later) the L sum will glue the external legs together according to the
relation

g>0,λ(t1,±T)g>0,λ(±T, t2) = −ig>0,λ(t1, t2)

g<0,λ(t1,±T)g<0,λ(±T, t2) = ig<0,λ(t1, t2).
(B.15)

Whenever an L vertex corresponding to orbital λ is glued, we pick from (B.14)
the corresponding factor n(L)

λ fλ + n̄(L)
λ f̄λ. If we are gluing an unprimed i vertex the

Green’s functions are greater, i.e. particle propagators, and therefore n(L)
λ′ = 1. We

then have
fλ′ g>0,λ′(t1, T)g>0,λ′(T, t2) = −n̄λ′ fλ′ e

−iελ(t1−t2). (B.16)

Likewise if we are gluing a primed i′ vertex, the Green’s functions are lesser, i.e.
hole propagators, and therefore n(I)

λ′ = 0. We then have

f̄λ′ g<0,λ′(t1, T)g<0,λ′(T, t2) = −nλ′ f̄λ′ e
−iελ(t1−t2). (B.17)

These terms sum up to create the finite temperature correction δgλ ((B.13)) provided
we add an extra −i factor for each of the N greater g-lines glued and an extra i for
each of the M lesser g-lines glued. This absorbs the iN(−i)M prefactor in (B.10).
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The diagrams with N, M 6= 0 can thus can be interpreted as finite temperature
corrections to the base zero-temperature Green’s function diagrams (N, M = 0).
For example for the diagram

21
(B.18)

one of the finite temperature corrections is generated by the diagram

21

i1

i1
i′1

i′1

i2

i2 i′2

i′2

. (B.19)

In particular the above diagram contributes the greater part of the correction, (B.16),
for the split g-line connected to i1 and the lesser part of the correction, (B.17), for
the split g-line connected to i′1. Adding this diagram with the versions where the
splits are connected up-down or down-up in different ways (four diagrams in total)
to the zero-temperature diagram generates a diagram with the two split g-lines
replaced by finite temperature g-lines. Summing over every possible way to split
and connect the g-lines in (B.18) generates the full finite-temperature version of
(B.18). This can be done for every zero-temperature diagram, and thus the complete
finite-temperature expansion of the self-energy is generated (including vacuum
bubbles containing interactions).

The correction diagrams can also include an arbitrary number of disconnected
g-lines, such as the lines labeled i2 and i′2 in (B.19). These generate non-interacting
vacuum diagrams which are cancelled by the remaining parts of the Boltzmann
factors. These g-lines have the form (again taking −i and i factor from the prefactor
in (B.10))

−i fλ g>0,λ(−T,−T) = −n̄λ fλ

i f̄λ g<0,λ(−T, T) = −nλ f̄λ.
(B.20)

For a specific state in the L sum in (B.10), the remaining Boltzmann factors after
the gluing are those corresponding to particles remaining below the Fermi level,
and holes remaining above the Fermi level, in the state |L〉. Thus for each λ 6=
i′1, . . . , i′N1

, i1, . . . , iN2 there is a prefactor

nλ fλ + n̄λ f̄λ. (B.21)

For each such state λ there exists an equivalent diagram with a loop as in (B.20) for
λ, which is a g> loop if above the Fermi energy, and a g< loop if below it. Thus we
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have for example (taking the λ-part of the Boltzmann factor and the L-sum)

[nλ fλ + n̄λ f̄λ]
21
+

21

λ

λ

+

21

λ

λ

=[nλ fλ + n̄λ f̄λ]
21
+ nλ f̄λ

21
+ n̄λ fλ

21

=[nλ fλ + n̄λ f̄λ + nλ f̄λ + n̄λ fλ]
21
=

21

(B.22)

In this way every remaining Boltzmann factor for all diagrams is cancelled by the
simple vacuum bubbles.

The result of this gluing procedure is a diagrammatic expansion for the self-
energy containing the same diagrams as the zero-temperature expansion, but with
all g-lines replaced by finite temperature g-lines.
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Abstract. In non-equilibrium many-body perturbation theory, Langreth rules are

an efficient way to extract real-time equations from contour ones. However, the

standard rules are not applicable in cases that do not reduce to simple convolutions

and multiplications. We introduce a procedure for extracting real-time equations from

general multi-argument contour functions with an arbitrary number of arguments. This

is done for both the standard Keldysh contour, as well as the extended contour with a

vertical track that allows for general initial states. This amounts to the generalization

of the standard Langreth rules to much more general situations. These rules involve

multi-argument retarded functions as key ingredients, for which we derive intuitive

graphical rules. We apply our diagrammatic recipe to derive Langreth rules for the

so-called double triangle structure and the general vertex function, relevant for the

study of vertex corrections beyond the GW approximation.
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Contour calculus for many-particle functions 2

1. Introduction

Many-body perturbation theory (MBPT) is an invaluable asset when studying complex

multi-particle phenomena out of equilibrium and at finite temperatures. A crucial

step in the development of modern MBPT was its formulation in the language of non-

equilibrium Green’s functions [1, 2]. Within this formulation, quantities are defined on

a directed time contour which allows one to derive diagrammatic perturbation theory at

finite temperature and out of equilibrium in precisely the same way as for the traditional

zero-temperature case [3]. Within the contour formalism, traditional formalisms such

as the zero-temperature or the Matsubara formalism, follow from choosing the contour

in specific ways and attaching specific time dependencies to the interactions [2].

The contour formalism, however, introduces an additional complexity by the

replacement of real-time integrals with contour integrals. This makes objects, such

as Green’s functions and self-energies, more cumbersome to calculate numerically. An

efficient tool was developed by Langreth and Wilkins [4, 5], who derived rules for

obtaining real-time objects from contour objects. These rules are now commonly referred

to as the Langreth rules [1, 2].

The Langreth rules, however, are not applicable when the structure of a

contour equation does not reduce to convolutions and products. This situation

occurs, for example, when including vertex corrections to the commonly used GW

approximation [6]. Furthermore, the Langreth rules are not applicable if the equation

contains three-point or higher-order objects, such as the vertex function and the Bethe-

Salpeter kernel in the Hedin equations [7].

In such cases, a direct evaluation of the contour integrals, by splitting the integrals

over the various branches, results in an unwieldy amount of terms, many of which add

up to yield zero contribution. Moreover, the objects involved often have no physical

interpretation. This problem was studied by Danielewicz [8] who introduced a way

to obtain real-time components in terms of explicitly retarded or advanced objects

which have a physical interpretation. Moreover, he derived rules that allow some of

the vanishing terms to be discarded from the outset.

The purpose of the present paper is twofold. First, we extend the analysis of

Danielewicz [8] to the realm of non-equilibrium systems with general initial states, by

considering the addition of an vertical time branch to the contour. Furthermore, we

present alternative proofs of known results. Second, we extend the Langreth rules to

general contour equations, to cover all cases of interest. An important new addition to

the original Langreth rules are those for the so-called double triangle graph, appearing in

the lowest order vertex corrections beyond the GW approximation. These rules already

found an important application in the construction of positive semi-definite spectral

functions in non-equilibrium systems [9].

The paper is structured as follows. In Section 2 we discuss the structure of

commonly encountered contour equations, and briefly review the Langreth rules. In

Section 3 we discuss general properties of contour objects. In Section 4 we give
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an alternative derivation of results of Danielewicz [8], providing rules to extract the

real-time part of n-point functions. We also provide a different graphical recipe to

intuitively obtain the end results. In Section 5 we extend the discussion of Section

4 for contours including the Matsubara branch, thereby generalizing the results by

Danielewicz and extending our graphical recipe correspondingly. In Section 6 we derive

extended Langreth rules for general diagrams, and in Section 7 we apply our formalism to

derive Langreth rules for selected diagrams of common interest, that cannot be handled

using the standard rules. We conclude in Section 8.

2. Theoretical Background and Motivation

2.1. Time-dependent ensemble averages

The time-dependent ensemble average O(t) of an operator Ô(t) is given by [2]

O(t) = Tr
[
ρ̂ Û(t0, t)Ô(t)Û(t, t0)

]
, (1)

where Û(t, t0) is the time-evolution operator, t0 the initial time, and ρ̂ is the density

matrix. The ensemble average can be written in a form convenient for perturbation

theory by introducing a directed time contour γt [10, 11, 2], that runs from the initial

time t0 to t, and then back to t0 again. For manipulations, it is convenient to extend

the contour to t = ∞, which leaves the result unchanged since Û(t, t′)Û(t′, t) = 1. We

denote this contour by γ, which is often referred to as the Keldysh contour [10] (see

Figure 1, left figure. Note, however, that in the original work by Keldysh, the contour

starts at t0 = −∞). The ensemble average of Eq. (1) can then be expressed as [2]

O(z) = Tr
[
ρ̂ Tγ

{
e−i

∫
γ dz̄ Ĥ(z̄)Ô(z)

}]
. (2)

The contour time z is a parameter on the contour γ. The first part of the contour, from

t0 to ∞, we call the forward branch γ−, and denote times on it by t−. The returning

branch we call the backward branch γ+ with times t+. The contour-ordering operator

Tγ{. . .} orders operators according to the order of their contour-time arguments, with

the convention that later contour times (as measured along the contour) are ordered to

the left, and that for equal times the existing order is retained [2]. The Hamiltonian

on the contour is defined through Ĥ(t±) = Ĥ(t), and likewise for the operators

Ô. Consequently, the ensemble average is independent of the branch index, so that

O(t) = O(t±).

Since the density matrix ρ̂ is a positive semi-definite operator, it can always be

written as [12, 13, 2, 14]

ρ̂ =
e−ĤM

Z
=

e−i
∫ t0−i
t0

dz̄ ĤM (z̄)

Z
, (3)

where ĤM(z̄) = ĤM is time-independent and Z = Tr
[
e−ĤM

]
. In general, the operator

ĤM is an n-body operator unrelated to Ĥ, but in the special case where ρ̂ represents
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�

t0−

t0+

t−

t+
γ

�

�

�

�

t0−

t0+

t−

t+
γ′

t0 − i�

γ−

γ+

γ−

γ+

γM

Figure 1. The two different contours used in this work. (Left) The Keldysh contour

γ, consisting of a forward branch γ− and a backward branch γ+. t−(t+) denotes a

contour time on the forward (backward) branch at distance t from t0. The contour

is ordered such that t+ is later than t−. (Right) The extended contour γ′, with an

added vertical branch γM . Note that the horizontal branches are shifted vertically for

illustrative purposes only; both branches are on the real axis.

the grand canonical ensemble, it is given by ĤM = β(Ĥ −μN̂), where μ is the chemical

potential and N̂ the particle number operator [12, 13, 2]. Eq. (3) allows for writing the

ensemble average Eq. (2) as

O(z) =
Tr

[
Tγ′

{
e−i

∫
γ′ dz̄ Ĥ(z̄)Ô(z)

}]
Z

(4)

using an extended contour [15, 1, 14] γ′ with an vertical Matsubara branch γM going

from t0 to t0 − i attached to the end and a corresponding extended definition of Ĥ(z)

given by Ĥ(z ∈ γM) = ĤM (see Figure 1).

Using the extended contour, initial correlations can be treated perturbatively [12].

The expansion is performed by expanding all n-body terms higher than one in Ĥ(z),

which allows Wick’s theorem to be applied. In our following discussion, we will make

use of both contours (see Figure 1).

2.2. Contour-time structure of diagrammatic expansions

To discuss the types of structures that arise in many-body perturbation theory, we here

focus on the diagrammatic expansion of the single-particle Green’s function G when the

interaction V̂ is of two-body type. The discussion pertains to both the Keldysh contour

and the extended contour.

The simplest structure that appears is the convolution:

C(z1, z2) =

∫
γ

dz̄1 A(z1, z̄1)B(z̄1, z2), (5)

which appears, for example, in the Dyson equation. The expressions generally involve

also relevant quantum numbers. For clarity, we will suppress arguments other than time

arguments.

The Langreth rules use the fact that the functions involved can be expressed as

A(z1, z2) = θ(z1, z2)A
>(t1, t2) + θ(z2, z1)A

<(t1, t2), (6)
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using real-time greater (A>) and lesser (A<) components for contour orders z1 > z2
and z2 > z1 respectively. The Langreth rules for a convolution yield, for the extended

contour,

A≶ = BR · C≶ +B≶ · CA +B� � C�. (7)

In Eq. (7), we have defined the short-hand notation for real-time convolutions as

[B · C](t1, t2) =

∫ ∞

t0

dt3 B(t1, t3)C(t3, t2), (8)

and the star represents the imaginary-time convolution

[B� � C�](t1, t2)
.
= −i

∫ 1

0

dt3 B
�(t1, t3)C

�(t3, t2). (9)

The retarded (AR) and advanced (AA) compositions are defined as

AR(t1, t2) = Θ(t1 − t2)
[
A>(t1, t2)− A<(t1, t2)

]
(10)

AA(t1, t2) = −Θ(t2 − t1)
[
A>(t1, t2)− A<(t1, t2)

]
. (11)

Here, Θ(t) is 1 for t > 0, and zero otherwise. We use Θ(t1 − t2) to denote the

real-time step function, which is to be distinguished from the contour step function

θ(z1, z2). The relations between these functions are given by θ(t1−, t2−) = Θ(t1 − t2),

θ(t1+, t2+) = Θ(t2 − t1), θ(t1−, t2+) = 0 and θ(t1+, t2−) = 1. The retarded and advanced

compositions can also be immediately obtained from another Langreth rule:

AR/A = BR/A · CR/A. (12)

All Langreth rules for convolutions are shown in Table 1. The Langreth rules for the

Keldysh contour can be obtained simply by taking the terms from the extended contour

and putting all imaginary-time convolutions to zero [2]. Another structure that appears

often in many-body perturbation theory is a product:

C(z1, z2) = A(z1, z2)B(z2, z1). (13)

Notable examples come from the GW approximation [7]. Here, the exchange-correlation

self-energy Σxc(z1, z2) = iG(z1, z2)W (z2, z1) is of product form, where W is the screened

interaction and G is the Green’s function. Another example is the polarization

P (z1, z2) = −iG(z1, z2)G(z2, z1) (see Figure 2). These structures can also be treated

by Langreth rules, shown in Table 1.

When considering higher-order diagrams, however, structures emerge that are not

reducible to these basic types. For example, the diagrams in Figure 2, second order in

W for Σ, and first order for P , are not of the chain convolution or product type. These

diagrams are examples of a structure which we call the double-triangle,

F (z1, z2) =

∫
γ

dz̄3dz̄4 A(z1, z̄3)B(z̄3, z2)C(z̄3, z̄4)D(z1, z̄4)E(z̄4, z2), (14)
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Σ[G,W ] = +

P [G,W ] = +

Figure 2. The self-energy to second order in the screened interaction (upper) and the

polarization up to first order (lower). The GW approximation amounts to keeping the

first diagram in each row. The second diagrams are of the double-triangle structure.

which can be diagrammatically expressed as

� �1

3̄

2

4̄

A B

C

D E

�

�

(15)

Higher-order diagrams will yield increasingly complex structures. For these types of

diagrams, the original Langreth rules are not enough, and need to be generalized.

Another example for which the Langreth rules cannot be applied directly is the

case in which we have integrals over general n-point functions. An example is one of

the Hedin equations, which has the structure

H(z1, z2) =

∫
γ

dz̄3dz̄4 A(z1, z̄3)B(z1, z̄4)C(z̄4, z2, z̄3) (16)

in which the three-point function C appears. This equation is the Hedin equation for

the exact exchange-correlation self-energy Σxc = H if we identify A = W and B = G,

and C = iΛ is the so-called vertex function [7]. It can be diagrammatically expressed

as

� �1

3̄

2

4̄

A

C

B

�

�

(17)

In this case the problem arises of expressing the three-point function C on the contour in

terms of its real-time components [16]. We also mention the Bethe-Salpeter equation for

the two-particle Green’s function as another important equation to which the Langreth

rules cannot be directly applied.
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These considerations motivate the generalization of the Langreth rules for more

complex expressions than convolutions and products, as well as the consideration of

general n-point functions. These issues will be discussed in the following sections.

3. Properties of Contour Functions

To generalize the Langreth rules, we introduce general real-time components that encode

the information contained in a contour function. Specifically, we are interested in contour

functions that have a diagrammatic representation in terms of Green’s functions. In this

section, we consider the case of the Keldysh contour, while the extended contour will

be treated in Section 5.

For dealing with functions with an arbitrary number of arguments, we will introduce

a convenient notation. We start by defining an ordered set of labels N = {n1, . . . , nN}.
By ordered set we mean that different orderings of the elements are considered to be

different sets, for example {a, b, c} �= {b, a, c}. A collection of contour or real times

corresponding to the labels N is denoted by zN = {zn1 , . . . , znN
} and similarly for real

times tN . We stress that the contour times z are also real-time numbers, but carry an

additional branch index to indicate which branch they are on. The collection of real

times tN is the collection zN with the branch indices removed. We define the contour

step function θ(zN ) = 1 if zn1 > zn2 > · · · > znN
on the contour, and zero otherwise.

For zero and one argument sets N , we define θ(zN ) = 1. Permutations of ordered sets

are denoted by

P (N ) = {P (n1), . . . , P (nN)}. (18)

We often sum over all N ! permutations belonging to the symmetric group SN of order

N , which we denote by
∑

P∈SN
. With these definitions, we can conveniently define a

Keldysh function O(zN ), denoted by a cursive letter, as a function of N contour variables

that can be expressed as

O(zN ) =
∑
P∈SN

θ(zP (N ))O
P (Ň )(tN ), (19)

with some set of real-time functions OP (Ň )(tN ). The háček (ˇ) above an argument index

denotes the position of that argument in the argument list of the relevant function. For

example,

Ob̌čǎ(ta, tb, tc) = O231(ta, tb, tc). (20)

Therefore, the háček is a mapping from labels to integers, which will make the

components independent of the labeling of their arguments. The value of this notation

will become clear later. The real-time functions OP (Ň )(tN ) are referred to as the Keldysh

components of O(zN ). We call Eq. (19) a Keldysh sum representation. The concept

of a Keldysh function is a useful one, since both Green’s functions themselves, as well

as diagrams built out of Green’s functions, are Keldysh functions. For future use, we

define a short-hand notation. We define the formal sum L =
∑

j σjlj as a sum over
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signs σj = ± and integer strings lj of equal length. Correspondingly, we define a linear

combination of Keldysh components

OL =
∑
j

σjO
lj . (21)

For example,

O123−231 = O123 −O231. (22)

This notation will be especially useful when we encounter nested commutators.

Keldysh functions depend on branch indices of their arguments only so far as they

affect the ordering of the arguments on the contour. The domain of definition of a

Keldysh function on the contour can be divided into sub-domains of constant contour

order, such that in each sub-domain the function can be described by a real-time

function. The Keldysh components are assumed to be defined in all of RN , although

only the values of OP (Ň ) for which the multiplying step-function yields 1 contribute to

O through the Keldysh sum. As a special case, a Keldysh function with a single contour

argument, O(zn1) has a single Keldysh component O1(tn1) = O(tn1±).

As an example, a two-point Keldysh function A (za, zb) has the representation

A (za, zb) = θ(za, zb)A
ǎb̌(ta, tb) + θ(zb, za)A

b̌ǎ(ta, tb), (23)

where, as before, Aǎb̌ = A12 and Ab̌ǎ = A21. Eq. (23) is identical to Eq. (6), with

A> = A12 and A< = A21. Thus, Keldysh components are a generalization of greater

and lesser components to more variables, where each Keldysh component corresponds

to a particular contour-order of the arguments.

We now examine two important properties of Keldysh functions. The first is that

products of Keldysh functions are Keldysh functions. This can be seen by multiplying

two Keldysh functions, and re-expressing the products of step functions in terms of sums

of single step functions of varying argument lists, see, e.g., Eq. (A.2) in Appendix A. For

example, multiplying two two-point functions C (za, zb)D(zb, zc) involves multiplications

of, for example,

θ(za, zb)θ(zc, zb) = θ(zc, za, zb) + θ(za, zc, zb). (24)

The terms on the right-hand side appear in the expansion of a new Keldysh function

E (za, zb, zc). In general, an N -point Keldysh function multiplied with an M -point

Keldysh function yields an L-point Keldysh function with L ≤ M +N .

The second property that we will use is that integrating time arguments of a Keldysh

function over the contour yields another Keldysh function. This can be seen by directly

integrating a Keldysh sum. Let us consider the unit permutation in an N -point Keldysh

sum, and integrate the variable zi:∫
γ

dzi θ(zN )ON (tN ) = θ(zN\i)

∫ zi−1

zi+1

dzi O
N (tN ). (25)

Here, N \ i is the set N with the element i removed. By considering different branches

for zi−1 and zi+1, and taking into account that the Keldysh component ON (tN ) is
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�

�

�

tb

tc

ta

Figure 3. If za is the argument with the highest real-time value ta, the contour

ordering is cab, independently on whether za is on the forward or the backward branch.

independent of the branch indices, we can readily see that the integral on the right-

hand side is independent of the branch indices as well, and is thus an (N − 1)–point

Keldysh component. In particular, it follows that integrating N arguments from an

N -point Keldysh function yields zero,∫
γ

dzN Ō(zN ) = 0. (26)

An arbitrary integrand in a Feynman diagram is a polynomial in Keldysh functions,

and hence a Keldysh function. Thus, any Feynman diagram is a Keldysh function. As

a small remark, a perturbation expansion also includes time-local interactions. For

example, the two-point interaction has the form

V (z1, z2) = v(z1)δ(z1, z2). (27)

If these interaction lines connect internal vertices of a diagram, the delta-functions are

integrated out and only a multiplication by the coupling constant v(z1) remains. Since

a multiplication by a real-time function trivially leaves a Keldysh function a Keldysh

function, any diagram with only internal interaction lines is a Keldysh function. External

interaction lines, i.e. interaction lines that connect to an external vertex, can be dealt

with by expressing the function as a sum of singular and regular parts.

Finally, we point out a symmetry property of Keldysh functions that will be

useful. A Keldysh function O(zN ) is symmetric with respect to the branch index of

the parameter with the highest real-time value, i.e.

O(. . . , ta+, . . .) = O(. . . , ta−, . . .), if ta > tN\a, (28)

since the contour order is identical with either ta+ or ta− (see figure 3).

4. Integrals over Keldysh Functions

In the previous section we discussed how Keldysh functions can be expressed in terms of

real-time Keldysh components. We will make use of this decomposition to transform an

integral involving Keldysh functions to equations between the corresponding Keldysh

components. The equations we are interested in have the general form

O(zE) =

∫
γ

dzI Ō(zN ), (29)
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in which a Keldysh function Ō(zN ) has some of its arguments integrated over the

Keldysh contour. We will typically denote integrands by barred symbols. We call

E = {e1, . . . , eE} ⊂ N the external arguments and I = {i1, . . . , iI} = N \E the internal

arguments. The function Ō may have a diagrammatic structure, but in this section we

only assume that it is a Keldysh function. The fact that O(zE) is a Keldysh function

was derived in the last section.

The question is then how to obtain the Keldysh components of O directly in terms

of the Keldysh components of Ō. An elegant result accomplishing this, in case of the

Keldysh contour, was derived by Danielewicz [8] using an expansion in terms of retarded

compositions of Keldysh components. In this section we will provide an alternative

derivation, and generalize it to the extended contour in the subsequent section.

4.1. Deforming the Contour

We use the fact that the contour can be truncated, so that it turns back at t = tM , with

tM the largest real-time value of an external argument:

�

tM

...

γ γM
�

�

�

�

�

�

tM...
�

�

�

�

(30)

This follows from Eq. (26), since we can consider a contour that starts at tM , goes to

infinity and returns to tM , for which the integral over all internal variables vanishes. We

denote the truncated contour by γM , and we have∫
γ

dzI Ō(zN ) =

∫
γM

dzI Ō(zN ), tM ≥ tE . (31)

The same idea can be used to deform the contour γM into several loops. In an

integral back and forth on the real-axis, components with the same order will appear

in both branches, cancelling each other out. Consider, for example, the contour γab,

consisting of two loops γa and γb:

ta

�
tb

γa−

γa+

γb−

γb+

��

�� · · ·

· · ·
�

(32)

where two new branches, going from ta to t0 and back along the real-axis, have been

added between the arguments a and b. In other words:∫
γ

dzI Ō(zN ) =

∫
γab

dzI Ō(zN ). (33)

It follows that additional back-and-forth loops can be freely added to the contour without

changing the value of the integral. This idea will be used in the subsequent sections.
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4.2. A Single External Argument

The situation in which all but one argument of a Keldysh function Ō(ze, zI) =

Ō(ze, zi1 , . . . , ziI ) are integrated over, provides a useful stepping stone to the general

result. We therefore consider

O(ze) = O1(te) =

∫
γe

dzI Ō(ze, zI), (34)

where the contour γe has been truncated to turn back at te. Note that, as was seen

in the previous section, a Keldysh function of a single argument is equal to its only

Keldysh component. Therefore the right-hand side of Eq. (34) can not depend on the

branch index of ze either. We consider the Keldysh sum

Ō(ze, zI) =
∑

P∈SI+1

θP (ei1···iI)Ō
P (ě̌i1···̌iI)(te, tI), (35)

over permutations of the I + 1 arguments, where we have introduced the short-hand

notation for contour step functions θ(zn1 , . . . , znN
) = θn1···nN

. We remark that although

we denote ze to be the first in the argument list in Eq. (35), the equation holds for any

location of ze in the list, illustrating the usefulness of the háček notation. Our strategy

to obtain a real-time expression from Eq. (34) will be to split the I contour integrals

into separate contributions from the forward branch γ− and the backward branch γ+.

For this purpose, it will be convenient to write the sum in Eq. (35) as a sum over

permutations of the I internal arguments, and an additional sum over the position (j)

of the external argument:

Ō(ze, zI) =
I∑

j=0

∑
P∈SI

θ(P,j)Ō
ˇ(P,j)(te, t̄), (36)

where we have defined

(P, j) = P (i1 · · · ij)eP (ij+1 · · · iI). (37)

For example, (P, 0) = eP (i1 · · · iI), (P, 2) = P (i1i2)eP (i3 · · · iI). As such, j is also the

number of arguments to the left of e, while we have I − j arguments to the right of

e. This means that the arguments zP (i1), . . . , zP (ij) are on the backward branch, while

zP (ij+1), . . . , zP (iI) are on the forward branch. We illustrate the situation in the figure

below.

�

�

P (iI)
�

P (ij+1)

�

P (ij)P (i1)

. . .
. . .

(38)

When Eq. (36) is inserted into Eq. (34), each integral is restricted to either the

forward or the backward branch. For j = 0, there are no arguments later than ze, which

means that all I integrals are over the forward branch. For j = 1, one integral is over
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the backward branch, and I − 1 over the forward branch. Eq. (34) can then be written

as

O1(te) =
I∑

j=0

∑
P∈SI

∫
γ+
e

dzP (i1···ij)

∫
γ−
e

dzP (ij+1···iI)

θP (i1···ij)︸ ︷︷ ︸
backward branch

θP (ij)e︸ ︷︷ ︸
=1

θeP (ij+1)︸ ︷︷ ︸
=1

θP (ij+1···iI)︸ ︷︷ ︸
forward branch

Ō
ˇ(P,j)(te, tI).

(39)

The two step-functions in the middle always equal one, since the integral domains only

extend to te. We also define, that step-functions with one or zero arguments always

yield unity, which ensures that Eq. (39) is well defined for all values of j.

For integrals over the forward branch, the contour integrals can be converted into

real-time integrals via the replacement
∫
γe
dz →

∫ te
t0
dt, and the contour step functions

can be converted into real-time step functions, using θ(t1−, t2−) = Θ(t1 − t2). For the

backward branch, the replacement
∫
γe
dz → −

∫ te
t0
dt yields an additional minus sign due

to the reversal of the integration direction, yielding an extra factor of (−1)j from the

backward-branch integrations. The conversion of contour step functions to real-time step

functions is reversed as compared to the forward branch, since θ(t1+, t2+) = Θ(t2 − t1).

We now use the short-hand notation Θ(tn1 , . . . , tnN
) = Θn1···nN

, allowing Eq. (39) to be

written in the form

O1(te) =
I∑

j=0

∑
P∈SI

∫ ∞

t0

dtI(−1)jΘeP (ij ···i1)ΘeP (ij+1···iI)Ō
ˇ(P,j)(te, tI), (40)

where we have placed te back into the step-functions, and extended the integral to

infinity.

To elucidate the structure of Eq. (40) we give examples for one (I = 1) and two

(I = 2) integrations.

For I = 1, the sum over permutations in Eq. (40) yields one term, and the j-sum

yields two terms:

O1(te) =

∫ ∞

t0

dti1

(
Θei1Ō

ě ǐ1(te, ti1)−Θei1Ō
ǐ1ě(te, ti1)

)
=

∫ ∞

t0

dti1Θei1Ō
[ě,̌i1](te, ti1),

(41)

where we have defined the commutator [ě, ǐ1] = ě̌i1 − ǐ1ě and used the short-hand

notation introduced in Eq. (21). Defining the retarded composition of two arguments

as

ŌR(ě,̌i1)(te, ti1) = Θei1Ō
[ě,̌i1](te, ti1). (42)

we obtain the compact expression

O1(te) =

∫ ∞

t0

dti1Ō
R(ě,̌i1)(te, ti1). (43)

Let us now consider I = 2, and the equation

O(ze) =

∫
γe

dzi1dzi2Ō(ze, zi1 , zi2), (44)
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Eq. (40) gives after writing out the j sum:

O1(te) =

∫ ∞

t0

dti1dti2
∑
P∈S2

×
[
ΘeP (i1i2)Ō

ě ˇP (i1) ˇP (i2)︸ ︷︷ ︸
j=0

−ΘeP (i1)ΘeP (i2)Ō
ˇP (i1)ě ˇP (i2)︸ ︷︷ ︸

j=1

+ΘeP (i2i1)Ō
ˇP (i1) ˇP (i2)ě︸ ︷︷ ︸

j=2

]
.

(45)

We will break the derivation from this point into three steps, so that it can be easily

compared with the derivation of the general result, that follows the same steps.

(i) First the step-functions in the j = 1 term in Eq. (45) are written in the form

ΘeP (i1)ΘeP (i2) = ΘeP (i1i2) +ΘeP (i2i1).

(ii) Next we relabel permutations in the two terms containing ΘeP (i2i1), so that P (i1)

and P (i2) are swapped. We can then factor out the step function ΘeP (i1i2) to obtain

O1(te) =

∫ ∞

t0

dti1dti2
∑
P∈S2

×ΘeP (i1i2)

[
Ōě ˇP (i1) ˇP (i2) − Ō

ˇP (i1)ě ˇP (i2) − Ō
ˇP (i2)ě ˇP (i1) + Ō

ˇP (i2) ˇP (i1)ě
]
.

(46)

(iii) Finally we observe that the sum of terms in the square brackets in Eq. (46) can be

written as

Ōě ˇP (i1) ˇP (i2) − Ō
ˇP (i1)ě ˇP (i2) − Ō

ˇP (i2)ě ˇP (i1) + Ō
ˇP (i2) ˇP (i1)ě = Ō[ě, ˇP (i1), ˇP (i2)], (47)

where [a, b, c] = [[a, b], c] is a nested commutator (see Appendix B for a discussion

on properties of nested commutators). Defining a generalized retarded composition

as

ŌR(ě,̌i1 ǐ2)(te, ti1 , ti2) =
∑
P∈S2

ΘeP (i1i2)Ō
[ě, ˇP (i1), ˇP (i2)], (48)

then leads to the compact result

O1(te) =

∫ ∞

t0

dti1dti2Ō
R(ě,̌i1 ǐ2)(te, ti1 , ti2). (49)

We now show that the general case of I = N can be rewritten in terms of generalized

retarded compositions. The proof proceeds by the same three steps as used above for

the I = 2 case.

(i) The product of step functions in Eq. (40) is written as a sum of step-functions as

ΘeP (ij ···i1)ΘeP (ij+1···iI) =
∑

T∈TI,j

ΘeT (P (i1))T (P (i2))···T (P (iI))) =
∑

T∈TI,j

Θe T◦P (I). (50)

Here the set TI,j contains every permutation of the arguments I for which the

subsets {ij, . . . , i1} and {ij+1, . . . , iI} remain in the same relative order as given

by the step-functions on the left-hand side. Graphically this corresponds to every
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Figure 4. An example of a permutation belonging to the set T6,3, permuting 123456

to 432516. Note that the relative order of 456 is retained, while the order of 123 is

inverted. Moving the arguments on the upper contour without changing their order

generates all the permutations in T6,3.

permutation that can result from projecting the forward and backward branches

vertically to the same axis (see figure 4).

The structure of these permutations is derived in detail in Appendix A. Eq. (40)

now takes the form

O1(te) =
I∑

j=0

∑
P∈SI

∑
T∈TI,j

∫ ∞

t0

dtI (−1)jΘe T◦P (I)Ō
ˇ(P,j)(te, tI). (51)

(ii) Since we sum over all permutations P in the group SI , we can equivalently sum over

all permutations U = T ◦ P , where U ∈ SI . Inserting this relation into Eq. (51),

and reordering, yields

O1(te) =
∑
U∈SI

∫ ∞

t0

dtI ΘeU(I)

I∑
j=0

∑
T∈TI,j

(−1)jŌ
ˇ(T−1◦U,j)(te, tI). (52)

(iii) Finally we will show that the sum over components of Ō in Eq. (52) corresponds

to a nested commutator:

I∑
j=0

∑
T∈TI,j

(−1)jŌ
ˇ(T−1◦U,j)(te, tI) = Ō[ě,U (̌i1),U (̌i2),··· ,U (̌iI)](te, tI). (53)

It is sufficient to consider Eq. (53) for the identity permutation U(i1 · · · iI) =

i1 · · · iI , as the general case simply follows from relabeling. Let us also focus on

a specific j term. Using the definition of (T−1, j), Eq. (37), we have∑
T∈TI,j

(−1)j(T−1, j) =
∑

T∈TI,j

(−1)jT−1(i1 · · · ij) e T−1(ij+1 · · · iI). (54)

The permutations T−1 are the inverse of those considered in step (i), and can thus

be represented by inverting the arrows in figure 4, see figure 5. Thus permutation

T−1, when T ∈ TI,j, permutes 1 · · · I in such a way that the first j arguments are in

decreasing order and the remaining I − j arguments are in increasing order. These

are exactly the permutations generated by [e, 1, 2, . . . , I]j, i.e. the part of the nested

commutator with j elements to the left of e (see the discussion in Appendix B).
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Figure 5. An example of an inverse of a permutation belonging to the set T6,3,
permuting 123456 to 532146. Since j = 3, three arguments are moved to the backward

branch. Inverses of all the permutations in T6,3 are generated by all the possible ways

to place three arguments on the backward branch, and three on the forward branch.

Thus there are 6!/3! permutations in T6,3.

Furthermore, since a nested commutator generates a minus sign for each element

to left of e, it has the sign (−1)j, matching that in Eq. (54). We thus have∑
T∈TI,j

(−1)jT−1(i1 · · · ij) e T−1(ij+1 · · · iI) = [e, i1, · · · , iI ]j. (55)

A more rigorous derivation of Eq. (55) is found by comparing the definitions of

the permutations T−1(i1 · · · iI), found in Eq. (A.8), to the permutations Q given

in Eq. (B.7). The definitions are identical, and thus (55) follows directly from

Eq. (B.4).

The full nested commutator is given by [e, i1, · · · , iI ] =
∑

j[e, i1, · · · , iI ]j. Summing

over j in Eq. (53) thus yields the total nested commutator [e, i1, · · · , iI ], which

proves Eq. (53) for the identity permutation. The proof for other permutations

follows in the same way from an initial relabeling.

Having proven Eq. (53), we now insert it into Eq. (52). By defining the retarded

composition as

ŌR(ě,Ǐ)(te, tI) =
∑
P∈SI

ΘeP (i1i2···iI)Ō
[ě,P (̌i1),P (̌i2),··· ,P (̌iI)](te, tI), (56)

we obtain the final result

O1(te) =

∫ ∞

t0

dtI Ō
R(ě,Ǐ)(te, tI). (57)

The function ŌR(ě,Ǐ) is called a retarded composition of Keldysh components.

We call the ordered union {ě, Ǐ} a retarded set. Its first argument ě we call the top

argument, and the arguments in Ǐ the retarded arguments. The retarded composition

is non-zero only when the top argument has a higher real-time value than any of

the retarded arguments. It follows from its definition in Eq. (56) that the retarded

composition is symmetric with respect to permutations of the retarded arguments, so

that:

ŌR(ě,P (Ǐ))(te, tI) = ŌR(ě,Ǐ)(te, tI), (58)
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for any permutation P ∈ SI . Note also that Eq. (56) is not unique in satisfying Eq. (57).

In particular one could, if desired, symmetrize Eq. (56) with respect to the internal

times without changing the integral in Eq. (57). We use the definition in Eq. (56) for

its simplicity.

4.3. Multiple External and Internal Arguments

We now have all the pieces required to lay out the proof for the case with an arbitrary

number of both internal I and external E arguments. Let us return to the equation

O(zE) =

∫
γ

dzI Ō(zN ), (59)

Let us take as an example the Keldysh component O1···E. We deform the contour γ into

E loops, obtaining ∫
γ

dz =
(∫

γe1

+ . . .+

∫
γeE

)
dz. (60)

For example for two external arguments we have two loops

�
�
tb

ta
γa

→
�

� tb

ta

γba
(61)

Substituting Eq. (60) for each integral in Eq. (59) results in a sum containing each

possible distribution of the internal arguments among the loops. We write this as∫
γ

dzI =
∑
I

∫
γe1

dzIe1 . . .

∫
γeE

dzIeE , (62)

where the sum is over every possible way to split the set I into the subsets Ie1 , . . . , IeE ,

while retaining the relative order of the indices within each subset.
∫
γei

dzIei denotes

integrating the arguments zIei over the loop γei .

In each term of the I sum, we can handle the integral over each loop γei separately,

because the arguments on the other loops are always earlier or later in contour time.

Performing the integral over γei , we obtain a composition in which tIei are retarded with

respect to tei , leading to

Oě1···ěE(tE) =
∑
I

∫ ∞

t0

dtI Ō
R(ě1,Ǐ1)···R(ěE ,ǏE)(tN ). (63)

We note that since zE is ordered as (e1, · · · , eE), it follows that ě1 · · · ěE = 1 · · ·E. All

other Keldysh components can be obtained from Eq. (63) by permuting 1, . . . , E on

both sides. The integrand in Eq. (63) is a general type of multi-retarded composition

defined as

ŌR(ě1,Ǐ1)···R(ěE ,ǏE)(tN ) =
∑

P1∈SI1

Θe1P1(I1) · · ·
∑

PE∈SIE

ΘeEPE(IE)Ō
[ě1,P1(I1)]···[ěE ,PE(IE)](tN ),

(64)
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where Ik is the number of elements in the set Ik, and we define ΘeP (I) = ΘeP (i1)···P (iI)

for I = {i1, . . . , iI}. We furthermore define the nested commutator

[e, P (I)] = [e, P (i1), . . . , P (iI)], (65)

see Appendix B for further details. Note that in Eq. (64) some of the sets Ii can be

empty, in which case one substitutes R(ěi, ∅) → ěi, and correspondingly [ěi, ∅] → ěi.

For example for one internal argument all the sets are empty except one, and Eq. (63)

reduces to

Oě1···ěE(tE) =

∫ ∞

t0

dti

E∑
k=1

Ōě1···R(ěk ,̌i)···ěE(tN ). (66)

The definition of a multi-retarded composition subsumes both the completely retarded

compositions defined in Eq. (56) (when E = 1) and the Keldysh components (when

E = N and thus all Ii are empty).

Let us now illustrate Eq. (63) with an example. We apply the equation to a four-

point function when we integrate two arguments:

D(za, zd) =

∫
γ

dzbdzc D̄(za, zb, zc, zd). (67)

In Eq. (67), the internal arguments constitute the set I = {b, c}, and the external

arguments are in E = {a, d}. The four possible divisions of I into two subsets are

{I1, I2} = {{b, c}, ∅}, and {{b}, {c}}, and {{c}, {b}}, and {∅, {b, c}}.
The component D12

ad is given by Eq. (63):

D12
ad =

∫
D̄

R(ǎ,b̌č)ď

ab̄c̄d
+

∫
D̄

R(ǎ,b̌)R(ď,č)

ab̄c̄d
+

∫
D̄

R(ǎ,č)R(ď,b̌)

ab̄c̄d
+

∫
D̄

ǎR(ď,b̌č)

ab̄c̄d

=

∫
D̄

R(1,23)4

ab̄c̄d
+

∫
D̄

R(1,2)R(4,3)

ab̄c̄d
+

∫
D̄

R(1,3)R(4,2)

ab̄c̄d
+

∫
D̄

1R(4,23)

ab̄c̄d
,

(68)

where the integrals are over the barred arguments (real-time integrals are from t0 to ∞
unless otherwise stated). This equation illustrates the usefulness of the háček notation,

as for example the argument zd denotes the second argument of D but the fourth

argument of the integrand D̄. The other component D21
ad is obtained by reordering the

retarded sets so that d comes after a in the contour order:

D21
ad =

∫
D̄

4R(1,23)

ab̄c̄d
+

∫
D̄

R(4,3)R(1,2)

ab̄c̄d
+

∫
D̄

R(4,2)R(1,3)

ab̄c̄d
+

∫
D̄

R(4,23)1

ab̄c̄d
. (69)

The retarded compositions appearing in the real-time integrals can be calculated from

the Keldysh components using the equation for multi-retarded compositions, Eq. (64):

Ō
R(1,23)4
abcd = ΘabcŌ

[[1,2],3]4
abcd +ΘacbŌ

[[1,3],2]4
abcd (70)

Ō
R(1,2)R(4,3)
abcd = ΘabΘdcŌ

[1,2][4,3]
abcd . (71)
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4.4. The Diagrammatic Representation

The previous discussion of obtaining different real-time components was mostly

algebraical. In this section we describe a diagrammatic recipe for obtaining the

components. The recipe includes four steps.

(i) Write the initial contour equation in diagrammatic form.

(ii) Choose a Keldysh component.

(iii) Represent the various terms using diagrammatic rules.

(iv) Convert the result into a real-time expression.

We will use as an example the equation

D(za, zd) =

∫
γ

dzbdzc D̄(za, zb, zc, zd). (72)

The steps are performed as follows.

(i) The contour functions are depicted by collections of vertices representing their

arguments. We use filled circles for external arguments and empty circles for

internal arguments. For Eq. (72) we draw

Dad =

∫
D̄ab̄c̄d → da

b

c

da = (73)

(ii) We choose the Keldysh component by drawing a contour through the external

vertices to determine their ordering:

ba : za comes after zb on the contour. (74)

The contour must be drawn in the same way on both sides of the equation. Choosing

the component D21
ad = Dďǎ

ad we obtain from Eq. (73)

da =

b

c

da (75)

(iii) Each internal vertex is assigned to a retarded set with an external vertex, marked

by a double circle, as the top argument. We denote a retarded set diagrammatically

by circling the vertices in it:

ba : R(ǎ, b̌) (tb is retarded with respect to ta) (76)
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If assigning the internal vertices to retarded sets can be done in multiple ways, each

option generates a separate diagram. Thus the right hand side of Eq. (75) becomes

b

c

da = + + +da

b

c

da

b

c

da

b

c

da

b

c

(77)

(iv) Each diagram is converted to a single retarded composition using two rules:

(a) For every circled set of vertices, one obtains a retarded set:

a
d

c
b

→ R(ǎ, b̌čď) (78)

(b) The retarded sets are ordered according to their order on the contour in the

diagram.

a b

......
→ R(b̌, · · · )R(ǎ, · · · ) (zb > za) (79)

For the example case we then obtain

da = + + +da

b

c

da

b

c

da

b

c

da

b

c

Dďǎ
ad = D̄

ďR(ǎ,b̌č)

ab̄c̄d
+ D̄

R(ď,č)R(ǎ,b̌)

ab̄c̄d
+ D̄

R(ď,b̌)R(ǎ,č)

ab̄c̄d
+ D̄

R(ď,b̌č)ǎ

ab̄c̄d
,

(80)

where we integrate over all barred arguments. Writing the argument positions

explicitly we obtain the result we obtained algebraically in Eq. (69).

The diagrammatic procedure described above can be applied to obtain any Keldysh

components of a general n-point Keldysh function.

4.5. Obtaining Retarded Compositions

In the previous section we discussed a diagrammatic recipe for obtaining real-time

Keldysh components, the result being expressed in terms of retarded compositions.

It is possible to generalize the recipe to directly obtain these retarded compositions [8].
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Diagrammatically, this fits elegantly with what has been presented so far. Here we

introduce the diagrammatic recipe, and refer to Appendix D for a derivation.

As an example, we consider a case with five external variables and two internal

ones:

E (za, zb, zc, zd, ze) =

∫
γ

dzfdzg Ē (za, zb, zc, zd, ze, zf , zg), (81)

and calculate the retarded composition ER(1,2)R(3,45) = ER(ǎ,b̌)R(č,ďě). We perform the

same four steps as for Keldysh components:

(i) The diagrammatic equation for Eq. (81) is

a

=

b

c

d

e

f

g

a

b

c

d

e (82)

(ii) To choose the desired composition ER(ǎ,b̌)R(č,ďě) we encircle the retarded sets R(ǎ, b̌)

and R(č, ďě) separately, and order the sets by drawing a contour through a and c:

a

=

b

c

d

e

f

g

a

b

c

d

e
(83)

(iii) The internal vertices are now assigned to retarded sets. If an external vertex is

already within a retarded set, the internal vertices are simply added to the pre-

existing set. Each different possibility generates a diagram, and we obtain

f

g

a

= + + +

b

c

d

e

f

g

a

b

c

d

e

f

g

a

b

c

d

e

f

g

a

b

c

d

e

f

g

a

b

c

d

e

(84)

(iv) We can then directly read off the retarded representation

E
R(ǎ,b̌)R(č,ďě)
abcde

=

∫
Ē

R(ǎ,b̌f̌ ǧ)R(č,ďě)

abcdef̄ ḡ
+

∫
Ē

R(ǎ,b̌f̌)R(č,ďěǧ)

abcdef̄ ḡ
+

∫
Ē

R(ǎ,b̌ǧ)R(č,ďěf̌)

abcdef̄ ḡ
+

∫
Ē

R(ǎ,b̌)R(č,ďěf̌ ǧ)

abcdef̄ ḡ
.

(85)
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As seen in the example studied above, a retarded composition is obtained by

summing over all different distributions of the internal vertices into retarded sets. In

general, if

O(zE) =

∫
γ

dzI Ō(zN ), (86)

then a general multi-retarded composition with H retarded sets, as defined in Eq. (64),

will be given by

OR(ȟ1,Ȟ1)···R(ȟH ,ȞH)(tE) =
∑
I

∫
dtI Ō

R(ȟ1,Ȟ1∪Ǐ1)···R(ȟH ,ȞH∪ǏH)(tN ), (87)

where {h1, . . . , hH} and H0, . . . ,HH constitute a non-overlapping cover of E . A proof

of Eq. (87) is presented in Appendix D (Eq. (87) is equivalent to Eq (4.18) in

Danielewicz [8]). In our example Eq. (85), E
R(ǎ,b̌)R(č,ďě)
abcde corresponds to h1 = a,H1 = {b},

and h2 = c, H2 = {d, e}. The possible internal sets I that are summed over are

{I1, I2} = {{f, g}, ∅}, and {{f}, {g}}, and {{g}, {f}}, and {∅, {f, g}}. Note that when
the left-hand side of Eq. (87) is a Keldysh component, Hi = ∅, the equation reduces to

Eq. (63).

5. The Extended Contour

5.1. Matsubara-Restricted Keldysh Functions

We now generalize the discussion of the previous two sections to the case of the extended

contour. For a Keldysh function on the extended contour, O(zN ) the arguments can

take values on the Matsubara branch (z = t0 − it) as well as on the horizontal Keldysh

branches (z = t±). Out of the total set of arguments N , we can select a set M of

arguments on the Matsubara branch γM , and K arguments on the Keldysh branch.

Naturally, N = K∪M. Selecting a time zm = t0 − itm on the Matsubara branch yields

a real-time function of tm. For the remaining arguments on the Keldysh contour, the

function is still a Keldysh function. Any such function in which we restrict the domain

we refer to as an Matsubara-restricted Keldysh function (MK-function) OM(M̌)(tM∪zK),

defined by

OM(M̌)(tM ∪ zK) =
∑

Q∈SM

Θ(tQ(M))
∑
P∈SK

θ(zP (K))O
M(Q(M̌))P (Ǩ)(tN ). (88)

Note that the union set designation tM∪ zK is just for convenience of notation and does

not imply that the arguments tM are earlier in the argument list. We have used the fact

that all the Matsubara arguments are later in contour time than any of the arguments

on the Keldysh contour. When no argument is on the Matsubara branch, M = ∅, we
obtain a Keldysh function of a type we considered previously OM(∅)(zN ) = O(zN ). The

equation above can be rewritten as

OM(M̌)(tM ∪ zK) =
∑
P∈SK

θ(zP (K))O
M(M̌)P (Ǩ)
S (tN ), (89)
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where we have defined the symmetrized Matsubara function

O
M(M̌)P (Ǩ)
S (tN ) =

∑
Q∈SM

Θ(tQ(M))O
M(Q(M̌))P (Ǩ)(tN ). (90)

The symmetrized functions are symmetric under exchanging the order of the Matsubara

labels in the super index.

For example, for a four-point Keldysh function C (za, zb, zc, zd), if za, zc are on

the Matsubara branch and zb, zd on the Keldysh branch, the symmetrized Matsubara

function is

O
M(ǎč)P (b̌)P (ď)
S (ta, tb, tc, td) =

∑
Q∈S2

Θ(tQ(a) − tQ(c))O
M(Q(ǎ)Q(č))P (b̌)P (ď)(ta, tb, tc, td). (91)

The MK function can be written according to Eq. (89) as

OM(ǎč)(ta, zb, tc, zd) =
∑
P∈S2

θ(zP (b), zP (d))O
M(ǎč)P (b̌)P (ď)
S (ta, tb, tc, td). (92)

In the following, we only work with the symmetrized functions, and will therefore drop

the sub-index S from the general expansion Eq. (89). Each of the components in this

expansion we will still call a Keldysh component.

Since MK functions are Keldysh functions, multiplications and convolutions

between MK functions are again MK functions. Also, retarded compositions will

appear naturally from integrations, as will be seen below. Retarded compositions of

MK functions have the form

OM(M̌)R(ȟ1,Ȟ1)···R(ȟH ,ȞH)(tN ), (93)

where {h1, . . . , hH},M,H0, . . . ,HH constitute a non-overlapping cover of N .

5.2. Integrals over the Extended Contour

Let us now consider an integral over the extended contour:

O(zE) =

∫
γ′
dzI Ō(zN ). (94)

Our basic strategy is to split the integrations as
∫
γ′ =

∫
γM

+
∫
γ
and in each integral

replace the integrand with a suitable MK function. This breaks the right-hand side

of Eq. (94) into terms containing real-time integrals over the Matsubara branch and

integrals over the Keldysh contour, for which results were derived previously.

Take for example the equation

Dad =

∫
γ′
dzbdzc D̄abcd =

∫
γ′

D̄ab̄c̄d, (95)
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where we introduced the notation that we integrate over barred variables. Suppose now

that a and d are on the Keldysh branches. The substitution
∫
γ′ =

∫
γM

+
∫
γ
generates

four terms, in each of which we can replace D̄ by an MK function. We obtain

Dad =

∫
γ′

D̄ab̄c̄d =

∫
D̄M(b̌č)

ab̄c̄d
+

∫
D̄M(b̌)

ab̄c̄d
+

∫
D̄M(č)

ab̄c̄d
+

∫
D̄ab̄c̄d, a, d ∈ K, (96)

where the unspecified integrals are over the Matsubara branch if the barred argument

is part of the Matsubara set, and over the Keldysh contour otherwise. Integrals over

the Matsubara branch take the form∫
γM

dzi O(zi) = −i

∫ 1

0

dti O(t0 − iti) = −i

∫ 1

0

dti O
M (̌i)(ti). (97)

Thus the
∫
-sign in Eq. (96) contains an implicit factor (−i)M , with M the number of

arguments in the Matsubara set. Diagrammatically we denote Eq. (96) by

× ×da = +

b

c

+ +da

b

c

× ×da

b

c

× ×da

b

c

× ×da

b

c
(98)

where internal vertices that we integrate over the extended contour γ′ are denoted by

squares, and vertex labels in a Matsubara set are circled by a dashed line. Once we

choose the component, the retarded set representation can be obtained for each of these

terms, by regarding the Matsubara vertices as spectators. This yields, for example for

the component D12
ad = Dǎď

ad and the second term in Eq. (96),∫
D̄M(b̌)ǎď

ab̄c̄d
=

∫
D̄

M(b̌)R(ǎ,č)ď

ab̄c̄d
+

∫
D̄

M(b̌)ǎR(ď,č)

ab̄c̄d
, (99)

which we write diagrammatically as

=

b

c

b

c

b

c

+da da da

(100)

The diagrammatic recipe on the extended contour can be described using the same

four steps as for the Keldysh contour, given in section 4.4. The only difference is, that

in step iii) there are additional diagrams resulting from placing internal vertex labels in

the Matsubara set.
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Real-time components with one or more external arguments on the Matsubara

branch can be obtained through the same steps. As an example, D
M(ǎ)ď
ab is

da

b

c

da = + + +a

b

c

d a

b

c

d a

b

c

d

(101)

which corresponds to the equation

D
M(ǎ)ď
ad =

∫
D̄

M(ǎb̌č)ď

ab̄c̄d
+

∫
D̄

M(ǎb̌)R(ď,č)

ab̄c̄d
+

∫
D̄

M(ǎč)R(ď,b̌)

ab̄c̄d
+

∫
D̄

M(ǎ)R(ď,b̌č)

ab̄c̄d
. (102)

The general equations on the extended contour are closely related to the equations

derived above on the Keldysh contour. For a Keldysh component of an MK function

with no arguments on the Matsubara branch we have

Oě1···ěE(tE) =
∑
I

∫
dtI Ō

M(Ǐ0)R(ě1,Ǐ1)...R(ěE ,ǏE)(tN ), (103)

which is identical to the result on the Keldysh contour (Eq. (63)), except that the sum

also covers the additional set I0, containing the internal arguments on the Matsubara

branch. A general retarded composition is given by a similarly modified version of

Eq. (87):

OM(Ȟ0)R(ȟ1,Ȟ1)···R(ȟH ,ȞH)(tE) =
∑
I

∫
dtI Ō

M(Ȟ0∪Ǐ0)R(ȟ1,Ȟ1∪Ǐ1)···R(ȟH ,ȞH∪ǏH)(tN ). (104)

The above equation is the most general form of a multi-retarded composition we

consider. The Eq. (104) reduces to Eq. (103) by setting Hi = ∅ for i = 0, . . . , H,

and to Eq. (87) by setting H0 = I0 = ∅. Note that if all the external parameters in

Eq. (104) are in the Matsubara set I0, meaning that only H0 is non-empty, then all

integrals reduce to integrals over the set I0, i.e. all integrals are over the Matsubara

branch.

6. Deriving Langreth Rules

In the previous section we discussed a general integral equation of the form

O(zE) =

∫
γ′
dzI Ō(zN ), (105)

and obtained expressions for the retarded compositions of O in terms of the retarded

compositions of Keldysh components of Ō. In practice Ō typically has some structure in
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terms of functions of fewer arguments, being for example a product of Green’s functions

appearing in a perturbation expansion, so that it takes the form

Ō(zN ) =
∏
i

Ōi(zNi
). (106)

where Ni ⊂ N . We call Ōi the sub-functions of Ō. By a Langreth rule we mean an

equation that expresses a retarded composition of O in terms of retarded compositions

of the sub-functions Ōi.

For example, let us take the convolution:

=D A B
a b a c b Dab =

∫
γ′

Aac̄Bc̄b. (107)

Suppose we are interested in the component D12. The diagrammatic recipe gives

Dǎb̌
ab =

∫
[Aac̄Bc̄b]

M(č)ǎb̌ +

∫
[Aac̄Bc̄b]

R(ǎ,č)b̌ +

∫
[Aac̄Bc̄b]

ǎR(b̌,č), (108)

where on the second line we have used the háček notation to avoid confusion between

argument numbering in the sub-functions and the total function. The recipe, as laid out

so far, thus leads to expressions containing retarded compositions of products of sub-

functions. The issue faced in this section is how to evaluate such compositions directly

in terms of the components of the sub-functions.

Before proceeding further, we will introduce some terminology:

• An n-point subfunction is diagrammatically represented by a polygon of n vertices

representing the n arguments. For example, n = 1 is a dot, n = 2 is a line, and

n = 3 is a triangle.

• Two subfunctions sharing the same argument correspond to a diagram in which

two polygons share the same vertex.

For example the expression AabcdBcdfghCijkDbeEef converts to the diagram

a

c

h

g

f

d

b

e

A

B
D

E

k

j

i C (109)

• Two vertices are directly connected if they belong to the same polygon, and therefore

the corresponding arguments appear in the same sub-function.

• Two vertices are connected if there is a path consisting of polygon edges connecting

them. Likewise the corresponding arguments of subfunctions are said to be

connected.

• A set of vertices is connected, if each two vertices in the set are either directly

connected or connected by an edge path that does not leave the set. If this is not

the case, the set of vertices is disconnected. The same nomenclature is used for

arguments.
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6.1. Arguments on the Matsubara branch

The goal of this section is to express an MK function in terms of its sub-functions.

Generally, an MK function OM(M̌)(tM ∪ zK) for some M ⊂ N , can be worked out as

follows. For sub-function Ōi we define Mi = M∩Ni and Ki = Ni \Mi, one then has

OM(M̌)(tM ∪ zK) =
∏
i

ŌM(M̌i)
i (tMi

∪ zKi
). (110)

In practice one can simply move the Matsubara set superscript from the total

function to each individual sub-function, as in

[Aac̄Bc̄b]
M(č) = A M(č)

ac̄ BM(č)
c̄b , (111)

while dropping from the Matsubara set any arguments that do not appear in the relevant

sub-function. Note that since A M(č)(za, tc) and BM(č)(tc, zb) are Keldysh functions of a

single argument, they are equal to the MK-components AM(č)ǎ(ta, tc) and BM(č)b̌(tc, tb)

respectively. For example, if we take a product with vertex structure

A

C

B

a

c

b

d

∫
γ′

Aac̄Bad̄Cd̄bc̄, (112)

and calculate the MK function [· · · ]M(č), the integrand is

[AacBadCdbc]
M(č) = AM(č)ǎ

ac BadC
M(č)
dbc . (113)

Diagrammatically the above equation corresponds to splitting the diagram into two

separate pieces:

A

C

B

a

c

b

d

=
A

C

Ba

c

b

d

a

c

(114)

Thus any sub-function with some of its arguments in a Matsubara set, reduces to

the corresponding MK function. If no more than one argument is outside a Matsubara

set, the sub-function reduces immediately to a real-time MK component. The real-

time components can then be separated from the diagram, leaving behind a simpler

diagram on the Keldysh contour. For example, in Eq. (114), A can be separated

in the integrand, and what remains is essentially a convolution between two-point

functions, since C M(č)
dbc (za, zb, tc) is a two-point Keldysh function with an additional real-

time argument. The problem on the extended contour is then essentially reduced to the

problem on the Keldysh contour, which we will discuss in the next sections.
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6.2. Arguments on the Keldysh branch

We take now all the arguments on the Keldysh contour, and consider Keldysh

components of products. As an example we consider C ǎb̌č
abc = [AacBcb]

ǎb̌č, which is,

by definition, given by the real-time function that describes the product AacBcb in the

za > zb > zc subspace. In this subspace the product takes the form

AacBcb = [ θac︸︷︷︸
=1

Aǎč
ac + θca︸︷︷︸

=0

Ačǎ
ac][ θcb︸︷︷︸

=0

B čb̌
cb + θbc︸︷︷︸

=1

B b̌č
cb ] = Aǎč

acB
b̌č
cb , (115)

and therefore

C ǎb̌č
abc = Aǎč

acB
b̌č
cb . (116)

The general case can be handled analogously. Writing the right-hand side of

Eq. (106) as a Keldysh sum we obtain

O(zN ) =
∏
i

∑
Pi∈SNi

θPi(Ni)Ō
Pi(Ňi)
i (tNi

). (117)

Suppose we wish to obtain the Keldysh component OP (Ň )(tN ). It can be obtained from

the above equation by choosing zP (n1) > zP (n2) > . . . > zP (nN ). The left hand side then

reduces to the desired Keldysh component. On the right-hand side, most of the step-

function vanish. The only step functions that remain, and attain the value 1, are those

for which Pi(Ni) = P (N ) \ N c
i , where we defined the complementary set N c

i = N \Ni.

The permutation P therefore picks out a unique permutation Pi for each set Ni, and we

have

OP (Ň )(tN ) =
∏
i

Ō
Pi(Ňi)
i (tNi

), Pi(Ni) = P (N ) \ N c
i . (118)

As an example, let us now take the term C b̌ǎč
abc = [AacBcb]

b̌ǎč. In this case, P ({a, b, c}) =
{b, a, c}, N1 = {a, c}, N c

1 = {b}, and N2 = {c, b}, N c
2 = {a}. Therefore, P1(N1) =

{b, a, c} \ {b} = {a, c}, and likewise P2(N2) = {b, c}. In this particular case, P1 is the

identity permutation and P2 is the transposition. Equation (118) applied to our example

yields

C b̌ǎč
abc = Aǎč

acB
b̌č
cb . (119)

In practice, only those components of the sub-functions remain, in which the argument

labels are in the same relative order as they are for the full product function. Thus the

correct result can be obtained simply by moving the full string of super indices to each

subfunction, and then removing all the labels that are not part of the argument list of

the particular subfunction.

Retarded compositions of products can be worked out by writing the compositions

in terms of Keldysh components by using Eq. (64). For example, the integrand in the

second term in Eq. (108) can be written as

[AacBcb]
R(ǎ,č)b̌ = Θac

(
[AacBcb]

ǎčb̌ − [AacBcb]
čǎb̌

)
= Θac

(
Aǎč

ac − Ačǎ
ac

)
B čb̌

cb

= AR(ǎ,č)
ac B čb̌

cb .

(120)
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The third term in Eq. (108) can be handled likewise. We can then express the component

D12
ab in Eq. (108) as

D12
ab =

∫
[Aac̄Bc̄b]

M(č)ǎb̌ +

∫
[Aac̄Bc̄b]

R(ǎ,č)b̌ +

∫
[Aac̄Bc̄b]

ǎR(b̌,č)

=

∫
A

M(č)ǎ
ac̄ B

M(č)b̌
c̄b +

∫
A

R(ǎ,č)
ac̄ B čb̌

c̄b +

∫
Aǎč

ac̄B
R(č,b̌)
c̄b .

(121)

The above equation is an example of a known Langreth rule, Eq. (7). The procedure

laid out above can in principle be used to derive Langreth rules from arbitrary equations.

Below we will derive additional rules that make these calculations less cumbersome.

6.3. The Vanishing of Retarded Compositions on Disconnected Sets

Specifying the structure of a Keldysh function in terms of sub-functions typically

introduces new symmetries on top of those of a general Keldysh function, since there are

permutations of super indices that do not change the components of the subfunctions. It

is an advantage of the retarded set representation that these symmetries can be employed

to directly discard certain terms of the representation. As we will show, this feature is

consequence of the definition of retarded compositions in terms of nested commutators.

We will therefore begin by considering commutator expressions.

In the previous section we noted that for our example two different permutations

P (N ) give the same result, see equations Eq. (119) and Eq. (116):

[AacBcb]
ǎb̌č = Aǎč

acB
b̌č
cb

[AacBcb]
b̌ǎč = Aǎč

acB
b̌č
cb .

(122)

Other permutations of the superindices, like acb and bca, will not produce the same

result. The situation can be illustrated by the following diagram, in which higher points

on the vertical axis denote later contour times:

a

b

c

a

b

c

γ A
B A

B

abc bac

a

b
c

a

b
cA

B A
B

acb bca (123)

For the permutations abc and bac, the order within sub-functions A and B remains the

same when the order of a and b is exchanged. On the other hand, exchanging a and b by

going from abc to bca does change the internal order of A and B, as the ordering with

respect to c is changed. Thus the symmetry appears only when a and b are neighbouring

in the contour order. Furthermore, if there was a sub-function connecting a and b, its

internal order would be reversed by any exchange of a and b, breaking the symmetry.

Generally, if for a function O(zN ) the arguments za and zb are next to each other

on the contour, exchanging their positions only changes their relative contour order.
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Furthermore, if the vertices a and b are not directly connected, it follows that in Eq. (118)

none of the sets Ni contains both a and b, and consequently changing their relative order

does not change the order in any Ni. We can therefore state a rule:

OX̌ǎb̌Y̌ = OX̌b̌ǎY̌ , when a and b are not directly connected, (124)

where X̌ and Y̌ are strings of the remaining superindices. This rule can be used

repeatedly, so that for example

OX̌ǎčb̌Y̌ = OX̌čǎb̌Y̌ = OX̌čb̌ǎY̌ , when a is not directly connected to either b or c. (125)

Note that b and c may be directly connected, since their relative order is not changed in

Eq. (125). Continuing in this way, one arrives at a general rule for a string of arguments

a1 . . . aA, or a linear combinations Z of such strings:

OX̌[Ž,b̌]Y̌ = OX̌Žb̌Y̌ −OX̌b̌ŽY̌ = 0, when b is not directly connected to any ai. (126)

If we choose Z to be the nested commutator Z = [a1, . . . , aA−1] and we denote b = aA,

we obtain

OX̌[ǎ1,...,ǎA]Y̌ = 0, when aA is not directly connected to any other ai (127)

Furthermore, if we pick some argument ak from the nested commutator, and write

OX̌[ǎ1,...,ǎA]Y̌ = OX̌[[ǎ1,...,ak],...,aA]Y̌ , when the outermost nested commutator is expanded,

each of the resulting terms will vanish according to rule (127), unless ak is directly

connected to some argument al with l < k. This is true for any ak, which allows us to

state a more general rule:

ŌX̌[ǎ1,...,ǎA]Y̌ = 0, unless every argument ak is directly connected

to at least one argument to its left in the commutator.
(128)

Thus every argument in a nested commutator must be directly connected to an argument

to its left, and this argument must in turn be directly connected to another, until the

leftmost argument a1 is reached. Therefore rule (128) requires that each argument is

connected to the leftmost argument by a chain of direct connections that links to the

left in the commutator.

We are now in position to work out the condition for a retarded composition to

vanish. In the definition of a retarded composition

ŌX̌R(ǎ1,ǎ2···ǎA)Y̌ (tN ) =
∑

P∈NA−1

Θa1aP (2)···aP (A)
ŌX̌[ǎ1,ǎP (2),...,ǎP (A)]Y̌ (tN ), (129)

a sum is taken over every permutation of the arguments in the nested commutator,

apart from the leftmost one. Therefore, if every argument is connected to the leftmost

argument a1 by some chain of direct connections, there will always be at least one term

in the sum such that each argument is directly connected to an argument to its left.
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The retarded composition vanishes, when there is at least one argument in the nested

commutator that is not connected to a1, i.e. when the retarded set A = {ǎ1, ǎ2 · · · ǎA}
is disconnected. We therefore have the rule

A retarded composition vanishes, if it contains a disconnected retarded set. (130)

As an example, let us take a chain convolution of three functions

=E A B
a b a c d b

C

Eab =

∫
γ′

Ēabc̄d̄ =

∫
γ′

Aac̄Bc̄d̄Cd̄b,

(131)

that appears for example in the Dyson equation. For the component E
R(ǎ,b̌)
ab we find the

representation

=
E

A B C

A
B

C A B C
+

A B C
++

a b a c bd a c d b

a c d b a c d bc bd

c bd

c bd

(132)

Here the first three terms vanish, since a and b are not connected inside the retarded set.

Thus a retarded composition of a chain convolution, no matter the length, will never

contain any MK components, as it is not possible to place any Matsubara sets without

disconnecting the retarded set. From Eq. (132) we are then left with

E
R(ǎ,b̌)
ab =

∫
[Aac̄Bc̄d̄Cd̄b]

R(ǎ,b̌čď). (133)

Expanding the right-hand side of Eq. (133) using Eq. (129) sums over the six different

permutations of b, c and d. However, out of the six resulting nested commutator

expressions five are seen to give zero by applying the rule (128). Since the vertices

are connected in a chain, there’s only one permutation in which each vertex is directly

connected to another to its left, that corresponding to the commutator [ǎ, č, ď, b̌], and

thus we obtain from Eq. (133) simply

E
R(ǎ,b̌)
ab =

∫
Θacdb[Aac̄Bc̄d̄Cd̄b]

[ǎ,č,ď,b̌]. (134)

This expression will be simplified further by rules that we will derive later.

6.4. Separating Retarded Sets

A diagram in a retarded set representation typically consists of sub-functions in multiple

retarded sets that are connected via other sub-functions. Often these diagrams can be

split into multiple pieces, so that each retarded set can be handled individually. This is
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based on the fact that the retarded sets are ordered with respect to each other. If each

of the vertices of a sub-function is in a different retarded set, the contour ordering of its

vertices is determined, and it will reduce to a single MK component. For example we

have

[AabcdBghiCdfgDef ]
R(ǧ,ȟǐ)R(č,ǎb̌ď)R(ě,f̌) = A

R(č,ǎb̌ď)
abcd B

R(ǧ,ȟǐ)
ghi C ǧďf̌

dfg D
R(ě,f̌)
ef . (135)

which corresponds to the graph

a

c

i

b

e

A

B

D
f

C
d

h

g =

a

c

i

b

e

A

B

D
f

C
d

h

gg

f

d
, (136)

To consider this procedure in more detail, let us return to the chain convolution

=E A B
a b a c d b

C

Eab =

∫
γ′

Ēabc̄d̄ =

∫
γ′

Aac̄Bc̄d̄Cd̄b.

(137)

Choosing now to obtain the greater component E12
ab , we get

E ǎb̌
ab =

∫
Ē

R(ǎ,č)R(b̌,ď)

abc̄d̄
+

∫
Ē

R(ǎ,ď)R(b̌,č)

abc̄d̄
+

∫
Ē

R(ǎ,čď)b̌

abc̄d̄
+

∫
Ē

ǎR(b̌,čď)

abc̄d̄
. (138)

Let us start with the first term with superindex R(ǎ, č)R(b̌, ď). If we expand the

retarded sets in terms of commutators, we obtain terms in which the order between a

and c, as well as b and d, varies term by term. However, in every term c is later than

d in contour order. Consequently Bcd reduces to the same Keldysh-component B čď
cd in

every term, and we can pull it out of the brackets as a common factor:

[AacBcdCdb]
R(ǎ,č)R(b̌,ď) = [AacCdb]

R(ǎ,č)R(b̌,ď)B čď
cd . (139)

The crucial point is that all the arguments of function B are in different retarded sets.

If we expand the retarded set R(ǎ, č) we obtain

[AacCdb]
R(ǎ,č)R(b̌,ď) = θac

(
[AacCdb]

ǎčR(b̌,ď) − [AacCdb]
čǎR(b̌,ď)

)
, (140)

where in both of the terms the contour order of a and c is fixed. Therefore we can now

place A in front of the brackets to obtain

θac

(
[AacCdb]

ǎčR(b̌,ď) − [AacCdb]
čǎR(b̌,ď)

)
= θac

(
Aǎč

acC
R(b̌,ď)
db − Ačǎ

acC
R(b̌,ď)
db

)
. (141)

We can now factor out C
R(b̌,ď)
db and obtain

[AacCdb]
R(ǎ,č)R(b̌,ď) = AR(ǎ,č)

ac C
R(b̌,ď)
db . (142)
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This result can be represented graphically as

A B C A B C=a c bd a c bdc d

. (143)

This is a specific instance of a more general rule. As was discussed, if there is a

connecting piece that has multiple vertices inside some retarded sets, it cannot be

completely split from a diagram. However, if the connecting piece has a single vertex

inside some other retarded sets, those sets can still be split off. For example we have

the equation

[AabcdBghiCdfgDef ]
R(č,ǎb̌ď)R(ě,f̌ ǧȟǐ) = A

R(č,ǎb̌ď)
abcd [BghiCdfgDef ]

ďR(ě,f̌ ǧȟǐ), (144)

which corresponds to the graph

a

c

i

b

e

A

B

D
f

C
d

h

g =

a

c

i

b

e

A

B

D
f

C
d

h

g
d . (145)

Diagrammatically the above considerations can be condensed to the single

statement, that one is allowed to split the diagram by splitting vertices through the

process

a → a a (146)

whenever this can be done without altering the retarded sets. Note that Matsubara sets

can be split freely (this statement is merely a diagrammatic equivalent of Eq. (110)).

To demonstrate this rule, let us now return to Eq. (138), the right hand side of

which can be written diagrammatically as

E
a b

=
A B C A B C

+a c bd bdca dca

+
A B C A B C

+a c bd bdca dca

(147)

Note that the third diagram vanishes due to disconnected retarded sets, as per rule

(130). After using Eq. (146) to split the vertices on the edges of retarded sets, we



Contour calculus for many-particle functions 33

obtain

E
a b =

CA B
a c d d b

+
B A

+
A

bd
C B

a c bd
C

a c c d c

(148)

Converting Eq. (148) back into a mathematical expression now yields

E ǎb̌
ab =

∫
[Aac̄Bc̄d̄]

R(ǎ,čď)C ďb̌
d̄b +

∫
A

R(ǎ,č)
ac̄ B čď

c̄d̄C
R(b̌,ď)

d̄b
+

∫
Aǎč

ac̄[Bc̄d̄Cd̄b]
R(b̌,čď). (149)

However, the square bracketed expressions can not be split further, as cutting between

A and B in the first term, for example, splits a retarded set. These terms will be

considered more closely in the following sections.

6.5. Nested Retarded Compositions

After performing the possible separations of the product, we are generally still left with

factors that contain retarded compositions of products of several sub-functions. If the

factor is simple enough, one may now expand the retarded composition in terms of

nested commutators using Eq. (129), and solve each of these one by one. Some of the

terms may vanish as per the rule (128). This expansion can always be done, but it easily

gets rather cumbersome. It is possible to define an alternative way to expand retarded

sets, that opens up more options and thus in many cases allows for a cleaner derivation.

Nested retarded compositions are defined by

ŌX̌R(R(Ȟ1),R(Ȟ2)···R(Ȟr))Y̌ (tN ) =
∑

P∈Sr−1

Θh1hP (2)···hP (r)
ŌX̌[R(Ȟ1),R(ȞP (2)),...,R(ȞP (r))]Y̌ (tN ),

(150)

where Hi = hi∪Ii, in which hi is the top element of Hi, such that R(Hi) = R(hi, Ii). In

the nested commutator the retarded sets R(Hi) are treated as single elements, so that

for example [R(H1), R(H2)] = R(H1)R(H2) − R(H2)R(H1), and for the super-indices

we again make use of Eq. (21). The resulting multi-retarded compositions are defined

as in Eq. (64). Let us, for example, take a look at the factor that appears in the first

term of Eq. (149):

[AacBcd]
R(ǎ,čď) = Θacd[AacBcd]

[ǎ,č,ď] +Θadc[AacBcd]
[ǎ,ď,č]. (151)

Because of the nested commutator structure we can make use of the Jacobi identity

[[A,B], C] + [[C,A], B] + [[B,C], A] = 0, (152)

to derive

[AacBcd]
[ǎ,č,ď] = [AacBcd]

[ǎ,ď,č] + [AacBcd]
[ď,č,ǎ]. (153)
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This allows us to obtain

[AacBcd]
R(ǎ,čď) = Θacd

(
[AacBcd]

[ǎ,ď,č] + [AacBcd]
[ď,č,ǎ]

)
+Θadc[AacBcd]

[ǎ,ď,č]

= ΘacΘcd[AacBcd]
[ǎ,[č,ď]] +ΘadΘac[AacBcd]

[[ǎ,ď],č]

= [AacBcd]
R(ǎ,R(č,ď)) + [AacBcd]

R(R(ǎ,ď),č),

(154)

where we can express the result cleanly using nested retarded compositions.

Note that when expanding a retarded set containing nested sets, only the top

arguments of the nested sets are included in the sum over permutations, so that for

example

[AacBcd]
R(ǎ,R(č,ď)) = Θac[AacBcd]

[ǎ,R(č,ď)] = ΘacΘcd[AacBcd]
[ǎ,[č,ď]]. (155)

The vanishing rule (130) still holds, and the retarded composition vanishes if any of the

nested sets are disconnected.

Diagrammatically we express the expansion in Eq. (154) as

= A B+A Ba c dA Ba d a c dc , (156)

Note that a nested retarded set sharing the top argument with the outer retarded set

is circled with a double line, to distinguish it from other nested sets on the same level.

In figure 156 the second term vanishes, as the retarded set {a, d} is disconnected.

One advantage of the expansion in nested retarded sets, is that since the expansion

can be performed with respect to any of the retarded vertices, there is a number of

alternative expansions for any retarded set. This allows one to choose the particular

expansion that results in the largest number of terms vanishing due to disconnected

retarded sets. The various expansions are related by the symmetry of retarded

compositions with respect to permutations of the retarded arguments, see Eq. (58). For

example, for the retarded composition in Eq. (151) one has the symmetry [· · · ]R(ǎ,čď) =

[· · · ]R(ǎ,ďč), which allows one to immediately obtain from Eq. (154) the alternative

expansion

[AacBcd]
R(ǎ,čď) = [AacBcd]

R(ǎ,R(ď,č)) + [AacBcd]
R(R(ǎ,č),ď). (157)

which is expressed diagrammatically as

= B+A Ba c dA Ba c d Aa c d . (158)

In this case, the expansion in Eq. (154) and Eq. (156) is the more expedient choice,

since in Eq. (158) no terms vanish.
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The result in Eq. (156) is independent of the sub-functions involved, and can be

generalized to (see Eq. (C.2))

... = ... ...+ + ... ...+

(159)

Here, the gray dots may represent single vertices or retarded sets. The top element in

each retarded set, which may be a retarded set itself, is always designated with a double-

lined closed curve. This graphical rule corresponds to Eq. (C.2), proven in Appendix

C. As a further generalization, the outer retarded set in Eq. (159) may itself be inside

larger retarded sets (see Eq. (C.10)).

For example, for a four-point function, expanding with respect to argument 4, we

have

OR(1,234) = OR(R(1,4),23) +OR(1,R(2,4)3) +OR(1,2R(3,4)), (160)

which we represented diagrammatically as

= + +1

2

3

4 . (161)

We can expand each term on the right-hand side of Eq. (161) again with respect to

vertex 3 (or the retarded set containing 3). This leads to

+ +++ + .

(162)

We can further apply Eq. (159) in reverse to combine the first and the fifth term, as

well as the fourth and the sixth term, in Eq. (162) to obtain

+ ++=1

2

3

4 . (163)

This constitutes a diagrammatic proof of the relation

OR(1,234) = OR(R(1,34),2) +OR(R(1,4),R(2,3)) +OR(R(1,3),R(2,4)) +OR(1,R(2,34)). (164)

Another useful result relating nested retarded compositions can be derived by

considering a retarded composition of the form [AabBbN ]R(ǎ,R(b̌,LN )), where LN is an
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arbitrary string of retarded sets containing the labels N = {n1, . . . , nN} (such as

LN = R(n1, n2 · · ·nN), to take the simplest option). Expanding the outermost retarded

set in terms of commutators, we obtain

[AabBbN ]R(ǎ,R(b̌,LN )) = Θab

(
[AabBbN ]ǎR(b̌,LN ) − [AabBbN ]R(b̌,LN )ǎ

)
= Θab

(
Aǎb̌

abB
R(ǰ,LN )
jN − Ab̌ǎ

abB
R(b̌,LN )
bN

)
= A

R(ǎ,b̌)
ab B

R(b̌,LN )
bN

(165)

Diagrammatically this result can be drawn as

a b

n1

nN

LN
A

B = a b

n1

nN

LN
A

Bb . (166)

Applying Eq. (166) to the first term in Eq. (156) we have

= A Ba c dA Ba c d c , (167)

which corresponds to

[AacBcd]
R(ǎ,R(č,ď)) = AR(ǎ,č)

ac B
R(č,ď)
cd . (168)

Using Eq. (168), along with the analogous result for [Bc̄d̄Cd̄b]
R(b̌,čď), we can now obtain

from Eq. (149) the Langreth rule

E12
ab = AR(ǎ,č)

ac B čď
cdC

R(b̌,ď)
db + AR(ǎ,č)

ac B
R(č,ď)
cd C ďb̌

db + Aǎč
acB

R(č,ď)
cd C

R(ď,b̌)
db . (169)

The diagrammatic representation of the above equation, including its diagrammatic

derivation, is shown in figure 6.

We now have all the tools to derive the known and extended versions of the Langreth

rules. In the following section we will demonstrate the rules laid out above, by going

through the process of deriving Langreth rules for two important practical cases, namely

the double-triangle graph and the vertex graph.

7. Langreth Rules for the Double-triangle and Vertex Structures

Let us now apply the extended Langreth rules to two important practical examples

introduced in the beginning, that involve two external and two internal arguments:

Dab =

∫
γ′

D̄abc̄d̄ : a b = a

c

b

d

(170)

We will consider the following two structures:
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=D A B C
a b a c bd

=
A B C A B C

+
A B C

+
A B C

+a c bd a c bd a c bd a c bd

=
A B C

+ +
A B CA B

a c bd
C

d a c bd d a c bc dd

=
A B C A B C

+
A B C

+a c bd dc a c bd dc a c bd dc

Figure 6. Diagrammatic derivation of the langreth rule Eq. (169) for a chain of two

convolutions. We have used the separate results of Eq. (156) and Eq. (167) for the

first and the last terms in the last step.

(i) The double-triangle structure X̄abcd = AacBcbCcdDadEdb

Xab =

∫
γ′

X̄abc̄d̄ : a b
X =

A B

C

D E

a

c

b

d

. (171)

(ii) The vertex structure H̄abcd = AacBadCcdb

Hab =

∫
γ′

H̄abc̄d̄ : a b
H =

A

B

Ca

c

b

d

. (172)

All the Langreth rules for these structures are listed in Table 2 and Table 3. We

will provide explicit derivations of a few of the rules.

7.1. The DM(ǎb̌) component.

For the fully Matsubara restricted component, the retarded set representation is

D
M(ǎb̌)
ab = a b = a b

c

d

(173)
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(i) Substituting the double-triangle structure into the above diagram results in:

Xa b =

A B

C

D E

a

c

b

d

: X
M(ǎb̌)
ab =

∫
[Aac̄Bc̄bCc̄d̄Dad̄Ed̄b]

M(ǎb̌čď) (174)

Since Matsubara sets can be distributed over the sub-functions for the case when

no arguments are on the Keldysh branch (see the discussion below Eq. (104)), we

find

X
M(ǎb̌)
ab =

∫
A

M(ǎč)
ac̄ B

M(čb̌)
c̄b C

M(čď)

c̄d̄
D

M(ǎď)

ad̄
E

M(ďb̌)

d̄b
. (175)

(ii) For the vertex structure we likewise obtain

H
M(ǎb̌)
ab =

∫
A

M(ǎč)
ac̄ B

M(ǎď)

ad̄
C

M(čďb̌)

c̄d̄b
(176)

7.2. The DM(ǎ)b̌ component.

The retarded set representation is

DM(ǎ)b̌ = a b = + + +a b

c

d

a b

c

d

a b

c

d

a b

c

d

(177)



Contour calculus for many-particle functions 39

(i) Substituting the double-triangle structure into the above diagram results in:

X
M(1)2
ab =

X
ba

=

A B

C

D E

A B

C

D E

+

A B

C

D E

+

A B

C

D E

+a b

d

c

a

c

d d d

b b b

c c

a a

=

A B

C

D E

+

A B

C

D E

c

+

A B

C

D E

+

B

C

E

a

c

b

d

ba

c

c

d

d

d d d

c

c

c c

c

c

b

ba

a b

ba

a

d d

A

D d

c

a

a

d

c

b

d

=

∫
A

M(ǎč)
ac̄ C

M(čď)

c̄d̄
D

M(ǎď)

ad̄
B

M(č)b̌
c̄b E

M(ď)b̌

d̄b
+

∫
A

M(ǎč)
ac̄ B

M(č)b̌
c̄b C

M(č)ď

c̄d̄
D

M(ǎ)ď

ad̄
E

R(b̌,ď)

d̄b

+

∫
B

R(b̌,č)
c̄b A

M(ǎ)č
ac̄ C

M(ď)č

c̄d̄
E

M(ď)b̌

d̄b
D

M(ǎď)

ad̄
+

∫
A

M(ǎ)č
ac̄ D

M(ǎ)ď

ad̄
[Bc̄bEd̄bCc̄d̄]

R(b̌,čď)

(178)

Here we encounter a retarded composition of a triangle in the term [Bc̄bEd̄bCc̄d̄]
R(b̌,čď).

Because every vertex connects to every other, there are no symmetries that could be

leveraged. Through brute force expansion of the retarded set, either using nested

commutators or nested retarded sets, we obtain two forms of a Langreth rule

[Bc̄bEd̄bCc̄d̄]
R(b̌,čď) = B

R(b̌,č)
c̄b E b̌ď

d̄bC
R(č,ď)

c̄d̄
+B čb̌

c̄bE
R(b̌,ď)

d̄b
C

R(ď,č)

c̄d̄
+B

R(b̌,č)
c̄b E

R(b̌,ď)

d̄b
C ďč

c̄d̄

= B
R(b̌,č)
c̄b E ďb̌

d̄bC
R(č,ď)

c̄d̄
+B b̌č

c̄bE
R(b̌,ď)

d̄b
C

R(ď,č)

c̄d̄
+B

R(b̌,č)
c̄b E

R(b̌,ď)

d̄b
C čď

c̄d̄ .

(179)

These two expressions only differ in the change of order of the Keldysh components.
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(ii) Substituting the vertex structure into (177) leads to

H
M(1)2
ab =

H
a b

=

A

B

C

A

B

C+

A

B

C+

A

B

C+a

c

b

d

b

c

a

d

b

c

a

d

b

c

a

d

=

A

C

B

+ C + C + C

a c

da

c

d

b

B

a c

da

A
c

d

b

B

a c

da

A

b

d

c

B

a c

da

A

b

c

d

=

∫
A

M(ǎč)
ac̄ B

M(ǎď)

ad̄
C

M(čď)b̌

c̄d̄b
+

∫
A

M(ǎč)
ac̄ B

M(ǎ)ď

ad̄
C

M(č)R(b̌,ď)

c̄d̄b

+

∫
A

M(ǎ)č
ac̄ B

M(ǎď)

ad̄
C

M(ď)R(b̌,č)

c̄d̄b
+

∫
A

M(ǎ)č
ac̄ B

M(ǎ)ď

ad̄
C

R(b̌,čď)

c̄d̄b

(180)

7.3. The Dǎb̌ component.

The retarded set representation is now

Dǎb̌
ab = ba

= + + ++ba

c

d

ba

d

c

d

ba

c

d

ba

c

d

ba

c

+ + + +ba

c

d

ba

c

d

ba

c

d

ba

c

d

(181)

(i) After substituting the double-triangle structure we can cut every line in every term,

except for the last two terms for which the rule in Eq. (179) is needed. The rule is

the same for any ordering of the arguments, and therefore by substituting Bbc̄ → Aac̄

and Ebd̄ → Dad̄ on both sides of Eq. (179), we obtain the rule for [Aac̄Dad̄Cc̄d̄]
R(ǎ,b̌č).
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The second and third term in Eq. (181) sum up to

b

+

d

c

ba

c

d

ba

= +

bc bc bc

a

aa

cd

cd cd

b

b b

= +

bc bc bc bc bc bc

a a

aa

cdcd

cd cd

b

b

b

b

=

bc bc bc

a

a

cd

cd

b

b

A B

C

D E

C

BA

D E

A AC CB B

D E D E

EDED
A C B

A C B

D E

(182)

and therefore we can express these compactly using a chain-convolution. The same

is true for the fourth and fifth terms in Eq. (181). We obtain

X ǎb̌
ab =

∫
A

M(č)ǎ
ac̄ B

M(č)b̌
c̄b C

M(čď)

c̄d̄
D

M(ď)ǎ

ad̄
E

M(ď)b̌

d̄b

+

∫
[Aac̄Bc̄b]

ǎb̌ C
M(ď)č

c̄d̄
D

M(ď)ǎ

ad̄
E

M(ď)b̌

d̄b
+

∫
A

M(č)ǎ
ac̄ B

M(č)b̌
c̄b C

M(č)ď

c̄d̄
[Dǎd̄Ed̄b̌]

ǎb̌

+

∫
[Aǎc̄Dǎd̄Cc̄d̄]

R(ǎ,čď) B čb̌
c̄b̌
E ďb̌

d̄b̌
+

∫
A

R(ǎ,č)
ǎc̄ B čb̌

c̄b̌
C čď

c̄d̄D
ǎď
ǎd̄E

R(b̌,ď)

d̄b̌

+

∫
Aǎč

ǎc̄B
R(b̌,č)

c̄b̌
C ďč

c̄d̄D
R(ǎ,ď)

ǎd̄
E ďb̌

d̄b̌
+

∫
Aǎč

ǎc̄E
ǎď
ǎd̄ [Bc̄b̌Dd̄b̌Cc̄d̄]

R(b̌,čď) .

(183)

After applying the rule in Eq. (179), this can be manipulated into a more compact

form, shown in the table 2.

(ii) After substituting the vertex structure we obtain

H12
ab =

a

A

B

C b

c
a

dd

c

+

A

B

C b

c

a
dd

c

+

A

B

C
b

c
a

dd

c

+

A

B

C b

c
a

dd

c

+

A

B

C
b

c
a

dd

c

+

A

B

C
b

c

a

dd

c

a

a a a

a
+

A

B

C b

c
a

dd

c

a

+

A

C b

c

a

d

+

A

B

C b

c
a

dd

c

a
B

(184)
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=

∫
A

M(č)ǎ
ac̄ B

M(ď)ǎ

ad̄
C

M(čď)b̌

c̄d̄b

+

∫
A

M(č)ǎ
ac̄ B

R(ǎ,ď)

ad̄
C

M(č)ďb̌

c̄d̄b
+

∫
A

M(č)ǎ
ac̄ Bǎď

ad̄C
M(č)R(b̌,ď)

c̄d̄b

+

∫
A

R(ǎ,č)
ac̄ B

M(ď)ǎ

ad̄
C

M(ď)ďb̌

c̄d̄b
+

∫
Aǎč

ac̄B
M(ď)ǎ

ad̄
C

M(ď)R(b̌,č)

c̄d̄b

+

∫
A

R(ǎ,č)
ac̄ Bǎď

ad̄C
čR(b̌,ď)

c̄d̄b
+

∫
Aǎč

ac̄B
R(ǎ,ď)

ad̄
C

ďR(b̌,č)

c̄d̄b
+

∫
[Aac̄Bad̄Cc̄d̄b]

R(ǎ,čď)b̌ +

∫
Aǎč

ac̄B
ǎď
ad̄C

R(b̌,čď)

c̄d̄b
.

(185)

Here the second to last term can be handled using the rule Eq. (179), as b, being

always first in contour order, does not interfere.

7.4. The DR(ǎ,b̌) component.

Performing the retarded set expansion leads to

DR(ǎ,b̌) = ba = +ba

c

d

ba

c

d

+ ba

c

d

+ ba

c

d

(186)

(i) After substituting the double-triangle structure the first term after the last equal

sign vanishes, as a and b are not directly connected. In the second and third

terms the sub-functions connecting to the Matsubara set can be separated, and the

remaining piece is a retarded composition of a convolution (shown in Table 1). The

final piece can be worked out by expanding the retarded set, in which the lack of

direct connection between a and b leading to cancellations.

(ii) The vertex structure can be handled similarly. Starting from Eq. (186) the first

term after the second equal sign vanishes because a and b are not directly connected.

The second and third terms reduce to retarded compositions of convolutions, as the

three-point sub-function reduces to an MK function of two contour arguments when

one of its vertices is in the Matsubara set.

7.5. The Tables of Langreth Rules

We give in Table 1 the known Langreth rules for convolutions and products. The new

Langreth rules for the double-triangle structure are shown in Table 2, and the new rules

for the vertex structure are shown in Table 3. For clarity and to conform to common

nomenclature, we have used the notation of Langreth for two-point functions:

O12 = O>, O21 = O<, OR(1,2) = OR, OR(2,1) = OA

OM(1)2 = O�, OM(2)1 = O�, OM(12) = OM .
(187)

We also omit the sub-indices when writing the rules, as these can be read from the

contour expression of the structure considered.
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Dab =
∫
γ′ Aac̄Bc̄b Dab = AabBba

D> =
∫
ARB> +

∫
A>BA +

∫
A�B� D> = A>B<

D< =
∫
ARB< +

∫
A<BA +

∫
A�B� D< = A<B>

DR =
∫
ARBR DR =

{
ARB< + A<BA

ARB> + A>BA

DA =
∫
AABA DA =

{
AAB< + A<BR

AAB> + A>BR

D� =
∫
A�BM +

∫
ARB� D� = A�B�

D� =
∫
A�BA +

∫
AMB� D� = A�B�

DM =
∫
AMBM DM = AMBM

Table 1. The Langreth rules for convolutions (left) and products (right). See section

7.5 for explanation of the notation.

Note that in this notation the Langreth rules are specific to a particular ordering of

arguments. For example, we have for the chain convolution in the form Cab =
∫
γ′ Aac̄Bc̄b

the rule

CR
ab =

∫
AR

ac̄B
R
c̄b. (188)

If we wish to obtain the rule for a different ordering of arguments, such as Cab =∫
γ′ Aac̄Bbc̄, we can write the rule above using explicit argument labels as

C
R(ǎ,b̌)
ab = A

R(ǎ,č)
ac̄ B

R(č,b̌)
c̄b . (189)

In this form the rule remains valid if the argument order is changed, which again

indicates the convenience of the háček notation. We can then convert back to the

earlier notation to obtain

C
R(ǎ,b̌)
ab = A

R(ǎ,č)
ac̄ B

R(č,b̌)
bc̄ → CR

ab = AR
ac̄B

A
c̄b. (190)

We have made use of the simpler Langreth rules to simplify the notation for the more

complex ones. Thus there appears for example [Aac̄Bc̄bDad̄Ed̄b]
R
ab, which is a product of

two convolutions and can be worked out using the rules in Table 1 to give

[Aac̄Bc̄bDad̄Ed̄b]
R
ab = [Aac̄Bc̄b]

R
ab [Dad̄Ed̄b]

<
ab + [Aac̄Bc̄b]

<
ab [Dad̄Ed̄b]

A
ab

= AR
ac̄B

R
c̄b

(
DR

ad̄E
<
d̄b
+D<

ad̄
EA

d̄b

)
+
(
AR

ac̄B
<
c̄b + A<

ac̄B
A
c̄b

)
DA

ad̄E
A
d̄b.

(191)

Likewise there are chains of three two-point sub-functions, such as

[Dad̄Cc̄d̄Bc̄b]
R
ab = [Dad̄Cc̄d̄]

R
ad̄B

R
c̄b = DR

ad̄C
A
c̄d̄B

R
c̄b. (192)
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Gab =
∫
γ′ Ḡabc̄d̄ =

∫
γ′ Aac̄Bc̄bCc̄d̄Dad̄Ed̄b

G> =

∫
A�B�CMD�E� +

∫
[AB]> C�D�E� +

∫
A�B�C� [DE]>

+
∫
[AB]> C> [DE]> +

∫
[AB]> CR(D< −DA)E> +

∫
A>(B< +BR)CA [DE]>

G< =

∫
A�B�CMD�E� +

∫
[AB]< C�D�E� +

∫
A�B�C� [DE]<

+
∫
[AB]< C> [DE]< +

∫
[AB]< CRD<(E> − ER) +

∫
(A> + AA)B<CA [DE]<

GR =

∫
[AB]R C�D�E� +

∫
A�B�C� [DE]R

+
∫
[ABDE]R C> +

∫
[AB]R CRD<E> +

∫
A>B<CA [DE]R

+
∫
A>[DCB]RE> +

∫
B<[ACE]RD<

GA =

∫
[AB]A C�D�E� +

∫
A�B�C� [DE]A

+
∫
[ABDE]A C> +

∫
[AB]A CRD<E> +

∫
A>B<CA [DE]A

+
∫
A>[DCB]AE> +

∫
B<[ACE]AD<

G� =
∫
A�BMCMD�EM +

∫
A�BMC�DRE� +

∫
ARB�C�D�EM +

∫
[ADC]1B�E�

G� =
∫
AMB�CMDME� +

∫
AMB�C�D�EA +

∫
A�BAC�DME� +

∫
A�D�[CBE]1

GM =
∫
AMBMCMDMEM

Fa =
∫
γ′ F̄ab̄c̄ =

∫
γ′ Aab̄Bac̄Cb̄c̄

F 1 =
∫
A�B�CM +

∫
A�BRC� +

∫
ARB�C� +

∫
F̄

R(ǎ,b̌č)

ab̄c̄

F̄
R(ǎ,b̌č)
abc =

{
ARB>CR + A<BRCA + ARBRC<

ARB<CR + A>BRCA + ARBRC>

Table 2. Langreth rules for the double-triangle structure. See section 7.5 for

explanation of the notation.

8. Conclusions

Non-equilibrium Green’s function methods require a translation between contour

quantities, well suited for representing the abstract theory, and real-time quantities,

well suited for numerical calculations. In this paper we have provided general rules to

perform this translation effectively.

We have constructed a diagrammatic recipe to straightforwardly obtain generalized

Langreth rules for the important cases of the double-triangle structure and the vertex

diagram. Our diagrammatic recipe can be applied to other structures of interest, such

as the Hedin equation for the vertex function, and for the Bethe-Salpeter equation. The

general rules laid out in this paper will make this possible.

Apart from deriving Langreth rules, the results derived in this paper are of use in

other contexts. As an example, we recently showed that an expression for the self-energy,

that yields a positive semi-definite spectral function, can be derived in non-equilibrium

situations by making use of generalized retarded compositions of half-diagrams [9].
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Hab =
∫
γ′ H̄abc̄d̄ =

∫
γ′ Aac̄Bad̄Cd̄bc̄

H> =

∫
A�B�CM(čď)b̌

+
∫
A>B�CM(ď)R(b̌,č) +

∫
ARB�CM(ď)čb̌ +

∫
A�B>CM(č)R(b̌,ď) +

∫
A�BRCM(č)ďb̌

+
∫
A>BRCR(ď,č)b̌ +

∫
ARB<CR(č,ď)b̌ +

∫
ARB>C čR(b̌,ď) +

∫
A>BRC ďR(b̌,č)

+
∫
ARBRC čďb̌ +

∫
A>B>CR(b̌,čď)

H< =

∫
A�B�CM(čď)b̌

+
∫
A<B�CM(ď)R(b̌,č) +

∫
ARB�CM(ď)b̌č +

∫
A�B<CM(č)R(b̌,ď) +

∫
A�BRCM(č)b̌ď

+
∫
A>BRC b̌R(ď,č) +

∫
A<BRCR(b̌,č)ď +

∫
ARB<C b̌R(č,ď) +

∫
ARB<CR(b̌,ď)č

+
∫
ARBRC b̌čď +

∫
A<B<CR(b̌,čď)

HR =

∫
ARB�CM(ď)R(č,b̌) +

∫
A�BRCM(č)R(ď,b̌)

+
∫
A>BRCR(ď,b̌č) +

∫
ARB<CR(č,b̌ď) +

∫
ARBR

(
C čR(ď,b̌) +

∫
CR(č,b̌)ď

)
HA =

∫
AAB�CM(ď)R(b̌,č) +

∫
A�BACM(č)R(b̌,ď)

+
∫ (

A>BA + AAB<
)
CR(b̌,čď) +

∫
ARBAC čR(b̌ď) +

∫
AABRCR(b̌,č)ď

H� =

∫
A�B�CM(b̌čď) +

∫
A�BRCM(b̌č)ď +

∫
ARB�CM(b̌ď)č

+
∫
ARB<CM(b̌)R(č,ď) +

∫
A>BRCM(b̌)R(ď,č) +

∫
ARBRCM(b̌)čď

H� =
∫
AMBMCM(čď)b̌ +

∫
AMB�CM(č)R(b̌,ď) +

∫
A�BMCM(ď)R(b̌,č) +

∫
A�B�CR(b̌,čď)

HM =
∫
AMBMCM(b̌čď)

Table 3. Langreth rules for the vertex structure. See section 7.5 for explanation of

the notation.
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Appendix A. Decomposition of Step Functions

In this section, we will show how to write products of two step functions as sums in terms

of permutations of a single step function. This joining of step functions is useful when

discussing the retarded composition. As an example, we consider the multiplication of

two step functions containing two times:

Θ(t1, t2)Θ(t3, t4) = Θ(t1, t2, t3, t4) + Θ(t1, t3, t2, t4) + Θ(t1, t3, t4, t2)

+ Θ(t3, t1, t2, t4) + Θ(t3, t1, t4, t2) + Θ(t3, t4, t1, t2).
(A.1)

The sum contains all six permutations for which t1 is to the left of t2, and t3 to the

left of t4. This example can be generalized. Let us consider two sets of time variables,

t1, t2, . . . , tk and tk+1, tk+2, . . . , tm, and the product Θ(t1, t2, . . . , tk)Θ(tk+1, tk+2, . . . , tm).
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The multiplication can be written as a sum over permutations R ∈ Rm,k of the time

arguments t1, . . . , tm in a single step function,

Θ(t1, t2, . . . , tk)Θ(tk+1, tk+2, . . . , tm) =
∑

R∈Rm,k

Θ
(
tR(1), tR(2), . . . , tR(m)

)
. (A.2)

where we sum over all permutations R ∈ Rm,k that retain the relative ordering among

t1, . . . , tk and tk+1, . . . , tm, separately, as imposed by the original step functions on the

left-hand side. That is, the permutation R orders the times such that the position of t1
is to the left of t2, and so on until tk, and the same for the times tk+1, . . . , tm. In case a

step function contains only one or zero arguments, we define that step function to yield

1.

Equation (A.1) is a special case of Eq. (A.2) with m = 4 and k = 2, for which there

are a six permutations that keep the original time ordering. We write these permutations

as ∑
R∈R4,2

R(1234) = 1234 + 1324 + 1342 + 3124 + 3142 + 3412. (A.3)

The set Rm,k is a subset of the symmetric group Sm. The set Rm,k is, however, not

a group itself, since inverse permutations are not always included. As an example, we

can take R4,2, and the permutation R(1234) = 1342 from Eq. (A.3). The inverse is

R−1(1234) = 1423, which is not in R4,2.

The total number of permutations |Rm,k|, i.e. the size of the set Rm,k, is given

by the following combinatorical argument. Let us assume that tk+1, · · · , tm are ordered

by the permutation in the correct order. The number of ways we can place the k time

arguments t1, · · · , tk among tk+1, · · · , tm is given bym(m−1)(m−2) · · · (m−k) = m!
(m−k)!

.

Of all these permutations, one out of every k! permutations has the arguments t1, · · · , tk
in the right order. Dividing by k! gives the size of the set Rm,k as

|Rm,k| =
m!

(m− k)!k!
=

(
m

k

)
. (A.4)

The set Rm,k can be defined in a compact manner. We note that the argument

tR(i) is at position i in the step function on the right hand side of Eq. (A.2). Writing

l = R(i), the argument tl is at position R−1(l). Thus, the set Rm,k can be defined as

the set of permutations R that satisfy

(i < j) and (i, j ≤ k)) ⇒ R−1(i) < R−1(j)

(i < j) and (i, j > k)) ⇒ R−1(i) < R−1(j).
(A.5)

Writing R−1(i) = l in Eq. (A.5), we can equivalently define the set Rm,k to contain the

permutations that satisfy

(R(i) < R(j)) and (R(i), R(j) ≤ k)) ⇒ i < j

(R(i) < R(j)) and (R(i), R(j) > k)) ⇒ i < j.
(A.6)



Contour calculus for many-particle functions 47

It turns out that we will need one more result, which is the multiplication of two

step functions containing t1, · · · , tk and tk+1, · · · , tm separately, when the order of the

first set of times is reversed:

Θ(tk, tk−1, · · · , t1)Θ(tk+1, tk+2, · · · , tm) =
∑

T∈Tm,k

Θ
(
tT (1), tT (2), · · · , tT (m)

)
. (A.7)

The set Tm,k is closely related to Rm,k. The size of the set is the same, |Tm,k| =
(
m
k

)
,

and it can be defined by either of the two relations

(i > j) and (i, j ≤ k) ⇒ T−1(i) < T−1(j)

(i < j) and (i, j > k) ⇒ T−1(i) < T−1(j).
(A.8)

or

(T (i) > T (j)) and (T (i), T (j) ≤ k) ⇒ i < j

(T (i) < T (j)) and (T (i), T (j) > k) ⇒ i < j.
(A.9)

The multiplication of step functions are related to the structure of nested

commutators, as we show in the next appendix.

Appendix B. The Structure of Nested Commutators

In this section, we elucidate the structure of the nested commutator and derive some

useful results. Our discussion on structure follows a similar one in Ref. [17].

The nested commutator of m + 1 objects, [x, 1, 2, · · ·m], where each number

x, 1, · · · ,m represents a different object, is defined as

[x, 1, 2, · · ·m] = [· · · [[x, 1], 2], · · · ,m]. (B.1)

The nested commutator in Eq. (B.1) has 2m terms, of which one half has a prefactor

+1 and one half a prefactor −1. It is convenient to group the terms according to the

number of objects, k, that appear to the left of x in each term. The sign of the terms

is given by (−1)k. Let us take the example of m = 4 and k = 2:

[x, 1, 2, 3, 4]2 = 21x34 + 31x24 + 41x23 + 32x14 + 42x13 + 43x12 (B.2)

where 2 denotes that two objects are to the left of x, and therefore all terms have a

positive sign. In Eq. (B.2), the numbers to the left of x are in decreasing order, while

the numbers to the right are in increasing order.

In general, we write a nested commutator as

[x, 1, 2, · · · ,m] =
∑
k

[x, 1, 2, · · · ,m]k, (B.3)

where the terms [x, 1, 2, · · · ,m]k, with k numbers to the left of x, can be written as

[x, 1, 2, · · · ,m]k = (−)k
∑

Q∈Qm,k

Q(1, 2, · · · , k)xQ(k + 1, · · · ,m), (B.4)
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where we sum over all permutations Q ∈ Qm,k such that the numbers to the left of x

are in decreasing order, and the numbers to the right of x in increasing order. In the

example above, Eq. (B.2), we have

[x, 1, 2, 3, 4]2 =
∑

Q∈Q4,2

Q(12)xQ(34) (B.5)

with ∑
Q∈Q4,2

Q(1234) = 2134 + 3124 + 4123 + 3214 + 4213 + 4312. (B.6)

We see that Q(1) > Q(2), while Q(3) < Q(4).

The set Qm,k can be compactly defined as containing those permutations Q that

fulfill

(i > j) and (i, j ≤ k) ⇒ Q(i) < Q(j)

(i < j) and (i, j > k) ⇒ Q(i) < Q(j).
(B.7)

Comparing with Eq. (A.8), we see that the set Qm,k contain exactly the inverses of the

set Tm,k.

We will now prove some relations between nested commutators, that are useful

when working with retarded compositions. Let us now denote a nested commutator of

n objects by

An = [1, . . . , n]. (B.8)

To begin with we observe that

[1, . . . , n] = [Ai−1, i, . . . , n]. (B.9)

We will then prove that

[. . . , i− 1, [i, x], i+ 1, . . .] = [. . . , i− 1, i, x, i+ 1, . . .]

− [. . . , i− 1, x, i, i+ 1, . . .] when i > 1.
(B.10)

For Eq. (B.10), we obtain, from Eq. (B.9),

[. . . , i− 1, [i, x], i+ 1, . . .] = [Ai−1, [i, x], i+ 1, . . .]

= [[[Ai−1, [i, x]], i+ 1], . . .]
(B.11)

Using the Jacobi identity, Eq. (152), we find

[Ai−1, [i, x]] = [[Ai−1, i], x]− [[Ai−1, x], i]. (B.12)

Inserting the Jacobi identity into Eq. (B.11) leads to

[[[[Ai−1, i], x], i+ 1], . . .]− [[[[Ai−1, x], i], i+ 1], . . .]

= [Ai−1, i, x, i+ 1, . . .]− [Ai−1, x, i, i+ 1, . . .]

= [. . . , i− 1, i, x, i+ 1, . . .]− [. . . , i− 1, x, i, i+ 1, . . .],

(B.13)
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which proves Eq. (B.10).

Finally we will show that

[. . . , i, x, i+ 1, . . .]

= [[1, x], 2, . . .] + [1, [2, x], 3, . . .] + . . .+ [. . . , i− 1, [i, x], i+ 1, . . .]
(B.14)

This result can be proven by induction, with the base step

[[1, x], 2, . . .] + [1, [2, x], 3, . . .]

= [1, x, 2, . . .] + [1, 2, x, 3, . . .]− [1, x, 2, 3, . . .]

= [1, 2, x, 3, . . .],

(B.15)

and the induction step

[. . . , i, x, i+ 1, . . .] + [. . . , i, [i+ 1, x], i+ 2, . . .]

= [. . . , i, x, i+ 1, . . .] + [. . . , i, i+ 1, x, i+ 2, . . .]− [. . . , i, x, i+ 1, i+ 2, . . .]

= [. . . , i+ 1, x, i+ 2, . . .]

(B.16)

Appendix C. Expansion of Retarded Compositions in Terms of Nested

Retarded Compositions

A general retarded composition can be defined as

OX̌R(Z1,Z2···Zr)Y̌ =
∑

P∈Sr−1

Θh1hP (2)···hP (r)
OX̌[Z1,ZP (2),...,ZP (r)]Y̌ , (C.1)

where Zi is some object with a defined a top element hi. In the simplest case of Zi = ȟi

for all i, Eq. (C.1) reduces to the definition of a simple retarded composition in Eq. (56).

If Zi, for some i, is taken to be a retarded set, for example Zi = R(Hi) for some

Hi = hi ∪ Ii, Eq. (C.1) defines a nested retarded composition. Finally Zi itself can be

nested retarded set, for example Zi = R(R(Hi), R(Hr)). In this case the top element hi

is the top element of Hi.

Here we will use the relations between nested commutators derived in Appendix

B to derive the result expressed diagrammatically in Eq. (159). We will show that a

nested retarded composition can be expanded as a sum of nested retarded compositions

as

ŌX̌R(Z1,Z2···Zr)Y̌ (tN ) =
r−1∑
i=1

ŌX̌R(Z1,Z2···Zi−1R(Zi,Zr)Zi−1···Zr−1)Y̌ (tN ). (C.2)

Here we have expanded with respect to Zr. Note that since the left hand side is

symmetric with respect to permutations of the indices 2 · · · r, the expansions with respect

to any of the objects Z2, . . . , Zr give the same result.

To keep the presentation cleaner we suppress X and Y as well as the time-

arguments. For the right hand side of Eq. (C.2) we define a new set of Z ′ objects

as

Z ′
i = R(Zi, Zr)

Z ′
k = Zk k �= i.

(C.3)
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Note that the top element of Z ′
n is the same as for Zn, i.e. hn, for all n. Using this

definition the right hand side of Eq. (C.2) can be expanded using Eq. (C.1). For each

i we can restrict our attention to the term that contain the unit permutation, as the

other terms can be obtained by subsequent permutations at the end of the derivation.

This gives

r−1∑
i=1

Θh1···hr−1Ō
[Z′

1,Z
′
2···Z′

i−1Z
′
iZi+1···Z′

r−1] =
r−1∑
i=1

Θh1···hr−1Ō
[Z1,Z2···Zi−1R(Zi,Zr)Zi+1···Zr−1]

=
r−1∑
i=1

Θh1···hr−1ΘhihrŌ
[Z1,Z2···Zi−1[Zi,Zr]Zi+1···Zr−1].

(C.4)

The product of step functions can be written as a sum of step functions using

Θh1···hr−1Θhihr =
r−1∑
j=i

Θh1···hjhrhj+1···hr−1 , (C.5)

We then reorder the sums
r−1∑
i=1

r−1∑
j=i

→
r−1∑
j=1

j∑
i=1

, (C.6)

which leads to

r−1∑
i=1

Θh1···hr−1Ō
[Z′

1,Z
′
2···Z′

i···Z′
r−1] =

r−1∑
j=1

Θh1···hjhrhj+1···hr−1

j∑
i=1

Ō[Z1,Z2···Zi−1[Zi,Zr]Zi+1···Zr−1]

=
r−1∑
j=1

Θh1···hjhrhj+1···hr−1Ō
[Z1,Z2,...,Zj ,Zr,Zj+1,...,Zr−1],

(C.7)

where on the last line we have used the relation between nested commutators shown

in Eq. (B.14). Summing over all the permutations of 2 · · · r − 1 in Eq. (C.7) yields the

right-hand side of Eq. (C.2) as a consequence of the definition of a retarded composition,

Eq. (C.1). The sum over permutations yields

∑
P∈Sr−2

r−1∑
j=1

Θh1···hP (j)hrhP (j+1)···hP (r−1)
Ō[Z1,ZP (2),...,ZP (j),Zr,ZP (j+1),...,ZP (r−1)] (C.8)

Here for each permutation of 2, . . . , r−1, one sums over all positions of r in the sequence.

The effect is the same as summing over all permutations of 2, . . . , r. Eq. (C.8) then

becomes equal to the definition of the retarded composition ŌR(Z1,Z2···Zr), as given by

Eq. (C.1). This completes the proof of Eq. (C.2).

As a useful example of the expansion in Eq. (C.2), we consider a case in which all

objects Zi only contain single elements, that is Zi = ȟi. The expansion formula in this
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case is

ŌX̌R(ȟ1,ȟ2···ȟr)Y̌ (tN ) =
r−1∑
i=1

ŌX̌R(ȟ1,ȟ2···ȟi−1R(ȟi,ȟr)ȟi+1···ȟr−1)Y̌ (tN ). (C.9)

Finally we will consider the case of expanding one of the nested sets. For example,

suppose that we have OX̌R(Z1,Z2···Zr)Y̌ (tN ) where Zk = R(Z ′
1, Z

′
2 · · ·Z ′

s). In this case it is

possible to apply Eq. (C.2) on Zk to obtain

ŌX̌R(Z1,Z2···Zk−1R(Z′
1,Z

′
2···Z′

s)Zk+1···Zr)Y̌ (tN )

=
s−1∑
i=1

ŌX̌R(Z1,Z2···Zk−1R(Z′
1,Z

′
2···R(Z′

i,Z
′
s)···Z′

s−1)Zk+1···Zr)Y̌ (tN ).
(C.10)

To prove Eq. (C.10) we expand the outermost retarded set in nested commutators.

After expanding also the nested commutators thus generated, one obtains a sum in

which terms of the form considered above in Eq. (C.2) appear. Eq. (C.2) can then be

applied to each of these terms to expand Zk. Because in the sum of terms generated

by Eq. (C.2) the top element of the expanded retarded set remains the same in each

term, we can reconstruct the outermost retarded set, which leads to Eq. (C.10). Note

that expanding a set deeper in the nested structure raises no further issues. In each

such case expanding the outer retarded sets allows one to eventually reach a situation

in which Eq. (C.2) can be applied.

Appendix D. Retarded-set Representation for Retarded Compositions

Here we will outline the proof of Eq. (87), which states that for two Keldysh-functions

O and Ō related by

O(zE) =

∫
γ

dzI Ō(zN ), (D.1)

the retarded compositions are related by

OR(ȟ1,Ȟ1)···R(ȟH ,ȞH)(tE) =

∫ ∞

t0

dtI
∑
I

ŌR(ȟ1,Ȟ1∪Ǐ1)···R(ȟH ,ȞH∪ǏH)(tN ). (D.2)

We first prove the case for a single internal argument zi, for which

O(zE) =

∫
γ

dzi Ō(zN ), (D.3)

and

OR(ě1,ě2···ěE)(tE) =

∫ ∞

t0

dti Ō
R(ě1,ě2···ěE ǐ)(tN ). (D.4)

Suppressing the time-arguments, the proof of Eq. (D.4) proceeds as follows:

(i) We expand the left-hand side of Eq. (D.4) in terms of nested commutators using

Eq. (64). This gives

OR(ě1,ě2···ěE) =
∑

P∈SE−1

Θe1eP (2)···eP (E)
O[ě1,ěP (2),...,ěP (E)]. (D.5)
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(ii) Each Keldysh component of O can be written in terms of retarded compositions of

Ō using Eq. (63). This gives for example for the Keldysh component Oě1···ěE

Oě1···ěE =

∫ ∞

t0

dti

E∑
j=1

Ōě1···R(ěj ,̌i)···ěE , (D.6)

and similarly for each permutation of e1, . . . , eE. Thus if in Eq. (D.5) we expand

the nested commutators, apply Eq. (D.6) to each Keldysh component, and then

reconstruct the nested commutator, we obtain

OR(ě1,ě2···ěE) =

∫ ∞

t0

dti

E∑
j=1

∑
P∈SE−1

Θe1eP (2)···eP (E)
O[ě1,ěP (2),...,R(ěj ,̌i),...,ěP (E)]

=

∫ ∞

t0

dti

E∑
j=1

OR(ě1,ě2···R(ěj ,̌i)···ěE),

(D.7)

where on the second line we have used the definition of a nested retarded

composition, Eq. (C.1).

(iii) We can now apply Eq. (C.9) derived in Appendix C to the right hand side of

Eq. (D.7) to obtain Eq. (D.4), which was to be proven.

Multi-retarded compositions can be obtained by going through the same steps as

above. To demonstrate this we will consider an example with four external arguments

and take the component

OR(ǎ,b̌)R(č,ď) = ΘabΘcdO
[ǎ,b̌][č,ď]. (D.8)

In the second step we again write the Keldysh components of O in terms of retarded

compositions of Ō using Eq. (63). For four arguments we have

Oabcd =

∫ ∞

t0

dti

[
ŌR(ǎ,̌i)b̌čď + ŌǎR(b̌,̌i)čď + Ōǎb̌R(č,̌i)ď + Ōǎb̌čR(ď,̌i)

]
, (D.9)

etc. Substituting these into Eq. (D.8) leads to

ΘabΘcdO
[ǎ,b̌][č,ď]

=

∫ ∞

t0

dti ΘabΘcd

(
Ō[R(ǎ,̌i),b̌][č,ď] + Ō[ǎ,R(b̌,̌i)][č,ď] + Ō[ǎ,b̌][R(č,̌i),ď] + Ō[ǎ,b̌][č,R(ď,̌i)]

)
=

∫ ∞

t0

dti

(
ŌR(R(ǎ,̌i),b̌)R(č,ď) + ŌR(ǎ,R(b̌,̌i))R(č,ď) + ŌR(ǎ,b̌)R(R(č,̌i),ď) + ŌR(ǎ,b̌)R(č,R(ď,̌i))

)
.

(D.10)

Applying Eq. (C.2) in step iii) now leads to

ΘabΘcdO
[ǎ,b̌][č,ď] =

∫ ∞

t0

dti

[
ŌR(ǎ,b̌̌i)R(č,ď) + ŌR(ǎ,b̌)R(č,ď̌i)

]
. (D.11)
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For an arbitrary retarded composition OR(ȟ1,Ȟ1)···R(ȟH ,ȞH), performing these steps leads

to

OR(ȟ1,Ȟ1)···R(ȟH ,ȞH)(tE) =

∫ ∞

t0

dti

H∑
j=1

ŌR(ȟ1,Ȟ1)···R(ȟj ,Ȟj∪ǐ)···R(ȟH ,ȞH)(tN ), (D.12)

in which the internal argument is added to each retarded set in turn.

Having considered the case of a single internal argument, the more general situation

can be handled simply by applying Eq. (D.12) repeatedly for each integral in Eq. (D.1).

In this way every internal argument gets added to each retarded set, and the end result

is a sum in which the internal arguments are distributed in every possible way among

the retarded sets. In other words we obtain Eq. (D.2) which was to be proven.
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Recently, a method was presented [1] for constructing self-energies within many-body perturbation theory that
is guaranteed to produce a positive spectral function for equilibrium systems, by representing the self-energy
as a product of half-diagrams on the forward and backward branches of the Keldysh contour. We derive an
alternative half-diagram representations that is based on products of retarded diagrams. Our approach extends
the method to systems out of equilibrium. When a steady-state limit exists, we show that our approach yields a
positive definite spectral function in the frequency domain.

Copyright line will be provided by the publisher

1 Introduction In Ref. [1], Stefanucci et. al. derive a
diagrammatic method for generating approximations for
the self-energy that are guaranteed to produce positive
semidefinite (PSD) spectral functions for equilibrium sys-
tems. It was shown that such approximate self-energies can
be expressed as products of half-diagrams. These results
were further applied to response functions in Ref. [2]. The
approach of Ref. [1] is based on deriving a Lehmann-like
representation for the correlation self-energy that in effect
splits the Keldysh contour between the forward and back-
ward branches partitioning the self-energy diagrams into
time ordered and anti-time ordered half-diagrams. This
approach requires the assumption that the interactions are
adiabatically turned off in the future, which restricts the
method to systems in equilibrium.

Below we will present an alternative formulation of
the method in which the adiabatic turn-off in the future is
avoided. This allows for the derivation of a Lehmann-like
representation for the correlation self-energy that is valid
also out of equilibrium [3,4]. In this formulation the self-
energy diagrams are partitioned into two retarded pieces.

A special non-equilibrium situation emerges when af-
ter application of an external potential the system reaches
a steady-state in the distant future. A commonly studied
case is that of steady current in quantum transport, which
is reached after the application of a bias. However, we may

envisage many other situations, such as the attainment of
a steady photocurrent of an illuminated solid, or persis-
tent currents after application of a magnetic field in a spa-
tially periodic system. Other examples can be conceived
of when external fields couple to, e.g., the spin degrees of
freedom in a system. In these cases the steady-state limit
implies that we recover time-translational invariance in the
long-time limit. If a steady-state is reached, our method
proves that for the exact case, the spectral function is posi-
tive semidefinite (PSD) in the frequency domain. A general
diagrammatic approximation will violate the PSD prop-
erty [1]. The method of repairing the PSD property by a
minimal addition of diagrams is the same in our extension
as in Ref. [1].

We begin by briefly presenting the theoretical context,
and then derive the Lehmann-like representation for the
correlation self-energy following the example of Ref. [1]
with only minor modifications. In the subsequent section
we rewrite the representation in terms of explicitly retarded
diagrams. In the final section, we consider the GW approx-
imation as an example, and show that it gives PSD spectral
functions in the steady-state limit.

Copyright line will be provided by the publisher
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2 Theoretical Background We consider an interact-
ing fermion system described by a Hamiltonian of the form

Ĥ(t) =

∫
dxψ̂†(x)h(x, t)ψ̂(x)

+
1

2

∫
dxdx′ψ̂†(x)ψ̂†(x′)v(x,x′)ψ̂(x′)ψ̂(x).

(1)

The operators ψ(x) (ψ†(x)) are annihilation (creation)
field operators in space-spin point x. The term h(x, t) is a
general time-dependent one-body part, while v(x,x′) is a
general two-body interaction.

The single-particle Green’s function is defined as

G(x1z1;x2z2) = −i〈Ψ0|Tγ
{
ψ̂H(x1z1)ψ̂

†
H(x2z2)

}
|Ψ0〉,

(2)
where Ψ0 is the initial state with n particles at time t0, z1
and z2 are time-parameters on the Keldysh contour γ:

�

�

�

�

t0−

t0+

t−

t+

γ−

γ+
(3)

and the Heisenberg operators are given by

ψ̂H(xt) = Û(t0, t)ψ̂(x) Û(t, t0), (4)

where Û(t, t0) is the time-evolution operator [5]. The irre-
ducible correlation self-energy can be expressed as [6,5]

Σc(x1z1;x2z2)

= −i〈Ψ0|Tγ
{
γ̂H(x1z1)γ̂

†
H(x2z2)

}
|Ψ0〉irr,

(5)

with

γ̂(x1) =

∫
dx2v(x1,x2)n̂(x2)ψ̂(x1), (6)

and similarly for the adjoint γ̂†(x1). The subscript irr de-
notes that all reducible diagrams (those that can be sepa-
rated into two disjoint pieces by removing a single Green’s
function line) are to be removed from the expansion.

3 Lehmann Representation of The Self-Energy
We derive a Lehmann-like representation for the corre-
lation part of the interaction self-energy Σc, following
closely Ref. [1]. The idea is to obtain an expression for
Σc that consists of a sum of squared amplitudes. From this
the PSD property of the resulting spectral function can be
derived in the steady-state case.

The lesser component of the correlation self-energy of
Eq. (5) is given by

Σ<
c (1; 2) =i

[
〈Ψ0|γ̂†

H(2)γ̂H(1)|Ψ0〉
]
irr

=i
[
〈Ψ0|Û(t0, t2)γ̂†(x2)Û(t2, t0)

× Û(t0, t1)γ̂(x1)Û(t1, t0)|Ψ0〉
]
irr
,

(7)

where we use the shorthand notation 1 = x1t1, and simi-
larly for the primed argument. The treatment of the greater
component is analogous.

To proceed, we consider a complete set of states |χi〉 in
Fock space and insert the unit operator

1 =
∑
i

|χi〉〈χi| (8)

between γ̂H and γ̂†
H in Eq. (7). Since γ̂H (γ̂†

H ) removes
(adds) a particle, we can restrict the sum over states to (n−
1)–particle states. This yields

Σ<
c (1; 2) =i

[∑
i

Si(2)S
∗
i (1)

]
irr
, (9)

where we defined the amplitudes

Si(1) = 〈Ψ0|Û(t0, t1)γ̂†(x1)Û(t1, t0)|χi〉. (10)

In Eq. (9) the expression inside the square brackets is a
Lehmann-like representation for the lesser component of
reducible self-energy. To obtain a Lehmann-like represen-
tation for the irreducible self-energy Σc we derive the dia-
grammatic representation of the amplitudes Si.

To do this, we again follow the approach of Ref. [1].
We assume that the initial state |Ψ0〉 is the ground state of
the system described by Eq. (1) at t0. A necessary condi-
tion for having a diagrammatic expansion is the ability to
use the Wick theorem. For simplicity, in this work we em-
ploy the Gell-Mann and Low theorem [7] to connect the
interacting state to a non-interacting state |Φ0〉 at time −τ ,
for which the limit τ → ∞ is taken at the end. This implies
that the ground state can be obtained by

|Ψ0〉 = Û(t0,−τ)|Φ0〉. (11)

Here U(t0,−τ) is the time-evolution operator that con-
tains an adiabatically switched two-body interaction
v(x,x′, t) = eη(t−t0)v(x,x′) where η is a positive in-
finitesimal taken to be zero at the end. Under the adiabatic
assumption, the amplitudes Si, Eq. (10), can be written as

Si(2) = 〈Φ0|Û(−τ, t2)γ̂
†(x2)Û(t2,−τ)|χi〉. (12)

Since γ̂† creates one particle, only the states with one par-
ticle less than |Φ0〉 contribute to Si. Because |Φ0〉 is a
non-interacting state, a complete basis can be constructed
through

|χ(N)
PQ〉 = ĉ†qN . . . ĉ†q1 ĉpN+1

. . . ĉp1
|Φ0〉, (13)

where P = {p1, . . . , pN+1} and Q = {q1, . . . , qN} are
lists of one-particle eigenstates of the Hamiltonian of the

non-interacting system at −τ . The operators ĉ†k and ĉk cre-
ates particles and holes in the one-particle states with quan-
tum label k. N is the number of particle-hole pairs created

Copyright line will be provided by the publisher
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on top of the single-hole state ĉp1
|Φ0〉. The states |χ(N)

PQ〉
differ from the states |χi〉 by a different normalization [1]

〈χ(N)
PQ |χ(N)

PQ〉 = N !(N + 1)!, (14)

and we therefore need to make the replacement

∑
i

|χi〉〈χi| →
∞∑

N=0

1

(N + 1)!N !

∑
PQ

|χ(N)
PQ〉〈χ(N)

PQ |.

(15)
where the sum is over all the different lists of quantum
numbers that denote either an unoccupied (P) or an oc-
cupied (Q) state. The prefactor is needed since different
permutations of the same quantum numbers in P and Q
produce the same state (up to a minus sign that gets can-

celed out in Eq. (15)). The replacement in Eq. (15) leads to
the expression

Σ<
c (1; 2)

= i

[ ∞∑
N=0

1

(N + 1)!N !

∑
PQ

SN,PQ(2)S∗
N,PQ(1)

]
irr

,

(16)

with the amplitude

SN,PQ(2) = 〈Φ0|U(−τ, t2)γ̂
†(x2)U(t2,−τ)|χ(N)

PQ〉.
(17)

Writing the state |χ(N)
PQ〉 as in Eq. (13) leads to

SN,PQ(2) = 〈Φ0|U(−τ, t2)γ̂
†(x2)U(t2,−τ)ĉ†qN . . . ĉ†q1 ĉpN+1

. . . ĉp1
|Φ0〉

= 〈Φ0|Tγτ

{
e−i

∫
γτ

dz̄Ĥ(z̄)γ̂†(x2z2)ĉ
†
qN (−τ−) . . . ĉ†q1(−τ−)ĉpN+1

(−τ−) . . . ĉp1
(−τ−)

}
|Φ0〉,

(18)

where the contour ordering is now over the extended con-
tour γτ :

�

�

�

�

t0−

t0+

t−

t+

γ−

γ+

−τ−

−τ+

�

�

(19)
and the creation and annihilation operators have been given
a time-argument to mark their position at the beginning of
the contour. The contour-ordered expression, Eq. (18), is
proportional to a (N + 2)–particle Green’s function, and
can thus be diagrammatically expanded using standard per-
turbation theory with the Wick’s theorem.

Next we will need to define a modified S in such a
way that the product in Eq. (16) will generate only the ir-
reducible diagrams. Here the situation is analogous to that
in [1], where it was argued that this can be done by a) leav-
ing out the term N = 0, that contains only reducible dia-
grams, by starting the sum from N = 1 and b) including
only those diagrams in SN,PQ(1) that are irreducible in the
sense that the vertex 1 can not be detached from the ver-
tices specified by P and Q by removing a single Green’s
function line. The part of S that is irreducible in this sense

will be denoted by S̃. This allows the lesser self-energy to

be written as

Σ<
c (1; 2) = i

∞∑
N=1

1

(N + 1)!N !

∑
PQ

S̃N,PQ(2)S̃∗
N,PQ(1),

(20)
which can be seen as a Lehmann-like representation for the
non-equilibrium irreducible correlation self-energy.

It was shown in [1] that the Fourier transform of −iΣc

obtained from such a representation will be PSD in equilib-
rium, and that therefore the resulting spectral function will
be PSD as well. The same proof can be used without modi-
fications in the more general steady-state case. This shows
that the spectral function will be PSD in the steady-state
limit.

For every diagram D
(j)
N,PQ in the expansion of S̃N,PQ,

the expansion also contains all the diagrams that are ob-

tained from D
(j)
N,PQ by permuting P and Q (with a minus

sign for odd permutations), forming a subset of related di-

agrams. Let D
(j)
N,PQ for j ∈ IN form a set that contains a

single diagram from each such subset. We can then rebuild

S̃ by summing over permutations of the diagrams D(j):

S̃N,PQ =
∑
j∈IN

∑
Pp∈πN+1

Pq∈πN

(−1)|Pp|+|Pq|D(j)
N,Pp(P)Pq(Q),

(21)
where πN is the symmetric group of order N and |Pp| is
the number of transpositions in the permutation Pp. Now

in the product of S̃’s permuting the quantum numbers in

Copyright line will be provided by the publisher
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−τ
�

�
� ∑

i |χi〉〈χi|

−τ
�

τ

�

�
�

�

z1

z′1

�
z1

�

z′1

Figure 1 Left figure represents the approach of [1], where the unit operator can be thought to be placed at the end-point of
the contour, splitting it into a time ordered forward branch and an anti-time ordered backward branch. In contrast we place
the unit operator at −τ , leaving a full Keldysh contour on both sides.

both factors in the same way always results in the same
diagram. This leads to the same diagram appearing (N +
1)!N ! times, and consequently Σ< can be expressed as

Σ<
c (1; 2) =i

∞∑
N=1

∑
j1,j2∈IN

∑
Pp∈πN+1

Pq∈πN

(−1)|Pp|+|Pq|

×
∑
PQ

D
(j2)
N,PQ(2)D

(j1)
∗

N,Pp(P)Pq(Q)(1),

(22)

where the sum is only over the relative permutations be-
tween the two factors. This representation is useful for con-
structing PSD approximations.

Eq. (20) and Eq. (22) are closely related to the similar
equations derived in [1]. We will now clarify the difference
between our derivations. In [1] it is assumed that evolving
the non-interacting ground state from −τ to τ produces the
same state up to a phase factor, so that

U(τ,−τ)|Φ0〉 = eiα|Φ0〉. (23)

This fact is used to write the amplitude Si as

Si(2) = 〈Φ0|Û(−τ, t2)γ̂
†(x2)Û(t2, τ)|χi〉, (24)

so that the basis χi is constructed from a non-interacting
ground state in the distant future. This allows Si to be
written as a time ordered product, so that S∗

i becomes cor-
respondingly an anti-time ordered product. One can think
that placing the unit operator between the γ̂ operators in
effect splits the contour in two. In [1] the unit operator is
placed at the end of the contour at time τ , splitting it into
a time ordered forward branch and an anti-time ordered
backward branch. On the other hand in this paper we de-
form the contour by having it return to −τ between the γ̂
operators, and place the unit operator at time −τ leaving a
Keldysh contour with forward and backward branches on
both sides (see figure 1). Thus we avoid having to assume
Eq. (23), and pay the price in having to treat S as an object
on the full contour.

Since we do not assume Eq. (23), we are not restricted
to equilibrium situations, and Eq. (20) and Eq. (22) are
valid also out of equilibrium. We stress that the discussion
of PSD properties of spectral functions only applies when

Σc(t1, t2) depends only on the time difference t1−t2. This
is the case in equilibrium, as well as in the steady state
limit.

4 Evaluation of the Half-Diagrams Considering

now a half-diagram D
(j)
N,PQ appearing in Eq. (22), there

are no interaction lines connecting to the vertices marked
by P and Q, and therefore these vertices are always
connected to the rest of the diagram only by a Green’s
function line (see figure 2). Since the contour-times of
the vertices P and Q are always at the beginning of
the contour (−τ−) these Green’s functions are always
lesser for P and greater for Q. Let us index the ver-
tices that Q and P connect to using N = {n1, . . . , nN}
and M = {m1, . . . ,mN+1} respectively, and denote
the Green’s functions by g>n1q1 = g>xn1

q1(tn1
,−τ) and

g<p1m1
= g<p1xm1

(−τ, tm1
). We can then express D

(j)
N,PQ

of Eq. (22) as

D
(j)
N,PQ(x2z2)

=

∫
dxNdxM

∫
γ

dzNdzMΔ
(j)
N (x2z2,xN zN ,xMzM)

× g>n1q1 · · · g
>
nNqN g<p1m1

· · · g<pN+1mN+1
,

(25)

where Δ
(j)
N is the diagram that is left after removing the

external Green’s function lines from D
(j)
N,PQ (see figure 2).

In contrast to [1] the diagrams appearing in D are con-
tour ordered rather than (anti)time ordered. To convert the
contour expression into a real-time expression the usual
Langreth [8] rules are inadequate due to the multi-integral
structure, and more generalized rules have to be used [9,
10]. Here we give a brief discussion of the real-time con-
version.

Let A(zN ) = A(zn1
, . . . , znN

) be an arbitrary diagram
containing at most two-point contour functions. We define
a contour-ordered component

AP (n1)···P (nN )(tN ), (26)

with P some permutation of N = {n1, . . . , nN}, as
the real-time diagram that is obtained by replacing each

Copyright line will be provided by the publisher
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Figure 2 Diagrammatic representation of the half-diagram

Dj
N,PQ (see Eq. (25)).

contour function F (zni
, znj

) by the greater (lesser)
component if ni is left (right) of nj in the sequence
P (ni) · · ·P (nN ). For example if

A(za, zb, zc) = G(za, zb)G(zb, zc), (27)

then

Aacb(ta, tb, tc) = G>(ta, tb)G
<(tb, tc). (28)

Now to clean up the notation we introduce the following
definitions

–Θn1···nN
= Θ(tn1 − tn2)Θ(tn2 − tn3) · · ·Θ(tnN−1

−
tnN

) is a product of step-functions
–A sum of contour-ordered components can be written

using a sum of sequences in the superscript, as in

Aacb −Aabc = Aacb−abc. (29)

For brevity we use the commutator notation in this con-
text, so that for example the above expression could be
written as

Aacb−abc = Aa[c,b]. (30)

–[n1, . . . , nN ] denotes a nested commutator
[· · · [[n1, n2], n3], . . . , nN ].

–A retarded component of a diagram A(zN ), in which
all the other arguments are retarded with respect to tn1

,
is defined as

AR(n1,n2···nN )(tN )

=
∑

P∈SN−1

Θn1P (n2)···P (nN )A
[n1,P (n2),...,P (nN )](tN ),

(31)

where the sum is over permutations of indices other
than n1, so that tn1

is always the largest of the time-
arguments. For a two-point function this definition re-
duces to

AR(a,b)(ta, tb)

= ΘabA
[a,b](ta, tb)

= Θ(ta − tb)
(
A>(ta, tb)−A<(ta, tb)

)
,

(32)

which coincides with the usual definition of AR. Note
that AR(b,a) = AA is the advanced component.

An integral over all but one variables of a contour-
diagram

A′(zi) =
∫
γ

dzN\iA(zN ), i ∈ N (33)

is a function symmetric with respect to the branch index, so
that A′(t) = A′(t±), that for both branch-indices is equal
to the real-time integral [9,10]

A′(ti) =
∫ ∞

t0

dtN\iAR(i,N\i)(tN ). (34)

This result can be derived by splitting the domain of in-
tegration into sub-domains of fixed contour order. In each
such sub-domain one can replace A(zN ) by a specific con-
tour ordered component. It turn out the various terms gen-
erated can be expressed elegantly using nested commuta-
tors, which motivates the definition of a general retarded
component given in Eq. (31). For a detailed derivation, see
section 4 in [10].

Applying Eq. (34) to Eq. (25) tells us that D
(j)
N,PQ(x1z1)

is symmetric with respect to the branch index, and can be
expressed as

D
(j)
N,PQ(x2t2) =

∫
dNdMΔ

(j)R(1,NM)
N,NM (2)

× g>n1q1 · · · g
>
nNqN g<p1m1

· · · g<pN+1mN+1
,

(35)

where
∫
dN =

∫
dxN

∫∞
t0

dtN and

Δ
(j)R(2,NM)
N,NM (2) = Δ

(j)R(2,NM)
N (x2t2,xN tN ,xMtM)

(36)

is the retarded component of the diagram Δ
(j)
N in which

all the other arguments, including all the internal argu-
ments, are retarded with respect to t2. The same can be
done for D(j)∗ , and the result is a diagrammatic expan-
sion for Σ<

c in terms of two retarded pieces that are con-
nected by greater and lesser Green’s functions. These con-
necting Green’s functions are always either two greater or
two lesser Green’s functions in line in the form∑

q

g<x1q(t1,−τ)g<qx2
(−τ, t2). (37)

These can be joined to a single Green’s function by using∑
q

g>x1q(t1,−τ)g>qx2
(−τ, t2) = −ig>x1x2

(t1, t2)

∑
q

g<x1q(t1,−τ)g<qx2
(−τ, t2) = ig<x1x2

(t1, t2).
(38)

Copyright line will be provided by the publisher
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These relations can be proven in the following way. The
lesser Green’s function can be written as [5] (the procedure
for the greater component is analogous)

g<xq(t1, t2) = i

n∑
i=1

φxi(t1)φ
∗
iq(t2), (39)

where n is the number of particles so that the sum is over
the occupied single-particle states φ (we are assuming zero
temperature), non-interacting Green’s functions fulfill the

relation∑
q

g<x1q(t1,−τ)g<qx2
(−τ, t2)

= −
n∑
i,j

φx1i(t1)
∑
q

[
φ∗
iq(−τ)φqj(−τ)

]
φ∗
jx2

(t2)

= −
n∑
i

φx1i(t1)φ
∗
ix2

(t2) = ig<x1x2
(t1, t2).

(40)

The relations (38) are a generalization of the equilibrium
results found in [1].

This joining leads ultimately to the expression

Σ<
c (1; 2) = i

∞∑
N=1

∑
j1,j2∈IN

∑
Pn∈πN

Pm∈πN+1

(−1)|Pn|+|Pm|
∫

dNdN ′dMdM′

×Δ
(j2)R(2,N ′M′)
N,N ′M′ (2)g>n′

1Pn(n1)
· · · g>n′

NPn(nN )g
<
Pm(m1)m′

1
· · · g<Pm(mN+1)m′

N+1

[
Δ

(j1)R(1,NM)
N,Pn(N )Pm(M)

]∗
(1),

(41)

where g
≶
n′
1n1

= g≶(xn′
1
tn′

1
,xn1

tn1
), so that the expres-

sion no longer depends on −τ . Eq. (41) is an exact repre-
sentation of the correlation self-energy in terms of retarded
pieces. Furthermore, it can be used as a starting point for
the repairing procedure to produce PSD self-energies that
was presented in [1].

A given approximate self-energy can always be writ-
ten in the form of Eq. (41) with some Δ, and some restric-
tions on the sums. By cutting the greater and lesser Green’s
function lines one can obtain an expression in the form of
Eq. (22), now with restricted sums. Typically such an ap-
proximation is not PSD, but it can be made PSD by addi-
tion of extra diagrams. It was shown in [1] that if Eq. (22)
is modified to

Σ̃<
c (1; 2) =i

Nmax∑
N=1

∑
j1,j2∈ĨN

∑
Pp∈π̃N+1

Pq∈π̃N

(−1)|Pp|+|Pq|

×
∑
PQ

D
(j2)
N,PQ(2)D

(j1)
∗

N,Pp(P)Pq(Q)(1),

(42)

with ĨN ⊂ IN , π̃N ⊂ πN and π̃N+1 ⊂ πN+1, the re-
sulting approximate self-energy will be PSD as long as π̃N

and π̃N+1 are subgroups of the permutation groups πN and
πN+1 respectively. These observations were used in [1] to
set out a repairing procedure for converting a non-PSD ap-
proximation to a PSD one using a minimal number of extra
diagrams. These arguments apply directly also to the non-
equilibrium case here discussed.

This procedure can be extended to dressed Green’s
functions. The discussion regarding this in [1] is again di-
rectly applicable to our case.

5 The GW Approximation in the Steady-State
Limit As an example of the results derived above, we will
in this section outline the proof that the spectral functions
produced by the gW0 approximation in the steady state
limit are PSD.

By gW0 we mean the approximation in which the
exchange-correlation self-energy is given by

Σxc,gW0
(1̄, 2̄) = ig(1̄, 2̄)W0(1̄, 2̄), (43)

where 1̄ = x1z1,

W0(1̄, 2̄) = V (1̄, 2̄) +

∫
d3̄d4̄V (1̄, 3̄)P (3̄, 4̄)W0(4̄, 2̄)

(44)
with V (1̄, 2̄) = δ(z1, z2)v(x1,x2, z1),

∫
d3̄ =

∫
x3

∫
γ
z3

and

P (1̄, 2̄) = −ig(1̄, 2̄)g(2̄, 1̄), (45)

the polarization function in the random phase approxi-
mation. As explained above, to show that gW0 is PSD
we must show that Σ<

c,gW0
can be written in the form of

Eq. (42).
The lesser component of Eq. (43) is (the exchange term

vanishes, since it is time-local [5])

Σ<
c,gW0

(1, 2) = ig<(1, 2)W<
0 (1, 2) (46)

Copyright line will be provided by the publisher
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and
P<(1; 2) = −ig<(1; 2)g>(2; 1). (47)

Using the equation

W<
0 (1; 2) =

∫
d3d4WR

0 (1; 3)P<(3; 4)WA
0 (4; 2) (48)

we obtain

Σ<
c,gW0

(1; 2)

=

∫
d3d4WR

0 (1; 3)g>(4, 3)g<(1; 2)g<(3, 4)WA
0 (4; 2)

(49)

Using the equations (38) to cut the Green’s function
lines, we obtain (dropping the time-arguments for brevity)

Σ<
c,gW0

(1; 2) = −i
∑

q1p1p2

∫
d3d4

×WR
0 (1; 3)g>q1x3

g<x1p1
g<x3p2

g>x4q1g
<
p1x2

g<p2x4
WA

0 (4; 2)

(50)

Now if we expand the screened interaction as (repeated
convolutions implied)

WR
0 =

∞∑
j=0

W
(j)R
0 =

∞∑
j=0

(V PR)jV, (51)

with j the number of polarization bubbles, we can express
Σ<

c as

Σ<
c,gW0

(1; 2) = −i
∑

j1,j2∈ĨN

∑
PQ

D
(j2)
1,PQ(2)D

(j1)
∗

1,PQ(1),

(52)

with P = {p1, p2}, Q = {q1}, ĨN = {0, 1, 2, . . .} and

D
(j)
1,PQ(2) =

∫
d3W

(j)R
0 (2; 3)g>q1x3

g<x2p1
g<x3p2

. (53)

Now Eq. (52) matches the form of Eq. (42) for Nmax = 1
and the sum over permutations including only the identity

permutation. Since ĨN represents a set of diagrams not re-
lated by permutations, and since the identity permutation
constitutes a sub-group by itself, it follows that −iΣ<

c,gW0

is PSD.
As mentioned, the PSD property is retained in the

dressed case, meaning that the fully self-consistent GW
approximation is PSD as well. Indeed numerical results
yield PSD spectral functions [11,12,13].

6 Conclusions We have presented a method for ob-
taining approximations for the correlation self-energy that
are guaranteed to result in PSD spectral functions in non-
equilibrium systems in the steady-state limit. A further ad-
vantage of our approach is that, unlike the approach of
[1], it is not limited to correlators of two operators, but is
in principle generalizable for higher-order correlators by
placing a set of basis states at distant past between each
operator. As an application we showed that the steady-state
spectral function within the gW0 approximation is PSD. A
more detailed exposition will be deferred to a future publi-
cation.
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Abstract. For a given diagrammatic approximation in many-body perturbation

theory it is not guaranteed that positive observables, such as the density or the

spectral function, retain their positivity. For zero-temperature systems we developed

a method [Phys.Rev.B90,115134 (2014)] based on so-called cutting rules for Feynman

diagrams that enforces these properties diagrammatically, thus solving the problem of

negative spectral densities observed for various vertex approximations. In this work we

extend this method to systems at finite temperature by formulating the cutting rules

in terms of retarded N -point functions, thereby simplifying earlier approaches and

simultaneously solving the issue of non-vanishing vacuum diagrams that has plagued

finite temperature expansions. Our approach is moreover valid for nonequilibrium

systems in initial equilibrium and allows us to show that important commonly used

approximations, namely the GW , second Born and T -matrix approximation, retain

positive spectral functions at finite temperature. Finally we derive an analytic

continuation relation between the spectral forms of retarded N -point functions and

their Matsubara counterparts and a set of Feynman rules to evaluate them.

Keywords : diagrammatic perturbation theory, non-equilibrium Green’s functions,
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1. Introduction

Non-equilibrium Green’s function theory [1] is a powerful tool for calculating time-

dependent properties in a variety of quantum many-particle systems. While exact in

principle, in practice the formalism relies on approximate diagrammatic expansions; to

finite order, or to infinite order via resummations.

For a given diagrammatic approximation, there is in general no guarantee that

relevant properties of the exact solution will be retained. This, in particular, applies to

the positivity of probability distributions, such as the spectral function in energy space

and the particle density in position space. For example when the lowest order vertex

correction in a dynamically screened expansion for the electron gas was considered,

the spectral function was found to become negative [2] with a similar issue occurring

for the absorption spectrum [3]. The same problems were observed also in finite

systems for the case of atoms and small Hubbard lattices [4, 5]. Injudiciously chosen

approximations may even result in both the spectral function and the particle density

becoming negative, as was demonstrated for the Anderson model [6]. These issues have

considerably hindered progress in the study of spectral properties beyond the simplest

approximations.

For the case of equilibrium systems at zero temperature the problem of negative

spectral densities was solved with a systematic diagrammatic method [7, 8] in which

Feynman graphs are expressed in terms of so-called half-diagram products that could be

derived from the Lehmann representation of the correlation functions. Diagrammatically

this procedure amounts to cutting the Feynman graphs in various ways and gluing the

pieces together in order to form new manifestly positive products such that a non-

negative spectral function is guaranteed. Of practical importance is the possibility [7]

to extend a given non-positive approximation with a minimal set of extra diagrams to

enforce the positivity condition. This constitutes the so-called Positive Semi-Definite

(PSD) expansion for spectral functions. Another considerable advantage of the method

is that it allows for an expansion in physical scattering processes, which was successfully

used to study the various contributions of particle-hole and plasmon excitations to the

spectral function of the electron gas [9, 10]. A similar technique was also developed

for the steady state limit of non-equilibrium systems initially in a zero-temperature

equilibrium [11]. This extension is not straightforward as it required a new expansion

technique in terms of so-called multi-retarded half-diagrams and appears as a special case

of a general integral calculus for multi-argument contour functions, originally developed

by Danielewicz [12] and extended by us [13].

The previously mentioned developments leave out the important case of systems

in finite temperature equilibrium, which will form the main topic of this paper. Finite

temperature many-body theory is vital for the description of excited state properties in

warm dense matter systems [14], such as laser-shocked, fusion and astrophysical systems,

and phase transitions in nuclear matter [15]. It is also important to describe coupled

electron-boson systems, for example in the study of temperature-dependent properties



Cutting rules and positivity in finite temperature many-body theory 3

of solid state systems in which electron-phonon interactions are crucial [16, 17, 18].

Another relevant class of physical systems in this respect is that of small electronic

systems coupled to baths [19], such as nanojunctions [20].

In the particle physics community several diagrammatic cutting approaches have

been developed to study positive scattering amplitudes in finite temperature quantum

field theory but they turn out to have undesirable features that make them unsuitable

for our purpose of constructing a PSD perturbation theory. The method we develop in

this paper connects and simplifies some of these approaches and it is therefore useful to

give a brief overview of them.

Early works by Kobes and Semenoff [21, 22] (see also [23] for an overview) are

based on the largest-time equation originally invented by Veltman [24, 25] and derive

expansions in time-ordered and anti-time-ordered diagrams, containing so-called ”non-

cuttable” diagrams [22] which generate disconnected subdiagrams when the standard

cutting rules are applied. This, in turn, leads to the appearance of disconnected vacuum

diagrams in the construction of PSD approximations which is undesirable as they are

absent in an exact expansion. Later work [26, 23] based on the same method managed

to rearrange diagrams in such a way that non-cuttable pieces do not arise at the expense

of a proliferation of extra Green’s function lines making the method very laborious and

equally unsuitable for our purpose of creating a finite temperature PSD perturbation

theory. A very different approach was pursued by Jeon [27] based solely on Matsubara

diagrams, but leading eventually to an expansion in (anti)-time ordered diagrams again

with the appearance of disconnected diagrams in the same vein as earlier works. Finally

Landshoff [28], with the example of bosonic particles, gave a simpler derivation purely

based on Keldysh contour integrals and the Lehmann representation but also ends

up with an expansion involving disconnected subdiagrams after cutting. Our earlier

approach for zero-temperature systems is closely related to this derivation but in the

present work we use a different and simpler procedure to generalize our earlier method

[7] to the case of finite temperature systems. Furthermore, to solve the critical issue

of the non-cuttable diagrams we use the technique of retarded half-diagrams [13, 11]

instead of the (anti)-time ordered expansion of Landshoff.

In hindsight it is found that all earlier approaches mentioned above can be obtained

in a rather simple way from the more straightforward derivation which forms the main

subject of this paper. One of our goals therefore is to put earlier work into a new

context and to elucidate its relations to the present work. As it turns out, our approach

can also be naturally generalized to the case of finite temperature systems at initial

equilibrium which are subsequently perturbed into a non-equilibrium state. We can for

this general case demonstrate the positivity of spectral functions for several commonly

used approximations, i.e. the GW, second Born and T-matrix approximations.

The paper is outlined as follows. In Chapter 2 we discuss the structure of exact

correlators and their relation to the positivity of spectral functions. In Chapter 3 we

derive a PSD perturbation theory for the self-energy of finite temperature systems in

terms of retarded half-diagram products, thereby generalizing earlier work for zero-
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temperature systems [7, 13]. Finally we apply the new formalism in Chapter 4 to

demonstrate the positivity of the GW, second Born and the T-matrix approximations

for finite temperature systems, before concluding in Chapter 5.

2. Positivity in many-body theory

2.1. General framework

We start with a brief introduction to the background theory and consider a system of

fermions interacting via a two-body interaction described by the Hamiltonian

Ĥ(t) =

∫
dx ψ̂†(x)h(x, t)ψ̂(x) +

1

2

∫
dxdx′ ψ̂†(x)ψ̂†(x′)v(x,x′)ψ̂(x′)ψ̂(x), (1)

where h(x, t) is an unspecified time-dependent one-body operator, and v(x,x′) a general

two-body interaction. The field operators ψ̂†(x) and ψ̂(x) respectively create and

annihilate a particle at space-spin point x = (r, σ). For an equilibrium system at

finite temperature we can specify an initial ensemble described by a density operator of

the form

ρ̂ =
e−βĤM

Z
(2)

with the partition function Z = Tr
[
e−βĤM

]
and the Matsubara Hamiltonian

ĤM = Ĥ(t0)− μN̂, (3)

where Ĥ(t0) is the Hamiltonian of (1) evaluated at an initial time t0, N̂ is the number

operator, and μ the chemical potential. A strictly positive density operator, i.e.

satisfying 〈ϕ|ρ̂|ϕ〉 > 0 for any non-zero state |ϕ〉, can always be written in the form

of (2) albeit that ĤM will then in general be an N -body operator rather than the

simpler 2-body operator of (3) [1, 29, 30, 31, 32].

If Ô(t) is an (in general time-dependent) operator in the Schrödinger picture, then

its time-dependent expectation value is given by

〈O〉(t) = Tr
[
ρ̂ Û(t0, t)Ô(t)Û(t, t0)

]
= Tr

[
ρ̂ ÔH(t)

]
(4)

where Û(t, t0) is the time-evolution operator that evolves the system from time t0 to

time t; its explicit form involves a time-ordered exponential where for details we refer

to the literature [1]. For carrying out perturbative expansions it is advantageous to

re-express the expectation value in a contour ordered form as

〈O〉(z) = Tr
[
Tγ{e−i

∫
γ dz̄Ĥ(z̄)Ô(z)}

]
(5)

where γ is the time-contour in Figure 1 consisting of a forward branch γ− and a backward

branch γ+ in the time interval [t0, T ] and a vertical or Matsubara track in the complex

time interval [t0, t0 − iβ] on which the Hamiltonian is given by ĤM . The time T is
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t−
�

�

� t0 − iβ

t0−
�

�

t+t0+

�
T

γ−

γ+
γM

Figure 1. The contour γ, with a forward (γ−) and backward (γ+) real-time branches

(drawn off the real axis to distinguish them) and an imaginary Matsubara branch (γM ).

Times on the forward and backward branches are denoted by t− and t+ respectively.

any time after which the expectation value is to be evaluated and often is taken to be

infinity for convenience [1]. Perturbative expressions are then derived from this formula

by expanding the time-ordered exponential in powers of the two-body interaction.

The basic ingredients of diagrammatic perturbation theory are contour ordered

products of operators defined on γ, the simplest ones being strings of just two operators

Ô1 and Ô2 of the general form

k(z, z′) = Tr
[
ρ̂ Tγ{Ô1(z)Ô2(z

′)}
]
= θ(z, z′)k>(t, t′) + θ(z′, z)k<(t, t′) (6)

where θ(z, z′) is a contour Heaviside function equal to one if z is later than z′

(symbolically denoted by z > z′) in contour ordering and zero otherwise [1]. A contour

time z corresponding to real time t is denoted by t− if it occurs on γ− and t+ if it

occurs on γ+. All operators that we consider satisfy Ô(t±) = Ô(t) i.e. they assume the

same value on both horizontal branches. Consequently the functions k≶ are real time

functions of the explicit form

k>(t, t′) = Tr
[
ρ̂ Ô1(t)Ô2(t

′)
]

k<(t, t′) = ±Tr
[
ρ̂ Ô2(t

′)Ô1(t)
]

(7)

(+/− for bosonic/fermionic operators) which we will refer to as many-body correlation

functions, or simply correlators. An important case is when Ô1(z) = ψ̂H(x, z) and

Ô2(z) = ψ̂†
H(x

′, z) in which case the functions k> and k< correspond to the functions iG>

and iG< representing the particle and hole Green’s functions. The way these correlation

functions incorporate positivity constraints on physical observables is discussed in the

next section.

2.2. Positivity constraints on exact correlators

In this section we expose a general structure of non-equilibrium correlators, namely that

of a positive semi-definite Hermitian form, and show that this structure is sufficient

to guarantee important positivity constraints. By casting approximate diagrammatic

theories in this form these properties are then automatically satisfied in the approximate

theory. We delay the discussion of approximations to the following chapters and will
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first discuss the case of exact correlators. Let ρ̂ be a density operator of the form

ρ̂ =
∑
j

wj|Ψj〉〈Ψj|, (8)

where the occupation numbers wj ≥ 0, subject to the condition
∑

j wj = 1, describe a

probability distribution over a set {|Ψj〉} of normalized initial many-body states. This

defines a positive semi-definite (PSD) operator ρ̂ by which we mean that

〈ϕ|ρ̂|ϕ〉 ≥ 0 (9)

for any state |ϕ〉 in the Hilbert space. We further consider two general operators Â

and B̂ in Hilbert space. These operators may depend on various parameters, such as

space and time, but these will be suppressed as they are not relevant at this point of the

discussion. We define the (weighted) Hilbert-Schmidt product [33] of these operators

as:

⧼Â|B̂⧽ = Tr
[
ρ̂Â†B̂

]
, (10)

where curvy angled brackets are used to distinguish the Hilbert-Schmidt product from

the standard Hilbert space inner product. The Hilbert-Schmidt product is well-defined

if Â and B̂ are bounded operators, as is discussed in detail by Haag, Hugenholtz and

Winnink [33]. As demonstrated in Appendix A this product satisfies the properties

of a positive semi-definite Hermitian form (PSDHF) when the operator ρ̂ is positive

semi-definite, and that of an inner product when ρ̂ is strictly positive. For the purposes

of this work the positive semi-definiteness is both sufficient and most practical as we

will often encounter finite diagrammatic expansions that represent a PSDHF but do not

possess the strict positivity property. A consequence of the PSDHF structure is that

the Cauchy-Schwartz inequality

|⧼Â|B̂⧽|2 ≤ ⧼Â|Â⧽⧼B̂|B̂⧽ (11)

is satisfied (see Appendix A for a short proof) which leads to useful constraints on the

correlators. The positive semi-definiteness of the Hilbert-Schmidt product furthermore

leads to interesting corollaries by choosing particular forms of the operator Â. If we

take

Â =

∫
dxϕ(x) ψ̂H(x, t) (12)

we obtain

0 ≤ ⧼Â|Â⧽ =
∫

dxdx′ ϕ∗(x) Tr
[
ρ̂ ψ̂†

H(x, t)ψ̂H(x
′, t)

]
ϕ(x′) (13)

which expresses the fact that at each time t the one-particle density matrix, regarded as

an integral kernel acting on spatial functions, is a positive semi-definite operator. This

is an important property of the density matrix. It guarantees, for example, that the
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instantaneous natural orbital occupation numbers [34] obtained by diagonalizing the

density matrix are non-negative. Another important case arises if we take

Â =

∫
dt ϕ(t)ÔH(t) (14)

where ÔH(t) is the Heisenberg form of a Schrödinger operator Ô. In that case we obtain

0 ≤ ⧼Â|Â⧽ =
∫

dtdt′ ϕ∗(t)C(t, t′)ϕ(t′) =

∫
dω

2π

dω′

2π
ϕ̃∗(ω)C̃(ω, ω′)ϕ̃(ω′) (15)

where ϕ̃(ω) is the Fourier transform of ϕ and we defined

C(t, t′) = ⧼ÔH(t)|ÔH(t
′)⧽ = Tr

[
ρ̂ Ô†

H(t)ÔH(t
′)
]

(16)

as well as its Fourier transform

C̃(ω, ω′) =

∫
dtdt′ ei(ωt−ω′t′) C(t, t′). (17)

Let us now investigate the equilibrium or steady-state limit. It is convenient to introduce

the relative time-coordinate τ = t − t′ and the average time coordinate T = (t + t′)/2,

which transforms the expression in (17) to

C̃(ω, ω′) =

∫
dτdT ei(ω−ω′)T+i(ω+ω′)τ/2 C(T +

τ

2
, T − τ

2
). (18)

For equilibrium systems or in the steady state limit of a non-equilibrium system [11] the

correlator is independent of T and the equation becomes

C̃(ω, ω′) = 2πδ(ω − ω′)A(ω) (19)

where we defined

A(ω) =

∫
dτ eiωτ C(τ, 0) =

∫
dτ eiωτ ⧼ÔH(τ)|ÔH(0)⧽. (20)

For a general correlator of the form of (16) in an equilibrium or steady state regime the

function A(ω) defined by (20) is called the corresponding spectral function. If we now

insert expression (19) back into (15) we find that∫
dω

2π
|ϕ̃(ω)|2 A(ω) ≥ 0. (21)

Since this expression is valid for a general function ϕ̃ it follows that the spectral function

is pointwise (for each given ω) PSD, i.e.

A(ω) ≥ 0, (22)

which is an important consequence of the Hilbert-Schmidt product structure of the

correlator in (16). As an illustration we examine the spectral function corresponding to
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iG>. To this end we consider (20) and take the operator Ô in this expression to be of

the form

Ô =

∫
dx u(x) ψ̂†(x) (23)

with u(x) a general function. Equations (20) and (22) then yield

A(ω) =

∫
dxdx′ u∗(x)A>(x,x′;ω)u(x′) ≥ 0 (24)

where we defined the matrix spectral function

A>(x,x′;ω) =

∫
dτ eiωτ ⧼ψ̂†

H(x, τ)|ψ̂†
H(x

′, 0)⧽

= i

∫
dτ eiωτ G>(xτ,x′0) = iG>(x,x′;ω) (25)

in which on the last line we also defined the Fourier transform of the particle propagator.

Since the expression in (24) is equal to its complex conjugate it follows that A> is a

Hermitian integral kernel acting in real space. Similarly we can define a spectral function

A< for the hole propagator as

A<(x,x′;ω) = −iG<(x,x′;ω) =

∫
dτ eiωτ ⧼ψ̂H(x

′, 0)|ψ̂H(x, τ)⧽ (26)

which again is a PSD operator in the same sense as in (24). In the following chapters

we will simply regard the functions G≶ as matrices and suppress the spatial labels x

and x′ or any other non-temporal basis labels, reintroducing them when necessary. The

particular combination

A(ω) = i (G>(ω)−G<(ω)) (27)

combines the spectral functions of the particle and hole propagator and is commonly

referred to as the spectral function corresponding to the (retarded) Green’s function.

This function encodes information on the probability of many-body scattering processes

as occurring in photo-emission and inverse photo-emission experiments [35, 36, 37] and

its PSD structure therefore guarantees that the probabilities are always positive semi-

definite.

The PSD Hermitian form structure is very general as it applies to both equilibrium

and non-equilibrium systems. In the following chapters we will investigate how this

structure can be build into diagrammatic perturbation theory and thereby enforce the

required positivity properties.

2.3. Construction of PSD approximations

In this section we briefly review the approach that we used in our earlier works to

construct PSD approximations for systems at zero temperature. In practice, the spectral

functions for the Green’s function are not calculated directly but from a diagrammatic
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approximation to the self-energy appearing in the Dyson equation [1] written in matrix

form as

G(z1, z2) = g(z1, z2) +

∫
γ

dz3dz4 g(z1, z3)Σ(z3, z4)G(z4, z2) (28)

where Σ denotes the self-energy, describing the irreducible particle scatterings, and g

is the Green’s function of the system in the absence of interactions. For equilibrium

systems at zero temperature there is a simple relation between the greater and lesser

Green’s functions and the corresponding components of the correlation part of the self-

energy, which in frequency space in matrix notation reads

G≶(ω) = GR(ω)Σ≶
c (ω)G

A(ω). (29)

Here GR and GA are the retarded and advanced Green’s functions which are each others

adjoint. Hence to ensure the PSD property of iG>(ω) and −iG<(ω) it is sufficient

to establish the positivity of iΣ>
c (ω) and −iΣ<

c (ω). We showed [7] that this can be

done in a diagrammatic fashion and demonstrated, for example, that the exact Σc

can be written in a Hermitian product form in which each factor can be identified

with a diagrammatic expression belonging to a cut self-energy diagram, a so-called

half-diagram, a procedure that we will briefly summarize in the next section. More

importantly, we further established that, if a given approximation for the self-energy

does not have this structure, the diagrammatic series can be extended by construction

of Hermitian products to form a new approximation that is PSD.

The central open question now is whether this procedure can be extended to finite

temperature systems. For this we will need cutting rules that can be applied to diagrams

on the extended contour and which allow for the derivation of a PSD expression. In the

next chapter we will derive such rules.

3. Self-energy cutting rules at finite temperature

The purpose of this chapter is threefold. First, we generalize our original derivation of

cutting rules [7], based on the Lehmann representation and the adiabatic assumption,

from zero temperature to finite temperature. This is insightful since it shows that

the finite temperature correction for the Lehmann amplitudes can be interpreted as

an additional interaction with heat bath particles. Second, in the subsequent section

we present an alternative derivation that uses neither the Lehmann representation nor

requires the adiabatic assumption and moreover is valid for non-equilibrium final states.

Both derivations lead to the same expansion in time-ordered and anti-time-ordered

Green’s functions. However, unlike the zero-temperature case we find that at finite

temperature it is in general difficult to derive approximate positive definite expressions

without introducing unwanted vacuum diagrams in the expansion. Third, we then

demonstrate how this issue can be resolved using an expansion in so-called retarded

half-diagrams [13, 11] with a clear physical interpretation as collective contributions of

past scattering processes.
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3.1. Cutting rules from the Lehmann representation

The correlation self-energy at finite temperature can be written as (see [38] or [1] section

9.1.)

Σc(x1z1,x2z2) = −iTr
[
ρ̂ Tγ

{
γ̂H(x1z1)γ̂

†
H(x2z2)

}]
irr
, (30)

where the sub-index irr denotes an operation that removes all reducible diagrams, i.e.

those in which the external vertices 1 and 2 (corresponding to x1z1 and x2z2 respectively)

can be disconnected from each other by removing a single g-line. The contour γ consists

of forward and backward real-time branches (see Figure 1) where in this case we do not

introduce the Matsubara branch but instead work directly with the density matrix ρ̂.

The operator γ̂H is the Heisenberg form of the operator

γ̂(x) =

∫
dx′ v(x,x′)ψ̂†(x′)ψ̂(x′)ψ̂(x) =

∑
j1j2j3

γj1j2j3(x) ĉ
†
j1
ĉj2 ĉj3 , (31)

where the second equality expresses the operator in a single particle basis ϕj(x) where

γj1j2j3(x) =

∫
dx′v(x,x′)ϕ∗

j1
(x′)ϕj2(x

′)ϕj3(x) (32)

and ĉj and ĉ†j are the creation and annihilation operators in one-particle basis. To

establish a connection to our earlier work we start with a short description of the zero-

temperature case and subsequently point out the problems that arise when attempting

to generalise to the finite temperature case.

In the zero-temperature limit the density matrix ρ̂ reduces to ρ̂ = |Ψ0〉〈Ψ0| where
|Ψ0〉 is the many-body ground state. Taking the lesser component of the self-energy we

can then write

− iΣ<
c (1, 2) = 〈Ψ0|γ̂†

H(2)γ̂H(1)|Ψ0〉irr (33)

where we used the short-hand notation 1 = x1t1 and 2 = x2t2. Following [7]

we first use the Gell-Mann-Low theorem [39] and a time-evolution operator Û to

connect |Ψ0〉 adiabatically to a non-interacting ground state |Φ0〉 at time −T , i.e.

|Ψ0〉 = Ûη(t0,−T )|Φ0〉, where eventually we let T approach infinity and η is an adiabatic

parameter. This allows us to write

−iΣ<
c (1, 2) = 〈Φ0|Û(−T, t2)γ̂

†(x2)Û(t2, T )Û(T, t1)γ̂(x1)Û(t1,−T )|Φ0〉irr (34)

where we have split the evolution operator Û(t2, t1) = Û(t2, T )Û(T, t1) between the

γ̂ and γ̂† operators. Then we consider a complete set of non-interacting many-body

eigenstates |L,N〉 of the form

|L,N〉 = ĉi′1 . . . ĉi′N+1
ĉ†iN . . . ĉ†i1 |Φ0〉 (35)

where L = (I, I ′) is a multi-index with I = (i1, . . . , iN) and I ′ = (i′1, . . . , i
′
N+1). We only

consider states that contain one more removed particle than an added one, as due to
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the specific form of γ̂ only such states give a non-vanishing contribution when we insert

them later using a completeness relation. The states |L,N〉 satisfy the orthonormality

relations

〈L1, N1|L2, N2〉 = δN1,N2

∑
P

(−1)|P |δL1,P (L2) (36)

where P (L) = (P1(I), P2(I
′)) consists of all permutations P1 and P2 of the labels I and

I ′ in L separately and |P | = |P1|+ |P2| is the overall sign of the permutation. There are

N !(N + 1)! of such permutations and the completeness relation in the relevant Hilbert

space for our states is therefore given by

∞∑
N=0

∑
L

1

N !(N + 1)!
|L,N〉〈L,N | = 1 (37)

where the summation index L = (I, I ′) runs over all orderings of the indices in the

multi-labels I and I ′. We now insert the completeness relation (37) in between the

operators Û(t2, T ) and Û(T, t1) in (34) to obtain the expression

−iΣ<
c (1, 2) =

∞∑
N=1

∑
L

1

N !(N + 1)!
AL,N(1)BL,N(2) (38)

which is in so-called Lehmann representation form and where we defined

AL,N(1) = 〈L,N |Û(T, t1)γ̂(x1)Û(t1,−T )|Φ0〉irr (39)

BL,N(2) = 〈Φ0|Û(−T, t2)γ̂
†(x2)Û(t2, T )|L,N〉irr. (40)

These functions are related by complex conjugation, i.e AL,N(1) = B∗
L,N(1), but we give

them different names since they have different diagrammatic expansions; the function

AL,N can be expanded in time-ordered Green’s functions while the function BL,N can

be expanded in anti-time ordered Green’s functions. The terms in the expansion are

called half-diagrams and the sub-index irr in (39) and (40) indicates that we remove

all half-diagrams that will lead to a reducible self-energy by a gluing procedure that we

will describe in more detail later; this also implies that the sum over particle-hole pairs

in (38) starts at N = 1. The diagrammatic expansion of AL,N and BL,N is most easily

performed using the known Feynman rules (see Appendix B) of the contour-ordered

n-particle Green’s function, which is defined as [1]

Gn(1, . . . n; 1
′ . . . n′) =

1

in
〈Tγ[ĉ1,H(z1) . . . ĉn,H(zn)ĉ

†
n′,H(z

′
n) . . . ĉ

†
1′,H(z

′
1)]〉 (41)

where ĉj,H and ĉ†j,H are the Heisenberg forms of ĉj and ĉ†j. Using this definition we obtain

the expressions

AL,N(1) = iN+2
∑
j1j2j3

γj1j2j3(x1)G
T
N+2(j2, j3, i1, . . . iN ; j

+
1 , i

′
1, . . . , i

′
N+1) (42)

BL,N(2) = iN+2
∑
j1j2j3

γ∗
j1j2j3

(x2)G
T̄
N+2(j

+
1 , i

′
1, . . . , i

′
N+1; j2, j3, i1, . . . iN) (43)
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where all the operators with indices in I and I ′ have time-coordinate T and the operators

with labels in the set {j1, j2, j3) have time t1 in AL,N and t2 in BL,N . The Green’s

function GT
N+2 denotes an (N + 2)-particle Green’s function ordered on the forward

contour γ− while GT̄
N+2 denotes an (N + 2)-particle Green’s function ordered on the

backward contour γ+. This gives the diagrammatic expression

− iΣ<
c (1, 2) =

∞∑
N=1

(−1)N+1

N !(N + 1)!

∑
L

⎡
⎣

1

GT
N+2

...

L

2

GT̄
N+2

...
� �

� �

⎤
⎦

irr

(44)

where the (−1)N+1 arises from multiplication of the two factors iN+2 in (42) and (43)

along with an additional prefactor −1 that arises from assigning a factor i for the two

explicitly drawn interaction lines in the bracket to be able to use the Feynman rules

for the two amputated (N + 1)-particle Green’s functions that emerge after joining

of the γ̂ operators. In Appendix B we specify the precise Feynman rules for the

diagrammatic terms in brackets and demonstrate that a gluing procedure leads to the

standard Feynman rules for the self-energy [1].

The factorization of the self-energy into half-diagrams in equations (38) and (44)

was the crucial starting point of the PSD perturbation theory for positive spectra in

our previous work [7]. Let us now investigate whether we can generalize this derivation

to the case of finite temperature systems. Instead of using the Gell-Mann-Low theorem

we follow Keldysh [40] in making the adiabatic assumption

ρ̂ = Ûη(t0,−T )ρ̂0Ûη(−T, t0), (45)

where ρ0 is the density operator of a noninteracting system and Ûη includes an adiabatic

switch-on of the interactions from a distant time −T in the past with η an adiabatic

parameter. This is a much stronger assumption than the Gell-Mann-Low theorem as

it assumes that all eigenstates are adiabatically connected and that no level crossings

occur that lead to degeneracies [1]. For the moment we explore the consequences of this

assumption but we will demonstrate later that the same results can be derived under

weaker assumptions. Under the adiabatic assumption the lesser self-energy takes the

form

− iΣ<
c (1, 2) = Tr

[
ρ̂0Ûη(−T, t0)γ̂

†
H(2)γ̂H(1)Ûη(t0,−T )

]
irr
. (46)

We introduce a suitable basis of non-interacting many-body eigenstates |J〉 to perform

the trace and place a completeness relation for a complete set of states |L〉 between the

γ̂-operators. This allows the density-matrix, expressed as ρ̂0 =
e−β(Ĥ0−μN̂)

Z0
, to be brought

outside the trace, leading to an expression for the self-energy of the form

− iΣ<
c (1, 2) =

∑
L,J

e−β(EJ−μNJ )

Z0

〈J |γ̂†
H(2)|L〉irr〈L|γ̂H(1)|J〉irr. (47)

We could now try and follow the derivation for the zero-temperature case to expand

the Lehmann amplitudes 〈L|γ̂H(1)|J〉 in Feynman diagrams. However, these can not
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be expressed straightforwardly in terms of finite temperature Green’s functions as the

amplitudes neither involve traces over a density matrix nor satisfy appropriate Kubo-

Martin-Schwinger boundary conditions. Instead the zero-temperature Wick theorem

could be used to expand in diagrams for a zero-temperature many-particle Green’s

function, but this procedure turns out to be cumbersome and we will therefore follow a

much more direct alternative approach.

We first expand Σ in Feynman diagrams with finite-temperature Green’s functions

for all its g-lines. Then to connect to the Lehmann expression above we expand each

diagram in terms of the zero-temperature Green’s functions by writing g = g0 + δg

where g is the non-interacting Green’s function at finite temperature and g0 is the non-

interacting Green’s function at zero temperature. Their difference δg can conveniently

be expressed in terms of g0 along with Fermi factors. We illustrate the procedure with

an example.

Let us consider the lesser component of the following diagram that appears in the

T -matrix approximation for the self-energy

D<(1, 2) =

[
1 2

]<

(48)

in which the Green’s function lines now denote finite temperature Green’s functions.

This component of the self-energy is obtained by taking z1 to be on the forward branch

γ− and z2 to be on the backward branch γ+. Its expansion in terms of (anti)time-ordered

Green’s functions is obtained by splitting each internal contour-time integral explicitly

into its forward and backward parts, giving

D<(1, 2) =
1 2

+−−−
+

1 2
+ +− −

+
1 2

+ +− −
+

1 2− + + +

(49)

where −/+ denotes that the time-argument is taken to be on the forward/backward

branch, and the dashed line marks the separation between the two branches. The

Green’s functions connecting times on γ− and γ+ are either time-ordered (g−−) and

anti-time-ordered (g++) or given by g+− = g> and g−+ = g<. These are the only

Green’s functions that appear since the two-body interaction is only present in the

evolution operators on the real time axis and no interactions occur on the Matsubara

branch as we replaced the density matrix by ρ̂0 using the adiabatic assumption [40].

To connect the self-energy to its Lehmann expansion we write the contour-ordered

single-particle Green’s function on γ− and γ+ at finite temperature as

gi(z1, z2) = g0,i(z1, z2) + δgi(t1, t2), (50)

where i labels a state in the eigenbasis of the one-body Hamiltonian and g0,i is the

zero-temperature Green’s function

g0,i(z1, z2) = θ(z1, z2)g
>
0,i(t1, t2) + θ(z2, z1)g

<
0,i(t1, t2)

= θ(z1, z2)(−i)n̄ie
−iεi(t1−t2) + θ(z2, z1)inie

−iεi(t1−t2),
(51)
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where ni is the occupation number of one-particle state i and n̄i = 1 − ni. The finite

temperature correction term δgi can be expressed as

δgi(t1, t2) = i(fi − ni)e
−iεi(t1−t2) = i

[
n̄ifi − nif̄i

]
e−iεi(t1−t2)

= −fi g
>
0,i(t1, t2)− f̄i g

<
0,i(t1, t2),

(52)

where f(ω) = 1
eβω+1

and f̄(ω) = 1− f(ω) are the Fermi- and anti-Fermi-functions, and

we have used the shorthand notation fi = f(εi − μ) and similarly for f̄i. The correction

terms do not involve any temporal step-functions, and consequently the same correction

applies to the greater and lesser components individually. This allows us to express

the finite temperature diagrams as linear combinations of zero-temperature diagrams

weighted by Fermi factors. In particular using (50) and (52), along with the relations

ig<(t1, t2) = g−−(t1, T )g++(T, t2) = g++(t1,−T )g−−(−T, t2)

−ig>(t1, t2) = g++(t1, T )g−−(T, t2) = g−−(t1,−T )g++(−T, t2),
(53)

we can write for example the greater component of the finite temperature Green’s

function as

−ig>i (t1, t2) = g0,i,++(t1, T )g0,i,−−(T, t2)

+ fi g0,i,++(t1, T )g0,i,−−(T,−T )g0,i,++(−T, T )g0,i,−−(T, t2)

− f̄ig0,i,++(t1,−T )g0,i,−−(−T, T )g0,i,++(T,−T )g0,i,−−(−T, t2),

(54)

which can be expressed diagrammatically as (using a double-line to denote the finite

temperature g-line)

− i
+ −

T

21 =
+ −

T

−+
21 + fi

−

T

+

−T+

1 2

−T−

−+

+ f̄i
−

T

+

−T+

1 2

−T−

−+
(55)

where the cut is made at time T . Note that the last two diagrams here belong to a two-

particle Green’s function, and the differences in signs of the terms appearing in (54) are

absorbed into the corresponding diagram prefactors. Diagrammatically the correction

term (52) therefore generates two additional diagrams for each g-line. These additional

diagrams can be interpreted to result from the fact that one can not differentiate between

excitations created by interaction with the propagating particle, and those present in

the finite temperature ensemble state. Therefore we need to include the processes in

which the propagating particle/hole is either exchanged with an ensemble particle/hole

excitation or combines with an ensemble hole/particle.

If we consider, for example, the second diagram in (49) and insert (55) into one of

the g-lines which connect the + and − halves of the diagram, we generate the diagrams

− i
1 2

+ +− −
=

+ +− −

T

+ fi

+ +− −

−T− −T+
T

+ f̄i
1 2

+ +− −

−T− −T+T

. (56)
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By repeating these steps for each of the g-lines crossing the cut in (56) one can achieve a

factorization in terms of fully time-ordered and anti-time-ordered half-diagrams at finite

temperature.

In an analogous manner the internal finite temperature g-lines in the half-diagrams

can also be expanded in zero-temperature g-lines. Suppose, for example, that we have

factorized all the connecting g-lines in (56) and we take the diagram with no coupling

to the ensemble excitations. An internal g-line can be expanded as

i
=

i
+ fi

i
i

i
−T+−T− T

+ f̄i
i

i
i

−T+−T− T

. (57)

In order to group the half-diagrams into Hermitian products, the Fermi factors need

to be expressed in a way that allows them to be taken out as common factors. This can

be achieved by noting that for example the diagram multiplied by fi in (57) contains

g>i and is therefore non-zero only when the state i is unoccupied in the ground-state,

i.e. n̄i = 1. We can thus write the prefactor as fi = n̄ifi+nif̄i. Similar reasoning works

also for the diagram with prefactor f̄i in (57), which allows us to pull n̄ifi + nif̄i out as

a common factor.

We could then, in theory, construct PSD self-energy approximations by expanding

the g-lines connecting the half-diagrams, and building Hermitian products such as

−iΣ<(t1, t2) =
+−
+

n̄ifi + nif̄i
2

⎡
⎣

−
+

−

⎤
⎦
⎡
⎣

+

+

+

⎤
⎦+ . . .

= −i
+−
+ (n̄ifi + nif̄i)

⎡
⎣

+−
+

+−

⎤
⎦+ . . . .

(58)

Terms such as in (58) can be connected to the Lehmann amplitudes appearing in

(47) by noting that for example a g>i line starting at −T corresponds to a state |J〉
in (47) with the single-particle state i occupied. An excitation to one-particle state i

can only occur in |J〉 when that state is unoccupied in the ground state. Similarly a

de-excitation from one-particle state i can only occur in |J〉 when that state is occupied

in the ground state. We can therefore express the prefactor as n̄ifi+nif̄i = nJ
i fi+ n̄J

i f̄i,

where nJ
i is the occupation of the single-particle state i in the non-interacting many-

body eigenstate |J〉. In general such terms appear as products, which can be expressed

as ∏
i

[
nJ
i fi + n̄J

i f̄i
]
=

∏
i

e−βnJ
i εi

1 + e−βεi
=

e−β
∑

i n
J
i εi∏

i(1 + e−βεi)
, (59)

and thus be related to the Boltzmann factor for the state |J〉 appearing in (47). In this

manner one could, by careful accounting of all the diagrams and prefactors, work one’s

way back to a diagrammatic expression of the form of (47), which would constitute a
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finite temperature generalization of (44) containing additional connections between the

half-diagrams that are weighted by Boltzmann factors corresponding to the sum over the

J-states. This is equivalent to defining the J and L states in (47) in a suitable manner

to write the Lehmann amplitudes 〈J | · · · |L〉irr as multi-particle Green’s functions at

zero temperature. We have therefore succeeded in deriving a diagrammatic expansion

for the self-energy based on Lehmann amplitudes which generalizes our earlier work

and reduces to it in the zero temperature limit. The finite temperature corrections of

this expansion can be interpreted as additional interactions by which particles enter

and leave a heat bath [28]. Although physically insightful and feasible to derive a PSD

perturbation theory, the approach is not very practical; as follows from (55) each cut

g-line leads to three zero-temperature diagrams. In the following section we discuss a

much more viable approach to PSD approximations at finite temperature.

3.2. Factorization of the self-energy and the issue of non-vanishing vacuum diagrams

In the previous section we provided a generalisation of the zero-temperature cutting

procedure that can be directly related to the Lehmann amplitudes 〈L|γ(1)|J〉irr.
However, this required a formulation in terms of zero temperature Green’s functions

and is, although possible [41, 42], not very practical for deriving PSD approximations

for applications of many-body perturbation theory. We therefore advance here another

procedure for factorizing self-energy diagrams.

We consider again the standard finite temperature diagrammatic expansion of the

self-energy from the previous section. We expand each diagram in (anti)time ordered

components as in (49) and then algebraically factorize the g-lines connecting the forward

and backward branches using the relation

g≶(t, t′) = gR(t, t0)g
≶(t0, t0)g

A(t0, t
′) (60)

where gR and gA are the retarded and advanced Green’s functions and t0 is a suitably

chosen time. Since g<(t0, t0) = iρ0 and g>(t0, t0) = −i(1 − ρ0) = −iρ̄0 where ρ0 is the

one-particle density matrix at time t0, we can write

−ig<(t, t′) = [gR(t, t0)ρ
1
2
0 ][g

R(t′, t0)ρ
1
2
0 ]

† = g̃<(t, t0)[g̃
<(t′, t0)]

† (61)

ig>(t, t′) = [gR(t, t0)ρ̄
1
2
0 ][g

R(t′, t0)ρ̄
1
2
0 ]

† = g̃>(t, t0)[g̃
>(t′, t0)]

† (62)

where the g̃≶ are defined by these equations and ρ
1
2
0 and ρ̄

1
2
0 are the square roots of ρ0 and

ρ̄0 as spatial operators, which are well-defined since these operators are PSD; in case we

use the eigenbasis of the one-body Hamiltonian of (1) they are diagonal matrices with

diagonal elements given by the square roots of the (anti)-Fermi functions. We thus see

that we can factorize the lesser and greater functions as ∓ig≶ = g̃≶g̃≶† which, as shown

in Appendix B, allows the self-energy to be written as

− iΣ<
c (1, 2) =

∞∑
N=1

∑
a,b,I,P

(−1)|P |A
(a)
N,I(1, t0)A

(b)∗
N,P (I)(2, t0) (63)
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where A
(a)
N,I represents a diagrammatic expression of a half-diagram of topology a. The

label N denotes the number of particle-hole line pairs connecting the half-diagrams and

I is a multi-index for the spatial labels of all connecting lines. The permutations P run

over all permutations of the particle and hole lines separately and since for Σ< there is

one hole line more than a particle line there are N !(N + 1)! of such permutations. The

main difference with the derivation in the previous section is that the diagram A
(i)
N,I(1, t0)

can not directly be associated with a Lehmann amplitude; it rather consists of a term

in an expansion of the (N +1)-particle Green’s function in which the Green’s functions

on cut external legs have been replaced by the functions g̃≶, and the remaining leg

corresponding to vertex 1 has been removed. In Appendix B we prove that we recover

the correct expansion of the self-energy when these modified diagrams obey the same

Feynman rules as the (N + 1)-particle Green’s function. From expression (63) it also

becomes clear that the expansion is PSD; defining

S
(a)
N,I(1, t0) =

∑
P

(−1)|P | A
(a)
N,P (I)(1, t0) (64)

we see that the self-energy can be written as the explicitly positive semi-definite

expression

− iΣ<
c (1, 2) =

∞∑
N=1

1

N !(N + 1)!

∑
a,b,I

S
(a)
N,I(1, t0)S

(b)∗
N,I (2, t0). (65)

So far the discussion concerned the exact self-energy. However, in contrast to

the exact self-energy, a given diagrammatic approximation, such as that in (49), will

in general not lead to a positive definite spectral function. To solve this problem we

can attempt to repeat the procedure for the zero temperature case [7] to construct

a PSD perturbation series. The first step is to write the expansion as a product of

factors containing the time and anti-time-ordered parts; again using our factorization

procedure with the functions g̃ of equations (61) and (62). The factors that result from

this procedure have then to be re-assembled into Hermitian products to obtain the PSD

form of (65). For systems at finite temperature a complication arises from the presence

of diagrams with islands consisting solely of time or anti-time ordered vertices of the

form

+

+

+ −
−− +

+

+

<

<

<
>

>
>

(66)

such as in the third diagram in (49). At zero-temperature such islands vanish, as

demonstrated by the following argument. All the g-lines entering an island will be

greater/lesser, and all the g-lines leaving will be lesser/greater. At zero temperature

a greater/lesser Green’s function always carries an energy above/below the Fermi level

and the island formally has a net energy flow in or out. This is, however, forbidden

by energy conservation that is mathematically enforced by the presence of Heaviside

functions whereby the island vanishes. At finite temperature this is not true anymore
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due to the smearing of the Heaviside functions to continuous Fermi functions. This is

problematic when it comes to constructing PSD approximations out of half-diagrams,

which is best illustrated with the example of the third diagram in (49). The diagram

has the following structure

+ +− −1
�

�

�

�

�

�

�

2 3

4 5 6
7

=
+

+

−

1

�

�

�

�

�

�

2

3

4
5

6
7−

−
�

�

−

�

�

3

6

7

+

+
�

�

�

�

1

2

4

5 , (67)

which we have cut into time and anti-time ordered parts using the factorization of the

greater and lesser Green’s functions, and where two islands appear that are disconnected

from external vertices. In the notation of (63) the diagrammatic product on the right-

hand side corresponds to the term

(−1)2A
(a)
3,(3265147)(1, t0)A

(a)∗
3,(1245367)(2, t0) (68)

where the half-diagrams on both sides of the cut are of the same topology a, have cut

lines with N = 3 particle hole pairs and cut labels I = (3265147) and P (I) = (1245367)

corresponding to an even permutation (13)(46) consisting of two transpositions. In

order to obtain a PSD self-energy containing this diagram we need to construct a

PSD form from the separate half-diagrams as derived in our earlier work [7]. If the

half-diagrams have the same topology and only differ in the labeling of the cut legs,

this is achieved by adding the half-diagrams corresponding to the smallest permutation

subgroup containing the permutation of the legs in question. This procedure amounts to

the construction of additional terms in (63) which allows for a rewriting of the equation

in a PSD form as is done in (65). In our case the halves differ by the permutation

σ = (13)(46) of the external legs and the smallest subgroup containing it is {ι, σ} where

ι is the identity permutation. This yields the following minimal PSD extension of the

given diagram

+

+

−

1

�

�

�

�

�

�

2

3

4
5

6
7−

−
�

�

−

�

�

3

6

7

+

+
�

�

�

�

1

2

4

5
1 �

�

�

2
3

6
5

4
7

�

�

�

�

+
+

+

+

+
=

+ +− −
+

+−

+−
(69)

We therefore see that the construction introduces a new self-energy diagram containing

a disconnected vacuum diagram. This is readily seen to be a general feature; the

minimal PSD extension of diagrams containing + or − islands necessarily introduces

disconnected vacuum diagrams into the self-energy. However, such vacuum diagrams

do not contribute to the exact self-energy, since a sum over all their different time/anti-

time ordered components corresponds to an integral over the loop contour on all
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vertices, which vanishes as a closed integral. The minimal PSD extension procedure,

however, creates only specific time-ordered components of the vacuum diagram, and

therefore introduces a finite contribution that would eventually be cancelled in the

exact expansion. It is clearly undesirable to include in an approximate expansion terms

that should ultimately not contribute. This issue has been prominently discussed in the

particle physics literature [21, 27, 28, 26, 23] where diagrams containing + or − islands

are referred to as ”non-cuttable” diagrams [22, 23]. In section 3.4 we will resolve this

issue using the concept of retarded half-diagrams.

However, before addressing that problem we will first derive a generalization of the

result of this section that is even valid for non-equilibrium final states and does not

require the adiabatic assumption. It will also allow us to make a connection to earlier

work of Jeon [27] which is thereby put into a different context.

3.3. Time-ordered cutting rules from the Riemann-Lebesque lemma

The derivation of the finite temperature expansion for the self-energy in section 3.1

was based on the assumption that the interacting density matrix can be adiabatically

connected to a non-interacting one [40]. This assumption is stronger than needed and

in this section we derive the result in a more direct and simpler fashion by applying the

Riemann-Lebesque (RL) lemma for Fourier transforms to the case of systems with a

continuous one-particle spectrum. In the second part of this section we will show that

even the assumption of a continuous spectrum is not needed, at least when we confine

ourselves to finite temperature systems in thermodynamic equilibrium.

Our starting point is the full contour of Figure 1 which contains also a Matsubara

branch. Throughout this section we use as an example the diagram

D<(1, 2) =

[
1 2

]<

(70)

The lesser component is obtained by taking the external time z1 on the forward branch

γ− and the external time z2 on the backward branch γ+. The time-ordered expansion of

a contour diagram at finite temperature is achieved by splitting each internal contour-

time integral explicitly into its forward, backward and Matsubara parts (see Figure

1) ∫
γ

dz =

∫
γ−

dz +

∫
γ+

dz +

∫
γM

dz =

∫ ∞

t0−
dz +

∫ t0+

∞
dz +

∫ t0−iβ

t0+

dz (71)

and summing over all the resulting real-time integrals. For our example diagram (using
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−/+ to denote the γ−/γ+ branches) we have

D<(1, 2) =
1 2

+−−−
+

1 2
+ +− −

+
1 2

+ +− −
+

1 2− + + +

+
1 2

γM +−−
+

1 2
+γM− −

+
1 2

+ γM− +

+
1 2

+γM− +

+
1 2

+γM−

(72)

where dashed lines mark the cuts between the distinct branches. The Green’s

functions that connect a real time to a time on the Matsubara branch are denoted

by g(t0− iτ, t±) = g�(τ, t) and g(t±, t0− iτ) = g�(t, τ) (see [1] for a thorough discussion)

and a Green’s function connecting two times on the Matsubara branch is denoted by the

Matsubara Green’s function gM(τ, τ ′). We will now demonstrate that for a system with

a continuous energy spectrum the so-called left and right Green’s functions g� and g�

give a vanishing contribution to the Feynman diagrams provided we assume the system

to be in equilibrium before a given time t0. Practically this implies that we can disregard

the Matsubara branch in the diagrams provided we let all real time integrals commence

at −∞ instead of the finite time t0.

In the following we assume that the system is in equilibrium for times t ≤ t0 while for

t > t0 there may be external perturbations that bring the system into a non-equilibrium

state. From time translation invariance it follows that for a system in equilibrium the

value of an observable cannot depend on the wait time between state preparation and

the start of the measurement. Therefore we can extend the contour to a past time

t = −T ≤ t0 (see Figure 2). Now for any time t we have the decomposition (see [1] for

details),

g�(τ, t) = −igM(τ, 0)gA(−T, t) g�(t, τ) = igR(t,−T )gM(0, τ) (73)

where gR/A denotes the retarded/advanced Green’s function. For t > t0 it will be useful

to use a semi-group property [1] of the retarded and advanced functions

gA(−T, t) = −igA(−T, t0)g
A(t0, t) gR(t,−T ) = igR(t, t0)g

R(t0,−T ). (74)

The functions gR/A are in general expressed in terms of time-ordered exponentials [1]

but for times t and t′ in the equilibrium time interval [−T, t0] they acquire a simple form

with respect to a basis of non-interacting one-particle eigenstates of the one-body part

of the Hamiltonian

gRi (t, t
′) = −iθ(t− t′)e−iεi(t−t′) gAi (t, t

′) = iθ(t′ − t)e−iεi(t−t′) (75)
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t0
�

�

� t0 − iβ

t0
�

�

� −T − iβ

−T
�

�

Figure 2. In a system initially in equilibrium, the wait time between state preparation

and measurement does not affect the result. One can therefore extend the contour to

a past time t = −T .

where εi is the eigenenergy of the one-particle state labeled by i. The key ingredient of

our derivation is the Riemann-Lebesque (RL) lemma (see Th.7.5 of [43]) which states

that

0 = lim
T→±∞

∫
dε F (ε) eiεT (76)

whenever F belongs to the space of integrable functions L1(R) (for example F can

be a piecewise continuous function). If the one-particle spectrum εi is continuous, as

is generally the case for an infinite system, the summations over the labels i in the

Feynman diagrams can be replaced by integrals over the energy ε where a density of

states d(ε) appears in the integration volume element. If d(ε) belongs to L1(R) the RL

lemma and (74) can be invoked to establish that diagrams that contain g� and g� vanish

in the limit T → ∞.

Applying the RL lemma we therefore retain only the first row of (72) provided that

in these diagrams we let the lower bound of all time integrations be equal to −∞. We see

that in this way we derived precisely the same self-energy expansion as in the previous

section with two important differences. First, we needed a much weaker assumption

(a continuous spectrum instead of the adiabatic assumption). Second, the expression

derived above is valid for general systems in initial equilibrium up to some finite time

but exposed to a time-dependent external perturbation after it.

In the following we will show that even the assumption of having a continuous

one-particle spectrum can be disposed off when we restrict ourselves to systems in

thermodynamic equilibrium. This will be done by making a connection to the work of

Jeon[27]. We can write the self-energy in an alternative version of (63) as follows

− iΣ<
c (t1, t2) =

∞∑
N=1

∑
a,b,I,P

(−1)|P |
∫
γ−

dtI

∫
γ+

dt′I B
(a)
N,I(t1, tI)Υ

<
I (tI , t

′
I)B

(b)∗
N,P (I)(t2, t

′
I),

(77)

where the terms B
(a)
N,I are obtained from the terms A

(a)
N,I by removing the legs of the cut

lines and tI and t′I are sets of time labels for the endpoints of the cut lines. The cut
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lines are assembled in a new term ΥI of the form

Υ<
I (tI , t

′
I) =

N∏
p∈J

−ig>p (t
′
p, tp)

N+1∏
q∈K

ig<q (tq, t
′
q) (78)

where the index set I = (J,K) for the cut lines has been divided into sets of indices

J referring to particle lines and indices K referring to hole lines (we always choose a

one-particle basis in which the zeroth-order Green’s functions are diagonal).

If we specialize to systems that are in equilibrium at all times then all quantities are

time-translation invariant and we can do Fourier transforms to find lower dimensional

expressions in frequency space. Fourier transforming (77) one obtains

− iΣ<
c (ω) =

∞∑
N=1

∑
a,b,I,P

(−1)|P |
∫

dωI
(2π)I

B
(a)
N,I(ωI)2πδ(ω − Ω)Υ<

I (ωI)B
(b)∗
N,P (I)(ωI), (79)

where we defined the total energy flowing to the left through the cut lines as Ω =
∑

i∈I ωi

and

B
(a)
N,I(ωI) =

∫
dtI B

(a)
N,I(t1, tI)e

iωI ·(t1−tI) (80)

(using the notation ωI · (t1 − tI) =
∑

i∈I ωi(t1 − ti)) so that the time-convolutions

between the half-diagrams are replaced by simple products. The function Υ<
I (ωI) with

the explicit form

Υ<
I (ωI) =

N∏
p∈J

−ig>p (−ωp)
N+1∏
q∈K

ig<q (ωq) (81)

is a PSD integral operator in spatial indices for all ωI . If we consider the explicit

form of g≶ (see (51)) the Fourier transform of Υ< is readily expressed in terms of delta

distributions and with the relations above we can express the lesser self-energy as

−iΣ<
c (ω) =

∞∑
N=1

∑
a,b,I,P

(−1)|P |B
(a)
N,I(ε̃I)2πδ(ω − E)F<(εI)B

(b)∗
N,P (I)(ε̃I), (82)

where we defined εI the set of one-particle energies εi for the cut lines and we further

defined

F<(εI) =
N∏
p∈J

f̄(εp − μ)
N+1∏
q∈K

f(εq − μ). (83)

We also defined the energy E =
∑

q∈K εq − ∑
p∈J εp and ε̃I is an argument list

consisting of the energies εq for the hole lines and −εp for the particle lines. Expression

(82) is of a physically appealing Fermi golden rule form [12], involving products of

scattering amplitudes B
(i)
N,I , occupation functions incorporated in F< and an overall

energy conservation enforced by a delta function. A rearrangement of the expression

as in (65) will make this even more apparent but the expression above is closer to the

expressions that would actually be used in practice.
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In equilibrium the fluctuation dissipation theorem gives that −iΣ<
c (ω) = f(ω −

μ)Γ(ω) and iΣ>
c (ω) = f̄(ω − μ)Γ(ω) where Γ(ω) is the spectral function of the self-

energy (also known as the rate function) which can be expressed as

Γ(ω) = i(Σ>
c (ω)− Σ<

c (ω)) = i(ΣR
c (ω)− ΣA

c (ω)). (84)

If we use that in equilibrium (see for example [1] section 9.5)

ΣR/A
c (ω) = ΣM

c (ω − μ± iη), (85)

with η a positive infinitesimal and μ the chemical potential we can write

− iΣ<
c (ω) = if(ω − μ)(ΣM

c (ω − μ+ iη)− ΣM
c (ω − μ− iη)). (86)

This relation was used by Jeon [27] to derive an expression of the form of (82) (for the

Green’s function instead of the self-energy) using an expansion in Matsubara Green’s

functions (see equations (3.4a) and (3.4b) in [27]). Jeon’s derivation proceeds via the

following steps:

(i) Each Matsubara diagram is expanded in its time-ordered components in imaginary

time.

(ii) Each time-ordered component is expressed in frequency space using the rules

derived originally by Balian and De Dominicis [44] and later by Baym and Sessler

[45].

(iii) For each of the obtained expressions the limit η → 0 is taken for a difference of

terms as in (86).

(iv) The final expression obtained this way can be interpreted as a sum over cut diagrams

and factors to the left and right of the cut can be expressed in terms of time-ordered

and anti-time-ordered Green’s functions (this uses (D.22) of Appendix D).

Importantly this derivation nowhere uses the Riemann-Lebesque lemma, and therefore

does not need to assume continuous spectra. Its main ingredient is analytic continuation

and the use of fluctuation dissipation relations such as g>(ω) = −eβ(ω−μ)g<(ω). It is

therefore similar in spirit to the derivation that proves that the equilibrium limit of

the Kadanoff-Baym equations is independent of the initial time of time-propagation

(section 9.6 of [1]). It follows from Jeon’s derivation that in equilibrium the removal

of Matsubara track integrals in the expansion of Σ≶
c is justified even for systems with

a discrete energy spectrum provided we extend the time-integrals to the infinite past.

The information about the initial density matrix is not lost, as it is still preserved in the

functions g≶ that contain the Fermi functions depending on the temperature and the

chemical potential. For additional discussion of these relations see Appendix D; they

play a more important role in the next section in which we use a more elegant approach

to derive the result.

The above cutting rules still retain the issues relating to disconnected pieces in

half-diagrams leading to unwanted vacuum diagrams, as we discussed below (66). In
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the following section we propose how this crucial issue can be solved by a different kind

of expansion of the contour diagram, replacing time-ordered half-diagrams by retarded

ones.

3.4. Retarded cutting rules

The problems posed by disconnected pieces in half-diagrams are created because cutting

the diagram between the forward and the backward branches limits each half-diagram

to a single branch on which vacuum diagrams do not integrate to zero. The most

straightforward way to deal with this issue is therefore to start by deforming the contour

to a double loop so that it returns to −T between the external time arguments located

at the end of each loop as follows

�

�
z1 �

z1
−T

�

�

−T

�

�

�

z2
z2

γ γ1

γ2
(87)

Each time integration can therefore be written as a sum of two time integrations on

each separate loop. When this is done for the time-integrals in a Feynman diagram

disconnected sub-diagrams vanish as they are integrated from −T to −T on a loop

and only the contribution from terms connecting to external vertices survive. This

elimination does not rely on any physical properties of the system, such as energy-

conservation, and therefore happens also at finite temperature and in non-equilibrium

systems.

Internal loop integrals over a sub-diagram up to the external times representing the

entry or exit point of the self-energy can be expressed in terms of real-time integrals over

retarded functions [13, 11]. Accordingly we define a multi-argument retarded component

of a general Feynman diagram with integrand D(zN ) = D(z1, . . . , zN) and external

vertex at time z1 as follows∫
γ

dz2 · · · dzND(zN ) =

∫ ∞

t0

dt2 · · · dtNDR(1,2···N)(tN ), (88)

where γ is a loop contour and the multi-retarded function DR(1,2···N)(tN ) with respect

to argument 1 is a real-time function such that equality holds in the equation above.

The multi-retarded functions allow for convenient conversion from contour to real-time

integration and capture, in effect, the back-and-forth integration on the contour within

a single real-time function. We show how to evaluate these functions in Appendix C and

Appendix D, although for the purpose of developing PSD approximations they feature

mainly as building blocks and it is sufficient to evaluate the final self-energy directly

once it is obtained from the PSD construction. If we now split our time-integrations as

sums of integrations on each of the loops of (87) and on the Matsubara branch γM and
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apply this to our example diagram we have

D<(1, 2) =
1 2

γ1 γ2

+
1 2

γ1 γ2

+
1 2

γ1γ2

+
1 2
γ1 γ2

+
1 2

γMγ1 γ2

+
1 2

γM γ1 γ2

+
1 2

γMγ2γ1

+
1 2

γM γ2γ1

+
1 2

γMγ1 γ2

,

(89)

where in the figure the time integrations over the loops γ1, γ2 (see Figure 87) and the

Matsubara branch γM are indicated for each interaction line. The lesser component was

selected by taking z1 to be on loop γ1 and z2 to be on loop γ2 which occurs later in

contour ordering. We will assume that our system has a continuous spectrum such that

we can apply the Riemann-Lebesque lemma. Then as before the Matsubara diagrams

can be discarded when time-integrals commence at −∞, so that we retain only the first

line of diagrams in (89). Now since internal vertices are integrated over the separate

loops γ1 and γ2, any half-diagram with disconnected parts vanishes and therefore also

the third diagram in the first line of (89) is eliminated. The remaining three diagrams

are the same one would obtain in a time-ordered zero temperature treatment, only now

with retarded half-diagrams and internal g-lines at finite temperature. The example

clearly illustrates the strategy outlined in the beginning of this section, by the use of

retarded half-diagrams the bothersome diagram of equation (69) no longer appears in

the expansion.

Similar to the time-ordered case the self-energy generally takes the form

− iΣ<
c (t1, t2) =

∑
N=1

∑
a,b,I,P

(−1)|P |
∫
γ1

dzI

∫
γ2

dz′I B
(a)
N,I(t1, zI)Υ

<
I (tI , t

′
I)B

(b)∗
N,P (I)(t2, z

′
I),

(90)

with Υ< as in (78) (see Appendix B) where instead of integrations over the branches γ−
and γ+ of equation (77) we now have integrations on the loops γ1 and γ2. In (90) we

can first focus our attention to the part integrated over γ1, which by applying (88) can

be written as ∫
γ1

dzI B
(a)
N,I(t1, zI)Υ

<
I (tI , t

′
I) =

∫
dtI B

(a)R
N,I (t1, tI)Υ

<
I (tI , t

′
I), (91)

with the shorthand notation BR(t1, tI) = BR(1,I)(t1, tI). Here the Υ< function can be

left out of the retarded function since it does not depend on the branch indices for zI ,

but only on the real-times tN since all times on loop γ1 are earlier than those on loop γ2.

This follows from the definition of the retarded component as a sum over the possible

distributions of zI between the two branches (see Appendix C), which leaves Υ< the
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same in every term of the sum allowing it to be pulled out as a common factor. After

an analogous argument for the integrals over γ2, (90) takes the form [12]

− iΣ<
c (t1, t2) =

∑
N=1

∑
a,b,I,P

(−1)|P |
∫

dtIdt
′
I B

(a)R
N,I (t1, tI)Υ

<
I (tI , t

′
I)B

(b)R∗
N,P (I)(t2, t

′
I). (92)

This equation is similar in form to (77) and for the case of equilibrium systems it can

analogously be Fourier transformed as

− iΣ<
c (ω) =

∑
N=1

∑
a,b,I,P

(−1)|P |
∫

dωI
(2π)I

B
(a)R
N,I (ωI)2πδ(ω − Ω)Υ<

I (ωI)B
(b)R∗
N,P (I)(ωI). (93)

Similar to the time-ordered case, equation (93) can be derived for equilibrium systems

without having to use the assumption of a continuous spectrum to argue that Matsubara

integrals vanish from the expansion of Σ<
c . This relies on an important result

from Appendix D where we derive spectral representations for general retarded and

Matsubara diagrams, and show that these are directly related by analytical continuation.

The crucial result is that for equilibrium systems there exists a general relation between

the spectral form DR(ωN ) of a multi-retarded function describing a given Feynman

diagram and the spectral form DM(ωN) of the corresponding multi-argument Matsubara

function for the same Feynman diagram; this relation is given by

DR(1,2,...,N)(ωN ) = DM(ωN − μ− iηN ) (94)

where ωN = {ω1, . . . , ωN} represents a set of N frequencies and ηN is a set of positive

infinitesimals. The precise form of these functions is defined by equations (D.20) and

(D.30) in Appendix D which for our discussion here represent spectral forms of half-

diagrams. A relation of the form (94) was also derived by Baier and Niégawa [46] but this

required the implicit assumption of a continuous spectrum to make certain terms vanish.

Our derivation in Appendix D does not require this assumption and is instead directly

based on fluctuation-dissipation relations for Matsubara functions; additionally it yields

a set of useful Feynman rules to evaluate multi-retarded functions in frequency space.

Relation (94) is a generalization of (85) and can in particular be applied to the half-

diagrams appearing in the retarded expansion for the self-energy. In connection with

step (iv) of Jeon’s derivation [27] that we outlined in the previous section this allows

us to convert half-diagrams appearing in the expansion of the Matsubara self-energy to

retarded half-diagrams which then precisely yields the retarded cutting rules that we

derived above. The final result is that, for the case of finite temperature equilibrium

systems, equation (93) is also valid without the assumption of a continuous spectrum,

which means that in equilibrium the result holds also for finite systems.

Let us illustrate the Feynman rules derived in Appendix D for the evaluation of the
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retarded half-diagrams in expressions like (93). For example, in the cut diagram

− iD<(ω) =
1 2

γ1 γ2 γ2ω ωω1

ω2

−ω3

=

∫
dωI
(2π)I

B
(a)R
1,(123)(ωI)2πδ(ω −Ω)Υ<(ωI)B

(b)R∗
1,(123)(ωI)

(95)

where Ω = ω1 + ω2 + ω3, the explicit form of B
(a)R
1,(123)(ωI) follows from the rules given

below (D.22) in Appendix D. We obtain

⎡
⎢⎢⎣

1 2

1′ 2′

ω

−ω2

−ω1

ω3
⎤
⎥⎥⎦
R(1,1′22′)

= −2πiδ(ω + Ω)

∫
dνdν ′

4π2

g>(ν)g>(ν ′)− g<(ν)g<(ν ′)

ω1 + ω2 + ν + ν ′ − iη
v1v2 = D(a)R(ω, ωI),

(96)

which is related to B
(a)R
1,3 (ωI) (defined as in (80)) by

D(a)R(ω, ωI) =

∫
dt1dtI B

(a)R
1,(123)(t1, tI)e

iωt1+iωI ·tI = 2πδ(ω + Ω)B
(a)R
1,(123)(−ωI). (97)

These expressions contain the interaction lines v1 and v2 as well as the functions g≶(ν)

which are the Fourier transforms of the functions g≶ with respect to the difference of

their time arguments, where in all the expressions we suppressed spatial integrations for

clarity of presentation.

We further note that it is always possible to expand a retarded half-diagram in terms

of time-ordered Green’s functions by splitting the loop integral into an integration on a

forward and on a backward branch, but since we have two half-diagrams now we have

two γ− branches and two γ+ branches to keep track of. Consider for example the second

term in (89); expanding the half-diagrams leads to

1 2
γ1 γ2

=
1 2

+ +

γ1 γ2

+
1 2

+−

γ1 γ2

+
1 2

−−

γ1 γ2

+
1 2

+ −

γ1 γ2

. (98)

The designation of the external vertices is irrelevant since they are at end points of the

loops in (87). Note that in evaluating these diagrams the Green’s functions crossing

the cut are independent of the +’s and the −’s, they are determined separately by

the ordering of the loops. Alternatively, one could remove the dashed lines and use a

different mark for each of the four branches, along with rules for the resulting 42 = 16

Green’s function components. An approach along these lines was developed by Bedaque,

Das and Naik in [26] starting from the latest time equation [24, 25] rather than referring

to integration branches (see [23] for an extensive discussion). Either way, the time-

ordered expansion leads to a very large number of diagrams, especially for higher order
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functions since each new external parameter comes with another forward and backward

branch. It is therefore both more convenient, as well as physically more appealing, to

make use of retarded half-diagrams; they have the advantage of giving only a single

real-time diagram for each cut.

In summary: the use of retarded half-diagrams solves the crucial issue of

non-vanishing vacuum diagrams while retaining the construction procedure of PSD

approximations just as in the time-ordered formalism. It has the additional advantage

that retarded half-diagrams have a physical interpretation as scattering amplitudes by

past processes such that Hermitian products of retarded half-diagrams can be interpreted

as scattering probabilities [12]. In the following chapter we will apply this approach to

some commonly employed approximations to show that they are PSD.

4. Application: positivity of diagrammatic approximations

It is known (see e.g. section 9.7 in [1]) that equation (29) is valid for finite temperature

systems in equilibrium or for non-equilibrium systems in a steady state limit when the

Riemann-Lebesque lemma applies. It therefore follows directly that a PSD self-energy

with a positive rate function Γ(ω) leads to a PSD Green’s function with positive spectral

function A(ω), and therefore it is sufficient to consider the PSD approximations for the

self-energy in order to obtain them for the spectral function.

In the following we will prove that some commonly used approximations for the self-

energy, namely the second Born, T-matrix and GW approximations, preserve positivity

also for finite temperature systems. The derivation illustrates the fact that the cutting

rules derived for zero-temperature systems can be directly applied, provided we interpret

the half-diagrams to be retarded rather than time-ordered functions. Consequently all

methodology discussed in earlier work [7], such as the construction of a minimal PSD-

extension, apply directly to the finite temperature case as well.

4.1. The T-matrix approximation

The T -matrix approximation comes in two flavors, the T -matrix approximation in the

particle-particle channel and the T -matrix approximation in the particle-hole channel.

The first one plays an important role in the study of systems with short range

interactions such as Bose/Fermi gases in cold atom traps [47, 48, 49] and nuclear matter

[50, 51, 52, 53], as well as in the description of Hubbard systems [17, 54, 55], to name

a few examples. The second is important to describe excitations in semi-conductors

[56, 57], and in particular for the study of exciton states [58]. The derivation below is

given in the particle-particle channel but a completely analogous approach applies to

the particle-hole channel.
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The particle-particle T -matrix approximation is given by

Σ(1, 2) =
21
+

21
+

21
+ . . .

+ 2

1
+ 2

1
+ 2

1
+ . . . ,

(99)

where the first line contains the direct part and the second line the exchange part.

Performing the retarded expansion, and leaving out any diagrams with Matsubara

integrals or disconnected half-diagrams, gives for the direct part

−iΣ<
d (1, 2) =

21
+

21
γ1 γ2

+
21

γ1 γ2

+
1 2
γ1 γ2

+
1 2

γ1 γ2

+
1 2

γ1 γ2

+ . . . .

(100)

Note that in the case of the T -matrix the ability to discard disconnected half-diagrams

reduces the number of diagrams generated by n-th order contour diagram from 2n−2 in

the time-ordered formalism to n− 1 in the retarded formalism.

We factorize the Green’s functions crossing the dashed line in (100) using the

relations (61) and (62) to obtain for the direct part

− iΣ<
d (1, 2) =

[
1

3
4

5

+
1

3
4

5

+ . . .

][
2

3
4

5

+
2

3
4

5

+ . . .

]
. (101)

The expansion and factorization of the exchange part is analogous, expect that on the

right hand half-diagram the labels 4 and 5 are exchanged. We therefore have

− iΣ<
x (1, 2) =

[
1

3
4

5

+
1

3
4

5

+ . . .

][
1

3

4

5 +
1

3
4

5

+ . . .

]
(102)

and the full self-energy can be written as

− iΣ<(1, 2)

=

[
1

3
4

5

+
1

3
4

5

+ . . .

][
2

3
4

5

+
2

3
4

5

+ . . .+ [345 → 354]

]
.

(103)

As discussed in [7], this is PSD since the right-hand side is a sum of terms where the cut

labels are permuted according to the subgroup {ι, (45)} of the full permutation group.

We finally remark this also proves that the second Born approximation is PSD since it is

the subset of the particle-particle T -matrix approximation corresponding to the second

order diagrams.
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4.2. The GW approximation

The GW approximation is one of the most prevalent approximations in electronic

structure theory [59, 60]. It can be applied at different levels of self-consistency [61],

leading to various flavors of the approximation designated as the G0W0, GW0 and the

fully self-consistent GW approximation, which often are all grouped under the term

GW approximation. The physics of long range screening and plasmon dynamics that is

incorporated in this approximation plays an important role not only in electronic systems

but also in charged plasmas at elevated temperatures [62, 63]. An in-depth study of the

finite temperature GW0 approximation for high temperature plasmas was performed by

Fortmann [63] while a combination of the GW approximation and cumulant expansion

was recently studied by Kas and Rehr for warm dense matter[14]. Furthermore, the

finite temperature GW approximation was recently studied for the calculation of the

Helmholtz free energy and spin response functions [64].

The GW approximation for the self-energy, given by

ΣGW (1, 2) =
21
+

21
+ . . . , (104)

can be expressed in terms of retarded half-diagrams as

− iΣ<
GW (1, 2) =

[
1

3
4

5

+
1

3
4

5

+ . . .

][
2

3
4

5

+
1

3
4

5

+ . . .

]
,

(105)

which shows that the expansion is positive. This result is in agreement with the

numerical results of Fortmann [63] for the GW0 approximation. The dressing of the base

line of the self-energy diagram, that is required to deal with the GW0 approximation, is

readily included in our method since positivity is preserved during the self-consistency

iteration and the dressed line can therefore be cut as a Hermitian product. Similar

arguments for the zero-temperature case were presented in [7]. A completely analogous

reasoning applies to the fully self-consistent GW approximation.

We finally remark that both the GW and T-matrix approximations are not only PSD

but also conserving [1]. However, a general conserving approximation will typically not

be PSD as it need not have the form of a Hermitian product. A minimal PSD extension

of the approximation typically leads to the introduction of only specific cuts of additional

higher order diagrams which render it PSD but not Φ-derivable [1]. The situation at

finite temperature is thus fully analogous to the one discussed in the zero-temperature

case [7].

5. Conclusions

In this work we addressed the question how to enforce important positivity constraints on

spectral functions obtained from approximate diagrammatic expansions in many-body

theory of quantum systems at finite temperature. We showed that this is possible using
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a finite temperature generalization of earlier work [7] that was based on cutting rules for

Feynman diagrams and the construction of minimal PSD extensions. A straightforward

expansion of that work, directly based on the Lehmann representation, was shown

to be possible but turned out to be cumbersome for applications. An alternative

formulation starting from self-energy diagrams, and the use of a factorization of Green’s

function lines along a cut, was found to be much more suitable. This lead to the

consideration of half-diagrams with modified external legs which can be used to build

finite temperature PSD approximations. However, when used in conjunction with the

standard (anti)-time ordered formulation of many-body theory the PSD construction

results in the appearance of vacuum diagram contributions which are absent in an exact

expansion and which therefore should not contribute in any approximate expansion.

This issue was finally resolved by a reformulation based on a deformation of the

integration contour, which leads to an expansion in retarded half-diagrams for which

such vacuum diagram contributions automatically vanish. Apart from providing an

attractive physical interpretation the formalism also extends to non-equilibrium systems

in initial equilibrium and thus allows us to study physical processes such as the steady-

state limit of quantum transport situations, thereby generalizing earlier work for zero-

temperature systems [11]. Our derivations furthermore provide a unified view of various

earlier studies that addressed cutting rules in finite temperature systems and which can

be related to each other by means of contour deformations. Additionally we derived

a generalized connection between retarded and Matsubara multi-argument functions

and provided a useful set of Feynman rules for multi-retarded functions in frequency

space. Finally we established that important commonly used approximations, namely

the GW , second Born and T -matrix approximation, retain positive spectral functions at

finite temperature. The work opens up new fields for application of finite temperature

many-body theory, notably in studying vertex corrections and higher order processes in

finite temperature many-particle systems as was done in the zero-temperature version

of the theory [9, 10].
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Appendix A. Positive semi-definite Hermitian forms

In this appendix we will show that the (weighted) Hilbert-Schmidt product

⧼Â|B̂⧽ = Tr
[
ρ̂Â†B̂

]
, (A.1)

satisfies the properties of a positive semi-definite Hermitian form and the Cauchy-

Schwartz inequality. It is readily seen that (A.1) satisfies the properties of a Hermitian
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form. We have

⧼Â|λ1B̂1 + λ2B̂2⧽ = λ1⧼Â|B̂1⧽+ λ2⧼Â|B̂2⧽ (A.2)

⧼Â|B̂⧽ = ⧼B̂|Â⧽∗ (A.3)

where λ1 and λ2 are complex numbers. We further have that

⧼Â|Â⧽ = Tr
[
ρ̂ Â†Â

]
≥ 0 (A.4)

which makes our Hermitian form positive semi-definite. This is readily derived as follows.

Since ρ̂ is a PSD operator, it can be uniquely written as ρ̂ = ρ̂
1
2 ρ̂

1
2 . Furthermore, since

ρ̂ is self-adjoint, ρ̂
1
2 is self-adjoint as well. Using the cyclic property of the trace we can

write

⧼Â|Â⧽ = Tr
[
ρ̂1/2Â†Âρ̂1/2

]
= Tr

[
F̂ †F̂

]
, (A.5)

with F̂ = Âρ̂1/2. Since any operator of the form F̂ †F̂ is PSD, the trace is non-negative,

which means that ⧼Â|Â⧽ ≥ 0. To make the Hilbert-Schmidt product a proper inner

product we also need the property

⧼Â|Â⧽ = 0 ⇒ Â = 0. (A.6)

However, from (A.5) we can only prove that

⧼Â|Â⧽ = 0 ⇒ Âρ̂1/2 = 0. (A.7)

If ρ̂ is a strictly positive operator this implies Â = 0 and we are indeed dealing with a

proper inner product, as was proven by Haag et al [33]. This is, for example, the case if

ρ̂ represents a grand canonical ensemble. However, if ρ̂ is only a positive semi-definite

operator then we do not in general have an inner product but instead what is known in

the mathematical literature as a positive semi-definite Hermitian form (PSDHF). This

structure is sufficient to derive the Cauchy-Schwartz inequality

|⧼Â|B̂⧽|2 ≤ ⧼Â|Â⧽⧼B̂|B̂⧽. (A.8)

Equation (A.8) is obviously true if ⧼Â|B̂⧽ = 0 so it is sufficient in the following to

assume that ⧼Â|B̂⧽ 
= 0. We use property (A.4) and consider

0 ≤ ⧼Â− λB̂|Â− λB̂⧽ = ⧼Â|Â⧽− λ⧼Â|B̂⧽− λ∗⧼B̂|Â⧽+ |λ|2⧼B̂|B̂⧽ (A.9)

where λ is a complex number that we can choose freely. Let us now write ⧼Â|B̂⧽ =

|⧼Â|B̂⧽|eiφ and choose λ = s e−iφ where s is real. Then (A.9) becomes

0 ≤ ⧼Â|Â⧽− 2s |⧼Â|B̂⧽|+ s2 ⧼B̂|B̂⧽. (A.10)

Since ⧼Â|B̂⧽ 
= 0 it follows immediately that also ⧼B̂|B̂⧽ 
= 0 since otherwise (A.10)

would represent a non-constant linear function in s bounded from below which does not
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exist. The quadratic polynomial in s on the right hand side of the inequality in (A.10) is

therefore a positive semi-definite parabola-shaped function which can at most have one

real zero. It therefore follows that its corresponding discriminant is zero or negative, i.e.

|⧼Â|B̂⧽|2 − ⧼Â|Â⧽⧼B̂|B̂⧽ ≤ 0 (A.11)

which is equivalent to (A.8).

The Cauchy-Schwartz inequality can be used to obtain bounds on various

correlators. As an example, let us consider the lesser Green’s function given by

− iG<(1, 2) = Tr
[
ρ̂ ψ̂†

H(2)ψ̂H(1)
]
= ⧼ψ̂H(2)|ψ̂H(1)⧽, (A.12)

with the shorthand notation 1 = x1t1 etc. Applying the Cauchy-Schwartz inequality to

(A.12) yields the upper bound

|G<(1, 2)|2 ≤ n(1)n(2). (A.13)

As such, the magnitude of the lesser Green’s function is bounded from above by the

density in a general time-dependent system. In systems where the density decays

exponentially for large distances, such as in atoms and molecules, (A.13) states that

also the lesser Green’s function decays exponentially (or faster). The upper bound is

more familiar for the time diagonal, t1 = t2, where (A.13) yields a well-known [65] upper

bound for the time-dependent single-particle density matrix.

Appendix B. Feynman rules for half-diagrams

The main goal of this appendix is to show that (63) is valid provided that we assign a

proper topological pre-factor to each half-diagram. We are concerned about this since

each half-diagram A
(a)
N,I contains modified external legs g̃≶ which replaced the standard

Green’s functions g and therefore is not obtained directly from an expansion involving

Wick’s theorem, as was the case for the Lehmann amplitudes in the zero-temperature

formulation. We thus need to assure that we can assign pre-factors to the half-diagrams

such that the gluing operation leads to the correct prefactors for the self-energy. In

order to clearly distinguish the external vertices of the self-energy from the labels of the

cut lines we will label them α and β instead of 1 and 2, i.e. we consider the self-energy

−iΣ<(α, β).

The pre-factor that we will use for the half-diagrams is determined by the following

rule. For a given half-diagram A
(a)
N,I(α) attached to external self-energy vertex α we

denote the entrance lines by j′ and the exit ones by j. Since α corresponds to an exit

vertex there are N labels j and N + 1 labels j′. For any such labeling the half-diagram

is interpreted as belonging to an expansion of GN+1(α, J ; J
′) where J and J ′ are the

sets of labels for j and j′. We then assign to the half-diagram the topological pre-factor

[66]

inv(−1)N+1+l+l̃ (B.1)
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where nv is the number of v-lines, l the number of loops formed by the g-lines and

l̃ the number of extra loops created when we imagine each entrance vertex from the

set J ′ to be merged with the exit vertex from (α, J) with the same position in the

argument list. It follows from our definition that the topological pre-factor for the

diagram A
(a)
N,P (I)(α) changes with a relative factor (−1)|P | compared to that of A

(a)
N,I(α)

since every interchange of external vertices changes the number of loops for l̃ by one.

Note, however, that the actual value of the permuted diagram does not just differ by a

sign from the non-permuted one as it represents a topologically different diagram. The

central statement that we will demonstrate is that (63) gives the correct expansion for

the self-energy, i.e. with the proper topological pre-factor of the Feynman rules for the

self-energy. To show this we need two ingredients; the first one (proven in Appendix C)

is that

A
(a)†
N,I (α) = (−1)N Ã

(a)
N,I(α) (B.2)

where we defined Ã
(a)
N,I to be the non-conjugated half-diagram but with all directions of

the Green’s function lines reversed and the g̃ legs replaced by g̃† and vice versa. Such a

reversed diagram represents the right-hand side of a cut self-energy diagram.

The second ingredient is a topological rule that we state as follows. Let l(ab) be the

number of loops created when two half diagrams of topology a and b are glued together,

then

(−1)l̃(a)+l̃(b) = (−1)N+l(ab) (B.3)

where l̃(a) and l̃(b) are the factors from our rule stated above for the two separate half-

diagrams. We postpone the demonstration of the latter statement and first establish

that it implies the desired result in combination with (B.2). We consider the product∑
I

(−1)|P |A
(a)
N,I(α)A

(b)†
N,P (I)(β), (B.4)

which amounts to a gluing operation. As we outlined above, for the purpose of

determining the topological pre-factor it is sufficient to consider the particular product∑
I

A
(a)
N,I(α)A

(b)†
N,I(β) (B.5)

since permutation of the external vertices changes the topological prefactor by (−1)|P |.

From (B.2) it follows that conjugation gives a diagram with reversed Green function

lines which is accompanied with a pre-factor (−1)N while the gluing of the g̃ lines using

(61) and (62) produces an overall factor of −i as we glue one more hole line than a

particle line. The gluing procedure thus yields a net factor of −i(−1)N and the overall

factor of the diagram is therefore

C = −i(−1)N inv(−1)l(a)+l(b)+l̃(a)+l̃(b) (B.6)

where nv = nv(a) + nv(b) is the total number of interaction lines. Then equation (B.3)

immediately gives that

C = −i(−i)nv(−1)l (B.7)
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where l is the total number of loops in the glued self-energy diagram. Given that we

were considering a diagram for −iΣ< we see that we precisely recover the usual Feynman

rule prefactor (−i)nv(−1)l for the self-energy diagram, which thereby proves the desired

relation (63).

To prove (B.3) we consider the factorization of a general self-energy diagram in

terms of half-diagrams from (B.5). For the left hand diagram we label the entrance

vertices of the cut lines with labels i′. If a path of directed Green’s function lines

starting at entrance vertex i′ exits the half-diagram at a given vertex we label that exit

vertex by i. This ensures that connecting i to i′ in the left-hand diagram always creates

one loop, and therefore (−1)l̃(a) = (−1)N+1. For example:

1 1’
2’

2

3’
3

−→
1 1’

2’

2

3’
3

. (B.8)

The right hand side can always be obtained by a permutation Q of the external vertices

from a diagram with l̃(b) = N + 1 loops (as shown graphically in (B.8)) which yields a

factor (−1)l̃(b) = (−1)N+1+|Q|. Every permutation that changes l̃(b) by one also changes

l(ab) by one and therefore (−1)l(ab) = (−1)N+|Q| since we do not glue the entrance and

exit vertices of the self-energy diagram. We thus obtain (−1)l̃(a)+l̃(b) = (−1)N+l(ab) as

was to be proven.

Appendix C. Multi-retarded functions and their adjoints

The multi-retarded N -point function occurring in equation (88) is defined as (see [12,

13])

DR(1,2···N)(tN ) =
∑
P

θ(t1, tP (2), . . . , tP (N))D
[1,P (2),...,P (N)](tN ) (C.1)

where tN = (t1, . . . , tN) and θ(t1, . . . , tN) is defined to be equal to one when t1 > . . . > tN
and zero otherwise. Since t1 is always the latest time such a function is called a retarded

function with respect to top element 1. Here the sum is over all permutations P of

2, . . . , N and [1, 2, . . . , N ] = [[[1, 2], 3], . . . , N ] is a nested commutator represented by a

formal sum of strings of integers such as [1, 2] = 12− 21. In general the commutator is

of the form L =
∑

i σili where σi = ±1 and li is a string of N integers and we define

DL =
∑
i

σiD
li (C.2)

where Dli corresponds to a real time function for the contour ordering li. For example

for N = 3 we would have

DR(1,23)(t1, t2, t3) = θ(t1, t2, t3)D
[1,2,3](t1, t2, t3) + θ(t1, t3, t2)D

[1,3,2](t1, t2, t3), (C.3)
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where

D[1,2,3] = D[[1,2],3] = D123−312−213+321 = D123 −D312 −D213 +D321. (C.4)

The string of indices in the superscript gives the contour order of the time arguments

with the latest argument to the left. For example, D312 corresponds to a real-time

function for the contour ordering z3 > z1 > z2.

The aim is to derive a useful expression for the adjoint of the multi-retarded function

DR [
DR(1,2···N)(tN )

]†
=

∑
P

θ(t1, tP (2), . . . , tP (N))
[
D[1,P (2),...,P (N)](tN )

]†
, (C.5)

which requires us to consider the adjoint of its various components DJ where J =

j1 . . . jN is a reordering of the labels 1 . . . N . Let us take DJ
n(tN ) (where we added a

sub-index n) to be a specific ordered component of an un-integrated Feynman diagram

for a many-particle Green’s function Gn. By un-integrated diagram we mean that we

apply all Feynman rules to it apart from integrating over internal times; the diagram

therefore depends on N = 2n+ nv times where nv is the number of interaction lines in

DJ
n . By taking the adjoint of such a component every internal g-line is transformed to

g≶†(1, 2) = −g≶(2, 1), (C.6)

which thus reverses the direction of each g-line, thereby reserving the time-ordering of

DJ
n and since the diagram prefactor contains an i for each interaction line, we get a

minus sign for each interaction as well. The adjoint for an ordered diagram with ng

Green’s function lines and nv interaction lines is therefore given by

DJ†
n (tN ) = (−1)ng+nvD̃J̄

n(tN ) = (−1)N−nD̃J̄
n(tN ) (C.7)

where D̃J
n is the diagram obtained from DJ

n by reversal of all the g-lines and J̄ is string

J in reverse order. We further used that ng = 2nv + n and N = nv + 2n to rewrite

the prefactor in the second step of equation (C.7). We now employ this relation in

the expression (C.5). If a nested commutator [1, . . . , N ] =
∑

σili contains a specific

ordering of li, it also contains the reverse ordering l̄i, with a relative +/− sign if N is

odd/even; consequently reversing the ordering in every string li yields an overall factor

(−1)N−1. Together with equation (C.7) we thus obtain[
DR(1,2···N)

n (tN )
]†

= (−1)n−1D̃R(1,2···N)
n (tN ). (C.8)

This result can now be employed to deduce similar relations for the half-diagrams

B
(a)R
N,I (t1, tI) appearing in the retarded expansion of self-energy diagrams (92). They

are (now integrated) GN+1 diagrams with their external legs amputated, but still follow

the relation (C.8) as can be checked by following the same steps as outlined above. Thus

we have for these half-diagrams

[B
(a)R
N,I (t1, tI)]

† = (−1)N B̃
(a)R
N,I (t1, tI). (C.9)



Cutting rules and positivity in finite temperature many-body theory 37

The half-diagrams A
(a)R
N,I are obtained from B

(a)R
N,I by attaching g̃≶-functions as external

legs for the cut vertices I; from (C.9) it then follows that

[A
(a)R
N,I (t1, t0)]

† = (−1)N Ã
(a)R
N,I (t1, t0), (C.10)

when we define Ã
(a)R
N,I as the diagram with the g̃≶ legs replaced by [g̃≶]† and vice versa.

As a final remark we note that a similar relation can be derived for (anti)-time-ordered

diagrams. Since (g−−)
† = −g++ this would have a given a factor (−1)N+1 in the equation

above. The gluing rule for the (anti)-time ordered functions (53) then generates an

additional minus sign yielding a correct pre-factor for every diagram in the expansion

of the self-energy from the considerations in Appendix B.

Appendix D. Analytic continuation and Feynman rules for multi-argument

retarded and Matsubara functions

The aim of this appendix is to derive the important relation (94) and to give the Feynman

rules for the evaluation of retarded half-diagrams in frequency space. To obtain a

spectral representation of a multi-retarded function we define the Fourier transform

DR(e,I)(ωN ) =

∫
dtN eiωN ·tNDR(e,I)(tN ) (D.1)

where N = {1, . . . , N} is an ordered set of labels and tN and ωN are sets of arguments

labeled with N , e is the label for the external time and I = N \ e is the set N with

label e removed. We further used the shorthand notation

ωN · tN = ω1t1 + ω2t2 + . . .+ ωN tN . (D.2)

When DR represents the integrand of a half-diagram we can set some of ωj’s to zero

to recover the Fourier representation of any desired half-diagram discussed in the main

text. To carry out the Fourier integral it will be useful to use the relation (see [13] for

more details) ∫
γ

dzN\e D(zN ) =

∫ ∞

t0

dtN\e D
R(e,I)(tN ), (D.3)

where D(zN ) is a contour function that can explicitly be written as a sum over contour-

orderings as

D(zN ) =
∑
P

θ(zP (N ))D
P (N )(tN ), (D.4)

where the sum is over all permutations P (N ) of the ordered set N . The contour

dependence only occurs in the contour Heaviside function θ(zN ) defined to be one for

z1 > ... > zN on the contour and zero otherwise. We take DP (N )(tN ) in (D.4) to have

the structure

DP (N )(tN ) =

[
C
∏
L

gL(zLf
, zLi

)
∏
I

vI

]P (N )

, (D.5)
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where the term on the right hand side is a product of Green’s functions gL and interaction

lines vI and the superscript P (N ) denotes the ordering of the contour times used

to evaluate this product. Hereby the Green’s functions become greater and lesser

functions and consequently the resulting expression is a function of real times only.

We furthermore denoted by C the topological prefactor given by the Feynman rules

for this diagram, and L runs over all g-lines in the diagram starting from initial time

zLi
and ending at final time zLf

. Position-spin arguments are here suppressed and

the interaction lines are taken to be time-independent. A half-diagram can always be

assumed to be in this form for time-local interactions v(z1, z2) = v δ(z1, z2) as the delta-

functions can already be integrated out in the original self-energy diagram that gave

rise to the half-diagram under consideration.

We express the permuted set as P (N ) = {N P
+ , e,N P

− }, where N P
+ /N P

− are ordered

sets of labels ordered after/before e. The contour-times zNP
+
/zNP

−
are therefore placed

on the backward/forward branch. This corresponds to

�
e

�

NP
+

γ

��

NP
−

�� �

(D.6)

Taking an integral over the internal times for (D.4) then involves integration over the

step-functions which can be expressed as∫
γ

dzN\e θ(zP (N )) =

∫
γ−

dzNP
−

∫
γ+

dzNP
+
θ(te, tN̄P

+
)θ(te, tNP

−
)

=

∫ ∞

−∞
dtN\e (−1)N

P
+ θ(te, tN̄P

+
)θ(te, tNP

−
),

(D.7)

where N̄ is a set of reversed order and (−1)N
P
+ = (−1)|N

P
+ | comes from the direction

of integration on the backward branch [13]. Note that the contour γ is here taken to

extend to −∞, and can be taken to extend to +∞ since the integral is cut off by the

step-functions at te. We can thus express the retarded component as

DR(e,I)(tN ) =
∑
P

(−1)N
P
+ θ(te, tN̄P

+
)θ(te, tNP

−
)DP (N )(tN ). (D.8)

This relation can now be inserted into (D.1). Each g-line in the term (D.5) corresponds

to either a lesser or a greater component which we rewrite in frequency space as

g≶L (t, t
′) =

∫
dν

2π
g≶L (ν)e

−iν(t−t′) (D.9)

and thus obtain

DP (N )(tN ) =

(∏
L

∫
dνL
2π

e−iνL(tLf
−tLi

)

)[
C
∏
L

gL(νL)
∏
I

vI

]P (N )

=

∫
dνL
2π|L| e

−iνL·(tLf
−tLi

)DP (N )(νL),

(D.10)
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where |L| is the number of g-lines in the diagram and νL is the set of the corresponding

frequencies νL. This allow us to rewrite (D.1) as

DR(e,I)(ωN ) =
∑
P

∫
dνL

(2π)|L|
ΛeP (N )(σN )DP (N )(νL), (D.11)

where

ΛeP (N )(σN ) = (−1)N
P
+

∫
dtN θ(te, tN̄P

+
)θ(te, tNP

−
)eiσN ·tN . (D.12)

Here σN = {σ1, . . . , σN} where σj is to the total energy leaving the vertex/vertices at

time tj (in the example diagram given here black lines belong to the diagram and grey

lines are potential external connections)

σj = ωj +
∑

L,Li=j

νL −
∑

L,Lf=j

νL

ν1

ν3 −ω

σ = ω + ν1 + ν2 − ν3

ν2

(D.13)

Here ωj is the energy leaving the diagram at interaction line j, and therefore in a

Feynman diagram we label the frequency on an incoming external line with −ωj as

in the figure of (D.13). The first sum adds the energy being carried away by internal

g-lines, and the second sum subtracts the energy being brought in by internal g-lines.

The integrals in (D.12) can be evaluated using the expression∫
dt1 · · · dtk θ(t, tk, . . . , t1)eiσ1t1+...+iσktk

= (−i)k
ei(σ1+...+σk)t

(σ1 − iη1)(σ1 + σ2 − iη2) · · · (σ1 + . . .+ σk − iηk)

(D.14)

which can be derived by writing each step-function as

θ(t, tk, . . . , t1) = θ(t− tk)θ(tk − tk−1) · · · θ(t2 − t1), (D.15)

and substituting the representation

θ(t) = − lim
η→0

1

2πi

∫ ∞

−∞
dξ

e−iξt

ξ + iη
. (D.16)

After using equation (D.14) in equation (D.12) we further use∫
dtee

i(σ1+...+σN )te = 2πδ(σ1 + . . .+ σN) = 2πδ(ω), (D.17)

where ω =
∑

i ωi =
∑

i σi since all internal energy flows cancel by summing over all

vertices. Defining a sum over the l first or the l last elements in σN

ΩN
l =

l∑
i=1

σi, ΩN̄
l =

l∑
i=1

σN+1−l (D.18)
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then leads to

ΛeP (N )(σN ) =
(−1)N

P
+ (−i)N−1 2πδ(ω)∏NP

−
k=1(Ω

P (N )
k − iηk)

∏NP
+

l=1(Ω
P (N )
l − iηl)

. (D.19)

A multi-retarded diagram (D.11) therefore has the spectral representation

DR(e,I)(ωN ) = 2πδ(ω)DR(e,I)(ωN ) (D.20)

where we defined the analytic function

DR(e,I)(ωN ) =
∑
P

∫
dνL

(2π)|L|
(−1)N

P
+ (−i)N−1∏NP

−
k=1(Ω

P (N )
k − iηk)

∏NP
+

l=1(Ω
P (N )
l − iηl)

DP (N )(νL). (D.21)

We can now also easily work out the spectral representation for a time-ordered diagram.

The lack of the backward branch means that NP
+ = 0, which leads to

DT (ωN ) = 2πδ(ω)
∑
P

∫
dνL
2π|L|

(−i)N−1∏N−1
n=1 (Ω

P (N )
n − iηn)

DP (N )(νL). (D.22)

Setting NP
− = 0 leads to a similar expression for an anti-time ordered diagram. These

are the types of expressions used by Jeon [27] to derive cutting rules for Matsubara

functions. The terms in the sum in (D.21) can be evaluated with the help of the

following diagrammatic rules.

(i) Draw the v-lines/vertices at the N times in the order of increasing contour time

from bottom to top as in figure a) below.

a) γ

NP
+

...

NP
−

...

e b)

1

2
3

1′

2′

3′

ν1

ν2′

−ω3

ΩN̄
2 = ω3 + ν1 + ν2′ − ν1′

γ
ν1′

e

NP
−

(D.23)

(ii) Draw the lines between the vertices according to the structure of the diagram.

Assign to an ascending g-line a greater component g>L (νL) and to a descending

g-line a lesser component g<L (νL). Assign to each v-line vI .

(iii) For each n ≤ NP
− draw a circle around the first n vertices in contour order. For

each circle multiply the denominator by the factor (Ω − iη), where Ω is the total

energy flowing outwards through the circle. See figure b) above for an example.

(iv) For each n ≤ NP
+ draw a circle around the last n vertices in contour order. For

each circle multiply the denominator by the factor (Ω − iη), where Ω is the total

energy flowing outwards through the circle.

(v) Multiply with C(−1)N
P
+ (−i)N−1, where C is the prefactor for the diagram given by

the applicable Feynman rules.
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(vi) Integrate over the frequencies νj.

Let us consider as an example the retarded diagram

TR(1,2)(t1, t2) =

⎡
⎣

1 2

1′ 2′
⎤
⎦R(1,2)

,

1 2

1′ 2′

ν

ν′

ω1

−ω2′

−ω2

ω1′

(D.24)

that appears as a half-diagram in the retarded expansion for the T -matrix

approximation. Since time-local interactions connect the vertices pairwise, there are

only two contour orderings to consider since t2 is either earlier or later than t1 on the

contour. Following our rules these give

γ
1(e)

ν′ν

−ω2 −ω2′
2

→
∫

dνdν ′

(2π)2
(−1)0(−i)1g>(ν)g>(ν ′)v1v2

ω2 + ω′
2 + ν + ν ′ − iη2

(D.25)

ν′ν

−ω2 −ω2′

γ
1(e)

2
→

∫
dνdν ′

(2π)2
(−1)1(−i)1g<(ν)g<(ν ′)v1v2

ω2 + ω′
2 + ν + ν ′ − iη2

(D.26)

where we have substituted C = 1 as given by the Feynman rules for our labeling of the

external vertices (see Appendix B). Summing over the orderings we therefore have

T R(1,2)(ω̄1, ω̄2) = −2πiδ(ω̄1 + ω̄2)

∫
dνdν ′

4π2

g>(ν)g>(ν ′)− g<(ν)g<(ν ′)

ω̄2 + ν + ν ′ − iη2
v1v2, (D.27)

where ω̄1 = ω1 + ω1′ and ω̄2 = ω2 + ω2′ .

Let us now compare the frequency representation for a retarded diagram derived

above to the corresponding expression for a Matsubara diagram. The general expression

for an N -point Matsubara function in frequency space is defined to be

DM(ωN ) =

∫ −iβ

0

dzN eiωN ·zNDM(zN ) (D.28)

where ωN = {ω1, . . . , ωN} is an ordered set of discrete frequencies of the general

Matsubara form ωj = 2πim/β with m running over odd integers and zN = {z1, . . . , zN}
is a set of times zj = −iτj on the Matsubara branch. Due to time translation invariance

DM(−iτN ) = DM(−iτ ′N ) with τ ′j = τj − τe, which gives τ ′e = 0 on argument position e.

A change of integration variable to τ ′j and use of (anti)-periodic boundary conditions [1]

then produces an overall Kronecker delta multiplied with the factor −iβ resulting from

an imaginary time integral [46]. This yields

DM(ωN ) = 2πδω DM(ωN ) (D.29)

in which we defined δω = δω,0/(2πi/β) where δω,0 is a Kronecker delta for the sum

ω = ω1+ . . .+ωN of all Matsubara frequencies. We further defined the analytic function

DM(ωN ) = (−i)N−1

∫ β

0

dτN\e e
ωN ·τNDM

e (−iτN ) (D.30)
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where DM
e denotes the Matsubara N -point function DM(−iτN ) in which we put τe = 0;

since τe = 0 the integral in (D.30) and therefore DM is independent of ωe. For the

specific diagrammatic form of DM we assume an identical expression as in (D.5) where

now the contour variables are on the vertical Matsubara track. The Green’s function

lines can be written as the integrals [1]

g≶L (τ, τ
′) =

∫
dν

2π
g≶L (ν)e

−(ν−μ)(τ−τ ′). (D.31)

Inserting these expressions then gives

DM(ωN ) =
∑
M

∫
dνL

(2π)|L|

[
C
∏
L

gL(νL)
∏
I

vI

]Me

ΛM(σM) (D.32)

where the sum is over all orderings of the N−1 times in M = N \e (since we set ze = 0

to be the earliest time) and where we defined

ΛM(σM) = (−i)N−1

∫ β

0

dτM θ(τM, 0)eσM·τM (D.33)

where

σj = ωj +
∑
L=Li

ν̄L −
∑
L=Lf

ν̄L, (D.34)

with ν̄L = νL − μ. The latter term can be evaluated using the expression

∫ β

0

dτn . . . dτ2 θ(τn, . . . , τ2, 0)e
σnτn+...+σ2τ2 =

∑
div(M)

(−1)M+e
βΩ−

M−∏M−
l=1 Ω

−
l

∏M+

k=1 Ω
+
k

(D.35)

where the sum is over all n divisions div(M) of the set M = {n, . . . , 2} = {M−,M+}
into two disjoint subsets of size M− and M+ where we ordered the index corresponding

to the latest time to the left. Here Ω−
l and Ω+

l are defined to be the sum over the first l

elements and the last l elements of σM = {σn, . . . , σ2} respectively. This expression can

be conveniently derived using Laplace transforms [67, 27] or directly [45] by repeated

integration and rearrangement of the resulting terms. This finally gives

DM(ωN ) =
∑
M

∑
div(M)

∫
dνL

(2π)|L|
(−i)N−1(−1)M+e

βΩ−
M−∏M−

l=1 Ω
−
l

∏M+

k=1 Ω
+
k

[
C
∏
L

gL(νL)
∏
I

vI

]Me

. (D.36)

Now

e
βΩ−

M−

[∏
L

gL(νL)
∏
I

vI

]M−M+e

=

[∏
L

gL(νL)
∏
I

vI

]M+ eM−

(D.37)

so the product with the Boltzmann factors causes an effective cyclic permutation

of the Matsubara times from (M−,M+, e) to (M+, e,M−). This is a consequence

of the fluctuation-dissipation relations for the greater and lesser Green’s functions:
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3

1

2
ν1

ν3

−ω2

Ω−
M− = ω6 + ν3 − ν1 − ν2

τ
ν2

ω6

M−

1

3
1

2

ν1 ν3

−ω2

ν2

ω6

M−

1

=e
βΩ−

M−×

Figure D1. Example diagram for (D.37). In this case M− = {3, 2}, M+ = ∅, e = 1

and Ω−
M− = ω6 + ν3 − ν2 − ν1. Multiplying by e

βΩ−
M− converts the left diagram into

the right one in which the particle-hole lines that enter the circled region enclosing

the vertices labeled by M− are reversed in direction thereby inducing the cyclic set

permutation (M−,M+, 1) → (M+, 1,M−)

eβν̄g<(ν) = −g>(ν) [45]. This is best illustrated with the example of Figure D1, where

on the left hand side we consider a particular self-energy diagram for a given time-

ordering. In this example the cut lines carry frequencies ν1, ν2 and ν3 and we have an

external vertex with outflowing frequency ω6. In this case multiplication with e
βΩ−

M−

has the effect

eβ(ω6+ν̄3−ν̄2−ν̄1)g>(ν1)g
>(ν2)g

<(ν3) = g<(ν1)g
<(ν2)g

>(ν3) (D.38)

where since ω6 denotes an odd Matsubara frequency we have eβω6 = −1. The particle

lines along the cut have turned into hole lines and vice-versa leading to a contribution

that diagrammatically corresponds to the right hand side of Figure D1 which amounts

to a cyclic permutation of the times of the vertices. Since the orderings in M correspond

to all orderings of the times z2, . . . , zN and we also sum over all ways to insert e into

M we therefore sum over all orderings of N = (N+, e,N−) and the expression can be

rewritten as

DM(ωN ) =
∑
N

∫
dνL

(2π)|L|
(−i)N−1(−1)N+∏N−
k=1 Ω

N̄
k

∏N+

l=1 Ω
N
l

[
C
∏
L

gL(νL)
∏
I

vI

]N

. (D.39)

This is a generalisation to multiple external vertices of an expression derived by Balian

and De Dominicis [44] and Baym and Sessler [45] for the frequency representation of the

Matsubara self-energy diagrams. Our expression is of identical form to the one obtained

from the Fourier transform of the retarded function (D.21). Writing ωi = ω̄i + μ in

(D.34) we see that this equation becomes identical to (D.13) apart from a shift with μ.

It then follows that the functions DM and DR are equal if we replace each ωi in DM by

ωi − μ− iηi, i.e.

DR(e,I)(ωN ) = DM(ωN − μ− iηN ), (D.40)

where ηi are positive infinitesimals (and there is no dependence on ηe). This analytic

continuation formula is a generalization of (85) for general diagrams. Let us see

how this relates to the very familiar example of the analytic continuation of the

retarded and Matsubara Green’s function. Evaluating the spectral representation of
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GR(t1, t2) = GR(1,2)(t1, t2) using the rules derived above gives for the two contour-

orderings

γ
1(e)

ν

−ω2

2
→

∫
dν

2π

(−1)0(−i)1g>(ν)

ω2 + ν − iη2
, ν

−ω2

γ
1(e)

2
→

∫
dν

2π

(−1)1(−i)1g<(ν)

ω2 + ν − iη2

(D.41)

which give using the spectral function A(ν) = i(g>(ν)− g<(ν))

GR(1,2)(ω1, ω2) = −2πδ(ω1 + ω2)

∫
dν

2π

A(ν)

ω2 + ν − iη2

= 2πδ(ω1 + ω2)

∫
dν

2π

A(ν)

ω1 − ν + iη2
= 2πδ(ω1 + ω2)G

R(ω1). (D.42)

The rules for evaluating Matsubara functions are exactly the same as those for retarded

functions, except that instead of (Ω− iη) the factors appearing in the denominator have

the form (Ω + μ). These rules therefore give for GM the spectral representation

GM(ω1, ω2) = 2πδ(ω1 + ω2)

∫
dν

2π

A(ν)

ω1 − ν + μ
= 2πδ(ω1 + ω2)G

M(ω1). (D.43)

Here GR(ω1) and GM(ω1) are the usual retarded and Matsubara components of the

single-particle Green’s function in frequency space, and comparing (D.42) and (D.43)

we find the familiar result

GR(ω) = GM(ω − μ+ iη). (D.44)

An expression similar to (D.40) was also derived by Baier and Niégawa [46] based

on the assumption that certain mixed imaginary-real time integrals vanish, which is akin

to the assumption of a continuous spectrum in combination with the Riemann-Lebesque

lemma. They formulate the relation (D.40) as

DR(e,I)(ωN ) = DM(ωN − μ− iηN ), (D.45)

where ηi for i 
= e are positive and ηe = −∑
i 	=e ηi. Our derivation is both more

well-defined and more general and has the additional advantage of not requiring the

assumption of having a continuous spectrum which we used in deriving the finite

temperature cutting rules (Section 3.3). The main result (D.40) can now be employed

together with the technique of Jeon [27] to derive the retarded cutting rules directly

from the Matsubara ones without the assumption of having a continuous spectrum.
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