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ABSTRACT

Jukkala, Henri
Quantum coherence in relativistic transport theory: applications to baryogenesis
Jyväskylä: University of Jyväskylä, 2022; 103 p. (+ included articles)
(JYU Dissertations
ISSN 2489-9003; 553)
ISBN 978-951-39-9190-6 (PDF)

We derive field-theoretic local quantum transport equations which can describe
quantum coherence. Our methods are based on Kadanoff–Baym equations derived
in the Schwinger–Keldysh closed time path formalism of non-equilibrium quantum
field theory. We focus on spatially homogeneous and isotropic systems and mixing
fermions with a time-dependent mass and a weak coupling to a thermal plasma.

We introduce a new local approximation (LA) method and use it to derive
quantum kinetic equations which can describe coherence and also include effects of
the spectral width. The method is based on a local ansatz of the collision term. We
also improve the earlier coherent quasiparticle approximation (cQPA) by giving a
straightforward derivation of the spectral ansatz, a new way of organizing the gradient
expansion, and a transparent way to derive the coherence-gradient resummed collision
term. In both methods the transport equations can describe flavor coherence and
particle–antiparticle coherence, and the related oscillations, of the mixing fermions.

In addition to formulating the local equations we apply them to baryogenesis
in the early universe. More specifically, we study the details of CP-asymmetry
generation in resonant leptogenesis and the evolution of the axial vector current in
electroweak baryogenesis (in a time-dependent analogue). We solve the equations
numerically, and perform extensive analysis and compare the results to semiclassical
(Boltzmann) equations. The results cover known semiclassical effects. We find
that dynamical treatment of local quantum coherence is necessary for an accurate
description of CP-asymmetry generation. When these details are known they can
then be partially incorporated into simpler (e.g. semiclassical) approaches. However,
coherent quantum kinetic equations are needed for accurate results across different
scenarios or wide parameter ranges.



TIIVISTELMÄ (ABSTRACT IN FINNISH)

Tässä väitöskirjassa johdetaan kenttäteoreettiset lokaalit kvanttikuljetusyhtälöt,
joilla voidaan kuvailla kvanttikoherenssia. Kehittämämme menetelmät pohjautuvat
Kadanoffin–Baymin yhtälöihin, jotka on johdettu käyttäen suljettua Schwinger–
Keldysh-aikapolkua epätasapainon kvanttikenttäteoriassa. Keskitymme spatiaalisesti
homogeeniseen ja isotrooppiseen tapaukseen ja sekoittuviin fermioneihin, joilla on
ajasta riippuva massa ja heikko kytkentä termiseen hiukkasplasmaan.

Muotoilemme uuden lokaalin approksimaatiomenetelmän ja johdamme sen avul-
la kvantti-kineettiset yhtälöt, joilla voidaan kuvailla koherenssia sekä ottaa huomioon
spektraalisen leveyden vaikutus. Menetelmä perustuu vuorovaikutustermien lokaaliin
yritteeseen. Parannamme myös aiemmin kehitettyä koherenttia kvasihiukkasapprok-
simaatiota antamalla suoraviivaisen johdon sen spektraaliyritteelle, uuden muotoilun
gradienttikehitelmälle ja selkeän tavan johtaa gradienttiresummatut vuorovaikutus-
termit. Molempien menetelmien kuljetusyhtälöillä voidaan kuvailla sekoittuvien
fermionien makutilojen välistä koherenssia ja hiukkas–antihiukkas-koherenssia sekä
näihin liittyviä oskillaatioita.

Lokaalien yhtälöiden johtamisen lisäksi sovellamme niitä varhaisen maailman-
kaikkeuden baryogeneesiin. Tutkimme erityisesti CP-epäsymmetrian synnyn yksityis-
kohtia resonantissa leptogeneesissä sekä aksiaalivektorivirran kehitystä sähköheikossa
baryogeneesissä (analogisessa ajasta riippuvassa tapauksessa). Ratkaisemme yhtä-
löt numeerisesti, analysoimme tuloksia kattavasti ja vertaamme niitä semiklassisiin
(Boltzmannin) yhtälöihin. Tulokset kattavat tunnetut semiklassiset ilmiöt. Lokaalin
kvanttikoherenssin dynaaminen tarkastelu on tarpeellista, kun tavoitteena on CP-
epäsymmetrian kehittymisen tarkka kuvailu. Kun tämän yksityiskohdat tunnetaan,
ne voidaan osittain sisällyttää yksinkertaisempiin (esim. semiklassisiin) menettely-
tapoihin. Koherentteja kvantti-kineettisiä yhtälöitä kuitenkin tarvitaan tarkkoihin
tuloksiin eri skenaarioissa ja laajasti vaihtelevilla parametreilla.
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1 INTRODUCTION

Coherence is a central feature of quantum physics. In classical physics waves are said
to be coherent if they have the same wavelength and frequency but may be displaced
in time or space. Coherence is related to the ability of waves to diffract and interfere,
and this description carries over to the quantum realm where also particles have
wave-like properties [1]. Indeed, according to the wave–particle duality of quantum
physics, all matter and radiation have both particle-like and wave-like aspects. This
is famously shown in diffraction and interference experiments with electrons and
photons, for example [2]. Also, coherence is more generally related to correlation
between physical quantities. Correlation functions are a central concept in quantum
field theory (QFT), and mixing of quantum fields is the fundamental property which
enables the formation of coherence and coherent oscillation of particles [3].

The smaller the considered objects are, the more significant quantum coherence
is, generally speaking. It is then no surprise that it is particularly important in
elementary particle physics, and by extension, in the very hot and dense state of
the early universe which is governed by elementary particle interactions. Known
elementary particles and their interactions (excluding gravity) are described by the
Standard Model (SM), and the evolution and properties of the observable universe
are explained to a large extent by the big bang model of cosmology. These models are
immensely successful but they have left several unsolved mysteries such as the neutrino
masses or the nature of dark matter and dark energy. The events of the very early
universe are also still in the dark: for example, the details of cosmological inflation
and the related reheating of the universe as well as the origin of the matter–antimatter
asymmetry are unknown.

The universe has been observed to be practically completely devoid of antimatter,
while ordinary matter is ubiquitous. This disparity is known as the matter–antimatter
asymmetry of the universe. Ordinary matter has a share of approximately 5 % of
the total energy density of the present universe [4]. It consists mostly of protons,
neutrons and electrons which make up the interstellar gas and astronomical objects
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Chapter 1. Introduction

such as stars and planets. A tiny fraction of cosmic rays contains antimatter and
minuscule amounts of it have been produced in terrestrial experiments, but there
is no evidence of any cosmologically relevant amounts of antiprotons, antineutrons,
positrons, or other antimatter particles [5, 6]. This is a problem because the SM
lacks a mechanism for producing this asymmetry — the theory is too symmetrical
between particles and antiparticles — so it cannot explain how the present universe
could have formed from a symmetrical initial state (set by inflation).

There are many ideas and extended models that have been proposed to explain
the unsolved problems mentioned above, and coherence often has a central role
in them. For example, coherence between different flavor states of neutrinos is
behind neutrino oscillations [3, 7], and particle–antiparticle coherence is essential to
particle production [8] in the early universe. Coherence can also be important in
the generation of particle–antiparticle asymmetries through CP-violating processes,
which is relevant to the matter–antimatter problem. Prime examples are coherence
between particles reflected and transmitted by phase transition walls in electroweak
baryogenesis (EWBG) [9–11] and flavor coherence of heavy Majorana neutrinos in
leptogenesis [12, 13].

The use of QFT is required when studying coherent systems in high temperatures
and densities of particles. Conventional quantum mechanics is not sufficient for
relativistic processes where particle numbers change. Furthermore, evolution of
quantum coherence, including its formation and decoherence, is a dynamical process
and its description requires a full quantum transport formalism. Non-equilibrium
QFT [8] provides a framework of transport equations for correlation functions which
describe quantum processes including interactions and (de)coherence. However, the
resulting equations are generally very complex and difficult to solve. Approximations
such as the Kadanoff–Baym ansatz are conventionally employed to derive simpler
kinetic equations, but this reduction usually erases coherence information from the
correlation functions.

In this thesis we develop approximation methods for non-equilibrium QFT
which include quantum coherence. We apply our methods to the early universe and
specifically baryogenesis, which are introduced in chapter 2. Non-equilibrium QFT is
reviewed in chapter 3 where general quantum transport equations are presented. In
this work we concentrate mainly on fermions in spatially homogeneous and isotropic
systems. Our main results, the formulation of a new local approximation method and
improvements to the cQPA [14–22] are presented in chapter 4. The derived equations
describe both flavor coherence and particle–antiparticle coherence contained in the
local two-point correlation function. In chapter 5 we apply our methods to EWBG
(in a time-dependent example) and resonant leptogenesis, and we solve and analyze
the equations numerically. Finally, in chapter 6 we discuss the results and give the
conclusions.

We employ the natural units with c = ~ = kB = 1 throughout this work.
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2 THE EARLY UNIVERSE

Cosmology studies the universe as a whole. Modern physical cosmology [6, 23, 24]
rests on three main pillars: (1) observation of the expansion of the universe (i.e. the
Hubble expansion), (2) measurement of the primordial light element abundances and
explaining their formation via nuclear reactions (BBN, i.e., big bang nucleosynthesis),
and (3) detection of the cosmic microwave background (CMB) and measurement of
its properties. These findings lead to the practically indisputable conclusion that in
the very distant past the universe was in an extremely hot and dense state and has
been expanding and cooling ever since [6].

The hot primordial plasma of the early universe is governed by both gravity
and elementary particle interactions. The exact timeline of the earlier stages of the
universe is still unknown, but there is convincing evidence that before the hot big
bang there was a phase of rapid exponential expansion which is called the cosmological
inflation [25]. It is also conjectured that even earlier, before the inflationary period,
the universe was ruled by the enigmatic quantum gravity (at the Planck scale
∼1019 GeV and above). However, when studying cosmology below such enormous
energies it is conventionally assumed that a classical treatment of gravity is sufficient.
Gravity can then be described by the Einstein field equations of general relativity,
which are the basis for the big bang model. Next we introduce parts of the big bang
theory, and baryogenesis, which are necessary for our applications in this work.

2.1 Expanding spatially flat spacetime

The spatial curvature of the universe has been measured to be very close to zero at
large scales [4]. Spatial flatness is thus a very good approximation when studying
particle cosmology after the inflationary epoch. The curvature of the spacetime then
manifests only as the expansion of the universe. The universe may also be assumed
to be homogeneous and isotropic at very large scales, as shown by the high uniformity
of the CMB, for example. The spacetime of the universe may thus be described by
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Chapter 2. The early universe

the spatially flat Friedmann–Lemaître–Robertson–Walker (FLRW) metric, which in
conformal coordinates takes the form [8]

ds2 = gµν dxµ dxν = a(η)2
(
dη2 − dx2

)
. (2.1)

Here a(η) is the dimensionless scale factor and the conformal time η is related to the
cosmic time t by dt = a(η) dη. In the following we denote the cosmic time derivative
with a dot and the conformal time derivative with a prime: for example ȧ ≡ da/dt

and a′ ≡ da/dη. We use the metric signature convention (+,−,−,−), and denote
the Minkowski metric tensor by ηµν so that gµν = a2 ηµν in equation (2.1).

Expansion of the FLRW universe is described by the Friedmann equations. They
can be expressed equivalently by the first Friedmann equation and the continuity
equation [24], which in the case of zero spatial curvature are given by

H2 =
8πG

3
ρ, (2.2a)

ρ̇ = −3H(ρ+ p). (2.2b)

Here H ≡ ȧ/a is the Hubble parameter, ρ and p are respectively the energy density
and pressure of the universe, and G is the gravitational constant. Provided with an
equation of state, p = p(ρ), one can solve the time evolution of the scale factor and
the energy density from equations (2.2).

After inflation the universe was reheated, resulting in the creation of the
primordial plasma consisting of elementary particles in thermal equilibrium, or
very close to it. The thermalization process also created an enormous amount of
entropy [25]. It can be shown, using basic thermodynamics, that the relativistic
particle species (i.e. radiation, with equation of state p = ρ/3) dominate the total
energy density and pressure of this plasma [6]. Hence, in the early radiation dominated
epoch it is useful to parametrize the energy density ρ and the entropy density s,
given by s = (ρ+ p)/T , with

ρ ≡ π2

30
g∗(T )T 4, (2.3a)

s ≡ 2π2

45
g∗s(T )T 3. (2.3b)

Here T is the temperature and g∗(T ) counts the effective number of relativistic
degrees of freedom of the primordial plasma. Similarly, g∗s(T ) counts the degrees
of freedom for entropy. As long as there are no relativistic particle species which
are decoupled from the thermal bath, g∗s = g∗ [6]. These factors are normalized so
that one bosonic and fermionic degree of freedom correspond to g∗ = 1 and g∗ = 7/8,
respectively. At high temperatures before the electroweak phase transition (EWPT)
all SM degrees of freedom contribute, adding up to a total of g∗ = 106.75 plus possible
beyond-the-SM degrees of freedom in extended models.
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2.2 Quantum fields in expanding spacetime

When solving transport equations for particle numbers in the early universe, it
is convenient to compare them to some conserved physical quantity. Often the total
entropy S ∝ sa3 is used for this purpose, as it is conserved in equilibrium. In this
case it is said that the universe expands adiabatically, and the entropy density scales
as s ∝ a−3. Also, when there is no net annihilation or production of any particle
species taking place, g∗ and g∗s in equations (2.3) are constants. Using the above
adiabatic entropy scaling law we then see from equation (2.3b) that the temperature
scales as T ∝ a−1. Furthermore, when g∗ is constant we can use equations (2.2a)
and (2.3a) to express the Hubble parameter as a simple quadratic function of T :

H(T ) =

√
4π3

45
g∗

T 2

mPl

, (2.4)

wheremPl ≡ 1/
√
G ≈ 1.2209× 1019 GeV [26] is the Planck mass. Using here T ∝ a−1

and H = ȧ/a we can then further solve the time dependence of the scale factor for
the radiation dominated universe: a ∝ η ∝

√
t.

Furthermore, after reheating (i.e. in the beginning of the hot big bang) the
total entropy of the universe was so large that often it is a good approximation to
treat the expansion of the universe as adiabatic even when it is strictly speaking
not so [6]. Then we can continue to use the adiabatic expansion law s ∝ a−3 and
temperature scaling T ∝ a−1. This incurs only a small error to the description of a
given non-equilibrium process in the early universe, granted the process does not
produce too much entropy.

2.2 Quantum fields in expanding spacetime

The framework where QFT is studied in the presence of a classical background
gravitational field is called quantum field theory in curved spacetime [27]. As a
relevant example of QFT in a general curved spacetime, we now consider a generic
Lagrangian L with a fermion field ψ, a complex scalar field φ and a renormalizable
interaction part Lint:

L =
√−g

[
ψ(iγµ∇µ −mψ)ψ + (∂µφ

†)(∂µφ)− (m2
φ + ξR)φ†φ

]
+ Lint. (2.5)

Here g ≡ det(gµν) is the determinant of the metric, ∇µ is the covariant derivative for
fermion fields given by the spin connection, mψ and mφ are the masses of the fermion
and scalar fields, and the constant ξ couples the scalar field to the scalar curvature
R [27]. Note that we included here the volume factor

√−g which stems from the
action integral. The gamma matrices γµ are defined by the standard Minkowski
space relations {γµ, γν} = 2ηµν1 and (γµ)† = γ0γµγ0 [3].

We use the tetrad formalism [23, 27] for the treatment of spinors in general
curved spacetime. The covariant derivative for fermion fields in equation (2.5) is

5



Chapter 2. The early universe

then given by the spin connection

∇α = Vα
µ(∂µ + Γµ), (2.6)

where the tetrads Vαµ satisfy gµν = V α
µV

β
νηαβ and the spin connection coefficients

are given by Γµ = 1
2
σαβVα

νVβν;µ [23]. Here Vβν;µ = ∂µVβν − ΓλµνVβλ is the covariant
derivative of the tetrad with the usual Christoffel symbols Γλµν , and σαβ = 1

4
[γα, γβ]

are the Lorentz transformation generators for Dirac spinors.
Now we restrict to the flat FLRW metric (2.1) with the conformal coordinates.

We can then choose the tetrads as V α
µ = a(η)δαµ, whereby Vαµ = 1/a(η)δα

µ and
Vαµ = a(η)ηαµ. The results for the spin connection coefficients are

Γ0 = 0, Γi =
1

2
γ0γi

a′

a
, (2.7)

where i runs over the spatial indices 1, 2, 3 only. Using these results we can calculate
the contracted covariant derivative:

γµ∇µ =
1

a

(
γµ∂µ +

3

2

a′

a
γ0
)
. (2.8)

We can simplify the Lagrangian further by performing a conformal scaling of the
fermion and scalar fields, ψ → a−3/2ψ̃ and φ→ a−1φ̃, and by using

√−g = a4 [27].
We also do the usual partial integration for the scalar field kinetic term. The resulting
scaled Lagrangian is (we now omit the tilde on the fields for clarity)

L̃ = ψ
(
iγµ∂µ − amψ

)
ψ + φ†

[
−ηµν∂µ∂ν − a2

(
m2
φ + ξR− a′′

a3

)]
φ+ L̃int. (2.9)

This takes the standard form of a Lagrangian in a Minkowski background, except
that the masses mψ and mφ have been multiplied by the scale factor and there are
additional contributions to the scalar mass term from the scalar curvature (now given
by R = 6a′′/a3 [8]). All renormalizable interaction terms in L̃int with dimensionless
coupling constants also take the usual Minkowski form.1 This is because the conformal
field scalings used the same powers as the length dimensions of the fields, [ψ] = L−3/2

and [φ] = L−1, so they always produce a total factor of a−4 which cancels the overall
a4 from

√−g.
To summarize, QFT in expanding flat spacetime is equivalent to QFT in a

Minkowski spacetime with time-dependent masses ami when using the conformal
coordinates. Also, the additional contribution to the scalar field mass term vanishes
in the radiation dominated universe where a′′ ≡ 0 (or when using the conformal
value ξ = 1/6 for the scalar curvature coupling).

1With the exception of derivative interaction terms which are not considered here.
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2.3 Baryogenesis

2.3 Baryogenesis

In cosmology the asymmetry between matter and antimatter is called the baryon
asymmetry of the universe (BAU) [28]. The BAU is often quantified with the ratio of
the baryon number density nB ≡ nb − nb to the photon density nγ (here B denotes
the baryon number; nb, nb respectively are the densities of baryons and antibaryons).
The present value of this ratio ηB has been measured to be [4, 29]

ηB ≡
nB
nγ

= (6.129± 0.039)× 10−10. (2.10)

This value can be determined from essentially two independent sources: big bang
nucleosynthesis (BBN) and the CMB anisotropy power spectrum. Historically, it
was first determined from BBN where ηB is the input parameter which controls the
abundances of primordial light elements [6, 29]. Nowadays the CMB measurements
are much more precise [26, 29]. The agreement of the results from these two different
sources is a remarkable success of big bang cosmology. However, the origin of the
BAU is not explained in the big bang model; it is just a parameter.

Baryogenesis [28, 30–32] is the name for the hypothetical process that generated
the BAU dynamically from a baryon symmetric initial state [6, 24]. This is still a
highly speculative field of particle cosmology as there are many proposed baryogenesis
mechanisms and there is not yet strong evidence for any specific one. Strictly speaking
it is also not completely ruled out that the observed BAU could have been an initial
condition of the universe (or produced by quantum gravitational effects at the Planck
scale ∼1019 GeV). The problem with this explanation is that cosmological inflation
would have diluted an initial baryon asymmetry to a completely negligible level at
the end of reheating [28]. Thus, a dynamical explanation is still likely to be needed
for today’s observed BAU.

Sakharov conditions. There are three necessary generic requirements for baryo-
genesis. These are called the Sakharov conditions and they are (i) B-violation, (ii) CP-
and C-violation, and (iii) deviation from equilibrium [33]. The first condition is
obvious: baryon number must not be conserved. The second condition refers to the
charge (C) and the combined charge and parity (CP) transformations. In a CP-
and C-conserving system the B-violating processes which produce baryons and the
related processes which produce antibaryons would have equal rates, meaning that no
net baryon number could be generated [6, 30]. The third condition is needed because
in thermal (and chemical) equilibrium the B-violating processes and their inverse
processes would have equal rates, again implying that no net baryon number could
be produced [30]. Another way to understand this is that if the system starts with
B = 0 and stays in chemical equilibrium, the chemical potential(s) corresponding to
the baryon number would be zero and hence the baryon and antibaryon distributions
would be identical (ultimately due to CPT-invariance) [6, 24].
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Chapter 2. The early universe

It is now known that fulfilling all three Sakharov conditions for successful baryogenesis
requires physics beyond the SM, even though all of the ingredients are in some capacity
already there [34]. The quark sector of the SM already has CP-violation in the
CKM-matrix, but it is widely accepted to be too weak for baryogenesis [30]. The
expansion of the universe can provide non-equilibrium conditions, but there are no
suitable heavy particles in the SM that would have the required non-equilibrium
decays. A strong first order EWPT could also work, but it is known that the EWPT
in the SM is only a continuous cross-over with the known value of the Higgs boson
mass [35].

One of the Sakharov conditions is still fulfilled already in the SM and that is
the B-violation. This seems surprising at first because baryon number is conserved
in all perturbative particle interactions in the SM. This is only an accidental global
U(1) symmetry [31], however, and the electroweak sector actually breaks B via non-
perturbative processes and the axial anomaly [9, 36, 37]. This electroweak B-violation
in the SM is due to the non-trivial vacuum state structure of the non-Abelian SU(2)

gauge field. Under usual conditions in the present universe (zero or low temperature)
these B-violating processes are extremely suppressed but at very high temperatures
baryon number can be strongly violated.

Some of the most prominent baryogenesis mechanisms are GUT baryogenesis,
electroweak baryogenesis and leptogenesis [28, 32]. Historically, after Sakharov’s
initial work the development of baryogenesis first took off in the context of grand
unified theories (GUTs). Most GUTs naturally give rise to baryogenesis because they
contain suitable B-violating heavy particles. However, reconciling GUT baryogenesis
with inflation is challenging because the reheating temperature is usually below the
GUT scale (∼1016 GeV).2 Electroweak baryogenesis [9] is an interesting possibility
because it only involves electroweak-scale physics and should thus be testable in
present and near-future experiments [32]. It makes use of the electroweak B-violation
present already in the SM. Leptogenesis [12] also uses the electroweak B-violation,
and more specifically, the possibility that a dynamically produced lepton number
(denoted by L below) may explain the observed BAU [28]. Leptogenesis is a very
attractive possibility because it is linked to the see-saw mechanism which may explain
the observed light neutrino masses.

2.3.1 Electroweak B-violation

The origin of the electroweak B-violation in the SM is the vacuum state structure
of the non-Abelian SU(2) gauge field [11, 30]. The gauge field has multiple vacuum
states labelled by an integer: a topological winding number called the Chern–Simons
number. The corresponding Chern–Simons current, on the other hand, is coupled to

2A higher reheating temperature is problematic in GUTs because of the gravitino-overproduction
problem [10, 28]. Most GUTs also rely on supersymmetry which still has not been observed.
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2.3 Baryogenesis

the baryon and lepton axial vector currents via the Adler–Bell–Jackiw anomaly [11,
38, 39]. Hence, transitions of the gauge field vacuum state break B+L and transform
baryons into antileptons or antibaryons into leptons (and vice versa) so that the
quantum numbers change as ∆B = ∆L = ±3 [30, 31].

These gauge vacuum state transitions are negligible in zero temperature as they
proceed through instanton configurations (quantum tunneling through the potential
barrier) and are extremely suppressed [11, 36]. However, in very high temperatures
the suppression is relieved as the transitions can occur classically via macroscopic
saddle-point configurations called sphalerons [40–43] and the exponential suppression
disappears completely for even higher temperatures in the symmetric electroweak
phase [30, 44]. These high temperature B + L violating anomalous processes thus
occurred very frequently in the early universe and they were in equilibrium roughly
in the temperature range 100 GeV . T . 1012–1013 GeV [30, 32].3

The anomalous electroweak processes still conserve B − L, which is non-
anomalous in the SM, and they tend to reduce any excess baryon or lepton number so
that both B,L ∝ B − L in equilibrium [32, 42, 45]. This means that these processes
will wash out any baryon asymmetry if B − L = 0, and especially they alone cannot
generate a baryon asymmetry if initially both B and L vanish. On the other hand,
both baryon and lepton asymmetries will be generated if B − L 6= 0, even if one or
the other is zero initially. This is the feature utilized in leptogenesis.

2.3.2 Electroweak baryogenesis

In electroweak baryogenesis [10, 32, 34, 44] the BAU is generated by the anomalous
electroweak processes during the EWPT which is required to be strongly first order. In
such a transition bubbles of the electroweak broken phase nucleate in the electroweak
symmetric plasma. The bubbles expand and eventually fill the universe, and during
this transition there are suitable conditions for baryogenesis [34, 44]. First, particles
of the plasma scatter with the expanding bubble which results in a chiral asymmetry.
A part of this source asymmetry is then converted to a baryon asymmetry by the
unsuppressed electroweak processes in the symmetric phase outside the bubble.
Finally, some of the generated baryon number is captured by the expanding bubble
where it is protected from washout because the sphaleron rate is suppressed. Due to
this last point no B − L violation is needed in the process.

Electroweak baryogenesis is a theoretically very interesting process as it involves
the non-perturbative effects and vacuum structure of the electroweak gauge sector
and bubble nucleation dynamics of the EWPT. It is also attractive due to its
potential for experimental testing because it only involves processes at the electroweak
scale. Gravitational wave astronomy also provides an interesting new probe for the

3These processes are often collectively called “sphaleron processes” even though the sphaleron
configuration only exists in the broken state of the electroweak symmetry.
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Chapter 2. The early universe

EWPT [32]. As was already touched on above, successful EWBG requires extending
the SM in order to get a strong enough CP-violating source and a strong first
order EWPT. However, by now the results from the LHC and electron EDM
experiments [46] have strongly constrained most popular models, such as the minimal
supersymmetric SM, two-Higgs-doublet models and doublet-singlet models [32, 47–
50]. For some recent progress in EWBG models see for example [51–54].

2.3.3 Leptogenesis

Leptogenesis [32, 55–57] is a mechanism for baryogenesis in which the BAU is
produced from a dynamically generated lepton asymmetry. In leptogenesis the SM is
extended with (typically three) heavy singlet neutrino fields Ni with masses mi (with
i = 1, . . .) and they have CP-violating chiral Yukawa interactions and L-violating
Majorana mass terms. These Majorana neutrinos mix and their interactions with
the SM leptons and Higgs boson produce the lepton asymmetry which is converted
to the baryon asymmetry by the anomalous electroweak processes. Leptogenesis
is essentially a consequence of the type-I see-saw mechanism (see e.g. [3]) which is
a potential explanation for the lightness of the SM neutrinos [57]. The prospect
of having the same origin for the light neutrino masses and the baryon asymmetry
makes leptogenesis very interesting theoretically.

Leptogenesis has different variants which can be successfully realized at different
temperature ranges in the early universe. The most prominent is the original scenario
of thermal leptogenesis [12] which can be roughly divided to the unflavored (i.e.,
one-flavor) and flavored cases [32]. Resonant leptogenesis (RL) [58] is a further special
case of thermal leptogenesis with mixing quasidegenerate Majorana neutrinos where
the relevant CP-asymmetry is resonantly enhanced. Another notable scenario is the
ARS mechanism of leptogenesis [13] where the lepton asymmetry is produced during
the production and oscillations of heavy singlet neutrinos close to the sphaleron
freeze-out. For other leptogenesis scenarios see for example [32, 55].

In thermal leptogenesis the lepton asymmetry is generated in the non-equilibrium
decays of the Majorana neutrinos when they have slight over-abundances compared
to equilibrium. The asymmetry then freezes out once the washout processes drop out
of equilibrium. Leptogenesis has often been studied in the one-flavor approximation
(i.e. the unflavored case) where it is assumed that the asymmetry is generated equally
in all lepton flavors and it suffices to consider only one effective SM lepton flavor.
Within this approximation and in the case of a hierarchical Majorana neutrino mass
spectrum (i.e. in the “vanilla leptogenesis” scenario) successful leptogenesis implies
a lower bound of ∼109 GeV for the Majorana neutrino mass scale [57, 59]. Strictly
speaking the one-flavor approximation is valid only when the SM lepton flavors
cannot be distinguished during leptogenesis. This is the case, roughly, if the masses
of the Majorana neutrinos are greater than ∼1012 GeV. This corresponds to the
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2.3 Baryogenesis

temperature above which all SM lepton Yukawa interactions are still slow enough to
be out of equilibrium [32, 55, 57]. On the other hand, if some or all of the SM lepton
Yukawa processes are in equilibrium during leptogenesis one needs to take them into
account and track the evolution of individual lepton asymmetries.4 In the flavored
case the lower bound for the leptogenesis scale can then be significantly lower when
compared to the one-flavor case [32].

The leptogenesis temperature scale can be lowered even more when the Ma-
jorana neutrino masses are almost degenerate, as is the case in (thermal) resonant
leptogenesis. In RL the lepton asymmetry generation is enhanced for a quaside-
generate mass spectrum and this resonant enhancement is maximal when the mass
differences of the Majorana neutrinos are comparable to their decay widths. In this
case the CP-violation in the Majorana neutrino decays is dominated by the coherent
flavor mixing effects (the so-called self-energy contribution in the semiclassical ap-
proach, see below) [55, 56]. In RL the leptogenesis temperature can then be brought
down to the TeV-scale or even lower [32, 60]. Low-scale leptogenesis is also possible
in the related ARS scenario, which is also called “leptogenesis via oscillations” or
“freeze-in leptogenesis” [61, 62]. In fact, both RL and ARS scenarios require at
least two quasidegenerate heavy neutrinos and there are resonances and oscillations
in both [62]. However, in the ARS mechanism the BAU is frozen in during the
production of the heavy neutrinos, in contrast to the standard freeze-out scenario
of thermal RL. It has been shown that a unified description of both mechanisms is
possible and the parameter regions where they enable successful baryogenesis are
merged [62].

Semiclassical transport equations

The non-equilibrium evolution of the lepton asymmetry must be solved from transport
equations. Thermal leptogenesis is conventionally studied in a semiclassical approach
with Boltzmann equations where the interaction rates are supplied by perturbative
vacuum QFT [63–65]. Usually simplified momentum-integrated rate equations are
also derived, which requires some additional assumptions such as kinetic equilibrium
and Maxwell–Boltzmann statistics. The standard equations in the one-lepton-flavor
approximation, with decay and inverse decay processes only, are [32, 57, 65, 66]

dni
dt

+ 3Hni = −
(
ni
neq
i

− 1

)
γi, (2.11a)

dnL
dt

+ 3HnL =
∑
i

[(
ni
neq
i

− 1

)
εCPi γi −

nL
2neq

`

γi

]
. (2.11b)

Here ni are the number densities of the Majorana neutrinos. The lepton asymmetry
density is nL ≡ n` − n` with the lepton and antilepton densities n`, n`. The corre-

4The SM lepton Yukawa interactions are an example of “spectator processes” in leptogenesis,
that is, processes which can affect the lepton asymmetry indirectly [32, 55].
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sponding equilibrium number densities are neq
i and neq

` and the reaction density for
the decays and inverse decays is denoted by γi (explicit formulae are given in [II]).
In the standard scenario the lepton asymmetry is generated mainly when T . m1,
where m1 is the mass of the lightest Majorana neutrino. We have only included the
decay and inverse decay processes of the Majorana neutrinos because they give the
dominant contributions to Majorana neutrino production and lepton asymmetry
washout in this case [32]. Various scattering processes are relevant in higher temper-
atures T > m1 and also for T � m1, and should be accounted for in more complete
(or phenomenological) studies.

A crucial part of the semiclassical equations (2.11) is the CP-asymmetry pa-
rameter εCPi which quantifies the amount of CP-violation in the Majorana neutrino
decays. It is defined in the one-lepton-flavor case as

εCPi ≡ Γ(Ni → `φ)− Γ(Ni → `φ)

Γ(Ni → `φ) + Γ(Ni → `φ)
, (2.12)

where Γ(Ni → `φ) is the partial width for the decay of the Majorana neutrino Ni

to the SM lepton and Higgs doublets, and Γ(Ni → `φ) is the corresponding partial
decay width with antiparticles. The CP-asymmetry vanishes at tree level and its
calculation involves the interference of tree level and higher order amplitudes of
the decay process. The two main contributions to εCPi at one-loop order are the
vertex contribution (also called ε′-type or direct CP-violation) which arises from the
one-loop correction to the Yukawa interaction vertex and the self-energy contribution
(also called ε-type or indirect CP-violation) which is related to the wavefunction
renormalization of the mixing Majorana neutrinos [67]. However, the self-energy
contribution cannot be calculated correctly in conventional perturbation theory and
a straightforward calculation with a one-loop external leg correction (i.e. a non-1PI
diagram) gives a diverging result in the limit of degenerate masses. Determining the
correct result for εCPi in the quasidegenerate case is highly non-trivial because the
Majorana neutrinos mix and are unstable [58, 67, 68]. Proper calculations, which
usually involve resummations, have been done with different methods in the literature.
However, the exact form of εCPi is uncertain because different methods yield different
results in the maximally resonant region [67, 68] (see also e.g. [69, 70]).

So far we have considered simplified transport equations for calculating the
lepton asymmetry. More complete studies should also include the effects of the
anomalous electroweak processes which redistribute the generated asymmetry among
B and L. A simple way to take this into account is to find the relation between
the number densities nL and nB−L. At very high temperatures when the anomalous
processes are slow the relation is trivially nL = −nB−L (assuming zero initial B).
But when the anomalous processes are in equilibrium the relation is non-trivial and
depends also on other spectator processes [71–73]. In thermal leptogenesis these
processes are conventionally neglected during the generation of the lepton asymmetry
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2.3 Baryogenesis

and one continues to use nL ' −nB−L (accurate to within 10 % [74]) [32]. Once
nB−L is determined one can then use the standard equilibrium relations [32, 45]

nB =
28

79
nB−L, nL = −51

79
nB−L (2.13)

to estimate the final redistribution of the asymmetry by the anomalous processes.

CP-asymmetry in resonant leptogenesis

We now concentrate on RL and hence consider the self-energy contribution to εCPi as
it is the dominant part in this case. We further restrict to the case of two Majorana
neutrinos (i = 1, 2) which is sufficient in this work. The CP-asymmetry (2.12) in the
one-lepton-flavor approximation then takes the generic form [75]

εCPi,x =
Im
[
(y∗1y2)2

]
|y1|2|y2|2

(m2
2 −m2

1)miΓ
(0)
j

(m2
2 −m2

1)2 + (Rij,x)2
. (j 6= i) (2.14)

Here yi are the relevant Yukawa couplings and Γ
(0)
i = |yi|2mi/(8π) is the tree-level

total decay width of the Majorana neutrino. The CP-asymmetry (2.14) is resonantly
enhanced for small mass differences ∆m21 ≡ m2−m1, and the resonance is regulated
by the factor Rij,x in the degeneracy limit ∆m21 → 0. Different approaches and
approximation methods used in the literature lead to different forms of the regulator,
which we have labelled by x. Some of the most relevant ones are

Rij,mix = miΓ
(0)
j , (2.15a)

Rij,diff = miΓ
(0)
i −mjΓ

(0)
j , (2.15b)

Rij,sum = miΓ
(0)
i +mjΓ

(0)
j , (2.15c)

Rij,eff = (miΓ
(0)
i +mjΓ

(0)
j )|sin θij|, (2.15d)

which we call the mixed regulator, difference regulator, sum regulator and effective
sum regulator, respectively [58, 67, 68, 75, 76]. In the effective regulator (2.15d) the
angle θij denotes the relative phase of the complex Yukawa couplings yi and yj:

sin(θij) ≡
Im(y∗i yj)

|yi||yj|
, cos(θij) ≡

Re(y∗i yj)

|yi||yj|
. (2.16)

In the one-lepton-flavor approximation with two Majorana neutrinos the angle θ12

determines the overall strength of the CP-asymmetry. This can be seen by writing
the prefactor in equation (2.14) as Im[(y∗1y2)2]/(|y1|2|y2|2) = sin(2θ12).

Finally, it should be noted that some of the regulators lead to spurious en-
hancements of the CP-asymmetry in certain cases. For example, the difference
regulator (2.15b) vanishes when both |y2| → |y1| and m2 → m1. Also, the effective
regulator (2.15d) overestimates the asymmetry for small θ12 [76].
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Chapter 2. The early universe

Shortcomings of the semiclassical approach

The application of classical Boltzmann equations to leptogenesis is known to have
shortcomings [77]. It is also very non-trivial because the required CP-violation is
a purely quantum effect. The source for the lepton asymmetry arises from the
interference of a radiatively corrected and a tree level amplitude instead of a purely
tree level process. This results in subtle issues, such as the difficulty in determining the
exact form of the CP-asymmetry parameter (2.12), as discussed above. Furthermore,
the CP-asymmetry generation is fundamentally a dynamical phenomenon and not
always adequately captured by a static parameter such as (2.14) [76]. Another
fundamental problem is the double counting of real intermediate states (RIS) of the
scattering processes. The on-shell part of the s-channel exchange of a Majorana
neutrino is included both in the decay and inverse decay contributions and in the
∆L = 2 scattering processes [55, 66, 74]. This results in a spurious CP-violating
source (in the decay and inverse decay part) which does not vanish in equilibrium [65,
66]. This is usually resolved by an ad hoc subtraction of the problematic part from
the equations, but this is a delicate procedure.

These issues stem from the fact that the semiclassical approach is an ad hoc
combination of vacuum QFT calculations and classical transport equations. Another
shortcoming of this approach is that the radiative calculations do not include thermal
corrections. All of these problems can be avoided by using a different approach where
the non-equilibrium and quantum aspects are unified in one dynamical framework,
such as the CTP method. The Schwinger–Keldysh CTP method is a first principles
approach to non-equilibrium QFT and it has been widely used to study leptogenesis,
see for example [75, 76, 78–97] (a more comprehensive list is given in [II]). As a
field theoretic and fully-quantum method, it is very well suited to study the delicate
features of leptogenesis such as the coherent transitions of the Majorana neutrinos
and details of the CP-asymmetry generation. However, full implementation of this
method is very difficult and various approximations are usually needed (see e.g. [77–
79]). Therefore, some questions about the exact form of the CP-asymmetry, especially
in the case of RL, have still not been settled [75, 76, 91, 95, 98]. This shows how
non-trivial the CP-violation is in leptogenesis, and it calls for clear and concise
treatments of the subject. It is our modest hope that the present work helps to
clarify this important issue.
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3 NON-EQUILIBRIUM QUANTUM FIELD THEORY

Non-equilibrium quantum field theory is needed to study the time evolution of
high-energy thermodynamic systems where quantum effects are essential for the
dynamics. Such situations arise in cosmology in the hot and dense early universe and
also during the brief existence of the extreme form of matter in high-energy heavy-ion
collisions [99, 100]. Ordinary vacuum QFT or the imaginary time formalism of
thermal QFT are not sufficient for describing the time evolution of such systems
because the boundary conditions are different: vacuum QFT is used to calculate
vacuum-to-vacuum transition amplitudes over a large time interval and thermal QFT
applies to static systems with no time-dependence.

In thermal equilibrium the quantum density operator of the system takes the
form of a time evolution operator with an imaginary time variable. This enables the
study of QFTs in finite temperature: thermal expectation values can be formulated
as ordinary QFT transition amplitudes over the Euclidean time [101, 102]. This
approach, known as the imaginary time QFT formalism, however relies on the specific
equilibrium form of the density operator. With general density operators one needs a
real time formalism instead. There exist different formulations but common for all of
them is that two real time branches are needed in the time-contour, one forward and
one backward, and the imaginary part of the contour must be non-increasing [101]. In
this work we consider the simplest realization, called the closed time path formalism,
which we will turn to next.

3.1 Schwinger–Keldysh formalism

A framework for non-equilibrium QFT is provided by the Schwinger–Keldysh closed
time path (CTP) method, which was developed by Schwinger [103], Keldysh [104]
and many others [105–110] (see also e.g. [111] and references therein). The CTP
method is a rather general idea and it has been applied to various problems in
different contexts [111]. In the context of QFT, one way to understand the need
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Re t

Im t

Ctin + iεF
tf

tin − iεF

Figure 1. The Schwinger–Keldysh closed time path C for a considered initial time tin
and a final time parameter tf . The arrows on the path show the direction of increasing
contour-time. We have also indicated the infinitesimal displacements ±iεF required for
convergence and correct boundary conditions.

for the closed time path (shown in figure 1) is as follows. Consider for example a
two-point correlation function of a real scalar field φ in a system with a quantum
density operator ρ: 〈

φ̂(x1)φ̂(x2)
〉
≡ Tr

[
ρ φ̂(x1)φ̂(x2)

]
. (3.1)

The density operator ρ fully describes the quantum state of the system. The
operators O = ρ, φ̂ in equation (3.1) are written in the Heisenberg picture. In terms
of Schrödinger picture operators OS

〈
φ̂(x1)φ̂(x2)

〉
= Tr

[
ρU(t1, tin)†φ̂S(x1)U(t1, tin)U(t2, tin)†φ̂S(x2)U(t2, tin)

]
, (3.2)

where tin is the initial time where the density operator ρ = ρS(tin) is prepared at,
and U(t1, t2) is the full unitary time-evolution operator of the Schrödinger states.
Now, when the density operator is generic and does not have any specific form (such
as ρ = e−βH in the canonical ensemble) the only way to evaluate (3.2) is to use two
separate time branches or “histories” [8, 101, 111].

We can understand the need for two time branches by writing equation (3.2) in
the functional integral form using standard QFT methods. To do this we use a basis
of field eigenstates |ϕa〉 of the Schrödinger field φ̂S (i.e. φ̂S(x)|ϕa〉 = ϕa(x)|ϕa〉) which
is complete and orthonormal:

∫
Dϕa |ϕa〉〈ϕa| = 1 and 〈ϕa|ϕb〉 = δ[ϕa−ϕb] [112, 113].

We also need the Feynman path integral formulation of the transition amplitude,5

〈
ϕb
∣∣U(t2, t1)

∣∣ϕa〉 =

∫ ϕb

ϕa

Dφ exp
(

iS[φ]t2t1

)
. (3.3)

5We use the following shorthand notation for constrained functional integrals:∫ ϕb

ϕa

Dφ · · · exp
(

iS[φ]t2t1

)
≡
∫
Dφ · · · exp

(
iS[φ]t2t1

)∣∣∣∣φ(t1,x)=ϕa(x),
φ(t2,x)=ϕb(x)

where the action integral is S[φ]t2t1 ≡
∫ t2
t1

d4xL[φ(x)], and
∫ t2
t1

d4x ≡
∫ t2
t1

dt
∫

d3x.
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3.1 Schwinger–Keldysh formalism

Using these we can express the operator trace in (3.2) as the functional integral〈
φ̂(x1)φ̂(x2)

〉
=

∫
DϕaDϕbDϕcDϕd

〈
ϕa
∣∣ρ∣∣ϕb〉〈ϕb∣∣U(t1, tin)†

∣∣ϕc〉ϕc(x1)

×
〈
ϕc
∣∣U(t1, t2)

∣∣ϕd〉〈ϕd∣∣U(t2, tin)
∣∣ϕa〉ϕd(x2)

(t1>t2)
=

∫
DϕaDϕbDϕc 〈ϕa|ρ|ϕb〉

∫ ϕc

ϕb

Dφ− φ−(x1) exp
(

iS[φ−]t1tin

)∗
×
∫ ϕc

ϕa

Dφ+ φ+(x2) exp
(

iS[φ+]t1tin

)
=

∫
Dφ+Dφ− 〈φ+|ρ|φ−〉φ−(x1)φ+(x2)

× exp
(

iS[φ+]tftin − iS[φ−]tf ∗tin

)∣∣∣∣φ+(tf ,x)
=φ−(tf ,x)

. (3.4)

The final time parameter tf here must be chosen so that tf ≥ max(t1, t2) but otherwise
it is arbitrary. Note that we have written the second equality leading to (3.4) explicitly
for the case t1 > t2 but the final result is valid more generally when tin < ti < tf with
i = 1, 2. Also, the states |φ±〉 in the final result correspond to the field configurations
φ±(tin,x).

The result (3.4) for the two-point function indeed contains two time branches:
a forward branch for φ+ and a backward branch for φ−. Both functional integrations
are independent except for the boundary condition which identifies the fields at the
final time. Thus, the result can be interpreted as a single functional integral along
the CTP shown in figure 1 if we also specify at which branch the fields at x1 and
x2 are evaluated on [8]. Finally, we note that the form of equation (3.4) with the
two time branches and the initial density matrix 〈φ+|ρ|φ−〉 is generic to any n-point
correlation function, and not only to the two-point function used in this example.

Generating functional

The development of the CTP formalism then proceeds along the lines of conventional
QFT where one defines the generating functional of the n-point functions. The
generating functional for non-equilibrium systems, also called the in-in generating
functional, can be defined as [114]

Z[J±; ρ] ≡ Tr

{
ρ T exp

[
−i

∫ tf

tin

d4x J−(x)φ̂(x)

]
T exp

[
i

∫ tf

tin

d4x J+(x)φ̂(x)

]}
. (3.5)

There are contributions from both branches of the CTP which have their own external
source and time-ordering: the forward branch with J+ and usual time-ordering T
and the backward branch with J− and reversed time-ordering T .

The generating functional of connected n-point functions is defined as usual as
the logarithm

W [J±; ρ] ≡ −i logZ[J±; ρ]. (3.6)
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Chapter 3. Non-equilibrium quantum field theory

The physical n-point functions can be generated from (3.6) by functional differentia-
tion with respect to the sources and taking the limit of vanishing sources in the end,
similarly to conventional QFT. However, there are now multiple ways to generate a
given n-point function because the amount of sources is doubled. As an example, we
show how to generate the one-point function and also the two-point function (3.1)
used in the previous example:

− δW [J ; ρ]

δJ−(x)

∣∣∣∣
J→0

=
δW [J ; ρ]

δJ+(x)

∣∣∣∣
J→0

=
〈
φ̂(x)

〉
, (3.7a)

i
δ2W [J ; ρ]

δJ+(x2)δJ−(x1)

∣∣∣∣
J→0

=
〈
φ̂(x1)φ̂(x2)

〉
. (3.7b)

In the calculation of (3.7) we used the normalization of density operators, Tr ρ = 1 [8],
which implies that Z[0; ρ] = 1. Note that equation (3.7b) gives just one of four
different two-point functions which can be generated from (3.6). Not all of them will
be independent functions however, as we will see later on.

The generating functional (3.5) admits a path integral form which can be derived
similarly to equation (3.4). The result is [8, 114]

Z[J±; ρ] =

∫
Dφ+Dφ− 〈φ+|ρ|φ−〉

× exp
[
i
(
S[φ+]tftin + J+φ

+
)
− i
(
S[φ−]tf ∗tin + J−φ

−
)]∣∣∣∣φ+(tf ,x)

=φ−(tf ,x)

≡
∫

c

Dφa 〈φ+|ρ|φ−〉 exp
[
i
(
Sc[φ

a]tftin + Jaφa
)]

, (3.8)

where we also introduced some often used notation for the CTP components. In this
notation a = ± is the CTP branch index, repeated indices are implicitly summed
over, and one defines a “metric” cab = cab ≡ diag(1,−1) using which the indices may
be raised or lowered [114]. Furthermore, we suppress the spacetime arguments and
integrations where appropriate, so that for example J±φ± ≡

∫ tf
tin

d4x J±(x)φ±(x). We
also defined the shorthand Sc[φ

a]tftin ≡ S[φ+]tftin−S[φ−]tf ∗tin for the CTP action, and the
subscript ‘c’ in the integral designates the closure condition φ+(tf ,x) = φ−(tf ,x).

Non-local sources

An important property of the initial density matrix 〈φ+|ρ|φ−〉 is that it is a functional
of the field configurations φ±(tin,x). It can then be expanded functionally using the
field configurations as [114, 115]

〈φ+|ρ|φ−〉 = exp
[
i
(
K +Kaφ

a + 1
2!
Kabφ

aφb + 1
3!
Kabcφ

aφbφc + · · ·
)]
. (3.9)

The constant K and the infinite sequence of functions Ka, Kab, Kabc, . . . parametrize
the density operator ρ.6 They have support only at the initial time, and hence they

6More precisely: Ka(x) = K̃a(x)δ(x0 − tin), Kab(x, y) = K̃ab(x,y)δ(x0 − tin)δ(y0 − tin), etc.
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3.2 Generalized effective actions

can be viewed as initial-time sources. Note that we used here the notation defined
below equation (3.8): repeated CTP indices are implicitly summed over and Kabφ

aφb

denotes
∫ tf
tin

d4x d4y Kab(x, y)φa(x)φb(y), for example.
We can now write the original non-equilibrium generating functional (3.5) in a

remarkably simple form. By using equation (3.9) in (3.8) and absorbing the constant
K to the normalization of the integral measure, we get [114, 116]

Z[J±; ρ] = Z[Ja, Kab, Kabc, . . .]

≡
∫

c

Dφa exp
[
i
(
Sc[φ

a]tftin + Jaφ
a + 1

2
Kabφ

aφb + 1
3!
Kabcφ

aφbφc + · · ·
)]

,

(3.10)

where Ja ≡ Ja + Ka = cabJb + Ka. Equation (3.10) is an exact result and it
demonstrates that a general non-equilibrium field theory can be formally described
in the CTP formalism by including all possible n-point sources in the generating
functional.7 Of course, the infinite number of initial-time sources is only necessary
when describing arbitrary density matrices. For specific situations like a vacuum or
a thermal system one can make additional simplifications. For example, in the case
of a Gaussian initial state only the sources Ka and Kab are necessary [113].

3.2 Generalized effective actions

Now that we have the non-equilibrium generating functional (3.8) and a path integral
representation for the n-point functions we could try to evaluate them in specific
theories using the conventional methods of perturbative QFT. Here one runs into
problems however. For example, perturbative expansions of the non-equilibrium
n-point functions contain so-called secular terms [115] which grow with increasing
powers of time at each order, and this ruins the expansion even for small coupling
constants [99, 117]. Description of thermalization and late-time universality also
generally require non-linear dynamics and conserved charges (e.g. energy conservation)
which are usually absent in more conventional approaches [99, 113, 115].

While the secularity problem can be solved by resummation, a more sophisticated
and efficient solution is to use a generalized effective action from which equations for
the n-point functions can be derived by a variational principle [115, 118, 119]. The
non-equilibrium generating functional (3.10) and its logarithmW serve as the starting
point for this method. The generalized effective action is defined as the multiple
Legendre transform of W [Ja, Kab, Kabc, . . .] with respect to the infinite sequence of
sources Ja, Kab, Kabc, . . . [114]. Stationarity conditions of the effective action then
lead to an infinite set of coupled equations of motion for the full n-point functions,

7Note that in [99, 113, 115] already the operator representation of Z is given with the non-local
sources, in contrast to [114]. We have used the simpler approach in (3.5), leading to (3.10).
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Chapter 3. Non-equilibrium quantum field theory

which is analogous to the BBGKY hierarchy in classical statistical mechanics [8, 114].
This hierarchy of equations then fully describes the non-equilibrium evolution of the
system.

In practice the infinite hierarchy is impossible to solve exactly in realistic
interacting theories and one needs to use approximations. First of all, the hierarchy
of equations can be truncated by only taking into account the n-point sources
up to some finite n when doing the Legendre transformation [8, 114, 115]. This
leads to the n-particle irreducible effective action (nPIEA). In classical mechanics
and thermodynamics different Legendre transforms lead to different but equivalent
descriptions of the same physics. The nPIEAs for different n ∈ N are in this sense
also equivalent when no other approximations are used [113]. However, further
approximations are usually needed.

For a given nPIEA one also usually needs some approximative method to
calculate the effective action itself. This can be done, for example, by truncating a
loop expansion or by using a 1/N -expansion in theories with N field components [113,
117]. When approximated this way the different nPIEAs are no longer equivalent but
form equivalence hierarchies [115, 118]. In practice different nPIEAs have restrictions
on what kind of dynamics and initial states they can adequately describe. Which
nPIEA to choose then depends largely on the problem at hand and the order of
the approximation. Typically the 2PI, the 3PI or the 4PI effective action already
provides a complete description of the problem in feasible approximations [115].

Next we turn to the 2PIEA method which is used to derive the non-equilibrium
evolution equations used in this work. The 2PIEA method [119] was developed
originally for non-relativistic many-body theory in [120–122] and later in the functional
formulation for relativistic QFT in [123]. Its adaptation to non-equilibrium QFT
using the CTP was given in [111, 114]. We present some details on how the formalism
is derived, following mostly [8], culminating in the derivation of the general equation
of motion for the two-point function.

3.2.1 2PI effective action on the CTP

The starting point for the CTP 2PIEA method [8] is the generating functional

Z[Ja, Kab] ≡
∫

c

Dφa exp
[
i
(
Sc[φ

a]tftin + Jaφ
a + 1

2
Kabφ

aφb
)]

, (3.11)

which is a truncation of the general non-equilibrium case (3.10). The notation
was defined below equation (3.8). As in the previous section, we continue to use
real scalar field theory as an example on the development of the formalism. The
generating functional (3.11) is equivalent to the full Z[J±; ρ] only for Gaussian initial
density matrices or a vacuum initial state, and otherwise it must be considered an
approximation. The effects of non-trivial initial correlations tend to be short-lived
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3.2 Generalized effective actions

however [124], so this should be a sound approximation when the focus is on the
dynamical evolution rather than the intricacies of the initial conditions.

The connected generating functional W [Ja, Kab] ≡ −i logZ[Ja, Kab] is defined
like in equation (3.6), but there is now a difference when the physical n-point functions
are calculated from W . When taking the limit of vanishing sources also the initial
density matrix gets discarded in the process, which is also reflected in that Z[0, 0] 6= 1.
But because the initial density matrix (3.9) has support only at t = tin one can
compensate for this loss of information by adjusting the initial conditions of the
n-point functions suitably [115]. Hence, the physical n-point functions can still be
calculated by the standard method where the sources are removed in the end.

To formulate the 2PIEA we still need to keep the sources, of course. We first
define the mean field φa(x) and the fluctuation propagator Gab(x, y) by

φa(x) ≡ δW [J,K]

δJa(x)
, (3.12a)

Gab(x, y) ≡ 2
δW [J,K]

δKab(x, y)
− φa(x)φb(y). (3.12b)

In the limit J,K → 0 both of the mean fields φ± reduce to the physical one-point
function. The function Gab describes the propagation of the field fluctuations around
the mean value. It thus reduces to the physical two-point function when both the
mean field and the sources vanish. The 2PIEA is defined as the double Legendre
transform

Γ2PI

[
φa, Gab

]
≡ W [Ja, Kab]− Ja

δW

δJa
−Kab

δW

δKab

= W [Ja, Kab]− Jaφa −
1

2
Kab

(
Gab + φaφb

)
. (3.13)

The meaning of the Legendre transform here is that we switch from the functional
W and its independent variables (functions) J,K to the effective action Γ2PI and
φ,G. The inverse relations of (3.12) are then given by

δΓ2PI

δφa
= −Ja −Kabφ

b, (3.14a)

δΓ2PI

δGab
= −1

2
Kab. (3.14b)

In the first equation we also used that for a real scalar field the two-point source is
symmetric: Kab(x, y) = Kba(y, x). This follows from the corresponding property of
the propagator Gab(x, y).

Equations (3.14) give the stationarity conditions of the effective action in the
limit of vanishing sources. That is, eventually they yield the equations of motion for
the full one- and two-point functions. To this end, we need to eliminate the sources
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Chapter 3. Non-equilibrium quantum field theory

J,K from Γ2PI. Exponentiating equation (3.13), using (3.11) and (3.14) and shifting
the functional integral variable to the fluctuation field ϕa ≡ φa − φa leads to the
compact equation

eiΓ2PI =

∫
c

Dϕa exp

[
i

(
Sc

[
φa + ϕa

]tf
tin
− δΓ2PI

δφa
ϕa − δΓ2PI

δGab

(
ϕaϕb −Gab

))]
. (3.15)

Equation (3.15) gives an exact self-contained formula for Γ2PI in terms of φ,G only.
If we could solve Γ2PI from it we could then calculate the variations on the left-hand
sides of equations (3.14) and take the limit J,K → 0 to get the equations of motion.
This is of course not possible to do exactly for realistic interacting theories so some
approximative method is needed.

Expansion of the 2PIEA

We will now use a loop expansion to calculate Γ2PI.8 To proceed from equation (3.15)
we must extract the lowest order parts of Γ2PI. This can be done by using the
background field method [8] where the shifted action Sc[φ

a + ϕa]tftin is functionally
expanded around the mean field:

Sc

[
φa + ϕa

]
= Sc

[
φa] +

δSc[φ
a]

δφb
ϕb +

1

2!

δ2Sc[φ
a]

δφbδφc
ϕbϕc + S2

[
ϕa;φa

]
. (3.16)

Here S2[ϕa;φa] is defined as the rest of the terms which are cubic or higher order in
the fluctuation field ϕ; the reason for this notation will become clear below. Next we
define the function [115]

iG−1
0,ab(x, y) ≡ δ2Sc[φ

c]tftin
δφa(x)δφb(y)

, (3.17)

which is a generalization of the inverse free propagator in the presence of the mean
field. The quadratic term in equation (3.16) can then be written as i

2
G−1

0,abϕ
aϕb.

As an effective quantum action, Γ2PI should contain the classical CTP action
plus quantum corrections: Γ2PI = Sc[φ

a] + O(~) [8]. We can already verify the
classical part by using equation (3.16) in (3.15); the term Sc[φ

a] can be factored out
of the functional integral. We will now construct the rest of the terms. The first
quantum correction is the “one-loop part”, that is, the Gaussian functional integral
which corresponds to the functional determinant of the propagator:∫

c

Dϕa exp
(
−1

2
G−1
ab ϕ

aϕb
)
∝ (DetG−1)−

1
2 . (3.18)

To get this contribution to the right-hand side of equation (3.15) we need to add
a term to Γ2PI which yields − i

2
G−1
ab from the variation δΓ2PI/δG

ab. The correct

8The expansion parameter, number of loops, technically corresponds to powers of ~ [123].
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term is given by the functional identity δTr[logG−1]/δGab = −G−1
ab , which leads

to Γ2PI = Sc[φ
a] + i

2
Tr[logG−1] + const. + O(~2). The addition of the one-loop

term also introduces an infinite constant − i
2

Tr1 ≡ − i
2
G−1
ab G

ab = −i
∫ tf
tin

d4x δ(4)(0)

which, however, does not affect the stationarity conditions [8]. Lastly, we also add
an extra term to Γ2PI to cancel the quadratic part of equation (3.16) in (3.15). The
term is i

2
Tr[G−1

0 G] = i
2
G−1

0,abG
ab and it is required for the stationarity conditions to

eventually produce the correct Schwinger–Dyson equation for the propagator.
The final parametrization of the 2PIEA is then [8, 115, 123]

Γ2PI

[
φa, Gab

]
= Sc

[
φa
]tf
tin

+ i
2

Tr
[
G−1

0 G
]

+ i
2

Tr
[
logG−1

]
+ Γ2

[
φa, Gab

]
+ const.

(3.19)
Equation (3.19) is essentially a definition for the non-trivial part Γ2, that is, the
higher-order quantum corrections. Due to the construction we expect it to consist of
diagrams with two or more loops. To derive an equation for Γ2 we first calculate the
variations

δΓ2PI

δφa
=
δSc[φ]

δφa
+

1

2

δ3Sc[φ]

δφaδφbδφc
Gbc +

δΓ2

δφa
, (3.20a)

δΓ2PI

δGab
=

i

2
G−1

0,ab −
i

2
G−1
ab +

δΓ2

δGab
. (3.20b)

By using equations (3.16), (3.19) and (3.20) (and the identity log[DetG−1] =

Tr[logG−1]) in (3.15) we can then derive the result

eiΓ2 = (DetG−1)
1
2

∫
c

Dϕa exp

[
i

(
i
2
G−1
ab ϕ

aϕb + S2

[
ϕa;φa

]
− J̃aϕa − K̃ab

(
ϕaϕb −Gab

))]
, (3.21a)

where

J̃a ≡
δΓ2

δφa
+

1

2

δ3Sc[φ]

δφaδφbδφc
Gbc, K̃ab ≡

δΓ2

δGab
. (3.21b)

This is a self-contained equation for Γ2 in terms of φ,G. At first glance it seems even
more cryptic than equation (3.15), but it actually has a very specific meaning.

It turns out that iΓ2 consists of the 2PI vacuum diagrams where the propagator
lines correspond to G, that is, the full propagator of the original theory, and the
interaction vertices are given by S2[ϕa;φa] [8, 115, 123]. This is a consequence of the
constraining sources J̃a and K̃ab in equation (3.21a). To understand this, consider a
system with a generating functional corresponding to the functional integral in (3.21a).
The form of the sources is precisely such that the exact connected propagator in this
system is fixed to G and the exact one-point function vanishes [123, 125]. This can be
shown from the invertibility of the Legendre transformation by taking variations of
Γ2 with respect to φ and G [8]. Furthermore, because the one-loop part was already
extracted, the diagrams contained in Γ2 have two or more loops, as expected.9

9The DetG-factor in equation (3.21a) cancels to lowest order due to (3.18).
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Physical equations of motion

We can now finally obtain the equations of motion for the (full) physical one- and
two-point functions. Combining equations (3.20) and (3.14) and taking the limit
J,K → 0 results in coupled non-linear equations for φa and Gab in terms of the
actions Sc[φ

a] and Γ2[φa, Gab]. We are mainly interested in the propagator equation
which can be written as

G−1
ab (x, y) = G−1

0,ab(x, y)− Πab(x, y), (3.22)
with

Πab(x, y) ≡ 2i
δΓ2[φ,G]

δGab(x, y)
. (3.23)

Note that equation (3.22) is generally a very complicated non-linear equation for G
because of the dependence on Γ2.

Now, we know that G is the full connected propagator because of its defini-
tion (3.12b). This means that equation (3.22) is nothing else but its Schwinger–Dyson
equation. Therefore Πab, given by (3.23), must also be equal to the proper 1PI self-
energy (i.e. it does not contain propagator insertions) [123]. There are thus two
different perspectives for Πab: it is the (whole) perturbative series of proper 1PI
self-energy diagrams (with internal lines corresponding to G0) and, on the other
hand, it can be calculated from Γ2 (in terms of the full G).10 This is one of the main
points of the 2PIEA method: a large class of diagrams is automatically resummed
in Γ2. The 2PIEA method is however more than just a resummation scheme as the
equations of motion are derived self-consistently from a variational principle [119].
The method is consistent with global symmetries of the theory and it provides an
efficient and systematic way to derive approximations [118].

The main 2PIEA results which we use in this work are equation (3.22) and the
method to calculate the self-energy (3.23) from the 2PI loop expansion. Although
equation (3.22) has the form of the usual Schwinger–Dyson equation, the viewpoint is
now very different compared to the standard perturbative approach: equation (3.22)
is a non-linear equation of motion for the full propagator.

Generalization to other types of fields

So far we have considered only a real scalar field theory when we introduced the
CTP and the 2PIEA and derived the equations of motion in this chapter. Already
the derivation of the path integral form of the propagator, given by equation (3.4),
is much more complicated for other types of fields. The formulation of the 2PIEA
method is also considerably more complicated in more realistic situations, such as
in gauge theories [126, 127]. Furthermore, in an interacting theory with different

10This provides another way to see that Γ2 can only contain 2PI diagrams (with internal lines
corresponding to G) as otherwise Πab would contain propagator insertions [115, 123].
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types of fields (e.g. quantum electrodynamics) one generally has to consider in the
intermediate steps also all mixed propagators (like e.g. a photon-fermion propagator)
and all mixed non-local sources to get the correct equations of motion [126].

In these more realistic cases the final physical equations of motion are luckily
not so complicated and they are mostly analogous to the real scalar field case. The
main differences are that the 2PIEA parametrization (3.19) contains additional
one-loop and inverse free propagator terms for each degree of freedom separately,
the functional determinant has a different numerical coefficient depending on the
type of field (like in standard QFT), and the propagators and self-energies have more
complicated symmetry properties in the spacetime-arguments and CTP indices [123,
126, 128, 129]. We will not give these results explicitly but from now on just quote
the relevant parts when needed. As a final remark we point out that in these more
general situations the non-trivial part Γ2 of the 2PIEA is still calculated as the sum
of all 2PI vacuum diagrams but it is then a functional of all physical propagators
and mean fields of the system. Also, when all mean fields of the system vanish, the
action S2 (used for calculating Γ2) consists of the same interaction vertices as the
classical CTP action of the theory.

3.3 Non-equilibrium evolution equations

In this section we present the non-equilibrium evolution equations based on the
Schwinger–Dyson equation (3.22) derived in the CTP 2PIEA formalism. From now
on we are working with vanishing mean fields in which case the non-equilibrium
evolution of the system is completely described by the propagators. We first give the
definitions of the CTP propagators, one of which was already used as an example in
equations (3.1) and (3.7b). Then we present the general evolution equations which
are written in the form of Kadanoff–Baym equations [130, 131].

3.3.1 Closed time path propagators

The CTP propagators with real time arguments can be conveniently packaged into
one object by using contour-ordered (complex) time arguments on the CTP [101,
129]. Using this “contour notation”, we define the propagators of a fermion field ψ
and a complex scalar boson field φ as [129]

iS(u, v) ≡
〈
TC
[
ψ(u)ψ(v)

]〉
, (3.24a)

i∆(u, v) ≡
〈
TC
[
φ(u)φ†(v)

]〉
, (3.24b)

where u0, v0 lie on the CTP and TC denotes the contour-ordering (indicated in
figure 1).11 Also, ψ ≡ ψ†γ0 denotes the usual conjugated fermion field, and we now

11We use an explicit imaginary unit in the definitions (3.24). This is different from the convention
used for G in section 3.2.1 which is what is usually used in the 2PIEA-literature.
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suppress the hats on the operators. The expectation values are taken with respect
to the non-equilibrium density operator of the system as in equation (3.1). In the
definitions (3.24) the ordering of any discrete indices of the fields, such as flavor
or spinor indices, follows the ordering of the spacetime arguments. For example,
the fermion propagator (3.24a) reads iSαβ(u, v) = 〈TC[ψα(u)ψβ(v)]〉 when written
explicitly with the Dirac spinor indices.

The component propagators with the CTP branch indices a, b = ± and real
time arguments can be found by evaluating the time-ordering in equations (3.24)
for the different cases. There are four of these real-time propagators and we denote
them as

S< ≡ −S+−, iS+−
αβ (u, v) ≡ −

〈
ψβ(v)ψα(u)

〉
, (3.25a)

S> ≡ S−+, iS−+
αβ (u, v) ≡

〈
ψα(u)ψβ(v)

〉
, (3.25b)

ST ≡ S++, iS++
αβ (u, v) ≡

〈
T
[
ψα(u)ψβ(v)

]〉
, (3.25c)

ST ≡ S−−, iS−−αβ (u, v) ≡
〈
T
[
ψα(u)ψβ(v)

]〉
, (3.25d)

for the fermion and

∆< ≡ ∆+−, i∆+−(u, v) ≡
〈
φ†(v)φ(u)

〉
, (3.26a)

∆> ≡ ∆−+, i∆−+(u, v) ≡
〈
φ(u)φ†(v)

〉
, (3.26b)

∆T ≡ ∆++, i∆++(u, v) ≡
〈
T
[
φ(u)φ†(v)

]〉
, (3.26c)

∆T ≡ ∆−−, i∆−−(u, v) ≡
〈
T
[
φ(u)φ†(v)

]〉
, (3.26d)

for the scalar [8, 129]. The symbols T and T denote the usual time-ordering and
reversed time-ordering metaoperators, and the minus sign in the definition of S+−

is due to the fermionic time-ordering. The functions S<,> and ∆<,> are called the
Wightman functions, and we use the convention where the fermionic function S< is
defined without the sign: iS<αβ(u, v) =

〈
ψβ(v)ψα(u)

〉
(cf. [129]).

The different propagators in equations (3.25) and in (3.26) are not independent,
as we briefly mentioned already below equations (3.7). Writing the time-orderings
explicitly we get directly

ST(u, v) = θ(u0 − v0)S>(u, v)− θ(v0 − u0)S<(u, v), (3.27a)

ST(u, v) = −θ(v0 − u0)S<(u, v) + θ(v0 − u0)S>(u, v), (3.27b)

and similarly for the scalar propagators. Here it is evident that only two of the propa-
gators, say S> and S<, are independent. It is a general feature that two independent
propagators (per field) are needed to describe non-equilibrium systems [111, 115].
However, the functions we have given so far are not optimal for arranging and solving
the equations of motion and often various other combinations of the propagators are
introduced. Next we give these for the fermion field; the bosonic case is similar and
can be obtained by replacing first S< → −S< and then S → ∆.
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3.3 Non-equilibrium evolution equations

Profusion of propagators

An often used pair of independent propagators are the statistical propagator SF and
the spectral function SA [115], which we define as

SF ≡ 1

2

(
S> − S<

)
, SA ≡ i

2

(
S> + S<

)
. (3.28)

Statistical observables of the system, such as occupation numbers or current densities,
can be extracted from SF. The spectral function SA describes the spectrum of the
system and it is constrained by the canonical equal-time (anti)commutation relations.
It does not contain direct information on the state [8, 115].

The spectral function SA can be used to further define the retarded and advanced
pole propagators

iSr(u, v) ≡ 2θ(u0 − v0)SA(u, v), (3.29a)
iSa(u, v) ≡ −2θ(v0 − u0)SA(u, v). (3.29b)

They are useful for deriving kinetic equations in the limit tin → −∞ of the CTP.
In this context it is also convenient to define the “Hermitian part” SH of the pole
propagators which satisfies Sr,a ≡ SH ∓ iSA where the minus (plus) sign corresponds
to Sr (Sa). Using the relations (3.27) and the definitions of the different propagators
we can then derive the following general identities:

SH =
1

2

(
Sr + Sa

)
=

1

2

(
ST − ST

)
, (3.30a)

SA =
i

2

(
Sr − Sa

)
=

i

2

(
S> + S<

)
, (3.30b)

SF =
1

2

(
ST + ST

)
=

1

2

(
S> − S<

)
. (3.30c)

These relations are useful for converting between different formulations of the equa-
tions and in practical calculations of the self-energies.12

We also make frequent use of the Hermiticity conditions of the various propaga-
tors, which follow directly from the definitions. For the fermion these are

S<,>(u, v)† = S<,>(v, u), (3.31a)
SH,A(u, v)† = SH,A(v, u), (3.31b)
Sr,a(u, v)† = Sa,r(v, u), (3.31c)

where we also defined the barred propagators S<,> ≡ iS<,>γ0, Sr,a ≡ Sr,aγ0 and
SH,A ≡ SH,Aγ0. Note that the pole propagators Sr,a are swapped under Hermitian
conjugation in equation (3.31c). The scalar propagators satisfy similar Hermiticity
relations with the matrix γ0 omitted.

12Also, the spectral relation SH(u, v) = −i sgn(u0 − v0)SA(u, v) follows directly from (3.29).
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Chapter 3. Non-equilibrium quantum field theory

3.3.2 General CTP equations of motion

The generalizations of the 2PI equation of motion (3.22) for the fermion and complex
scalar boson are [126, 128, 129]

S−1
ab (x, y) = S−1

0,ab(x, y)− Σab(x, y), (3.32a)

∆−1
ab (x, y) = ∆−1

0,ab(x, y)− Πab(x, y), (3.32b)

with the self-energies

Σab(x, y) ≡ −i
δΓ2

δSba(y, x)
, (3.33a)

Πab(x, y) ≡ i
δΓ2

δ∆ba(y, x)
. (3.33b)

The different numerical factors in the definitions (3.33) compared to the real scalar
case (3.23) reflect the different scalings of the Gaussian path integrals in the fermionic
and complex scalar cases. In the case of vanishing mean fields we can write the
inverse free propagators explicitly as [113, 129]

S−1
0,ab(x, y) ≡

(
i/∂x −mψ

)
δ(4)(x− y) cab, (3.34a)

∆−1
0,ab(x, y) ≡

(
−∂2

x −m2
φ

)
δ(4)(x− y) cab, (3.34b)

where mψ and mφ are the masses of the fermion and boson fields, respectively.13

From now on we only consider explicitly the fermionic case as we only need the
fermionic equation (3.32a) further in this work. More details on the bosonic case can
be found in [129], for example.

Self-energy functions

The four real-time CTP self-energies (3.33a) are similar to the propagators (3.25).
One important difference however is that the self-energies may contain a singular
part [129]. We can extract it by defining

Σab(x, y) ≡ cab δ
(4)(x− y)Σsg(x) + Σ̃ab(x, y), (3.35)

where Σ̃ab are non-singular. Note that the singular part has the same structure as
the mass term in (3.34a). Hence, it can be absorbed to the inverse free propagator
in equation (3.32a) as a spacetime dependent mass shift [113, 129]. We do this by
formally replacing the mass m with the effective mass

m̃(x) ≡ m+ Σsg(x). (3.36)

13We also assumed here the standard form of the classical action in the Minkowski spacetime.
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3.3 Non-equilibrium evolution equations

Now we may further define the non-singular self-energy functions

Σ< ≡ −Σ+−, Σ> ≡ Σ−+, ΣT ≡ Σ̃++, ΣT ≡ Σ̃−−, (3.37)

analogously to (3.25). Note that in these definitions the CTP branch indices are
raised instead of lowered which would be the “natural” position according to equa-
tion (3.33a).

Relations between the self-energy functions (3.37) depend on the approximation
scheme used to calculate the 2PIEA. In reasonable approximations the following
relations, which are analogous to (3.27), are expected to hold: [129]

ΣT(u, v) = θ(u0 − v0)Σ>(u, v)− θ(v0 − u0)Σ<(u, v), (3.38a)

ΣT(u, v) = −θ(v0 − u0)Σ<(u, v) + θ(v0 − u0)Σ>(u, v). (3.38b)

Assuming this is the case we can then define the rest of the functions ΣF,A, Σr,a and
ΣH like in section 3.3.1 so that all of the relations (3.28)–(3.30) hold analogously
also for the self-energies. The self-energy functions should also satisfy the same
Hermiticity conditions (3.31) as the corresponding propagators. However, we define
the barred self-energies slightly differently compared to the propagators, with the
matrix γ0 on the other side: Σ<,> ≡ iγ0Σ<,>, Σr,a ≡ γ0Σr,a and ΣH,A ≡ γ0ΣH,A. This
is convenient when manipulating the equations later on.

Kadanoff–Baym equations

In practice the Schwinger–Dyson equations in the form (3.32) must be inverted to solve
them. The equivalent integro-differential form can be obtained by contracting the
equations from the right by the full propagators. Equation (3.32a) then becomes(

i/∂x −m
)
Sab(x, y) = cabδ(4)(x− y) +

∑
c=±

c

∫ tf

tin

d4zΣac(x, z)Scb(z, y). (3.39)

This is a coupled set of non-linear partial integro-differential equations for the four
real-time CTP propagators (3.25). The form (3.39) of the equations is still not
very convenient for practical purposes because the statistical and spectral sectors
are mixed together. This is where the various propagators defined in section 3.3.1
(and the corresponding self-energies) come in handy. Next we give three different
equivalent formulations of equations (3.39) which are all useful in their own contexts.
We also introduce the notation for the generalized convolution integral

(F ∗G)t2t1(x, y) ≡
∫ t2

t1

d4z F (x, z)G(z, y) (3.40)

and the effective inverse free propagator

S̃−1
0 (x, y) ≡

[
i/∂x − m̃(x)

]
δ(4)(x− y) (3.41)

to make for a more streamlined notation in the subsequent equations.
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Chapter 3. Non-equilibrium quantum field theory

First formulation. This is the most economic formulation with respect to the
number of functions involved. It is possible to write a set of equations equivalent
to (3.39) using only the statistical propagator SF and the spectral function SA:(

S̃−1
0 ∗ SA

)tf
tin

(x, y) = −2i
(
ΣA ∗ SA

)x0

y0(x, y), (3.42a)(
S̃−1

0 ∗ SF
)tf
tin

(x, y) = −2i
(
ΣA ∗ SF

)x0

tin
(x, y) + 2i

(
ΣF ∗ SA

)y0

tin
(x, y), (3.42b)

SA(x, y) δ(x0 − y0) =
1

2
γ0 δ(4)(x− y). (3.42c)

Second formulation. Here the statistical and spectral propagators are replaced
by the Wightman functions Ss (with s = <,>) and the pole propagators Sp (with
p = r, a), respectively:[(

S̃−1
0 − Σp

)
∗ Sp

]tf
tin

(x, y) = δ(4)(x− y), (3.43a)[(
S̃−1

0 − Σr
)
∗ Ss

]tf
tin

(x, y) =
(
Σs ∗ Sa

)tf
tin

(x, y). (3.43b)

Third formulation. The last formulation is a direct variant of equations (3.43)
where the pole propagators have been traded for SH and SA:[(

S̃−1
0 − ΣH

)
∗SH

]tf
tin

(x, y) +
(
ΣA ∗ SA

)tf
tin

(x, y) = δ(4)(x− y), (3.44a)[(
S̃−1

0 − ΣH
)
∗SA

]tf
tin

(x, y)−
(
ΣA ∗ SH

)tf
tin

(x, y) = 0, (3.44b)[(
S̃−1

0 − ΣH
)
∗Ss

]tf
tin

(x, y)−
(
Σs ∗ SH

)tf
tin

(x, y) = ±Ccoll(x, y), (3.44c)

where the ± corresponds to s = ≶, and

Ccoll(x, y) ≡ 1

2

(
Σ> ∗ S< − Σ< ∗ S>

)tf
tin

(x, y). (3.45)

Equations (3.44c) are known as the Kadanoff–Baym (KB) equations where (3.45) is
the collision term [129, 132].

All three sets of equations (3.42)–(3.44) are separately equivalent to (3.39) and hence
also to each other. As we can see the original four equations (3.39) contained redun-
dant information: the amount of equations was reduced to three in equations (3.42).
Furthermore, equation (3.42c) is just the position-space representation of the spectral
sum rule [101] which can also be derived directly from the canonical anticommutation
relations.14 In practice the sum rule fixes the equal-time values of the spectral func-
tion, including the value at the initial two-time point (tin, tin). This shows that the
initial conditions of the system are not directly reflected in the spectral function.

The form (3.42) of the equations is useful because the structure of the convolution
integrals shows that the equations are causal : only the past values of the propagators

14Nevertheless, the result (3.42) shows the consistency of the formalism: the canonical
(anti)commutation relations are built-in even though they were not explicitly used in the derivation.
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3.3 Non-equilibrium evolution equations

determine their future values [115]. Hence, the convolution integrals are also often
called “memory integrals” as they integrate over the history of the time evolution.
Being manifestly causal, equations (3.42) are also convenient for direct numerical
calculations [115]. However, in realistic applications a full numerical implementation
and solution can be very demanding because the complexity of the equations increases
considerably with more degrees of freedom.

A commonly used approach to simplify the equations is to Fourier transform
them into a mixed position-momentum representation. It is then possible to perform a
gradient expansion to get more tractable equations [113, 129]. In equations (3.42) the
time integration limits are finite and depend on the external arguments x0, y0 however,
and this complicates the use of Fourier transforms. Equations (3.43) and (3.44) avoid
this problem as all of the integration limits are extended to tin and tf (which can then
be eventually taken to −∞ and +∞). In these two formulations there are again four
equations but in practice not all of them are needed due to the relations (3.30).

Equations (3.44c) [or (3.43b)] are called the Kadanoff–Baym equations and
equations (3.44a) and (3.44b) [or (3.43a)] are the pole equations. The KB equations
are the main statistical evolution equations while the pole equations describe the
dynamics of the spectral and dispersive properties of the system. The variant (3.43)
of the equations is more compact to write down but equations (3.44) are physically
more transparent because all of the interaction terms have clear interpretations. This
makes the latter variant more convenient for spectral quasiparticle approximations,
for example. The terms in (3.44) which explicitly contain ΣH and ΣA describe the
dispersive corrections and the width of the propagators, respectively. Also the Σs∗SH-
term is related to the width [15, 133]. The collision term Ccoll on the right-hand side
of the KB equation consists of generalized gain and loss terms which describe the
equilibration process [129].

The KB equations can be used as a basis for deriving simpler kinetic equations
which describe the evolution of particle distribution functions. For example, the
equations can be reduced to semiclassical Boltzmann equations [77, 78, 132, 134].
In the context of kinetic transport theory the limit tin → −∞ is taken for the
CTP contour which enables the use of the mixed representation and the gradient
expansion.15 This limit also discards the effects of the initial conditions set at tin.
The propagators are then prescribed at some finite time t0 instead. This is a
suitable approximation for systems with efficient equilibration processes (such as the
electroweak plasma) [129] or when solving the equations for late times [77, 113].

Wigner representation

We now define the mixed momentum-position representation, called the Wigner
representation. It is useful when considering kinetic equations but it is valid also

15The upper limit tf of the CTP can always be taken to be arbitrarily large, see equation (3.4).
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Chapter 3. Non-equilibrium quantum field theory

more generally. The equations can be transformed to this representation by using
the Wigner transform (with tin → −∞) [115, 129]

F (k, x) ≡
∫ ∞
−∞

d4r eik·r F
(
x+ r

2
, x− r

2

)
, (3.46)

where F (u, v) is any two-point (or self-energy) function in the position representa-
tion.16 The inverse transform is given by

F (u, v) ≡
∫

d4k

(2π)4
e−ik·(u−v) F

(
k,
u+ v

2

)
. (3.47)

Equation (3.46) is essentially a Fourier transform in the relative coordinate r ≡ u− v.
In this transform the dependence on the pair of spacetime points (u, v) is exchanged
to the four-momentum k and the average coordinate x ≡ (u + v)/2. In order
to transform the equations of motion we also need the Wigner transform of the
generalized convolution (3.40) (where t1,2 → ∓∞). The result is [8, 113]

(F ∗G)+∞
−∞(k, x) = e−i♦

{
F (k, x)

}{
G(k, x)

}
, (3.48)

where the right-hand side is called the Moyal product [135, 136] and we defined the
derivative operator ♦ ≡ 1

2
(∂

(1)
x · ∂

(2)
k − ∂

(1)
k · ∂

(2)
x ) [129]. Note that the only meaning

of the curly brackets in (3.48) is to denote the first and second “slot” on which the
derivatives ∂(1) and ∂(2) operate.

The pole and KB equations (3.43) can now be written straightforwardly in the
Wigner representation by using equations (3.46)–(3.48):(

/k + i
2
/∂x
)
Sp − e−i♦{Σ̃p}{Sp} = 1, (3.49a)(

/k + i
2
/∂x
)
Ss − e−i♦{Σ̃r}{Ss} = e−i♦{Σs}{Sa}. (3.49b)

Here we denoted Σ̃p(k, x) ≡ m̃(x) + Σp(k, x) for both p = r, a as it is now more
convenient to group the mass term with the self-energy [m̃ was defined in (3.36)].
We also suppressed the arguments (k, x) of all propagators and self-energies here for
brevity. In the Wigner representation the sum rule (3.42c) also takes the more usual
form ∫ ∞

−∞

dk0

π
SA(k, x) = 1. (3.50)

Equations (3.49) are still exact and non-linear and they are equivalent to the original
equations (under the simplification tin → −∞). Instead of the non-local convolution
integrals these equations contain infinite series of exponential gradient terms. The
advantage of this form is that outside of periods of rapid oscillations it can often
be assumed that the functions change slowly in the average coordinate x [113, 129].
Higher order terms in the gradient expansion can then be discarded and this reduces
the complexity of the equations.

16We use the same notation for functions in both the position and the Wigner representation as
these can be inferred from context.
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3.3 Non-equilibrium evolution equations

Translational invariance. An important special case is when the propagators and
self-energy functions are fully translationally invariant in their spacetime arguments
and the mass m is constant (here we denote m̃ by simply m). This implies that the
Wigner representation functions have no dependence on the average coordinate x.
The full equations (3.49) are in this case reduced to the algebraic matrix equations(

/k −m− Σp
ti(k)

)
Spti(k) = 1, (3.51a)(

/k −m− Σr
ti(k)

)
Ssti(k) = Σs

ti(k)Sati(k), (3.51b)

which have the (formal) solutions

Spti(k) =
(
/k −m− Σp

ti(k)
)−1, (3.52a)

Ssti(k) = Srti(k)Σs
ti(k)Sati(k). (3.52b)

Thermal equilibrium. If the system is also in thermal equilibrium the Wightman
functions (3.52b) satisfy the Kubo–Martin–Schwinger (KMS) condition S>eq(k) =

eβk
0
S<eq(k) [101], where β ≡ 1/T . The KMS condition follows from the (anti)peri-

odicity of the field configurations in the standard way when the density operator ρ
has the equilibrium form [101]. It may be described by adding the imaginary branch
to the CTP [8, 113]. The thermal equilibrium solutions satisfy (3.52) and using the
KMS condition the Wightman functions can be further simplified to

iS<eq(k) = 2SAeq(k)fFD(k0), (3.53a)
iS>eq(k) = 2SAeq(k)

(
1− fFD(k0)

)
. (3.53b)

Here fFD(k0) ≡ 1/(eβk
0

+ 1) is the Fermi–Dirac distribution.17 Equations (3.53) are
equivalent to the fluctuation–dissipation relation iSF

eq(k) = 2SAeq(k)
(

1
2
− fFD(k0)

)
which is satisfied only in equilibrium [115]. The Kadanoff–Baym ansatz, which
is often used to derive kinetic equations, is a generalization of (3.53) where the
equilibrium distribution function fFD is replaced by a more general non-equilibrium
function [77, 115].

3.3.3 Spatially homogeneous and isotropic case

We now specialize to time-dependent systems which are spatially homogeneous and
isotropic. This means that the propagators and self-energies have translational
invariance in the spatial arguments and the singular contributions such as the mass
m can only depend on the time variable. This special case is relevant for cosmology
(e.g. leptogenesis) and other time-dependent phenomena which happen uniformly
throughout space.

17Bosons have analogous solutions with the Bose–Einstein distribution fBE(k0) ≡ 1/(eβk
0−1) [II].
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In this case it is useful to introduce another transformation of the two-point
functions and self-energies: the two-time representation

Fk(t1, t2) ≡
∫

d3r e−ik·r F
(
(t1, r), (t2,0)

)
. (3.54)

This is the spatial Fourier transform with the three-momentum k. Its inverse is

F (u, v) ≡
∫

d3k

(2π)3
eik·(u−v) Fk

(
u0, v0

)
. (3.55)

In the representation (3.54) the pole and KB equations (3.43) become[
(S̃−1

0,k − Σp
k) ∗ Spk

]tf
tin

(t1, t2) = δ(t1 − t2), (3.56a)[
(S̃−1

0,k − Σr
k) ∗ Ssk

]tf
tin

(t1, t2) =
(
Σs
k ∗ Sak

)tf
tin

(t1, t2), (3.56b)

where
S̃−1

0,k(t1, t2) =
[
iγ0∂t1 − γ · k − m̃(t1)

]
δ(t1 − t2), (3.57)

and the convolutions are defined with only time integrals. The sum rule (3.42c) can
be written in this case as

2SAk (t, t) = 1 for any t. (3.58)

Equations (3.56) are still very complicated, despite the reduction in the dimensions
of the domain when compared to the more general equations (3.43).

The Wigner representation (3.46) can also be employed in the spatially ho-
mogeneous and isotropic case. The Wigner-transformed functions then have no
dependence on the spatial average coordinate x and the corresponding spatial deriva-
tives are dropped from equations (3.49). One can move between the Wigner and
two-time representation (when tin → −∞) by doing the Wigner transform (3.46)
and its inverse (3.47) with only the time and energy variables (see [II] for the explicit
transformations). However, the two-time representation has the advantage of being
more general as the initial time tin can be kept finite.

Free time evolution

We first consider the free theory and introduce the associated free time evolution
operator before analyzing the solutions in the full theory. This serves as an example
of the solutions and, more importantly, it elucidates the special role of the spectral
function and an important local property of the free solutions.

The free theory equations corresponding to (3.56) are(
S−1

0,k ∗ Sp0,k
)tf
tin

(t1, t2) = δ(t1 − t2), (3.59a)(
S−1

0,k ∗ Ss0,k
)tf
tin

(t1, t2) = 0, (3.59b)
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3.3 Non-equilibrium evolution equations

with the free pole propagators Sp0 and Wightman functions Ss0. The equations are
decoupled so it suffices to consider only the free KB equation (3.59b) which can be
rewritten as

∂t1S
s
0,k(t1, t2) = −iHk(t1)Ss0,k(t1, t2). (3.60)

Here Hk(t) is the Hermitian free Dirac Hamiltonian and we used the barred prop-
agator notation defined below equations (3.31). The solutions to the free pole
equations (3.59a) can be obtained from the spectral function SA0,k after solving the
Wightman functions from the free KB equation.

Equation (3.60) has a form similar to the general Schrödinger equation and thus
its solutions can be found similarly by using a time-evolution operator [2]. We define
the time-evolution operator U0,k(t1, t2) of equation (3.60) as the unique solution
with the initial condition U0,k(tin, tin) = 1. It is given explicitly by the time-ordered
exponential (also called the Dyson series) [112, 137]

U0,k(t1, t2) ≡ T exp

(
−i

∫ t1

t2

dt′Hk(t
′)

)
. (3.61)

It has the properties that U0,k(t, t) = 1, U0,k(t1, t2)† = U0,k(t2, t1) and

Sk(t1, t2) = U0,k(t1, t)Sk(t, t)U0,k(t, t2), (3.62)

for any t, t1, t2 ≥ tin and where Sk stands for any solution of equation (3.60). These
properties mean that U0,k describes unitary time-evolution. Equation (3.62) implies
that the complete solution Sk can be calculated from its local value at any time
t. In particular, the solution to equation (3.60) can be obtained from the initial
value Sk(tin, tin) by setting t = tin in equation (3.62). Furthermore, because the free
spectral function SA0,k is also a solution to (3.60) and because it satisfies the sum
rule (3.58) it actually coincides with the free time-evolution operator:

2SA0,k(t1, t2) ≡ U0,k(t1, t2). (3.63)

This result then yields the solutions to the free pole equations (3.59a) via the general
definitions (3.29) and (3.54).

Formal full solutions

We now consider some exact properties of the full solutions to equations (3.56). To
this end, we first rewrite the equations in the equivalent integral equation form:

Spk = Sp0,k + Sp0,k∗Σp
k∗Spk, (3.64a)

Ssk = Ss0,k + Ss0,k∗Σa
k∗Sak + Sr0,k∗Σs

k∗Sak + Sr0,k∗Σr
k∗Ssk. (3.64b)

Here we suppressed the external time arguments (t1, t2) of all terms and the time
integration limits tin, tf of the convolutions. Equations (3.64) can be derived straight-
forwardly by writing the Schwinger–Dyson equations (3.39) in the integral equation
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Chapter 3. Non-equilibrium quantum field theory

form by contracting with the free propagator from the left. Equations (3.64) then re-
sult from using the definitions (3.25) and relations (3.30) for the different propagators
(and the corresponding results for the self-energies).

We can obtain exact formal solutions to the integral equations (3.64) by suitably
resumming them [II, 138]. The result is

Spk =
(
S−1

0,k − Σp
k

)−1, (3.65a)

Ssk = Sshom,k + Ssinh,k, (3.65b)

with the homogeneous and inhomogeneous Wightman functions

Sshom,k ≡
(
Srk∗S−1

0,k

)
∗Ss0,k∗

(
S−1

0,k∗Sak
)
, (3.66a)

Ssinh,k ≡ Srk∗Σs
k∗Sak. (3.66b)

The homogeneous solution (3.66a) can be further simplified to

Sshom,k(t1, t2) = 2SAk (t1, tin)Sshom,k(tin, tin)2SAk (tin, t2), (3.67)

when t1, t2 ≥ tin [II]. It is a solution to the KB equation (3.56b) with a vanishing
right-hand side. The inhomogeneous solution (3.66b) is a particular solution to the
full KB equation. It is notable that the homogeneous solution (3.67) has the same
structure as the free solution given by equations (3.62) and (3.63). Even though
in the full interacting case there is no such unitary time-evolution operator, the
homogeneous solution is still “evolved” from the initial value by the full spectral
function. However, a big difference to the free case is that in interacting dissipative
systems the spectral function is exponentially damped in the absolute difference of
its time arguments [II]. This means that the solution (3.67) is transient in nature
and vanishes quickly when t1, t2 � tin.

Despite the formal solutions (3.65) appearing simpler than equations (3.64) they
are generally still implicit non-linear integral equations because the self-energies gen-
erally depend on the Wightman functions Ss and the pole propagators Sp. However,
the exact equations (3.65) are useful as a starting point for deriving approximative
solutions. This is so especially if the self-energies Σs and Σp are some externally
given functions or if they can be approximated so that they do not depend on the full
solutions Ss and Sp. This is the case for example when the self-energy is dominated
by a thermal equilibrium part. We will use this approach and put these results to
use when we present the local approximation method in the next chapter.
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4 COHERENT QUANTUM KINETIC EQUATIONS

The KB equations (3.43) describe the full non-equilibrium dynamics of fermions with
all quantum effects, including quantum coherence. The price to pay for this generality
is that the equations are very difficult to solve in realistic situations as they are coupled
non-linear integro-differential equations for the two-point correlation functions Sα

(with α = s, p). The convolution integrals make the equations inherently non-local, as
the evolution of the functions depends not only on their values at a local neighborhood
of a given point but also on the values of the functions arbitrarily far away. In the
equivalent formulation (3.42) of the equations this non-local time-evolution manifests
explicitly as the causal memory integrals. In the Wigner representation (3.49), on
the other hand, the non-locality is encoded in the exponential gradient operators,
making the equations no easier to solve without approximations.

In this chapter we introduce two approximation methods to simplify the
fermionic KB equations (3.56): the cQPA and the more general LA-method. The
goal of these methods is to obtain quantum kinetic equations (QKEs) which are
straightforward to solve while still containing all relevant quantum coherence effects.
Both methods ultimately revolve around making the equations local. There is also
the problem of several types of time-evolution mixed together in the propagator
(e.g., there are several types of coherence). Next we describe the parametrization
used to separate these different components of the propagator before getting into
the approximation methods themselves.

4.1 Projection matrix parametrization

An essential part of the local quantum kinetic methods presented in this chapter is
the projection matrix parametrization [I, II, 20, 21]. The fermion two-point function
generally has both a Dirac and a flavor matrix structure. The components of the
propagator have complicated time dependencies because the propagator describes
different physical quantities and properties such as the abundance of the particle
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Chapter 4. Coherent quantum kinetic equations

species or the flavor and particle–antiparticle oscillations. The main purpose of the
projection matrix parametrization is to efficiently separate the time-scales associated
with the evolution of these different features.

The projection matrix parametrization can be motivated by the generic form of
the free dynamical equation

i∂tSk(t) =
[
Hk(t),Sk(t)

]
. (4.1)

Here Hk is the free Dirac Hamiltonian and Sk represents the local value of a generic
fermion two-point function. As we will see later, the relevant equations of motion
will take the form (4.1) in both the two-time representation (the equal-time or local
equation) and the Wigner representation (the k0-integrated equation). We assume
that equation (4.1) is given in the mass eigenbasis, that is, Hk(t) = α · k + γ0m(t)

with α ≡ γ0γ and a diagonal and positive-semidefinite mass matrix m(t).
The projection matrix parametrization for the flavored two-point function in a

spatially homogeneous and isotropic system is then defined by [II]

Skij(t) =
∑

h,s,s′=±

Pss′khij(t)F ss
′

khij(t), (4.2a)

with

Pss′khij ≡ N ss′
khij

≡P ss′khij︷ ︸︸ ︷
PkhP

s
kiγ

0P s′
kj . (4.2b)

Here Pkh and P s
ki are the helicity and energy projection matrices, respectively.

The basis matrices P ss′
khij ≡ PkhP

s
kiγ

0P s′
kj span the subalgebra of Dirac matrices

consistent with homogeneity and isotropy and hence there is no loss of generality by
using this parametrization [II, 20]. The quantities F ss′khij are generic complex-valued
components of the local two-point function which can be viewed as generalized phase
space distribution functions, and N ss′

khij are arbitrary normalization factors. The
aforementioned projection matrices are given by

Pkh =
1

2

(
1 + hĥk

)
, P s

ki =
1

2

(
1 + s

Hki

ωki

)
, (4.3a)

where

ĥk ≡ α · k̂ γ5, Hki ≡ α · k + γ0mi, (4.3b)

are the helicity operator and the diagonal element of the Hamiltonian, respectively.
The helicity and energy indices take the values h, s = ±1, and ωki ≡

√
|k|2 +mi

2

is the free on-shell energy for the flavor state i. More details about the projection
matrices and the parametrization can be found in [II]. However, unlike in [II], in
this chapter we keep the normalization factors N ss′

khij unfixed in all equations.
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4.2 Coherent quasiparticle approximation

The main idea of the parametrization (4.2) is that it separates different oscillation
frequencies described by equation (4.1). Technically this happens because of the
property

P s
kiHki = HkiP

s
ki = sωkiP

s
ki, (4.4)

that is, the Hamiltonian gets projected to the frequencies ωki when it acts on
the energy projection matrices. The parametrization thus separates the fast and
slowly varying parts of the two-point function: each component F ss′khij has a distinct
well-defined oscillation frequency. Finally, we define some notation for different
combinations of the frequencies which are needed later:

ωkij ≡ (ωki + ωkj)/2, (4.5a)
δωkij ≡ (ωki − ωkj)/2, (4.5b)

∆ωss
′

kij ≡ sωki − s′ωkj. (4.5c)

4.2 Coherent quasiparticle approximation

The idea of cQPA, originally developed in [14–22], is to provide tractable QKEs
where quantum coherence is included dynamically with interactions and decoherence.
In practice, cQPA is a two-step method to solve the Wigner representation KB
equations (3.49) in a spectral approximation. First the phase space structure is
determined from the free equations with all gradients neglected. The resulting spectral
(quasiparticle) shell structure contains the usual mass shells for all propagators and
additional coherence shells for the Wightman functions. The second step is to use
this spectral form, including coherence, as an ansatz for solving the full equations.

We consider here cQPA in the spatially homogeneous and isotropic case for
fermions with a time dependent mass matrix. We present the improved way to
derive both the cQPA ansatz and the resummed equations of motion given in [I], and
review the main features of cQPA. We also generalize the treatment in [I] slightly by
including multiple fermion flavors.

4.2.1 Spectral phase space structure

In the first step we derive the constraints for the phase space structure of the
cQPA propagators. We start by dropping the collision terms and all gradients. The
Hermitian part of equation (3.49b), which is also called the constraint equation, then
becomes

2k0S<(k, t) =
{
Hk(t), S

<(k, t)
}
. (4.6)

We assume a flavor-diagonal free Hamiltonian as described below equation (4.1),
resulting in free theory dispersion relations. Generally in cQPA it is also possible
to consider quasiparticle dispersion relations which originate from the interaction
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Chapter 4. Coherent quantum kinetic equations

terms with the dispersive self-energy ΣH, but this is not necessary for the scope of
this work.

Next we use the projection matrix basis (4.2b) to parametrize the Wightman
function in terms of component functions Dss′

hij(k, t) [I]:

S<ij(k, t) ≡
∑
h,s,s′

Pss′khij Dss′
hij(k, t). (4.7)

After using the parametrization (4.7) in equation (4.6) and taking relevant projections
and traces of the resulting equation we get the constraints [with notation (4.5)]

(k0 − sωkij)Dss
hij(k, t) = 0, (4.8a)

(k0 − sδωkij)Ds,−s
hij (k, t) = 0. (4.8b)

These equations admit the distributional solutions

Dss
hij(k, t) = fm,skhij 2πδ(k0 − sωkij), (4.9a)

Ds,−s
hij (k, t) = f c,skhij 2πδ(k0 − sδωkij), (4.9b)

where the unknown quantities

fm,±khij ≡ f±±khij, f c,±khij ≡ f±∓khij (4.10)

are called the mass shell functions and the coherence shell functions, respectively [20,
21]. Substituting the solutions (4.9) back to (4.7) we obtain the flavored spectral
cQPA ansatz of [21] for the Wightman function:

S<ij(k, t) = 2π
∑
h,s

(
Psskhijfm,skhij δ(k

0 − sωkij) + Ps,−skhij f
c,s
khij δ(k

0 − sδωkij)
)
. (4.11)

The ansatz (4.11) contains four different kinds of spectral shells and their
corresponding phase space distribution functions f . These describe the usual mass
shell excitations and different kinds of quantum coherence information as shown
in table 1. Note that with this naming convention the mass shell functions fm,±khij

contain not only the flavor-diagonal particle and antiparticle excitations but also the
off-diagonal flavor coherence which resides on the average energy shells k0 = ±ωkij
(with i 6= j) in the phase space.

The same construction can naturally be done also for the other Wightman
function S>(k, t) and the spectral function SA(k, t), as they obey the same constraint
equation (4.6). However, the spectral function is subject to an additional constraint,
the sum rule (3.50). It fixes the spectral function in cQPA to a completely non-
dynamical quantity with vanishing coherence shell functions [21]. In fact, when using
free dispersion relations in cQPA the full spectral function has the same form as in
free theory [21, 101].
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4.2 Coherent quasiparticle approximation

f i, j Particle type Information Dispersion Osc. freq.

fm,±khij i = j particle/antipart. mass shell excit. k0 = ±ωki ν = 0

fm,±khij i 6= j particle/antipart. flavor coherence k0 = ±ωkij ν = |2δωkij|
f c,±khij i = j particle–antipart. coherence k0 = 0 ν = 2ωki
f c,±khij i 6= j particle–antipart. flavor coherence k0 = ±δωkij ν = 2ωkij

Table 1. Phase space distribution functions fx,±khij (x = m, c) of the projection matrix
parametrization (4.2) and the type of information they describe (mass shell excitations
or quantum coherence [21]). Given are also the dispersion relations of the corresponding
(spectral) shells and the leading oscillation frequencies of the functions.

4.2.2 Dynamical equations

In the second step we derive the dynamical equations for the phase space distri-
bution functions fm and f c. This is done by using the cQPA ansatz (4.11) in the
antihermitian part of equation (3.49b), including all gradients and collision terms,
and integrating over k0. However, in practice there is a complication which we need
to handle first. To see this, let us consider the free theory where the dynamical
equation is

i∂tS
<(k, t) = Ĥk(t)S

<(k, t)− H.c. (4.12)

Here Ĥk(t) ≡ α · k + γ0m(t) e−
i
2
~∂t∂k0 is the free Dirac Hamiltonian where we have

included the exponential gradient operator originating from equation (3.49b) [21].
Now we insert the spectral ansatz (4.11) of the Wightman function into (4.12)

and integrate over k0 (and divide by 2π). Note that the resulting equation has the
form (4.1). Taking again relevant projections and traces of the equation yields the
integrated free dynamical equations

∂tf
m,s
khij = −2isδωkijf

m,s
khij − Lm,skhij[f ], (4.13a)

∂tf
c,s
khij = −2isωkijf

c,s
khij − Lc,skhij[f ]. (4.13b)

Here Lx,skhij[f ] (with x = m, c) contain the terms proportional to the time-derivative
of the projection matrices. Using analogous notation for L as for f in equation (4.10)
(i.e. Lm,± = L±± and Lc,± = L±∓), we can write

Lss′khij[f ] =
∑
r,r′

tr
[
P s′s
khji∂tPrr

′
khij

]
tr
[
Pss′khijγ0

] f rr
′

khij. (4.14)

In the end these terms are directly proportional to ∂tm and f . We can now see from
equations (4.13) that the coherence functions f c, and also fmij for i 6= j, are very
rapidly oscillating and the leading oscillation frequency is given by the first term on
the right-hand side (see also table 1). These terms will give the leading behavior of
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Chapter 4. Coherent quantum kinetic equations

the distribution functions also in the full interacting equations, at least in the case
of weak interactions. However, the main point that we wished to make here is that
the oscillation frequencies are not suppressed by time-gradients.

4.2.3 Reorganized gradient expansion

Now that we understand the leading time-dependence of the cQPA propagator, we
can see that there is a problem in the full interacting equations (3.49b). If we use the
standard Moyal product (3.48) for the interaction terms the gradient expansion will
include time-derivatives which operate on the rapidly oscillating coherence functions.
This results in terms that grow at each order of the expansion. It is then not
guaranteed to get valid approximations for the full equations by truncating the
standard gradient expansion. This problem can be solved by resumming the leading
behavior of the coherence function gradients to all orders, as was done in [20, 21].
The result is that the arguments of the self-energy functions are shifted so that they
are always evaluated at the ordinary flavor-diagonal mass shells k0 = ±ωki.

A more direct way to derive the resummed equations is to rewrite the Moyal
products in equations (3.49) so that the leading coherence gradient resummation is
more transparent. The equations with the reorganized gradient expansion are [I]

/DSp − e−
i
2
∂Σ
x ·∂k
[
Σ̃p

out(D, x)Sp
]

= 1, (4.15a)

/DSs − e−
i
2
∂Σ
x ·∂k
[
Σ̃r

out(D, x)Ss
]

= e−
i
2
∂Σ
x ·∂k
[
Σs

out(D, x)Sa
]
, (4.15b)

where D ≡ k + i
2
∂x and we defined the “out-transform”

Σout(k, x) ≡
∫

d4z eik·(x−z) Σ(x, z) = e
i
2
∂x·∂kΣ(k, x). (4.16)

In equations (4.15) the Moyal products have been reorganized into total k-derivatives
and the exponential spacetime derivatives operate only on Σ. This form is useful
already for the fact that the exponential gradient operator reduces to unity when
integrating over k0. However, the main point is that the self-energy functions have
been generalized (via their Taylor expansions) to derivative operators which operate
on the propagators. This can then be used to see directly how the coherence functions
in Ss shift the arguments of the self-energy functions [I].

Next we illustrate how the gradient resummation shifts the argument of the
self-energy in the multi-flavor case. Consider the k0-integrated equation and a generic
interaction term (in the spatially homogeneous and isotropic case)∫

dk0

2π
e−

i
2
∂Σ
t ·∂k0

[
Σli

(
k0 + i

2
∂t
)
S<ij(k, t)

]
=

∫
dk0

2π
Σli

(
k0 + i

2
∂t
)
S<ij(k, t), (4.17)

where i, j, l are any flavor indices. When using the cQPA ansatz (4.11) here and
performing the k0-integral using the delta functions, the terms with fm and f c can
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be approximated according to

Σli

(
k0 + i

2
∂t
)
fm,skhij δ(k

0 − sωkij) −→ Σli

( = sωki︷ ︸︸ ︷
sωkij + sδωkij

)
fm,skhij, (4.18a)

Σli

(
k0 + i

2
∂t
)
f c,skhij δ(k

0 − sδωkij) −→ Σli

(
sδωkij + sωkij

)
f c,skhij. (4.18b)

Here we used the leading behavior of ∂tfm and ∂tf c from equations (4.13). In both
cases the k0-argument of the self-energy reduces to sωki. This prescription of course
does not take into account the gradients that operate on the projection matrices
and delta functions, but these are suppressed by the mass gradients and are thus
controlled in most situations in a standard expansion. We can now see the main result
of the resummation: in all cases the self-energy functions are effectively evaluated at
the flavor-diagonal mass shell k0 = sωki with the middle flavor index.

4.2.4 Resummed dynamical equations

We can now write the full integrated dynamical equations where the leading coherence-
gradients have been resummed. This is done like described in section 4.2.2 but now
starting from the antihermitian part of the KB equation (4.15b). The result is

∂tf
m,s
khij = −2isδωkijf

m,s
khij − Lm,skhij[f ]− Cm,skhij

[
Σr

out, f
]
− Cm,skhij

[
iΣ<

out, f
(A)
]
, (4.19a)

∂tf
c,s
khij = −2isωkijf

c,s
khij − Lc,skhij[f ]− Cc,skhij

[
Σr

out, f
]
− Cc,skhij

[
iΣ<

out, f
(A)
]
, (4.19b)

where the projection matrix gradient terms Lx,s (with x = m, c) were defined in (4.14).
Using similar notation (Cm,± = C±± and Cc,± = C±∓), the collision term projections
in equations (4.19) are given by18

Css′khij[Σ, f ] =
∑
l,r

(
Csrs′
khilj[Σ] f rs

′
khlj + C?,srs′

khilj [Σ]f srkhil

)
, (4.20a)

with

Csrs′
khilj[Σ] ≡

i tr
[
P s′s
khjiΣil(rωkl)Prs′khlj

]
tr
[
Pss′khijγ0

] , (4.20b)

C?,srs′

khilj [Σ] ≡
−i tr

[
Psrkhil(Σ(rωkl)

†)ljP
s′s
khji

]
tr
[
Pss′khijγ0

] . (4.20c)

In order to be consistent with the used (quasi)particle approximation we also discarded
the term ∝ Σ<SH here [15]. This term is related to the spectral width as discussed
below equation (3.44). Note that equations (4.19) also contain Σr which includes the
dispersive self-energy ΣH. It would be consistent to drop also ΣH here because we
have used the free dispersion relations in the cQPA ansatz. However, as we will see
in the context of the more general LA-method it may still be included as a leading
approximation to the dispersive corrections in these equations.

18Note that the collision term coefficients C and C? used here are independent for arbitrary
normalization N [which enters via equation (4.2b)].
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An essential feature of cQPA is that the non-local degrees of freedom are treated
non-dynamically in the collision terms [I]. This idea is further refined in the LA-
method which we shall present in section 4.3. However, first we describe how to
account for a more general mass matrix in these equations.

Mixing gradient terms

Above we assumed that the mass matrix m(t) is diagonal with non-negative entries.
In the more general case where it is non-diagonal and complex we first have to
transform the equations to the mass eigenbasis before proceeding with the projection
matrix parametrization. Here we only present the main points; details can be found
in [21]. We use the singular value decomposition with unitary matrices U and V
such that

md ≡ UmV † (4.21)

is diagonal with non-negative entries. The subscript d distinguishes the diagonal
basis from the original where necessary. The free Hamiltonian generally has the
form Hk = α · k + γ0(PRm+ PLm

†) in the original basis. Its transform is given by
Hd,k ≡ Y HkY

† = α · k + γ0md with the transformation matrix

Y ≡ PLU + PRV . (4.22)

All equations can be transformed to the mass eigenbasis similarly by using the unitary
matrix Y . Because of the time dependence of m and the matrices U and V this
induces additional mixing gradient terms to the equations which are proportional to
∂tY . In the end the dynamical equations (4.19) are modified to

∂tf
m,s
khij = −2isδωkijf

m,s
khij − Lm,skhij[f ]−Xm,s

khij[f ]− (· · ·), (4.23a)

∂tf
c,s
khij = −2isωkijf

c,s
khij − Lc,skhij[f ]−X c,s

khij[f ]− (· · ·), (4.23b)

where the mixing gradient contribution is given by

X ss′
khij[f ] =

∑
l,r

(
Xsrs′
khilj f

rs′
khlj +X?,srs′

khilj f
sr
khil

)
, (4.24a)

with

Xsrs′
khilj ≡

−i tr
[
P s′s
khji Ξ̇ilPrs

′
khlj

]
tr
[
Pss′khijγ0

] , X?,srs′

khilj ≡
i tr
[
Psrkhil Ξ̇ljP

s′s
khji

]
tr
[
Pss′khijγ0

] . (4.24b)

Here Ξ̇(t) ≡ iY (t)∂tY
†(t) is the mixing gradient matrix which is Hermitian. The

ellipses in equations (4.23) stand for the collision terms which are the same as in (4.19)
except that the self-energy functions have been transformed to the mass eigenbasis
according to Σ→ Y ΣY †.
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4.3 The local approximation method

The local approximation (LA) method which was formulated in [II] is an improved
method for obtaining straightforwardly solvable dynamical QKEs including quantum
coherence. The LA-method provides a closed equation for the local Wightman
function directly in the two-time representation. This is useful when calculating
physical observables from the currents or the energy-momentum tensor because then
knowledge of only the equal-time, or local, correlator S<k (t, t) is needed. The LA-
method also sidesteps the need to specify the phase space shells of the full propagator
as is required in a Wigner representation approach. This makes it more general
than the cQPA, for example. Next we present the derivation and equations of the
LA-method for fermions in a spatially homogeneous and isotropic system.

4.3.1 Dynamics of the local correlator

We start from the pole and KB equations (3.56) which we write explicitly as[
i∂t1 −Hk(t1)

]
Spk(t1, t2)− (Σp

k ∗ Spk)(t1, t2) = δ(t1 − t2), (4.25a)[
i∂t1 −Hk(t1)

]
Ssk(t1, t2)− (Σr

k ∗ Ssk)(t1, t2) = (Σs
k ∗ Sak)(t1, t2). (4.25b)

We again assume the mass eigenbasis with the free Hamiltonian Hk given below
equation (4.1). To find the equation for the local Wightman function we first take
the total derivative of S<k (t, t) and use the chain rule to get

∂tS
<

k (t, t) ≡ d

dt

[
S<k (t, t)

]
=
(
∂t1S

<

k + ∂t2S
<

k

)
(t, t). (4.26)

Equation (4.26) can then be used with the KB equation (4.25b) and its Hermitian
conjugate to obtain the equation for the local function:19

i∂tS
<

k (t, t) =
[
Hk(t), S

<

k (t, t)
]

+ (Σr
k ∗ S<k )(t, t)− (S<k ∗ Σa

k)(t, t)

+ (Σ<

k ∗ Sak)(t, t)− (Srk ∗ Σ<

k )(t, t). (4.27)

The total derivative was required here to eventually produce an ordinary differential
equation for the local correlator as a function of the single time variable t. Note that
equation (4.27) is also consistent with the Hermiticity of S<k (t, t).

Equation (4.27) is the starting point of the LA-method. The equation is still
exact and hence of course not closed: it couples the local function S<k (t, t) to the
non-local function S<k (t, t′) (with t 6= t′) appearing in the interaction convolutions.
The pole functions Sp also appear explicitly in the interaction terms. The LA-method
consists of two steps to overcome these problems: (1) expansion around a suitable
adiabatic background solution and (2) the local ansatz for the interaction terms.

19We assume that the local limit of S<

k (t1, t2) exists and is well-enough-behaved (e.g. continuously
differentiable). However, equation (4.27) may also be sensible with weaker assumptions. For
example, if only one-sided limits t1 → t2 exist, we can define S<

k (t, t) as the symmetrized local limit.
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4.3.2 Adiabatic background solution

The main purpose of the adiabatic background solution is to enable an approximation
of equation (4.27) where the pole functions can be treated non-dynamically. The
basis for this approximation is the assumption that the self-energy Σ is dominated
by some known part Σad which can be calculated non-dynamically. The adiabatic
background solution Sad for the two-point functions is then defined by a suitable
approximation of the full equations where the full Σ is replaced by Σad.

For given adiabatic two-point functions Sad and self-energies Σad we extract the
dynamical parts (or deviations) δS and δΣ from the full functions by defining

Sα ≡ Sαad + δSα, (4.28a)
Σα ≡ Σα

ad + δΣα. (4.28b)

We then substitute (4.28a) into equation (4.27) to derive the equation for δS<k (t, t):

i∂tδS
<

k (t, t) =
[
Hk(t), δS

<

k (t, t)
]

+
[
(Σr

k ∗ δS<k )(t, t) + A<

k (t)− H.c.
]
, (4.29)

with

A<

k (t) ≡ Hk(t)S
<

ad,k(t, t) +
(
Σr

ad,k ∗ S<ad,k + Σ<

ad,k ∗ Saad,k

)
(t, t)

+
(
δΣr

k ∗ S<ad,k + δΣ<

k ∗ Saad,k + Σ<

k ∗ δSak
)
(t, t)

− i
2
∂tS

<

ad,k(t, t). (4.30)

Equation (4.29) is still just a reorganization of the exact equation (4.27) where A<

k (t)

contains the terms which do not depend explicitly on δS<. The idea is that the
adiabatic solutions are defined so that the dynamical terms proportional to δSp [the
last term on the second line of (4.30) minus its Hermitian conjugate] will be small
corrections compared to the leading terms with the non-dynamical Sαad.

There is a lot of freedom in the definition of the adiabatic functions [II], but a
reasonable minimum requirement is that they satisfy the same generic properties
and relations as the full functions. These include for example the Hermiticity
properties (3.31) and the sum rule (3.58). An obvious choice with these properties
is the translationally invariant solution (3.52). However, because we allow for a
changing background, that is, the time-dependent mass m(t), it is better to define
the adiabatic functions as instantaneous generalizations of the solutions (3.52):

Spad(k, t) ≡
[
/k −m(t)− Σp

ad(k, t)
]−1, (4.31a)

Ssad(k, t) ≡ Srad(k, t)Σs
ad(k, t)Saad(k, t). (4.31b)

Note that the definitions (4.31) are given in the Wigner representation so they must
be transformed to the two-time representation when using them in equation (4.29),
for example.
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4.3 The local approximation method

Expansion of the source term

Now with the adiabatic functions defined we can find the leading approximation
for the “source term” A<

k (t) in (4.29). However, this still depends significantly on
the physical situation at hand so we need to make some further assumptions. For
example, the full self-energy quite generally depends on δS< itself so strictly speaking
A<

k (t) is even not only a source term. Here we make the following assumptions which
are sufficient in this work:

1. Sαad are given by equations (4.31).

2. Σs
ad contains a part satisfying the KMS condition.

3. Linearity: Σ does not depend on S itself at first order.

Assumption 1 implies that the adiabatic pole propagators satisfy the sum rule. A
direct consequence is that the local part of the dynamical pole propagator vanishes,
δSpk(t, t) = 0. This together with dissipation has the effect that the convolution
integral Σ<

k ∗ δSak in (4.30) is suppressed near both the upper and lower limits. Fur-
thermore, examination of the full equation of motion in the Wigner representation
shows that δSp is also quite generally suppressed by either time gradients, coupling
constants or δΣp.20 When assuming weak interactions, it should then be a reasonable
approximation to discard δSp altogether. This makes the pole propagators entirely
non-dynamical. Another consequence of assumption 1 is that the first line of equa-
tion (4.30) vanishes to zeroth order in gradients. The leading non-vanishing terms
are also first order in both gradients and the interactions strength.

Assumptions 2 and 3 are related to the remaining terms in equation (4.30).
Assumption 2 implies that Ssad(k, t) contains the (instantaneous) thermal equilibrium
part, making it O(1) instead of first order in the interaction strength as might be
naively expected from (4.31b) [II]. Assumption 3 is made so that equation (4.29)
remains linear in δS< (in the leading approximation) and δΣ can be more safely
dropped from the equation. Together assumptions 1–3 imply that we can make the
leading order approximation

A<

k (t) ' − i
2
∂tS

<

ad,k(t, t) (4.32)

in the interaction strength. In this approximation A<

k (t) then acts as a source term to
δS<k (t, t) in equation (4.29). The next-to-leading correction terms to equation (4.32)
are proportional to (schematically) Σ ∂tSad, ∂tΣSad or δΣSad.

It should be borne in mind that the choice of the adiabatic background solu-
tions (4.31) and the above assumptions 1–3 leading to the result (4.32) are specific to

20The Wightman functions δSsk(t, t) are not similarly suppressed because they are not restricted
by the sum rule and they may also contain large initial transients.
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Chapter 4. Coherent quantum kinetic equations

the situation of a varying background (the mass) and a weak coupling to a thermal
bath. For other situations this step may not be as simple and must be done more
carefully. We also remark that the (non-local) pole propagator deviations δSp cannot
be solved perturbatively in the same way as the Wightman deviations δSs [II]. Hence
the only practical possibility is to set δSp ≡ 0 in this approach. The background
solution must then be calculated accurately enough for the considered application; its
level of approximation essentially defines the approximation scheme [133].21 However,
in the situation considered in this work the results are not very sensitive to the
approximation of the background solution and the error incurred to the dispersion
and width of the propagators is small even with only a tree level approximation [II].

4.3.3 The local ansatz

The core of the LA-method is the technique used to localize the dynamical interaction
convolutions. The problem is that the evolution of the local perturbation δS<k (t, t)

in equation (4.29) generally depends on the values of δS<k (t1, t2) everywhere in the
(t1, t2)-plane. However, when the system has dissipation this non-local dependence
is suppressed [I] and the dominant contribution to the convolution integrals should
come from the vicinity of the external local time t of equation (4.29). This is the
basis for the local description of the non-equilibrium dynamics.

The idea is to use the structure of the homogeneous transient solution (3.67) to
formulate the local approximation of the interaction convolutions. Suppose first that
we had found the correct local value δS<k (t, t) for some time t > tin. Because most of
the inhomogeneous solution (3.66b) is contained in the adiabatic solution (4.31b), it
should then be reasonable to estimate the non-local values δS<k (t1, t2) by a transient
solution similar to (3.67) where the initial time tin is replaced by t (especially for
t1, t2 close to t). Of course, we do not actually know the exact local values but we
use this reasoning to parametrize the non-local values with the local ones [II]:

δSsk(t1, t2) = 2SAk (t1, t)δS
s
k(t, t)2S

A
k (t, t2), for any t > tin. (4.33)

We emphasize that this local ansatz is only to be used as a parametrization in the
interaction convolutions. In particular, it must not be used to solve the entire time-
evolution non-dynamically from the initial value. This would lead to contradictions
with the local equation of motion, and it would for example exclude the use of
thermal initial conditions (where δSsk = 0 initially). In the interaction convolutions
the ansatz (4.33) is effectively used with t1, t2 near the external time argument t.

21Also, the background self-energy Σad may even include corrections from δS< itself. For example,
it can include a part of δΣ< which can be arranged so that it cancels the term Σ<

k ∗ δSak in
the equation (to lowest order in gradients) [133]. However, the adiabatic functions then become
dynamical and have to be solved in an iterative way.
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4.3 The local approximation method

The dynamical interaction convolutions remaining in equation (4.29) can now
be localized by using the ansatz (4.33). We replace the convolutions involving δS<k
according to

(Σr
k ∗ δS<k )(t, t) −→ Σr

eff,k(t, t)δS
<

k (t, t), (4.34a)
(δS<k ∗ Σa

k)(t, t) −→ δS<k (t, t)Σa
eff,k(t, t), (4.34b)

where we defined the effective self-energies

Σr
eff,k(t1, t2) ≡ (Σr

k ∗ 2SAk )(t1, t2), (4.35a)
Σa

eff,k(t1, t2) ≡ (2SAk ∗ Σa
k)(t1, t2). (4.35b)

Note that Σr
eff,k(t1, t2)

† = Σa
eff,k(t2, t1), so that the Hermiticity properties of equa-

tion (4.29) are preserved. The replacements (4.34) reduce the dynamical convolutions
to simple matrix products of the local function δS<k (t, t) with the effective self-energy.
The convolutions in the effective self-energy now involve the spectral function which
is taken to be non-dynamical, SA = SAad, as explained in section 4.3.2.

4.3.4 Closed local equation

We now use the local ansatz (4.33) as described in section 4.3.3 together with
equations (4.29), (4.32) and (4.35) to write the first order local equation of motion
for the local Wightman function δS<k (t, t). We suppress the time arguments here for
brevity as all quantities in the equation are now functions of the single time variable
t. The equation, first presented in [II], takes a very simple form:

∂tδS
<

k = −i
[
Hk, δS

<

k

]
−
(
iΣr

eff,k δS
<

k + H.c.
)
− ∂tS<ad,k. (4.36)

Equation (4.36) is our main quantum transport equation for the fermion propagator.
The equation is an ordinary matrix differential equation for δS<k (t, t). It is a closed
local equation due to the local ansatz which manifests as the effective self-energy
functions Σeff . Despite its simple appearance and the used first order approximation
the equation is still very general [II]. The form of the local function δS<k (t, t) has
not been restricted in any way so the equation can describe both flavor and particle–
antiparticle coherence of mixing fermions. Equation (4.36) contains the effects of
the thermal medium, including thermal width and dispersive corrections in the weak
coupling expansion, via the adiabatic propagators in the effective self-energy and
the source term. It also covers as special limits both the cQPA-method and the
semiclassical Boltzmann equations [II]. We have summarized in table 2 the main
points which were used to obtain the final closed local equation (4.36).
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# Step Effect

1. Expand the full solution around a
non-dynamical background solution.

Decoupling of the pole equations
from the local dynamical equation.

2. Model the non-local part of the
propagator as a homogeneous
transient.

Closure of the interaction terms in
the local dynamical equation.

Table 2. The steps used in the local approximation (LA) method to obtain a closed
dynamical equation for the local propagator (in dissipative systems). The key point of the
method is the local ansatz (4.33) used in step 2.

4.3.5 Generalized density matrix equations

In the LA-method the local equation (4.36) was formulated directly in the two-time
presentation at the propagator level and the projection matrix parametrization was
not needed (yet). This is in contrast to the cQPA where the projection matrix
parametrization is used already in finding the ansatz (4.11) for the propagator.
However, in the LA-method the projection matrix parametrization is equally essential
when actually solving the equation as it separates the quickly and slowly varying
components of the propagator. We adopt also here the terminology of mass and
coherence shell functions used in cQPA, although in the more general LA-method
these functions are not necessarily restricted to spectral phase space shells.

To derive the component equations we use the projection matrix parametriza-
tion (4.2) for the two-time representation propagator δS<k in the form

δS<kij(t, t) =
∑

h,s,s′=±

Pss′khij(t) δf ss
′

khij(t). (4.37)

Here δf ss′khij are the phase space distribution functions of the non-equilibrium deviation
δS<k (t, t). The mass and coherence shell functions are defined similarly to (4.10):

δfm,±khij ≡ δf±±khij, δf c,±khij ≡ δf±∓khij. (4.38)

The corresponding functions fad for the adiabatic function S<ad,k(t, t) are defined
analogously [II]. Using the parametrization (4.37) in the local equation (4.36) yields
the equation

∂tδf
ss′
khij = −i∆ωss

′
kijδf

ss′
khij − Lss

′
khij[f ]− C̃ss′khij

[
Σr, δf

]
− ∂tf ss

′
ad,khij, (4.39)

where

C̃ss′khij[Σ, f ] =
∑
l,r

(
C̃srs′
khilj[Σ] f rs

′
khlj + C̃?,srs′

khilj [Σ]f srkhil

)
, (4.40a)
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with

C̃srs′
khilj[Σ] ≡

i tr
[
P s′s
khjiΣeff,kil(t, t)Prs′khlj

]
tr
[
Pss′khijγ0

] , (4.40b)

C̃?,srs′

khilj [Σ] ≡
−i tr

[
Psrkhil(Σeff,k(t, t)

†)ljP
s′s
khji

]
tr
[
Pss′khijγ0

] . (4.40c)

Note that in equation (4.39) f ≡ fad + δf , and the projection gradient terms
Lss′khij[f ] are the same as those already defined in (4.14). Also, the collision term
functions (4.40) have the same structure as those defined in (4.20) but here they
feature the effective self-energy. We also used here the notation (4.5c) for the leading
term in (4.39) and wrote only a single equation which describes both δfm and δf c.

Equation (4.39) is our master equation for the non-equilibrium distribution
functions δf ss′khij, and it has the form of a generalized density matrix equation. This
equation was presented in [II] with the specific choice of the “symmetric” normaliza-
tion (

N ss′
khij

)
symm

≡ tr
(
P ss′
khijγ

0
)− 1

2 =

√
2ωkiωkj

ωkiωkj + ss′(mimj − |k|2)
(4.41)

which further simplifies the equation in several ways.22 Here we have retained the
more general form of equation (4.39) with an arbitrary normalization factor. In [II]
we have also provided a simplified version of the equation where the rapidly oscillating
coherence functions δf c have been integrated out. This is possible when the mass
shell flavor oscillations are slower than the particle–antiparticle oscillations and it
greatly facilitates the practical numerical solution of these equations.

Comparison and reduction to cQPA

Equation (4.39) is very similar to the corresponding cQPA equations (4.19) but there
are some major differences. The main ones are that equation (4.39) is formulated for
the deviations δf instead of the total functions f and the collision term projections
involve the effective self-energy Σeff instead of just Σ. In fact, in the LA-method the
deviations δf are defined by the adiabatic functions fad which are provided externally
to the equation. The evaluation of the effective self-energies (4.35) also depends on
the supplied adiabatic spectral function. This means that the specification of the
adiabatic functions controls the type of approximation used in the equation. This is
in contrast to cQPA where the spectral limit is assumed from the outset.

Another advantage of the LA-method compared to the cQPA is that the leading
coherence gradient resummation (considered in section 4.2.3) is built in to the effective
self-energy. This is because the dispersion relation used for evaluating the self-energy
is imposed by the adiabatic spectral function via the convolution integral (4.35).

22One is that when the normalization factors satisfy the condition (Nss′
khij)

∗ = Ns′s
khji then the

collision term coefficients C̃ and C̃? become related as C̃?,srs
′

khilj [Σ] = (C̃s
′rs

khjli[Σ])∗.
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Chapter 4. Coherent quantum kinetic equations

Because the spectral function is non-dynamical and contains only “mass shells” the
self-energy is then automatically evaluated with the correct dispersion.

It has been shown that the local ansatz (4.33) can be reduced to the cQPA
ansatz (4.11) in a spectral approximation [II]. Equations (4.39) can be also directly
reduced to the cQPA equations (4.19) by making the spectral approximation for the
adiabatic propagators. This is done by dropping ΣA in equation (4.31a) and using the
free dispersion relations (or the quasiparticle relations if appropriate). For example,
when using the free spectral function the collision term functions (4.40) are reduced
to (4.20) at leading order in gradients [II]. In other words, the effective self-energy
is then reduced to a regular self-energy projection [II]. There are some technical
differences between the LA-equations and the cQPA-equations even after this but the
difference of the equations should then be first order in both gradients and coupling
expansion. Also, to get equations (4.39) explicitly into the form (4.19) one must still
eliminate δf by using f = fad + δf and reinstate some terms proportional to the
adiabatic functions which were estimated to be small [the terms corresponding to
the first and second lines of (4.30)].
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In this chapter we apply the methods we have developed in chapter 4 to baryogenesis
in the early universe setting. The cQPA is applied to a toy-model of electroweak
baryogenesis as an example of features of coherent QKEs [I]. The LA-method is
applied to resonant leptogenesis where we make a detailed analysis of the generation
and evolution of the CP-asymmetry in the minimal leptogenesis model [II].

5.1 Electroweak baryogenesis

As an example on how to use cQPA we now consider a simple toy-model with one
fermion flavor and a time-dependent complex mass. This setup, considered in [I], is a
time-dependent analogue of the expanding bubble wall during a first order electroweak
phase transition in EWBG. The main focus here is not on phenomenology but on the
interplay between CP-violation and quantum coherence, and how coherence emerges
and affects the results. We also confirm the shell structure predicted by cQPA in an
analysis with exact solutions in a specific free case [I].

In EWBG the most prominent fermionic CP-violating source, contributing to
the chiral asymmetry, is the axial vector current

jµ5(x) ≡
〈
ψ(x)γµγ5ψ(x)

〉
. (5.1)

It couples directly to the electroweak vacuum structure through the axial anomaly and
can thus bias the sphaleron transitions which produce the baryon asymmetry [139].
Here we concentrate on the axial charge density j05 which is the zeroth component
of the current (5.1). It is also more generally related to particle asymmetries. Using
the definitions (3.25) we can write it in terms of the fermion CTP propagator as

j05(x) = tr
[
γ5S<(x, x)

]
, (5.2)

where we used the barred propagator notation introduced below equations (3.31).
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5.1.1 Single flavor cQPA with CP-violating mass

We consider a spatially homogeneous and isotropic system and a single Dirac fermion
ψ with a complex time-dependent mass parameter mc(t). The free part of the
Lagrangian reads

L = iψ/∂ψ −mcψLψR −m∗cψRψL. (5.3)

The complex mass here is an effective description which can arise from complex
scalar field vacuum expectation values, see for example [140]. This system will be
CP-violating if the complex phase of the mass changes in time. Generally, time-
dependence of the mass can be a result of the expansion of the universe, like considered
in section 2.2, or it may arise from the changing Higgs vacuum expectation value in
phase transitions in the early universe.

Equations in the mass eigenbasis

The cQPA equations for this system are the single flavor special case of the more
general equations (4.19). The effect of the complex mass can be taken into account
via the mixing gradient terms given in equations (4.23) and (4.24). We perform the
transformations described in equations (4.21)–(4.24) using

mc = m eiθ, (5.4a)

Y = e−i θ
2PL + ei θ

2PR = ei θ
2
γ5

, (5.4b)

Ξ = 1
2
θ̇γ5, (5.4c)

where m ≡ |mc|, θ ≡ Arg(mc) and θ̇ ≡ ∂tθ. We also choose here the “symmetric”
normalization (4.41) for the projection matrix parametrization (4.7):

N ss′
kh ≡ tr

(
P ss′
kh γ

0
)− 1

2 , N ss
kh =

ωk
m

, N s,−s
kh =

ωk
|k| . (5.5)

The resulting single-flavor cQPA equations can then be cast into the form

∂tf
m,s
kh =

∑
r

Φr
khf

c,r
kh − tr

[
CcollPm,skh

]
, (5.6a)

∂tf
c,s
khij = −2is

[
ωk + |k|

m
Im(Φ−kh)

]
f c,skh − Φ−skh

∑
r

fm,rkh − tr
[
CcollPc,−skh

]
, (5.6b)

Ccoll =
∑
h,s

([
fm,skh ΣA(sωk)−

s

2
Σ<(sωk)

]
Pm,skh + f c,skhΣA(sωk)Pc,skh

)
+ H.c. (5.6c)

We defined here

Φs
kh ≡

1

2

( |k|ṁ
ω2
k

+ ish
mθ̇

ωk

)
, (5.7)

which contains the contributions from both projection gradient and mixing gradient
terms: Lss′kh ∝ ṁ and X ss′

kh ∝ θ̇. Note that we have suppressed the flavor indices in
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5.1 Electroweak baryogenesis

these equations because there is only one flavor. We also discarded the external
gradient corrections of the self-energy by replacing Σout with Σ and we dropped the
dispersive self-energy ΣH from the equations for simplicity.

Equations (5.6) are equivalent to the single flavor cQPA equations given in [I],
however here we used the mass eigenbasis in the projection matrix parametrization.
The exact form of the equations is then different because in [I] the projection
matrix parametrization was defined using the complex mass parameter directly.
Equations (5.6) are also similar to the single flavor equations given in [21] but
they too differ because of the different normalization (5.5). We chose here this
different approach to be consistent with the multi-flavor case presented in section 4.2.
In the multi-flavor case the diagonalization approach is mandatory if the original
mass matrix is not real and diagonal. The symmetric normalization also makes the
equations simpler. The resulting equations are also physically more transparent: one
can see directly from the form of the equations (5.6) that a changing phase (θ̇ 6= 0)
is a source for helicity asymmetry of the distribution functions fm,c. The helicity
asymmetry in turn leads to CP-violation, as we will see below.

Connection to the complex mass basis. To bridge the gap to [I] we now give
the relationship between the phase space distribution functions fm and f c used
in (5.6) and the corresponding functions used in [I] which we denote here by f̂m

and f̂ c. Since in both cases the Wightman function in the original complex mass
basis (5.3) is the same, we have S< = Y Ŝ<Y † where S< and Ŝ< denote the integrated
Wightman functions in the different bases. Using the different projection matrix
parametrizations on each side of the equation then yields

m

ωk
N ss
kh f

m,s
kh = sf̂m,skh , (5.8a)

|k|
ωk
N s,−s
kh f c,skh =

1

m

( |k|
ωk
mR + ishmI

)
f̂ c,skh . (5.8b)

The normalization N ss′
kh of the mass eigenbasis side is still general here. Choosing (5.5)

reduces the coefficients of fm and f c on the left-hand side to unity. We also defined
here

mc ≡ mR + imI, (mR,mI ∈ R) (5.9)

and used e−iθ = (mR − imI)/m with the notation of equation (5.4a). We now also
have the identities

ṁ =
mRṁR +mIṁI

m
, mθ̇ =

mRṁI −mIṁR

m
=
m2

R

m
∂t

(mI

mR

)
. (5.10)

Using equations (5.4), (5.5) and (5.8)–(5.10) it can be verified after a lengthy but
entirely straightforward calculation that equations (5.6) and (5.7) exactly reproduce
the cQPA equations given in [I].
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5.1.2 The mass profile

So far we have considered a general complex mass mc(t). We now choose the following
tanh-profile which was used in [I]:

mc(t) = m1 +m2 tanh

(
− t

τw

)
. (5.11)

This is a time-dependent analogue of the simplified tanh-profile [141, 142] for the
bubble wall shape in a first order EWPT. For this reason we refer to the parameter
τw, which describes the duration of the transition, simply as the wall width. The
specific profile (5.11) was chosen because in the free theory exact analytic solutions
for the fermion mode functions are then available [139]. It also serves as a toy-model
for EWBG as it features CP-violation when m1 and m2 are complex.

The physical CP-violation arises from the relative complex phase of the parame-
ters m1 and m2 in equation (5.11). To simplify the equations we assume that a global
U(1) transformation of the chiral fermion fields has been performed which makes m2

real [139]. Hence, we can assume with no loss of generality that m1 = m1R +im1I and
m2 = m2R with constant real parameters m1R,m1I,m2R. Using the definition (5.9),
this implies that

mR(t) = m1R +m2R tanh

(
− t

τw

)
, (5.12a)

mI(t) = m1I. (5.12b)

The identities (5.10) are now also simplified as the terms with ṁI are dropped.

5.1.3 Axial charge density with interactions

Now we show an example calculation of the axial charge density evolution using
cQPA with decohering interactions. The numerical results were calculated in [I]. The
spatial Fourier transform of the axial charge density (5.2), calculated with the cQPA
propagator, turns out to be23

j05
k =

∑
h,s

h

ωk

(
|k|fm,skh −mf c,skh

)
. (5.13)

We can now see that this density is non-vanishing (and there is CP-violation) only if
there is a helicity asymmetry in fm(c)

kh . Furthermore, from the form of equations (5.6)
we saw that there will generically be helicity asymmetry, even in the free theory, as
long as θ̇ 6= 0. These features are not as transparent in the complex mass basis as
presented in [I]. However, physical results for the current are of course the same in
both conventions.

23The chiral transformation Y is not a symmetry of the Lagrangian so the current here is
calculated in the original basis using j05k = tr[γ5Y †S<

k(t, t)Y ]. Equation (5.13) also has a corrected
sign compared to [I], which affects the figures but has no effect on the main results.
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Figure 2. Time-evolution of the number density n+
+ of positive helicity particles (top) and

the axial charge density j05 (bottom) from interacting single-flavor cQPA with vacuum
and thermal initial conditions. Mass profile (5.12) with parameters m1R = 0.1, m2R = 1,
mI = 0.1 and τw = 5 was used. The green dashed line shows the result with only the
mass-shell contribution throughout the evolution. Adapted from article [I] (CC BY 4.0),
with corrected sign for j5.

In figure 2 we show the results for the evolution of the total particle number
density n+

+ ≡
∫

d3k/(2π)3n+
k+ for particles (s = +1) of positive helicity and the total

axial charge density j05 =
∫

d3k/(2π)3j05
k calculated from (5.13). Here we defined the

phase space number densities as n+
kh ≡ fm,+kh and n−kh ≡ 1 + fm,−kh and the distribution

functions fm,skh obey the cQPA equations (5.6). As a simple example to demonstrate
CP-violation and decoherence we used in the figure a chiral interaction with the
following toy-model thermal equilibrium self-energy:

ΣAeq(k) = a(k0, |k|) /kPLγ
0,

Σ<

eq(k) = 2ΣAeq(k)fFD(k0),

(
with

a(±k0, |k|) = ±a(k0, |k|),
a(ωk, |k|) = 0.03.

)
(5.14)

In the left panels of figure 2 we used the vacuum initial conditions nskh = 0 = f c,skh .
The number density first begins to smoothly thermalize due to the interactions. In
the transition region (centered around t = 0) it then starts oscillating rapidly due
to the coherence that develops from the changing mass. The coherent oscillations
also generate helicity asymmetry because of the CP-violating phase θ, and this leads
to the generation of the axial charge. The chiral interaction is also responsible for
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Chapter 5. Applications of coherent QKEs

generating helicity asymmetry. This can be seen from the green dashed line where
the f c-functions have been artificially turned off. In this case the only source for
helicity asymmetry is in the collision term. The decohering collisions also cause the
rapid damping of the oscillations after the transition region. However, even without
collisions the oscillations in these k-integrated quantities would be damped (although
not as strongly) because of the phase differences between different k-modes [I].
In the right panels we show the same calculations with thermal initial conditions
nskh = fFD(ωk), f c,skh = 0. The results are similar but now the particle number stays
initially at the thermal value. The final thermalized particle number is slightly higher
than initially because the equilibrium distribution changes across the mass transition.
We used units where T = 1 in all plots here.

5.1.4 Exact solution of the Dirac equation

We now turn to the analysis of the free theory. One of the main results of [I] is the
independent demonstration of the shell structure, in particular the coherence shell
at k0 = 0, for the exact Wightman function without using cQPA. This is based
on the exact mode function solutions of the free Dirac equation where the mass is
a non-trivial function of time [139]. Specifically, we use the mass profile given by
equation (5.11). We summarize here the most relevant steps and present the results.
More details can be found in [I].

Mode function equations

We start with the canonical quantization of the fermion field operator ψ̂. In a spatially
homogeneous and isotropic system the field operator can be expanded using the
mode functions and ladder operators as

ψ̂(t,x) =
∑
h

∫
d3k

(2π)32ω−

[
âkhUkh(t) eik·x + b̂†khVkh(t) e−ik·x

]
. (5.15)

Here 2ω− is a normalization factor and we denote ω± ≡ ωk(t→ ±∞). We impose
the standard canonical anticommutation relations for the field. We use the chiral
representation of gamma matrices and decompose the particle and antiparticle spinors
Ukh and Vkh as24

Ukh(t) =

[
ηkh(t)

ζkh(t)

]
⊗ ξkh, Vkh(t) =

[
ηkh(t)

ζkh(t)

]
⊗ ξkh. (5.16)

Here ⊗ is the Kronecker product and ξkh are the helicity eigenfunctions (h = ±1)
which satisfy (σ · k̂)ξkh = hξkh, where further σ ≡ (σ1, σ2, σ3) and σi are the

24We use the chiral representation defined e.g. in [112] where γ5 = diag(−12,12).
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standard 2× 2 Pauli matrices [112]. From the Dirac equation corresponding to the
Lagrangian (5.3) it follows that the complex mode functions ηkh and ζkh satisfy

i∂tηkh + h|k|ηkh = mc(t)ζkh, (5.17a)
i∂tζkh − h|k|ζkh = m∗c(t)ηkh. (5.17b)

The complex mass mc(t) is still general in these equations. The antiparticle mode
functions ηkh and ζkh satisfy equations analogous to (5.17) with the replacements
h→ −h and mc → −m∗c.

It turns out that for the mass profile (5.12) the equations (5.17) can be trans-
formed to the hypergeometric differential equation [139]. The solutions can then be
written in terms of Gauss’s hypergeometric functions 2F 1. There are two linearly
independent solutions and for the numerical results we choose the one which corre-
sponds to positive frequency particles (in vacuum) in the initial state [I]. The initial
values for the particle mode functions are then fixed to

ηkh =
√
ωk − h|k| e−itωk , ζkh =

√
ωk + h|k| e−iθ e−itωk , (5.18)

where all time-dependent quantities are evaluated at t→ −∞.

Wightman functions from mode functions

We can now construct the exact Wightman functions S<,>, defined in equations (3.25),
for this system from the vacuum expectation values of field operators by using (5.15).
The different Wightman functions contain equivalent statistical information so either
one suffices for the analysis here. We choose S> as it is constructed from the particle
mode functions ηkh and ζkh. By using the properties of the ladder operators and the
decomposition (5.16) of the spinors we can express the Wightman function S> in the
two-time representation (3.54) as

S>k (t1, t2) =
∑
h

Mkh(t1, t2)⊗ P (2)

kh , (5.19)

where

Mkh(t1, t2) ≡ 1

2ω−

[
ηkh(t1)η∗kh(t2) ηkh(t1)ζ∗kh(t2)

ζkh(t1)η∗kh(t2) ζkh(t1)ζ∗kh(t2)

]
. (5.20)

The two-dimensional helicity projection matrix is defined by P (2)

kh ≡ 1
2
(1 + hσ · k̂).

Now that we have equations (5.19) and (5.20) we can also easily calculate
quantum currents from the mode functions. For example the axial charge density
j05
k which we considered before is given by

j05
k (t) =

1

2ω−

∑
h

(
|ηkh(t)|2 − |ζkh(t)|2

)
. (5.21)

To get this result we used the sum rule (3.58) in the form (S>k + S<k )(t, t) = 1 to
write the current in terms of S>: j05

k = tr[γ5S<k (t, t)] = − tr[γ5S>k (t, t)].
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Figure 3. Phase space structure of the exact free Wightman function S>. Shown is∣∣W (11)
kh,Γ

∣∣ as a function of (k0, t) for h = +1. The three pairs of plots have |k| = 0.4, 0.7, 0.4

and Γk = 0.4, 0.1, 0.02 from top to bottom, respectively. We used the mass profile (5.12)
with m1R = 0.5, m2R = 2, mI = −0.005, τw = 5. From article [I] (CC BY 4.0).

Phase space structure

To study the phase space structure of the Wightman function we need to calculate the
Wigner transform S>(k, t) of (5.19) by using equations (3.46) and (3.55). However,
with free particle mode functions the Wightman function (5.19) contains correlations
over arbitrarily large time intervals. This is a physical result, but it also makes the
Wigner transform divergent here. In a realistic system there would be interactions
which would suppress the faraway correlations. We take this into account heuristically
by adding a parametric damping rate Γkh and use the Wigner transform [I]

S>Γ(k, t) ≡
∑
h

Wkh,Γ(k0, t)⊗ P (2)

kh , (5.22a)

Wkh,Γ(k0, t) ≡
∫ ∞
−∞

dr0 eik0r0−Γkh|r0|Mkh

(
t+ r0

2
, t− r0

2

)
. (5.22b)
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The form of the damping factor e−Γkh|r0| in equation (5.22b) is not arbitrary: it
would result from a leading order calculation when taking the shifted poles of the
interacting function into account [I]. Setting here Γkh = 0 recovers the usual Wigner
transform of (5.19).

In figure 3 we show the numerical results of the calculation of the absolute value
of the (1, 1)-component of Wkh,Γ [i.e. the component ∝ η η∗ in (5.20)]. The other
chiral components are qualitatively similar. The mode functions were calculated using
the hypergeometric functions with the initial conditions (5.18) and these solutions
were then used in equations (5.20) and (5.22b). The plots illustrate the phase space
structure for varying momentum |k| and damping Γkh. The results verify the shell
structure predicted by cQPA, albeit the shells are smeared for larger Γ, as expected.
The initial state particle is described by only the mass shell and the mass transition
then develops coherence and creates particles and antiparticles at their respective
shells (see table 1). The results also show the emergence of additional structures in
the transition area and two new long-range shells in the limit of small Γ. These new
structures are suppressed for larger Γ and the shell picture of cQPA remains valid
even for moderately large values of Γ, however. A more thorough analysis of the
additional shells and other features of these results is presented in [I].

Connection to cQPA

We now present a direct connection between the exact mode functions and cQPA in
the free theory, which was not explicitly given in [I]. This can be done similarly to
how we calculated the axial charge density (5.21) from the mode functions. The mode
functions and the cQPA distribution functions can be related via the equal-time
Wightman function. The connecting relation is∑

h

Mkh(t, t)⊗ P (2)

kh = 1−
∑
h,s

Y †
(
fm,skh Pm,skh + f c,skhPc,skh

)
Y , (5.23)

where we also took into account the chiral transformation Y = ei θ
2
γ5 . Writing here the

four-dimensional projection matrices (4.2b) in the chiral representation and taking
projections and traces of the equation eventually yields the explicit relations

fm,skh = s− 1

2

[(
s− h|k|

ωk

)
M

(11)
kh +

(
s+ h|k|

ωk

)
M

(22)
kh + m∗c

ωk
M

(12)
kh + mc

ωk
M

(21)
kh

]
, (5.24a)

f c,skh = −h
2

[
m
ωk

(
M

(11)
kh −M

(22)
kh

)
− m∗c

m

(
s− h|k|

ωk

)
M

(12)
kh + mc

m

(
s+ h|k|

ωk

)
M

(21)
kh

]
. (5.24b)

Here M (ij)
kh denotes the (i, j)-component of the mode function matrix Mkh(t, t).

Equations (5.24) can also be inverted, for a given helicity h, to give the four different
components M (ij)

kh in terms of fm,+kh , fm,−kh and f c,+kh , f
c,−
kh .
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We have thus established that the cQPA phase space distribution functions
fm,skh , f

c,s
kh are in a one-to-one correspondence to the components of the equal-time

mode function matrix Mkh(t, t). We can go even further and actually derive the
free cQPA equations of motion from the mode function equations. We just need to
differentiate both sides of equations (5.24), use the mode function equations (5.17)
with (5.20) and finally use the inverted form of equations (5.24) to eliminate the
mode functions in the end. These steps reproduce exactly the single-flavor cQPA
equations (5.6) without the collision term. Of course, this connection is ultimately
not very surprising because the free cQPA and the mode functions are both based
on the same Dirac equation. Nevertheless, it works as a consistency check and it is
another verification for cQPA.

5.1.5 Comparison to the semiclassical approximation

Lastly, we compare the cQPA to the semiclassical method by calculating the axial
charge density j05

k numerically with both methods in the free theory. As we showed
above, cQPA is exact in the free theory when calculating local quantities such as the
currents. The results thus show how well the semiclassical method works outside its
expected validity region |k|τw � 1.

We consider here the method of semiclassical force (see [133] for a recent outline
and more references) which is based on a gradient approximation of the KB equations.
It was first formulated in the planar case in [47, 143–146] and later adapted to the
time-dependent case in [139]. The general result for the axial charge density in this
method is [I, 139]

j05
k =

∑
h

ω−f
−
3kh

ω3kh

, ω3kh ≡ ωk + h
m2θ̇

2|k|ωk
, (5.25)

where ω3kh is the shifted energy and f−3kh ≡ limt→−∞ tr[γ5PkhS
<

k (t, t)] denotes the
initial value of the helicity-projected axial charge density. The value which corresponds
to the vacuum initial conditions used in figure 2, and equation (5.18), is

f−3kh = −h|k|
ω−

. (5.26)

The validity of the result (5.25) requires that |m2θ̇/(2|k|ω2
k)| � 1. Using this

assumption and the initial condition (5.26) we can estimate

j05
k '

m2θ̇

ω3
k

. (5.27)

This is the expression that is used in the numerical comparison below. Note that the
signs in equations (5.26) and (5.27) are corrected here when compared to [I] (similarly
to equation (5.13); see footnote 23). This again has no effect on the conclusions.
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Figure 4. Time-evolution of different modes of the axial charge density j05
k in free theory,

calculated using single-flavor cQPA (blue line) and the semiclassical method (black line).
We used vacuum initial conditions and the same mass profile parameters as in figure 2.
Adapted from article [I] (CC BY 4.0), with corrected sign for j5.

In figure 4 we show the results for the axial charge density j05
k for varying modes

|k| calculated from free cQPA using equation (5.13) and the semiclassical method
using equation (5.27). We used again the mass profile given by equations (5.12). We
also displayed the exact result (red dashed line) calculated from the mode functions
which exactly matches the cQPA result as discussed earlier. In the free case the axial
charge density is induced purely by coherence since the cQPA result vanishes when
the coherence-functions are switched off (green dashed line). This is as expected
from the forms of equations (5.6) and (5.13). The semiclassical result captures well
the average of the oscillating current even for modes as small as |k|τw ≈ 2 but it
misses the coherent oscillations outside the transition region. For larger modes there
is virtually no difference between the semiclassical and the exact result. Also, the
top-left panel in figure 4 (with |k|τw = 0.5) is very far outside the validity region of
the semiclassical approximation and the large spike in the result is entirely spurious
and sensitive to the expression used for j05

k .
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Chapter 5. Applications of coherent QKEs

5.2 Resonant leptogenesis

In this section we apply the LA-method to resonant leptogenesis (RL), focusing on
the details of the CP-asymmetry generation and evolution. We summarize the main
results of the analysis done in [II] and also provide some supplementary results. The
LA-method is well-suited for studying RL because the form of the propagator is not
restricted in this approach. Hence the method captures the coherent flavor oscillations
during the decays of the Majorana neutrinos which dominate the generation of the
lepton asymmetry in the RL case. Because of this we only consider the one-loop
self-energies as they are sufficient for capturing the decay and inverse decay processes
of leptogenesis. In this case we can use our first order local transport equation (4.36),
or the equivalent equations (4.39), to describe the Majorana neutrinos. There is also
no RIS-problem because the LA-method is based on the KB equations derived from
first principles in the CTP formalism.

In the SM sector we do a number of simplifications to reduce the complexity of
the problem to a more manageable level. We assume that the SM lepton and Higgs
fields are in kinetic equilibrium because of the electroweak gauge interactions, which
are comparatively strong at the high temperature scale relevant for leptogenesis.
We also neglect their decay widths and dispersive corrections and use tree level
equilibrium forms for their propagators. Furthermore, we neglect the chemical
potential of the Higgs field and assume a small lepton chemical potential so that its
backreaction can be neglected in the Majorana neutrino equations. We also focus on
the one-flavor approximation of leptogenesis where the Majorana neutrinos effectively
couple to only one linear combination of the SM lepton flavors.

5.2.1 The minimal leptogenesis model

We consider the minimal leptogenesis model with two singlet Majorana neutrino fields
Ni (i = 1, 2) and one lepton doublet ` = (`1, `2) which represents the SM leptons
(one-flavor approximation). These are coupled to the SM Higgs doublet φ = (φ1, φ2)

via chiral Yukawa interactions. The Lagrangian is

L =
1

2
N i(i/∂ −mi)Ni + ` i/∂ `+ (∂µφ

†)(∂µφ)−
(
y∗i (`φ̃)PRNi + H.c.

)
, (5.28)

with an implicit summation over the neutrino flavor i. The complex Yukawa couplings
are denoted by yi and the SU(2)-conjugate Higgs doublet is φ̃ ≡ iσ2φ

∗. We assume
the mass eigenbasis of the neutrinos where mi are the real Majorana masses. The
neutrino fields satisfy the Majorana condition

Ni = N c
i ≡ CNT

i , (5.29)

where C is the unitary charge conjugation matrix defined by C(γµ)TC−1 = −γµ.25

25It then follows that CT = −C, regardless of the used Dirac matrix representation [147].
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Propagators and self-energies

We denote the CTP propagators of the neutrino, lepton and Higgs fields [in the
contour notation defined in (3.24)] as

iSij(x, y) ≡
〈
TC
[
Ni(x)N j(y)

]〉
, (5.30a)

iS`,AB(x, y) ≡
〈
TC
[
`A(x)`B(y)

]〉
, (5.30b)

i∆AB(x, y) ≡
〈
TC
[
φA(x)φ†B(y)

]〉
, (5.30c)

where A,B = 1, 2 are the SU(2)-doublet indices. We assume the SU(2)-symmetric
phase where [75]

S`,AB(x, y) ≡ S`(x, y)δAB, (5.31a)
∆AB(x, y) ≡ ∆(x, y)δAB. (5.31b)

In the following we write the formulae and equations directly for the SU(2)-diagonal
elements S` and ∆.

We calculate the CTP self-energies for this model using the 2PI effective action
method introduced in section 3.2.1. We consider the two-loop truncation of Γ2 which,
for the Lagrangian (5.28), can be written in the contour notation as

iΓ
(2)
2 = cw

∑
i,j

y∗i yj

∫∫
C

d4x d4y tr
[
PRiSij(x, y)PLiS`(y, x)

]
i∆(y, x). (5.32)

Equations (5.31) were used here to perform the sums over the SU(2)-indices resulting
in the multiplicity factor cw = 2. The neutrino and lepton one-loop self-energies are
calculated by using the functional derivative formula (3.33a). The results are [II]

iΣij(x, y) = cw

[
yiy
∗
jPLiS`(x, y)PRi∆(x, y)

+ y∗i yjPRCiS`(y, x)TC−1PLi∆(y, x)
]
, (5.33a)

iΣ`(x, y) =
∑
i,j

y∗i yjPRiSij(x, y)PLi∆(y, x). (5.33b)

The real-time self-energies can be obtained by inserting the CTP indices which
simply follow the spacetime arguments x, y in equations (5.33). At this point we
also introduce the tree-level kinetic equilibrium ansätze for the lepton and Higgs
propagators so that the self-energies can be calculated explicitly. These are defined
in the Wigner representation where the Wightman functions are [II]

iS≶` (k, t) = 2π sgn(k0)PL/k δ(k
2) fFD

(
±(k0 − µ`)

)
, (5.34a)

i∆≶(k) = ±2π sgn(k0) δ(k2) fBE(±k0) ≡ i∆≶eq(k). (5.34b)
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The equilibrium distributions fFD and fBE were defined below equations (3.53).
The other real-time propagators can be recovered from (5.34) by using the general
relations (3.30). In equations (5.34) µ` denotes the chemical potential of the leptons
while the Higgs propagator has the thermal equilibrium form with zero chemical
potential. The lepton propagator can be split into the thermal equilibrium part and
the deviation,

S<,>` (k, t) ≡ S<,>`,eq(k) + δS<,>` (k, t), (5.35)

where the equilibrium part is defined by equation (5.34a) with µ` = 0. The one-loop
self-energies can then be calculated explicitly as functions of k, T and µ` in the
Wigner representation. In particular, the Majorana neutrino self-energy (5.33a) can
be divided similarly to the thermal equilibrium part Σeq(k) and the deviation δΣ(k, t).
The needed self-energy components can be written as [II]

ΣAeq,ij(k) = cw

(
yiy
∗
jPL + y∗i yjPR

)
/S
A
eq(k), (5.36a)

Σ
H(T )
eq,ij (k) = cw

(
yiy
∗
jPL + y∗i yjPR

)
/S

H(T )
eq (k), (5.36b)

iδΣ<,>
ij (k, t) = cw

(
yiy
∗
jPL − y∗i yjPR

)
δ /S

<,>
(k) βµ`. (5.36c)

Explicit expressions for the different self-energy functions Seq,µ and δSµ are given
in [II]. Note that we assume that the lepton asymmetry and hence the chemical
potential µ` are small so we have expanded the deviations δΣ to first order in βµ`.

5.2.2 Lepton asymmetry

The left chiral lepton asymmetry is related to the chiral current density of the SM
lepton doublet, which can be defined generally as

jµL,`(x) ≡
〈
`A(x)γµPL`A(x)

〉
. (5.37)

Here an implicit summation over the SU(2)-index A = 1, 2 is understood. In this
work we define the the lepton asymmetry density nL as the non-equilibrium part of
(the zeroth component of) the current (5.37): [II]

nL ≡ δj0
L,`(t) = cw

∫
d3k

(2π)3
tr
[
PLδS

<

`,k(t, t)
]
. (5.38)

The relation to the chemical potential µ` is then given by the standard formula [6]

nL =
cwT

3

6π2

[
π2
(µ`
T

)
+
(µ`
T

)3
]
' cwT

3

6

(µ`
T

)
, (5.39)

once the free equilibrium form (5.34a) with (5.35) is used for the propagator.
The equation of motion for nL can be derived from the equation of the lepton

propagator S` via equations (5.35) and (5.38). For S` we use the KB equation (3.44c)
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where we omit the terms with SH and ΣH on the left-hand side, because we neglect
the width and dispersive corrections for the leptons. The evolution equation for the
lepton asymmetry then is

∂tnL = −cw

2

∫
d3k

(2π)3
tr
[(

Σ>

`,k ∗ S<`,k − Σ<

`,k ∗ S>`,k
)
(t, t)

]
+ H.c. (5.40)

where Σ` is the lepton self-energy. Next we use the relations between the self-
energies (5.33) to write the lepton collision term on the right-hand side of (5.40) in
terms of the Majorana neutrino collision term [II]. This is possible because we are
calculating a quantity that is local and diagonal in all indices. The result is

∂tnL =
1

2

∫
d3k

(2π)3
Tr
[
PR

(
Σ>

k ∗ S<k − Σ<

k ∗ S>k
)
(t, t)

]
+ H.c. (5.41)

Here we can then use the LA-method to simplify the convolutions in the interaction
terms [II]. Note that in principle we could have used the LA-method to derive also
the lepton equation but the leading contribution to the source term (4.30) would
then be different from (4.32). This is because the lepton is massless so ∂tS`,ad = 0

(when choosing S`,ad ≡ S`,eq).

5.2.3 Quantum kinetic equations for leptogenesis

Next we present our leading-order QKEs for the Majorana neutrino distribution
δfm and the lepton asymmetry nL. For the Majorana neutrinos we use the mass
shell equations [II] which can be obtained from (4.39) by discarding the f c-functions
and choosing the symmetric normalization (4.41). We neglect the backreaction
of the lepton asymmetry to the Majorana neutrinos by using the equilibrium self-
energies (5.36) in the neutrino equation. The lepton equation is derived from (5.41)
by using the division (4.28) (with Σad = Σeq) and the local ansatz (4.33), and by
expanding the equation to the leading order in gradients and interaction strength.
The resulting equations are [II]

∂tδf
m,+
khij = − i

(
ωki − ωkj

)
δfm,+khij − ∂tfm,+ad,khij

−
∑
l

[
C+
khilδf

m,+
khlj +

(
C+
khjl

)∗
δfm,+khil

]
, (5.42a)

∂tnL = SmCP +
(
δWm +Wad

)
nL, (5.42b)

where in the neutrino equation (5.42a)

fm,+ad,khij = fFD(ωki)δij, (5.43)

C+
khil =

cwN
m
kil

2ωkiωkl

[
Re(y∗i yl)

(
mik+l +mlk+i

)µ − ih Im(y∗i yl)
(
mik

⊥
+l +mlk

⊥
+i

)µ]
×
(
SAeq(k+l) + iSH(T )

eq (k+l)
)
µ
. (5.44)
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We used the free spectral approximation for the adiabatic functions and defined the
four-vectors (ksi)

µ ≡ (sωki,k) and (k⊥)µ ≡ (|k|, k0k̂), and denoted Nm
kij ≡ N ss

khij for
the normalization. In the lepton equation (5.42b) the CP-violating source term SmCP
and the washout term coefficients δWm and Wad are

SmCP =
∑
i,j

∫
d3k

(2π)3

cwN
m
kij

2ωkiωkj

[
Re(y∗i yj)

∑
hhRe(δfm,+khij )

(
mik

⊥
+j +mjk

⊥
+i

)µ
− Im(y∗i yj)

∑
h Im(δfm,+khij )

(
mik+j +mjk+i

)µ]
×
(
SAeq(k+i) + SAeq(k+j)

)
µ
, (5.45a)

cwT
3

6
δWm =

∑
i,j

∫
d3k

(2π)3

cwN
m
kij

2ωkiωkj

[
Re(y∗i yj)

∑
h Re(δfm,+khij )

(
mik+j +mjk+i

)µ
− Im(y∗i yj)

∑
hh Im(δfm,+khij )

(
mik

⊥
+j +mjk

⊥
+i

)µ]
×
(
δSA(k+i) + δSA(k+j)

)
µ
, (5.45b)

cwT
3

6
Wad =

∑
i

∫
d3k

(2π)3

2cw|yi|2
ωki

kµ+i

[
2fFD(ωki)δS

A
µ (k+i)− δS<

µ(k+i)
]
. (5.45c)

To obtain these results we used the symmetry properties of the self-energy functions
and the constraints between different components of the Majorana distribution
functions δfm [II]. It should also be noted that the explicit form of the collision term
coefficient (5.44) is specific to the case of two Majorana neutrinos.

The Hubble expansion can be taken into account in these equations as described
in sections 2.1 and 2.2. The equations then take the same form as given above
when they are divided by appropriate powers of the scale factor, that is, when
expressed in terms of physical (instead of comoving) quantities and the cosmic time
t. The only changes to equations (5.42) are that the time-derivatives are replaced by
total time-derivatives, the left-hand side of the lepton equation (5.42b) is changed
to [ d

dt
(nLa

3)]/a3, and time-derivatives of the Majorana neutrino masses ∂tmi are
replaced by ȧmi [II]. In practice, when solving the lepton asymmetry we also use the
entropy-normalized yield parameter YL ≡ nL/s. When assuming adiabatic expansion
in the radiation dominated era we then have [ d

dt
(nLa

3)]/a3 = s d
dt
YL. We also solve

the equations by using the dimensionless variable z ≡ m1/T , where m1 is the mass of
the lightest Majorana neutrino. It is related to the cosmic time t by dz = H(m1)/z dt.
Note also that in leptogenesis the standard (i.e. non-coherent) gradient corrections
are suppressed because H/T � 1.

5.2.4 Helicity-symmetric approximation

We now simplify the leptogenesis QKEs (5.42a) and (5.42b) further by assuming
helicity symmetry for the neutrino distribution functions δfm,+khij . This is a good
approximation because the dominant contribution to the lepton asymmetry originates
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5.2 Resonant leptogenesis

from the helicity-even part of the source term SmCP (5.45a). This is true especially in
the non-relativistic regime, that is, when the lepton asymmetry is generated mainly
when T . m1. With further approximations the helicity-symmetric equations can
also be reduced to the form of semiclassical Boltzmann equations.

The helicity-symmetric equations are obtained by discarding the helicity-odd
part of δfm,+khij (i.e. setting δfm,+k,+1,ij = δfm,+k,−1,ij). For simplicity we also drop ΣH

here explicitly and work with vacuum dispersion relations. The resulting neutrino
equations and the source term of the lepton asymmetry can be written as [II]

∂tδfk11 = −Γk11 δfk11 − ∂tfad,k11 − Γk12 Re(δfk12), (5.46a)
∂tδfk22 = −Γk22 δfk22 − ∂tfad,k22 − Γk21 Re(δfk12), (5.46b)
∂tδfk12 = −Γk12 δfk12 − i∆ωk12 δfk12 −

1

2

(
Γk21 δfk11 + Γk12 δfk22

)
, (5.46c)

and

SmCP = −2
Im(y∗1y2)

Re(y∗1y2)

∫
d3k

(2π)3

(
Γ21 + Γ12

)
k

Im
(
δfk12

)
. (5.47)

Here the rates are defined as Γkil ≡ 2 Re(C+
khil)|SH→0 with C+

khil given by equa-
tion (5.44). The coherence damping rate is given by the average Γk12 ≡ (Γk11+Γk22)/2.
Its form agrees with the flavor coherence damping rate of mixing neutrinos found in
the density matrix formalism [148–150]. We have suppressed the helicity indices in
these equations as all quantities are now assumed to be the same for both helicities.
Note that the equations could be written in a similar form in the helicity-dependent
case also: there would just be additional helicity-mixing terms. It is also illustrative
to integrate the off-diagonal equation (5.46c) into the form

δfk12(t) = −1

2

∫ t

t0

du
(
Γ21δf11 + Γ12δf22

)
k
(u) exp

[
−
∫ t

u

dv
(

Γ12 + i∆ω12

)
k
(v)

]
,

(5.48)
where it was assumed that the flavor coherence vanishes initially, δfk12(t0) = 0. In
this form the oscillations and the role of the flavor coherence damping become even
more clear.

Equations (5.46) and (5.47) can be reduced to the semiclassical Boltzmann
equations in the decoupling limit where the off-diagonal function δfk12 is discarded
from the diagonal equations (5.46a) and (5.46b) [II]. This is a valid approximation
in the limit ∆m21 � Γ. The equations of the diagonal functions δfkii then exactly
match those derived in the semiclassical approach. The late-time limit of the lepton
asymmetry then also matches the semiclassical result with the sum regulator (2.15c)
for the CP-asymmetry. Analysis of the structure of the source term (5.47) also
reveals that the coherence damping rate Γk12 is the origin of the regulator of the
CP-asymmetry in the semiclassical approach [II].
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Strong washout limit

A simplified solution to equations (5.46) and (5.47) can also be derived in the strong
washout case Γii > H. In this case one can derive a late-time approximation to
the solution δfij by setting the left-hand sides of equations (5.46a)–(5.46c) to zero,
resulting in an algebraic equation [76, 89, 91]. The idea is that the true solution
relaxes towards this late-time limit and it is a good approximation if the relaxation
happens before the lepton asymmetry freeze-out [76]. The solution to the algebraic
equations leads to the approximation

SmCP '
Im(y∗1y2)

Re(y∗1y2)

∫
d3k

(2π)3

(
Γ21 + Γ12

)
k

(
Γ21δf11 + Γ12δf22

)
k

×
[

−∆ω12

(∆ω12)2 + (Γ12)2
(

1− Γ12Γ21

Γ11Γ22

)]
k

. (5.49)

Here the diagonal distributions δfii are calculated without backreaction from the
off-diagonal functions [II]. The factor (1− Γ12Γ21/[Γ11Γ22]) takes effectively, but in
a simplified way, into account the coupling between the diagonal and off-diagonal
functions.

The result (5.49) illustrates the role of the coherence damping rate Γk12 as
the regulator of the CP-asymmetry in the degeneracy limit ∆m21 → 0. In the
quasidegenerate case m1 ' m2 the source (5.49) is also approximated by the standard
Boltzmann form of the source term with the effective CP-asymmetry parameter

εCPi,eff =
Im
[
(y∗1y2)2

]
|y1|2|y2|2

(m2
2 −m2

1)miΓ
(0)
j

(m2
2 −m2

1)2 +
(
m1Γ

(0)
1 +m2Γ

(0)
2

)2
sin2 θ12

. (j 6= i) (5.50)

This result corresponds to the effective regulator [76] given in equation (2.15d).

5.2.5 Results for the lepton asymmetry

Next we present our numerical results for the lepton asymmetry obtained from the
main QKEs (5.42a) and (5.42b). We also compare the full results to the helicity-
symmetric approximation given by equations (5.46) and (5.47) and to the semiclassical
Boltzmann approach with the momentum-dependent version [II] of equations (2.11).
We use m1 = 1013 GeV, g∗ = 110, and θ12 = π/4 with vacuum initial conditions here;
more discussion about the parameter choices is given in [II]. We take the Hubble
expansion into account as described in the end of section 5.2.3. We assume that there
is no significant entropy production and that the universe expands adiabatically as
described in section 2.1. This is a valid approximation if the Majorana neutrinos
decay when z < g∗s [64], which is typically the case in thermal leptogenesis and also
here. We also discard the dispersive self-energy ΣH in all results for simplicity. All of
the results shown here have been calculated using the code package [IIb].
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Figure 5. Final lepton asymmetry YL as a function of the relative mass-squared difference
∆m2

21/m
2
1, for different Yukawa couplings yi. The full QKE results are compared to the

Boltzmann equation (BE) results for four different regulators of the CP-asymmetry εCPi .
We usedm1 = 1013 GeV, θ12 = π/4 and vacuum initial conditions in all plots. The top-right
panel shows the region highlighted in red on the left. From article [II] (CC BY 4.0).

In figure 5 we show the results for the asymptotic value of the lepton asymmetry
yield parameter YL ≡ nL/s as a function of the relative mass-squared difference
∆m2

21/m
2
1 ' 2∆m21/m1. Our main QKE result is compared to the Boltzmann

approach with the different CP-asymmetry regulators (2.15), and the results are
shown for three different choices of the Yukawa couplings of the model. The lower left
and right panel correspond to hierarchical and almost degenerate Yukawa couplings,
respectively, whereas the upper panels show an intermediate case. The maximal
resonant saturation of the CP-asymmetry, and consequently the maximum of the
lepton asymmetry, occurs in all cases roughly when ∆m21 ∼ Γ12. There are how-
ever significant qualitative and quantitative differences between the full QKE and
Boltzmann approaches in the resonant and quasidegenerate regions ∆m21 . Γ12.
Both approaches converge, as expected, in the region ∆m21 > Γ12 where the flavor
oscillations are fast and the diagonal Majorana neutrino distributions effectively
decouple from the off-diagonal distributions [II].
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Figure 6. Final lepton asymmetry YL as a function of ∆m2
21/m

2
1 (left panels) and the

full evolution of YL(z) in the maximally resonant case (right panels) indicated with a
star-marker (the diamond-markers are considered in figure 7). The results are shown in
three different washout strength scenarios: weak (top panels), intermediate (middle panels)
and strong (bottom panels).

In figure 6 we give a further comparison between three different washout strength
scenarios: weak (Ki ∼ 0.1), intermediate (Ki ∼ 1) and strong (Ki ∼ 10). The
washout strength here is characterized by the parameter Ki ≡ Γ

(0)
i /H(m1) [II]. Note

that in figure 5 (and in other results given in [II]) the total washout was still quite
strong in all cases because at least one of the Yukawa couplings was large. In figure 6
we also compare the helicity-symmetric approximation given by equations (5.46)
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5.2 Resonant leptogenesis

and (5.47) to the full QKEs and the Boltzmann equations. Furthermore, we show
the full evolution of the lepton asymmetry YL as a function of z for each scenario, in
addition to the plots of the asymptotic asymmetry on the left. The mass difference
parameters used in the right-hand side plots correspond to the maximal saturation
points marked on the plots on the left-hand side. The left panels show that again the
final lepton asymmetry is maximal at ∆m21 ∼ Γ12 and also that the largest value is
obtained in the intermediate washout case (middle panels) when ∆m21 ∼ Γ12 ∼ H.
This is as expected from general considerations [II].

In figure 7 we show the full evolution of the lepton asymmetry YL(z) also in
the overdamped (∆m21 � Γ12) and rapidly oscillating cases (∆m21 � Γ12), for
the mass difference values indicated by the diamond-markers in figure 6. The full
evolution plots in figures 6 and 7 show how increasing the interaction strength shifts
the generation of the lepton asymmetry towards the relativistic region z < 1 in all
cases. It can also be seen that the Boltzmann equations significantly overestimate
the magnitude of the lepton asymmetry earlier during the evolution, when compared
to our full QKEs. This can be explained by the static CP-asymmetry parameters
εCP
i of the Boltzmann approach which do not take into account the finite build-up
time [79] of the CP-asymmetry. For larger mass differences ∆m21 > Γ12 the build-up
time is shorter which is shown in the right-hand side panels of figure 7 [see also
equations (5.47) and (5.48)]. There the initial lepton asymmetry spike (of the full
QKE) is produced earlier when compared to the maximally resonant and overdamped
cases.

The helicity-symmetric approximation tracks the full QKEs near-perfectly in
most of the considered cases. It only fails somewhat in the fast oscillation regime
(∆m21 > Γ12) as can be seen from the right-hand side panels in figure 7. However,
the final lepton asymmetry still converges to the full QKE result in all cases, except
the case of fast oscillations with weak washout. The effective sum regulator in the
Boltzmann approach also gives a very good late-time match to our full QKEs in all
considered cases except when the washout is weak. However, we do not expect the
match to be this good more generally because the validity of the effective regulator
is sensitive to the size of the CP-violating phase θ12 of the Yukawa couplings [76].
The results do not take this into account as we used only a single value for θ12.
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and rapidly oscillating cases for each washout scenario. The used mass difference values in
each panel are indicated with the filled or empty diamond-markers (in figure 6).
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6 DISCUSSION AND CONCLUSIONS

We have developed approximation methods in non-equilibrium QFT for deriving
local quantum kinetic equations including interactions and quantum coherence. Our
main results are the formulation of the new local approximation (LA) method [II]
and also the improvement [I] of the coherent quasiparticle approximation (cQPA)
developed earlier in [14–22]. We focused on fermions in spatially homogeneous and
isotropic systems with a time-dependent mass and a weak coupling to a thermal bath.
The motivation for this setting was the early universe and especially baryogenesis.
The presented flavored QKEs in these systems can describe both flavor coherence and
particle–antiparticle coherence and the related oscillations (summarized in table 1).

6.1 Coherent quantum kinetic equations

In section 4.2 we presented a new derivation of the cQPA equations of motion. We
gave a straightforward way to derive the cQPA ansatz by using the projection matrix
parametrization. We introduced a new way of organizing the gradient expansion,
leading to a transparent method for performing the coherence gradient resumma-
tion [21] of the collision term. It follows that the coherence-resummed self-energy
functions (4.18) are always evaluated at the conventional flavor-diagonal mass shells
instead of the coherence shells. While this result is already known [20], the more
easy-to-use method presented here has been long needed (see e.g. [91]).

In section 5.1 we formulated the transport equations (5.6) using cQPA for a
generic interacting fermion with a CP-violating complex mass. These equations
are a generalization of semiclassical Boltzmann equations which take into account
local coherence between particles and antiparticles. The structure of the equations
shows that a changing mass (ṁ 6= 0) induces coherent particle production while a
changing complex phase of the mass (θ̇ 6= 0) generates helicity asymmetry (leading
to CP-asymmetry) via the coherence functions f c. We used the equations to study
the evolution of axial charge density with the mass profile (5.11) which is a time-
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dependent analogue of a first order phase transition in EWBG. The results (figures 2
and 4) indicate that in the middle of the transition (i.e. inside the transition wall),
where the mass changes rapidly, almost all of the axial charge is due to coherence.
Full quantum treatment of coherence can thus be important in the thin wall case [151–
153] of EWBG. In other regions the mass shell functions fm are able to track the
average of the oscillating axial charge. This result also supports the exclusion of the
f c-functions in the leptogenesis application where the background is slowly-changing.
We showed explicitly that semiclassical effects are included in cQPA.

We also verified the shell structure of cQPA by using exact solutions of the Dirac
equation in a non-interacting system with the mass profile (5.11). The results (figure 3)
additionally revealed the important twofold role of damping in the emergence of the
local kinetic picture. A spectral quasiparticle description with well-distinguished
shells requires that there is not too much damping as it smears the shells. On the
other hand, if there is too little damping the two-point function becomes overwhelmed
by non-local temporal correlations [I]. This implies the breakdown of the simple shell
picture and the description of time-evolution by local quantities. This observation is
important for the development of more general local approximation methods.

Our results also establish that cQPA is exact when calculating local quantities
in non-interacting systems. We derived the one-to-one correspondence between the
local mode function matrix and the cQPA phase space distribution functions, which
was not done explicitly in [I]. This is another important consistency check for the
basic structure of the coherent phase space functions, even though the true utility of
cQPA is of course in the interacting case. However, these developments lead to an
important insight about cQPA, ultimately transcending it: the key feature is that
the non-local correlations are treated non-dynamically while the local correlations
related to the average time coordinate are fully included [I]. This insight was used
as the main idea for developing the more general LA-method.

6.2 Improved local description of non-equilibrium dynamics

In section 4.3 we formulated the new LA-method and used it to derive improved
coherent QKEs (4.39) where the effects of spectral width can be included. The
main idea of the method is to form a closed dynamical equation directly for the
local two-point function S<k (t, t). This can be achieved in dissipative systems by two
steps (summarized in table 2): (1) identification of a suitable background solution
Sad and expansion of the full solution S around it, and (2) parametrization of the
non-local parts of the deviation δS by its local values. The second step with the
local ansatz (4.33) is the core part of the method which enables the local description
of the non-equilibrium dynamics.

An essential part in the derivation of the improved QKEs was also the pro-
jection matrix parametrization which separates different components of the local
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propagator which vary in different time-scales. This is crucial for separating the rapid
particle–antiparticle oscillations from the flavor oscillations. Furthermore, there is no
loss of generality with this parametrization in homogeneous and isotropic systems;
equations (4.39) and (4.36) are equivalent.

The LA-method can be viewed as an improved and generalized version of the
cQPA. The improved QKEs (4.39) can be reduced to the cQPA equations in a
spectral approximation. However, the local transport equation (4.36) in the LA-
method is formulated directly in the two-time representation at the propagator level
without needing to solve the phase space structure. The method can thus be used in
a spectral approximation but also more generally when accounting for the spectral
width. A major practical advantage is also that the gradient resummation of the
collision term is automatically imposed by the local ansatz in the LA-method.

6.2.1 Resonant leptogenesis with coherent QKEs

In section 5.2 we derived local coherent QKEs for leptogenesis by using the LA-
method. The most general form of the equations contains all local quantum coherence
effects of the Majorana neutrinos and also thermal medium effects in a weak coupling
expansion [II]. The simpler QKEs (5.42) for the minimal leptogenesis model are still
valid for arbitrary mass differences and fully include the coherent flavor oscillations of
the Majorana neutrinos. Our main goal with these equations was to study the details
of the CP-asymmetry generation in resonant leptogenesis. We gave even simpler
helicity-symmetric equations (5.46) and (5.47) which provide a good approximation to
the full QKEs (5.42) and from which the CP-asymmetry generation mechanism can be
more easily analyzed. We also reduced the equations to the conventional Boltzmann
equation form in the decoupling limit (and with further approximations) [II].

Our results imply that the flavor-coherence damping rate Γk12 of the Majorana
neutrinos is the origin of the CP-asymmetry regulator in the Boltzmann approach.
The result corresponds to the sum-regulator derived earlier in the CTP approach [75,
88, 89]. The damping of flavor-coherence, rather than the oscillations averaging out
(cf. [79]), also explains why the Boltzmann equations and the full QKEs converge to the
same late-time lepton asymmetry in the decoupling limit (i.e. when ∆m21 � Γ12) [II].
Our numerical results agree with these findings.

We performed a thorough numerical analysis of our QKEs in the resonant case
and compared them to the conventional Boltzmann equations [II]. The exact form
of the CP-asymmetry regulator in the Boltzmann approach has been debated in the
literature [69, 70, 75, 76, 91, 95]. Therefore we included several different regulators for
the Boltzmann equations in the comparison of the final lepton asymmetry calculated
from the different approaches. Our results in figures 5–7 show that the maximal
resonant saturation occurs roughly when ∆m21 ' Γ12 in all approaches. However, in
the quasidegenerate regime ∆m21 . Γ12 there are significant qualitative differences
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between different Boltzmann regulators. We found that the sum regulator (and its
effective variant) gives the best qualitative match to our full QKEs in the late-time
limit, but there can still be differences by at least a factor of 2. The late-time results
of all approaches also converge in the weakly resonant regime Γ12 � ∆m21 � m1

(except for very weak washout, Γ12 � H). This provides a consistency check for our
full QKEs in the validity region of the semiclassical approach.

Finally, our QKEs are in line with several other studies based on the CTP
method. In particular, our RL results are similar to the results of [75, 88, 89] and
our equations agree with those derived in [87]. However, our approach is also more
general in several ways: we do not need to restrict the values of the Yukawa couplings,
the size of the deviation from equilibrium, or the mass difference of the Majorana
neutrinos. Further comparison to other studies is given in [II].

6.3 Outlook

So far we have compared our methods mainly to simple semiclassical equations.
More precise comparisons should be made to other methods and results found in the
literature. For example, in leptogenesis with quasidegenerate Majorana neutrinos the
question if the CP-asymmetry has separate contributions from mixing and oscillations
remains unsettled [95, 98]. While our results point to the interpretation that the
conventional mixing source arises from the coherent oscillations in a particular limit
(∆m21 � Γ12) [II], a more careful investigation is needed. A thorough analysis of
corrections to the adiabatic propagators and the effective self-energies is challenging
but may also be required for more conclusive answers to this question.

Our leptogenesis equations could also be improved and extended in other ways.
An obvious improvement would be the inclusion of scattering processes and multiple
SM lepton flavors. It would then be very interesting to apply our equations to low-scale
RL and ARS scenarios in a unified framework similarly to [62]. The numerical results
could also be extended straightforwardly to include leading dispersive corrections
for the Majorana neutrinos. Covering the hierarchical regime of leptogenesis and
investigating the size of the CP-asymmetry from particle–antiparticle coherence [II]
would also be very interesting. At a more general level, a numerical analysis to test
the local ansatz (4.33) against the full memory integrals would also be desirable.

A long standing goal, which has remained elusive so far, has also been to extend
the coherent quantum transport methods to the planar symmetric case [14]. This
is required for a proper description of coherence in realistic EWBG models. The
transport equations developed here could also be combined with the results of [154]
to study particle production during reheating in a realistic setup. Another interesting
application of the coherent equations is the field-theoretic description of SM neutrino
oscillations.
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1 Introduction

Quantum coherence plays an important role in many physical problems in cosmology. Ex-

amples include CP-violating particle-wall interactions during the electroweak phase tran-

sition, out-of-equilibrium decay of nearly degenerate heavy neutrinos during leptogenesis,

particle production during phase transitions and reheating at the end of inflation. The key

quantity in the analysis of such intrinsically quantum systems is the two-point correlation

function, whose evolution is described by the Schwinger-Dyson equations [1, 2], or in the

phase space picture by the Kadanoff-Baym equations [3–5]. The phase space picture in

particular has provided a useful basis for deriving approximate transport formalisms, the

prime example being the standard Boltzmann theory.

In this paper we study an exact, damped, spatially homogeneous and isotropic two-

point correlation function of a fermion with a possibly complex, time-varying mass term.

We show that the mixed representation correlation function contains novel shell structures

which carry information about different types of quantum coherences. For example we find
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a shell at k0 = 0, which encodes the information of a coherently mixing particle-antiparticle

system. This shell was previously seen in the context of the coherent quasiparticle approxi-

mation (cQPA) [6–12] in the spectral limit, but our derivation is more general, being exact

in the non-interacting case. In addition we find also other shell-structures, corresponding

to non-local (in the relative time coordinate), long range correlations.

All phase space structures depend sensitively on the existence and the magnitude of

damping. In the non-interacting case non-local coherences dominate the system, prevent-

ing a free particle interpretation of the phase space structure in non-trivial backgrounds.

Damping suppresses the non-local coherences and leads to the emergence of a local limit

for time intervals Δt > 1/Γ, where Γ is the damping width. For small enough Γ the

local correlation function can be well approximated by a spectral ansatz, leading to the

cQPA-picture mentioned above.

We will introduce a new, elegant way to reorganise the gradient expansion in the

mixed representation Kadanoff-Baym equations. We then use it to give a simple derivation

of the cQPA equations complete with explicit collision integrals for arbitrary types of

interactions. These equations are one of the main results of this paper: they generalise

the usual Boltzmann transport theory to systems including coherent particle-antiparticle

states. In particular we argue that the cQPA completely encompasses the well known

semiclassical effects. Possible applications of these equations include baryogenesis during

phase transitions and particle production during and after inflation.

We compute the axial current densities using the exact mixed representation correlation

functions as well as their cQPA counterparts and compare these to the ones obtained in

the semiclassical approximation. We find that the semiclassical methods work reasonably

well even in systems where the relevant modes have a wavelength as small as half of the

wall width.1 This is encouraging for the application of semiclassical methods in the related

problem of electroweak phase baryogenesis with very strong electroweak phase transitions.

These typically create sharp transition walls and are often encountered in the context of

models producing large, observable gravitational wave signals [13–18].

This paper is organised as follows: in section 2 we first review the derivation of the

cQPA formalism including the spectral Wightman functions. In section 3 we construct

the exact free Wightman function from mode functions, generalised to account for the

damping. Some numerical examples for the phase space solutions are shown in section 4.

In section 5, we compute and compare currents in different approximations in the non-

interacting case. In section 6 we present cQPA transport equations in the interacting case

with explicit expressions for collision terms and compute cQPA currents with interactions.

Finally, in section 7, we give our conclusions.

1Throughout this paper we use the word ‘wall’ to refer to the temporal transition in the mass, see e.g.

figure 2a.
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2 Wightman functions and cQPA

We are using the Schwinger-Keldysh formalism [1, 2] of finite temperature field theory.

The key quantities are the two-point Wightman functions

iS<(u, v) =
〈
ψ(v)ψ(u)

〉
,

iS>(u, v) =
〈
ψ(u)ψ(v)

〉
,

(2.1)

which describe the quantum statistical properties of the non-equilibrium system.2 We also

need the retarded and advanced correlation functions iSr(u, v) = 2θ(u0 − v0)A(u, v) and

iSa(u, v) = −2θ(v0 − u0)A(u, v), where the spectral function is A ≡ 1
2〈{ψ(u), ψ(v)}〉 =

i
2(S

> + S<) = i
2(S

r − Sa).

To get a phase space description of the system we perform the Wigner transformation

S(k, x) ≡
∫

d4r eik·rS
(
x+

r

2
, x− r

2

)
, (2.2)

where r ≡ u− v and x ≡ 1
2(u+ v) are the relative and average coordinates, corresponding

to microscopic and macroscopic scales, respectively. In this mixed Wigner representation

correlation functions obey the Kadanoff-Baym equations [3](
/k +

i

2
/∂

)
Sp − e−i♦{Σp}{Sp} = 1, (2.3)(

/k +
i

2
/∂

)
Ss − e−i♦{Σr}{Ss} = e−i♦{Σs}{Sa}, (2.4)

where s = <,> and p = r, a refer to the retarded and advanced functions, respectively, Σ

is the fermion self-energy and ♦{f}{g} ≡ 1
2 [∂xf · ∂kg − ∂kf · ∂xg] is the Moyal product.

Note that we absorb the mass terms into the singular parts of Σr,a, unless explicitly stated

otherwise.

Moyal products are not the optimal way for organising the gradient expansions, and

we find it useful to introduce another self-energy function:

Σout(k, x) ≡
∫

d4z eik·(x−z)Σ(x, z) = e
i
2
∂Σ
x ·∂Σ

k Σ(k, x). (2.5)

Using equation (2.5) we can rewrite Moyal products in a form that reorganises the gradients

into total k-derivatives controlled by the scale of variation of Σ, while all dependence on

(dynamical) gradients acting on S is fully accounted for by iterative resummation:

/̂KSp − e−
i
2
∂Σ
x ·∂k [Σp

out(K̂, x)Sp] = 1, (2.6)

/̂KSs − e−
i
2
∂Σ
x ·∂k [Σr

out(K̂, x)Ss] = e−
i
2
∂Σ
x ·∂k [Σs

out(K̂, x)Sa], (2.7)

where K̂ ≡ k+ i
2∂x. This form of the Kadanoff-Baym equations is particularly well suited

for obtaining finite order expansions and iterative solutions. The mass operator is included

in the singular part Σsg of the retarded/advanced self-energy functions:

Σr,a(k, x) = Σsg(x) + ΣH
nsg(k, x)∓ iΣA(k, x), (2.8)

2Note that we define the Wightman function S< with a positive sign. We also suppress Dirac indices

when there is no danger of confusion.
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where ΣH
nsg is the non-singular Hermitian part and ΣA is the anti-Hermitian part of the

self-energy. To be specific, we consider a fermion field with a complex, spacetime-dependent

mass m(x):

L = iψ/∂ψ −m∗(x)ψRψL −m(x)ψLψR, (2.9)

where ψL,R ≡ 1
2(1 ∓ γ5)ψ. In the Wigner representation the spacetime-dependent mass

gives rise to an operator:

(m̂R + iγ5m̂I)S(k, x) ≡ e−
i
2
∂m
x ·∂k {[mR(x) + iγ5mI(x)]S(k, x)

}
, (2.10)

where mR(x) and mI(x) are the real and imaginary parts of m(x), respectively.

Equations (2.6) and (2.7) are practically impossible to solve exactly and one needs to

find approximation schemes that maintain the essential physics at hand. The cQPA devel-

oped in refs. [6–12] is one such scheme, which allows to study particular non-equilibrium

systems with quantum coherence. The crux of the cQPA is to solve equations (2.6) and (2.7)

in two steps. First one solves for the phase space structure of the system at the lowest

order in gradients and ignoring collision terms. This leads to spectral solutions for both

pole and Wightman functions, where the latter contain new coherence shells in addition to

the usual mass shell solutions. In the second step, one inserts these solutions back to the

full equations, which are then reduced to a set of Boltzmann-like equations for generalised

particle distribution functions [10, 11].

2.1 cQPA-solution in a spatially homogeneous system

Let us consider a spatially homogeneous and isotropic system, where m(x) → m(t) in

equations (2.9) and (2.10). The Wigner transform (2.2) with respect to spatial coordinates

then reduces to a Fourier transform, and we will denote the Wigner transform S(k, x) as

Sk(k0, t). We also consider explicitly only the equation for S<, as the derivation for S> is

completely analogous. At first we will ignore interactions and work to the lowest order in

gradients. The Hermitian part of equation (2.7) for S< ≡ iS<γ0 then reduces to

2k0S
<
k (k0, t) = {Hk(t), S

<
k (k0, t)}, (2.11)

where Hk(t) ≡ α · k + γ0[mR(t) + iγ5mI(t)] is the free Dirac Hamiltonian.

In spatially homogeneous and isotropic systems the Wightman functions have 8 inde-

pendent components and can be parametrised without any loss of generality as follows:

S<
k (k0, t) ≡

∑
h,±,±′

P (4)

hkP
±
k γ0P±′

k D±±′
hk (k0, t), (2.12)

where the helicity and energy projection operators are defined, respectively, as

P (4)

hk ≡ 1

2

(
1+ hα · k̂γ5

)
, P±

k ≡ 1

2

(
1± Hk

ωk

)
, (2.13)

with k̂ ≡ k/|k| and ωk ≡
√

k2 + |m(t)|2. Inserting the parametrisation (2.12) to equa-

tion (2.11) gives algebraic constraints to the time- and energy-dependent coefficient func-

tions D±±′
hk (k0, t):

(k0 ∓ ωk)D
±±
hk (k0, t) = 0,

k0D
±∓
hk (k0, t) = 0.

(2.14)
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Figure 1. The shell structure of the cQPA Wightman function S<
k (k0, t), showing the particle shell

where k0 = ωk (purple), the antiparticle shell where k0 = −ωk (orange) and the particle-antiparticle

coherence shell where k0 = 0 (brown).

Functions D±±
hk (k0, t) ∝ δ(k0 ∓ ωk) correspond to the usual mass shell excitations, while

D±∓
hk (k0, t) ∝ δ(k0) are the new coherence functions found in refs. [7–11]. The spectral

cQPA-solution can then be written as:

S
<
k (k0, t) = 2π

∑
h,±

[
Pm±
hk fm±

hk δ(k0 ∓ ωk) + P c±
hk f

c±
hk δ(k0)

]
. (2.15)

where we defined the projection operators

Pm±
hk ≡ ± ωk

mR
P (4)

hkP
±
k γ0P±

k = P (4)

hkP
±
k ,

P c±
hk ≡ P (4)

hkP
±
k γ0P∓

k = P (4)

hk

(
γ0 ± mR

ωk

)
P∓
k .

(2.16)

With this normalisation the mass shell functions fm±
hk (t) coincide with the usual Fermi-

Dirac distributions in the thermal limit: fm±
hk → feq(±ωk), where feq(k0) ≡ (ek0/T + 1)−1.

Note that due to the Hermiticity of S<
hk(k0, t) the shell functions obey (fm±

hk )∗ = fm±
hk and

(f c±
hk )

∗ = f c∓
hk . The phase space structure of the cQPA Wightman functions is shown in

figure 1.

The cQPA evolution equations are then obtained by inserting the spectral ansatz (2.15)

to the anti-Hermitian part of equation (2.7), now including all gradients and interaction

terms, and integrating over the energy. However, let us again first consider this equation

in the non-interacting limit and to lowest order in gradients:

i∂tS
<
k (k0, t) =

[
Hk, S

<
k (k0, t)

]
. (2.17)

Substituting the spectral solution (2.15) for S
<
k (k0, t) to equation (2.17) and integrating

over k0 it is easy to derive the leading behaviour of the shell-functions:

∂tf
m±
hk = . . . ,

∂tf
c±
hk = ∓2iωkf

c±
hk + . . . ,

(2.18)
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where the ellipses denote terms proportional to gradient terms (and eventually self-energy

terms when interactions are included).

The point we wish to make here is that the coherence shell solutions f c±
hk are oscillating

rapidly with frequencies that are not suppressed by gradients. Anticipating this oscillation

was the reason for our careful organisation of gradient terms in equations (2.6) and (2.7):

whenever the operator K̂0 = k0+
i
2∂t is acting on a coherence shell function f c±

hk , one must

replace K̂0 → k0 ± ωk as the effective momentum argument of the operator, at the lowest

order in gradients. Indeed, in cQPA:∫
dk0
2π

e−
i
2
∂Σ
x ·∂k

[
Σout,k

(
k0 +

i

2
∂t

)
S
<
hk(k0, t)

]

=
∑
±

∫
dk0Σout,k

(
k0 +

i

2
∂t

)[
Pm±
hk (t)fm±

hk (t)δ(k0 ∓ ωk) + P c±
hk (t)f

c±
hk (t)δ(k0)

]

�
∑
±

∫
dk0

[
Σout,k(k0)P

m±
hk (t)fm±

hk (t)δ(k0 ∓ ωk) + Σout,k(k0 ± ωk)P
c±
hk (t)f

c±
hk (t)δ(k0)

]

=
∑
±

Σout,k(±ωk)
[
Pm±
hk (t)fm±

hk (t) + P c±
hk (t)f

c±
hk (t)

]
(2.19)

for a generic self-energy function Σ. That is, coherence shell projections are not evaluated

at the shell k0 = 0, but on the mass shells instead. It would be straightforward to include

higher order gradient corrections to shell positions generated by the K̂0-operator, but doing

so consistently, we should also solve the cQPA-ansatz to higher order in gradients. The

gradient corrections to collision terms arising from such an expansion (collisional source

terms) were studied in ref. [19] for the electroweak baryogenesis problem using semiclassical

methods. They were in general found to be very small and we shall not pursue them here

further. For the same reason we shall, in what follows, set Σout,k → Σk, dropping the

corrections coming from the expansion of the Σout-function in equation (2.5).3

We will also work with the vacuum dispersion relations, setting ΣH
nsg → 0 and Σsg →

mR + iγ5mI. Furthermore, we shall drop the term ∝ SHΣ
<, as this is required by the

consistency of the spectral limit with respect to the pole equations [7]. With these simpli-

fications it is now straightforward to show that the full cQPA equations can be written as

∂tf
m±
hk = ± 1

2

∑
s

Φ̇s
hkf

cs
hk +Tr

[
CcollPm±

hk

]
, (2.20a)

∂tf
c±
hk = ∓ 2iωkf

c±
hk + ξkΦ̇

∓
hk

[
mR

ωk
f c±
hk − 1

2

(
fm+
hk − fm−

hk

)]
+ ξk Tr

[
CcollP c∓

hk

]
, (2.20b)

where

Ccoll =
∑
h,s

[(
1

2
Σ<
k (sωk)− fms

hk ΣA
k (sωk)

)
Pms
hk − f cs

hk Σ
A
k (sωk)P

cs
hk

]
+ h.c. (2.21)

3Note however that the expansion of Σout,k may contain lowest order gradients that need to be resummed

in the same way as we did above in equation (2.19). This is the case whenever the self-energy function

contains an internal propagator containing the coherence function connected to the external leg in the

diagram. For more details see refs. [11, 12].
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and we defined

Φ̇±
hk ≡ ∂t

(
mR

ωk

)
± i

h|k|
ω2
k

∂tmI, ξk ≡ ω2
k

ω2
k −m2

R

. (2.22)

We shall return to study interacting theories in section 6. For now, we shall take a closer

look into the phase space structure of the exact non-interacting Wightman functions.

3 Constructing the exact Wightman function

In the previous section we showed that Wightman functions may acquire novel phase space

structures in the spectral limit. The new coherence functions f c±
hk on the k0 = 0 shell

describe quantum coherence in correlated particle-antiparticle states. These correlations

can be interpreted in terms of squeezed states and the functions f c±
hk can be related to

Bogolyubov coefficients [12]. Condensation of the coherence information onto a sharp

phase space shell is still surprising. It is therefore of interest to see how such structures

arise in an exactly solvable system.

3.1 Non-interacting Wightman function

The Lagrangian density (2.9) provides a suitable system for our study. In the spatially

homogeneous case it implies the equation of motion

i/∂ψ −m∗(t)ψL −m(t)ψR = 0. (3.1)

We quantise this model with the usual canonical procedure. Because three-momentum k

and helicity h are conserved, the field operator ψ̂(x) may be expanded in terms of mode

functions as

ψ̂free(t,x) =
∑
h

∫
d3k

(2π)32ω−

[
âhkUhk(t)e

ik·x + b̂†hkVhk(t)e
−ik·x

]
, (3.2)

where ω− =
√

k2 + |m(−∞)|2. The vacuum state is annihilated as âhk|Ω〉 = b̂hk|Ω〉 = 0

and our normalisation is such that

{âhk, â†h′k′} = (2π)32ω−δ(3)(k − k′)δhh′ ,

{b̂hk, b̂†h′k′} = (2π)32ω−δ(3)(k − k′)δhh′ ,
(3.3)

while all other anticommutators vanish. The normalisation of the spinor ψ̂free is chosen to

be such that

{ψ̂free,α(t,x), ψ̂
†
free,β(t,y)} = δαβδ

(3)(x− y), (3.4)

with the mode functions Uhk and Vhk normalised accordingly. The particle and antiparticle

spinors can be decomposed in terms of helicity as follows:

Uhk(t) =

[
ηhk(t)

ζhk(t)

]
⊗ ξhk, Vhk(t) =

[
ηhk(t)

ζhk(t)

]
⊗ ξhk, (3.5)
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where ξhk are the eigenfunctions of helicity satisfying

(σ · k̂)ξhk = h ξhk, h = ±1, (3.6)

and ηhk, ζhk, ηhk and ζhk are yet unknown mode functions that depend on m(t).4 The

particle mode functions ηhk and ζhk satisfy the equations

i∂tηhk + h|k|ηhk = m(t)ζhk, (3.7a)

i∂tζhk − h|k|ζhk = m∗(t)ηhk, (3.7b)

while the equations for the antiparticle mode functions ηhk and ζhk contained in Vhk(t)

can be obtained from equations (3.7) by the replacements h → −h and m → −m∗.
The exact Wightman functions for the non-interacting system can now be constructed

as expectation values of field operators in the vacuum defined by our annihilation opera-

tors. While both Wightman functions S> and S< contain the same degrees of freedom,

the positive energy solutions, which we shall be using as an example below, are most

straightforward to identify from S>. Continuing to work in the helicity basis we find

iS>
hh′k(k0, t) =

∫
d4r eik0r0−ik·r〈Ω∣∣ψ̂h,free

(
x+

r

2

)
ψ̂h′,free

(
x− r

2

)∣∣Ω〉. (3.8)

Using the definition (3.2) (with ψ̂free ≡
∑

h ψ̂h,free), decompositions (3.5) and spatial trans-

lation invariance, this can be written as

S>
hh′k(k0, t) = δhh′

∫ ∞

−∞
dr0 e

ik0r0M>
hk

(
t+

r0
2
, t− r0

2

)
⊗ P (2)

hk , (3.9)

where P (2)

hk = ξhkξ
†
hk = 1

2(1+ hσ · k̂) and only the chiral component matrix M>
hk depends

on the mode functions:

M>
hk

(
t+

r0
2
, t− r0

2

)
≡ 1

2ω−

[
ηhk

(
t+ r0

2

)
η∗hk

(
t− r0

2

)
ηhk

(
t+ r0

2

)
ζ∗hk

(
t− r0

2

)
ζhk

(
t+ r0

2

)
η∗hk

(
t− r0

2

)
ζhk

(
t+ r0

2

)
ζ∗hk

(
t− r0

2

)
]
. (3.10)

When the component mode functions are solved, it is straightforward to construct the

Wightman function using fast Fourier transform methods.

3.2 Including damping

In the absence of dissipative processes, the free particle solutions (3.9) are correlated over

arbitrarily large time intervals, because the Wigner transform correlates mode functions

over all relative times ± r0
2 at each value of t. This is of course a physical result. However,

our typical applications concern interacting systems, where such correlations are naturally

suppressed by decohering interactions.

Taking interactions completely into account would require solving the full Kadanoff-

Baym equations, which is beyond the scope of this paper. However, one can account for

4We are using the chiral basis, where the Dirac matrices are given by γ0 = ρ1 ⊗ 1, γi = iρ2 ⊗ σi and

γ5 = −ρ3 ⊗ 1. Here both ρi and σi are just the usual 2 × 2 Pauli matrices. The former encode the chiral

and the latter the helicity degrees of freedom of a given spinor.
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their most important effect for the phase space structure in a rather simple manner. We

observe that the information encoded in the relative coordinate must be damped by the

rate of interactions that measure the state of the system (in this case whether the system is

a particle or an antiparticle). If we denote this rate by Γhk for each mode with momentum

k and helicity h, then the appropriately damped correlation function should be

S>
hk,Γ(k0, t) ≡

∫
d4r eik0r0−ik·r−Γhk|r0|〈Ω∣∣ψ̂h,free

(
x+

r

2

)
ψ̂h,free

(
x− r

2

)∣∣Ω〉γ0
=

∫ ∞

−∞
dr0 e

ik0r0−Γhk|r0|M>
hk

(
t+

r0
2
, t− r0

2

)
⊗ P (2)

hk

≡ W>
hk,Γ(k0, t)⊗ P (2)

hk . (3.11)

The only difference to the exact free case (3.9) is the introduction of the exponential

damping factor e−Γhk|r0|, where the damping rate Γhk is the imaginary part of the pole of

the full propagator. The exponential accounts for the most relevant effect of interactions

here. Taking the self-energy fully into account would also modify the matrix M>
hk, which

we here approximate with the free result. Equation (3.11) is thus reasonable in the usual

weak coupling limit, where particles are assumed to propagate freely between relatively

infrequent collisions.5 When collisions occur they affect “measurements” of the quantum

state, which over time leads to a loss of coherence.

The appearance of the exponential damping factor in equation (3.11) can also be

motivated by studying the case of thermal equilibrium, where the full correlation function

in Wigner representation is given by S>
hk(k0, t) = 2Ahk(k0, t)(1 − feq(k0)). (Remember

that S>
hk + S<

hk = 2Ahk). The damping factor in this case arises from the absorptive self-

energy corrections to the single particle poles of the pole propagators Sr,a
hk . When neglecting

gradient corrections one can show that in the small coupling limit

S>
hk(k0, t) �

∫
dr0 e

ik0r0−Γhk(t)|r0|S>
0,hk

(
t+

r0
2
, t− r0

2

)
, (3.12)

where

S>
0,hk

(
t+

r0
2
, t− r0

2

)
=

∑
±

e∓iωk(t)r0
[
1− feq

(
±ωk(t)

)]
P (4)

hkP
±
k (t) (3.13)

is the two-time representation of the free thermal correlation function (derived using the

usual plane wave mode functions). We have only kept the absorptive corrections to the

single particle poles of Sr,a
hk(k0, t), which are then located at k0 = ωk(t) ∓ iΓhk(t). The

damping factor in equation (3.11) relates the free correlation function to the full one in

exactly the same way as in equation (3.12), generalising the latter into the case of a non-

thermal system with coherence structures.

3.3 Explicit solutions for mode functions

We shall now study the correlation function (3.11) explicitly in a simple toy model. For

quantitative results we must define the mass function m(t). We assume that it approaches

5In fact we are accounting also for the soft interactions with the background fields that lead to the

time-varying mass term. It would be straightforward to extend this to other dispersive processes by the

use of quasiparticle eigenstates.
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Figure 2. Left panel (a): the real part of the mass profile m(t) of equation (3.15), with parameters

m1 = 0.5 + 0.005i, m2 = 2 and τw = 5, in arbitrary units. Right panel (b): the positive energy

eigenvalue ωk(t) =
√

k2 + |m(t)|2 with the same mass function as in the left panel and with both

|k| = 1 and 0.4.

asymptotically constant values m∓ at early and late times, respectively, and that it changes

between the asymptotic values over a characteristic time interval τw around time t = 0. This

is the situation e.g. in a phase transition interpolating between the broken and unbroken

phases. At early and late times such solutions approach asymptotically plane waves (with

spinor normalisation U †
hkUhk = V †

hkVhk = 2ω−):

U∞
hk =

[√
ω− − h|k|√
ω− + h|k|e−iθ

]
⊗ ξhke

−iω−t, (3.14a)

V ∞
hk =

[ √
ω− + h|k|

−
√

ω− − h|k|eiθ

]
⊗ ξhke

iω−t, (3.14b)

where θ is the phase of the constant mass in the asymptotic limit: m → |m±|eiθ± . To

be specific, we use the following mass profile for which the mode functions can be solved

analytically [20]:

m(t) = m1 +m2 tanh

(
− t

τw

)
, (3.15)

where m1 = m1R + im1I and m2 = m2R + im2I are constant complex coefficients and τw
is a parameter describing the width of the transition in time. At early times (t → −∞)

we then have m → m− = m1 +m2 and at late times (t → ∞) m → m+ = m1 −m2. For

solving the mode functions, the imaginary part of m2 is removed by a global rotation of

the spinors (see ref. [20] for details), which of course does not change the dynamics of the

system. The remaining imaginary part is simply denoted by mI. Figure 2 illustrates the

shape of the mass function and the corresponding energy for representative parameters.
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Equations (3.7) with the mass profile (3.15) were solved in ref. [20] and here we just

quote the results relevant for our purposes. Defining a new basis for the mode functions,

φ±
hk(t) ≡

1√
2

[
ηhk(t)± ζhk(t)

]
, (3.16a)

φ±
hk(t) ≡

1√
2

[
ηhk(t)± ζhk(t)

]
, (3.16b)

one can show that the solutions can be written in terms of Gauss’ hypergeometric functions:

φ
±(1)
hk = C

±(1)
hk zα(1− z)β 2F 1(a±, b±, c; z), (3.17a)

φ
±(2)
hk = C

±(2)
hk z−α(1− z)β 2F 1(1 + a± − c, 1 + b± − c, 2− c; z), (3.17b)

where C
±(1,2)
hk are constants and

z =
1

2

[
1− tanh

(
− t

τw

)]
, α = − i

2
τwω−, β = − i

2
τwω+,

ω∓ =
√

k2 +m2
I + (m1R ±m2R)2,

a± ≡ 1 + α+ β ∓ iτwm2R, b± ≡ α+ β ± iτwm2R, c ≡ 1 + 2α.

(3.18)

Superscripts (1) and (2) label the two linearly independent solutions. The solutions for

φ±
hk can be obtained by changing the sign of helicity in equations (3.17), h → −h. (Helicity

enters the solution through the boundary conditions as will be seen below.)

Using the properties of the hypergeometric functions it is easy to check that at early

times

φ
±(1)
hk

t→−∞−−−−→ C
±(1)
hk e−itω− , φ

±(2)
hk

t→−∞−−−−→ C
±(2)
hk eitω− . (3.19)

At late times these solutions split into mixtures of positive and negative frequency states:

φ
±(1)
hk

t→∞−−−→ C
±(1)
hk

Γ(c)Γ(c− a± − b±)
Γ(c− a±)Γ(c− b±)

eitω+ + C
±(1)
hk

Γ(c)Γ(a± + b± − c)

Γ(a±)Γ(b±)
e−itω+ , (3.20)

which manifests the fact that a varying mass mixes particle and antiparticle states. Indeed,

in systems without time-translation invariance the division to particles and antiparticles is

not unique. Locally a clear identification can be made however, and with the asymptotic

limits given above we can construct different initial and final states we wish to study.

Let us now specify our initial state as a positive frequency particle, i.e. the solu-

tion (3.17a), corresponding to the constant mass one-particle state (3.14a) at t → −∞.

This determines the constants

C
±(1)
hk =

1√
2

(√
ω− − h|k| ±

√
ω− + h|k|e−iθ−

)
, (3.21)

where θ− = Arg(m1R+m2R+ imI). Figure 3 shows these solutions for a representative set

of parameters. It is evident that the solutions asymptote to plane waves very quickly on

each side of the transition region.
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Figure 3. Shown are the real and imaginary parts of the exact free mode functions φ
±(1)
hk , defined

in equation (3.17a), across the transition defined by the mass profile (3.15). We used the initial

conditions (3.21) and the same parameters as in figure 2a with
∣∣k∣∣ = 0.4 and h = 1.

4 Phase space of the exact Wightman function

Having solved the mode functions, we can now calculate the Wightman functions Ss
hk and

Ss
hk,Γ. It suffices to concentrate on one type of them, say S>, since both functions exhibit

the same phase space structures. We evaluate the Wightman functions by inserting the

mode functions solved from equations (3.16) and (3.17) with the boundary conditions (3.21)

into the matrix M>
hk (3.10) and performing the integral over the relative coordinate in

equation (3.11) numerically for each k-mode. Results of these computations for varying

parameter sets are shown in figures 4–6.

Figure 4 shows the absolute value of the (1, 1)-component of the function W>
hk,Γ(k0, t),

defined in equation (3.11), for a system initially prepared to a pure positive frequency

state. (Other three chiral components are qualitatively similar.) The surface plot in the

left panel displays a clearly peaked structure, where the initial particle peak branches at

the transition region to three separate peaks corresponding to particle and antiparticle

solutions at k0 = ±ωk(t) and a coherence peak at k0 = 0. This reproduces the cQPA-

shell structure predicted in the previous section. Note that the coherence shell solution is

rapidly oscillating in time as predicted by the cQPA equation (2.18). The feature is slightly

obscured by the absolute value, but it shows up in the “digitised” structure of the coherence

solution in the projected plot on the right panel. Due to a rather large interaction rate

Γ the shell structures are wide enough in frequency to overlap a little, which can after

the transition be seen as a leakage of the coherence shell oscillations into the mass shells.

At early times the sole positive frequency shell contains no oscillations. Physically, what

we are seeing, is particle production by a temporally changing mass parameter and the

– 12 –



Figure 4. Shown is the absolute value of the (1, 1)-component of the exact free Wightman function

W>
hk,Γ defined in equation (3.11), for parameters h = 1, |k| = 0.4, m1R = 0.5, m2R = 2, mI =

−0.005, τw = 5 and Γ = 0.4. Note that time flows from bottom to top in the right panel.

Figure 5. The same as in figure 4, but for parameters h = 1, |k| = 0.7, m1R = 0.5, m2R = 2,

mI = −0.005, τw = 5 and Γ = 0.1.

fundamental relation of the phenomenon to the quantum coherence between positive and

negative frequency states.

In figure 4 we assumed a quite large damping factor and correspondingly the shell struc-

tures were rather broad in frequency. In figure 5 we show for comparison a solution with a

smaller wavelength and a much smaller damping coefficient. As expected, the shell struc-

ture gets more sharply peaked because of the smaller width.6 At the same time the antipar-

ticle shell after the transition becomes much less pronounced, reflecting the fact that a larger

initial energy is less affected by the mass change. (The same qualitative behaviour would

of course be obtained by increasing the width of the wall, leading to less efficient particle

production.) Indeed, for a very large |k| the whole novel shell structure vanishes, making

way for a single shell following a classical energy path such as the ones shown in figure 2b.

Right at the transition region one can distinguish additional fine-structures, which are

not related to the cQPA solution of equation (2.15). This is partly because our derivation of

cQPA assumed lowest order expansion in gradients. It would be interesting (and possible)

to generalise cQPA to a singular higher order expansion in gradients and check if the

emerging discrete sequence of shells could reproduce the structures seen here. However,

6In fact it is easy to show in an even simpler toy model, where the mass-function is replaced by a step-

function, that the peaks become Breit-Wigner-functions in frequency [21]. The spectral cQPA-solution can

then be seen explicitly as the Breit-Wigner forms approach delta functions in the limit Γ → 0.
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Figure 6. The same as in figure 4, but for parameters h = 1,
∣∣k∣∣ = 0.4, m1R = 0.5, m2R = 2,

mI = −0.005, τw = 5 and Γ = 0.02.

these structures may also reflect the onset of the new non-local correlations that we shall

turn to next.7

4.1 Non-local coherence in time

In figure 6 we again plot |W>
hk,Γ,11| with the same parameters as in figure 4, but with a much

smaller decay term. The shells become even more peaked as expected, but in addition a

much richer phase space structure emerges, extending well outside the transition region.

From the projection plot one recognises that two new spectral shells have entered the play,

together with a rich network of secondary fine-structures around the transition region.

From the surface plot it is evident, compared to the earlier cases, that the cQPA-shells

are suppressed near the transition region, while the new shells grow in amplitude there.

Far away from the transition region the situation is reversed and the new shells (which are

also oscillating) fade away, making room for the usual cQPA-shells that allow for a clear

particle and antiparticle identification.

The new shells correspond to non-local correlations between the early- and late-time

solutions across the wall; in the particle interpretation the system appears to become

aware of the change in its energy levels already before the transition occurs. This is

completely expected behaviour for a quantum system and, again, these shells can also be

seen analytically in the simple step-function model [21]. One can show, and also observe

in the projection plot, that the new shells coincide with the average frequencies

k0 =
1

2

(√
k2 + |m−|2 ±

√
k2 + |m+|2

)
, (4.1)

which reveals that they correspond to particle-particle and particle-antiparticle correlations

across the wall. The reason why these solutions are suppressed at large time differences is

the damping; the information about the transition can be propagated only up to a distance

7Let us clarify our use of the notion of (non-)locality in this paper: first, by non-local coherence we mean

coherence over the relative coordinate in the two-point correlation function. Then, by local limit, we mean

the limit where the two time-arguments in the correlation function are the same. The local correlation

function still supports the particle-antiparticle coherence, which is non-local in the sense that creating it

requires coherent evolution over a finite interval in the average time uninterrupted by collisions, which

differentiate particles from antiparticles.
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Δt ∼ 1/Γ in the relative coordinate. Beyond this time interval only local correlations can

survive. Decreasing Γ further makes the non-local coherence structures ever more promi-

nent and if one removes damping entirely, the system becomes completely overwhelmed

by them. In this limit the system is intrinsically quantum; local particle-like solutions are

irrelevant and the system is globally sensitive to the initial conditions and the size of the

time-domain.

4.2 Physical and practical significance of the phase space structures

We have seen that a quantum system with negligible damping is strongly correlated over

large time intervals. However, in interacting systems damping suppresses non-local correla-

tions, eventually reducing correlation functions to the local limit. This decoherence enables

the quasiparticle picture and eventually the Boltzmann limit in slowly varying backgrounds.

In the language of a direct space Kadanoff-Baym approach, damping removes contributions

from memory integrals over long relative time differences. Note however, that damping does

not destroy the coherence shell at k0 = 0; spectral cQPA shells get finite widths, but the

coherence between particles and antiparticles survives. Of course, equations (2.6) and (2.7)

contain also other (hard) collisions terms, which we have omitted so far. If these collisions

depend on the particle-antiparticle nature of the state, they constitute measurements which

destroy this coherence. A complete treatment of particle production in phase transitions,

for example, should account for this effect as well, as was indeed done for example in

refs. [7, 8] in the cQPA context.

From a practical point of view our solutions show that in the weakly interacting limit

τwΓ 
 1, a complete phase space solution of the interacting problem would require very

fine resolution in frequency space in order to account for all the fine-structures in the

transition region. In this region, because of the large number of transient shell structures,

the quasiparticle picture appears impractical.8 On the other hand, even for a moderately

strongly interacting system τwΓ � 0.5, the phase space structure is smoothed out and the

coherent quasiparticle picture of refs. [6–12] should provide a good description of the system.

5 Currents and connection to the semiclassical limit

In the previous sections we showed that the phase space of a system with a varying mass

profile has non-trivial phase space structures, whose intricacy depends on the size of the

mode momentum k and the damping strength Γ. We also argued that the quasiparticle

picture may provide a reasonable description of the system (even for very small τwΓ). We

now change slightly our perspective, and ask how our results compare with the semiclassical

treatment, which should be applicable when τw|k| � 1. Semiclassical methods have been

8The situation is not as bad as one might think even in the limit τwΓ � 1. Let us consider the problem

from the point of view of the cQPA method, which includes local coherence shells but ignores the non-local

structures. Because the quasiparticle picture is appropriate far from the transition region and one expects

only few interactions within the transition area, the evolution of the quasiparticle distributions may be only

weakly sensitive to the new transient structures (the evolution of the quasiparticle functions is affected by

the new shells only through the collision integrals). If the physics one is interested in is sensitive only to

the late time correlations, it should be rather well described by the cQPA.
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widely used to describe CP-violating dynamics in electroweak baryogenesis models [5, 19,

22–30]. While we are dealing with a purely time-dependent system here, the results should

be qualitatively representative.

To be specific, we shall compare different methods for computing the expectation

values of fermionic currents. A generic current corresponding to a Dirac operator O can

be computed as

jOhk(t) ≡
∫

d3r

(2π)3
eik·r

〈
ψ̂h

(
t,x+ r

)
Oψ̂h

(
t,x

)〉
=

∫
dk0
2π

Tr
[
O iS<

hk(k0, t)
]
. (5.1)

In particular, we will be interested in the axial charge density

j5,hk(t) ≡
∫

d3r

(2π)3
eik·r

〈
ψ̂h

(
t,x+ r

)
γ0γ5ψ̂h

(
t,x

)〉
, (5.2)

which is related to particle asymmetries.

With the exact solutions (3.17) at hand it is a simple numerical task to compute j5,hk
for the kink profile using equation (5.1). Furthermore, in cQPA it can be calculated in

terms of the shell functions f
(m,c)±
hk as follows:

jcQPA
5,hk =

∑
s=±

[
−sh|k|

ωk
fms
hk +

(
h|k|mR

ω2
k

+
ismI

ωk

)
f cs
hk

]
. (5.3)

5.1 Collisionless case

We first point out that currents computed with the exact Wightman function fully agree

with the cQPA currents in the collisionless limit. This may look surprising, because cQPA

relies on a spectral ansatz derived to lowest order in gradients. Yet, at the integrated

level the collisionless cQPA is in fact exact and cQPA shell functions are in one-to-one

correspondence with the local limit of the correlation functions [12], and the correspondence

is not affected by the introduction of a damping term. This can be illustrated explicitly

e.g. with equations (3.12) and (2.15): integrating equation (3.12) over k0 gives∫
dk0
2π

S<
hk,Γ(k0, t) =

∫
dk0
2π

∫
dr0 e

ik0r0−Γhk|r0|S<
hk

(
t+

r0
2
, t− r0

2

)
= S<

hk(t, t)
cQPA−→

∑
±

[
Pm±
hk fm±

hk + P c±
hk f

c±
hk

]
, (5.4)

where in the last line we used the cQPA-ansatz (2.15). Thus, the essential feature of

the cQPA is not the expansion in gradients or the ensuing spectral approximation, but

the assumption that non-local degrees of freedom are not dynamical. In particular this

result shows that cQPA retains the full quantum information relative to the average time

coordinate t.

Finally, let us stress the delicate role the decay width Γ plays in the emergence of the

cQPA-scheme. On one hand, we have seen that if Γ was vanishing, non-local temporal cor-

relations would dominate the correlation function; the quality of the local approximation

then crucially depends on a non-zero damping. Yet, the spectral limit formally corresponds
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to taking Γ → 0. That is, Γ must be large enough to ensure that non-local correlations can

be neglected, and yet small enough so that a spectral quasiparticle picture is valid. Fortu-

nately this is typically the case. We shall elaborate more on these issues in a forthcoming

publication [31].

5.2 Semiclassical approximation

While the cQPA is designed to capture the local quantum effects in a generic evolving

background, a different method exists for systems in slowly varying backgrounds. The

semiclassical approximation was introduced in refs. [22–25] for systems with spatial inho-

mogeneities, and the details for temporally varying systems can be found in ref. [5]. The

semiclassical approximation is also local, but in contrast to cQPA, one applies the gradient

expansion directly to the unintegrated equations of motion, eliminating off-diagonal chiral

degrees of freedom. This leads to a loss of information in comparison to cQPA.

We do not get into the details of the derivation, but merely quote the results relevant

for our purposes. The Wightman function is decomposed into a helicity block-diagonal form

2iγ0S<
hk(k0, t) = σagahk(k0, t)⊗ P (2)

hk , (5.5)

where a ∈ {0, 1, 2, 3}, σ0 ≡ 1, σi are the Pauli matrices, and gah are the unknown coef-

ficient functions to be solved. The main outcome of the semiclassical formalism is that,

when considered to the first order in the gradients of a time-dependent mass m = |m|eiθ,
the axial part of the helicity correlation function g3hk is found to be living on a shifted

energy shell: g3hk ∼ δ
(
k20 − ω2

3hk

)
, with

ω3hk ≡ ωk(t) + h
|m|2∂tθ(t)
2|k|ωk(t)

. (5.6)

The shift has an opposite sign for particles with opposite helicities, and it obviously vanishes

for translationally invariant systems.9

Defining the integrated phase space densities

fahk(t) ≡
∫

dk0
2π

gahk(k0, t) (5.7)

one finds the following collisionless equation of motion for the axial density f3hk [5]:

[ω3hk∂t + Fhk∂k0 ] f3hk = 0, (5.8)

where Fhk is the semiclassical force

Fhk =
∂t|m|2
2ω3hk

+ h
∂t(|m|2∂tθ)

2|k|ωk
. (5.9)

This process of going from quantum equations (cQPA) to the semiclassical force is anal-

ogous to going from the Schrödinger equation to a spin-dependent force when calculating

9For problems with a spatially varying mass a similar shift occurs for the zeroth component g0, and is

proportional to the spin of the particle [24, 25].
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an electron’s movement in a magnetic field (the Stern-Gerlach experiment). Noticing that

Fhk = ∂tω3hk, one can see that the collisionless equation (5.8) is solved by

f sc
3hk(t) =

ω−f−
3hk

ω3hk(t)
, (5.10)

where f−
3hk ≡ f3hk(t → −∞) is determined by the desired initial conditions. These formulae

are valid for an arbitrary form of the mass function. Note that the definition of the

phase space function f3hk exactly coincides with our definition of the current j5,hk in

equations (5.1) and (5.2).

5.3 Range of validity of the different formalism

Let us now compare the axial quantum currents to their semiclassical approximation in

different kinematical regions. We use the initial conditions described in section 3.3, which

correspond to choosing f−
3hk = h|k|/ω− in equation (5.10). In cQPA the equivalent initial

configuration for S< is fm−
hk (−∞) = 1 with other shell functions vanishing. In this case the

semiclassical approximation gives the following form for the helicity-summed axial density

of our kink-mass system:

jsc5,k(t) =
∑
h

f sc
3hk(t) = − mIm2R

τw ω3
k(t) cosh

2(t/τw)
. (5.11)

In figure 7 we show the helicity summed axial density j5,k ≡
∑

h j5,hk as a function

of time for a few representative values for |k|, computed from the semiclassical equa-

tion (5.11), using our exact solutions with equation (5.1) and using the cQPA methods via

equation (5.3). As explained above, the full cQPA-currents coincide with the exact cur-

rents in the collisionless limit. In this case the cQPA-current is pure coherence, since the

cQPA-solution restricted to mass shells (green dashed lines) gives a vanishing axial current.

The general comparison to the semiclassical approximation is as expected: prominent

oscillations appearing in the exact solutions for small |k| are absent in the semiclassical

solution. This is as it should be, since quantum coherence effects are included in the

semiclassical formalism only in an average sense. However, the oscillations turn off quickly

for large |k|, such that already for |k| = 1.5 the semiclassical and quantum currents are

practically identical. Moreover, the semiclassical current captures the average of the exact

solution very well for |k| = 0.8 and reasonably well even for |k| = 0.4. The broad range of

validity of the semiclassical approximation is slightly surprising. On general grounds one

would assume it to work when at least one wavelength fits to the wall width, corresponding

to 2π
|k| < τw. However, our results suggest that it works quite well even when the wall width

is but a fraction of the wave length of the mode.

The validity of the semiclassical approximation is even more pronounced when one

considers the integrated current

j5(t) ≡
1

2π2

∫
d|k|k2

∑
h

j5,hk(t). (5.12)
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Figure 7. The helicity summed axial charge density j5,k from the exact solutions (red dashed

line), and from the semiclassical approximation (black line). Blue solid line (exactly matching the

red dashed line) is the full cQPA solution and the green line is cQPA solution restricted to the

mass shells. In each figure we have m1R = 0.1, m2R = 1, mI = 0.1, τw = 5 and Γ = 0.2, while

|k| = 0.1, 0.4, 0.8 and 1.5 in different panels as indicated.
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Figure 8. Shown is the integrated number density n+
1 of positive helicity particles (left graph)

and the integrated axial charge density j5 (right graph) for a vacuum initial condition in the non-

interacting case. We used the same set of mass parameters as in figure 7.

In the right panel of figure 8 we show the result of the calculation of j5(t) for the same set

of parameters as considered in figure 7. Apart from the oscillations right after the mass

change, the semiclassical solution follows the full solution quite well. In the left panel we

show the behaviour of the integrated number density n+
1 of positive helicity particles. (The

individual number densities are defined below in section 6.) Indeed, oscillations tend to

be much larger in the individual components, but they mostly cancel out at the level of

currents.
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Our results in the non-interacting case are qualitatively similar to those of ref. [20]; the

semiclassical approximation captures the mean trend of the currents quite well. However,

while ref. [20] emphasized the fact that the semiclassical approximation misses the late

time oscillations, we do not think that this is necessarily a significant problem. First, we

see that the oscillations damp quite quickly. Second, a typical application of a calculation

presented here would be to compute the particle-antiparticle asymmetry arising from the

transition. The axial current would then be closely related to the source of the asymmetry.

In such a case the effect of oscillations around the mean would tend to cancel out, leaving

a mean effect that could be well captured by the semiclassical result.

Let us emphasize that the cQPA result for the current indeed contains and generalises

the semiclassical result. This is so despite the fact that the cQPA-dispersion relation was

derived formally to lower order in gradients than the semiclassical one. The reason for this

apparently contradicting result was already emphasized in the beginning of this section:

at the integrated level the non-interacting cQPA is in fact exact. Similarly then, the in-

teracting cQPA-equations (2.20) constitute a generalisation of the interacting semiclassical

Boltzmann theory to the fully quantum case. We now turn to study such interacting sys-

tems in the context of cQPA. This requires that we define explicitly the collision terms in

equations (2.20).

6 cQPA with collisions

Let us now assume that the self-energy satisfies the KMS-relation Σ> = eβk0Σ<. This

is perhaps the most often recurring application, so we write down the full single flavour

interacting cQPA-equations (2.20) explicitly for this case. After some algebra we find:

∂tn
±
hk =

1

2

∑
s

Φ̇s
hk f

cs
hk −

∑
s

[(
ns
hk − ns

eq

)
T hs±
mm + f cs

hk T
hs±
cm

]
, (6.1a)

∂tf
c±
hk = ∓2iωkf

c±
hk + ξkΦ̇

∓
hk

[
mR

ωk
f c±
hk +

1

2

(
1− n+

hk − n−
hk

)]
(6.1b)

− ξk
∑
s

[(
ns
hk − ns

eq

)
T hs±
mc + f cs

hk T
hs±
cc

]
,

where Φ̇±
hk and ξk were defined in equation (2.22) and we replaced the mass shell functions

by the number densities n+
hk ≡ fm+

hk and n−
hk ≡ 1 − fm−

hk (these are the usual 1-particle

Boltzmann distribution functions) and ns
eq ≡ feq(+ωk). Finally, the T

hs±
ab -functions encode

the collision terms for generic thermal interactions. In the spatially homogeneous and

isotropic system the most general form of the self-energy function can be expanded as

ΣA
k (k0, t) ≡

∑
i

cAi (k, t)σi(k). (6.2)

Here σi(k) are the Dirac structures given in the leftmost column of table 1 and cAi (k, t)
are some four-momentum- and possibly time-dependent functions.10 Interaction terms

10Note that the last four rows in table 1 contain redundant information. For example, using the fact that

/kPhk = (k0γ
0 − h|k|γ0γ5)Phk, one finds that (T/k)

hss′
ab = ωk(Tsgn(k0)γ0)hss

′
ab − h|k|(Tγ0γ5)hss

′
ab . It is easy to
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σi (Ti)hss
′

mm (Ti)hss
′

cm (Ti)hss
′

mc (Ti)hss
′

cc

1 2sδss′
mR
ωk

s′/ξk s/ξk 2sδss′
mR
ωk

/ξk

γ5 −2isδss′
mI
ωk

s′Bs
hk sB−s′

hk −2isδss′
mI
ωk

/ξk

sgn(k0)γ
0 2sδss′ 0 0 2sδss′/ξk

γ0γ5 2sδss′h
|k|
ωk

−s′As
hk −sA−s′

hk 2sδss′h
|k|
ωk

/ξk

/k 2sδss′
|m|2
ωk

s′h|k|As
hk sh|k|A−s′

hk 2sδss′
|m|2
ωk

/ξk

/kγ5 0 ωkA
s
hk −ωkA

−s′
hk 0

1
2 [γ

0, /k] 2isδss′h|k|mI
ωk

−s′h|k|Bs
hk −sh|k|B−s′

hk 2isδss′h|k|mI
ωk

/ξk

1
2 [γ

0, /k]γ5 −2sδss′h|k|mR
ωk

−s′h|k|/ξk −sh|k|/ξk −2sδss′h|k|mR
ωk

/ξk

Table 1. Collision term coefficients for different self-energy components σi(k) of Σk.

corresponding to equation (6.2) are given by

T hss′
mm (|k|, t) =

∑
i

cAi (s)(Ti)hss
′

mm(|k|),

T hss′
cm (|k|, t) =

∑
i

[
cAi (s) + cAi (−s)

2
− ss′

cAi (s)− cAi (−s)

2

]
(Ti)hss

′
cm (|k|),

T hss′
mc (|k|, t) =

∑
i

cAi (s)(Ti)hss
′

mc (|k|),

T hss′
cc (|k|, t) =

∑
i

cAi (s)− cAi (−s)

2
(Ti)hss

′
cc (|k|),

(6.3)

where cAi (s) ≡ cAi (sωk, |k|, t) and the functions (Ti)hss
′

ab can be read from table 1, where we

further defined

As
hk ≡ h

|k|mR

ω2
k

+ is
mI

ωk
, (6.4)

Bs
hk ≡ sh

|k|
ωk

+ i
mRmI

ω2
k

. (6.5)

The collision terms of equations (6.3) together with table 1 allow for completely general

coefficient functions ci(k, t) of the self-energy (6.2). However, in thermal equilibrium the

functions ci(k, t) are typically either even or odd functions of k0. As an example, we

consider a thermal self-energy with a chiral interaction given by

ΣA
k (k0) = (a/k + b/u)PL, (6.6)

check that this relation is satisfied by the entries of table 1. Similarly 1
2
[γ0, /k]Phk = −h|k|γ5Phk, which

implies that the last two rows are just −h|k| times the first two lines in reverse order. However, rather than

being minimalistic, we give a complete list of the possible structures.
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where uμ is the fluid four-velocity. We further assume that, in the rest frame of the thermal

plasma where /u → γ0, the coefficient a = a(k0, |k|) is an odd and b = b(k0, |k|) an even

function of k0. Using table 1, we then get the following collision terms for equations (6.1):

T hss′
mm (|k|, t) =

[
|m|2
ωk

ak +

(
1− sh

|k|
ωk

)
bk

]
δss′ ,

T hss′
cm (|k|, t) = s′

2

[
(ωk − s′h|k|)ak + bk

]
As

hk,

T hss′
mc (|k|, t) = s

2

[
(ωk + sh|k|)ak + bk

]
A−s′

hk ,

T hss′
cc (|k|, t) = 1

ξk

[
|m|2
ωk

ak + bk

]
δss′ .

(6.7)

Here ak ≡ a(ωk, |k|), bk ≡ b(ωk, |k|) and we used the parity properties a(sωk, |k|) = sak
and b(sωk, |k|) = bk. Also, given that ak, bk > 0, note how T hss′

mm and T hss′
cc are always

positive.

Let us finally point out that it is easy to generalise equations (6.1) to the case with a

non-thermal self-energy that does not obey the KMS-relation. One just needs to replace

the two terms involving the equilibrium distribution function ns
eq as follows:

(ns
hk − ns

eq)T
hss′
ma (|k|, t) →

∑
i

s

(
fms
hk cAi (s)−

1

2
c<i (s)

)
(Ti)hss

′
ma (|k|, t) (6.8)

for a = m, c, where we defined iΣ<
k (k0, t) ≡

∑
i c

<
i (k, t)σi(k). We remind, however, that

evaluating the self-energy diagrams involving coherent propagators as internal lines requires

special techniques developed in refs. [11, 12].

6.1 A numerical example

In figure 9 we show a result of a model calculation with a non-vanishing interaction rate

using a self-energy of the form (6.6) with ak = 0.03 and bk = 0. The left panels, where we

imposed the vacuum initial conditions n±
hk = f c±

hk = 0, correspond to the interacting version

of the case studied in figure 8. Initially, the particle number approaches smoothly the

thermal value. At the onset of the transition it again starts oscillating, but the amplitude

is strongly damped in comparison to the non-interacting case. In the right panels we show

the analogous calculation with equilibrium initial conditions n±
hk = n±

eq with T = 1 in the

units we are working with and f c±
hk = 0. Now the particle number stays unchanged until

the onset of the transition, after which it oscillates approaching asymptotically the same

post-transition equilibrium value as in the case with vacuum initial conditions. Pushing

the starting point further away from the transition region would make the later evolution

indistinguishable in the two cases.

The main difference to the non-interacting case is that the left-chiral interaction, in

connection with the coherent CP-violating oscillations, creates a temporary non-zero av-

erage chiral current after transition. This is due to the fact that the chiral interaction

term (6.6) breaks the helicity symmetry. The average current is well captured at late times

by the pure mass shell contribution, shown in green dashed line in figure 9. However at
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Figure 9. Shown is the integrated number density n+
1 of positive helicity particles (the upper

panels) and the integrated axial charge density j5 (the lower panels) in interacting cQPA. The

left panels correspond to the vacuum initial condition and the right panels to the thermal initial

condition with T = 1. We used the same set of mass parameters as in figure 7.

the transition point the main peak is still pure coherence. While the current eventually

equilibrates to zero, the region where it is non-vanishing could act as a seed for example

for a particle-antiparticle asymmetry creation in such a transition.

The calculation we presented here was just a toy model whose sole purpose was to show

how to implement the method and display some of the effects of interactions. There are

several interesting applications for the formalism that we shall pursue in the future. One

avenue is the study of baryogenesis in abrupt spatially homogeneous phase transitions in the

early universe, such as the models considered in the context of the cold baryogenesis [32–34].

Another application is to study the reheating phase after inflation. It is straightforward to

couple equations (6.1) with an equation of motion for the inflaton and model the reheating

phase including all quantum effects and interactions. Our formalism, extended to the

flavour mixing case [12], can also be applied to the study of leptogenesis. It is of particular

interest to compare our approach with several other transport theory formulations that

also employ the closed time path (CTP) methods, such as those presented in refs. [35–42].

7 Conclusions and outlook

We have studied the phase space structure of a fermionic two-point function with a varying

complex mass. We computed the Wightman function of a non-interacting system for a

specific mass profile, and demonstrated that its phase space contains, in addition to the

usual mass shell solutions, a shell-like structure located at k0 = 0. This zero-momentum
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shell describes local-in-time quantum coherence between particles and antiparticles and it

was discovered earlier in the context of the cQPA-formalism [6–12]. However, our present

derivation did not rely on any approximations, but derived the free Wightman function

from the exact mode functions of the system.

In addition to the cQPA-solutions we found other, non-local coherence structures in

the exact Wightman function. These structures look peculiar, appearing to let the system

become aware of the transition before it actually takes place in the local time coordinate,

but of course they are just a reflection of the usual quantum non-locality in the phase

space picture. We argued that the non-local correlations would dominate the phase space

structure in large non-dissipative systems. However, when dissipation is included (modelled

here by a damping term coupled to the relative time coordinate), the non-locality gets

confined to the neighbourhood of the transition region. These results underline the delicate

role of dissipation in the emergence of the local (cQPA) limit, and eventually (in the nearly

translationally invariant systems) of the familiar Boltzmann transport theory.

In section 2 we introduced a new and particularly useful way to reorganise the gradi-

ent expansion in the mixed representation Kadanoff-Baym equations. Then, based on this

form, we gave a simple and transparent derivation of the cQPA equations. In section 6

we completed the analysis by providing explicit collision integrals for generic interaction

self-energies. The resulting equations (6.1) are one of the main results of this paper: they

generalise the Boltzmann transport theory to systems with local coherence between par-

ticles and antiparticles. In particular they fully encompass the well known semiclassical

effects. Such coherences may be relevant for example for baryogenesis during phase tran-

sitions and for particle production at the end of inflation.

We further computed axial phase space densities out of the Wightman functions and

compared these to the same quantities obtained from the semiclassical approximation. We

found out that the semiclassical methods work reasonably well even in systems where the

relevant modes have wavelengths down to a half of the wall width. This is encouraging for

baryogenesis studies in very strong electroweak phase transitions, often encountered in the

context of models producing large, observable gravitational wave signals [17, 18].

In this work we only considered a time-dependent mass. A natural follow-up, relevant

for the baryogenesis problem, would be to generalise the analysis to a mass depending

on one spatial coordinate. Part of this program is straightforward, but some new features

emerge as well, such as the tunneling solutions, whose proper description at the phase space

level is non-trivial. But there are practical applications of the time-dependent formalism as

well, which we shall be pursuing. One is the baryogenesis at a phase transition as discussed

in section 6 and already studied in the context of a simple toy model in ref. [11]. Another

immediate goal is to use equations (6.1), coupled to the one-point function of the inflaton,

to model accurately the reheating phase at the end of the inflation. Also, we are pursuing

a generalisation of the present formalism to the case with mixing fermion fields, in the

context of resonant leptogenesis [43].
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supported by grants from the Väisälä Fund of the Finnish Academy of Science and Letters

and OK by a grant from the Magnus Ehrnrooth Foundation. We wish to thank Pyry

Rahkila and Werner Porod for many enlightening discussions.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] J.S. Schwinger, Brownian motion of a quantum oscillator, J. Math. Phys. 2 (1961) 407

[INSPIRE].

[2] L.V. Keldysh, Diagram technique for nonequilibrium processes, Zh. Eksp. Teor. Fiz. 47

(1964) 1515 [Sov. Phys. JETP 20 (1965) 1018] [INSPIRE].

[3] G. Baym and L.P. Kadanoff, Conservation laws and correlation functions, Phys. Rev. 124

(1961) 287 [INSPIRE].

[4] G. Mahan, Quantum transport equation for electric and magnetic fields, Phys. Rept. 145

(1987) 251.

[5] T. Prokopec, M.G. Schmidt and S. Weinstock, Transport equations for chiral fermions to

order � and electroweak baryogenesis. Part 1, Annals Phys. 314 (2004) 208

[hep-ph/0312110] [INSPIRE].

[6] M. Herranen, K. Kainulainen and P.M. Rahkila, Towards a kinetic theory for fermions with

quantum coherence, Nucl. Phys. B 810 (2009) 389 [arXiv:0807.1415] [INSPIRE].

[7] M. Herranen, K. Kainulainen and P.M. Rahkila, Quantum kinetic theory for fermions in

temporally varying backgrounds, JHEP 09 (2008) 032 [arXiv:0807.1435] [INSPIRE].

[8] M. Herranen, K. Kainulainen and P.M. Rahkila, Kinetic theory for scalar fields with nonlocal

quantum coherence, JHEP 05 (2009) 119 [arXiv:0812.4029] [INSPIRE].

[9] M. Herranen, Quantum kinetic theory with nonlocal coherence, Ph.D. thesis, Jyväskylä U.,
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1 Introduction

Quantum coherence, and the related mixing and oscillation of quantum states, plays an
important role in many interesting phenomena in particle physics and in the early uni-
verse. Examples include neutrino mixing and oscillations [1–9], particle scattering from
phase transition walls in baryogenesis [10–18], mixing of Majorana neutrinos in leptogene-
sis [19–21], and particle production after inflation or in phase transitions [22–24]. In these
applications a quantum field theoretical treatment of coherence is essential. Several differ-
ent types of coherence may be relevant depending on the problem: particle production is
driven by the particle-antiparticle coherence, and coherent mixing of left- and right-moving
particles can be the engine for creating the particle-antiparticle asymmetry during the elec-
troweak phase transition. Finally, coherence between different flavour states powers the
familiar phenomenon of neutrino oscillations as well as the particle-antiparticle asymmetry
generation in leptogenesis, which is the main topic of this paper.

The primary goal of this work is to develop a general and transparent formalism for
treating problems involving quantum flavour coherence. While our results are more gen-
eral, a large part of the development will be done in the context of (resonant) leptogenesis.
We will develop a series of implementations of quantum transport equations with differ-
ent levels of sophistication. At the most general level our formalism includes also the
particle-antiparticle coherences. From there we move by a well defined reduction process
to equations fully describing the flavour coherence separately in the particle and antipar-
ticle sectors. These equations are valid for arbitrary helicities and neutrino masses. We
also show how these equations can be further reduced to a helicity-symmetric density ma-
trix equation and eventually to the Boltzmann limit with a soundly motivated form for
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the CP-violating source in the leptogenesis application. This hierarchy of implementations
serves both to compare our results against the existing literature, and provides a “library of
methods” from where one can choose the one that is best suitable for the given application
at hand.

In the leptogenesis scenario [19] an initial lepton asymmetry nL gets converted to
the baryon asymmetry via the B + L-violating sphaleron processes [25] present in the
standard model (SM) [26–29]. Several versions of the leptogenesis mechanism exist [20,
21]. In standard thermal leptogenesis nL is generated by CP-violating out-of-equilibrium
decays of heavy Majorana neutrinos and the same basic mechanism carries over to resonant
leptogenesis. In the latter the neutrino masses are nearly degenerate however, which leads
to an enhanced efficiency. The enhancement is maximal when the timescale ∼ 1/Δm of
the flavour oscillations is comparable to the timescale ∼ 1/Γ of the change of the neutrino
abundances. In this case the flavour mixing has been found to be the dominant source of
the lepton asymmetry [20, 21]. Thermal leptogenesis can be well treated using standard
kinetic equations, but the resonant case needs a more refined treatment to correctly account
for the flavour mixing.

We will use the Schwinger-Keldysh closed time path (CTP) formalism [30, 31] to derive
Kadanoff-Baym evolution equations [32, 33] for the two-point correlation function of the
mixing fermions from first principles, using the two-particle irreducible effective action
(2PIEA) method [34, 35]. We specialize to spatially homogeneous and isotropic systems
and include the expansion of the universe, relevant for the leptogenesis application. The
central object for our study is the local Wightman function S<

k (t, t), which encodes the
statistical properties of the system including flavour diagonal and off-diagonal correlations.
The key element of our approach is finding a closed equation for S<

k (t, t). Our method
does not rely on restricted forms of the correlation function, such as the Kadanoff-Baym
or quasiparticle ansätze [33, 36]. Rather, it is based on the identification of a proper
background solution and a judicious approximation to compute the collision terms. This
makes it well suited for a study of dynamical mixing as all components of the correlation
function are treated on an equal footing. We point out that leptogenesis has already
been studied extensively using first principles methods [37–56] and resonant leptogenesis
in particular [57–71]. Technically our approach is closest to that of ref. [61].

Our formalism is a generalisation of the coherent quasiparticle approximation (cQPA)
first developed in [72–78] and further studied in [79]. The cQPA is a two-step approximation
where the structure of the Wightman function is solved first in a collisionless approximation
in the Wigner representation. This results in a spectral shell structure, including particle
and coherence shells, which is then used to solve the full dynamical equation. The present
method is not restricted to spectral structures as the equations are solved directly in the
two-time representation, which allows taking into account a finite width of the pole propa-
gators. If the width is neglected however, our equations are equivalent to cQPA equations.

Our main results include the quantum transport equations (5.7) and (5.15), the helicity
symmetric equations (8.1)–(8.3) and the Boltzmann equation source term (8.10) with the
CP-violating parameter (8.11). We provide an explicit implementation for a benchmark
model with two Majorana neutrinos and one lepton flavour including decay and inverse
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decay interactions, but generalising to more complicated fermion sectors and scattering
processes would be straightforward. Numerically all approaches are in good agreement in
the weakly resonant case, m � Δm � Γ, and the helicity-symmetric equation is in good
agreement with the full master equation for all parameter values. However, when Δm � Γ
the Boltzmann equation results depend strongly on the choice of the CP-violating source,
the precise form of which has been debated in the literature [55, 62, 66, 70]. Our result
agrees with ref. [62]. We show that the effective width that defines this source corresponds
to the off-diagonal damping of flavour coherence in the density matrix equations. We
also find that the Boltzmann equations equipped with this source are in best numerical
agreement with the full master equation results.

This paper is organised as follows: in section 2 we review the underlying CTP formalism
and examine the general structure of solutions. In section 3 we derive the transport equation
for the local correlation function S<

k (t, t) and the key approximation leading to a closure is
introduced in section 3.2. In section 4 we introduce the leptogenesis model, compute the
self-energy functions for the decay processes, find the adiabatic background solutions and
adapt the transport equations of section 3 to the leptogenesis case. We conclude the section
with renormalised master equations for leptogenesis, including an equation for the lepton
asymmetry and explicit forms for the source and washout terms. In section 5 we project
the neutrino master equation onto different frequency, helicity and flavour quantum states,
recasting it as a generalised density matrix equation, which we then further simplify by
averaging over the particle-antiparticle oscillations. In section 6 we generalise to the case
of an expanding universe and in section 7 we give detailed numerical results for the lepton
asymmetry in some benchmark cases. In section 8 we introduce further approximations,
first by dropping the helicity dependence and then reducing the master equation to a
density matrix equation in the quasidegenerate case and finally into a Boltzmann equation
in the decoupling limit, including a semiclassical source term. In section 9 we present
detailed comparisons to earlier work in the literature. Further details of the derivation are
presented in several appendices. Finally, section 10 contains our conclusions and outlook.

2 Kadanoff-Baym equations

For completeness and to introduce the notations, we start with a brief review of the CTP
formalism. The basic quantity of interest in the CTP quantum transport theory is the
contour-time ordered two-point correlation function. For flavoured fermions it is defined by

iSij,αβ(u, v) ≡
〈
TC
[
ψi,α(u)ψj,β(v)

]〉
, (2.1)

where C is a complex time contour and the expectation value is defined as a trace weighted
by the non-equilibrium density operator of the system. We will usually suppress the Dirac
(α, β) and flavour (i, j) indices when possible, as they follow the spacetime coordinates
u and v of the fermion field ψ. All products involving the two-point and self-energy
functions are thus implicitly matrix products in Dirac as well as flavour indices. In this
paper we consider the Schwinger-Keldysh path shown in figure 1 and parametrise the
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Re t

Im t

Ctin + iεF
tf

tin − iεF

Figure 1. Shown is the Schwinger-Keldysh closed time path C. Arrows show the direction of
increasing contour-time.

contour function (2.1) in terms of four real-time valued correlation functions: the Wightman
functions

iS<(u, v) ≡ 〈ψ(v)ψ(u)〉, (2.2a)
iS>(u, v) ≡ 〈ψ(u)ψ(v)〉, (2.2b)

and the retarded and advanced pole propagators1

iSr(u, v) ≡ 2θ(u0 − v0)A(u, v), (2.3a)
iSa(u, v) ≡ −2θ(v0 − u0)A(u, v). (2.3b)

Here A(u, v) ≡ 1
2〈{ψ(u), ψ(v)}〉 is the spectral function, which satisfies A = i

2(S> + S<) =
i
2(Sr − Sa). We also denote A = SA below. We also need the Hermitian part of the
pole propagators SH ≡ 1

2(Sr + Sa). The fermion self-energy Σ can be divided into real-
time components similarly and the various self-energy functions Σ<,>, Σr,a, ΣA,H satisfy
analogous relations.

With the leptogenesis application in mind, we now specialize to spatially homogeneous
and isotropic systems where the correlation and self-energy functions F ∈ {S, Σ} have
spatial translational invariance: F (u, v) = F (u0, v0; u − v). In this case it is convenient to
use the two-time representation

Fk(t1, t2) ≡
∫

d3r e−ik·rF (t1, t2; r), (2.4)

which is just the spatial Fourier transform and k is the Euclidean three-momentum vector.
The Schwinger-Dyson equation obeyed by the two-point function (2.1) can be cast into

four real-time Kadanoff-Baym (KB) equations for the real-time correlation and self-energy
functions. In the homogeneous and isotropic case and in the two-time representation (2.4)
they are given by [

(S−1
0,k − Σp

k) ∗ Sp
k

]
(t1, t2) = δ(t1 − t2), (2.5a)[

(S−1
0,k − Σr

k) ∗ Ss
k

]
(t1, t2) = (Σs

k ∗ Sa
k)(t1, t2), (2.5b)

1A related parametrisation is Sab, where a, b = ± denote the CTP branches of the time arguments u0

and v0: + referring to the upper and − to the lower branch in figure 1. Then S< = −S+− and S> = S−+,
while S++ = ST and S−− = ST are the time-ordered and reverse time-ordered propagators. Note that
our definition of S< has an additional minus sign for fermions compared to what is often used elsewhere in
the literature.
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where p = r, a and s = <, >. The convolution appearing here is defined by

(Fk ∗ Gk)(t1, t2) ≡
∫ ∞

tin

dt Fk(t1, t)Gk(t, t2), (2.6)

where tin is the initial time of the CTP, and we have taken the limit tf → ∞ for the final
time. We will eventually also take the limit tin → −∞ when deriving the kinetic transport
equations. Finally, the inverse free propagator in equations (2.5) is given by

S−1
0,k(t1, t2) ≡

[
iγ0∂t1 − γ · k − m(t1)

]
δ(t1 − t2). (2.7)

The time dependent, real mass matrix m(t), can be viewed as a singular contribution to
the Hermitian part of the self-energy, but with our immediate application to leptogenesis
in mind, it is useful to write it explicitly.

Later on we make frequent use of the Hermiticity relations of the propagators and the
self-energies. In the two-time representation we can write them as

S<,>
k (t1, t2)† = S<,>

k (t2, t1), (2.8a)

SA,H
k (t1, t2)† = SA,H

k (t2, t1), (2.8b)
Sr,a

k (t1, t2)† = Sa,r
k (t2, t1), (2.8c)

where we defined S<,> ≡ iS<,>γ0, Sr,a ≡ Sr,aγ0 and SA,H ≡ SA,Hγ0. The relations (2.8)
follow straightforwardly from the definitions (2.2)–(2.4). Note that Hermitian conjugation
exchanges the pole propagators in addition to their time arguments. Similar Hermiticity
properties hold among the self-energy functions (with S replaced by Σ in equations (2.8))
with the definitions Σ<,> ≡ γ0iΣ<,>, Σr,a ≡ γ0Σr,a and ΣA,H ≡ γ0ΣA,H. We will also need
the spectral sum rule, which in the two-time representation reads

2Ak(t, t) = 1 for any t. (2.9)

Equation (2.9) is a direct consequence of the canonical equal-time anti-commutation rela-
tions, and it can be also derived from the definitions (2.3), the analogous relations for the
self-energy functions and equations (2.5a) and (2.7).

The coupled integro-differential equations (2.5) would be difficult to solve even if the
self-energies were some externally given functions. The fact that self-energies are in gen-
eral functionals of the correlation functions Sr,a,<,>, makes (2.5) also non-linear and con-
sequently much more complicated. Our main goal is to find a tractable and efficient
approximation scheme for these equations, which still captures the relevant physics.

2.1 Formal solutions

Before introducing our approximations, it is useful to study some general properties of the
solutions. We start by rewriting (2.5) in an alternative, but equivalent form of Schwinger-
Dyson integral equations:

Sp
k = Sp

0,k + Sp
0,k∗Σp

k∗Sp
k, (2.10a)

Ss
k = Ss

0,k + Ss
0,k∗Σa

k∗Sa
k + Sr

0,k∗Σs
k∗Sa

k + Sr
0,k∗Σr

k∗Ss
k, (2.10b)
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where the free propagators Sp
0 and Ss

0 satisfy

S−1
0,k∗Sp

0,k = 1, (2.11a)

S−1
0,k∗Ss

0,k = 0, (2.11b)

and again p = r, a and s = <, >.2 We suppressed the now obvious coordinate dependencies
and used 1 to denote the functional identity matrix (i.e. the delta function in time vari-
ables).

We can turn (2.10) into formal solutions by iterating and rearranging the infinite series
solutions suitably (intermediate steps of the procedure are given in appendix A). The formal
pole propagator solutions are given by

Sp
k =

(
S−1

0,k − Σp
k

)−1. (2.12)

The Wightman functions Ss
k can be broken into homogeneous and inhomogeneous parts:

Ss
k = Ss

hom,k + Ss
inh,k, where

Ss
hom,k ≡

(
1 + Sr

k∗Σr
k

)
∗Ss

0,k∗
(
1 + Σa

k∗Sa
k

)
, (2.13)

Ss
inh,k ≡ Sr

k∗Σs
k∗Sa

k. (2.14)

The inhomogeneous part Ss
inh,k is a particular solution to the full KB equation (2.5b),

while the homogeneous part Ss
hom,k satisfies the same equation with the right-hand side

put to zero. Solutions (2.12)–(2.14) are still completely general, but indeed purely formal
because the self-energies in general depend on Sk.3 However, they provide important
insight as to how to define and set up approximative solutions and equations. For example,
if the self-energy functions are dominated by some known part, such as the equilibrium
contribution, they suggest how to split the pole-functions and the inhomogeneous part of
the Wightman function to a leading part and a perturbation, following schematically the
division Σk = Σeq,k + δΣk. We shall put this observation into good use in section 3 below.

2.2 Homogeneous solutions

We can gain further insight to the homogeneous solution (2.13), simplifying it further (still
in full generality) by using the KB equations. To this end we first substitute the inverse
free propagator (2.7) to equations (2.5) and write them explicitly as[

i∂t1 − Hk(t1)
]
Sp

k(t1, t2) − (Σp
k ∗ Sp

k)(t1, t2) = δ(t1 − t2), (2.15a)[
i∂t1 − Hk(t1)

]
Ss

k(t1, t2) − (Σr
k ∗ Ss

k)(t1, t2) = (Σs
k ∗ Sa

k)(t1, t2). (2.15b)

Here Hk(t) ≡ α · k + γ0m(t) is the free Dirac Hamiltonian with α ≡ γ0γ, and we used
the barred propagators S and self-energies Σ defined below equations (2.8). Using the pole

2It is easy to show, using (2.11a) and (2.11b) that any solution Ss to (2.10b) is also a solution to (2.5b).
3Of course, when one makes approximations, such as the 2PI expansion for the self-energy, the generality

of these equations is restricted. In particular, when using the 2PIEA-method, one also makes an implicit
assumption of Gaussianity of the initial state [62, 80]. This is not always warranted, but the nontrivial
correlations induced tend to be short lived, lasting only over t � O(1 − 10)/m [81].
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Figure 2. Left panel: schematics of the propagation of the homogeneous correlation from the initial
condition set at (t1, t2) = (tin, tin) (red) and the extent of the non-local correlation around a local
solution defined at (t1, t2) = (t, t) (green, see section 3.2). The strength of the colour illustrates
the strength of the correlation. Outside the spheres, with |Δt| � 1/γk, points are no longer
correlated (with (tin, tin) and (t, t) respectively) because of the dissipation. Right panel: shown are
the particular time-contours of relevance for the local equation as discussed in section 3.3.

equation (2.15a) and its Hermitian conjugate in equation (2.13) then leads to

Ss
hom,k(t1, t2)

=
∫ ∞

tin

∫ ∞
tin

dt dt′ Sr
k(t1, t)

[
−i
←
∂t − Hk(t)

]
Ss

0,k(t, t′)
[
i∂t′ − Hk(t′)

]
Sa

k(t′, t2)

= 2Ak(t1, tin)Ss
0,k(tin, tin)2Ak(tin, t2)

= 2Ak(t1, tin)Ss
hom,k(tin, tin)2Ak(tin, t2). (2.16)

To get the second equality we integrated the derivative terms by parts, used equa-
tion (2.11b) and its Hermitian conjugate and the definitions (2.3). The only remaining
term in the expression is then the boundary term involving the initial time tin. Note that
it is essential in this derivation that tin is smaller than both t1 and t2. Finally, we used the
sum rule (2.9) at t = tin to identify Ss

0,k(tin, tin) = Ss
hom,k(tin, tin).

The result (2.16) is exact and it shows that homogeneous solutions describe transients
evolving from initial conditions set at a finite initial time tin. Indeed, it is easy to show
that the spectral function is the unitary time-evolution operator for two-point functions in
the free theory limit: 2A0(t1, t2) = U(t1, t2), for which the spectral sum rule (2.9) imposes
the correct normalisation U(t, t) = 1. However, in dissipative systems this time-evolution
is no longer unitary. Dissipation shows up as a finite width of the pole functions in the
Wigner representation. Going to the Wigner representation, finding quasiparticle poles
and computing the corresponding quasiparticle widths γk, and transforming back to the
two-time representation, one could then obtain a more general Ak effecting an explicit
non-unitary decay of correlations in the relative time [79]: 2Ak(t1, t2) ∼ e−γk|t1−t2|.4 As

4In this qualitative explanation we do not explicitly account for flavour dependence. It is clear however,
that flavour dependent γk’s correspond to the widths of quasi-states in the locally diagonalised matter basis.
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a result, if the initial time is pushed to the past infinity, tin → −∞, all memory of the
initial conditions will vanish, leaving only the inhomogeneous solution. We illustrate this
phenomenon schematically in figure 2.

We find the homogeneous solutions of the form (2.16) to be very useful still in another
way, which is crucial to our scheme. We will return to this issue in section 3.2 below.

3 Local quantum kinetic equation

The main source of complexity in equations (2.15) comes from their non-locality and the
associated need for a complete accounting of the memory effects. Yet, all physical observ-
ables are expressible in terms of the local correlation function Sk(t, t), and moreover, we
have seen that dissipative processes in general wash out memory effects over time intervals
|Δt| ≥ 1/γk. This suggests to try to find an approximative equation that involves only the
local correlation function. Such an equation is easy to set up formally: we first use the
chain rule to write5

∂tS
<

k (t, t) =
[
(∂t + ∂t′)S<

k (t, t′)
]

t′=t
. (3.1)

Using this with the KB equation (2.15b) and its Hermitian conjugate together with the
Hermiticity relations (2.8) yields the equal-time equation

i∂tS
<

k (t, t) =
[
Hk(t), S<

k (t, t)
]

+ (Σr
k ∗ S<

k )(t, t) − (S<

k ∗ Σa
k)(t, t)

+ (Σ<

k ∗ Sa
k)(t, t) − (Sr

k ∗ Σ<

k )(t, t). (3.2)

This equation is still exact, but of course not closed because it still involves the non-local
function S<

k (t, t′) with t �= t′ explicitly in the interaction convolution terms Σr
k ∗ S<

k and
S<

k ∗ Σa
k and implicitly within the self-energies. It also depends explicitly on the pole

functions Sr,a
k (t1, t2). To make (3.2) self-contained, we need to supply it with enough

information of these particular correlations, without going back to the full KB equations.

3.1 Perturbation around the adiabatic solution

Let us first address the coupling between the Wightman functions and the pole functions.
This issue is intimately connected to finding a good approximation for the inhomogeneous
solution for the Wightman functions as is suggested by equations (2.12) and (2.14). We
start by formally dividing the correlation functions into some known adiabatic background
solution and a perturbation:

Sα
k = Sα

ad,k + δSα
k . (3.3)

where α = r, a, <, >. There is some freedom as to how to choose the adiabatic solutions.
For example, in a system near thermal equilibrium, the instantaneous thermal equilibrium
solutions would be an obvious choice. More formally, the adiabatic Wightman function
can be defined as a solution that reduces to the stationary solution of (3.2), when ignoring

5In order to get an equation for the local correlation function, it is essential that the derivative acts
on both time-variables. Otherwise the limiting procedure introduces other independent functions (first
moment of the propagator in the mixed representation) to the left hand side of the equation (3.2).
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all local time dependence.6 When Sα
ad,k fulfil this requirement, inserting the division (3.3)

into equation (3.2) leads to

i∂tδS<

k (t, t) 
 [Hk(t), δS<

k (t, t)] + (Σr
k ∗ δS<

k )(t, t) − (δS<

k ∗ Σa
k)(t, t)

+ (Σ<

k ∗ δSa
k)(t, t) − (δSr

k ∗ Σ<

k )(t, t)
− i∂tS

<

ad,k(t, t). (3.4)

The source −i∂tS
<

ad,k(t, t) is the leading correction left from the terms involving the adi-
abatic solution in the full dynamical equation. Note that as the Wightman function can
contain also a homogeneous transient, δS<

k is not necessarily small even when the adiabatic
solution is an equilibrium solution.

The equal-time pole functions, on the other hand, can be taken to be purely adiabatic
with no dynamical perturbations: δSp

k = 0. In the equal-time limit this condition is actually
strictly imposed by the spectral sum rule (2.9) and the relations (2.3) between the pole
functions and the spectral function. One can also show that ∂tS

p
ad,k(t, t) = 0 exactly at

least in a non-interacting theory. This suggests that no perturbations in the pole functions
can be included in a truncation to the local limit. It is then remarkable, that in the
truncation scheme for the collision terms developed in the next section, the non-local pole
function perturbations vanish consistently with their vanishing equal-time counterparts.
This means that pole functions become entirely non-dynamical quantities that account
for the structure of the phase space only. With this information, equation (3.4) further
reduces to

i∂tδS<

k (t, t) 

[
Hk(t), δS<

k (t, t)
]

− i∂tS
<

ad,k(t, t) +
[
(Σr

k ∗ δS<

k )(t, t) − H.c.
]
. (3.5)

This equation no longer depends explicitly on the pole functions. They only have limited
influence on (3.5) through the source function and the self-energy functions, as we shall
discuss below.

On the choice of the adiabatic solution. Explicit forms for the adiabatic solutions
are most conveniently given in the Wigner representation, which is defined as the Fourier
transform of the two-time representation (2.4) with respect to the relative time-coordinate:

F (k, t) ≡
∫ ∞
−∞

dr0 eik0r0
Fk

(
t + r0

2 , t − r0

2
)
. (3.6)

Here t = (t1 + t2)/2 is the average time coordinate and k0 is the internal energy conjugate
to the relative time coordinate r0 = t1 − t2. Note that we always take the limit tin → −∞
before calculating any Wigner transforms. We now define the adiabatic solutions with

6This corresponds to working to lowest order in gradients in the Wigner representation.
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instantaneous mass m(t) and self-energies as follows:7

Sp
ad(k, t) =

[
/k − m(t) − Σp

ad(k, t)
]−1, (3.7a)

Ss
ad(k, t) = Sr

ad(k, t)Σs
ad(k, t)Sa

ad(k, t). (3.7b)

There still is significant freedom left in these solutions related to the choice of the self-
energy functions Σα

ad. For example, one might choose to ignore or include the Hermitian
part ΣH

ad of the pole self-energy functions, leading to solutions either with vacuum or
quasiparticle dispersion relations. Moreover, if one neglects the finite width, setting ΣAad =
0, the corresponding solutions become spectral (either vacuum or quasiparticle). This is the
choice made in the derivation of cQPA-formalism [72–79], as well as in the usual Boltzmann
theory [82]. If one includes a finite width however, the adiabatic part of the solution spreads
out in phase space, with a consequent change in the source term in the equation (3.5) for
the perturbation δS<

k . One can even include corrections from the perturbations δS<

k in
the self-energies, without changing the basic structure of the equation for the perturbation
δS<

k itself. The point is that the validity of all these approximations is controlled by the
coupling constant expansion.

3.2 Local approximation

The division into an adiabatic background and the perturbation simplified the original
equal-time equation considerably. However, the problem of closure still remains: our equa-
tion describes the evolution of the perturbation only along the diagonal t1 = t2 in figure 2,
but the collision integrals depend on δS<

k (t1, t2) everywhere in the two-time plane. In a
system with dissipation, these memory effects are suppressed however, and there is hope
that a strictly local description can be found. We use the evolution of the homogeneous
perturbation (2.16) as our guiding principle to reach this goal.

Indeed, imagine first that we somehow have found the correct solution δSs
k(t, t) along

the diagonal. For t1,2 not too far from the time t, the true non-local solution δSs
k(t1, t2)

should be correlated with δSs
k(t, t), and even reasonably well approximated by a homo-

geneous solution similar to equation (2.16), with the initial time tin replaced by the local
time t. Even when we do not know the local solution beforehand, we can parametrise the
non-local solution with the local one. Specifically, we make the local ansatz

δSs
k(t1, t2) = 2Ak(t1, t)δSs

k(t, t)2Ak(t, t2) for any t. (3.8)

Note in particular that the spectral function is not a dynamical quantity in (3.8); following
the discussion of the previous section, the generalised time evolution operator 2Ak(t1, t2)
is a non-dynamical adiabatic solution that can be computed to the desired accuracy inde-
pendently from the local correlation function δSs

k(t, t). We stress that the ansatz (3.8) will
7More precisely, we should replace the self-energies Σ(k, t) in equations (3.7) by their “out-versions”

defined below equation (3.9). This is important when the self-energy depends on the perturbation δS itself
and may thus contain rapidly oscillating coherence functions [76, 77, 79]. However, this phenomenon is not
relevant for us in this paper where we eventually will average over such fast fluctuations and both definitions
correspond to the same local correlator in the two-time representation.
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only be used in the convolution terms describing the interactions. Indeed, if taken to hold
universally for all t, it would generally be too restrictive and in contradiction with the local
equation of motion (3.5).

cQPA and Boltzmann theory limit. It should be stressed that the ansatz (3.8) is
an exact relation in free theory and for spectral quasiparticles, where the full solution is
homogeneous and the free spectral function is the unitary time evolution operator. Indeed,
we can derive the cQPA-correlation function [77, 79], and eventually the Boltzmann theory
limit directly from (3.8). First choosing t = (t1+t2)/2 and then Wigner-transforming (3.8),
one finds (here we write the results explicitly for S< but analogous results hold for S>)

δS<(k, t) =
∫ dp0

π
2Ain,k(p0, t)δS<

k (t, t)2Aout,k(2k0 − p0, t), (3.9)

where Aout(k, t) ≡ e
i
2 ∂t∂k0 A(k, t) and Ain(k, t) ≡ e−

i
2 ∂t∂k0 A(k, t). This form is still valid

for any adiabatic solution for the spectral function. Working to lowest order in gradients
and using the free adiabatic spectral function,

A(0)
kij(k0, t) = π sgn(k0)

(
/k + mi(t)

)
γ0 δ(k2 − m2

i )δij , (3.10)

equation (3.9) reduces to the spectral form

δS<
ij(k, t) = 2π

∑
h,±,±′

PkhP±ki δS<

khij(t, t) P±
′

kj δ
(
k0 ∓ 1

2ωki ∓′ 1
2ωkj

)
, (3.11)

where the helicity and energy projection matrices are defined by

Pkh =
1
2

(
1 + hĥk

)
, P s

ki =
1
2

(
1 + s

Hki

ωki

)
, (3.12)

with ĥk ≡ α · k̂ γ5, Hki = α · k + γ0mi and ωki =
√

|k|2 + mi
2. The helicity and energy

indices both take values h, s = ±. It is easy to show that the projectors PkhP±kiγ
0P±

′
kj form a

complete basis of matrices consistent with homogeneity and isotropy (this will be elaborated
further in section 5.1). In the spectral limit the adiabatic solutions and the perturbations
can be combined on the common shell functions. Expanding the corresponding full S<

k (t, t)
in this basis (for the precise definition of Pss′

khij see equation (5.2) below), we can rewrite
equation (3.11) as

S<
ij(k, t) = 2π

∑
h,±

(
P±±khijfm,±

khij δ(k0 ∓ ωkij) + P±∓khijf c,±
khijδ(k0 ∓ 1

2Δωkij)
)
, (3.13)

where ωkij ≡ (ωki +ωkj)/2 and Δωkij ≡ ωki −ωkj . This is the flavoured cQPA-propagator,
up to normalisation, derived in [77] and it carries information of all coherence structures
consistent with homogeneity and isotropy in the spectral limit.

If one ignores all coherence information, equation (3.13) reduces to a generalised
KB-ansatz

S<
ij(k, t) =

∑
h

Pkhf
m,sgn(k0)
khii 2A(0)

kij(k0, t) sgn(k0), (3.14)
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which corresponds to the Boltzmann theory limit with distribution functions that are diago-
nal in flavour and helicity. The extra sgn(k0) factor could be absorbed to normalisation, but
the present normalisation will be more convenient later. Moreover, if one imposes the ther-
mal equilibrium Kubo-Martin-Schwinger (KMS) condition for the cQPA Wightman func-
tions, S>(k, t) = eβk0

S<(k, t), which now is equivalent to S<
ij(k, t) = 2A(0)

kij(k0, t)fFD(k0),
the distribution function further reduces to the thermal Fermi-Dirac distribution: fm,±

khii =
±fFD(±ωki) (cf. [79]).

3.3 Local transport equation

For us, the most important utility of the local approximation (3.8) is that it allows closure
in equation (3.5), reducing all interaction convolutions containing the non-local function
δS<

k (t, t′) to simple matrix products involving only the local function δS<

k (t, t). For example,

(Σr
k ∗ δS<

k )(t, t) =
∫ ∞

tin

dt′Σr
k(t, t′)δS<

k (t′, t)



[∫ ∞

tin

dt′Σr
k(t, t′)2Ak(t′, t)

]
δS<

k (t, t)

≡ Σr
eff,k(t, t)δS<

k (t, t), (3.15)

where we introduced the effective self-energy Σr
eff,k. We remind that the spectral function is

adiabatic A ≡ Aad in these expressions, consistent with our approximation scheme. While
the effective self-energy

Σr
eff,k(t, t) =

(
Σr

k ∗ 2Ak

)
(t, t) (3.16)

is still a convolution, it can be computed at any time during the solution based only on
the local solution itself, or independently of it, depending on the approximation one uses
for the adiabatic functions, as discussed in section 3.1.

We now use the local approximation (3.8) to obtain closure in equation (3.5). This
amounts to using (3.15) and its Hermitian conjugate with (3.16) in equation (3.5), resulting
in the local equation of motion

∂tδS<

k (t, t) + i
[
Hk(t), δS<

k (t, t)
]

= −∂tS
<

ad,k(t, t) −
(
iΣr

eff,k(t, t)δS<

k (t, t) + H.c.
)
. (3.17)

Equation (3.17) is our final quantum kinetic equation (QKE) for non-equilibrium evo-
lution of mixing fermions. The non-local memory integrals have been truncated by the
local approximation, so it is an ordinary (matrix) differential equation for the local non-
equilibrium correlation function δS<

k (t, t). Equation (3.17) still describes both flavour and
particle-antiparticle coherence effects of the mixing fermions. It also takes into account
quantum statistical effects of the thermal medium (within the weak coupling expansion),
and it can accommodate thermal corrections to the dispersion relations via the effective
self-energy and the adiabatic source term. We have shown that (3.17) encompasses the
coherent cQPA-formalism and consequently the usual Boltzmann theory including also
semiclassical corrections [79], but it is a more general formulation in that it is not re-
stricted to the spectral limit. We will apply this equation in the leptogenesis setting to
describe the evolution of the right-handed Majorana neutrinos in the next section.
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On the accuracy of the local ansatz. Despite its wide range of applicability, the
ansatz (3.8) should eventually break down if the system develops significant temporal
correlations (a memory) over large time intervals. When would this happen and how
large would the corrections be? Ultimately one would like to compare the results obtained
using the local equation (3.17) with a numerical solution of the full non-local two-time
equations (2.15), but we can get a good idea of the size of the memory effects by studying
their origin in the Wigner representation.

We first note that the Wigner transform (3.6) encodes all dependence on the relative
time r0 = t1 − t2 at constant average time slices t = 1

2(t1 + t2) in the frequency components
Sk(k0, t) (see the right panel of figure 2 for illustration). In the weak coupling limit this
information gets concentrated on narrow shells in frequency space and eventually to spectral
solutions when widths are neglected. The non-local information relevant for equations (3.5)
and (3.17) is contained in the convolution integrals that can be expressed as follows:

(Σr
k ∗ Gk)(t, t) =

∫
dt′Σr

k(t, t′)Gk(t′, t) =
∫ dk0

2π
Σr

out
(
k + i

2∂t, t
)
G(k, t), (3.18)

where G = δS< in (3.5) and G = A in (3.17).8 Clearly, for a fixed t the non-local informa-
tion of Gk(t′, t) contained in the two-time convolution (along the contour t2 = t) is fully
encoded in the gradients in the Wigner representation, since G(k, t) only contains infor-
mation along the contour 1

2(t1 + t2) = t. This correspondence is schematically illustrated
by the blue arrows in figure 2.

Finally then, the validity of the local approximation (3.8) boils down to the smallness
of the gradient corrections and assuming that δS(k, t) has a similar phase space structure as
the adiabatic solution. In the leptogenesis application gradient corrections are controlled by
the Hubble expansion and hence they are small since H/T � 1. The phase space structures
of the adiabatic solution and the perturbation δS(k, t) should be similar because the latter
is created by the former. Also, both solutions become spectral when the width is zero, so
this approximation becomes good also in the weak coupling limit.

4 Leptogenesis

We now apply our methods to study lepton asymmetry production in the early universe.
Leptogenesis has different variants, including the original thermal leptogenesis [19], reso-
nant leptogenesis [83, 84] and the freeze-in, or Akhmedov-Rubakov-Smirnov (ARS) lepto-
genesis [85]. For more discussion see e.g. [20, 21]. Our methods apply, with minor modifica-
tions, to all these variants, but we will focus to the resonant scenario in the minimal model
with two heavy Majorana neutrinos coupled to a single light SM lepton doublet and a Higgs
doublet. Generalisation to more neutrino flavours, or more SM lepton flavours necessary

8There is one subtlety if we take G = δS< as in equation (3.5). In this case one has to account for the
gradient operator in the argument of Σr

out, when it acts on the rapidly oscillating coherence solutions in
δS<. This ensures that the coherence shell contributions get computed on correct frequency shells in the
cQPA-formulation (see e.g. [79]). One of the nice features of the ansatz (3.8) is that it fully automatises
this resummation, also when evaluating higher loop self-energy functions [77]. Indeed, the issue clearly does
not arise when G = A, because A is an adiabatic function.
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e.g. for low scale leptogenesis [86, 87] and the ARS-mechanism, would be straightforward.
We will also only include the decay and inverse decay interactions, neglecting the 2 → 2
scattering processes. This limits the range of validity of our predictions, but our goal is not
the maximal phenomenological reach, but the accuracy of the quantum transport formula-
tion and detailed comparisons between different approximations. Again, generalisation to
more complex interactions would be straightforward.

In principle all particle species involved in the problem could be treated on the same
footing in the CTP-context, resulting in a network of local transport equations. However,
a number of simplifying approximations can be made for the SM fields. For example we
can neglect the decay widths of the lepton and Higgs fields and assume that they are in
kinetic equilibrium due to the SM gauge interactions. To first order, we can also neglect the
chemical potential of the Higgs field, which then decouples from the dynamics. The lepton
chemical potential μ� is essential of course, but we can assume μ�/T to be small, which
allows us to neglect the backreaction of μ� to the dynamics of the Majorana neutrinos.
We can then solve the coupled neutrino and lepton equations consecutively instead of
simultaneously. For neutrinos we will use the local transport equation (3.17) with full
phase space structure and flavour coherence information. Since we are only accounting
for one-loop self-energies, we include only the indirect or ε-type self-energy contribution
to the CP-violation. Including the direct ε′-type contribution would require a two-loop
self-energy calculation, but we refrain from doing this, because the indirect contribution is
dominant in the resonant regime.

In summary, the objective of this section is to derive an explicit local quantum transport
equation for the mixing Majorana neutrinos, coupled with an equation for the particle-
antiparticle asymmetry of the SM lepton doublet. We will compute explicitly all self-energy
functions and the adiabatic background solutions for the neutrinos, as well as the source
and washout terms for the lepton asymmetry equation. We will work consistently to the
leading order in the coupling constant expansion and discuss the renormalisation procedure
necessary for the loop calculations.

4.1 The minimal model

Our model contains two singlet Majorana neutrino fields Ni, coupled to an active lepton
SU(2)-doublet � and the complex scalar Higgs doublet φ via chiral Yukawa interactions:

L =
∑

i

[1
2

N i(i/∂ − mi)Ni − y∗i (�φ̃)PRNi − yiN iPL(φ̃†�)
]

+ � i/∂ � + (∂μφ†)(∂μφ). (4.1)

We work in the mass basis for the Majorana neutrinos, where mi are the lepton number
violating real Majorana masses. The lepton and Higgs fields are assumed to be massless
as leptogenesis must take place in a high temperature in the electroweak symmetric phase.
Finally, the SU(2)-conjugate Higgs doublet is defined by φ̃ ≡ εφ∗ where ε is the anti-
symmetric 2 × 2 matrix with ε12 = 1. The CP-violating phases necessary for leptogenesis
are contained in the complex coupling constants yi.
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The CTP propagators of the neutrino, lepton and Higgs fields are given by

iSij(x, y) ≡
〈
TC
[
Ni(x)N j(y)

]〉
, (4.2a)

iS�,AB(x, y) ≡
〈
TC
[
�A(x)�B(y)

]〉
, (4.2b)

iΔAB(x, y) ≡
〈
TC
[
φA(x)φ†B(y)

]〉
, (4.2c)

respectively, with the various real-time propagators defined as in section 2.9 Here we have
explicitly marked the SU(2)-doublet indices (A, B = 1, 2) of the lepton and Higgs prop-
agators and the Majorana flavour indices (i, j) of the neutrino propagator. Because of
the SU(2) symmetry the lepton and Higgs propagators are diagonal in the SU(2)-indices:
S�,AB ≡ S� δAB and ΔAB ≡ Δ δAB. In the following we work directly with the diagonal
elements S� and Δ. On the other hand, the Majorana fields Ni satisfy the Majorana con-
dition

Ni = N c
i ≡ CNT

i , (4.3)

where C is the unitary and antisymmetric charge conjugation matrix. An important con-
sequence of the condition (4.3) is that the neutrino propagator is constrained by

S(x, y) = CS(y, x)TC−1. (4.4)

Note that here the transpose acts on all of the flavour, Dirac and CTP indices of the
propagator.

4.2 Self-energy functions

We calculate the self-energies in the 2PIEA formalism, where the self-energies are defined
as functional derivatives of the non-trivial part Γ2 of the effective action with respect to
the propagators. The non-trivial part Γ2 contains contributions of vacuum diagrams with
two or more loops. The two-loop contribution (see figure 3a) arising from the Yukawa
interaction in the Lagrangian (4.1) is given by

iΓ(2)
2 = cw

∑
i,j

y∗i yj

∫∫
C

d4x d4y tr
[
PRiSij(x, y)PLiS�(y, x)

]
iΔ(y, x). (4.5)

Here cw = 2 is a multiplicity factor from the trace over the SU(2)-doublet indices, and C
denotes integration over the CTP.

To calculate the Majorana neutrino self-energy we need to take the functional derivative
of Γ2 with respect to the neutrino propagator S. As the propagator is constrained by the
Majorana condition (4.4), its functional derivative is defined by

δSij,αβ(x, y)
δSkl,γδ(w, z)

= δikδjlδαγ δβδ δ(4)(x − w)δ(4)(y − z)

+ δilδjkCαδC∗βγδ(4)(x − z)δ(4)(y − w), (4.6)

where the flavour and Dirac indices have been indicated explicitly. For an unconstrained
Dirac particle the second term on the right-hand side of equation (4.6) would not be present.

9The real-time components of the complex scalar propagator are defined similarly to equations (2.2)
and (2.3): for example the Wightman functions are Δ<(u, v) ≡

〈
φ†(v)φ(u)

〉
and Δ>(u, v) ≡

〈
φ(u)φ†(v)

〉
.

The only difference to the fermionic case is that the bosonic spectral function is a commutator of the fields,
rather than an anti-commutator, and we use the standard sign convention Δ< = Δ+− for bosons.
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(b) Neutrino self-energy.

Δ

Sij

(c) Lepton self-energy.

Figure 3. Shown on the left (a) is the 2PI two-loop vacuum diagram in theory (4.1). The
corresponding 1PI diagrams contributing to the Majorana neutrino (b) and lepton (c) self-energies
are shown on the right.

The one-loop Majorana neutrino self-energy Σij (figure 3b), calculated using equa-
tions (4.5) and (4.6), is then given in direct space by

iΣij(x, y) ≡ δΓ2

δSji(y, x)
= cw

[
yiy

∗
j PLiS�(x, y)PRiΔ(x, y)

+ y∗i yjPRCiS�(y, x)TC−1PLiΔ(y, x)
]
. (4.7)

The lepton self-energy (figure 3c) is calculated similarly, and the result for the SU(2)-
diagonal element is

iΣ�(x, y) =
∑
i,j

y∗i yjPRiSij(x, y)PLiΔ(y, x). (4.8)

From these it is straightforward to calculate the real-time self-energies by inserting the
CTP indices (which follow the spacetime arguments) and using the relations of the different
propagators. Later we need the following neutrino self-energy functions (given now in the
Wigner representation):

iΣ<,>
ij (k, t) = cw

∫ d4p

(2π)4

[
yiy

∗
j PLiS<,>

� (p, t)PRiΔ<,>(k − p, t)

− y∗i yjPRCiS>,<
� (−p, t)TC−1PLiΔ>,<(p − k, t)

]
, (4.9)

ΣH
ij(k, t) = cw

∫ d4p

(2π)4

[
yiy

∗
j PLSH

� (p, t)PRiΔF(k − p, t)

+ yiy
∗
j PLiSF

� (p, t)PRΔH(k − p, t)

+ y∗i yjPRCSH
� (−p, t)TC−1PLiΔF(p − k, t)

+ y∗i yjPRCiSF
� (−p, t)TC−1PLΔH(p − k, t)

]
, (4.10)

where we defined the statistical propagators SF ≡ 1
2(S> − S<) and ΔF ≡ 1

2(Δ> + Δ<).
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4.3 Tree level propagators

In order to calculate the self-energies further we now introduce the tree level equilibrium
approximations for the lepton and Higgs propagators S� and Δ. We assume that the
diagonal elements of the SU(2)-symmetric lepton and Higgs correlators are given, in the
Wigner representation, by

SA�,eq(k) = π sgn(k0)PL/k δ(k2), ΔA
eq(k) = π sgn(k0) δ(k2), (4.11a)

SH
�,eq(k) = PL/k PV

( 1
k2

)
, ΔH

eq(k) = PV
( 1

k2

)
, (4.11b)

iS≶
� (k, t) = 2SA�,eq(k)fFD

(
±(k0 − μ�)

)
, iΔ≶

eq(k) = ±2ΔA
eq(k)fBE(±k0), (4.11c)

where PV denotes the Cauchy principal value and μ� is the lepton chemical potential.
The ± sign in equations (4.11c) corresponds to the ≶ sign (+ for < and − for >). The
Fermi-Dirac and Bose-Einstein phase space distribution functions are

fFD(k0) =
1

eβk0 + 1
, fBE(k0) =

1
eβk0 − 1

, (4.12)

where β = 1/T and we assume a common temperature T for both � and φ. Note that the
time-dependence of the lepton Wightman functions S<,>

� (k, t) in (4.11c) comes solely from
the chemical potential μ� = μ�(t).

Similarly to the Majorana neutrino correlation function, it is convenient to split the
lepton Wightman functions into the equilibrium and non-equilibrium parts,

S<,>
� (k, t) ≡ S<,>

�,eq(k) + δS<,>
� (k, t), (4.13)

where S<,>
�,eq(k) is given by equation (4.11c) with μ� = 0 and the non-equilibrium parts

satisfy δS>

� = −δS<

� . It then suffices to consider e.g. δS<

� only, for which we define the
non-equilibrium lepton distribution

δf<

� (k0) ≡ fFD(k0 − μ�) − fFD(k0) 
 −f ′FD(k0)μ�. (4.14)

Here we also assumed that the lepton chemical potential μ� remains small during lep-
togenesis. We can now split the Majorana neutrino self-energies (4.9) and (4.10) using
equation (4.13):

Σ(k, t) = Σeq(k) + δΣ(k, t), (4.15)

where Σeq is the thermal equilibrium part with vanishing μ�, and δΣ is proportional to δS�

and hence linear in μ� in the approximation (4.14).
Using equations (4.9)–(4.12), (4.14) and (4.15), together with ΣA ≡ i

2(Σ> + Σ<), we
can calculate all the needed Majorana neutrino self-energies. We parametrise them as

ΣAeq,ij(k) = cw
(
yiy

∗
j PL + y∗i yjPR

)
/S
A
eq,μ(k), (4.16a)

ΣH(T )
eq,ij (k) = cw

(
yiy

∗
j PL + y∗i yjPR

)
/S

H(T )
eq,μ (k), (4.16b)

iδΣ<,>
ij (k, t) = cw

(
yiy

∗
j PL − y∗i yjPR

)
δ /S

<,>
μ (k) βμ�, (4.16c)
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where the various Sμ functions are calculated explicitly in appendix B. Due to homogeneity
and isotropy there are only two independent functions S0(k) ≡ a(k0, |k|) and Si(k) ≡
b(k0, |k|)k̂i (for all i = 1, 2, 3) for each Σ. Note that we give only the temperature dependent
part ΣH(T )

eq of the dispersive self-energy ΣH
eq(k) in equation (4.16b). The vacuum part

ΣH(vac)
eq and its on-shell renormalisation are presented in section 4.8. The renormalisation

of the Majorana neutrinos is not trivial because they mix and are unstable. Nevertheless,
the relevant outcome for this paper is simple: the renormalised (vacuum part) Σ̂H(vac)

eq does
not contribute to our results in the leading order approximation considered in this work.

4.4 Adiabatic neutrino solutions

Now that we have specified the self-energy, we can calculate the adiabatic solutions (3.7)
for the neutrino which are needed in the kinetic equation (3.17). Working to the lowest
order approximation we only take the equilibrium part of the neutrino self-energy (4.15)
into account:

Sp
ad(k, t) =

[
/k − m(t) − Σp

eq(k)
]−1, (4.17a)

Ss
ad(k, t) = Sr

ad(k, t)Σs
eq(k)Sa

ad(k, t). (4.17b)

We are implicitly assuming that all quantities have been renormalised, so the pole self-
energy Σp

eq appearing here is actually the on-shell renormalised pole self-energy Σ̂p
eq given

by equations (4.44) and (4.51). Furthermore, using the KMS relation Σ>
eq(k) = eβk0Σ<

eq(k)
and the exact identity A = SrΣASa, which holds in direct space as a convolution and as
a simple product to zeroth order in gradients in the Wigner representation, we can write
the Wightman functions (4.17b) as

iS<

ad(k, t) = 2Aad(k, t)fFD(k0), (4.18a)
iS>

ad(k, t) = 2Aad(k, t)
(
1 − fFD(k0)

)
. (4.18b)

In perturbative expansions it is more convenient to use the form (4.18) than equa-
tion (4.17b). For example, a naive coupling constant expansion of the pole propagators
in equation (4.17b) would appear to give a O(y2

i ) result, whereas the right-hand side of
equation (4.18) obviously gives the correct O(1) result. In other words, a consistent ex-
pansion of the Wightman function (4.17b) requires resumming the pole propagators, which
the identity A = SrΣASa implements automatically in equations (4.18).

Given the adiabatic solution, we can now compute the source term −∂tS
<

ad,k(t, t) in
equation (3.17). To this end, we employ the inverse Wigner transform

Fk(t1, t2) =
∫ dk0

2π
e−ik0(t1−t2)F

(
k,

t1 + t2

2

)
(4.19)

to calculate the two-time representation function S<

ad,k(t1, t2) from the Wigner representa-
tion (4.18a). Utilising Cauchy’s integral theorem to perform the k0-integral, we can write
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the two-time representation as

S<

ad,k(t1, t2) =
∫ dk0

2π
e−ik0(t1−t2)i(Sr

ad − Sa
ad)(k, t)fFD(k0)



∑

p=r,a

θ(−spr0)
poles∑

k0

e−ik0r0
fFD(k0) Resk0

[
Sp

ad(k, t)
]
, (4.20)

where the k0-sum is taken over the poles of Sp
ad(k, t), and sp = −1, 1 for p = r, a, respec-

tively. We also used the short-hands r0 ≡ t1 − t2 and t ≡ (t1 + t2)/2. The corresponding
result for S>

ad,k follows by replacing fFD(k0) above with fFD(−k0) = 1−fFD(k0). Note that
we neglected any branch cuts in equation (4.20) and kept only the residue contributions of
the single particle poles, but otherwise the result is general. Also, the poles of fFD(k0) at
the imaginary axis do not contribute due to the KMS relation.

Leading order approximation. Equation (4.20) is written with a general adiabatic
pole function, but it will be eventually sufficient to compute it to lowest order in gradients
and in the coupling constants. In this case we can use the free tree-level solution with
vacuum dispersion relations for the adiabatic pole propagators Sp

ad(k, t) in equation (4.17a),
given by

S
p(0)
ad,ij(k, t) =

/k + mi(t)
k2 − m2

i (t) − isp sgn(k0)ε
δij . (4.21)

The small imaginary part with ε > 0 ensures the correct boundary conditions for p = r, a.
Inserting this solution into equation (4.20), calculating the residues and taking the limit
ε → 0+ yields the leading order result

S
<(0)
ad,kij(t1, t2) =

∑
s=±

e−is(t1−t2)ωki

2sωki
fFD(sωki)(/ksi + mi)γ0δij . (4.22)

Here /ksi ≡ sωkiγ
0 − γ · k and ωi ≡

√
|k|2 + mi

2, and the time-dependent masses mi(t)
are evaluated at the average time t = (t1 + t2)/2.10 Note that the lowest order adiabatic
pole and Wightman functions are diagonal in the mass basis in agreement with [63]. We
emphasize that in our approach the off-diagonal corrections to the adiabatic propagators
are not required to leading order, as we do not need to calculate the homogeneous solution
non-dynamically from equation (2.16), as was done in e.g. [62]. Instead, corrections from
the full adiabatic pole propagators are already taken into account in the source term of
our dynamical equation (3.17) (see also equation (3.4)). More discussion about these
corrections is given at the end of section 4.5.

Setting t1 = t2 ≡ t in equation (4.22) we then get the equal-time adiabatic func-
tion S<

ad,k(t, t) needed in the kinetic equation (3.17). The result may also be cast into a
compact form

S
<(0)
ad,kij(t, t) =

∑
s=±

fFD(sωki)P s
kiδij , (4.23)

10The leading order result (4.22) can be obtained also by substituting the tree-level spectral function (3.10)
directly into the first line of equation (4.20) and performing the integration with the delta function, without
resorting to the residue formula. Including a finite width requires using the more general formula however.
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where the energy projection matrix P s
ki was defined in equation (3.12). To calculate the

time-derivative in order to get the source term −∂tS
<

ad,kij(t, t) for equation (3.17) is now a
simple matter, once the time-dependent masses mi(t) are specified. Equation (4.23) is also
needed to calculate the initial values for the (local) non-equilibrium Wightman function
δS< ≡ S< − S<

ad once the initial value for the full function S< has been specified.

4.5 Effective neutrino self-energy

We now calculate the effective self-energy (3.16), which appears in the local kinetic equa-
tion (3.17) for Majorana neutrinos. We use the general result for a convolution in terms of
the Wigner representation correlation functions:

(Fk ∗ Gk)(t1, t2) =
∫ dk0

2π
e−ik0(t1−t2) e−

i
2 (∂F

t ∂G
k0−∂F

k0 ∂G
t )

F (k, t)G(k, t)
∣∣∣
t=(t1+t2)/2

=
∫ dk0

2π
e−ik0(t1−t2)Fout(k, t)Gin(k, t)

∣∣∣
t=(t1+t2)/2

, (4.24)

where Fout(k, t) and Gin(k, t) were defined below equation (3.9). The first line of equa-
tion (4.24) is the inverse Wigner transform of the Moyal product (often denoted by
♦). When the gradients are small we may further approximate Fout(k, t) 
 F (k, t) and
Gin(k, t) 
 G(k, t). We will again assume an adiabatic, equilibrium self-energy function and
expand to zeroth order in gradients. The general result is then similar to equation (4.20):

Σr
eq,eff,k(t1, t2) =

∫ dk0

2π
e−ik0(t1−t2)Σr

eq(k)i(Sr
ad − Sa

ad)(k, t) (4.25)



∑

p=r,a

θ(−spr0)
poles∑

k0

e−ik0r0
Σr

eq(k) Resk0
[
Sp

ad(k, t)
]
. (4.26)

On the last line we again kept only the residue contribution from the poles of the propa-
gator and neglected contributions from possible branch cuts. To calculate the leading tree
level approximation we will again use the free pole propagators like in equations (4.22)
and (4.23). The calculation proceeds as before and one finds the lowest order coupling
constant result

Σr(0)
eq,eff,kij(t, t) =

∑
s=±

Σr
eq,ij(ksj)P s

kj . (4.27)

Corrections resulting from resummed pole propagators could be included by using the
residue formula (4.26) with complex poles, but as will be argued below, their effect would
be formally of higher order (∼ O(y4

i )) in the coupling constants.

Beyond the leading approximation. To improve on the leading approximation in
coupling constants used above, one should solve the complex k0-poles from the determinant
of Sp

ad(k, t), keeping the self-energy corrections and use them to calculate the residues in
equations (4.20) and (4.26). This is in principle straightforward, but laborious because
the block-wise inversion of equation (4.17a) results in complicated formulae due to the
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flavour mixing. We will not implement these corrections in this paper, because we use the
weak coupling approximation where these corrections should be small. We give details of
the inversion procedure in appendix C for completeness however, and note that a similar
analysis was presented in [62], with a non-relativistic approximation for the self-energy.
It should also be noted that these higher order corrections to (4.23) and (4.27) remain
parametrically small also in the maximally resonant regime where Δm21/m ∼ |y|2. We have
verified this explicitly in a generic power counting expansion of the formula (4.20) where
Δm21/m and |y|2 are expanded simultaneously, under the assumption that the difference
of the full k0-poles to the corresponding free theory poles is O(y2). To get the correct
perturbative result it is also crucial to start from the resummed form of equation (4.18a).

The self-energy corrections to the pole propagators can be divided into dispersive cor-
rections due to the Hermitian self-energy and dissipative ones due to the antihermitian
self-energy part. The main effect of the latter was already discussed qualitatively in sec-
tion 2.2. While the actual formulae are very complex, it is easy to see that the main quali-
tative effect of evaluating (4.20) at a complex pole is to introduce complex damping terms
∼ e−γii|t1−t2| into equation (4.22). Such factors represent the dissipation in the relative
time coordinate, but eventually do not affect the source term in the local equation (3.17).
Indeed, the only effect on the source, and likewise on the self-energy convolutions (4.26)
appearing in (3.17), from a finite width then amounts to shifts ∼ y2

i to the energy shells
where these terms are evaluated. In the weak coupling limit such corrections should be
small, which we have verified numerically.

The dispersive corrections could be more interesting. Including Hermitian self-energy
corrections would lead to new real-frequency poles for the adiabatic functions. Combining
the vacuum Hamiltonian in equation (3.17) with the effective Hermitian self-energy evalu-
ated at these poles, would give rise to an effective matter Hamiltonian for the quasistates.
The effective Hamiltonian would in general be no longer diagonal in the mass basis and
the energy difference between the matter eigenstates would be a function of time, similar
to the case of mixing light neutrinos in the early universe [3, 4, 7]. Such a dynamical mod-
ification of the energy level splitting could be relevant for resonant leptogenesis, although
the analysis of ref. [65] (performed in a simplified setup) does not suggest that the effect
is quantitatively significant.

4.6 Lepton transport equation

The equation for the lepton asymmetry can be derived from the KB equations (2.5) for the
lepton propagator. However, as the lepton is massless and we use the tree-level spectral
approximation for its propagator, the lowest order adiabatic source term in equation (3.4)
vanishes. To derive the leading source for the lepton asymmetry, it is convenient to use
a different but equivalent formulation of the KB equations (see e.g. equations 17 and 18
in [73]). The appropriate form of the equation where the finite width and dispersive
contributions have been neglected is

(
S−1

�,0,k ∗ S≶
�,k

)
(t1, t2) = ±1

2
(
Σ>

�,k ∗ S<

�,k − Σ<

�,k ∗ S>

�,k

)
(t1, t2). (4.28)
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The corresponding local equation for the local correlation function of the lepton can be
derived in the same way that we derived equation (3.2). The result is

i∂tS
<

�,k(t, t) =
[
α · k, S<

�,k(t, t)
]

− i
2
(
Σ>

�,k ∗ S<

�,k − Σ<

�,k ∗ S>

�,k

)
(t, t)

− i
2
(
S<

�,k ∗ Σ>

�,k − S>

�,k ∗ Σ<

�,k

)
(t, t), (4.29)

where α ·k is the free Hamiltonian for the massless lepton. We also remind here that equa-
tions (4.28) and (4.29) are formulated for the diagonal element S� of the SU(2)-symmetric
lepton correlator (4.2b). This equation could be solved as such, coupled with the local equa-
tion for the mixing Majorana states. However, in practice we can make several further ap-
proximations, eventually converging to a simple scalar equation for the lepton asymmetry.

Lepton asymmetry. The lepton asymmetry we are interested in this work can be related
to the chiral current density of the left-handed leptons, which is defined by

jμ
� (x) ≡

〈
�A(x)γμPL�A(x)

〉
, (4.30)

where an implicit summation over the SU(2)-index is assumed. Since we consider a spatially
homogeneous and isotropic system, the current depends only on the time x0 = t and it can
be further related to the local two-time Wightman function. Using definitions (2.2), (2.4)
and (4.30), we then get

jμ
� (t) = cw

∫ d3k

(2π)3 tr
[
γμPLiS<

�,k(t, t)
]
. (4.31)

Because no asymmetry can exist in thermal equilibrium [88], we can define the lepton
asymmetry density n� −n� as the zeroth component of the non-equilibrium part of the cur-
rent:

n� − n� ≡ δj0
� (t) = cw

∫ d3k

(2π)3 tr
[
PLδS<

�,k(t, t)
]
. (4.32)

We can further relate the asymmetry to the chemical potential of the tree-level lepton
propagator. Using equations (4.11c), (4.12), (4.13) and (4.19) we calculate the trace on the
right-hand side of equation (4.32). The result, written in terms of lepton and anti-lepton
phase space distributions, is

n� − n� = cw

∫ d3k

(2π)3

(
fFD(|k| − μ�) − fFD(|k| + μ�)

)
, (4.33)

where cw = 2 is the weak isospin multiplicity factor. There is no additional spin multiplicity
factor because of the chiral projection, i.e. only one spin state couples to the Majorana
neutrino and develops an asymmetry in the massless limit. A standard calculation of the
integral gives the relation between the asymmetry and the chemical potential:

n� − n� =
cwT 3

6π2

[
π2
(μ�

T

)
+
(μ�

T

)3]

 cwT 3

6

(μ�

T

)
, (4.34)

where in the last step we used the linear approximation for μ� like in equation (4.14).
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Lepton asymmetry equation. We can get the equation of motion for the lepton asym-
metry (4.32) by using the split (4.13) in equation (4.29), taking the trace over spinor indices
and integrating over momentum. The trace of the commutator term vanishes due to the
Dirac structure of the tree level propagator, so that we are left with

∂t(n� − n�) = −cw

2

∫ d3k

(2π)3 tr
[
(Σ>

�,k ∗ S<

�,k)(t, t) − (Σ<

�,k ∗ S>

�,k)(t, t)
]

+ H.c. (4.35)

Substituting the two-time representation of the lepton self-energy (4.8) to the right-hand
side then yields

∂t(n� − n�) = − cw

2
∑
i,j

y∗i yj

∫ d3k

(2π)3
d3p

(2π)3

∫
dt′

× tr
[
PRiS>

pij(t, t′)PLiΔ<

eq,p−k(t′, t)iS<

�,k(t′, t) −
(
> ↔ <

)]
+ H.c. (4.36)

This equation can actually be expressed using the already calculated Majorana neutrino
self-energy (4.9). Indeed, because of the trace and the equal time arguments it is just
a matter of combining the terms differently in the right-hand side of equation (4.36) to
rewrite the integral in terms of the Majorana neutrino correlation function and the chirally
projected Majorana self-energy ΣL, which results in:

∂t(n� − n�) =
1
2

∫ d3k

(2π)3 Tr
[
(Σ>

L,k ∗ S<

k )(t, t) − (Σ<

L,k ∗ S>

k )(t, t)
]

+ H.c. (4.37)

One should note that the trace is now taken over both the Majorana neutrino flavours
and the Dirac indices and we defined the barred chiral Majorana neutrino self-energy as
Σ<,>

L ≡ γ0PLiΣ<,>. Also note that the lepton doublet multiplicity cw is now included in
the neutrino self-energy.

Results similar to (4.37) are already known in the literature [62], but the novelty of our
approach is in the use of the local approximation of section 3 to evaluate the convolution
integrals. This is now straightforward because equation (4.37) is written explicitly in terms
of the Majorana neutrino propagator. We first use equations (3.3) and (4.15) to split the
neutrino Wightman functions and self-energies into the equilibrium and non-equilibrium
parts. Then we invoke the local approximation (3.8) to compute convolution integrals
with the perturbations δS<,>, along with the constraint δS>

k (t, t) = −δS<

k (t, t), which is
imposed by the sum rule. Finally, we write the convolution integrals involving S<,>

ad in the
Wigner representation using equation (4.24) and expand consistently to the leading order
in coupling constants and gradients to obtain:

∂t(n� − n�) 

∫ d3k

(2π)3 Tr
[
ΣAL,eq,eff,k(t, t)δS<

k (t, t) + δΣAL,eff,k(t, t)δS<

k (t, t)

+
1
2

∫ dk0

2π

(
δΣ>

L(k, t)S<

ad(k, t) − δΣ<

L(k, t)S>

ad(k, t)
)]

+ H.c. (4.38)

The first term on the right-hand side of equation (4.38), proportional to ΣAeq, does not
contain the lepton chemical potential μ�. It is therefore the source term for the lepton
asymmetry. The remaining terms, proportional to δΣα, are linear in μ� ∝ n� − n� (in the
approximation (4.14)) and so they contribute to the washout.
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4.7 General leptogenesis equations

To summarise, we use the local equation (3.17) with equilibrium self-energies to solve the
evolution of the Majorana neutrinos and equation (4.38) to subsequently calculate the
lepton asymmetry. Our coupled equations for leptogenesis therefore read

∂tδS<

k (t, t) + i
[
Hk(t), δS<

k (t, t)
]

= −∂tS
<

ad,k(t, t) −
(
iΣr

eq,eff,k(t, t)δS<

k (t, t) + H.c.
)
, (4.39)

∂t(n� − n�) = SCP + δW + Wad, (4.40)

where the CP-violating source term SCP and the washout terms δW and Wad of the lepton
equation are given by

SCP =
∫ d3k

(2π)3 Tr
[
ΣAL,eq,eff,k(t, t)δS<

k (t, t) + H.c.
]
, (4.41)

δW =
∫ d3k

(2π)3 Tr
[
δΣAL,eff,k(t, t)δS<

k (t, t) + H.c.
]
, (4.42)

Wad =
∫ d4k

(2π)4
1
2

Tr
[
δΣ>

L(k, t)S<

ad(k, t) − δΣ<

L(k, t)S>

ad(k, t) + H.c.
]
. (4.43)

The washout terms are proportional to the lepton asymmetry n� − n� via equation (4.34).
The adiabatic source term −∂tS

<

ad,k(t, t) of the neutrino equation (4.39) is calculated from
equation (4.23), and the effective self-energy Σr

eq,eff,k(t, t) is given by equation (4.27). We
expect Wad to be the dominant washout term because it is proportional to the adiabatic
functions, as opposed to δW which depends on the non-equilibrium perturbation δS< only.

Equations (4.39)–(4.43) are fully general apart from our using the local ansatz (3.8)
to compute the collision terms and the simplifications made in the reduction of the SM
sector. The effective self-energies in the lepton source and washout terms (4.41)–(4.43) are
all calculated expanding consistently to the leading order in gradients and in the coupling
constant expansion (more precisely: they are first order in |yi|2, ∂tm and ∂tμ� combined).
This is the most compact form of the equations relevant for the leptogenesis problem.
They correspond to an initial value problem for a set of coupled first order equations which
is straightforward to solve numerically by discretising the momentum variable. We shall
recast these equations into a set of coupled Boltzmann-like equations for the generalised
phase space functions in section 5, after a short discussion of the issue of renormalisation.

4.8 Vacuum on-shell renormalisation

So far we have implicitly assumed that we are working with finite, renormalised quantities.
The renormalisation procedure is slightly intricate due to the flavour mixing. For com-
pleteness, we perform the one-loop vacuum renormalisation in our model, following the
on-shell method of ref. [89]. This is sufficient for our purposes since we do not consider
gauge interactions [90, 91]. In this section we denote renormalised quantities by a hat. The
renormalised pole self-energies Σ̂p

eq,ij(k, t) can be written in terms of the unrenormalised
functions and the counterterms as follows:

Σ̂p
eq,ij(k, t) = Σp

eq,ij(k) − (/k − mi)(PL
1
2δZL

ij + PR
1
2δZR

ij )

− (PL
1
2δZR

ji
∗ + PR

1
2δZL

ji
∗)(/k − mj) + δmiδij . (4.44)
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The complex conjugation is here understood element-wise and not in the matrix sense.
The mass counterterms δmi are diagonal in the vacuum mass basis, but the wave function
renormalisation factors δZL,R

ij are in general flavour matrices [89]. Because our neutrinos
are Majorana fields, the counterterms for different chiralities are related by

δZL
ij = δZR

ij
∗. (4.45)

Because of the Hermiticity of the counterterm Lagrangian, only the dispersive part of the
self-energy Σp

eq = ΣH
eq + ispΣAeq contributes to renormalisation. The absorptive parts are

finite as such and can be understood as being computed in terms of renormalised parameters
throughout. Also thermal corrections are purely finite and may be split from the vacuum
parts according to equations (B.1a) and (B.2) given in appendix B. Renormalisation is
then associated only with the vacuum part of the Hermitian self-energy function ΣH(vac)

eq .
The on-shell renormalisation conditions which guarantee that there is no mixing in the

external legs, that mi are the renormalised masses and that the residue of the diagonal
propagator is unity, are given by [89, 92, 93]

Σ̂H(vac)
eq,ij (k)us

j(k) → 0, when k2 → m2
j , (4.46a)

us
i (k)Σ̂H(vac)

eq,ij (k) → 0, when k2 → m2
i , (4.46b)

1
/k − mi

Σ̂H(vac)
eq,ii (k)us

i (k) → 0, when k2 → m2
i , (4.46c)

us
i (k)Σ̂H(vac)

eq,ii (k)
1

/k − mi
→ 0, when k2 → m2

i , (4.46d)

where us
i satisfies (/k − mi)us

i (k) = 0 when k2 = m2
i . Note that there is no summation

over repeated indices here. The dimensionally regularised vacuum self-energy is given by
ΣH(vac)

eq,ij (k) = cw(yiy
∗
j PL + y∗i yjPR) /S

H(vac)
eq (k) with

/S
H(vac)
eq (k) = −

/k

32π2

(1
ε

+ 2 − log
∣∣∣∣k2

μ2

∣∣∣∣)+ O(ε), (4.47)

where 1/ε ≡ 1/ε − γE + log(4π), D = 4 − 2ε is the spacetime dimension, γE is the Euler-
Mascheroni constant and μ is the renormalisation scale parameter. Using these results we
find the following counterterms for the Majorana neutrinos:

δZR
ij

i�=j=
cw

32π2
2mj

m2
i − m2

j

(
mj yiy

∗
j + mi y∗i yj

)[1
ε

+ 2 − log
(

m2
j

μ2

)]
, (4.48a)

δZR
ii = − cw

32π2 |yi|2
[1

ε
− log

(
m2

i

μ2

)]
, (4.48b)

δmi =
cw

32π2 mi|yi|2
[1

ε
+ 2 − log

(
m2

i

μ2

)]
, (4.48c)

where i �= j in the first equation. The corresponding renormalised vacuum self-energy is

Σ̂H(vac)
eq,ij (k, t) = cw

[
PL/k

(
yiy

∗
j cH

ij − y∗i yjdH
ij

)
+ PL

(
yiy

∗
j mi − y∗i yjmj

)
dH

ij

+ PR/k
(
y∗i yjcH

ij − yiy
∗
j dH

ij

)
+ PR

(
y∗i yjmi − yiy

∗
j mj

)
dH

ij

]
,

(4.49)
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with

cH
ij =

1
32π2 log

∣∣∣∣ k2

m2
i

∣∣∣∣− mj

mi
dH

ij , dH
ij =

1
32π2

mimj

m2
i − m2

j

log
(

m2
i

m2
j

)
. (4.50)

The full renormalised pole self-energy (4.44) can now be written as

Σ̂p
eq,ij(k, t) = Σ̂H(vac)

eq,ij (k, t) + ΣH(T )
eq,ij (k) + ispΣAeq,ij(k). (4.51)

Note that the renormalisation procedure associated with the processes relevant for
leptogenesis is not affected by the expansion of the universe. Indeed, as long as curvature
effects are not relevant for the physical processes involved, renormalisation can be car-
ried out in the local orthonormal coordinate system, which is locally a Minkowski space.
We shall introduce the extension of our equations to the expanding Friedman-Robertson-
Walker spacetime in section 6.

5 Non-equilibrium distribution functions

The local correlation function δS<

k (t, t) is a matrix in both Dirac and flavour indices and its
components have a complicated time dependence involving many different scales. These
scales reflect the complicated phase space structure of the underlying Wigner function
δS<

k (k0, t), and they ultimately arise from the different physical phenomena the correla-
tion function describes. In particular, the vast difference between the particle-antiparticle
oscillation time ∼ 1/ωk and the flavour oscillation time ∼ 1/Δm makes equation (4.39)
challenging for studying resonant leptogenesis as such. To overcome this problem we will
parametrise δS<

k (t, t) in terms of phase space distribution functions δf ss′
khij , and derive their

coupled equations of motion. The benefit of this parametrisation, first introduced in [77],
is that each phase space function δf ss′

khij describes separate, clearly defined physics with
characteristic time-dependence. This allows us to isolate the physics that we are interested
in and to write simplified and yet accurate versions of equation (4.39), that are amenable
to efficient numerical solution.

5.1 Projection matrix parametrisation

Since we consider a spatially homogeneous and isotropic system, we can construct δS<

k (t, t)
using only 8 of the 16 basis elements of the full Dirac algebra. The basis matrices of this
subalgebra commute with the momentum representation of the Dirac helicity operator,

ĥk ≡ α · k̂ γ5, (5.1)

where k̂ ≡ k/|k| is the unit three-momentum vector. As mentioned above, we will use
the parametrisation introduced in [77], and which we already used in the spectral solu-
tion (3.13):

δS<

kij(t, t) =
∑

h,s,s′=±
Pss′

khij δf ss′
khij(t), (5.2a)
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with
Pss′

khij ≡ N ss′
khij PkhP s

kiγ
0P s′

kj . (5.2b)

Here Pkh and P s
ki are the helicity and energy projection matrices defined in equation (3.12)

and are labelled by helicity h = ±1, neutrino flavour i, j and the energy sign indices s, s′ =
±1. These matrices obviously satisfy the completeness relations Pk+ +Pk− = P +

ki +P−ki = 1
and it is easy to show that they also satisfy the idempotence and orthogonality relations
PkhPkh′ = δhh′Pkh and P s

kiP
s′
ki = δss′P s

ki. It can also be shown that for any given k, i, j, the
four different matrices P s

kiγ
0P s′

kj (with s, s′ = ±1) span the same set as {1, γ0, γ · k̂, α · k̂}
which commute with the helicity operator ĥk. Thus the eight matrices PkhP s

kiγ
0P s′

kj (with
h, s, s′ = ±1) in equation (5.2) can be used as a basis for the entire homogeneous and
isotropic Dirac subalgebra.

The normalisation factors N ss′
khij , which in part define the perturbations δf ss′

khij , can
be chosen freely in (5.2). The choice which gives the most symmetric relations between
the phase space distribution functions and the correlation function as well as between
the different distribution function components, and leads to simplest source terms in the
evolution equations is11

N ss′
khij ≡ tr

(
PkhP s

kiγ
0P s′

kjγ0)− 1
2 =

√
2ωkiωkj

ωkiωkj + ss′(mimj − |k|2)
. (5.3)

With this choice the phase space distributions are also correctly normalised in the thermal
limit. Note that despite the fact that the definition (5.3) involves the helicity projector,
N ss′

khij does not depend on helicity. It is also symmetric in the energy and flavour indices.
We can invert the parametrisation (5.2) to express the phase space distribution functions in
terms of the matrix form of the correlation function. Using (5.3) this relation reads simply

δf ss′
khij = tr

[
Ps′s

khji δS<

kij(t, t)
]
. (5.4)

That is, with the normalisation (5.3), Ps′s
khji is a “correctly normalised” projection operator

in our basis.
The basis spanned by Ps′s

khji can be used to define generalised distribution functions for
any local correlation function. Below we need the adiabatic distribution functions, which
can now be defined analogously to (5.4):

fss′
ad,khij ≡ tr

[
Ps′s

khji S<

ad,kij(t, t)
]
. (5.5)

Substituting here the leading order S<

ad,k(t, t) given by equation (4.23) (i.e. the free case)
we get

fss′
ad,khij 
 sfFD(sωki)δss′δij . (5.6)

This shows that the parametrisation (5.2) with the normalisation (5.3) naturally matches to
the Fermi-Dirac distribution in the free theory (up to a sign for negative frequency states).

11In the massless limit (5.3) becomes singular. This is a technical problem similar to the one encountered
with massless spinors, and it can be avoided by using a different normalisation. Alternatively one can
use (5.3) with finite masses, and take the limit mi → 0 at the end of the calculation when needed.
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5.2 Generalised density matrix equation

Using the parametrisation (5.2) with the normalisation (5.3) for δS<

k (t, t) in equation (4.39)
we can derive an equation for the non-equilibrium distribution functions δf ss′

k,hij(t). The
calculation is complicated by the fact that also the normalisation factors and the energy
projection operators depend on time due to the time dependent masses mi(t), but the final
master equation is structurally very simple:

∂tδf ss′
khij = − i(sωki − s′ωkj)δf ss′

khij − ∂tf
ss′
ad,khij

+ ss′
|k|
2

( ṁi

ω2
ki

f−s,s′
khij +

ṁj

ω2
kj

fs,−s′
khij

)
−
∑
l,η

[
Csηs′

khiljδfηs′
khlj +

(
Cs′ηs

khjli

)∗
δf sη

khil

]
. (5.7)

Here ṁi ≡ ∂tmi and we combined fk = fad,k + δfk in the second line, with the adiabatic
distribution functions fad,k defined in equation (5.5), and the collision term is given by

Csηs′
khilj ≡ i tr

[
Ps′s

khji Σr
eq,eff,kil(t, t) Pηs′

khlj

]
. (5.8)

Equation (5.7) describes all particle-antiparticle and flavour-coherence effects in the
local limit and includes helicity. This universality is reflected in the large number of
indices, which may appear overwhelming at first. However, all terms in (5.7) have simple
interpretations. For example the first term on the right-hand side corresponds to the
Hamiltonian commutator term in equation (4.39). It falls into this simple form because
HkiP

s
ki = P s

kiHki = sωkiP
s
ki. The Hamiltonian term causes oscillations in the off-diagonal

components and its simple form is pivotal in distinguishing the relevant time scales. For s =
−s′ the oscillations are very fast. These oscillations are essential e.g. for vacuum particle
production, but they can be a problem if one is interested only in flavour oscillations, which
correspond to s = s′ but i �= j, and usually evolve much more slowly. In the next section we
derive an effective equation for flavour oscillations by averaging over the fast oscillations.

The second line in equation (5.7) arises from the time dependence of the basis matri-
ces Pss′

khij in the parametrisation (5.2). The precise form of these terms depends on the
normalisation, and the choice (5.3) turns out to give the most compact form. These terms
are again essential for vacuum particle production, but they can be neglected in the lepto-
genesis application. The source terms ∂tf

ss′
ad,khij result from the projection of the adiabatic

matrix source in (4.39). Lastly, the collision terms Csηs′
khilj can in general be separated into

dispersive and absorptive parts, just by using Σr = ΣH − iΣA, and consequently we define

Csηs′
khilj ≡ CH,sηs′

khilj + CA,sηs′
khilj . (5.9)

The dispersive term CH,sηs′
khilj can be broadly characterised as a generalised matter Hamilto-

nian. It is of course a very general structure, but e.g. in the case of ordinary light neutrino
mixing it can be shown [94] to exactly reproduce the neutrino effective potential in matter.
It could be interesting for resonant leptogenesis as well, because it would make the energy
splitting Δωk between the neutrinos a dynamical quantity. We will not consider the dis-
persive corrections numerically in this paper, but also this topic will be pursued elsewhere.
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Finally, the absorptive part CA,sηs′
khilj of the collision term contains both flavour-diagonal

and off-diagonal damping rates, and importantly for leptogenesis, cross couplings between
the diagonal and off-diagonal distribution functions. These cross coupling functions to-
gether with the CP-violating flavour oscillation are the mechanism which generates the
lepton asymmetry.

5.3 Lepton source and washout terms

It is easy to write also the CP-violating source term and the washout terms of the lepton
equation using the parametrisation (5.2) and normalisation (5.3) for the Majorana neutrino
correlator. For the source term (4.41) and the washout term (4.42) we get, respectively,

SCP =
∑

h,s,s′,i,j

∫ d3k

(2π)3 tr
[(

PRΣAeq,eff,kji + (ΣAeq,eff,kij)†PR
)
Pss′

khij

]
δf ss′

khij , (5.10)

δW =
∑

h,s,s′,i,j

∫ d3k

(2π)3 tr
[(

PRδΣAeff,kji + (δΣAeff,kij)†PR
)
Pss′

khij

]
δf ss′

khij . (5.11)

For the washout term (4.43), we again expand the adiabatic Wightman functions to leading
order to get the O(y2

i ) result

Wad =
∑
s,i

∫ d3k

(2π)3
1
2

tr
[
PR
({

δΣ>
ii(ksi), fFD(sωki)P s

ki

}
−
{
δΣ<

ii(ksi), fFD(−sωki)P s
ki

})]
.

(5.12)
Expanded forms of equations (5.10)–(5.12) are given in appendix F, where we use the
leading order approximation (4.27) for the effective self-energies and perform the traces.

5.4 Mass shell equations

As stated above, the most important benefit of the parametrisation (5.2) is that it allows to
separate the physics corresponding to different time scales. In particular we can distinguish
the mass shell functions corresponding to s = s′ (but including the flavour coherences
i �= j) from the fast oscillating coherence shell functions for which s �= s′.12 For a graphical
illustration see figure 2 in [77]. We denote these functions by

δfm,±
k ≡ δf±±k , (5.13)

δf c,±
k ≡ δf±∓k . (5.14)

Indeed, from equation (5.7) we see that for δf c,±
khij the Hamiltonian term is proportional

to ∓i(ωki + ωkj) = ∓2iωkij , corresponding to very fast particle-antiparticle oscillations
(zitterbewegung). For the mass shell solutions δfm,±

khij the Hamiltonian term is proportional
to ∓i(ωki − ωkj) = ∓iΔωkij , corresponding to flavour oscillations for i �= j, at a frequency
which is suppressed for large |k| or a small mass difference |mi − mj |. This is the case of
interest for resonant leptogenesis.

12This naming scheme follows the earlier cQPA notation [77] and the one we already used in (3.13),
although in our current treatment the phase space structures are not a priori restricted to a spectral form.

– 29 –



If particle-antiparticle oscillations are much faster than the flavour oscillations, we
can drop the coherence functions δf c

k in equations (5.7), since their effect on the flavour
oscillations averages out.13 This results in a much simpler coarse-grained master equation
for the mass shell functions:

∂tδfm,s
khij = − is(ωki − ωkj)δfm,s

khij − ∂tf
m,s
ad,khij

−
∑

l

[
Csss

khiljδfm,s
khlj +

(
Csss

khjli

)∗
δfm,s

khil

]
. (5.15)

Equation (5.15) still holds complete information of flavour mixing and the helicity degree of
freedom in the local limit. In particular it contains as limiting cases the familiar Boltzmann
theory, light neutrino density matrix formalism and the cQPA-formulation of the generic
flavour and spin dependent problem. It also agrees with or encompasses a number of
other quantum transport approaches in the literature, of which we give a more detailed
comparisons in section 9.

Removing the coherence shell solutions greatly facilitates the numerical solution, in
particular for quasi-degenerate Majorana neutrinos. In addition, a number of relations hold
between different components of δfk, which further simplify the numerical task; we will
give these relations in appendix D. In the following sections we will solve equations (5.15)
numerically using the leading order expansion (4.27) for the effective self-energies in the
collision terms functions. Detailed expressions for Csss

khilj are given in appendix E.

Hierarchical limit. Let us briefly comment on the validity of our master equations in
the hierarchical limit of leptogenesis [20, 42], where Δm/m ∼ O(1). The general master
equation (5.7) is of course applicable also in this limit. However, the condition Δωkij �
2ωkij might hold only to a limited degree (see footnote 13), so that neglecting the coherence
shell functions δf c

k might not be warranted, possibly reducing the accuracy of the mass-shell
equations (5.15). However, using equation (5.7) to model this case would be numerically
very challenging, because due to the large hierarchy H � m, both oscillation time scales
are very fast compared to the heavy neutrino decoupling time. Luckily, due to the very
same reason, one can in this case work in the decoupling limit (see section 8 below) and
derive an effective Boltzmann equation for the lepton asymmetry. To our knowledge the
contribution from the coherence shell functions δf c

k has never been included, however. This
could be done by starting from the master equation (5.7) and it would indeed be interesting
to study the size of these corrections.

13We can formally justify this as follows. First, generically δfc±
k (t) = A±

k (t) exp(∓2iωkt), where A±
k (t) are

some functions that vary only in the flavour scale. Next, take the convolution of (5.7) with some appropriate
normalised weight function W , e.g. the Weierstrass transform with W (t, t′) ∼ exp(−(t − t′)2/2σ2), where
we can choose 1/Δωk � σ � 1/2ωk. This has no effect on the mass-shell contributions, because they do
not vary significantly over the time σ. However, the terms involving the coherence solutions behave as∫

dt′ W (t, t′)D±
k (t′)δfc±

k (t′) ∼ D±
k (t)δfc±

k (t) exp
(
−2(ωkσ)2),

where D±
k represents whatever term that is multiplying the coherence solution. Because ωσ � 1, these

terms are extremely suppressed and completely drop from the averaged mass-shell equations.
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6 Expansion of the universe

So far all our equations have been formulated in the flat Minkowski spacetime, but we
eventually need to work in the expanding Friedmann-Lemaître-Robertson-Walker (FLRW)
background. In this section we show how the generalisation to an expanding universe can
be done by a simple reinterpretation of all variables in the comoving frame. We finish this
section by rewriting our master equations explicitly in the expanding universe in terms of
the scaled inverse temperature.

6.1 Lagrangian in curved spacetime

First we need to generalise the Minkowski Lagrangian (4.1) to curved spacetime:

L =
√

−g

{ 2∑
i=1

[1
2

N i(iγμ∇μ − mi)Ni − y∗i (�φ̃)PRNi − yiN iPL(φ̃†�)
]

+ � iγμ∇μ� + (∂μφ†)(∂μφ) − ξRφ†φ
}

. (6.1)

Here g ≡ det(gμν) is the determinant of the metric and ∇μ is the covariant derivative given
by the spin connection. We also added the non-minimal coupling of the Higgs field φ to
the scalar curvature R and the factor

√−g originates from the volume form of the curved
spacetime action integral. We then assume a spatially flat FLRW metric

ds2 = gμν dxμ dxν = a(η)2(dη2 − dx2), (6.2)

where a = a(η) is the dimensionless scale factor and the conformal time η is defined by
dt = a(η) dη. With the metric (6.2) the contracted covariant derivative in equation (6.1)
becomes

γμ∇μ =
1
a

(
γ0∂0 + γ · ∇ +

3
2

a′

a
γ0
)

, (6.3)

where ∇ is the usual flat spatial derivative vector, ∂0 = ∂/∂η and a′ ≡ ∂a/∂η.
Using equations (6.2) and (6.3) with

√−g = a4 and scaling all fermion fields ψ accord-
ing to ψ → a−3/2ψ and the Higgs field as φ → a−1φ, the Lagrangian (6.1) is transformed to

L =
2∑

i=1

[1
2

N i

(
iγ0∂0 + iγ · ∇ − ami

)
Ni − y∗i

(
�φ̃
)

PRNi − yiN iPL
(
φ̃†�
)]

+ �
(
iγ0∂0 + iγ · ∇

)
� + φ†

[
−∂2

0 + ∇2 − a2
(

ξR − a′′

a3

)]
φ, (6.4)

where the scalar curvature is given by R = 6a′′/a3. From the Lagrangian (6.4) we see
that the only effects of the expanding universe compared to the Minkowski theory (4.1)
are that the time variable is replaced by the conformal time η, spatial coordinates become
the comoving ones, neutrino masses are multiplied by the scale factor a and the Higgs field
gets a geometric mass term. This mass term vanishes for a conformal coupling ξ = 1/6 or
when the universe is radiation-dominated: a(η) ∝ η, which is the case to a high accuracy
in leptogenesis. We shall thus continue to assume that the Higgs field is massless.
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The comoving frame. Based on the above, all expressions and equations in the ear-
lier sections given in the Minkowski background remain valid also in the expanding flat
spacetime when we make the replacements

t → η, k → kcom, T → Tcom, mi(t) → a(η)mi, (6.5)

where kcom ≡ ka is the comoving momentum, Tcom ≡ Ta is the comoving temperature
of the relativistic SM heat bath and mi are the physical constant masses. Note that the
phase space distribution functions f are dimensionless scalars and have the same values in
both physical and comoving variables.

We assume that the universe is dominated by relativistic SM particles, which are kept
in equilibrium by fast gauge interactions, and that the universe expands adiabatically. In
the absence of entropy production the physical temperature then scales as T ∝ a−1, so that
Tcom remains constant. The comoving momentum kcom is also constant, as the physical
momentum redshifts as k ∝ a−1. We can also write the Hubble parameter as

H(T ) =
(4π3

45
g∗
)1/2 T 2

mPl
, (6.6)

where mPl is the Planck mass and g∗ is the effective number of relativistic degrees of
freedom, which is g∗ = 110.25 when including all SM fields and two massless Majorana
neutrinos. Note that the scale factor can now be written as a(η) = H(Tcom)η. The entropy
density is given by s = 2π2g∗T 3/45. Overall, the leptogenesis equations retain the same
form they had when formulated with a generic time dependent mass term in the Minkowski
background, when using the replacements (6.5) and scaling the equations by appropriate
powers of the scale factor a.

6.2 Final master equation in expanding space time

For the numerical implementation it is convenient to formulate the equations using dimen-
sionless variables. The most relevant temperature scale for leptogenesis is around T = m1,
where m1 is the mass of the lightest Majorana neutrino. We thereby use the variables

z =
m1

T
, xi =

mi

m1
, κ =

|k|
T

, (6.7)

with
d
dt

= zH
d
dz

=
H1

z

d
dz

, (6.8)

where H1 ≡ H(m1) is the Hubble parameter (6.6) evaluated at T = m1. The z-parameter
is directly proportional to the scale factor so it serves as the time evolution parameter.
Due to the constraints (D.9) there are only four independent mass shell functions for the
two mixing Majorana neutrinos. We choose them as follows:

δfkh ≡
(
δfm,+

kh11, δfm,+
kh22, Re δfm,+

kh12, Im δfm,+
kh12

)
. (6.9)

We can now formulate the k-dependent neutrino equation (5.15) as a vector equation for
the components (6.9). Including also the lepton asymmetry equation (4.40), our final
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master equations written using the dimensionless variables are

dδfkh

dz
=
(
Δω̃k − C̃kh

)
δfkh − dfad,kh

dz
, (6.10)

dYL

dz
= S̃CP + (δW̃ + W̃ad)YL, (6.11)

where YL ≡ (n� − n�)/s, and we used (4.34) to relate the lepton chemical potential to the
asymmetry. The dimensionless tree level oscillation coefficient Δω̃k and the collision term
coefficient C̃kh of the neutrino equation, as well as the CP-violating lepton source term
S̃CP and the washout term coefficients W̃ (with W = δW, Wad) are given by

Δω̃k ≡ z Δωk

H1
, C̃kh ≡ z Ckh

H1
, (6.12)

S̃CP ≡ z SCP

sH1
, W̃ ≡ 6z W

cwH1μ�T 2 . (6.13)

Equations (6.10) and (6.11) are formally analogous to the momentum dependent Boltz-
mann equations, which we present in equations (G.5) and (G.6) of appendix G. The differ-
ence is that the quantities Δωk and Ckh in equations (6.10) and (6.12) are 4 × 4 matrices
consisting of the coefficients for different components of the column vector δfkh. To avoid
confusion with earlier notation, we denote these components (when needed) with brack-
eted indices: for example δfkh[3] = Re δfm,+

kh12, and Ckh[12] is the coefficient of δfkh[2] in the
equation of δfkh[1]. The matrix Δωk corresponds to the tree level flavour oscillation term
and its only non-vanishing elements are Δωk[34] = −Δωk[43] = ωk1 − ωk2. The collision
term coefficient matrix is given by

Ckh =

⎛⎜⎜⎜⎜⎝
2 Re(C+

111) 0 2 Re(C+
121) 2 Im(C+

121)
0 2 Re(C+

222) 2 Re(C+
212) −2 Im(C+

212)
Re(C+

211) Re(C+
122) Re(C+

112 + C+
221) − Im(C+

112 − C+
221)

− Im(C+
211) Im(C+

122) Im(C+
112 − C+

221) Re(C+
112 + C+

221)

⎞⎟⎟⎟⎟⎠ , (6.14)

where C+
ilj ≡ C+++

khilj were defined in equation (5.8). Explicit expressions for the collision
terms C+++

khilj are given in appendix E, computed using self-energies in the leading order
expansion (4.27) and explicitly written in appendix B. Finally, explicit expressions for the
lepton source and washout terms can be found in appendix F.

7 Numerical results

In this section we solve numerically the system of equations (6.10) and (6.11) for the Majo-
rana neutrino distribution functions δfkh and the (normalised) lepton asymmetry density
YL in the case of two Majorana neutrinos and one lepton flavour. We start by considering
possible initial conditions. Then, before going to the discussion of the final lepton asym-
metry and its dependence on model parameters, we establish the time scales relevant for
the problem and study the momentum dependent neutrino distribution functions.
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7.1 Initial conditions

While we took tin → −∞ for the CTP to calculate the interactions, we can of course choose
any finite time t = t0 (or z = z0) as the starting point of our calculation with arbitrary
initial conditions for the correlation functions. In particular, we will consider both vacuum
and thermal initial conditions for the Majorana neutrinos, while we assume that the lepton
and Higgs distributions stay in local equilibrium in the common SM plasma temperature T .
In both cases we assume a vanishing initial lepton asymmetry: YL(t0) = 0.

Vacuum initial conditions. Here we assume that at t = t0 the Majorana neutrinos
are decoupled and thus effectively in zero temperature (e.g. if only the SM particles get
reheated after inflation). The full local neutrino correlator is then given by

S<

kij(t0, t0) = S<

ad,vac,kij(t0, t0) 
 P−ki(t0)δij , (7.1)

which is calculated from (4.23) by taking the limit T → 0. For the non-equilibrium part
we then get, using equations (3.3) and (7.1),

δS<

k (t0, t0) = S<

ad,vac,k(t0, t0) − S<

ad,k(t0, t0). (7.2)

Note that this perturbation is not necessarily small as it measures the deviation of the full
correlator S< (now initially in vacuum with zero temperature for the Majorana species)
from the adiabatic equilibrium correlator S<

ad (with the high temperature T of the SM
particle species). For the mass shell functions the initial condition (7.2) with (7.1) becomes

δfm,+
khij (t0) = −fm,+

ad,khij(t0) = −fFD(ωki)δij , (7.3)

δfm,−
khij (t0) = −δij − fm,−

ad,khij(t0) = −fFD(ωki)δij , (7.4)

where we used equations (5.4) and (5.6).

Thermal initial conditions. Here we assume that also the Majorana neutrinos are in
local thermal equilibrium with the SM particles at t = t0, corresponding to some high
initial temperature T0 � mi. The full local neutrino correlator is then given by

S<

k (t0, t0) = S<

ad,k(t0, t0) (7.5)

which trivially implies that δS<

k (t0, t0) = 0 and that all non-equilibrium distribution func-
tions vanish initially: δfm,±

khij (t0) = 0. Note also that in this case the Majorana neutrinos
deviate from equilibrium only due to the dynamical source term −∂tfad.

7.2 Physical scales and parameters

The minimal leptogenesis mechanism is mainly controlled by four time scales, corresponding
to the expansion rate of the universe H, the Majorana neutrino decay rate Γ, and the
oscillation frequencies Δωkij and 2ωkij . We already discussed the role of the flavour and
zitterbewegung oscillations in section 5.4, finding that the latter may be relevant in the
hierarchical limit, but can be safely ignored when Δωkij � 2ωkij . We work in this limit
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here, but the question of the relative sizes of the three slow time scales H−1, Γ−1 and Δω−1
kij

still remains. The resonant leptogenesis mechanism turns out to be most efficient when all
these scales are roughly comparable.

Indeed, if H � Δωkij , there is no time for flavour oscillations to develop, while for
H � Δωkij the source terms ∼ H become suppressed. Also, in the very strong washout
limit, Γ � H the asymmetry is suppressed by thermalisation due to interactions, whereas
for Γ � Δωkij , the magnitude of CP-violation is suppressed, since the source in the asym-
metry equation is proportional to the couplings yi. Additionally, if Γ � Δωkij the flavour
oscillations become over-damped [69], analogously to light mixing neutrino systems [3, 4, 7].
This leaves us to seek parameters in the range Γ ∼ Δωkij ∼ H for maximal resonant en-
hancement.

Benchmark parameters. Our simple leptogenesis model has 5 physical input param-
eters: the magnitudes of the two Yukawa couplings y1 and y2, their relative CP-violating
phase θ12, the lighter Majorana neutrino mass m1 and the relative mass-squared difference
Δm2

21/m2
1 ≡ (m2

2 − m2
1)/m2

1. We define the Yukawa phase as

sin(θij) ≡ Im(y∗i yj)
|yi||yj | . (7.6)

We use the following set of benchmark values as a baseline:

|y1| = 0.06,
|y2| = 0.1,

θ12 =
π

4
, (7.7a)

m1 = 1013 GeV,
m2

2
m2

1
= 1 +

|y1|2 + |y2|2
16π

≈ 1.00027. (7.7b)

In addition one has to define the number of effective relativistic degrees of freedom g∗ and
the initial temperature T0 where we start the calculation. For these we use g∗ = 110 and
z0 = 10−2. For the benchmark parameters this corresponds to the initial temperature
T0 = m1/z0 = 1015 GeV and the Hubble expansion rate H1 ≡ H(m1) ≈ 1.428 × 108 GeV.

Some more comments are still in order. First, we have chosen a high mass scale
1013 GeV for the lightest Majorana neutrino, typical for traditional thermal leptogene-
sis [20]. However, it can be seen that all terms in equations (6.12) and (6.13) scale either
as ∼ Γ/H1 or ∼ Δm/H1, so that the dynamics does not depend on the mass scale m1

as long as Γ/H1 is kept constant (and if Δm ∼ Γ). More precisely, the dynamics can be
effectively characterised by three parameters: the washout strength parameters

Ki ≡ Γ(0)
i

H1
∼ |yi|2

m1
mPl (7.8)

and the number of flavour oscillations in a Hubble time: N12 ≡ |Δm12|/(2πH1). Using
Γ(0)

i = |yi|2m1/(8π) (see appendix G.1), we find that in the benchmark case Ki ∼ O(10)
(corresponding to strong washout) along with N12 ≈ 1.5.

These estimates agree qualitatively with what is previously known from the semiclassi-
cal Boltzmann approach, where the CP-asymmetry parameter εCP

i ∝ sin(2θ12) is resonantly
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Figure 4. Shown are select intermediate functions of the Majorana neutrino equation (6.10). On
the left: the adiabatic distribution function κ2fm,+

ad,kh11 
 κ2fFD(ωk1) (top) and the source term
−κ2∂zfm,+

ad,kh11 (bottom). On the right: the collision term coefficient functions C̃kh[11], which is the
same for both helicities (top), and the helicity-odd combination (C̃k,+1[14] − C̃k,−1[14])/2 (bottom).

enhanced for Δm ∼ Γ. The CP-violating angle θ12 was chosen to be maximal in this sense
in the benchmark case, but it can be used to adjust the value of the final asymmetry down-
wards, as it affects the results mainly as an overall scaling factor with only a small impact
on the dynamics.

7.3 Neutrino distribution functions

Solving the master equations (6.10) accurately requires of the order of hundred discrete
momentum variables. Thousands of collision integrals C+++

khilj are then needed at each
time-step, each of which contains a one-dimensional integral. It is clear that these cannot
be feasibly computed during the evaluation. Fortunately, to the order we are working,
they can be computed and fitted before solving (6.10). Moreover, the source terms in the
neutrino equation (6.10) are localised in momenta and temperature, which facilitates the
fitting process.

In the left panels of figure 4 we show heat maps of the flavour diagonal adiabatic
distribution function (5.6) (top) multiplied by a phase space factor, κ2fm,+

ad,kh11, and the
corresponding source term (bottom) −κ2 dfm,+

ad,kh11/ dz as a functions of z = m1/T and
κ = |k|/T . Both functions are indeed localised around |k| 
 T in momentum and the
source term is also localised around z 
 1, while the distribution function fFD(ωk1) exhibits
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exponential fall off to zero in the same region. Plots for fm,+
ad,kh22 are qualitatively similar,

with the fall off region moving according to the value of m2.
In the right panels of figure 4 we show heat maps of C̃kh[11] = 2 Re(C+++

kh111) z/H1

and (C̃k,+1[14] − C̃k,−1[14])/2 = Im(C+++
k,+1,121 − C+++

k,−1,121) z/H1, given by equations (6.12)
and (6.14). The former is the damping rate for the flavour-diagonal distribution function
δfkh11, and the latter is the helicity-odd part of the function which couples the flavour
diagonal distribution to the off-diagonal distribution Im(δfkh12). The diagonal damping
rate is the same for both helicities in our leading order approximation. Note that the colour
bar scales in the figure are logarithmic for both positive and negative directions separately,
except for a small region around zero (up to one tick in both directions), where linear
scaling is used.

Figure 4 was created using the benchmark resonant leptogenesis parameters given in
subsection 7.2. Note that we have dropped the dispersive self-energy ΣH everywhere, as
was discussed earlier. All other components of C+++

khilj are qualitatively similar to the ones
shown here. In particular, the helicity even parts of the off-diagonal coupling functions
2 Re(C+++

kh121) and 2 Re(C+++
kh211), which are important for leptogenesis, have similar forms to

the diagonal damping rates, and in the quasi-degenerate case m1 
 m2 also their scales
are similar. Also, when ΣH is dropped, the diagonal damping rate Ckh[ii] is actually just
the momentum and temperature dependent decay rate of the Majorana neutrinos. This is
because the leading order Majorana neutrino self-energy ΣA used in this work corresponds
only to the decay and inverse decay processes.

In figure 5 we show similar heat maps of some non-equilibrium distribution func-
tions δfm,+

khij , obtained from a numerical solution of equation (6.10), using the same bench-
mark parameters as in figure 4. In the top row we show the helicity-even parts of the
flavour-diagonal and off-diagonal functions: κ2(δfm,+

k,+1,11 + δfm,+
k,−1,11)/2 (left panel) and

κ2 Im(δfm,+
k,+1,12 + δfm,+

k,−1,12)/2 (right panel). In the bottom row we show the corresponding
helicity-odd parts, κ2(δfm,+

k,+1,11 − δfm,+
k,−1,11)/2 (left panel) and κ2 Im(δfm,+

k,+1,12 − δfm,+
k,−1,12)/2

(right panel). We will later see that the helicity-even part of Im(δfm,+
kh12) gives the main

contribution to the CP-violating lepton source term. The results show that the off-diagonal
components are localised around z 
 1 and complete approximately one period of flavour
oscillation before being exponentially suppressed (the blue colour indicates negative and
the red colour positive values). The localisation around |k| 
 T is due to the phase space
factor κ2 together with the exponential suppression at high momenta. The negative values
of the h-even diagonal distribution (top left panel), extending to very small z result from
the vacuum initial conditions used here. The other independent components of δfm,+

khij are
again qualitatively similar to the ones shown here.

7.4 Results on lepton asymmetry

Having now established the scales of the problem and that the numerical solution of the
neutrino correlation function is under control, we turn to study the lepton asymmetry
evolution. Because of the smallness of the lepton chemical potential μ�, we can solve
the equations (6.10) and (6.11) sequentially. The neutrino equation is solved first and its
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Figure 5. Shown are select components of the numerical solution δfm,+
k,hij of the Majorana neutrino

equation (6.10) with vacuum initial conditions. Left and right sides show the flavour-diagonal
function δfk,h11 and the off-diagonal function Im(δfk,h12), respectively. Top row features the
helicity-even combination (δfk,+1 + δfk,−1)/2 and the bottom row the helicity-odd combination
(δfk,+1 − δfk,−1)/2 of the corresponding functions. All functions have been scaled by κ2.

solutions δfkh are used to calculate the lepton source term S̃CP and the washout term
coefficients δW̃ and W̃ad according to equations (6.13), (F.1a), (F.2a) and (F.3). These are
then used to solve the lepton equation (6.11). Note that equation (6.10) does not couple
helicities or momenta so we can solve each mode δfkh separately. In practice we reformulate
the neutrino equations in terms of the helicity-even and helicity-odd combinations (δfk,+ ±
δfk,−)/2, which are more convenient for the calculation of SCP and δW , as described in
appendix F.

Benchmark case. In section 7.3 we presented some intermediate results for the phase
space functions δfkh using the vacuum initial condition (7.3) and the benchmark parameter
values (7.7). In figure 6 we show the source term S̃CP and the washout term coefficients
W̃ad, δW̃ of the lepton equation (6.11) as functions of z for the same parameters and initial
conditions. We find that dividing the dimensionless momentum κ = |k|/T to 100 bins in
logarithmic scale between 10−2 and 104 already ensures that the results are not sensitive
to the cutoff or the discretisation. Indeed, one can see from figures 4 and 5 that the largest
contributions come from the range κ ∈ [0.1, 10]. In figure 6 we also compare the results
from our full quantum kinetic equations (QKEs) (6.10) and (6.11) to those following from
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Figure 6. Numerically calculated CP-violating source term S̃CP(z) and the washout term coeffi-
cients W̃ad(z) and δW̃ (z) of our main lepton equation (6.11) (solid line), Boltzmann equation (G.6)
(dashed line) and rate equation (G.20) (dotted line). We used the benchmark parameter values (7.7)
and vacuum initial conditions.

the traditional semiclassical Boltzmann equations (BEs) given in (G.5) and (G.6) and the
corresponding momentum integrated rate equations (REs) (G.19) and (G.20). The latter
two sets of equations are well known, but we provided them explicitly for completeness.
Also, we wrote all equations using a similar notation, which greatly facilitates the com-
parisons. Both BEs and REs require an externally provided CP-violating parameter εCP

i .
At this point we are using εCP

i corresponding to the “mixed” regulator (G.24) [83, 84] (see
also e.g. [95]). Other regulators will be discussed in detail below.

It turns out that both the BEs and the REs significantly overestimate the source term
S̃CP in the relativistic region z � 1. The QKE-source starts to grow and changes the sign
later, but all sources start to converge for z � 2. On the other hand, the washout terms
W̃ad and δW̃ have only minor differences. As expected, W̃ad is by far the dominant of the
two. It also appears to be identical in the full QKE and in the BE approach, and indeed
it is: this term originates from the flavour-diagonal equilibrium part of the Majorana
neutrino distributions, which we have calculated to the zeroth order in gradients in the
QKEs. The function δW̃ , which is proportional to the non-equilibrium perturbation δf ,
is approximately two orders of magnitude smaller and could be neglected with practically
no effect on the final asymmetry. Also, there is no corresponding function δW̃ in the
leading order rate equations (G.19) and (G.20) because in the Boltzmann approach this
part results from the Pauli blocking and stimulated emission factors, which are dropped
from the rate equations.

In figure 7 we show the lepton asymmetries YL as a function of z in the benchmark
case. Left panel corresponds to the vacuum initial conditions used above. The asymmetry
behaves as expected from the source term S̃CP shown in the left panel of figure 6. While
the YL(z)-evolution obtained using the BE or the RE deviate strongly from that found
using the full QKE, the final asymmetries differ by less than a factor of 2. In the right
panel we show the case with thermal initial conditions for the Majorana neutrinos. The
early evolution of the asymmetry is of course very different from the vacuum case, but
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Figure 7. Numerical solutions for the lepton asymmetry YL(z) from our main equation (6.11)
(solid line), Boltzmann equation (G.6) (dashed line) and rate equation (G.20) (dotted line). We
used the benchmark parameter values (7.7). The left (right) panel has vacuum (thermal) initial
conditions for the Majorana neutrinos. The final values of the asymmetries are shown as insets.
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Figure 8. Numerical solutions for the lepton asymmetry YL(z), with the same setup and mass
difference as figure 7 except |y1| = 0.01. The final values of the asymmetries are indicated on the
corresponding graphs.

the final asymmetries are identical with both initial conditions. This behaviour is due to
the strong washout assumed in the benchmark case (K1 ≈ 10.0 and K2 ≈ 27.9), which
efficiently erases the early evolution of the lepton asymmetry. The final asymmetry then
mostly depends on the source at the very end of the integration range, where the S̃CP

computed using different methods were found to agree better.
In figure 8 we show for comparison similar plots in the weak washout case, with |y1| =

0.01, corresponding to K1 ≈ 0.279. The left panel again corresponds to the vacuum and the
right panel to thermal initial conditions. Now the early evolution deviates less in different
approaches. Also, as expected, the final asymmetries are no longer the same for vacuum
and thermal initial conditions. The differences between the BE and RE predictions and
our QKE results for the final asymmetry also remain significant. These results show that
the lepton asymmetry evolution and its asymptotic value depend in an essential way on
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the model parameters. Also, it is clear that to obtain accurate results, one should use the
full QKEs instead of the less accurate BE- or RE-approaches.

Varying mass difference. In the top panels of figure 9 we show the asymptotic lepton
asymmetry as a function of (m2

2 −m2
1)/m2

1 ≈ 2Δm21/m1, keeping other benchmark param-
eters fixed. We again compare the full QKE results with the BE and RE predictions, now
for four different CP-asymmetry parameters εCP

i that have been discussed in the litera-
ture [61, 62, 66, 70, 95, 96]. The different choices, which we denote as ‘mixed’, ‘difference’,
‘sum’ and ‘effective’ vary in how the resonance near m1 = m2 is regulated. Explicit forms
for the εCP

i -parameter and the regulators are given in appendix G.3. All approaches give
qualitatively similar Δm21-dependence with a single maximum at Δm21 ∼ Γ. However,
a more close look reveals significant quantitative differences between the full QKE results
and the BE and RE approximations, as well as between using different regulators in the
latter two approaches.

The location of the resonance peak is approximatively given by Δm2
21 = |m1Γ(0)

1 ∓
m2Γ(0)

2 | for the difference and sum regulators in the Boltzmann approaches. We have shown
these locations in the top-right panel of figure 9, denoting them by Δmax

diff. and Δmax
sum . The

BE and RE results using different regulators fall either above or below the correct QKE-
result shown by the solid blue line, varying by an almost order of magnitude for Δm21 � Γ.
The effective sum regulator given in [70] (see equation (8.13) below) is designed to work
in the strong washout case; it is thus not surprising that it works best in our benchmark
case. On the other hand, for Δm21 > Γ, where we enter the rapid flavour oscillation
regime, all results converge. This is expected, since the regulators become irrelevant in
the CP-parameter (G.23) and the diagonal elements decouple from the off-diagonals in the
QKEs in this limit (we will show this explicitly below). We also observe that the BEs
always give a slightly lower final asymmetry than do the REs, as was also observed in [97].
The difference between the BE and RE results is smaller, however, than the difference
arising from using different regulators and eventually the correct QKEs. That is, treating
the quantum physics part of the problem correctly is more important than the momentum
dependence of the phase space distributions.

The situation gets even more interesting when we begin to vary the couplings. In
the bottom panels of figure 9 we show the results for hierarchical (left panel) and for
almost degenerate (right panel) Yukawa couplings. In the left panel the washout is weaker,
K1 ≈ 0.279 and K2 ≈ 27.9, whereas in the right panel the washout is strong, K1 ≈ 22.6.
The different CP-asymmetry regulators now lead to even more dispersion in the BE and
the RE results when Δm21 � Γ. In the hierarchical case using the mixed regulator leads
to two peaks at Δm21 
 Γ1 and Δm21 
 Γ2, corresponding to the different regulators used
for the two Majorana neutrinos in this case. The full QKE result, again shown by the solid
blue line, shows no such structure. Also the effective regulator is somewhat less accurate
here. In the right panel, with almost degenerate Yukawas, the mixed and sum regulators
are in better agreement with the QKEs, but the difference regulator has an extra spurious
enhancement because the regulator vanishes and the CP-asymmetry is unbounded in the
double limit m2 → m1 and Γ2 → Γ1.
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Figure 9. Shown is the asymptotic lepton asymmetry YL as a function of the relative mass-
squared difference Δm2

21/m2
1 for different Yukawa couplings. The Boltzmann equation (BE) results

are shown with four different regulators for εCP
i . The dotted and dash-dotted lines show the rate

equation results for the corresponding BE results. The top-right panel shows the region highlighted
in red in the left. The bottom panels have hierarchical (left) and almost degenerate (right) Yukawa
couplings. Other parameters have the benchmark values and vacuum initial conditions were used.

The main take-home message from this section is that the Boltzmann equation and
the rate equation approaches are inaccurate and strongly sensitive to the choice of the
regulator in the resonant and quasidegenerate region Δm21 � Γi. The Boltzmann approach
reproduces the full QKE results accurately in all cases only in the region Δm21 > Γi when
the regulator is already negligible and one is approaching the hierarchical mass limit. Also,
the most accurate regulator over varying coupling strengths is the sum regulator of [62].
We shall show below how the sum regulator indeed consistently emerges when we reduce
the QKEs to BEs in the helicity-symmetric decoupling limit.

Flavour oscillation. Let us look more closely at the role of the flavour oscillations in
resonant leptogenesis. In the left panel of figure 10 we show the evolution of the helicity-
even part of the off-diagonal Majorana neutrino phase space function Im(δfm,+

kh12) with

– 42 –



10−1 100

z = m1/T

0

1

2

3
×10−2 h-even, |k|/T = 3

κ2 Im
(
δfm,+

kh12

)

10−1 100 101

z = m1/T

−3

−2

−1

0

×10−4

S̃CP,k (|k|/T=3)

S̃CP,k, BE

S̃CP

S̃CP , BE

Figure 10. Flavour oscillation of Im(δfm,+
k,h12)(z) (helicity-even component) and S̃CP,k(z) for a

single k-mode, with Δm21 = 0.01m1. Other parameters have the benchmark values, and vacuum
initial conditions were used. On the right we show the single k-mode as well as the integrated
lepton asymmetry source from the full QKEs and the BEs.

|k| = 3T and Δm21 = 0.01m1. This is a case with rapid flavour oscillations corresponding
to N12 ≈ 110. The modes of this δf -component in the range |k|/T ∼ 0.1–10 give the
dominant contribution to the integrated lepton source term. In the right panel we plot
the contribution S̃CP,k of the same mode to the lepton source term, normalised according
to S̃CP ≡

∫
d3k/(2π)3S̃CP,k/T 3. Both the mode and its contribution to the lepton source

display a strong oscillation pattern with a quickly dying amplitude. This decay of the
oscillations is precisely the reason for the emergence of the semiclassical limit (shown as
the green dash-dotted line) from the QKEs. We will make this explicit in equation (8.8)
below. We show also in the right panel the full integrated source term from the QKEs
(dotted line) and from the Boltzmann approach with the sum regulator (dash-dot-dotted
line). Even in the QKE-result all oscillations are smoothed out in the integrated source,
due to the phase differences between different modes.

8 Helicity-symmetric approximation

In this section we will derive a series of approximations to the QKEs (5.15) (or equiva-
lently (6.10)), eventually reducing them to the semiclassical Boltzmann limit. This process
also leads to a simplified source term in the asymmetry equation (4.40), which eventually
reproduces the CP-asymmetry parameter with the sum regulator.

Looking more closely at equations (4.41) and (F.1a), one can see that the lepton
asymmetry is sourced mainly by the helicity-even combination of the imaginary part of
the off-diagonal function δfkh12 in the non-relativistic or mildly relativistic case. Based
on this observation, we drop the tracking of the helicity asymmetry in the equations for
δfkhij . We can then write a simpler set of equations for the h-even part, which we denote
simply by δfkij henceforth, and a simpler form for the lepton source term SCP including
only Im(δfk12). We will also work with vacuum dispersion relations, setting ΣH ≡ 0. The
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resulting helicity-symmetric equations are

∂tδfk11 = −Γk11 δfk11 − ∂tf
(0)
ad,k11 − Γk12 Re(δfk12), (8.1)

∂tδfk22 = −Γk22 δfk22 − ∂tf
(0)
ad,k22 − Γk21 Re(δfk12), (8.2)

∂tδfk12 = −Γk12 δfk12 − iΔωk12 δfk12 − 1
2
(
Γk21 δfk11 + Γk12 δfk22

)
, (8.3)

and

SCP = −2
Im(y∗1y2)
Re(y∗1y2)

∫ d3k

(2π)3
(
Γk21 + Γk12

)
Im
(
δfk12

)
, (8.4)

where Γk12 ≡ (Γk11 + Γk22)/2 and Γkil ≡ 2 Re(C+++
khilj )|ΣH→0 with C+++

khilj given by equa-
tion (E.1). Note that all Γkil are now real so the diagonal functions δfkii couple directly only
to Re(δfk12). The diagonal damping rate admits the factorisation Γkii = (mi/ωki)Γ

(0)
i Xki

where mi/ωki is the time dilation factor, Γ(0)
i = |yi|2mi/(8π) is the tree-level vacuum de-

cay width of the Majorana neutrino and Xki is the thermal quantum statistical correction
factor, which obeys Xki → 1 when |k|/T → ∞ (see equation (G.7)). The damping rate
Γk12 in the off-diagonal equation, given by the average of the diagonal rates, agrees with
the flavour coherence damping rate found in the density matrix formalism for mixing neu-
trinos [3, 4, 7]. This is an expected result, as the two phenomena are of course closely
related. Indeed, if we further assume that Γk21 
 Γk12, we can write equations (8.1)–(8.3)
in a simple density matrix form:

∂tδfk = −∂f
(0)
ad,k − i[Hk, δfk] − 1

2
{Γk, δfk}, (8.5)

where Hk ≡ diag(ωk1, ωk2). A similar equation has been used earlier to study light neutrino
mixing in the early universe [3, 6–8] and in the resonant leptogenesis context it was first
derived in [61].14

The helicity-symmetric equations (8.1)–(8.4) provide an excellent approximation to
the full QKEs with helicity-even initial conditions, as can be seen in figure 11 where we
compare the two for our benchmark parameters. This is so because the neutrino source
terms are helicity-symmetric and the helicity-asymmetry is only generated by loop effects.
Also, it is evident from (F.1a) that the contribution to the source from the helicity-odd
δfm

k -function is thermally suppressed compared to the one coming from helicity-even part.
This shows that resonant leptogenesis is dominated by the helicity-independent flavour
mixing, although this conclusion partly relies on the fact that the asymmetry is mostly
generated in the non-relativistic regime T � m1. Helicity would play a more important
role if the Majorana neutrinos were relativistic when the asymmetry is generated, like in
some low scale leptogenesis scenarios [86]. Indeed, equations similar to (8.5), but keeping
the helicity degree of freedom, were recently used to study leptogenesis [69, 86, 98]. Our
full QKEs (5.7) as well as the mass-shell equations (5.15) are more general than (8.5) and
the helicity dependent equations in [86, 98, 99]. Note in particular, that for more than two

14In the quasidegenerate limit and restricted to two neutrino flavours, it is easy to generalise equation (8.5)
to include helicity as in [61]. We do not write such an equation explicitly here, because it would be but a
further special case of our general QKE (5.15) for the flavour mixing problem.
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Figure 11. Comparison of the full results (solid line) to the helicity-symmetric approximation
(dotted), decoupling limit (dash-dotted) and Boltzmann results with the sum regulator (dashed).
We show the results for the lepton asymmetry source term (left) and the lepton asymmetry itself
(right) as functions of z. The benchmark parameters with vacuum initial conditions were used.

Majorana neutrino flavours the collision terms in (5.15) cannot in general be reduced to
the canonical form for a density matrix equation.

Decoupling limit. Equations (8.1)–(8.4) still incorporate all essential flavour mixing
consistent with full resummation of the interaction terms. Now we simplify these equa-
tions further in the case where the flavour oscillations are fast (Δm21 � Γ). We use
the same reasoning as in section 5.4 (see footnote 13) to argue for dropping the flavour
off-diagonal terms in the diagonal equations (8.1) and (8.2). We call this approximation
the decoupling limit. The diagonal equations, written with the expansion of the universe,
are then identical to the semiclassical Boltzmann equation (G.5). The washout term can
also be approximated with the Boltzmann version or even with only the Wad contribu-
tion (G.10). Because the flavour-diagonal functions now decouple from the off-diagonal
ones, they can be solved independently and their solutions can be treated as external
sources to the off-diagonal function δfk12.

Assuming that initially δfk12(t0) = 0 (a non-zero initial value could be easily added as
a special solution to the homogeneous equation), the off-diagonal differential equation (8.3)
can be integrated to give

δfk12(t) = −1
2

∫ t

t0

du
(
Γ21δf11 + Γ12δf22

)
k
(u) exp

[
−
∫ t

u
dv
(
Γ12 + iΔω12

)
k
(v)
]
. (8.6)

Substituting this into equation (8.4) we then get a closed formula for SCP which now defines
the source term in the semiclassical Boltzmann equations; indeed comparing to the Boltz-
mann formula (G.8), this improved form shows that the combination Im(y∗1y2) Im(δfk12)
acts as an effective dynamical CP-asymmetry parameter.

In the quasidegenerate case m1 
 m2 (i.e. at this point we assume the weakly resonant
regime Γ � Δm21 � m1) we can further approximate Γkij 
 Re(y∗i yj)Γkjj/|yj |2 and
Γk11/|y1|2 
 Γk22/|y2|2. Then we can write the lepton source term into an even more
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suggestive form:

SCP(t) ≈
∑

i=1,2
(j �=i)

Γ(0)
i gi

∫ d3k

(2π)3

(mi

ωki
Xki

) Im
[
(y∗1y2)2]

|y1|2|y2|2

× 1
4

∫ t

t0

du
(
Γjj(δf11 + δf22)

)
k
(u) Im exp

[
−
∫ t

u
dv
(
Γ12 + iΔω12

)
k
(v)
]
. (8.7)

This result shows that the lepton asymmetry is cumulatively sourced by the non-equilibrium
perturbations in the diagonal mass-shell functions δfii(u), such that past contributions are
suppressed by the flavour coherence damping rate Γ12. We show the approximation (8.7) for
SCP (with the diagonal solutions δfii calculated from the ordinary Boltzmann equations)
and the resulting lepton asymmetry by the red dash-dotted lines in figure 11. Even though
in the figure we used the benchmark parameters where Δm21 
 Γ, equation (8.7) is still
a relatively good approximation to the full QKEs, in particular at early times z � 1.
However, when z � 1 it deviates from the full result, and at late times z � 1 the asymmetry
coincides perfectly with the Boltzmann result (see below) instead, shown by the dashed
line in figure 11.

8.1 Boltzmann limit

To get an even closer comparison to the existing literature, we now make stronger ap-
proximations to evaluate the time integrals in equation (8.7) analytically. Indeed, if one
assumes that the source functions are roughly constant, one can take them outside the
u-integral.15 If one further assumes that Γk12 and Δωk12 are constants (we take Xki → 1
in Γkii, assuming Γkii 
 (mi/ωki)Γ

(0)
i , and neglect the Hubble expansion for the mass and

momentum), one can perform the integrals to get

Im
∫ t

t0

du exp
[
−
(
Γ12 + iΔω12

)
(t − u)

]

 −Δω12

(Δω12)2 + (Γ12)2

[
1 − e−Γ12(t−t0)

(
cos
[
Δω12(t − t0)

]
+ Γ12

sin
[
Δω12(t − t0)

]
Δω12

)]
. (8.8)

A similar expression was also found in [57], but without the exponential damping factor in
the oscillating term. This is important, because now we see that taking the limit t0 → −∞,
the oscillating part is damped to zero.16 We already saw this effect in figure 10: while the
source was there computed using the full QKE, the strongly damped rapid oscillation we
observed corresponds to the second term in equation (8.8).

15This is consistent if the damping time is much shorter than the time of variation of the diagonal δfii-
functions, which is given by the Hubble time. That is, an approximation of the type of equation (8.9) is
valid in the strong damping limit: Γ12 � H.

16Authors of ref. [57] argued that the second term in (8.8) vanishes due to averaging out over oscillations,
but this is not the correct explanation; note that (8.8) is valid even in the limit Δω12 → 0. Also, a similar
expression and including the damping, albeit with a different damping factor (Γ11 − Γ22)/2 (giving rise to
the ‘difference’ regulator), was found in [61].
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Substituting (8.8) back to equation (8.7) and dropping the damped oscillating term,
one finds

SCP(t) ≈
∑

i=1,2
(j �=i)

Γ(0)
i gi

∫ d3k

(2π)3

(mi

ωki
Xki

)1
2
(
δf11 + δf22

)
k
(t)

×
Im
[
(y∗1y2)2]

|y1|2|y2|2
1
2

[ −Δω12Γjj

(Δω12)2 + (Γ12)2

]
k

. (8.9)

This form already greatly resembles the Boltzmann result (G.8) with the constant CP-
asymmetry parameter (G.23). It is now also clear that the CP-asymmetry is regulated
by the coherence damping rate Γ12 in the degenerate limit m2 → m1. We also note that
dropping the damped oscillating term is the main reason why the BE approach tends to
initially overestimate the asymmetry. This effect is clearly visible in figures 6, 7 and 11.

We can go even further and extract the CP-asymmetry parameter by using again the
quasidegeneracy m2 
 m1, whereby Δωk12 
 Δm2

12/(2ωki), and taking into account the
time dilation factor in the damping rate Γkii = (mi/ωki)Γ

(0)
i . The result (8.9) can then be

written as

SCP(t) ≈
∑

i=1,2
Γ(0)

i gi εCP
i,sum

∫ d3k

(2π)3

(mi

ωki
Xki

)1
2
(
δf11 + δf22

)
k
(t), (8.10)

where (for j �= i)

εCP
i,sum =

Im
[
(y∗1y2)2]

|y1|2|y2|2
(m2

2 − m2
1)miΓ

(0)
j

(m2
2 − m2

1)2 +
(
m1Γ(0)

1 + m2Γ(0)
2
)2 . (8.11)

Equation (8.10) is still different from the Boltzmann result (G.8) in its dependence on
the flavour-diagonal functions δfii. But using the quasidegeneracy argument once more to
approximate (m1/ωk1)Xk1 
 (m2/ωk2)Xk2, it can finally be written exactly in the same
form as (G.8).

Strong washout limit. In articles [64, 66, 70] the strong washout limit was considered,
where one assumes that the diagonal rate parameters are large separately. In this limit
one can find an approximative late-time solution by putting all derivative terms to zero on
the left-hand side of equations (8.1)–(8.3). One can then solve all distribution functions
algebraically, and eventually the CP-violating source term (8.4) takes the form

SCP ≈ Im(y∗1y2)
Re(y∗1y2)

∫ d3k

(2π)3
(
Γ21 + Γ12

)
k

(
Γ21δf11 + Γ12δf22

)
k

×
[

−Δω12

(Δω12)2 + (Γ12)2
(
1 − Γ12Γ21

Γ11Γ22

)]
k

. (8.12)

No other approximations have yet been made at this point. In the quasidegenerate limit
this source then has the same form as (8.9) except that the off-diagonal backreaction to the
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Figure 12. Comparison of the effective sum regulator with the other results in the weak washout
case with |y1| = 0.01 and |y1| = 0.02. In the left panel we took Δm2

21/m2
1 = (0.012 +0.022)/(16π) ≈

10−5 near the resonance maximum. We used vacuum initial conditions in both panels, and other
parameters have the benchmark values (7.7).

diagonal functions is taken into account by a modification of the regulator term Γ12.17 This
approximation can be again reduced to the Boltzmann equation with yet another effective
CP-asymmetry parameter, similar to equation (8.11), but with(

m1Γ(0)
1 + m2Γ(0)

2
)2 −→

(
m1Γ(0)

1 + m2Γ(0)
2
)2 sin2 θ12. (8.13)

Here we used the fact that in the single lepton flavour and quasidegeneracy limit Γk12Γk21 

cos2 θ12 Γk11Γk22, where the Yukawa phase θ12 was defined in equation (7.6). The re-
sult (8.13) agrees with the effective sum regulator defined in [70].

We have shown the results using this effective sum regulator in figure 9 as the black
dashed line. This is indeed the best approximation in the strong washout limit. On the
other hand, this approximation does not work well outside the strong washout case. We
show in figure 12 the case where both Yukawa couplings are small, corresponding to the
washout strength parameters K1 ≈ 0.28 and K2 ≈ 1.1. In this case the regulator (8.13) is
worse than the simpler sum-regulator we found in the decoupling limit. These examples
show that using different approximations one can accommodate the most relevant quantum
effects in different parametric regions. However, no approximation remains quantitatively
accurate throughout the parameter space.

Summary. We have used a series of controlled approximations to reduce the Majorana
neutrino QKEs and the lepton asymmetry source term to the Boltzmann limit. The de-
coupling limit CP-asymmetry parameter (8.11) corresponds to the sum regulator (G.26) in
agreement with [62–64]. The previous work used some extra assumptions about the model

17The diagonal distributions in equation (8.12) contain no backreaction from the off-diagonals, and techni-
cally they correspond to the late-time approximations δf

(L)
kii ≡ −∂tf

(0)
ad,kii/Γkii. However, we have improved

this approximation by using here the decoupled diagonal distributions, i.e. the usual diagonal distributions
δfkii solved from the Boltzmann equations. This gives the same late-time limit, but a more accurate early
time evolution.
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parameters however, and their validity in the doubly degenerate limit have been ques-
tioned [96]. Our derivation is very different and does not rely on these assumptions. We
also find a clear origin and interpretation for the regulator, corresponding to the flavour
coherence damping in the neutrino equation. Our numerical work confirmed that the
sum-regulator is indeed the most accurate in the Boltzmann approach in the sense that
it provided qualitatively best results in all regimes, as can be seen in figures 9 and 12,
while the effective sum regulator (8.13) is the most accurate one in the late time limit
in the strong washout case. As a byproduct, we demonstrated quantitatively how the
quantum oscillations are suppressed and the semiclassical limit arises in the hierarchical
strongly damped limit Δm21 � Γ12 � H. Beyond this case, the BE approach does
not provide highly accurate results and QKEs are needed. However, we found that the
helicity-symmetric QKEs give a very accurate final asymmetry throughout the resonant
leptogenesis parameter range.

9 Comparison to earlier work

Leptogenesis has been studied extensively before [37–71], and many of the results presented
here have been found in some form previously. In this section we will provide a more in-
depth comparison of our results and other studies based on first-principles CTP methods,
which we believe are most closely similar to ours.

In several studies of leptogenesis based on the CTP method (e.g. [46, 62, 65, 68, 100])
the non-equilibrium part of the Majorana propagator is identified with a homogeneous
transient, while the inhomogeneous part is taken to be the thermal equilibrium solution.
In this approach the only non-equilibrium source is in the initial conditions, as there is no
dynamical source for the asymmetry generation. Such approaches have been used to model
the lepton asymmetry generation during the initial approach of the Majorana neutrinos
to equilibrium [46, 100]. Our formalism contains this effect, which shows up as the initial
negative YL dip in the left-hand side panels in figures 7 and 8. However, as these figures
show, a moderate washout can erase this asymmetry. This restricts the use of pure transient
methods to the weak washout case.

A very careful analysis using the transient approach was given in [62]. In particular
off-diagonal pole propagators, which are crucial for the evolution of the non-equilibrium
initial state in the two-time approach, were calculated in detail. These results are similar
to our (4.17a). However, in our approach where the local correlator is evolved dynamically,
it is sufficient to compute the pole propagators to a leading order approximation. In [62] it
was also found that the sum regulator (G.26) is a reasonable choice for the CP-asymmetry
parameter (G.23) in the Boltzmann approach. The Hubble expansion was not included
in [62], but the issue was later addressed in [63, 64]. Our derivation is more general, and
does not impose restrictions on Yukawa couplings [62, 63] or on the size of the deviation
from equilibrium [64]. Our derivation also reveals the physical origin of the sum regulator
as corresponding to the flavour coherence damping rate.

The approach in [61] (see also [66, 69]) is similar to ours, but it relies heavily on the
Wigner space representation. The neutrino correlator S<

k is also expanded in a different
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basis, used earlier in the EWBG context [12, 13] and in the cQPA approach [72–78]. In
this basis the division of S<

k into components with a characteristic time dependence is
obscured, making it difficult to separate the particle-antiparticle and flavour coherence
effects. Ref. [61] then used several approximations in integrating the particle-antiparticle
coherences, in reduction to the spectral shell limit and a restriction to the quasidegenerate
case, that we do not need to make. On the balance, the final QKE of [61] agrees with
our equation (8.5) in the quasidegenerate limit (and includes the small backreaction to
the neutrino equation from the lepton chemical potential, which we omitted.) Overall our
derivation is more general and displays a hierarchy of QKEs, which separate the different
physical scales. We also provide detailed numerical examples and comparisons, with the
Hubble expansion included.

In [67] resonant leptogenesis was studied in the interaction picture method [101], using
the double momentum representation, and it was found that the lepton asymmetry source
term contains two distinct contributions from mixing and oscillations.18 These results
suggest that the usual Boltzmann approach, which contains only the mixing contribution,
potentially captures only half of the actual late time lepton asymmetry. The findings of [67]
were supported by an analysis [68] performed in a simplified non-equilibrium setup in the
weak-washout regime. Both articles found that the mixing contribution is mainly due to the
flavour diagonal functions and the oscillation contribution mainly due to the off-diagonal
functions in the Majorana neutrino correlator. Ref. [68] found also another contribution
resulting from the interference of the mixing and oscillation terms, which tends to cancel
the other contributions in some cases. These results have been further discussed in [55].

Our results do not support these findings. Indeed, our result for the lepton asymmetry
converges to the usual Boltzmann result in the weakly resonant case (see figure 9) and
a difference by a factor of two should be clearly visible. It is then curious to note that,
similarly to refs. [67, 68], our lepton asymmetry source (F.1a) also contains two distinct
contributions from the flavour diagonal and off-diagonal phase space functions. However,
in our case the flavour-diagonal contribution is helicity suppressed as explained in section 8.
This helicity dependence may thus be the source of the discrepancy, especially given that
refs. [67, 68] are based on scalar toy models where the effective Majorana states do not
have Dirac structure. Also, while the results of [67] were essentially reproduced with true
Majorana neutrinos in [96], that analysis was based on a semiclassical approach, which
again may not necessarily implement the correct helicity structure.

Finally, flavour coherent equations similar to ones used to study light neutrino mixing
in the early universe in [2–8], were used to study leptogenesis in [86, 98, 99]. We showed
how these equations arise from our more general formalism. We also showed that a further
reduction to even simpler, but very accurate helicity-even equations (8.5) is possible in the
resonant leptogenesis case. Our formalism is also self-contained giving explicit expressions
for all self-energies involved.

18Note that the ‘mixing contribution’ in [67] contains both of the traditional ε and ε′ type CP-violation
sources. The oscillation part is an additional contribution. The oscillation contribution is also different
from the ARS mechanism [67].
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10 Conclusions and outlook

We have developed a general and comprehensive formalism for problems involving quantum
coherence effects in spatially homogeneous and isotropic systems with mixing fermions. Our
methods are applicable to various problems ranging from vacuum particle production to
neutrino physics and resonant leptogenesis, which we used as an example and a platform
for the more detailed developments of the method. In particular we concentrated on a
benchmark model with two Majorana neutrinos and one lepton flavour including decay
and inverse decay interactions.

Our method uses the CTP formalism [30, 31] and the 2PIEA methods [34, 35]. An
essential part in our derivation of tractable quantum kinetic equations including coherence
was finding a closed equation for the local correlation function S<

k (t, t). This required a
method to evaluate collision integrals which contain the full correlation function S<

k (t1, t2).
We explained how this can be done when the system has dissipation. Two key elements
in the process were the identification of proper adiabatic background solutions and the
ansatz (3.8) to parametrise the perturbation δS<

k (t1, t2) in terms of the local correlation
function in the collision terms. However, no assumptions were made to restrict the spin
or the flavour structure of the local correlator, which makes it well suited for studying dy-
namical mixing. Another essential element was the use of the projector basis (5.2), which
provides a clean separation of physics related to different time scales, e.g. the particle-
antiparticle oscillations and the flavour oscillations. Our formalism can be seen as a gen-
eralisation of the cQPA method developed in [72–78] and further studied in [79].

Our main results include the quantum kinetic equation (5.7) which contains com-
plete coherence information including particle-antiparticle mixing, and its coarse-grained
version (5.15), which completely incorporates the flavour mixing in both particle and an-
tiparticle sectors separately. Note that these QKEs cannot in general be written as a
traditional density matrix equation, if there are more than two flavours, due to the compli-
cated flavour structure of the collision term (5.8). For the two-flavour case we derived even
more simplified but very accurate helicity-symmetric QKEs (8.1)–(8.4) and further wrote
them into a density matrix form (8.5) in the nearly degenerate limit m1 
 m2. Eventu-
ally we reduced our QKEs to the diagonal Boltzmann limit, deriving the CP-asymmetry
parameter εCP

i of leptogenesis with the ‘sum’-regulator (8.11) directly from the quantum
transport formalism. We also pointed out that the sum-regulator physically corresponds
to the coherence damping rate of the Majorana neutrinos in the underlying QKEs.

The question of the correct CP-asymmetry regulator in the semiclassical approach
has been under some discussion recently [55, 62, 66, 70]. We performed careful numerical
comparisons of our QKEs and the Boltzmann equations endowed with different choices
for εCP

i . We found that the sum-regulator derived here in the decoupling limit, and first
found in [62], agrees best qualitatively with the QKEs throughout the parameter range
of interest for resonant leptogenesis. We also implemented the integrated Boltzmann rate
equations and compared them with the momentum dependent BEs and the QKEs. It
turns out that the difference between the REs and BEs was always much smaller than
the difference stemming from the choice of different regulators. While the sum-regulator
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was generically the best choice for the BE and RE approach, their results can still be
wrong by a factor ∼ 2–4 for Δm21 � Γ. In the strong washout case the modified sum
regulator (8.13) of [66, 70] gives even more accurate late-time results. For high accuracy
results throughout the parameter range, QKEs are needed however. We found that the
helicity-symmetric QKEs (8.2)–(8.4) give a very accurate approximation to the full flavour
QKEs (5.15) for all parameters. Finally, all of these approaches are in good agreement in
the weakly resonant case, mi � Δm21 � Γ, as expected.

Leptogenesis has been studied extensively using the CTP approach [37–71] and many
of the results shown here have been found previously. We believe that our treatment
stands out in displaying the most complete set of quantum kinetic equations, with a clean
separation of different physics and by giving a comprehensive account of the approximations
made in deriving them. Based on our results one can easily compute the effective self-
energy functions to different levels of approximation in the coupling constant expansion,
and including also the coherent propagators in the internal lines. In some accounts we did
less than what has been done before. Definitely the phenomenological reach of our results
is compromised by our not including the 2 → 2 scattering processes or multiple lepton
flavours in our equations. We will leave these to a future work.

In this article we mainly concentrated on resonant leptogenesis, but our methods
are applicable as such, or easily modifiable to other versions of the leptogenesis mecha-
nism [20, 21]. We already briefly discussed thermal leptogenesis in the hierarchical limit
in section 5.4. In this case it would be interesting to compute corrections to the lepton
asymmetry source arising from the mixed particle-antiparticle flavour correlation functions
(δf c,±

kh12 in the notation of section 5.4), starting from the full QKEs (5.7) and working in
the decoupling limit. Our equations can also easily accommodate dispersive corrections to
the neutrino QKEs. Such corrections would generalise the vacuum Hamiltonian to include
the matter effects, similar to the well known case with light neutrinos. This would replace
the mass difference Δm21 with an effective dynamical quantity and potentially change the
quantitative predictions in resonant leptogenesis.

Note added, The Mathematica code package that was used to compute all numerical
results in this paper is publicly available at https://doi.org/10.5281/zenodo.5025929.

Acknowledgments

This work was supported by the Academy of Finland grant 318319. HJ was in addition
supported by grants from the Väisälä Fund of the Finnish Academy of Science and Letters.
We wish to thank Matti Herranen for collaboration during the early stages of this work.

A Resummation of the Schwinger-Dyson equation

Here we present the derivation of the results (2.13) and (2.14), starting from the Schwinger-
Dyson equations (2.10). We will shorten the notation explained below equations (2.11) even
further, by leaving out the momentum indices and convolution signs: e.g. Sp

0,k ∗Σp
k ∗Sp

k →
Sp

0ΣpSp. It is also important to note that the inverse free propagator S−1
0 contains a
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derivative operator, and thus changing the direction of its operation generates additional
surface terms.

First, the pole equation (2.10a) for p = r, a can be formally iterated as

Sp = Sp
0
(
1 + ΣpSp) (A.1)

= Sp
0
(
1 + ΣpSp

0 + ΣpSp
0ΣpSp

0 + · · ·
)

= Sp
0 + Sp

0ΣpSp
0 + Sp

0ΣpSp
0ΣpSp

0 + · · · (A.2)
=
(
1 + Sp

0Σp + Sp
0ΣpSp

0Σp + · · ·
)
Sp

0

=
(
1 + SpΣp)Sp

0 . (A.3)

This is consistent with the Hermiticity properties (2.8) of the pole propagators, which relate
equation (A.1) for p = r to equation (A.3) for p = a and vice versa. Equation (2.10b) for
S< (similarly for S>) can now be iterated and rearranged as follows:

S< = S<
0 + S<

0 ΣaSa + Sr
0Σ<Sa + Sr

0ΣrS< (A.4)
= S<

0 + S<
0 ΣaSa + Sr

0Σ<Sa

+ Sr
0Σr(S<

0 + S<
0 ΣaSa + Sr

0Σ<Sa + Sr
0ΣrS<

)
=
(
1 + Sr

0Σr)(S<
0 + S<

0 ΣaSa + Sr
0Σ<Sa)

+ Sr
0ΣrSr

0Σr(S<
0 + S<

0 ΣaSa + Sr
0Σ<Sa + Sr

0ΣrS<
)

...
=
(
1 + Sr

0Σr + Sr
0ΣrSr

0Σr + · · ·
)(

S<
0 + S<

0 ΣaSa + Sr
0Σ<Sa)

=
(
1 + SrΣr)(S<

0 + S<
0 ΣaSa + Sr

0Σ<Sa)
=
(
1 + SrΣr)S<

0
(
1 + ΣaSa)+ SrΣ<Sa. (A.5)

The second and third equalities explicitly show the first and second iteration of the first
equation (A.4). In the fourth step this iteration is assumed to continue indefinitely. To get
the final two lines we then used equations (A.2) and (A.3). Note that the final line can
also be written in the form

S< =
(
SrS−1

0
)
S<

0
(
S−1

0 Sa)+ SrΣ<Sa. (A.6)

This result was derived also in [36] and a similar iterative solution was presented in the
double momentum representation in the context of the interaction picture CTP formal-
ism [67].

B Majorana neutrino self-energies

The self-energy functions Sμ defined in equations (4.16) are given by

/S
H
eq(k) =

1
2

∫ d4p

(2π)4 2π sgn(p0)δ(p2) PV
[ 1

(k − p)2

]
×
[(

1 + 2fBE(p0)
)
(/k − /p) +

(
1 − 2fFD(p0)

)
/p
]
, (B.1a)
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/S
A
eq(k) =

1
2

∫ d4p

(2π)4 (2π)2 sgn(p0) sgn(k0 − p0) /p δ(p2)δ
(
(k − p)2)

×
[
fFD(−p0) + fBE(k0 − p0)

]
, (B.1b)

δ /S
≶(k) =

∫ d4p

(2π)4 (2π)2 sgn(p0) sgn(k0 − p0) /p δ(p2)δ
(
(k − p)2)

× fFD(p0)fFD(−p0)fBE
(
±(k0 − p0)

)
. (B.1c)

Here PV denotes the Cauchy principal value distribution, and ± = +, − for ≶ = <, >,
respectively. Note that equation (B.1a) contains also the unrenormalised vacuum part of
SH

eq(k), which is UV-divergent. The Yukawa and chirality structure for this part are the
same as in equation (4.16b). We split SH

eq into the vacuum and temperature dependent
parts

/S
H
eq(k) = /S

H(vac)
eq (k) + /S

H(T )
eq (k), (B.2)

where the vacuum part was given (using dimensional regularisation) in equation (4.47) and
the temperature dependent part is

/S
H(T )
eq (k) = 2π

∫ d4p

(2π)4 δ(p2) PV
[ 1

(k − p)2

](
fBE|p0|(/k − /p) − fFD|p0| /p

)
. (B.3)

The temperature dependent integral (B.3) has been worked out in [102].
We further parametrise the integrals (B.1b), (B.1c) and (B.3) with

/S
α(k) = aα(k0, |k|

)
γ0 + bα(k0, |k|

)
γ · k̂, (B.4)

and
aα(k0, |k|

)
= T ãα(k0/T, |k|/T

)
, (B.5)

bα(k0, |k|
)

= T b̃α(k0/T, |k|/T
)
, (B.6)

where ãα, b̃α are dimensionless functions, and α = A, H, <, > and S = Seq, δS. After some
calculation we get the following results (with κ0 ≡ k0/T , κ ≡ |k|/T ):

ãH(T )
eq (κ0, κ) =

1
16π2κ

∫ ∞
0

dx

{[
2x log

∣∣∣κ+

κ−

∣∣∣− xL+(x)
][

f̃FD(x) + f̃BE(x)
]

− κ0L−(x)f̃BE(x)
}

, (B.7a)

b̃H(T )
eq (κ0, κ) =

1
16π2κ

∫ ∞
0

dx

{[
4x − 2x

κ0

κ
log
∣∣∣κ+

κ−

∣∣∣+ κ2
0 − κ2

2κ
L−(x) +

κ0

κ
xL+(x)

]

×
[
f̃FD(x) + f̃BE(x)

]
+ κL−(x)f̃BE(x)

}
, (B.7b)

ãAeq(κ0, κ) =
1

16πκ

∫ κ+

κ−
dx x

[
f̃FD(−x) + f̃BE(κ0 − x)

]
, (B.7c)

b̃Aeq(κ0, κ) =
1

16πκ

∫ κ+

κ−
dx

(
κ2

0 − κ2

2κ
− κ0

κ
x

)[
f̃FD(−x) + f̃BE(κ0 − x)

]
, (B.7d)
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δã≶(κ0, κ) =
1

8πκ

∫ κ+

κ−
dx xf̃FD(x)f̃FD(−x)f̃BE

(
±(κ0 − x)

)
, (B.7e)

δb̃≶(κ0, κ) =
1

8πκ

∫ κ+

κ−
dx

(
κ2

0 − κ2

2κ
− κ0

κ
x

)
f̃FD(x)f̃FD(−x)f̃BE

(
±(κ0 − x)

)
, (B.7f)

where

L± ≡ log
∣∣∣x + κ+

x + κ−

∣∣∣± log
∣∣∣x − κ+

x − κ−

∣∣∣, κ± ≡ 1
2
(
κ0 ± κ

)
, (B.8a)

and

f̃FD(x) ≡ 1
ex + 1

, f̃BE(x) ≡ 1
ex − 1

. (B.8b)

The integrals given above for ãAeq, b̃Aeq, δã≶ and δb̃≶ may be further calculated in closed form
using logarithm and dilogarithm functions (like in [42]). The results given here hold only
for |κ0| > κ > 0 (timelike four-momentum). The corresponding results for κ > |κ0| > 0
(spacelike four-momentum) are attained by replacing the integral operator above as follows:

∫ κ+

κ−
dx −→ −

(∫ ∞
κ+

+
∫ κ−

−∞

)
dx. (B.9)

Also, in the results (B.7) it was assumed that the energy parameter κ0 is real. If these
results are continued to complex values of κ0 (as required when considering finite widths)
then the implicit sign functions in the absolute values must be applied to the real parts
only (e.g. sgn(κ0)κ0 = |κ0| should be replaced by sgn(Re κ0)κ0 =

√
κ02).

Finally, the aα and bα functions have the following k0-symmetry properties:

aH
eq(−k0, |k|) = −aH

eq(k0, |k|), bH
eq(−k0, |k|) = bH

eq(k0, |k|), (B.10a)
aAeq(−k0, |k|) = aAeq(k0, |k|), bAeq(−k0, |k|) = −bAeq(k0, |k|), (B.10b)
δa<(−k0, |k|) = −δa>(k0, |k|), δb<(−k0, |k|) = δb>(k0, |k|). (B.10c)

C Adiabatic pole propagator inversion

In this paper we have used the leading order spectral approximation for the adiabatic
solutions, which indeed is a good approximation in the weak coupling limit. In this ap-
pendix we show how to obtain more complete solutions for the adiabatic pole propagators
Sr,a

ad (k, t). We start by writing equation (4.17a) in an equivalent form and with explicit
flavour indices:

2∑
l=1

([
/k − mi(t)

]
δil − Σp

eq,il(k, t)
)
Sp

ad,lj(k, t) = δij1. (C.1)

Generally, the inverse of a 2 × 2 block matrix Aij , satisfying
∑2

l=1 AilSlj = δij1, is given
by Sij = (Aji − AjkA−1

lk Ali)−1 with k �= i and l �= j. For given i and j the indices k

and l are fixed, because the block dimension is only 2. This block-wise inversion formula
can be generalised to larger block matrices, which would indeed be necessary if there were
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more flavours. We now solve the flavour components of the pole propagators from (C.1) as
follows (equivalent formulae were given in [83]):

Sp
ad,ii(k, t) =

[
/k − mi − Σp

eq,ii − Σp
eq,il(/k − ml − Σp

eq,ll)
−1Σp

eq,li

]−1
(l �= i), (C.2)

Sp
ad,ij(k, t) =

[
(/k − mj − Σp

eq,jj)(Σp
eq,ij)−1(/k − mi − Σp

eq,ii) − Σp
eq,ji

]−1
(i �= j). (C.3)

The inverses here are taken with respect to Dirac indices only and we suppressed the (k, t)-
arguments of the self-energies. These solutions can also be obtained formally by expanding
the inverse of /k − m − Σp

eq as a geometric series in powers of the off-diagonal self-energy
Σp

eq,ij (with i �= j) and performing a resummation of the series.
The solutions (C.2) and (C.3) are still general. We now use the leading order equilib-

rium self-energy Σeq given by equations (4.16a) and (4.16b). We neglect here the vacuum
part of ΣH

eq which acquires additional Dirac and flavour structures from the vacuum on-shell
renormalisation and would make the resulting formulae below more complicated. However,
near the poles the vacuum part should only give small corrections. Hence, we use here the
pole self-energies

Σp
eq,ij(k) = cw

(
yiy

∗
j PL + y∗i yjPR

)
γμSp

eq,μ(k). (C.4)

Using this form, the Dirac matrix inverses in equations (C.2) and (C.3) can be written
explicitly as

Sp
ad,ii(k, t) =

1
Dp

il

[
Dp

l (/k + mi) − D̃p
l Σp

eq,ii − Σp
eq,li(/k − ml)Σp

eq,il

]
(l �= i), (C.5)

Sp
ad,ij(k, t) =

1
Dp

ij

[
(/k + mi)Σp

eq,ij(/k + mj) − (/k + mi)Σp
eq,ijΣp

eq,jj

− Σp
eq,iiΣ

p
eq,ij(/k + mj)

]
(i �= j), (C.6)

with the definitions

Dp
ij ≡ ΔiΔj

[
1 − 2cw(k · Sp

eq)
(
|yi|2Δ−1

i + |yj |2Δ−1
j

)
+ c2

w(Sp
eq · Sp

eq)
(
|yi|4Δ−1

i + |yj |4Δ−1
j

+ 2|yi|2|yj |2(ΔiΔj)−1(k2 − cos(2θij)mimj
))]

, (C.7a)

Dp
l ≡ Δl − 2cw|yl|2(k · Sp

eq) + c2
w|yl|4(Sp

eq · Sp
eq), (C.7b)

D̃p
l ≡ Δl − 2cw|yl|2(k · Sp

eq), (C.7c)
Δi ≡ k2 − m2

i . (C.7d)

Note that since Dp
ij = Dp

ji, the denominator of all flavour components Sp
ad,ij is the same,

Dp
12. Using the formulae presented in this appendix, one can straightforwardly imple-

ment more accurate approximations for the adiabatic correlation functions (4.20) and the
effective self-energies (4.26).
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D Independent components of the neutrino Wightman function

The Hermiticity property (2.8a), the sum rule (2.9) and the Majorana condition (4.4)
can be used to derive relations among the components of the neutrino Wightman func-
tions. First, the Majorana condition (4.4) and equation (2.4) imply that S>

k (t1, t2) =
−CS<

−k(t2, t1)TC−1 in the two-time representation. We can then write the aforementioned
three relations as

S<

kij(t, t) = S<

kji(t, t)†, (D.1)

S<

kij(t, t) = δij1 − S>

kij(t, t), (D.2)

S>

kij(t, t) = γ0C S<

−k,ji(t, t)T C−1γ0, (D.3)

where we also used 2A = S> + S< in the sum rule. These identities hold for the full
Majorana Wightman functions S<,>

kij (t, t). Assuming that they hold independently for the
adiabatic functions S<,>

ad,kij(t, t) implies that the non-equilibrium local correlator δS<

kij(t, t)
satisfies the constraints

δS<

kij(t, t) = δS<

kji(t, t)†, (D.4)

δS<

kij(t, t) = −γ0C δS<

−k,ji(t, t)T C−1γ0. (D.5)

Inserting the parametrisation (5.2) into equations (D.4) and (D.5) and using the iden-
tity γ0C(Ps′s

−k,hji)TC−1γ0 = −P−s,−s′
khij , we get constraints for the phase space functions:

δf ss′
khij =

(
δf s′s

khji

)∗ = δf−s′,−s
khji . (D.6)

In terms of the mass and coherence shell functions (5.13) and (5.14) these read

δfm,s
khij =

(
δfm,s

khji

)∗ = δfm,−s
khji , (D.7)

δf c,s
khij =

(
δf c,−s

khji

)∗ = δf c,s
khji. (D.8)

In the case of two neutrino flavours (i, j = 1, 2) these relations imply that for a given
helicity h the sixteen different (s, s′, i, j) components of δfkh can be reduced to only six
independent distributions with 10 degrees of freedom, given explicitly by the following
equations:

δfm,+
kh11 = δfm,−

kh11 (real), (D.9a)
δfm,+

kh22 = δfm,−
kh22 (real), (D.9b)

δfm,+
kh12 = (δfm,−

kh12)∗ = (δfm,+
kh21)∗ = δfm,−

kh21 (complex), (D.9c)
and

δf c,+
kh11 = (δf c,−

kh11)∗ (complex), (D.9d)
δf c,+

kh22 = (δf c,−
kh22)∗ (complex), (D.9e)

δf c,+
kh12 = (δf c,−

kh12)∗ = δf c,+
kh21 = (δf c,−

kh21)∗ (complex). (D.9f)

Note that these relations are satisfied for perturbations when the sum rule (D.2) is
satisfied by the full adiabatic solution. This is true e.g. for a full thermal solution and for
the free particle solution (4.23). One can still use approximative forms for the adiabatic
solutions in various expressions for the sources and collision terms.

– 57 –



E Neutrino collision term traces

Here we give explicit results for the collision term trace functions Csss
khilj which we use

in the mass shell equation (5.15) of the Majorana neutrinos. We actually need only the
s = +1 component C+++

khilj because of the relations (D.9) and because we only solve the
positive energy solutions. Using the definition (5.8) and the leading order expansion (4.27)
for the effective self-energy, we get first C+++

khilj = i tr
[
P++

khjiΣ
r
eq,il(k+l)P++

khlj

]
. Here the

self-energy is given in the Wigner representation and evaluated at the four-momentum
(k+l)μ ≡ (+ωkl, k).

Next we observe that in the case with two flavours (i, l, j = 1, 2) Pss
khljPss

khji = Pss
khli,

which implies that C+++
khilj = i tr

[
P++

khliΣ
r
eq,il(k+l)

]
. Notably, the collision function is in this

specific case independent of the last flavour index j. Using equations (4.16) and (4.51) for
the equilibrium Majorana self-energy functions with Σr = γ0Σr and Σr = ΣH − iΣA, and
performing the Dirac matrix trace yields the result

C+++
khilj =

cwNm
kil

2ωkiωkl

[
Re(y∗i yl)

(
mik+l + mlk+i

)μ − ih Im(y∗i yl)
(
mik

⊥
+l + mlk

⊥
+i

)μ]
×
(
SAeq(k+l) + iSH(T )

eq (k+l)
)

μ
. (E.1)

The self-energy four-vector functions Sμ are calculated in appendix B. We also defined
Nm

kij ≡ N ss
khij (see equation (5.3)) and (k⊥)μ ≡ (|k|, k0k̂).

F Lepton CP-source and washout terms

Explicit forms for the CP-source and washout terms were given in equations (5.10)–(5.12).
We now substitute the self-energy functions defined in (4.16a) and (4.16c) to these ex-
pressions and use the symmetry properties (B.10b) and (B.10c). We also use the lowest
order result (4.27) for the effective self-energy, adapted for ΣAL ≡ PRΣA and the con-
straints (D.9) for the non-equilibrium distribution functions. We keep the coherence shell
functions here for completeness, but split the results to separate mass and coherence shell
parts, SCP = Sm

CP + Sc
CP and δW = δW m + δW c. After performing the traces, we get

Sm
CP =

∑
i,j

∫ d3k

(2π)3

cwNm
kij

2ωkiωkj

[
Re(y∗i yj)

∑
hh Re(δfm,+

khij )
(
mik

⊥
+j + mjk⊥+i

)μ
− Im(y∗i yj)

∑
h Im(δfm,+

khij )
(
mik+j + mjk+i

)μ]
×
(
SAeq(k+i) + SAeq(k+j)

)
μ
, (F.1a)

Sc
CP =

∑
i,j

∫ d3k

(2π)3

cwN c
kij

2ωkiωkj

[
− Re(y∗i yj)

∑
hh Re(δf c,+

khij)
(
mik

⊥
+j + mjk⊥−i

)μ
− Im(y∗i yj)

∑
h Im(δf c,+

khij)
(
mik+j + mjk−i

)μ]
×
(
SAeq(k−i) + SAeq(k+j)

)
μ
, (F.1b)
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and

δW m

βμ�
=
∑
i,j

∫ d3k

(2π)3

cwNm
kij

2ωkiωkj

[
Re(y∗i yj)

∑
h Re(δfm,+

khij )
(
mik+j + mjk+i

)μ
− Im(y∗i yj)

∑
hh Im(δfm,+

khij )
(
mik

⊥
+j + mjk⊥+i

)μ]
×
(
δSA(k+i) + δSA(k+j)

)
μ
, (F.2a)

δW c

βμ�
=
∑
i,j

∫ d3k

(2π)3

cwN c
kij

2ωkiωkj

[
− Re(y∗i yj)

∑
h Re(δf c,+

khij)
(
mik+j + mjk−i

)μ
− Im(y∗i yj)

∑
hh Im(δf c,+

khij)
(
mik

⊥
+j + mjk⊥−i

)μ]
×
(
δSA(k−i) + δSA(k+j)

)
μ
. (F.2b)

Here μ� is the lepton chemical potential, β = 1/T , and we further defined (k⊥)μ ≡
(|k|, k0k̂). The self-energy functions SAeq,μ and δSAμ = (δS>

μ + δS<
μ)/2 are calculated

in section B. We also defined here Nm
kij ≡ N ss

khij and N c
kij ≡ N s,−s

khij using equation (5.3).
Finally, the adiabatic washout term Wad can be simplified to

Wad

βμ�
= cw

∑
i

∫ d3k

(2π)3
2|yi|2
ωki

[
2fFD(ωki) k+i · δSA(k+i) − k+i · δS<(k+i)

]
. (F.3)

The results (F.1a) and (F.2a) show explicitly how the helicity sums of the non-
equilibrium distribution functions δfkh enter the leading order CP-source and washout
terms. In particular, from equation (F.1a) we see that CP-violation is only sourced by the
helicity-odd combinations Re(δfk,+1 − δfk,−1) of the real parts and helicity-even combina-
tions Im(δfk,+1 + δfk,−1) of the imaginary parts.

G Semiclassical Boltzmann equations

For comparison with our main quantum kinetic equations, we implement and solve nu-
merically the semiclassical Boltzmann equations (see e.g. [84, 88, 97, 103, 104]) and the
momentum integrated rate equations in our model (4.1). We include only the decay and
inverse decay contributions supplemented by a RIS-correction term required to cure the
problem of spurious equilibrium source [88, 97, 104]. We write the equations first following
ref. [103], to establish the notation and to facilitate comparison with the literature. We
then present the equations in a more compact form which is directly comparable to our
main equations and also more suitable for a numerical implementation.

G.1 Momentum-dependent equations

As in the main text, we assume that SM-fields are in kinetic equilibrium and that Higgs
field chemical potential vanishes, μφ = 0. However, we make no assumption about the
form of the phase space distribution functions fi of the Majorana neutrinos i = 1, 2, and
consider full quantum statistics with Pauli blocking and stimulated emission factors. In
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the expanding universe, the Boltzmann equations for fi and the lepton asymmetry nL can
then be written as

∂fi

∂t
− |pi|H

∂fi

∂|pi|
=

1
2ωigi

∫
dπ� dπφ (2π)4δ(ωi − ω� − ωφ)δ(3)(pi − p� − pφ)

× |Mi|2
{

−fi(1 − f+
� )(1 + f eq

φ ) + f+
� f eq

φ (1 − fi)

+ εCP
i f−�

[
fi(1 + f eq

φ ) − f eq
φ (1 − fi)

]}
, (G.1)

dnL

dt
+ 3HnL =

∑
i

∫
dπi dπ� dπφ (2π)4δ(ωi − ω� − ωφ)δ(3)(pi − p� − pφ)

× |Mi|2
{

−f−�
[
f eq

φ (1 − fi) + fi(1 + f eq
φ )
]

+ εCP
i

[
−f+

� f eq
φ (1 − fi) + fi(1 − f+

L )(1 + f eq
φ )
]}

. (G.2)

Here fx(px, t) is the phase space distribution function, ωx ≡
√

|px|2 + m2
x is the on-shell en-

ergy and dπx ≡ d3px/(2π)3/(2ωx) is the phase space integration element for particle species
x = i, �, φ. The RIS-subtraction has been performed as in [88, 97, 104], which ensures that
also the term associated with the CP-asymmetry parameter εCP

i in equation (G.2) vanishes
in thermal equilibrium. For the number densities and distribution functions we are using
the following notations:

nL ≡ n� − n�, n� = cw

∫ d3p�

(2π)3 f�, n� = cw

∫ d3p�

(2π)3 f �, (G.3a)

f±� ≡
(
f� ± f �

)
/2, f� = fFD(ω� − μ�), f � = fFD(ω� + μ�), (G.3b)

fφ = fφ = f eq
φ = fBE(ωφ), (G.3c)

where fFD and fBE are the Fermi-Dirac and Bose-Einstein distribution functions (4.12).
The factor cw = 2 is the SM doublet multiplicity and gi = 2 is the number of spin (or
helicity) states of the Majorana neutrino Ni. Finally, the tree level matrix element for the
neutrino decay process, summed over the Majorana neutrino spins and the SM doublet
multiplicity is:

|Mi|2 ≡
∣∣M(Ni → �φ)

∣∣2 +
∣∣M(Ni → �φ)

∣∣2 = 2cw|yi|2m2
i , (G.4)

where m� = mφ = 0 was assumed in the end. The corresponding total decay width is then
Γ(0)

i ≡ |Mi|2/(16πgimi) = |yi|2mi/(8π). In the following we use these tree level results for
the leading approximation.

We now give equations (G.1) and (G.2) in a more compact dimensionless form similar
to (6.10) and (6.11), in terms of the variable z = m1/T . We also omit the lepton back-
reaction term (proportional to εCP

i f−� ) in equation (G.1), as we did in (6.10). Working
consistently to linear order in perturbations we then find

dδfki

dz
= −C̃ki δfki − df eq

ki

dz
, (G.5)

dYL

dz
= S̃CP + (δW̃ + W̃ad)YL, (G.6)
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where YL = nL/s, s is the entropy density, δfki ≡ fki − f eq
ki and f eq

ki = fFD(ωki). The
dimensionless neutrino collision term coefficient, CP-violating lepton source term and the
lepton washout term coefficients are here given by

C̃ki =
zΓ(0)

i

H1

(mi

ωki
Xki

)
, (G.7)

S̃CP =
∑

i

zΓ(0)
i

H1

gi

s
εCP

i

∫ d3k

(2π)3

(mi

ωki
Xki

)
δfki, (G.8)

δW̃ =
∑

i

zΓ(0)
i

H1

6gi

cwT 3

∫ d3k

(2π)3

(mi

ωki
Y(A)

ki

)
δfki, (G.9)

W̃ad =
∑

i

zΓ(0)
i

H1

6gi

cwT 3

∫ d3k

(2π)3

(mi

ωki
Y(B)

ki

)
, (G.10)

with H1 ≡ H(m1) and

Xki =
T

|k| log
[e(ωki+|k|)/T − 1

eωki/T − e|k|/T

]
, (G.11)

Y(A)
ki =

T

|k|

[
fFD

(ωki + |k|
2

)
− fFD

(ωki − |k|
2

)]
, (G.12)

Y(B)
ki = fFD(ωki)

(
fFD(ωki) − 1

)
Xki. (G.13)

For the total z-derivative of f eq
ki we use df eq

ki / dz = f eq
ki (f eq

ki − 1)m2
i /(m1ωki), assuming that

|k|/T is independent of z. Note also that nLW̃adH1/z is exactly equal to the Wad defined
by (F.3), when we use nL ≈ cwT 2μ�/6.

G.2 Rate equations

Simplified rate equations for the number densities can be derived from the Boltzmann
equations (G.1) and (G.2) with two additional assumptions: kinetic approximation for the
Majorana neutrino distributions and Maxwell-Boltzmann statistics for all particle species.
To this end, we use fi = (ni/neq

i )f eq
i , replace fFD and fBE by fMB(k0) ≡ e−k0/T and

remove all extra terms originating from the Pauli blocking and stimulated emission factors.
Integrating equations (G.1) and (G.2) over momenta then gives:

dni

dt
+ 3Hni = −

(
ni

neq
i

− 1
)

γi − nL

2neq
�

εCP
i γi, (G.14)

dnL

dt
+ 3HnL =

∑
i

[(
ni

neq
i

− 1
)

εCP
i γi − nL

2neq
�

γi

]
, (G.15)

where

γi = giΓi

∫ d3pi

(2π)3
mi

ωi
e−ωi/T = neq

i

K1(mi/T )
K2(mi/T )

Γi, (G.16)

neq
i = gi

∫ d3pi

(2π)3 e−ωi/T =
gim

2
i T

2π2 K2(mi/T ), (G.17)

neq
� = cw

∫ d3p�

(2π)3 e−|p�|/T =
cwT 3

π2 . (G.18)
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Here Kn are the modified Bessel functions of the second kind. Here we kept also the lepton
backreaction term which is the last term on the right-hand side of equation (G.14).

Again, we can write equations (G.14) and (G.15) in a compact dimensionless form:

dδYi

dz
= −Di δYi − dY eq

i

dz
− Y eq

i

2Y eq
�

εCP
i DiYL, (G.19)

dYL

dz
=
∑

i

[
εCP

i Di δYi − Y eq
i

2Y eq
�

DiYL

]
, (G.20)

where δYi ≡ Yi − Y eq
i and

Yx =
nx

s
, z =

m1

T
, Di =

zΓ(0)
i

H1

K1(zxi)
K2(zxi)

, xi =
mi

m1
. (G.21)

The lepton source term in these equations is given by S̃CP =
∑

i εCP
i Di δYi and for the

washout term δW̃ = 0 and W̃ad = −∑i DiY
eq

i /(2Y eq
� ). We used these equations also to

check that the lepton backreaction was indeed numerically negligible in all examples (with
vanishing initial lepton asymmetry) that we studied.

G.3 CP-asymmetry parameter

The Boltzmann equations (G.1), (G.2), (G.5), (G.6), (G.14), (G.15), (G.19) and (G.20)
given above do not depend on the exact form of the CP-asymmetry parameter εCP

i . There
we used the generic definition (in the unflavoured case)

εCP
i =

Γ(Ni → �φ) − Γ(Ni → �φ)
Γ(Ni → �φ) + Γ(Ni → �φ)

, (G.22)

where Γ(Ni → �φ) + Γ(Ni → �φ) = Γi is the total (vacuum) decay width of the Majorana
neutrino to the lepton and Higgs doublets. The CP-asymmetry parameter vanishes at
tree-level and is calculated from the interference of tree level and higher order amplitudes.
This is highly nontrivial, as the calculation breaks down when using ordinary perturbation
theory in the degenerate limit m2 → m1.

We only consider the self-energy contribution (also called indirect or ε-type
CP-violation), neglecting the vertex correction (i.e. the direct ε′-type CP-violation), and
use the generic form

εCP
i,x =

Im
[
(y∗1y2)2]

|y1|2|y2|2
(m2

2 − m2
1)miΓ

(0)
j

(m2
2 − m2

1)2 + (Rij,x)2 . (j �= i) (G.23)

This result is specific to the case of two Majorana neutrinos and one lepton flavour. Here
Rij,x is the regulator which removes the singularity that would occur when m2 → m1.
We consider four alternative regulators [62, 70, 83, 84, 105] (the subscript x): the ‘mixed’
regulator, the ‘difference’ regulator, the ‘sum’ regulator and the ‘effective’ sum regulator
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given by

Rij,mix = miΓ
(0)
j , (G.24)

Rij,diff = miΓ
(0)
i − mjΓ(0)

j , (G.25)

Rij,sum = miΓ
(0)
i + mjΓ(0)

j , (G.26)

Rij,eff = (miΓ
(0)
i + mjΓ(0)

j )|sin θij |. (G.27)

The relative phase θij of the Yukawa couplings was defined in equation (7.6). Note that
εCP

i,diff with the difference regulator is still singular if |y1| = |y2|. This means that it is
unbound and leads to unphysical results when approaching the doubly degenerate limit
|y2| → |y1| and m2 → m1. For more discussion about the validity of different regulators,
see [96].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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