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ABSTRACT: We revisit the problem of small Bjorken-x evolution of the gluon and flavor-
singlet quark helicity distributions in the shock wave (s-channel) formalism. Earlier works
on the subject in the same framework [1-3] resulted in an evolution equation for the gluon
field-strength F'? and quark “axial current” 1)yT°1) operators (sandwiched between the
appropriate light-cone Wilson lines) in the double-logarithmic approximation (summing

powers of ay In?(1/x) with ay the strong coupling constant). In this work, we observe
—i
that an important mixing of the above operators with another gluon operator, D D',

also sandwiched between the light-cone Wilson lines (with the repeated transverse index
i = 1,2 summed over), was missing in the previous works [1-3]. This operator has the
physical meaning of the sub-eikonal (covariant) phase: its contribution to helicity evolution

R
is shown to be proportional to another sub-eikonal operator, D* — D , which is related
to the Jaffe-Manohar polarized gluon distribution [4]. In this work we include this new

operator into small-x helicity evolution, and construct novel evolution equations mixing
—1

all three operators (D* — D , F'2, and 1)yT~%%), generalizing the results of [1-3]. We also
construct closed double-logarithmic evolution equations in the large-N. and large-N. &Ny
limits, with N, and Ny the numbers of quark colors and flavors, respectively. Solving the
large-N. equations numerically we obtain the following small-x asymptotics of the quark
and gluon helicity distributions A3 and AG, along with the g structure function,

as Ne¢
2m

1 3.66
AS(2,Q%) ~ AG(z, Q%) ~ g1 (2, Q%) ~ () ,

X

in complete agreement with the earlier work by Bartels, Ermolaev and Ryskin [5].
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1 Introduction

Understanding the proton spin puzzle [6-14] is one of the main goals of contemporary

hadronic physics. Apart from being a question of general scientific interest testing our

understanding of the proton internal structure, the proton spin puzzle is one of the central



topics to be addressed by the experimental program at the future Electron-lon Collider
(EIC) [7, 11, 12, 14].

The main question of the proton spin puzzle is how the proton spin (1/2) is made up of
the contributions of quark and gluon helicities and their orbital angular momenta (OAM)
(see [6, 8, 13] and references therein for reviews). It is usually formulated in terms of either
Jaffe-Manohar [4] or Ji [15] spin sum rules. The Jaffe-Manohar sum rule [4] reads

1
Sq—i-Lq—l—Sg—l—LG: 5, (1.1)

where S; and S¢ are the contributions to the spin of the proton carried by the quarks and
gluons, respectively, and L, and Lg are their OAM. All four terms on the left-hand side of
eq. (1.1) can be written as integrals over the Bjorken z variable. For the quark and gluon
spin contributions, S, and S¢, the decomposition is (see [16-20] for decompositions for the
OAM terms)

1 1
5/Q) = 5 [dr A8, S6(@) = [ dr AG(@?), (1.2
0 0
where
AE(]),Q2) = Z AQ}F('r?Qz) (13)
f=u,d,s,...

is the flavor-singlet quark helicity distribution function with Aq}' = Aqy + Agy [21, 22].
Here Agy and Agy are the quark and anti-quark helicity distributions for each quark flavor
f, while AG is the gluon helicity distribution. As usual, the distributions also depend on
the momentum scale Q2. The current values of the proton spin carried by the quarks and
gluons, as extracted from the experimental data, are S,(Q? = 10 GeV?) = 0.15 + 0.20 for
z € [0.001, 1], and Sg(Q? = 10 GeV?) ~ 0.13 + 0.26, for = € [0.05,1] (see [7-10, 12, 13] for
reviews). The fact that the sum of these two numbers comes up short of 1/2, especially if
one takes into account the error bars, is the proton spin puzzle: we do not know where the
rest of the proton spin is. The remaining missing spin of the proton may be found in the
quark and gluon OAM and/or at smaller values of x.

The latter possibility received a lot of attention in the literature, starting with the
groundbreaking work by Bartels, Ermolaev and Ryskin (BER) [5, 23], which studied the
small-x asymptotics of the g structure function along with AY and AG employing the
infrared evolution equations (IREE) approach pioneered in [24-27]. The phenomenology
based on BER work was developed in [28, 29]. The BER approach resummed double loga-
rithms in x, that is, powers of s In?(1/z). This is known as the double-logarithmic approxi-
mation (DLA). In the pure-glue case the BER approach resulted in the asymptotics given by

1366 agjrvc
AS(2,Q) ~ AG(z, Q%) ~ g1 (2, Q%) ~ () . (1.4)

X

More recently, an effort has been under way [1-3, 22, 30-40] to reproduce BER re-
sults [5, 23] and, possibly, expand on them using the s-channel/shock wave approach to



small-z evolution from [41-53] (see [54-61] for reviews) modified to work at the sub-eikonal
level and beyond [62-65]. (Small-z asymptotics of parton distribution functions (PDFs)
and transverse momentum-dependent PDFs (TMDs) can be classified by the leading power
of x: our notation is such that, neglecting the quantum-evolution order-a; or ,/a;g correc-
tions to the power of x, the eikonal distributions scale as ~ 1/x, the sub-eikonal ones scale
as ~ 2, the sub-sub-eikonal ones scale as ~ z, etc.) The approach to helicity evolution in
the s-channel formalism developed in [1-3, 31-33, 36, 37] resulted in the small-z asymp-
totics of AY and AG different from that found by BER.! Despite the cross-check in [2] and
an alternative calculation in [39] the origin of the difference remained unknown. In this
work we identify the sub-eikonal operator which was not included in the approach of [1—
3, 31-33, 36, 37]: after including it, we obtain a new set of small-z evolution equations for
helicity, whose solution gives the asymptotics (1.4) consistent with BER.

When going beyond the eikonal approximation, the degrees of freedom are no longer
the light-cone Wilson lines: instead one has to modify the Wilson lines by inserting one
or more sub-eikonal operators between segments of Wilson lines [3, 33, 62-70]. The sub-
eikonal operators entering the helicity evolution of [1-3, 31-33, 36, 37] are the gluon field
strength operator F'? or the bi-local quark operator t(z3)yty%¢(z1). When wrapped
around by light-cone Wilson lines they lead to the operators in egs. (2.7a) and (2.7b) (or
egs. (2.12a) and (2.12b)) below. (Our calculations here are carried out in A~ = 0 light-cone
gauge of the projectile, while the expressions for the operators are valid in any gauge where
the gluon field A,, vanishes at = — +00.) The operators F''2 and ¢ (z2)yTv%¢(x1) enter
the calculation with the helicity-dependent prefactor, e.g., with 0 6, in the quark helicity
basis, as defined in light-cone perturbation theory (LCPT) [71, 72]. This is what makes
them natural operators for helicity evolution. The helicity evolution of [1-3, 33] mixes
these two operators with each other. However, since F'? is a local operator, it cannot
be used to construct a PDF: hence the mapping of evolution from [1-3, 33] onto the spin-
dependent Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution equation [73-75]
in the gluon sector has been problematic [2]. At the same time, F'*? is not the only gluon

<1 .
operator at the sub-eikonal order: there exists another sub-eikonal operator, D D", as
derived in [30, 64, 66, 70]. Here D, = 0, — igA,, is the right-acting covariant derivative,

B# = 5# + igAH is the left-acting covariant derivative, and ¢ = 1, 2 is the transverse index.
The operator Bl D?, whose contribution is simplified in our helicity-evolution calculations
to D* - BZ, is related to the Jaffe-Manohar gluon helicity PDF [4], as we show below.
The EZ D' operator enters the calculations with a helicity-independent prefactor 06,075

an expression for this operator, sandwiched between the light-cone Wilson lines, is given
below in eq. (2.7¢) (or (2.12c)). In the background field method [76, 77] this operator
arises naturally due to the canonical momentum squared term, (P?)?, present even in a
scalar particle propagator [66, 67]. In this work we show that small-z helicity evolution

) 1 _
mixes the D' — D operator with F'2 and 9 (x2)y"7?¢(x1). This mixing was neglected

'In the flavor non-singlet channel, the two approaches were in complete agreement [2, 23] at large N.



—i
in [1-3, 33] due to the apparent helicity-independence of the D D" term, which gives rise
1

to the D' — D operator (i.e., due to the fact that it comes in with d0.0'). The physical
origin of the mixing still requires further understanding. Here we note that the mixing
probably happens because the quark and gluon polarization indices ¢ and A in LCPT are
not true helicities: they are projections of the particle’s spin on the fixed z-axis, instead of
being spin projections on the direction of the particle’s 3-momentum.

In this paper we derive a new small-z evolution equations for helicity distributions
—1

mixing the three operators D' — D, F'2, and v(x2)y"7°¢(21). The equations resum
longitudinal logarithms, keeping the accompanying transverse integrals exactly. We, there-
fore, can and do extract the DLA evolution equations from them, obtaining two closed
systems of integral evolution equations in the 't Hooft’s large-N,. [78] and Veneziano’s
large-N &Ny [79] limits. Performing a numerical solution of the large- N, helicity evolution
equation we arrive at the asymptotics given in eq. (6.12), thus reproducing BER results.

The paper is structured as follows. In section 2 we summarize the results of the earlier
calculation [70] for high-energy S-matrices of massless quarks and gluons scattering on the
background quark and gluon fields at the sub-eikonal accuracy. As we mentioned, these
results are consistent with the earlier calculation [64]. The relevant sub-eikonal operators
are given in egs. (2.7) and (2.12) for the quarks and gluons, respectively.

To identify which sub-eikonal operators are relevant for helicity distributions and for
the g; structure function, we re-analyse these quantities at small 2 in section 3. In
section 3.1 we reconstruct the known result [30, 33] that the gluon helicity TMD and PDF at
small z are related to the dipole amplitude GY from eq. (3.22), dependent on the novel sub-

Py

eikonal operator D' — D entering eq. (3.17). This is summarized in egs. (3.25) and (3.26)
with the amplitude G entering those equations defined in eq. (3.24). Small-z quark helicity
distributions are studied in section 3.2 with the result given by egs. (3.52) and (3.50).
The dipole amplitude @ in those equations, defined in eq. (3.48), contains the operators
F'2 and 9 (z2)yty%¢(x1): this part of the results for quark helicity distributions was
known before [1-3]. The amplitude G2 in the same expressions contains the new operator
D? —BZ, which, in turn, originated in the sub-eikonal BZ D operator. (Comparing this with
eq. (3.26) we conclude that the Bl D' operator is related to the Jaffe-Manohar distribution.)
This G2 contribution in egs. (3.52) and (3.50) is new compared to [1-3, 33]. Finally,
in section 3.3 we re-analyse the g; structure function at small z, arriving at eqgs. (3.61)
and (3.62). Again, the contribution of the dipole @ has been known before [1-3, 40|, while

the contribution of GG is new.

. 1 _
The small-z evolution of the sub-eikonal operators D' — D , F'2 and 1 (z2)y 759 (z1)
with the appropriate light-cone Wilson lines is studied in sections 4 and 5. The calculation
in section 5 is done using the background field method [44, 77], while in section 4 the calcu-

2Note that there is a possible role of the topological effects in g1 due to the chiral anomaly, which has
been debated in the literature [4, 80-83], see also the recent works [84-87]. This can be inferred from the
first moment of the structure function and is related to the Ua(1) problem in QCD. However, we leave the
question about the relation of our results to the chiral anomaly for future publications.



lation employs a hybrid formalism developed in [3, 33, 70] which combines the elements of
LCPT [71, 72] with the background field method: we refer to it as the light-cone operator
treatment (LCOT) method. In section 5.2 we derive the structure of sub-eikonal operators
from the analysis of quark and gluon propagators in the background field. At the level
of sub-eikonal operators the main evolution equations we obtain are (4.15), (4.19), (4.26),
and (4.27) in section 4.1. The same equations are derived again in section 5 using the
background field method (see egs. (5.69) and (5.82) there). These equations contain lead-
ing logarithms in the longitudinal integral in their kernels, along with the exact transverse
integrations, similar to the unpolarized small-z evolution [41-53, 88, 89]. Using the tech-
nique of [1, 3] we take the DLA limit of those equations obtaining closed large-N, evolu-
tion equations (4.53) in section 4.2. Similarly, the large-N.& Ny evolution equations are
studied in section 4.3, resulting in the closed system of equations (4.75). These large-N,
and large-N &Ny equations extend and generalize the results of [1, 3]. We cross-check
our large-N, evolution equations (4.53) against the small-z limit of the pure-glue spin-
dependent DGLAP evolution in section 4.4 and find an agreement up to and including three
loops [90, 91], the highest-known order for the spin-dependent DGLAP splitting functions.

The large-N, evolution equations (4.53) are solved numerically in section 6, following
the technique of [22, 31, 37]. The resulting numerical solution for the amplitudes G (defined
in eq. (4.29) with @Q ~ G at large N,) and Gy is plotted in figure 6. The extracted intercepts
are given in eq. (6.10); within the uncertainty, they are the same for both amplitudes. This
leads to the asymptotics of eq. (6.12), in complete agreement with BER, eq. (1.4).

We conclude in section 7 by outlining future directions of this research program.

2 Sub-eikonal quark and gluon S-matrices in the background field

We define our light-cone coordinates by 2% = (¢ & z)/v/2, while the transverse vectors are
denoted by z = (2!, 2?) with Z;; = x; — x; and x5 = |z;;] for 4,5 = 0,1,2,... labeling the
partons. Our proton is always moving in the light-cone plus direction, while the projectile
quarks and gluons are moving in the light-cone minus direction. The gluon field is denoted
by Al’j, while the quark and anti-quark fields are ¢ and 1. The calculations for small-z
evolution will be carried out in A®~ = 0 gauge. However, the expressions for the operators
in this section are also valid in the Lorenz gauge 9, A** = 0, and in any gauge where the
gluon field vanishes at = — £oo (cf. [64, 70]).

We denote the fundamental light-cone Wilson lines by

T
Valzy, 2] = Pexp ig/d:c_A+(0+,x_,g) (2.1)

Z;

with the abbreviation V, = V;[oo, —oo| for infinite lines. Here P is the path ordering
operator, A¥ = > A%"t is the background gluon field with ¢* the fundamental SU(N,)
generators, and ¢ is the strong coupling constant. The adjoint light-cone Wilson line is



defined similarly as

s
Uglzy, ;] = Pexp ig/dx_AJ“(OJr,x_,g) (2.2)

Z;

with A* = Y, A?#T? where T® are the adjoint SU(N,) generators, (T%),. = —ifo%.
Again, Uy = Ug[oo, —o0].
Define an S-matrix for the quark-target scattering in the helicity basis?® by

2 2
Vigioo = / éi’; 622]70:)11; o T, Y [50701 (27)? 62 (Bout . Bin) +iAL (p,.. Bm)} ,

(2.3)

where A%(p_ .,p. ) is the scattering amplitude for a quark on a target with p. and p_ .

the incoming and outgoing quark transverse momenta, respectively, while ¢’ and o are

the outgoing and incoming quark helicities. The amplitude A is normalized such that

A = M/(2s) [60], where M is the conventional textbook scattering amplitude and s is the

center-of-mass energy squared.

Neglecting the quark mass, which does not affect small-z evolution, at the sub-eikonal
order the quark S-matrix is [3, 63, 64, 66, 70]*

Vz,g;o/,a':vﬂaa(l_y)(sa,d’ (24)

oo
iPt —i
+ dz—dQZ VQC[OO’Z_](;Q(&_E) _60,01D Dz+gaéa,o’F12 (z_,g)Vy[z_,—oo](;Q(y—g)
S - Z Z

oo

—oo
co
2 p+
g°P _ _ _ _ _ - _ _
*752@*@/‘1% /dZQ V£[00,22 }tbwﬁ(ZQ 7£)U£a[z2 321 ][60,0/7+7060,0’7+75] aﬁwa(zl 7£)tavﬁ[zl 770017
0o 27

, . . S .
where D' = 0" —igA*, and D = 0 +igA".

The S-matrix in eq. (2.4) has two distinct polarization-dependent structures, o d, o
and d,,/. At the sub-eikonal level (that is, for everything except for the first term on
the right-hand side of eq. (2.4)), we define the “polarized Wilson lines” V! oIl and Vi 21[2]
by [3, 70] B

Vi o = 085,00 VP 6% (2 — y) + 65,00 VP2, (2.5)

sub-eikonal

3Helicity basis refers to the (&)-interchanged Brodsky-Lepage spinor basis defined below in eq. (3.27),
which is commonly used in LCPT. In LCPT, the e, spatial direction is used for spin quantization: we refer
to the projection of particle’s spin onto the z-axis as “helicity”. We note that the proper helicity is the
projection of spin onto the momentum of the particle. This difference between the true helicity and LCPT
“helicity” requires us to keep both d, .+ and 06, s structures in, e.g., eq. (2.4), even when only helicity-
dependent quantities are considered. In the rest of the manuscript, both helicity basis and (+)-interchanged
Brodsky-Lepage spinor basis are used interchangeably.

“Note that the sign in front of the vT4° term in eq. (2.4) is different from that in [3, 70] while in
agreement with [92]. In [3] one has to correct eq. (45) by replacing p(o) — p(—o) on its right-hand side.
Similarly, one should replace p* (¢’) — p=(—0’) in eq. (48) of [3]. This would modify eq. (51) of [3] to agree
with our eq. (2.4).



Vfom] and Vzpzl[?] can be read off eq. (2.4) using their definition in eq. (2.5). In the

following it will be helpful to separate the gluon and quark contributions to Vgp o and

%3 ;1[2]. Therefore, we define

ol[1 G[1 1 ol[2] __ G[2 2| ¢2
vpollh = el yall - ypelle) — Py el 52(g — ), (2.6)
such that
. + *
Vf[ll :% /dx_Vg[oo,x_]Fm(x_,g) Valx™,—o0], (2.7&)
q[1] 92P+°°7°°7 —14b - bay, — . — + .5 n — a -
Vg :Ts /d% dxy Va[oo, x5 |17 Ys(x, 7£)U£ [3,27] [’Y 0l ]aﬁ Yooy ,2) t* Vlzy, —o0], (2'7b)
; pt iy 1 )
V;f;]:f% /dz7d2z Vﬂ[oo,zf}(sQ(gfg)D (zf,g)Dl(zf,g)Vg[zf,foo} 52@7;), (2.7C)
9 + oo oo B
Ve =L / dzy / day Veloo,a3 |t s (w5, 2) Us ez o] [vF] , dalar @)t Velor, —o0]. (2.7d)

Curiously, only nyp] is truly a non-local operator in the transverse plane.

Similar to eq. (2.3) we define the S-matrix for the gluon-target scattering by

o d2pin d2p0ut ip x—ip. Y 2 <2 - AG
ULQ;X,)\ = /(27}')2 (271')2 e “out = Sin Z |:5/\7)\/ (27‘(’) 0 (Bout _Bin> + ZA)"v)\(Bout’Bin)} s
(2.8)

with the gluon scattering amplitude Af\;, \(p on the background-field target nor-

out’ Bin)

malized in the same way as the quark one above. At the sub-eikonal level the S-matrix
is [3, 39, 64, 66, 70]°

(Usyix 2)" = (Ue) "6 (2 —y)8x (2.9)
’L‘P)+ — 52 —1\bb’ 2 12\b'a’ eble ca’ — — a’a ¢2 _
+T dz= d"z(Ug[o0,27 )" 6" (z—2) |2gA0x\ v (F 7)" * =02 -2 (2 ’é)(Ug[Z ,—0o])* 6% (y—z)
P _
_9T52(£_Q)/d21 /dz2

/-

X (Ueloo,23 )™ (23 )t Valzg or ) [T =20x vy ™26 (a1 ) (Ua 21 ,—00))* *—c.c..

Here F'2 = 3, F¢'2 T is the adjoint gluon field strength tensor, while the adjoint co-
+ab —
variant derivatives are 2 = V% 4 gf*A¢ and 2% = V6% — gf*bA° (or, simply,
+ab —
PP = 0,6 —ig(T)wAS and 2; = 0;6% + ig(T)wAS, using (T)y = —if® with
A= (A17A2) = _(A17A2))'

®Similar to eq. (2.4), the sign of the y7+® term in eq. (2.9) is different from that in eq. (64) of [3]:
correcting p? (o) — pT(—0) in eq. (58) and p(c) — p(—0) in eq. (60), both in [3], would change the sign
of the yt45 term in eq. (64) of [3], making it agree with our eq. (2.9).



Just as in the fundamental representation, for the adjoint S-matrix at hand we can
identify two polarization structures, Ady »» and dy y/, and define U£ oM and Ug;m by

(Ugyiv )™ = Adp v (URM)P 62 (2 — y) + Gy (URGP])P (2.10)
sub-eikonal -
at the sub-eikonal order, excluding the eikonal term in eq. (2.9). Again, we separate the
quark and gluon operator contributions by writing

ol[l] _ 7rG[1 1 ol[2] __ GJ2 2] ¢2
vpet = ugt  ughtl, - upell = Ugl 4+ UgPl 6% (z — y), (2.11)
with
gty =2 / da™ (Uslooa™ )™ (F')" (@™ 2) (Usla™ ,—o0])"", (2.12a)
q[1] ba_92P+ — — —1\bb’ 5,a’ — - _ a’a
(Ug ) =T dxy [ dx, (Uﬁ[oo,xg D w(mz » L )t V [132 »Ty ]’Y Yt ¢($1 @)(Ug[ml ) OO])
+c.c., (2.12b)
<U£[§]>b“:*$ / de= s (Uloos ) P (a-22 (22 (= 2) Uyl —oo)) "0 (y—2), (2.12¢)
al2] bai_92p+ 1\ bb
(Ug )= s dzy | dzy (Ugloo,z;]) w(mz aI)t V w[rs 21 ]’Y t* 1/’(331 ) (Ugzy, 00])
—c.c.. (2.12d)
G[2]

Once more, only U,y is non-local in the transverse plane.

3 Quark and gluon helicity distributions and g; structure function at
small x

3.1 Gluon helicity distribution
We begin with the dipole gluon helicity TMD, defined as [93]

—21
G dip 2 2 : 24 JigPtET —ik€
glL ( ’kT) HZ'P+ 271' 9.3 2 SL /df d § € (31)

X (P, 81| € tr [F“(O) U0, & FH(© UE, 0] 1P, S1)er o

where U!t] and U] are the future- and past-pointing Wilson line staples, kp = |k|, and
€' is the transverse Levi-Civita symbol with €!? = +1. The Jaffe-Manohar (JM) gluon
helicity PDF is then [4]

-2 11
zP+ 472

G(2,Q?) / d2hgClip (1 2 = ZSL / de— P e (3.2)

x<P,SL\e”F““<0+,o 0)US 10,7 1F"(07,¢7,0)|P,SL),



where Uélb now is a regular adjoint light-cone Wilson line (2.2) connecting the two points
in the correlator.
We rewrite eq. (3.1) as

Gdi —2i 1 1 _ _ i Pt (6= =) —ik-(6—
A0 = e g g L5 [ 46 A BT D oy
L

X (P, S| tr |FH(OUMC, & FH) U, ) 1P, Sp)es —co—o

with the (infinite) volume factor V~ = [ dz~d?z. The JM gluon helicity PDF is now given
by

2, Gdi 2 —2i ~ Pt (6 ¢
/dkg Pz, k2) = S 2ZSL/d§ d¢" e ) (3.4)
X (P, Sp|e? FOT(0%,¢7,0) UgP[¢™, €] F™(07,67,0) |P, Sp),

where L™ = [dx~.
In any gauge where the field A+ is zero at = — £00 we can rewrite eq. (3.4) as

—2 Pt (6~ —C7)
Gl = 2ZSL/d§ ¢ e P HE ¢ (3.5)
x(P,Sp|etr [VQ[—OO,C]F“(W,(,g)vg[g*,oo]vg[oo,g*]pﬂ(oﬂg*,Q)vg[g*,—oo]] |P.SL).

We further note that in a gauge where the field A~ is zero at 2~ — 00 we have [30, 33]

/ dg™e™ " Vyloo, 6T FH(07,67,0) Vo[, —oc] (3.6)
= [ deme P {0t (Valoos AT (0,67 0) Vol —oc] )~ Valoeu (@ AT Vile ™ ~oc]}

_ / de= P € Voo, (9 A iz P+ AT Vple, —o0),

such that

Q)= 2ZSL / dEmdgm e =) (37)

X (P.Sy|edtr[(0' AT —ixPT AYVOICT &) AT +ia P A ole ] IP.SL).

Similarly, for the dipole gluon helicity TMD we write

2i — — i - —1 —
Gdip 2 2 2 - izPT (& ¢7) ik-(§—¢)
911, (:c,kT) = Prv- 2 5 3 E St /df d°¢d¢ d°Ce e = =2 (3.8)

—o0

X (P, S| € tr|Ve[—00,( ) (8" AT —iaPT A") Ve [(,00] Ve[oo, €T (&7 AT +izPT A7) Ve[¢, —ooﬂ |P,SL).



Let us simplify the gluon helicity TMD operator (3.8) at small z, expanding it down
to sub-eikonal order. Start by defining a “Lipatov vertex”

L(x,k) = / de™ d* ™" TRE Voo, 7] (AT +inPT A Vel —o0]  (3.9)
and rewriting the gluon dipole helicity TMD as

—21 1
z PtV—(27m)3

g (g k2 = %Z St (P, Su| €7 tr| L' (@, k) L (2, k)| [P, Sp) . (3.10)
St

Next let us expand the Lipatov vertex (3.9) in powers of x, that is, in eikonality. We
get

L (k) = / de™ e EE Voo 67 [ AT 4 inPt (6 9T AT + A7) + O(a2)] Vile™, —o0).

—00

(3.11)
At order-z¥ we get the standard result,

7 , ‘ . . j ‘
/ g™ d*¢e " Ve[00,£7] (aﬂ/ﬁ) Ve[¢™,—o0] = / (12562’“'52,19811/é :—Z / d’Ce TV

(3.12)
At order-z, let us simplify the £~ 7 At term. Writing
. L=/2 &
&= lim - |— / dz= + / dz~ (3.13)
L=—400 2
& —L=/2
we obtain
iwP* [ e e Vefoo, ] [ 07AT(€)] Velé, —oc] (3.14)
—00
aPt [ o e [ T i B
:—ZQ/dfe &g /dz Ve[oo, 27] [83—8 } Velz™, —oa].
The entire Lipatov vertex becomes
. j ) + ) 7 ]
Lj(x,k)z—k—gj/d%eﬂbgvé—% d%ﬁeil&é/dz*vé[oo,z*] |:DJ—DJ:| Vé[z*,—oo]—&—O(acQ)7 (3.15)

where we have employed the right-acting covariant derivative DI = 87: —igA’ and the

“—j < . R
left-acting covariant derivative D = 9 + igA7 (see [94] for the D’ — D operator arising
in the definitions of quark OAM in the proton). Substituting eq. (3.15) into eq. (3.10) and

,10,



expanding the latter to order-z, we see that only the cross-talk between the leading-order

|
term and the D7 — D term in eq. (3.15) survives, yielding

Gdi —2is 11 i | 2e2e —ik(E—0) ty/gpoll2] jpori2]) "
o @ k) = %)35%:5“% d2cdPeemES <P,5Lm[v£vé —(v£ ) v4|P,SL>,
L

(3.16)
where we have defined the fundamental polarized Wilson line of a different type from those
in egs. (2.7) above, by

. 1
viGEl / dz~ 27 {D’(z,z) - D (2, z)} V.2, —oc]. (3.17)
Defining the standard (but polarization-dependent) “CGC averaging” by
<...>EEZSLL<psLy...\pSL> (3.18)
24 2Pty — V7 ’

and the sub-eikonal one by [1]

(o Y=sn) (3.19)

we recast eq. (3.16) as

) = s b [ e O (v v - (v292) ). 320

This result should be compared to eq. (35) in [33]. The definition of the polarized Wilson
line in eq. (34) of [33] is different from our eq. (3.17) by keeping only 2ig A instead of the

covariant derivative difference, D’ — Bl and excluding the normalization factor of é The
former explains the sign difference between our eq. (3.20) and eq. (35) in [33].

Finally, interchanging ¢ <> £ in the second term of eq. (3.20) and replacing k — —k in
the same term (which we can do since each term in eq. (3.20) depends on k% and does not
depend on the direction of k), we arrive at

08 = s k[ e D (ulvi O s (1) v ). 2

Defining the polarized dipole amplitude of the second kind

j 179 CL2] j G T
Glo(25) = 557 <<tr vy v 9% 4 (V7 9B ) ) (3.22)
we obtain (cf. eq. (38) in [33])
—8iN, @
G dip 2 2] i 2 2 —ik-x J 2
911 (k) = 2 (2n)? k /d xod xy e "o Gy ( x) (3.23)

Here x5 = 21 — x for the transverse-plane position vectors z; and z, with x19 = |z;,| to
be used later on.

— 11 —



Similar to [33] we can introduce the following decomposition of the impact-parameter

integrated amplitude G7:

T+ ; : . :
[ (B2 Gloles) = (e}t Galeto 29 + 7 (w0 Galedo ). (329

Substituting this into eq. (3.21) we see that G does not contribute. We get (cf. egs. (40)
and (41) in [33])

N 2
gdeZp( k3 = SZ /dleoe ETw0 3 Go (5@0728 = Ci) (3.25)

- N /d2m10 e~ 210 [14—3:2 8} Go | 23y, 28 = Q—Q
as2rt 10922, 107 z |’

The gluon helicity PDF is obtained by integrating over k, which yields (cf. eq. (124)

in [33]) )
0
(1 + x%oax%o) Go (xlo,zs = i)] o (3.26)

10=32

2N,
G(.%',Q2) = .2

S

We conclude, just as in [33], that the amplitude Go gives us both the gluon dipole
helicity TMD (3.25) and the gluon helicity PDF (3.26) at small . The difference here is
in the definition of the operator in eq. (3.17), which is different here from that employed
in [33], where the partial-derivative part of the full covariant derivative was discarded as a
term independent of helicity.

3.2 Quark helicity distribution

To include both sub-eikonal terms from eq. (2.4) into quark helicity distribution we can
employ the analysis carried out in [3]|, which applies here as well, with the diagram B
from [3] (see figure 1 below) again giving the only contribution we need to keep. Just as
n [3, 92], we will work with the (+)-interchanged Brodsky-Lepage spinors [71] (referred
there as the anti-BL spinors)

o (p) =~ V21~ +mA° 110y pl (o), vo(p) = V2p~ —mr®++°y plp(~0), (3.27)

V2p~ T VV2p

2 2
with pt = <pQ—;m,p_,p) and

1 0
o =5 | YL e = 5 | (3.25)
0 1

We begin with eq. (15) in [3], which we modify by replacing (for the massless quarks
we will consider from now on) [70]

B (k1) (V) v (k) — 2k hy /d 2 (Viworo) (3.29)

— 12 —
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Figure 1. Diagram of class B with kinematics specified. The antiquark propagates from ¢ to w with
momentum k1, undergoes a sub-eikonal interaction with the proton which changes its transverse
position from w on the left of the shock wave (the left shaded rectangle) to z on the right of the
shock wave, and then propagates from z to & with momentum k5. The sub-eikonal interaction with
the proton shock wave (shaded rectangle) is denoted by the white box.

which accounts for both the notation change (to the quark S-matrix from eq. (2.4)) and
the fact that the anti-quark position may be different on the two sides of the shock wave,
as depicted in figure 1. (Here i,j are the anti-quark color indices. The shock wave,
representing the proton target, is shown by the shaded rectangle in figure 1.) Additionally,
we need to replace e @=9) — ¢ (E=0) in the same eq. (15) of [3]. We end up with

2P+ A2 k1dkT i )i (o _ _ 1 p——
ggL(x’k%):i(zﬂ)s/dZCdQWdQZ (2;)31 6E1 (w—¢)+ik-(z S)e(kl ) ZUUQ(k2)§7+’y5’UUI (k1)2 /kl kz

01,02

; 1
. <Ttr[V<Vz’w;”2’°’J> [2ky o P+ +k; —icky | [2ky aP++k>+ieky ||

T 22— 2__ —
ky =k] k2=0,k2=0k,=—k

+c.c. (3.30)

for the quark helicity TMD with a future-pointing (semi-inclusive Deep Inelastic Scattering,
or SIDIS) Wilson-line staple.
Using

o 1 )
2 \ ky kg Vo, (k2)§7+75va1(k1) = 010040, (ko - k1) — 1 00p0, (Ko X k1), (3.31)

in eq. (3.30), along with eq. (2.5), and assuming that 2k; zPT < k? k¥ to simplify the
denominators at small x, we obtain

4P+ d2k1 dk_ s (w— ik (z— _ 1
Q?L(%k’%):_(%):& /dQCdzwd2z(27T)31€k1 (w=O+ik (=0 g7 e (3.32)

X [—hkl 0*(z~w) <Ttr [V vgeltit] >+z’k:><k‘1 <Ttr [V, vRalait] > +e.c..

Note that the contribution of the eikonal term in eq. (2.4) to eq. (3.30) is zero, as was
shown in [3].

,13,



Performing the k; integration and adding the complex conjugate terms explicitly in

eq. (3.32) we arrive at

—w _
o (@ kh) = 4zP /dZCdZ /dk { ik (w— c)é 5_7;'2 <Ttr [Ve VeI 4 Tor |:V£pol[1] Vut]>

_ E x 2T /d2 <k O T [V VPSP oG9 Ty [Vﬁm Vg}>}. (3.33)

We have also integrated over z in the first term in the curly brackets of eq. (3.33) and
replaced ¢ <> w in the term containing the second trace from the first angle brackets.

We concentrate on the second term on the right of eq. (3.33). Employing eq. (2.6), we
see that the quark operator contribution to that term is proportional to

C—W [ ie(wn ik (w—C)
2~ 32, 2 > ik-(w—¢ 2] 1 ik (w—¢ 2] 1,1
/dgd P <e Ot [V Vg 4ot 9Ty [VﬂHVQ}>. (3.34)

For a longitudinally polarized target proton, the expectation values of the impact-parameter
integrated traces in eq. (3.34) are functions of the dipole size only. Let us illustrate this with
the first such trace: the absence of any preferred transverse direction in the longitudinally
polarized target means

/d2 <C+2w> <T“ Ve vlT] > = f(I¢ —wf), (3.35)

such that

_k /dQ(g — w) et @=0 5_7“[)2 FUC = w]?) & k x k= 0. (3.36)

Applying a similar argument to the second term in eq. (3.34), we see that the quark operator
qu[z] does not contribute to the quark dipole TMD at small z in eq. (3.33).

We next consider the gluon contribution to the second term on the right of eq. (3.33).
To evaluate this term, it is easier to go back to eq. (3.32), the second term of which can be

written as

P; o)
4(P+)2/ 7/2 2 2, ik +k)-(w—0) B X Ky -
= [ dky | ¢ dPwd?ky R w9 2 2 2L / dy (3.37)
s (2m)° ' E* ki

—0o0

X <Ttr {VCVw[—oo,y_] (el zk’) ( — zk’) Vw[y_:oo]} > + c.c.
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with the help of eq. (2.7¢). Further, writing D}, = (D},/2) + (D},/2) and integrating one
—1
of these terms by parts, while performing the same operation for D,,, we arrive at

Vkxk
/d2§d2wd2k il ) (w=0) k;(k; / Y (3.38)

« <Ttr [VCVw[—oo,y_] (BL—D;H(H—%)) (D;'U —B;H(kg—ki)) Vw[y_,oo]} >+C.c..

The arguments similar to those used to show that the quark operator contribution to this
R . .
term vanishes apply here to the (D}, — D,,)? and (ki — k")? terms as well, leaving only the

R o
“cross-talk” between the D;,—D,, and k] —k' in eq. (3.38). Employing the definition (3.17),
we recast those remaining non-zero terms in eq. (3.38) as

Py

Jzax Exk, , . . _ ,

‘(1;71:)6 /dk; /dQCdzwdz ekt (w=g) I;kQ (ka;)<Ttr[v<V,;G[2”}Ttr [ng[Q]VJ]>. (3.39)
0

Further, employing

ij 2 i J
Y a:20 _ 09 w5y — 2whymy + 5% 82 (290) (3.40)
1'20 ’:U%O

we perform the Fourier transform over k;, obtaining

Py ) . .
APt s e @R [ w0 8 fw— (P~ 2w~ () (w ()
/dkl /“d“’e il L e e [w—]?

x <Ttr Ve VaCBIt] — T [V’va*} > (3.41)

where we have also used the fact that tr [Vy VHiG 2 T} = 0. Interchanging the integration
variables ¢ <> w along with flipping the sign k& — —k of the transverse momentum in the
second term of eq. (3.41) (which is allowed since each term in eq. (3.41) is a function of k2
only), we obtain

Dy ) . )
4Pt - 22 ik(w—¢) € K" (w— C) 09 |w — C’Q 2(w—¢)" (w—¢)
it /dkl /d S L o (P +i e

x <Ttr Ve ViS BT 4+ Toe [V RIVE ] > (3.42)

To further simplify the matrix elements of the traces in eq. (3.42) we can employ the
relations given by egs. (22) of [3] (see also [95]),

(Tor [V VPUt]) = (e [V vpelT]), (3.43a)
(Tor [V VPtt]) = (e [Vl v,]), (3.43b)
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where the ordering of the operators on the right is important, since the right Wilson
line belongs to the amplitude, while the left one is in the complex conjugate amplitude.
Application of eqs. (3.43) yields

<Ttr (Ve Va4 T [ViC BV > = <tr (Ve VaCSBIT] 4t [ViC RV > (3.44)

Comparing this with eq. (3.22), we see that the objects in the angle brackets in the two
equations are similar, but not quite the same: the order of the Wilson lines is different in
the trace. As we noted above, the order of Wilson lines matters for the operators here.
To remedy this issue, we note that the quark helicity TMD is PT-even: hence, we can
substitute eq. (3.44) back into eq. (3.42) and apply the PT-transformation to the latter,
leaving it invariant (while, in the process, changing the SIDIS Wilson-line staple to the
Drell-Yan (DY) one for the TMD). For infinite Wilson lines in question we have

v B v, vicw PL piset (3.45)
This means that, under PT, the expression in eq. (3.44) becomes (2N./s) Gi—y,—( (cf.
eq. (3.22)), where the sign change in front of w and ¢ is not important, since these are

integration variables. Due to the PT-invariance of the quark helicity TMD, we obtain for
eq. (3.42)

1
AN. [ d g €k [ =0 07w -2w—0 (w—-¢)]
@n)s /f/dzcd%em, ¢ € o |k (‘Z_al i lw—¢| |w(_ﬂé‘{) (w—¢) G c(25), (3.46)

A2/s

where z = ki /p; and A is an infrared (IR) cutoff. (Note that the PT-symmetry argument
would not have been needed if we had started with the quark TMD with the DY Wilson-line
staple or interchanged the past- and forward-pointing staples in eq. (3.1).)

Replacing the second term in eq. (3.33) by the expression (3.46), and adding the
contribution of the anti-quark helicity TMD as it was done in [3] to obtain the flavor-
singlet quark helicity TMD, we arrive at

1
8N. N d ihw—0) | C—w k
gir(x, k2) = — (277)5f Az// ?Z /dQCdeeE(f ) {Z’C—w’? . EQWC(ZS) (3.47)
e [ (w—¢) 0w (P -2w - (w—-¢) | .,
2 k w—C? v lw— ([ wg(zs) ;

where we have also summed over quark flavors, generating a factor of Ny by assuming, for
simplicity, that all flavors give equal contributions. As in [3], we have defined the “original”
polarized dipole amplitude

Quic(zs) = % Re (T tr [Ve VR T [Vl VI . (3.48)

While the helicity evolution we will derive below is independent of quark flavor, the ini-
tial conditions for Qy¢(2s) may be flavor-dependent [22], meaning that our simplified
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assumption of flavor symmetry may need to be generalized by replacing Ny — > ¢ and
Qu,(28) = ng C(zs) in eq. (3.47) to include the potential flavor-dependence of the ampli-

tudes Qw C(zs)
The flavor-singlet quark helicity PDF (1.3) is

QQ
AS(z,Q%) = / Pl g5, (2, k2). (3.49)

Using eq. (3.47) in eq. (3.49) while imposing the 1 > zs2%) lifetime ordering yields

1

N.N dz dx?

Y(z, Q%) = — 27r3f / ~ / —210 {Q(x%o, z8) + 2G2($%0,zs)} (3.50)
A2/s 1

where we have employed the decomposition (3.24) and

Q(23,, 25) = /d2 (W) Q10(2s). (3.51)

Equation (3.50) is to be compared to eq. (8b) in [2] or, equivalently, eq. (5) in [31], which
contain only the first term in the square brackets of eq. (3.50).
Using the decomposition (3.24) and eq. (3.51), eq. (3.47) can be rewritten as

8NN d ke | Lo kK kxzy,)?
g5 = S0l / % [t 120k (020 Gatete ) - EEB GGt
K K™,
A2/s

(3.52)
The integral over the angles of x;, in the last term on the right of eq. (3.52) can be cast
into the same form as in the first term [32]. This yields

1
8t N. N dz k
oiule i) = ~grst [ 5 [dmocten B 5 Q28 + 26l 29)] - (35)

ﬂ?
1 ~
A?/s 0

We see that both the quark and gluon helicity TMDs and PDFs at small x can be
expressed in terms of the polarized dipole amplitudes Q(z,, zs) and Ga(23,, zs). These
dipole amplitudes enter the expressions (3.53) and (3.50) for the quark helicity TMD and
PDF in a specific linear combination, ) + 2 Gs.

3.3 g1 structure function

Next we consider DIS on a longitudinally polarized proton. The hadronic tensor can be
written as (see [96, 97] for a systematic exposition)

— ; 4 zqm . .
W = I, /d z e (P, S| ju(x) 3, (0) [P, SL) (3.54)
sym . q,O o 2 ( o S'q cr) 2 :|
— WY _ 4 _ 249
nv +Z€NVPJMPP.Q[S gl(va)—’_ S PqP 92(1">Q) )
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Figure 2. Diagrams needed for the calculation of the g; structure function in the dipole picture of
DIS. The proton shock wave is denoted by the shaded rectangle, while the white box denotes the
sub-eikonal interaction with the target.

where M), is the proton mass and W™ denotes the spin-independent (u <> v symmetric)
part of the hadronic tensor, dependent on the Fi, F3 structure functions. As usual, j,, is the
quark electromagnetic current operator and the 4-dimensional Levi-Civita symbol is defined
with egio3 = +1 [98]. We will work in the proton rest frame where P* = (M), 0) and the
spin 4-vector is S* = (0, 0,0, X M,,) for the longitudinally polarized proton with polarization
> = £1. Adjusting the frame further such that the virtual photon momentum is ¢* =
(—=Q?%/(2¢7),q~,0) in the (+, —, L) light-cone notation, we have the photon polarizations
vectors €, = (0,0,¢,) for transverse polarizations (with ey = (—1/v/2)(),i) and A = £1)
and €/ = (Q/(2¢7),q /Q,0) for the longitudinal polarization (see e.g. [60]).
Consider the v* + p scattering cross section,

2
’Y*P 47T OB M
g = 70
q

W €1 €” (3.55)
with agps the fine structure constant. We are interested in the spin-dependent part of this
cross section, which we obtain by using the spin-dependent part of W, from eq. (3.54)
in eq. (3.55). In the frame we are working in, one can see that only transverse values
of u, v contribute to the spin-dependent part of ¢?P: this means only transverse photon
polarizations contribute. Assuming that the virtual photon is transversely polarized with
polarization A, after some algebra we obtain the spin-dependent cross section

81l EMZ 45132M13

g T |eed) -

471'2OJEM

o7P(\, ) =
(A, %) o

v
W €py €7 = —

gQ(xa Qz)] :

(3.56)
The object in the square brackets of eq. (3.56) is equal to the virtual photon spin asymme-
try A; multiplied by the spin-independent structure function Fi(z,Q?) [97]. The factor of
x in the prefactor of eq. (3.56), which is absent in the analogue of this equation for the spin-
independent case [60], indicates that the spin-dependent cross section is indeed sub-eikonal
at small z. Furthermore, at small x we have 4:52M5 /Q? < 1 (which is also true in the stan-
dard perturbative approaches which assume large Q?): this allows us to neglect the second
term in the square brackets of eq. (3.56), since it is a sub-sub-sub-eikonal contribution (that
is, a contribution suppressed by 23 compared to the eikonal scattering). We thus write

QQ

16m2apy ©

91 (2, Q%) = 7P (+,4) = 07P (=, +)] . (3.57)

We see that to obtain the g structure function, we need to find the polarization-
dependent part of the v* + p scattering cross section, 77, with the transversely polarized
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photon. Working in the dipole picture of DIS, appropriate at small z, we write (cf. [60]),
keeping in mind the eikonal and sub-eikonal terms,

1
* d?x1d?xy dxg dz N - * .
o p()\,E):—/ 47: 02 2Re{ . ’A (;Elm ){\I!z,v?;zq(gllo,z)} <Ttr [Vf;ol UgVQT} >(z)
0 o0’ f

+\I’Z o gy 1- ){‘I’Z o U(zgys,1— Z)} *<Ttr [VonfollTa o} >(z)}, (3.58)

where the light-cone wave function of a transversely polarized virtual photon in the con-
ventions of [60] is

L 0,5) = S /A1) B o7 (122 0N )iy 2280 K (wr0a5) #8700 7L (1+00) Ko raoag) |
(3:59)

Equation (3.58) is illustrated in figure 2. For each quark flavor f, my is the quark mass, Z¢
is the fractional charge of the quark, and a?f =2(1-2)Q% + m?f with z the fraction of the

photon’s light-cone (—) momentum carried by the quark or by the antiquark, as labeled
in the diagrams in figure 2. The overall minus sign in eq. (3.58) reflects the sign difference
between the real part of (the interaction term in) the S-matrix and the imaginary part of
the forward scattering amplitude.

The light-cone wave function in eq. (3.59) is defined in such a way that the quark is

located at x; in the transverse plane, while the anti-quark is at zy. As before, z;; =2, — 2

1j J

with z;; = |z;;|. The dipole sizes before and after scattering on the shock wave in eq. (3.58)

L5 ’
are w19 and x1/g, respectively. In eq. (3.59), the quark and the anti-quark carry polarizations

o and o', respectively, while the photon carries polarization \.

One can easily show that the eikonal part of the S-matrix Vf?oll,g - does not contribute a
A-dependent term in eq. (3.58) that would contribute to eq. (3.57). Therefore, concentrating
on the sub-eikonal terms, we substitute egs. (2.5) and (3.59) into eq. (3.58) and sum over
o,0’. This gives

1

. . 2 7Z3
o P(+,4)—0” p(—ﬁb—Z%/d?xld%ydzxo /dz (3.60)
f 0

1,1
T10T1’0 - -

X Re{ —i[z2+(1_z)2] a? MKl(‘rlOaf)Kl(xl/oaf) <Ttr [VGlzl Vo} 1 Ttr [V Ve [2]@ > (2)

+0%(z4,/) [(2,2— 1)a? [K1(z10ar)]® +m7 [Ko(x1o af)f] <Ttr [VPOI VT} +Ttr {VQVEOHHT} > (z)}

Note that the quark operator V42 does not contribute.

Finally, we employ the definition of Vs S from eq. (2.7¢), along with the polarized
Wilson line (3.17) and the dipole amplitude deﬁnltlons (3.22), (3.24), (3.48), and (3.51),
in eq. (3.60). Inserting the result into eq. (3.57), after some algebra and after invoking
the PT-symmetry argument we employed earlier on, we obtain our final expression for the
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small-z structure function g1 in terms of the polarized dipole amplitudes:

N. 23 [z
91(2,Q%) = =3~ [ o / = { 2[2* + (1 — 2)%] a} [K1(210ap)]” Galady, 29)
f A2/s

+ (1= 22) 6} [Kr (o ap)* = m] [Ko(wioa))’ @(mfo,z@}. (3.61)

We can cross-check the result (3.61) by considering the double-logarithmic limit of its
integrals. Expanding the integrand of eq. (3.61) for z < 1 and zjpay < 1 and keeping
only the double-logarithmic terms yields

min{L i}
N 22 1 d 2Q27 A2 d )
c z X
g1(z, Q%) = _Z 47T3f / — / leO {Q(a:%o,zs) + 2G2(x%0,zs)} , (3.62)
f A2/ 1 10

where the lower limit of the x%,-integral arises from the zsz?, > 1 conditions, which, in
turn, follows from the validity of the shock wave (dipole picture of DIS) approximation
(see e.g. [36]), and is also implicitly applied to the full eq. (3.61).

Equation (3.62) should be compared to eq. (3.50), also written in the double-
logarithmic approximation. One can rewrite eq. (3.50) as eq. (1.3) with

1 min 207’ A2
N, dz dx?
Aq;f(x, Q%) = ~53 / — / ?100 {Q(m%o, 28) + 2 Ga (23, zs)} . (3.63)
A2/s L

Comparing egs. (3.63) and (3.62) we arrive at the well-known relation [97]
1
!

thus confirming consistency of our egs. (3.62) and (3.50). This completes the cross-check
of eq. (3.61).

We conclude this section by summarizing its main results: at small x, the flavor-singlet
quark and gluon helicity PDFs and TMDs (AX(z, Q?), g7 (z, k%), AG(z, Q?), glGLdip(x, k%))
along with the g; structure function can all be expressed in terms of the polarized dipole
amplitudes Q(z%, zs) and Ga(2%,, zs). Therefore, to describe these observables we need
to construct evolution equations for these two polarized dipole amplitudes. In the earlier
literature [2, 3, 31|, the contributions of the amplitude G2 to the quark helicity TMD and
PDF, and to the g; structure function, have been omitted.
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4 Helicity evolution at small x

Our next step is to derive small-x evolution equations for the polarized dipole amplitudes
in egs. (3.48) and (3.22), which we summarize here again for convenience:

Qio(zs) = <<T tr [VO Vpdm } + Ttr [Vfom] VQT} >>(zs), (4.1)

2N
Lo(28) = N, <<tr [VOT VfG[Q] + (VZG[Q]) Vo] >>(zs) (4.2)

Ultimately, in the evolution equations we would replace G’ by Go, defined in the decom-
position (3.24).

The evolution equations will be derived in the double-logarithmic approximation
(DLA), which is defined as resumming powers of a In?(1/z). We will then compare our
results to those obtained earlier in [1-3, 31, 33].

4.1 Evolution equations in the operator form
4.1.1 Evolution equations for fundamental and adjoint Q10(zs)

Following the procedure outlined in [3, 33], we construct the evolution in the operator
language using the shock wave approximation for the polarized target. We suggest that the
procedure we employ, which uses the operator language in light cone time-ordered Feynman
diagrams (cf. also [95]), could be called the light-cone operator treatment (LCOT). We will
again work in the frame where the target proton has a large P™ momentum, while the
projectile Wilson lines are oriented along the x™-axis. To construct the evolution we will
need gluon and quark propagators in the shock wave background. The operators in the
polarized dipole amplitudes Q19 and G%, depend on the gluon field components A%, A and
on the quark fields 1, 1): we will need propagators connecting those fields. (We are working
in A~ = 0 light-cone gauge.)

We begin with the amplitude Q19(zs). Diagrams contributing to its evolution are
shown in figure 3. These are the same diagrams as in the earlier works on the subject [1,
3, 33], except now the square box on the line going through the shock wave indicates both
terms in eq. (2.10) for the gluon line and both terms in eq. (2.5) for the quark line. In the
past works [1, 3, 33], only the first term in each of those equations was included.

In the gluon sector, the sub-eikonal propagator contributing to the evolution of Q1¢(zs)

[ ]
is ata™. It contributes to diagrams I, I, IL, Il in figure 3. Following the steps detailed in [3,
33] while including both polarization structures from eq. (2.10) gives (for the propagator
in the diagram II)

d ko z , T —1 i %
/dw2//dx2 a'“(zy,xy)at (), z,) Z/d To d>Toy {/d%,/ 2 ik ik a:2/1k2 j_ie eﬁ\/]
2/

AN

ol ba dk? —zk+ —zk -z —i &k
| (U 22k ) 8k — 1 [ / day / ot o), (4.3)
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Figure 3. Diagrams representing the evolution of the fundamental polarized dipole amplitude
®Q10. The vertical shaded rectangle represents the shock wave. The square box on the gluon and
quark lines represents the sub-eikonal interaction with the target given by eq. (2.10) for gluons and
eq. (2.5) for quarks. The same square box, but with number 1 in it, on the quark line denotes the

interaction described by Vf olfl] only. The black circle denotes the sub-eikonal quark-gluon vertex

generated by the F'2 operator in eq. (2.7a), that is, by the F'2 part of Vfoml, which, in turn,
contributes to Q1 through eq. (4.1). All momenta flow to the right.

The propagator (4.3) is separated by the square brackets into the interaction with the
shock wave and two free-gluon propagators on either side of the shock wave. It neglects
the instantaneous terms in the free-gluon propagators in the light-cone perturbation theory
(LCPT) terminology [71, 72], which is justified since such terms do not generate longitu-
dinal logarithms, and, hence, do not contribute to the DLA evolution.

Substituting eq. (2.10) into eq. (4.3), summing over polarizations and integrating over
ko and ko (except for k= = ky = k) yields

0 oo
/ i, / daz 0 (vy.2,)a*" (a5 zg)= (4.4)
—o00 0

Py o .
1 — 2 1 E”x%() ol[l]\ba - 5 5 1 Ty oll2]\
= fak| [ a2 o0 (pttlypa_ | PaydPay ( )7 pol(2]yba |
47r3/ |:/ x2n($21A) 3, (Ug )r L2 zo ) x5, (UZ,Z )
0

The first term on the right of eq. (4.4) was obtained before in [33].

As can be seen from the diagrams I and I, or IT and II’ in figure 3, the propagator (4.4)
enters the evolution of Q19(zs) together with the similar propagator, with the x~-ordering
of the endpoints reversed, along with the color indices a, b of the gluon fields interchanged,

0 e}
/ d(l?;//dl’; ai’(x; 7£1)a+"‘($2—/ 7&0) = (45)
—oo 0

Py

1 _ 9 1 il ol[1]\ba | - 2 2 1 b ol[2]\b
1 a | [ & ( )720 proliya i [ 2o g2 (—) 20 grpell2lyba |
43 [/ ) T, (W) [ deadearin z214 x%’o( 22 )

0
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One can clearly see that the eikonal Wilson line contribution (Us)® §2(z44/) from eq. (2.9),
which is neglected here as a non-DLA contribution, would have entered egs. (4.4) and (4.5)
in the same way as (U; 31,[2])17“ does: this eikonal contribution would exactly vanish in the
sum of eqs. (4.4) and (4.5), justifying our neglecting of this contribution.

Adding egs. (4.4) and (4.5), and employing eq. (2.11), after some algebra we arrive at

0 00

— 1 — a —
/dmz, /d% [a (T, 21) @ +b(932a§0)+ af($27£1) a* (552'73”0)] (4.6)

0

Py
1 1 € gd IRl
— 2 4 2 1n< ) 2 (et
73 / / 2{ 1 A $20 ( )

[ 20 9521 —I—ln< 1 ) <5ij 95%0 —42553037%0 + 5ij7r52(x20)>]
T30 75 r21 A 220

x (Ug[oo, 1 [97- 7] ) il —oo1)ba }

where we have used eq. (3.40). Note that the contributions of U;m from eq. (2.12d) also
canceled in the sum (4.6), similar to how the eikonal contributions disappeared earlier.

Defining the gluon contribution to the adjoint polarized Wilson line of the second kind
by (cf. eq. (3.17))

. Pt . 1
Uil = oo [ aUlloo,s7) |96 - 9 2| Uil ol (@)
we rewrite eq. (4.6) as
0 o
[ fas [ “(agm) ez o) + a%g—,xl)a*“(w;,mo)] (4.9
0

’le,] 111 ba
dk™ d2 1 € 20 UPO[]
<oy o f e fn (L) 2 )

hy 1’21 1 5 4”20 - 2533045%0 ij _ £2 j G[2]\ be
+l 5 o <IB21A) < 3 Ot ) (Ug ) .

T30 5321 La0

Let us pose here to review the time-ordering arguments, previously detailed in [36]. For
the shock-wave picture to be valid, the light-cone lifetime of a gluon, which is ~ 2k~/ k;i for
a gluon with momentum k, should be longer than the extent of the “core” shock wave, the
target proton, ~ 1/PT. This gives 2k~ PT > k:2L Since k~ = zp, with p; the momentum
of the original probe, 2k~ P* = zs. For a dipole, k; ~ 1/x, with x, the dipole size. The
lifetime ordering condition becomes zsz% > 1. The delta function in eq. (4.8), which puts
w20 = 0, should be interpreted as putting 23, = 1/zs, since 1/zs is the shortest possible
distance squared in the scattering system at hand. This means that zsz3, = 1 and the
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gluon emission, corresponding to the delta-function term, is inside the “core” shock wave
(and deep inside the shock wave made out of the subsequent emissions in the evolution).
Therefore, the subsequent emissions cannot be outside the shock wave, and, hence, cannot
generate longitudinal logarithms of energy. Hence, further evolution stops in the delta-
function term in eq. (4.8), and the delta function only contributes to the inhomogeneous
term in the evolution equations. A similar observation has already been made in [70]. We
will, therefore, discard the contribution of the delta function §2(x5,) to the evolution kernel
in the following. It is possible that the delta-function term is canceled by the instantaneous
term for the gluon propagator (in the LCPT terminology [71, 72]): we are not including
such terms in the DLA calculation at hand and, hence, cannot verify that.

The contribution of the propagator (4.8) to the evolution of F'? = ¢79?A7 (at the
Abelian level) is proportional to

ol /de,/dxz ( “(xy,zy) a2y ,20) + aib(xQ,xl)a+”(x2,,x0)> = (4.9)

/dk /d2 721 ‘xgo (U;oolu])baJr [Eij (méotmél) +2§220 X2$21 (%1%0)} (UQZ'G[Q])M ]
3 Lo \ ~ T30 L21 L0 L21 L1 Tao -

The first term on the right agrees with (twice) the equation (65) in [33]. Its contribution

to the evolution of Q19(zs) in figure 3 has been studied before [3, 33]. Therefore, we need
to concentrate on the contribution of the second term on the right of eq. (4.9).

Employing eq. (4.9) we see that the contribution of the diagrams I, I, IT and 1T’ from
figure 3 to the evolution of Qio(zs) is (cf. [1, 3, 33, 40])

e / d*x {[—“321 “"20} w7 (e ftvae vy (02) e s (410)

T3 51 T30

ij .0 i (d J 2 i i
+28 521—6 (1220—&;%1)_ 222(’)(2221 Lgl_@ 12 <<Ttr[t Vot* Vl](UZG[Q]) +C.C.>>(ZIS) .
Ta1 L3021 To0T21 T3 a3 N¢

Here the emitted gluon’s longitudinal momentum is k= = 2’ p5, while the minimum minus
momentum fraction in the parent dipole is labeled z [1, 3, 33, 40]. The second line of
eq. (4.10) was not present in the earlier works [1, 3, 33, 40].

While the eikonal diagrams in figure 3 are evaluated the same way as usual [41-47],
the contribution of the diagram III is evaluated using the anti-quark propagator through
the shock wave [3]

0 0o 0
- —Tig - Joo— 2 2 _ [ d'ky k2l ik, oz, i
dzy | dzy e (x5 ,gl)wﬁ(%/,ﬁl):zl d xad Ty dz,, (277)46 o1 Tor ptar Tyry i (Vo (K2)) 5
— 00 0 9,9 — o0

i o ok CikFer ik, -
X |:(Vv;72’;a,0/) (2k2 )(271’)5(]62 k2’):| /dmZ /(2ﬂ)248 k2 72 € Eoran k%-f—lﬁ (Ucr(k2))a ) (411)
0

where a, B are the spinor indices, while i, j are the color indices. The propagator (4.11) is

taken to be local in the transverse plane, since this is how it always enters our evolution
in figure 3. Once again, we neglect the instantaneous terms, as being beyond the DLA we
are constructing here.
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Simplifying the propagator (4.11) to (again, k=~ = ky = k)

0 oS}
- — Ti - T 1 i 2 2 dkor ik 1
day, | dey 9L (z; @1)1/),3(%,,@1):—;5 dk" k™ [ dzad’zy e (vo (k2r)) 4
fvgr
—o0 0 g

(e )| [ e o, | (112)

=2

we use it to contract the quark fields in the definition (4.1) of Q19(zs), where the quark
field dependence enters through eq. (2.7b) (see [3]). Employing eq. (3.31), we arrive at the
following contribution of the diagram III to the evolution of Q1¢(2s):

M=% C A[ dj / d2$2{$1%1<<Tt1‘ Vot v el (2's) (4.13)

s

+z/d2m2 ;—Z im <<Ttr [th ¢ Vngll[Q]T} U >>(z’s)+c.c.}.
21

Employing eqs. (2.6) and (2.7c) the integral over zy can be carried out, yielding

11 = 47:;‘;\7 [ & / d2x2{ (o [ vy e vpelT] ol (s) (4.14)
+f2f<Tuw%wva}w»@@+m}.

While the first term on the right-hand side of eq. (4.14) was obtained before [1, 3], the
second term is new.

Combining eqgs. (4.10) and (4.14), while adding the well-known contribution [41-47] of
the eikonal diagrams from figure 3, and suppressing the time-ordering sign for brevity, we
obtain our final evolution equation for the fundamental polarized dipole amplitude Q10(zs):

2]1\fp << {V VPOI[”T} +c.c. >>(zs) QJIVC <<tr [VQVEOIUH} +c.c.>>0(zs) (4.15)

1 ba

2 /dz / {{_r mo} (o] (o) e Yoo
27r a3, @3 25, N,
-kt 2 ()] ) ) )

T21 T50T31 r30x5, \ T3 T N? 1]\"2
dz! [ d%zo 1 ac,pol[l]f " gl 1 - )

47r2 / / {N2 <<tr [tbvt ypolll }Ub >>(z 5)+2 x251@<<tr[tbvgt vyer :|Ulb >>(Z/S)+C'C.

N, d
+5 zc/ : /d2 xl { <<tr [t VtaVPOI[I]T}Ub“»(z <<tr[vovp°1” }>>(z's)+c.c.}.
2 3,23,

Here the 0 subscript on the angle brackets, <<...>>0, denotes the inhomogeneous

term [1, 3, 33, 40], which is the polarized dipole amplitude calculated in the quasi-classical
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approximation of the Glauber-Mueller/McLerran-Venugopalan model [99-102], extended
in [38] to include helicity dependence.

For brevity reasons we did not include into eq. (4.15) the #-functions imposing the
lifetime-ordering condition (of the daughter parton lifetime compared to the parent parton
lifetime) [1, 3, 33, 36, 40]. We imply that every IR-divergent integral in eq. (4.15) is
regulated via multiplication of the integrand by such a condition: e.g., by 8(z 22, — 2 x3;).
Similarly, the ultraviolet (UV) divergences are regulated by the lifetime ordering condition
discussed above, min{xz3,,z3,} > 1/(z's).

The equation (4.15) contains the DLA evolution of Q19(zs), resumming all powers of
o, In%(1/z) for this amplitude. In fact, it includes part of the single-logarithmic evolution
too, by resumming all terms with the longitudinal logarithms of x: thus, it sums up some of
the powers of as In(1/x). These terms were labeled SLA, in [40], for the single-logarithmic
approximation terms, coming from the longitudinal logarithms.

Note also that the expressions in this section have been written down by ignoring the
nuances of properly ordering the Wilson lines in the correlators discussed in detail in [3].
In part, this is due to the PT-symmetry argument presented above, which shows that
such issues are not relevant for the helicity operators at hand. Additionally, the ordering
of operators is not important in the quasi-classical approximation, which is applicable to
helicity observables as shown in [38].

As is the case with Balitsky hierarchy [44, 45], eq. (4.15) is not closed. It will become a
closed equation only in the large-N, and large-N.& Ny limits considered below (see also [1,
3, 33, 40]). Additionally, different from the earlier works [1, 3, 33, 40], this evolution
equation mixes polarized “Wilson lines” of the first “[1]” and second “[2]” kind, in the
notation of eqgs. (2.5) and (2.10). Hence, to close this equation, even in the large-N,. and
large-N.& Ny limits, we will need to develop evolution equations for the polarized “Wilson
lines” of the second “[2]” kind.

Before doing that, we need to construct the evolution of the adjoint analogue of the
amplitude Q19(zs), defined by [3, 40]

G(zs) = j Re (rre [ U™ 4+ e [P O] (z) (4.16)

1
2(N2 —1
with Tr denoting an adjoint trace, delineating it from the fundamental one. The evolution
of GTSU (zs) is needed because unlike the large-N, limit, in the large-N.& Ny limit there is
no simple relationship between the two amplitudes, Q19 and Gng, and both of them enter
the corresponding evolution equations [1, 3].

Our discussion of the evolution for G?gj will be brief, since it mirrors the above deriva-
tion for the fundamental dipole; in addition, large parts of this calculation were done before
in [3], albeit omitting the polarized Wilson lines of the second kind. The relevant diagrams
are shown in figure 4 and are similar to figure 3. The notation is the same as in figure 3,
with the (minor) differences detailed in the caption of figure 4.

The contribution of diagrams I, I’, II, and II’ from figure 4 is calculated in the same
way as that for the same diagrams in figure 3, employing the propagator in eq. (4.9), with
the differences being N2 — 1 in the denominator of eq. (4.16) as opposed to N, in the
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Figure 4. Diagrams representing the evolution of the adjoint polarized dipole amplitude G?gj.
Again, the square box on the gluon and quark lines represents the sub-eikonal interaction with
the target given by eq. (2.10) for gluons and eq. (2.5) for quarks. The same square box, but with
number 1 in it, on the gluon line denotes the interaction described by U} ol{1] only. The black circle
denotes the sub-eikonal triple-gluon vertex generated by the F12 operat(;r in eq. (2.12a), that is, by

the F'2 part of Ulpmm. All momenta flow to the right.

denominator of eq. (4.1), the overall factor of 2 in eq. (2.12a) absent in eq. (2.7a), and the
adjoint representation versus fundamental. We get

T21 T21 Tyo

a dz' 1 zy z 1 ba
LT =25 [ / d2m2{|:2—§1~§0:| o (| rruareu]] (057™) T ee s (4.17)
c
A2

s

ot ety e (51| 1 e frugreu] (157 sec i
Ta1 T20%21 T20%21 T21  Tao c— - - =

Diagrams III and IIT" in figure 4 are calculated similar to the diagram III in figure 3,
with the propagator (4.12) and the operator (2.12b) coming in particularly handy. This

gives

z

!/
III+III’:—#§’:1) /dzi /d2m2{ (o [rvie vy og s (4.18)
c 21

A2

s

e ady by gayiGERIT] prva\\ s
+27<<Ttr [t Vit V, } Ug >>(z s)+c.c. p,
21 -

where we multiplied everything by the number of quark flavors Ny to account for the sum
over flavors in the loop.
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Finally, combining eqs. (4.17) and (4.18), adding the well-known contribution of the
eikonal diagrams in figure 4, and again suppressing the time-ordering sign for brevity, we
arrive at the evolution equation for the adjoint polarized dipole of the first kind,

1 pol[1] __ 1 pol[1]f
mRe<<Tr[UgU1 +c.c. (zs)—mf{e Tr | UgUy +c.c. O(Zs) (419)
dz’ x 1 ba
a2z 7_ﬁ =20 <<T |:TbU Ta,UT:| (Upol[l]) . >> ,
/ / {[ g, | N\ T[T e )
[<> (21-28)] s (et 559 ]
T21 L2021 20721 T21 T3 Ng—-1 - = =
Oé.st d212 <<tr|: VtanOI[IH:| Uba>>(z S)
27r2(N2 1) z3,
5”%1 iG[2]1] ;b
+2%<< [ VitV :|U0a>>(zls)+c,c,
1'21 =4
z
Qs dz’ z2 1
v [ [t L { (el o ot Yoy 1 o] Yo +}

H

Just like eq. (4.15), eq. (4.19) resums both the DLA and SLA; terms. The regulator
0(z 22, — 2’ z3,) is implied for the IR-divergent integrals while the min{z%,,23,} > 1/(2s)
condition regulates the UV divergences. In the previous version of this evolution in the
literature [3], the terms in the third and fifth lines were absent.

4.1.2 Evolution equations for fundamental and adjoint Gi,(zs)

Our next step is to construct the evolution equation for the polarized amplitude of the
second kind, G%,(zs), defined in eq. (4.2). The process is very similar to the evolution
equations for the polarized dipoles of the first kind constructed above in section 4.1.1. The
diagrams contributing to the evolution of G%,(zs) are shown in figure 5 (cf. figure 3 in [33]).

iG[2]

operator, the evolution of G%(zs) in figure 5 does not involve soft quark emissions, unlike

Since the polarized Wilson line of the second kind V; from eq. (3.17) is a purely gluonic

the evolution of @19, which contains diagram III in figure 3. Since the eikonal diagrams’
contribution is the same as above and in the literature [41-47], we only need to calculate
diagrams IV, IV’, V, and V' in figure 5.

Start with the operator in eq. (3.17), which we rewrite as

ViGE = ];: 7dz V;[o0, 27] {D"(z,z) - Bi(z,z)] V,[z~, —o0] (4.20)

= —ig P; / dz~ V][00, z7] [z_ﬁiA+(Z_,§) + Ai(z_,é)} V.[z™, —oo].
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Figure 5. Diagrams representing the evolution of the polarized dipole amplitude of the second
kind, G%,(zs). Once again, the square box on the gluon and quark lines represents the sub-eikonal
interaction with the target given by eq. (2.10) for gluons and eq. (2.5) for quarks. The same
square box, but with an ¢ in it, on the quark line denotes the interaction described by Vme. The
black circle denotes the sub-eikonal vertex generated by the 2= 9* AT (27, 2) + Al (27, 2) operator in
eq. (4.20), which contributes to G, through eq. (4.2). All momenta flow to the right.

Sub-eikonal evolution of the operator in eq. (4.20) depicted in the diagram V of figure 5
includes the following propagator:

0 00
. .
/de_, /de_ {xg,(?lcﬁ“(xz_,,gl)—f—am(x;,,@l)} atb(x],zg) (4.21)
—00 0
d*k —1 €3 - ko
2 2 L ikfal, ik, -y Ex R
_%:/ oy / d%’/ R ™ (ENH‘/EQ’I%’ Akg, )

ol ba d* ko ikt s —ikox -1 E)\'E
[(U§2’AA’> 27T(2k32/)5(k32 - 2/‘| /dl'Q 27T)4e kz 2 e 52720]{:%4_2‘6 k2_2

The contraction sign over the square brackets in eq. (4.21) is an abbreviated notation
: [io]
implying the sum of contractions z5,d'a™%a™" and a’®a™*?.
We integrate eq. (4.21) over x, and z;, first, then over ks, k:;r, , k5 (note the second-
order pole in the k;r, integral due to the extra power of z.,), Fourier-transform over k, and
ko, and use eq. (2.10) to sum over polarizations. The following Fourier transform integral

comes in handy:

A’k etk 2k kI 1 iyl
849 — =—— [§Y — . (4.22)
I e e

— 29 —



In the end one arrives at

0 %)
/ day / doy [e 0/ oy, +a' (o 2y) | 0 (07 ) (4.23)
—o0 0
Py
:1/dk—{/d2x |:e Jm 20 g4 Toq Xy (Upol[l]>ba_i/d2x2d2m2/ {ml oz, 21120 (Upol/[ ])ba}’
(2m)3 3, ' 2 ad, 2 3, 2 z3,, 73, 2.2
0

where, as usual, k= = ky = k.

Similarly, for the other time ordering which enters in diagram V' from figure 5 we
obtain

o0
. }

/ dr, / oy [ 0 g ) (05 2,)| 0" oy ) (4.24)
—o0 0

Py )

1 Gijx] i Lop XX ol[1] ba xi/ . Lo Tor ol[2] ba
_ ke a2y 20 g4, T21X%20 | (e ti [ Pasd?ay | 220 93 T2rE0 | (pol ’
(2m)3 x2 x2 22 e 22 2 22 2,2
20 21%20 270 217279
0

such that the sum of both time orderings (4.23) and (4.24) is

0 oo
/dx;, /dxg{ [x;/ala+a(x; &) +a" (2 7&1)} a+b(x5 o)+ [132782@%(1277&1)"'@“)(%27 @1)] a+a(12/75€0)}
—o0 0

e [l | f20—2x§1x2;xm20 ppen)” (4.25)
5,23

_’_[6“‘( 9Z20° 1’21+)_~_2x%1xéo (29520 Loy +1> 233%13”%1 (29520’29521 +1> _2x§0f§0:| (Ug'G[ﬁ)ba )
T30T3 T3 T217%30 T30 T21%39 =

T3y Tap

Here we have neglected the delta-function terms, similar to those appearing in eq. (3.40).
Employing the propagator (4.25) to calculate diagrams IV, IV', V, and V' in figure 5,

and adding in the eikonal contribution, which is the same as in eq. (4.15), we derive the
evolution equation for G%(zs):

v [ O e o=y ([ o)
tr| VoV, +c.c. ) (zs)= tr| VoV, +c.c. 28 4.26
2Nc CASY ( ) ZNC ovVy O( ) ( )
ozsN 5 € :c21 € CCQO i Loy Xy | 1 << brssarrt ( p01[1])b“ >> ,
47r2 /d { { 2, 22 +2x9, 202, | N2 tr [t Vot Vﬂ Ug +c.c.)(z's)

i i i g i g

59 3 72£20'§217 1 729”21%0 2§20'§21 1 2‘”213721 2£20'@21 1 2x20x20 729521"521

+ 2 2 2 2 2 .2 7+l | +2—5—5 O 1 1
L31 L0T21 Lo T231%30 T30

L21%30 L31 La0 Ta1
1 by oyt (pIc ba /
X R tr [t ot l] 5 +c.c. H(2's)

o [ foncbg e G e ar v

— 30 —



In the version of eq. (4.26) constructed in [33] (see eq. (80) there), the term in the third
and fourth lines of eq. (4.26) was missing, and the kernel of the term in the second line
was different, since the contributions of the fields a*%(zy, 2,) and a™*®(x5 , z,) in eq. (4.25)
was neglected.

The adjoint version of eq. (4.26) can be constructed by analogy. One gets

m <<Tr [UgUfG[2]T] +C-C~>>(ZS):m <<Tr [UgUfW] +C.C.>>O(zs) (4.27)

b,
a2z iy g +20), 2217220 Ll rrugreut] (0po8) " fee. W (o's)
:1:21 z%o x%l T30 Nz— N : 2

i i i

§i 3 9Z20%21 1 921720 [ 5Z20 o1 | ¢ ) 4o 21‘”21 920 %21 | 1\ 9%20%20 _5%21721
2 Yarm, o) e \2 ety )T \ 2 e, )T e, t e

21 20721 20 21720 20 21720 21 20 21

Xﬁ«ﬂ [revereu] (u57) " ee oo}
x:llavo?o 1 { <<Tr [TbUQTanGpH} (Ug) ba>>(z/s)—Nc<<Tr [U Uzcmq >>(z/s)+c.c.}.

Equations (4.26) and (4.27) resum both the DLA and SLA, terms. The regulator (2 %, —

2/ z3,) is implied again for all the IR-divergent integrals in these equations, while the

47r2

+

27r2

min{x3,,73,} > 1/(z's) condition again regulates the UV divergences.

Equations (4.15), (4.19), (4.26), and (4.27) form a closed set of equation at the level
of (polarized) Wilson lines. To achieve a closed set of equations at the level of (polarized)
dipole amplitude, we need to take the large-IN, or the large-N.& Ny limits [1, 3, 33, 40].
This is what we will do next.

4.2 Evolution equations in the large-N, limit

To obtain the large- N, limit of the helicity evolution at hand, we will follow the standard
approach [3]. We start with eq. (4.19), and drop the term proportional to N on its right-
hand side, as being due to the quark loop correction, suppressed at large N.. Similarly
neglecting all quark loop contribution, we replace

urolttl — gl (4.28)

al1]

everywhere in eq. (4.19), thus discarding Uz' " in eq. (2.11). In the same spirit, we define

the large-N, analogue of Qlo(zs) from eq. (4.1) by [3]

Gio(zs) =

5 N (e o v+ T [VEH V] Dzs). (4.29)

We employ the well-known relation between the adjoint and fundamental Wilson lines,
(Up)™ = 2t2[t" V" V). (4.30)
Using eq. (4.30) one can show that (see eq. (73) in [3])

(Ufm)b“ = e [Vt VEUT] 4 agr [P VEMT e V) (4.31)
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This relation, in turn, gives
G?gj(zs) = 4G10(z8) S10(29) (4.32)
at large N.. Here we have defined the “standard” unpolarized dipole S-matrix [41-53]
1
Sto(zs) = - (Tt [W]) (29). (4.33)

We assume that Sip(zs) is real, neglecting the odderon contribution to the imaginary part
of Si0(zs), as suppressed by a power of a, [103-114].
Similarly, defining the adjoint version of G%(zs) from eq. (4.2) by

Giadi(z) = 2(N21_1) Re (T Tr [t U “T| 4+ 11 [07“P U] ) (29), (4.34)

one can use eq. (4.30) to show that
iG]\ _ by, sa17iG2]T b1,iG[2] pa 1/t
(SR = 2t [0V, 2 v ORIT| 4 24 [ VOB v (4.35)

such that
Gzlng (zs) = 2G%(28) S1o(25). (4.36)

Using the above results, along with the Fierz identity, we can similarly simplify the
operators on the right-hand side of eq. (4.19) at large N, obtaining (cf. [3, 40])

N;_l <<Tr [TbUgT“UlT } (Uf[”) ba+c.c.>>(zs) —4N.S10(28) [S20(25) Go1 (25)+Sa1(25)Ta0 21 (25)],  (4.37a)

<<Tr [TbUgT‘lUﬂ (Uéem) ba+c.c.>>(zs):2NcSlo(zs) [Szo(zs)Gél(zs)-&-Sm(zs)FéOgl(zs)] , (4.37b)

NZ-1
1

@ <<Tr [TbUgTanmq (U,) ba+c.c.>> (28) =4NcS20(zs) [S10(25) G21(28)+ S21(25)T10,21 (25)]. (437C)

Here I'yg21(2zs) is the “neighbor” polarized dipole amplitude of the first kind [1-3, 33]:
its operator definition is the same as for Gay(zs), see eq. (4.29). However, the evolution
in I'gp 21(28) is subject to the lifetime of subsequent emissions limited by z x3; from above.
Hence the evolution depends on the size of the neighbor dipole 21, justifying the name of
the amplitude. Similarly, the “neighbor” polarized dipole amplitude of the second kind,
[ 01(2s), is defined by eq. (4.2) with the same lifetime constraint on the subsequent
evolution. The choice of which amplitude in eqgs. (4.37) becomes the “neighbor” amplitude
is made assuming that xe; < x99 in the DLA, as is justified by the kernel in eq. (4.19).

Employing egs. (4.32) and (4.37) along with the trick detailed in the appendix D of [40],
we arrive at the large-N, version of eq. (4.19),

2 2
T31 T3 Ty

_ ~(0) asN. dz 2 1 Loy oo ’ ’ ’ gen ’
Gio(zs)=G1q (zs)—&-ﬁ ~ d°waq 2| 5 —=+=° [Szo(z 8)Ga1(2'5)+S21(2'5)T5075, (2 5)]
ﬁ

j e

€z € (zy+a) 220 XT : : 5 ien
+|2—2 — (w20 +w91) _ Ay X2y (xgl_ivgo)] [SQO(ZIS)Gm(Z's)+521(z's)Fz%fm(z's)]

5, T35, L5025, x5 a3,

2

T
+ o [S20(2'8) G (2'5)~T (2'5)] - (4.38)
L31%30
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In spirit with summing up the DLA and SLA[, terms simultaneously, we replaced I'1¢ 21
and F§0,21 in eq. (4.38) by the generalized polarized dipole amplitudes [33, 40]

[9050(25) = Gro(2s) 0 (232 — w10) + T10,32(25) O(210 — 32), (4.39a)
185 (28) = Gig(2s) 0 (32 — w10) + T 50(25) O(w10 — w32). (4.39b)

The amplitudes in egs. (4.39) become I'1p 21 and Féo,ma respectively, in the DLA limit, and
reduce back to G1g and G%, for the SLA, terms, in which the ordering between the dipole
size and its neighbor dipole size is not important. Note that in eqs. (4.39), z19 and z32 can
be any general transverse separations, that is, neither of them is necessarily the parent or
daughter dipole size.

To extract the DLA contribution from eq. (4.38), we put Sy; = So9 = 1 in it, since
the evolution of the unpolarized dipole S-matrix is SLAy [44-53]. In addition, it appears
to be more convenient to integrate eq. (4.38) over the impact parameters, while employing
eq. (3.24). The same decomposition applies to F%O,Qla since it depends only on the size z9;
of the dipole 21, and not on its orientation in the transverse plane,

r+x . ) . .
/d2 (120> F120,21(23) = (220)", Fl(:cgo,xgl,zs) + € (9520)1 F2(UC%O>$%1’ zs). (4.40)

Defining (cf. eq. (3.51))

o+ T o+ x
G(3, zs) = /d2 (021> Gro(zs), TD(x59,a%),25) = /d2 (022> ['20,21(25)
(4.41)
we write the impact-parameter integrated part of eq. (4.38) as

N
Glao,z5) = G (ado, 28) + 5

/ {0 T10 —T21) [F(ﬁo,mgl,z/s)—|—3G(a:§1,z'5)} (4.42)

Gz(lgl?Z/s)

2

2 Ty (Tt Zoi) | 2(Zpy XTyo)
+ 22, x3, 22 * x3 22
21 20321 20 T21

2 2 4
La1 L0 L321 UBIEDT

Toy T Toy (Zyg+ 2 2(2oy X o) on
+ [220421 _ L2 (7202 721)_|_ (Za1 X Zg) ]F% (x%o,mgl,z/s)}.

Here we have applied the DLA simplifications to the parts of the integral kernel containing
amplitudes G and I'. Note that the contributions of G; and I'; defined in the decompo-
sitions (3.24) and (4.40) vanish, due to a single Levi-Civita symbol ¢ multiplying those
functions in the zs integrals: it is impossible to make a non-zero scalar quantity out of a
single transverse vector x;, and one factor of €.

We now need to extract the DLA part of the kernel containing amplitudes G5 and T'§™
in eq. (4.42).° The zo-integral in those terms appears to have no IR divergence and no UV

SHere and below, when extracting DLA parts of various evolution equations, we will assume that the
impact parameter-integrated amplitudes without transverse indices, G,I', G2, I'2, etc., do not contain integer
powers of the dipole sizes, x10, T21, T20, etc., and the dependence on these distances enters the amplitudes
only as perturbatively small (~ /a;s or ~ as) powers or logarithms of x10, 21, %20, etc. This assumption
is supported by the Born-level initial conditions (the inhomogeneous terms) shown below (see also [2, 33]).
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divergence as x99 — 0. However, there is a divergence at 97 — 0, due to the first term in
each square bracket: keeping those terms only we obtain

2
2 51
A

sNe [d2 1
G(z39,25) =G (xfo,zs)—ka ;/cl2;r:29(;r:10—9521){CE2 [F(xfo,xgl,z's)—k?)G(xSl,z's)}
2

s

L31 La1

2 .
+2Gg(xgl,z's)JerQszlFg(xgo,xgl,z's)}. (4.43)

The last term in eq. (4.43) contains a power-law divergence as z9; — 0: however, this
divergence vanishes after angular averaging. Writing x99 = z19 + 25 in that term, and
expanding in the powers of x9; < 19 while keeping only divergent terms as xo; — 0, we get

Log * L
/d2$2 0(z10 — x21) 2 % To (239, 73, 2's) (4.44)
21

R~ /d2x2 O(x10 — x21) % To(z3y, 231, 2's) + a:%oiQFg(x%O, x2,,7's)

T21 dx1g
The second term on the right of eq. (4.44) contains a logarithmic derivative with respect
to x2,. Such derivative removes one power of Inz?, and is, therefore, outside of the DLA.
Therefore, we neglect this term here, keeping in mind that it will need to be reinstated in
the single-logarithmic approximation (SLA). Inserting the first term from the right-hand
side of eq. (4.44) into eq. (4.43), we arrive at the DLA version of eq. (4.38),

N, [ ode [da?
G(x%o,zs):G(O)(x%O,zs)—i—a @ /% [F(x%o,xgl,z's)—|—3G(x%1,z's) (4.45)

+2Go (23, 7's) +2 o (x3y, 13, 2'5) |

The G and T" terms in eq. (4.45) agree with that found in the literature [1-3, 33], while
the G5 and I's terms are new.

The DLA large-NN. evolution equation for the neighbor amplitude I' can be found by
analogy, employing the existing techniques [1-3, 33, 36, 40]. One gets

: 2 2 =z
min [”310@21 z//}

asN. dz" da?
F(mfo,xgl,z’s):Gm)(aﬁo,z's)—i— o / o / x232 F(m%o,xgg,z”s)—i—?)G(:EgQ,z"s) (4.46)
/ e 32
SII.'ElO z''s

+2Go (sch ,2"s) 4202 (mfo Tas 2's)|.

Again, the G5 and I's terms are new.

Equations (4.45) and (4.46) have to be supplemented by the large-N. DLA evolution
equations for Go and I's. We begin with eq. (4.26) and perform the replacement (4.28) in
it, to remove quark loops which are negligible at large N.. Employing eqs. (4.30), (4.31),
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and (4.35), along with the Fierz identity, one can readily show that at large N,

]\},2 <<tr [th taVl} <UG[1]> +c.c.>>(zs):2520(23)G21(z3)+2521(zs)Fgoygl(zs), (4.47a)

;2 (e [Vt Vi (U32) " . ) (25) = Sanl(25) Gy (25) + S (25) T 1 (25), (447D
]é <<tr[t Vot*V; zG[QH} (Ug)ba+C.C.>>(ZS):Sgo(ZS)GziQ(ZS). (4.47¢)

Again, in selecting which dipole amplitude are of the “neighbor” type, we assume that the
UV divergences in the DLA limit come only from the z9; < x19 & x99 region, and do not
arise from the xog < 19 & 221 region.

Employing eqs. (4.47) in eq. (4.26) we arrive at

Gio(zs)zGig))(zs) (4.48)

s Ne i g i i Loy XZT
Oé47r2 /d2 { |: 21 €x§20+2m21*2; 220:| [520(2,8)G21(Z/S)+521(Z/S)F2021(2 s)]

20 21730

ij [ 3 Loo Loy 1 33%15”%0 Loo Loy mélx%1 Loo Loy xéoxéo xélx%l
+[5](22222 —2—=—— (2= =4 | 25— | 2= =+ | 2= 2= ==

Ta1 Ta0T21  Tao L31 T30 T30 L3130 L31 Ta0 La1

% [S20(2') Gy (2'5) +5on (') T3 ('5)] }

sNc
O‘W L[ s [s(a')Ghals's) TR 1)

21 20

Equation (4.48), just like eq. (4.38), resums both the DLA and SLA[ terms.
To extract the DLA contribution from eq. (4.48), we put S2; = Sop = 1 and integrate

it over the impact parameters. Since we are interested in the amplitude G, we invert
eq. (3.24) to write

€l o T+
Galaty,z5) = 51 [ (P52 Goles), (1.49)
1o 2
Performing the projection (4.49), we arrive at
Go (a:%o,zs) =Gy (2%, 25) (4.50)
O‘SN dz d*ws Loy Zyg (z9, ><§20)2 2 gen, 2 2 s
i / { o (-5 e ettt

3 Loy T 1 Ty X Top)? 1 Loy T 1
+ |20 Toy ?727220 7221 N +2(,21 2720) TJF27220 7221 N Gz(x%l,z’s)
Ta1 Tyox21 Lo

T30 Ta1 TooT21 Lo
3 Loo Loy 1 (zy; ><§20)2 1 Log " Loy 1 gen, 2 2
+ |z — =2 = | 42— | — +2 +— )| 5" (z30,221,%"5)
Z10 %20 | 2 22 22 22 22 ) 22 22 22 2 » X215
21 20231 20 21 21 20721 20
as Ne d2x2 2 ’ 2 gen, 2 2 ’
-5 0 %oy G2(x321,2'8) + 210 57" (270,231, 2 s)] .
2w x21 :r20
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Next we need to extract the DLA part of the integral kernels in eq. (4.50). We start with
the first term in the kernel on the right-hand side of eq. (4.50), the one multiplying G'41'8":
it has no UV divergences, neither at x2; — 0 nor at x99 — 0. It does have an IR divergence
when o1 & x99 > x19. We proceed to the next term in the kernel, the one multiplying Go:
it also has no UV divergences, but it does have an IR divergence. The term multiplying
I’y contains an IR divergence as well, along with the UV divergence at x2; — 0. Finally,
the term in the last line of eq. (4.50) has neither an IR divergence nor a UV divergence
at x99 — 0: it does contain a UV divergence at 97 — 0. The two UV divergences cancel.
Performing all these DLA simplification yields the DLA large-N, evolution for Gs:

N 5 5 min[%xfo,%}d )
2 x
Go(x3y, 28) = Ggo)(xfo, zs)+ asﬂ < / — / ?21 [G(w%l, 2's) +2Gy(23, z’s)} .
21

A2 max [
S

x%wi

(4.51)
In arriving at eq. (4.51) we have also employed the fact that for zo1 ~ x99 > x19 we
have T8 (23,, 23, 2's) =~ G(23,,2's) and T§" (23, 23,,2's) ~ Ga(x3, 2's), since the two
daughter dipole sizes are comparable to each other. We have also imposed light-cone
time ordering conditions, zz3, > 2'¥3; > 1/s, along with the 1/A? IR cutoff on the 2%,
integration. Equation (4.51) is different from the corresponding equation for Gy derived
earlier in [33], for the reasons stated above.

The analogue of eq. (4.51) for the neighbor dipole amplitude I's is constructed similarly.
We get

/“”31
. ’
z m’;’O mml:ﬁxgl,[x—lz
7 2
2 2 N0, 2 asNe dz dx3s > i 2
F2(.T1071’217Z 5)—G2 (331072 5)+ ) 2 [G($32,Z s)+202(x32,z S)] (452)
™ z 1'32
2
= e

Equations (4.45), (4.46), (4.51), and (4.52) form a closed system of DLA evolution
equations for helicity at large N.. For convenience, we list them all here,

2
z T10
<N, dz [ dx?
G(:c%mzs):G(O)(m%mzs)—i—aQ / 2; / x;l F(m?o,wgl,z's)+3G(m§hz/8) (4.53&)
s z 3,
v =+
szfo z's
+2G2(m§1,z's)+2F2 (wfo,:cgl,z's)‘| ,
o min [:c%o,xgl j—,l,:l
ch d " d 2
F(x?o,xgl,z's):G(O)(a:%O,z/s)—FaQ z” / a:232 F(x%o,azgg,z”s)—!—?)G(xgg,z”s) (4.53b)
T z T3y
. Ill
?I%O z S

+2G2 (‘T§272”8)+2F2 ("E%07$§272N8)‘| )
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o 2
Gz(ac%o,zs):G(QO)(m?o,zs)—FaSTNc/% / dx221 [G(x%l,z/s)—i—QGz(ac%l,z/s)], (4.53C)
A2

s

2
7 %21

2 i Z
x

10

N, ds" dx?
Fg(ﬂcfo,xgl,z/s):Géo)(x?O,z/s)—FaT i / 33232 [G(m%z,zﬁs)—FQGg(xgg,z”s)]. (4.53d)

Asi max[z%o, ﬁ]

Note that I'(z3,, x3;,2's) and Ta(x3), 23, 2's) are only defined for x19 > x2;. Let us also
stress here that A is taken here to be the IR cutoff, such that egs. (4.53), as written, are
only valid for z19 < 1/A.

The equations (4.53) have to be solved with the appropriate initial conditions (inho-
mogeneous terms). At Born level, these are [2, 33]

a?CF z8 0 OéECF 1
GO (22, zs) = 2N, m |Cr In v 2 In(zsx%y) | , Gg )(:c%O, zs) = N, m In .
(4.54)

(The sign difference in ch)) compared to that in [33] is due to the sign difference of the A°
term in the definition of G* employed here and in that work.)

The solution of eqs. (4.53) would give us the gluon and quark helicity TMD and PDF
along with the g structure function at small x by using egs. (3.25), (3.26), (3.50), (3.52),
and (3.61) (or eq. (3.62)). In using the latter formulas we have to assume that, at large
N, Q(z3, 28) ~ G(23,, 2s) (see section VI of [37] for a brief discussion of the subtleties
associated with taking the large- N, limit of small-x helicity evolution).

4.3 Evolution equations in the large-N.& Ny limit

In this section, we consider another limit under which equations (4.15), (4.19), (4.26),
and (4.27) form a closed set of equations, following the standard approach described in [3].
Since Ny and NN, are taken to be comparable in this limit, we include both gluon and quark
loop contributions. We also notice the distinction between the fundamental and adjoint
dipole amplitudes. The fundamental dipole amplitudes we consider in this section are

1

Q10(zs) = 5N Re <<T tr {VQ Vfom]q + Ttr {Vfom] ng >>(zs), (4.55a)
Giolzs) = 2;7 Re (T tr [Vo V7 P + Tor [V PV (zs). (4.55b)

2]

operator, the evolution equation for Gi,(zs) in the large-N.& Ny limit will be the same as
in the large-N, limit given above in eq. (4.48). Furthermore, the relation (4.36) still holds

Since the polarized Wilson line of the second kind, V£ ¢ , contains no sub-eikonal quark

in the large-N.&N; limit, allowing us to consider only the fundamental dipole amplitude,
Gio(zs). As for the dipole amplitudes of the first kind, the large-N.&N; analogue of
G1o(zs) from eq. (4.29) is defined as [40]

~ 1
Gro(2s) = 5

C

Re (T tr [Vo WPMT] 4 Dow WP V] D(zs), (4.56)
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where

weel VG[”JFQQPT d dzy Ve ! ) V. 4.57
z ds Ty Ty [OO xz}wa(xm )(2’)’ ’Y5> awa(wum) [3917 00] ( )

In the large-N.& Ny limit the amplitude (4.56) is related to that in eq. (4.16) by Gadj( s) =
4.819(25) Gro(zs). Note that there is no simple relation between Gio(zs) and Q19(zs) even
at the large N.& Ny [3]. The main argument in favor of the definitions (4.56) and (4.57) is
that the following relation holds at large N.& Ny (cf. eqs. (74) and (83) in [3] along with
eq. (4.31) above),

(U™ = g [ v,00) 4 4t [ViwEe] (4.58)

which will simplify our derivations below. For each amplitude of Q1(zs), ém(zs) and
to(28), we will derive below its DLA evolution equation in the large-N.& Ny limit, together
with the evolution equation for its neighbor dipole amplitude.

The evolution of the fundamental dipole amplitude, Q19(zs), follows from the evolution
equation (4.15). At large-N.&Ny, by employing Fierz identity several times along with
eq. (4.36), the expectation values of the operators in eq. (4.15) can be written as

L <<tr [thgt“Vﬂ (U§°1[1])ba +c.c. Y(zs)=2 |:521(Zs>f20’21(28) +S20(28) 621(28)} ,  (4.59a)

)
1 <<tr [tbvbtav’r} ( [2]) v +c.c.>> (25) = S21(25) T 01 (25) + Sa0(25) Ghy (2), (4.59b)
>>(ZS) = S10(25) Q21(zs), (4.59¢)

1
<<tr [tb Votavpolt } Ut +c.c.

SN

2~

<<tr[ t" Vo t“V2 2 } Uf“+c.c.>>(zs):Slo(zs)Gél(zs). (4.59d)

Here, T'.9; is the neighbour counterpart of Gyo defined in eq. (4.56), while .91 is, again,
the neighbour amplitude for G}, from eq. (4.55b). Below we will also employ T'sg 01, the
neighbour counterpart of the amplitude Q1g.

Employing egs. (4.59) along with (at large N.&Ny)

% <<t1“ {tb Vo t® leol[l} T] Ugb‘l + c.c.>> (zs) = So0(2z8) Q12(zs), (4.60)

C
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we rewrite eq. (4.15) as

Quo(zs) = Q1Y (25) (4.61)
s Ne d / _\ 7gen ’ N ’
0427T2 z /d2 { |: zgi z§2:| (521(2 s) Fgo,Ql(z $)+ S20(2's) G21(z S))

2 2 2 2 2
La1 L3021 L0221 T31 Ty

ch / d ! d2 2 ) i /
+5 f e Slo(z/s){Qzl(z/s)Jr G 5)}
A2

ij .9 ij J_|_J 2%on X T g : igen i
+|:2€ fm_e (2o T31)  2Zpg X Ly, @_%0 (521(2/5)F2§,21(z’5)+52o(2’/5)G21(Z/5))

2
4 %

SN = gen
+ & ) / S20(2'8) Q12(2"s) —Tig.21(2s) ¢ .
2w 3, 20

In eq. (4.61), similar to what we did in eq. (4.38), we replaced neighbor dipole amplitudes
by their generalized polarized dipole amplitude counterparts. For the purposes of this
section, the generalized dipole amplitudes in eq. (4.61) are defined as [33]

flgoeg2(28) = Qlo(zs) 0 (1‘32 — I‘lo) + Flojgg(zs) (9(1‘10 — 3332), (462&)
P‘%g?gz(zs) = Glo(ZS) 0 (.%‘32 — .%'10) + F10732(2’8) 9(.%'10 — .%'32), (4.62b)
185 (28) = Gig(25) 0 (30 — w10) + g 30(25) O(z10 — 732). (4.62c)

Similar to egs. (4.39), neither x19 nor z3, is necessarily the size of the parent or daughter
dipole. Rather, they can be any general transverse separations. As one can infer from their
definitions in eqs. (4.62), the generalized dipole amplitudes only reduce to the neighbor
dipole amplitudes when x30 < x19, as it is the only regime where the lifetime ordering
needs to be expressed using a different transverse separation from the current dipole size.
Otherwise, the generalized dipole amplitudes reduce to their “regular” counterparts.

To further simplify the evolution equation (4.61) in preparation for rewriting it in the
DLA form, we neglect the single-logarithmic unpolarized evolution [41-53, 88, 89] and put
all the unpolarized dipole S-matrices to 1. Subsequently, we integrate eq. (4.61) over the
impact parameter, b = %. Upon such integration, Giy(zs) and Iy 4 (2s) decompose
in a similar fashion to egs. (3.24) and (4.40), that is,

T+ ; ; .y ‘
/d2 <120) 10(28) = (z10)". G1(x1g, 28) + €7 (210)’) Ga(aTy, 25), (4.63a)
/d2 ( 1 : 0) 20,21(2’8) = (z20)", F1($§07$§1, zs) + € (xgo)ﬂ_ Fg(:cgo,mgl, zs). (4.63b)
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Performing all the mentioned steps in eq. (4.61), we obtain (cf. eq. (4.42))
Q(IL‘%(]?ZS) :Q(O)(.T%O,ZS) (464)

s d ~ ~
a / . /deQ{ |:_x§1 x§0:| {Fgen(l‘gOvl‘%l"z,S)+G($%lvz/8)}

9521 To1 Ty

2

Tog Loy 1 Tog-Toy | 2(Tog X To1)® | gen, 2 2

+ 12 1 T2 T T2 .2 2 4 57 (739,731, 2'8)
La1 T31 L9 T3 L0 L21
2

2 @y xyy 1 2(mgg X o) Gola2e o
tla =3 5 — o t— 1 2 | Gae1,2'9)

Ty1  TyoTa1  Tyg BNEDI

d d?
/Z/ 3:2 x21,zs)+2G2(m‘21,zs)}

2
47T x21

d“x x5,2's) =T % (xf,75,2'5)| ,
+ 272 / 96311’%0 [Q( 51,2's) =T 5 (2, 23, )]
A<

where we defined the impact-parameter integrated dipole amplitudes in a similar fashion
0 (3.51) and (4.41). In particular,

= X0+ —

T (x50, 25, 28) = /d2 < 0 5 2) Io0.21(2s), (4.65a)
G2y, 25) = / 2 (“70‘;””1) Gro(=9) | (4.65D)

~ o+ T ~

[ (259, 75y, 25) = /d2 ( 0 5 2) I'90,21(2$) . (4.65¢)

Note that, similar to eq. (4.42), all the terms in eq. (4.64) involving G or I'; vanish upon
integration over z, because each of them contains a single Levi-Civita symbol, ¢, along
with a single transverse vector z;o: it is impossible to construct a non-zero scalar quantity
out of such ingredients.

Eq. (4.64) has no DLA term in the x99 < x19 regime. However, there is at least one
DLA term in both z19 < x91 &~ 99 and x9; K x1p regimes. Combining all the DLA
terms together and taking lifetime ordering into account to specify the integration limits,
we obtain the following DLA evolution equation for Q(x%, 2s) in the large-N.& N ¢ limit,

2 asNe d2' [T dadiro= 2 o 2
Q(z79,25)= QY (230,28)+ 9 / — T[2F($1079€2172 8)+2G(231,2s)
T Jmax{A2,1/22)}/s 2" J1/2's T3
+Q(x§1,z’s)—f(x%0,x§1,z’s)—i-QFQ(x%o,:cgl,z's)—i—QGg(a:%l,z's)} (4.66)
d x2,2/2 d
S 3521 (x%l,z's)+2G2(x%1,z's)],
A2/s 27 J1/2's 5521

where we changed the lower limit of the z’-integral in the first term of eq. (4.66) in order
to ensure that z’s remains larger than A? for any value of 22,. A feature of eq. (4.66),
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which is similar to previous treatments of the evolution equations at large-N.& Ny [1, 3], is
that the squared dipole size, 2%, can exceed the scale ﬁ [37]. In contrast to the large-NN,
evolution (4.53), we no longer consider A as the infrared cutoff in this regime. Rather, 1/A
is understood as the typical transverse size of the target [37, 115], which may or may not
be larger than the size x1¢ of the projectile dipole.

Similar to what we did in the large-N. limit, we deduce the evolution equation for
[(z3y, 23, 7's) by analogy to eq. (4.66), obtaining

’ i 2 2 1y 0
. N z d " mm{zlo,zzlz /= }d 2 _
F(a:%()vxghzls):Q(O)(a:?OvZ/S)J'_a; - zil/ x232 |:2F(x%0,$§27zl/8)
m max{AZ2, 1/1%0}/5 Z 1/z"s 32
+2G(m527z "s)+Q( 235,2 "s)— F(m?o,aﬁ%z s)+2F2(a¢10,m§27z s)+2G2(x527z s)} (4.67)
sN 2’ // z2lz /z " d
ool / T2 [, 2"s) +2Calea, 2's)] .
A2 1/z"s xd2

Now, we move on to consider the other polarized dipole amplitude of the first kind,
élO(ZS). The general evolution equation we need for the large-N.& Ny evolution of C~7’10(zs)
has been derived in eq. (4.19) for the related Gi“gj (zs). We simplify the equation in the large-
Nc&Ny limit: we first apply the Fierz identity several times, together with eq. (4.58), to
obtain the following relations (where we, again, suppress the time-ordering sign for brevity):

ﬁ <<Tr [UQUme”} +c.c.>> (25)=8S10(25)G1o(25), (4.68&)
ﬁ <<Tr {TbUgT“Uﬂ (U;Ol[l]) " +c.c.>> (28)=4NcS10(2s) [SQO(ZS) G21(28)+ S (zs)Fgo,gl (zs)} , (4.68b)
chl_1 <<Tr |:Tb UpT® Ufom] ’r} Ugba +c.c.>> (28)=4N.S20(25) [510(28) Gia(25)+S21 (zs)ﬂl:w’gl (zs)} . (4.68(3)

Applying eqs. (4.37), (4.59) and (4.68) to eq. (4.19), we obtain

4810(28)G1o(zs)= S(O)(zs)Gg?(zs) (4.69)

asN /dz /d2 { |:_9£21 120} S10(2's) [Szo(z s)Gzl(z 8)+S21(2 S)F28n21(2 s)}

x5, @3 x5

2 .2 2 .2
Loy T30T21 L0221 x5 x5,
Olng 2 —=gen ’ 26 fl}'21 igen ’
E—— d*x2S10(2's) 1"20 21(2's)+ I55.21(2's)
2 5,

2 SN d gon S
@ / z / 2= {520(z s) {Sw(z 5)G1a(z' 8)+S21 (2’ S)FIO b (27 s)} —2510(2"s)T5 5, (2 5)}
51730

ij pd 85 (d J 2 L
42 |:26 43521 € (x99+x3,) _ 4Typ XXy <$§1 xzo)]sm(z 5) [520(2 )Gy (2 5)+ a1 (2 5)1“3%621(2 5)] }

Once again, employing the trick from appendix D of [40], we simplify eq. (4.69) to
Gio(zs) = Gg())(zs (4.70)

asN /dz { { _ %1 . xQO} |:SQO(Z s) G21(z s)+S21 (2 S)Fgg?m(zls)}

2
27 x5, x5 x5

8-3
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i .0 z‘j( J J i i
el €l (xhg+ady) 2z Xz x z ; .
21 20 T %23 Log X Loy 21 20 / i / igen ;_/
+ 22—~ 2 .2 - > 2 > T 32 [520(2 5)G1(2's) +S21(2's) FQ%,Ql(z 3)}
La1 L0 L21 L0 L21 L1 Lo

Qs Nf 2 —gen 261‘7 1‘21 igen /
— dx I T8
]2 / / { 20,21 (2'8) + za 0 21(2'8)
a N. dz ~
2 Soo(2's) Gia(2's) —TE% (2's) %
+2f / o { (+/5) Gua('s) ~ T2 (')

This is the DLA4SLA [, large-N.& N evolution equation for élo(zs).

To extract the DLA limit, we put the unpolarized dipole S-matrices in eq. (4.70) to
1. Then, we integrate the resulting equation over the impact parameters, employing the
definitions from eqs. (3.51), (4.41), (4.63) and (4.65). As a result, eq. (4.70) becomes

) ~(0) /.2
G(wlo, zs) = GO (22, 25) (4.71)
dz La1  Lgo G2, 5 peen( 2 .2
T2 22 g2 g2 (73,2's) + (739, 731,2's)
3521 L1 Ty
2 zy -z 1 2(mg X 297)?
Zo1 * Log Lo X Loy 2
tlo 33 — ot 1 5 | Ge21,29)
Ta1 L0 T21 T30 Lo L1
2

Za1 * L0 1 Ty - Loy | 2(Tog X Toy) gen, 2 9

t 12— 5 5 5 4 57 (239, 751, 2'5)
To1 Ta1 Lo L1 Lo Ta1

z

/

as Ny dz 2 —egen 2 L1 " L0 gen, 2 2 s

~ 8n2 [ d7req =T (230, 231, 2'5) + 2= Iy (220,231, 2'5)
T z le L1

2
27 51 Thq
A2

z
/ 2
asNe dz 2 L0 a2 = 2 2
+ /z’ d*wy ——5 § G251, 2's) — I8 (27, 231, 2'5) ¢ .

E]

For the same reason as in eq. (4.64), all the terms involving G and I'; vanish.

In the x99 < w19 regime, eq. (4.71) contains no DLA terms and is exclusively SLAJ.
However, the equation contains DLA terms in both z19 < z91 & x99 and xo1 K x19
regimes. Combining all the DLA terms with lifetime ordering taken into account to obtain

the integration limits, we have

(4.72)

/ 2 2
s N /Z dz' (%o dzy;

T _ A0)(,2
G(x7p, z8) = GV (w1, 28) + o

max{A2,1/z2,}/s 2! 1/2's 513%1
(2 ) /(2 2 2 2 2
X [3 G(x5,2's) + [(x1g, 51, 2'8) + 2Ga(x51,2's) + 2To(x7y, 251, 2 s)}
2 / 2
ast Z dzl xlOZ/Z dl‘21 =gen 2 2 / gen 2 2 ’
N v 2 [F (30, w91, 2's) + 215 (w50, 251, 2 3)} :
8 A2/)s 27 J1/2's T

Notice that the lower limit of the longitudinal integral in the first term of eq. (4.72) is
modified in a similar fashion to the first term of eq. (4.66).
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By analogy, the DLA evolution equation for the adjoint neighbor dipole amplitude of
the first kind is

=~ ~ z' dz" min{z2,,x2 212"} da2
2 2 I N_~0)2 as N, 4 10°%21 32
I'(219,%31,2 5)—G( )(1‘1072 5)+ 5 / e a

T Jmax{A2,1/z{,}/s #

(4.73)
1/2"s 1’32

X {3@(%’%2,2//8) +T(22),22,,2"8)+2Go (229, 2" )+ 205 (22,225, 2" ’s)}

! 17 2 Z//Z" 2
Ozst Z dz 21 da;32 —gen, o gen, 2 2 _n
- i 2 ’[F (230,33,2"s) +-2T5™ (230,235, 2 8)}-
1/2"s T390

8T JAz/s 2

Finally, we consider the adjoint dipole amplitude of the second kind. Since, as we
mentioned above, the polarized Wilson line of this kind does not contain a sub-eikonal
quark operator, the DLA evolution equation for Go(x3,, zs) and T'y(x3,,73;,,2's) can be
taken directly from eqgs. (4.51) and (4.52), respectively, by replacing G with G in them due

to the difference in the definitions (4.56) and (4 29). This gives

sINe d d ~
Gz(ﬁo,zs) G( (mm,zs)+a /Z / ;21 m21,23)+2G2(:v21,zs)} (4.74&)
21
maxfl. Z/S]
2
o 21 s
27 %21
sN d " d 2 -
a(ato,ah, 's) =G (30, ')+ 22 / w [ Blehaneeha). @41m)
s ma"[x?o’ﬁ]

A caveat in arriving at eq. (4.74) is that all the terms involving polarized Wilson lines
of the first kind in eqs. (4.26) and (4.27) got absorbed into the adjoint dipole amplitudes
é, that is, the amplitude @) does not appear. Diagrammatically, this is due to the fact
that there is no sub-eikonal emission of a polarized soft quark in any of the diagrams in
figure 5. Another difference between the large- N, counterparts, egs. (4.26) and (4.27), and
eq. (4.74) is in the upper limit of the transverse integrals, where the constraints imposed
by the infrared cutoff, A, in egs. (4.26) and (4.27) were removed because A% no longer acts
as the infrared cutoff in the large-N.& Ny limit.

Equations (4.66), (4.67), (4.72), (4.73) and (4.74) form a closed system of DLA evo-
lution equations involving six polarized (neighbor) dipole amplitudes in the large-N.& N
limit. To summarize, we rewrite all the equations below, utilizing eqs. (4.62) to separate
all integrals into the UV and IR regions.
a;WNc ) dz—z;/ o C;xfl [26(1:%1,2'8)4—2%(%0,1’31,z/s)
max{A2,1/22,}/s 1/2's T21
+Q(:v§1,z s)-T xm,x21,z s)+21"2(x10,x§1,z s)+2G2(a:21,z s)] (4.75&)

z z2,z/2
sNe d 10 d
L2 z / le xgl,z's)JFQGg(x%l,z's)],
A Jp2ps 2 J1yrs 3,

Q(:L‘%O:ZS):Q(O) (J"%O:ZS)

. QN " mm{:vlo z5,2" /2 "y 2 _
T(270,231,2'5)=Q"" (x30,2s)+ = / dz” / d:r232 [20(1'32,2'”5) (4.75D)
2 max{AZ2,1/z 10}/ 1/2"s L32
+2F(I107$§27'Z s +Q($32»Z 's)— T(a30,252,2 5)+2F2($10»$§272 5)+2G2($32,Z S)}

SN # N Z21Z /Z " d
+ 0447T / 5532 (m§2’z//s)+2G2 (mg%zus)] 7

Az/s 1/z"s .’K32
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asNe
2

2
~ ~ z /' [T10 2
et =G (ko) S [ [ B [sG6h 9+ Tk ) (4.750)

/
max{AZ, 1/1%0}/5 ? 1/z's 21

’ Ny Ny = ’
+202(x§1,z s)+(2—W)F2(xm,x21,z s)— 4]\J;CI‘(£E§0,CL‘§1,Z s)}

zloz/z
ast/ dz' / dx3, [Q(m%l,z/s)—&—QGQ(mgl,z's)},
A2/9

ax{zz ,1/2"s} 1'21

FI:(JEO?J‘%I 72/5)25(()) ($%072/S)+

. 2 2 s
. " min{xz7yg,z5,2"/2""} 2 ~
A dz / dzss [3G(x§2,z"s) (4.75d)

max{AQ,l/rfo}/s z 1/2"s T32

~ Ny
+F($%07$§272//5)+2G2(1’§2,Z//5)+( >F2($107$3272’ 5)

Ny
2N, 4N,

2/1:2 /12 ” z2 z’/z”
SN 21 10 d 21 d
- . : / Z, / x232 [Q(x§2 ,Z”S)+2G2 (.’1%2,2”3)] )
A

%
8 2/s z max{z%o,l/z”s} 32

(3310@3272 5)]

z 2
2710

2 o~
G (mm,zs) G( (xlo,zs) aSN/ / dl;m |:G(.T§1,Z/S)+2G2(.1‘31,2/8)], (4.756)

T2

a4 max[z } ]
s z's

Z//

" 2 ~
Fg(ﬂcfo,xgl,z’s):Ggo)(a:%O,z/s)—FasTNc / dz / dx232 |:G(13§2,ZHS)+2G2(:L‘:ng,ZHS):|. (4.75f)

L4 max[z%o,i]

Similar to eq. (4.54) for the large-N, limit, the inhomogeneous terms of eqs. (4.75) are
given by the following expressions at Born level [2, 33]:

a2Cr

GO (52 — 0.2 _
(%10,28) = Q" (w10, 28) 9N,

2
GO Lo (4.76)

zs
7 |Crln
[ e N T10

Az 2 ln(zs:cfo)} ) G(O)(%o’zS)
These initial conditions assume that the projectile is much smaller than the target, r19 <
1/A. To be used in egs. (4.75), the expressions (4.76) may need to be generalized to also

describe the large-projectile case, z19 > 1/A.

4.4 Cross-check against the spin-dependent DGLAP evolution

Let us cross-check our results against the spin-dependent DGLAP evolution equation [73—
75]. We are interested in the gluon sector only, since this is where the previous works’ [1, 2]
agreement with DGLAP evolution was not completely clear. To this end we put the flavor-
singlet quark helicity PDF to zero, AX(z, Q%) = 0, (for instance, by putting Ny = 0) and
write the DGLAP equation for the gluon helicity PDF only

OAG(z,Q?) _ dz

TGP — APug(2) AG (“Z,cf) . (4.77)

We would like to stress that discarding AY is not a physical approximation. Rather, it is
a mathematical step to verify that our evolution agrees with that driven by the splitting
function APgg(z). The latter is known up to three loops [90, 91] (see also [116]). At small
z and large N, it reduces to

2 3
S S 7
APga(z) = 4N + (%) 4N? 1n? z + (‘;ﬂ) §N§ Inz+4.... (4.78)
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Since our goal is to check that our evolution in the gluon sector agrees with DGLAP,
we will consider the large- N, evolution in egs. (4.53). We choose the initial conditions to be

GO (22, 25) = 0, Ggo) (23, 2's) = 1. (4.79)

Employing eq. (3.26), we see that this choice of the initial conditions corresponds to the
initial PDF AG(©)(z, Q%) =const, where the value of the constant is not important for us.

Inserting eq. (4.79) into the right-hand sides of eqs. (4.53a) and (4.53c) yields the result
of one iteration of our evolution

s Ve
G (22, zs) = Qs e In?(zsz3,), (4.80a)
T
N, 1
G (2, 25) = 2952 In(zsa2y) 1 <) 4.80b
5 (T10, 28) . n(zsryg) In m%OAQ ( )

In arriving at egs. (4.80) it is convenient to rewrite the kernel of eq. (4.53¢c) as

min [51‘%0,% % 2
[ dz M da2, dod, [ d
/ / 2 / 2 VS (4.81)
L~ 21 | z
A max[x%o,z,s] z%, 12
s 5%91
Identifying
1 1
— = Q% zsaly o = = = (4.82)
%o Q
we see that eq. (4.80b), via eq. (3.26), gives
1 9y 5 @sVe 1 Q?
)(x,Q ) = 2T ln( ) In <A2 const. (4.83)

This is in complete agreement with one iteration of leading-order (LO) spin-dependent
DGLAP equation: indeed, using AG(® (z,Q?%) = const on the right of eq. (4.77) with the
order-ag part of the splitting function (4.78) gives us eq. (4.83). We see that we are in
complete agreement with the one-loop DGLAP equation.

To check the result at two loops, we substitute egs. (4.80) into the right-hand side of
eq. (4.53c). Employing eq. (4.81) to simplify the integration we get

2 asN\? [1 1 1
Gg )(;C%O,ZS) = ( - ) [3 In®(zs2?;) In (W) + In?(zs2%) In? (W)] , (4.84)

which, with the help of eq. (4.82), corresponds to

2(z,Q%) = (asWNC>2 [; 3 (i) In <Q2> + In? (x) In? (QZN const.  (4.85)

Inserting AG©) (2, Q%) = const into the right side of eq. (4.77) and employing the order-a2
part of the splitting function (4.78) we arrive at the first term on the right of eq. (4.85):
hence, we agree with the next-to-leading order (NLO) spin-dependent DGLAP evolution
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(at large-N, and small-x) as well. The last term on the right of eq. (4.85) results from two
iterations of the LO DGLAP, as can be verified explicitly as well.

Let us push the comparison one step further. To compare our evolution with the next-
to-next-to-leading order (NNLO) DGLAP equation, we need to find Ggg). To construct it,
we first employ eqs. (4.79) in egs. (4.53b) and (4.53d) to obtain

asNe
T

2
T (22, 23,,2's) = 2 [2 In?(2'sx3,) + In(2'sx3,) In x%O] , (4.86a)

21

1
F(l) 2 2 :2as “1n(+'sz2.) In ———
5 (270, 731, 2'5) - n(z'sry)) nx%OAQ

(4.86b)

The calculation is simplified if one notices that the kernel of eq. (4.53d) can be rewritten

as
22 2
z % min {;T//z%vﬁ % z/%
2

dz' dxsy _ da:32 dz' (4.87)
U 332 :I:‘ U : :

a2 maX[IQ L] 32 22 32 1

e 100,77 10 s zgz

Employing eqs. (4.86) and (4.80) in eq. (4.53a) we arrive at

™

N2 [ 7 2 1
G (22, 25) = <ozs c> [ Int(zs22y) + = In3(zs2%) In <)} . (4.88)

Finally, inserting eqs. (4.84) and (4.88) into the right-hand side of eq. (4.53c) yields

3
3), 2 _ (asN, 7 1 1 1
Gy (27, 28) = < — ) [120 In®(zs23,) ln( 2 12 + In(zs2?) In? 2 A
2 1
+ 9 In3(zs22,) In® (x%0A2> }, (4.89)

which, using eq. (4.82), translates into

AGH (z,Q%) = (QSTM>3 L;O In® (E) In <f\22> +—-1n* (%) In’ <f\22> 71 3 (z) In® <f\22>} const.

(4.90)

The first term on the right of eq. (4.90) exactly corresponds to the contribution of the
order-a? part of the splitting function (4.78) to eq. (4.77): our evolution (4.53) thus agrees
with the NNLO DGLAP gluon-gluon splitting function (at large-N. and small-z). One
can also readily verify that the last term on the right of eq. (4.90) corresponds to three
iterations of the LO DGLAP kernel, LO?, while the second term on the right of eq. (4.90) is
a sum of applying LO and NLO DGLAP in different orders, that is, LOXNLO + NLOxLO.
Therefore, the agreement between our evolution and the small-x limit of spin-
dependent DGLAP equation in the gluon sector has been verified to three loops, the
same order as the IREE of [5, 28, 29]. Further iterations in the solution of our egs. (4.53)
can be used to generate new hlgher—order corrections to the small-z anomalous di-
mension (4.78), which have not been derived yet (but can also be extracted using the
technique of [5, 28, 29]). In addition, let us note here that the amplitude Ga(x%,,zs)
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obtained here in eqgs. (4.83), (4.85), and (4.90) appears to only contain the solution of
the spin-dependent DGLAP equation (4.77) at small z: if an exact analytic solution of
egs. (4.53) is constructed in the future work, it would contain the eract expression for the
small-z large-N, spin-dependent gluon-gluon splitting function, generalizing eq. (4.78) to
all orders in the coupling.

5 Helicity evolution at small x: the background field method

In the previous section we derived the helicity evolution equations at small z in the LCOT
approach. The key element of the calculation was the observation that in the helicity
evolution quarks and gluons couple to the background shock-wave fields through the po-
larized Wilson lines (2.6) and (2.11). This is a non-trivial statement which requires further
explanation. The most powerful framework which allows to unambiguously determine the
form of the operators which define the coupling of “quantum” quarks and gluons to the
background field is the background field method [76, 77]. In this approach the separation
of “quantum” and background fields is done at the level of the QCD Lagrangian which
allows to obtain the most general form of the propagator in the external background.

In this section we will show how the polarized Wilson lines (2.6) and (2.11) appear
in this approach and present an alternative derivation of the helicity evolution equa-
tions (4.15) and (4.26). We will thus show that the helicity evolution equations obtained
in the background field method are in full agreement with the above results obtained in
the LCOT approach.

5.1 The background field method

To introduce the background field method, let us start with a matrix element of an arbitrary
operator O(A, 1, zﬁ) (corresponding to some observable) which is constructed out of quark
and gluon fields. The matrix element can be represented as a functional integral over those
fields,”

(POIPy) = [ DA [ DY Wy (Alty), 6(t) O(A ) Wry (ALt (k) Secr ) (5.1)

where ¥ p, is the initial state wave function at the initial time ¢; - —oo and, similarly, ¥ p,
is the final state wave function at the final time ¢y — oco.

The main idea of the background field method is that the fields in (5.1) can be separated
into the “quantum” and background parts,

Ay — AL+ APE ap — pd P8 (5.2)

The way we separate the fields is completely arbitrary, see for example [117-121]. However,
in the context of small-z physics the most efficient approach is to separate the fields based
on their longitudinal momentum fraction (or, equivalently, rapidity). This is the rapidity
factorization approach [44, 45]. In this approach the “quantum” fields are defined to have

"For brevity we do not explicitly show the dependence on (and integrals over) the anti-quark fields ).
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momenta p~ > o, and background fields are characterized by p~ < o, where o is some
rapidity factorization scale.® Note that in the small-z limit, due to Lorentz contraction,
the background fields have a shock-wave form with a limited support in the = direction
(for the plus-direction moving proton).

Assuming that the wave functions depend only on the background fields, we rewrite
the matrix element as

(P|O|Py) = / A / DYPE W, (A% (t5), % (1)) O(APE, "%, o) W, (APE (1), 7% (1)) SaoP (A5
(5.3)

where
@(Abg,d}bg’ o) = /DAq /D¢q O(A9 + APE 9 4 ¢bg)ei5bQ0D(Aq,zbq;Abg,wbg) (5.4)
and the QCD action in the background fields is
Svep (A%, 9% AP, %) = Soep(AY + AP, 99+ ¢P8) — Soep (A%, ¢%). (5.5)

Now we can fix the background fields and evaluate the functional integral over the
“quantum” fields perturbatively to a certain order in the number of loops. This perturbative
calculation in the background field is the essence of the background field method. In
general, the result of calculating the functional integrals has a form of a product of the
coefficient functions (“impact” factors) and the Wilson-line operators constructed from
background fields which describe interaction of “quantum” fields with the background,

O(AP,p"8 0) = > Ci(0) ® V;(A%, 48, ) . (5.6)

The sum goes over the different operators. Equation (5.6) should be substituted back into
eq. (5.3). In particular, as we will see in our calculation below, the helicity-dependent
interaction of quarks and gluons with the shock-wave background is described by polarized
Wilson lines (2.6) and (2.11).

To study the dependence of the Wilson-line operators on the rapidity factorization
scale o one can repeat the procedure described above. We introduce a new scale o’ and
redefine the background fields as

A g+ A, g g 5:7)

where the “quantum” fields now have momenta ¢ > p~ > ¢/ and the background fields
have p~ < o’. After this we can perform the integration over new “quantum” fields flg,
)9 (keeping flzg and P8 fixed) in eq. (5.3) which corresponds to the functional integral

T [Vi(APS, ¢S5, o)) = / DAY / DIV (AT + APE )9 4 b8 5)eiSbaon(ATPLAGE) 5 o)

8In the rapidity factorization approach the “quantum?” fields are usually called “slow” fields, and the
background fields are called “fast” fields [66].
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This integral can be evaluated by a perturbative calculation in the background field which
yields an evolution equation of the following form

o dp- A .
T 0 0)] = [ T3 Ky @ V(A% 0, ). (59)
o’ J

with some kernels K;;. In particular, in this paper we derive the evolution equation for the
polarized Wilson lines (2.6) and (2.11).

For perturbative calculations of the functional integral (5.8) we need to know the
propagators of “quantum” particles in the background field. Note that the form of such
propagators unambiguously fixes the set of the Wilson-line operators on the right-hand
side of the evolution equation (5.9). In the next section we will derive the quark and
gluon propagators in the shock-wave background and later use them to construct helicity
evolution equations for operators (2.6) and (2.11).

5.2 Quark and gluon propagators in the shock-wave background

In this section we will construct quark and gluon propagators in the external background
field by direct resummation of the corresponding Feynman diagrams. While to solve this
problem in full generality is a formidable task, see [39, 62-67, 122-124], it is still possible to
separate a contribution which dominates at small z. To find this contribution we construct
an expansion of the propagators in inverse powers of p~ and find the first few terms in this
expansion. Indeed, at small z, the p~ component of the “quantum” field is assumed to be
large. As a result, the leading terms of the expansion in inverse powers of p~ dominate at
small z yielding a large logarithm [ ‘2’%_. In general, the expansion in the inverse powers
of p~ corresponds to the expansion in the powers of x or in eikonality we employed above.

The technique we use is similar to the one developed in refs. [66, 67] for the unpolarized
evolution. However, for the helicity evolution we need to extend the approach and assume
the most general form of the background field. In particular, we take into account the
transverse component A; of the field, which was neglected in [66, 67]. In our calculation
we fix the gauge of the background field as Ay = A~ = 0 and assume that the fields are
independent of 27, A, = A,(z™, z).

5.2.1 Scalar propagator in the shock-wave background

Before we consider quark and gluon propagators in the background field, let us start with
a simpler problem and calculate the scalar propagator in the background field. In the

Schwinger’s notation, see appendix A, we write the scalar propagator in the background
field A, as’

1 1
S — = (T| = = = = N "
Py = U e A,)) A A, ) e

(| v), (5.10)

where 15” = pu+9ALu(Z). Note that in the Schwinger’s notation p and A(Z) are operators so
one should take into account their ordering. In particular, one can immediately recognize

9From here on we do not explicitly show the “q” and “bg” labels for “quantum” and background fields.
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in {p*, A, (2)} and A*(2)A,(Z) the two vertices of scalar QED, where the latter is the
“seagull” vertex. Of course eq. (5.10) can be obtained by resummation of an infinite
number of interactions of the background field A, with the propagating scalar particle.

Indeed, expanding the propagator we write!”

1
P2 4 e

1
p?+ie

(] ly) = (| ly) — (2| (9{p", Au} +92A"A) v) (5.11)

p?+ie
(g{p", A} +g° AP A,)

p?+ie

H H

Let us start with the first term of this expansion which is a free propagator of the
scalar particle. Using eq. (A.5) and performing the integration over p™ we find

(%) 0
1 1 _ _ dp~ ) _ _ dp™ \ i (z—ut
Y 1 oy ey — SF ) e—ip” (z—y)
x(zle " Y |y). (5.12)

Substituting this result for each free propagator!! in eq. (5.11) one finds the following
form of the scalar propagator in the background field

00 0
1 . 7 _ _ dp_ 7 _ _ dp_ —ip~ (z—y)*
($|P2+i€’y) = ( 50—y )O 20 +o 0y~ )/ 2p>6

—00

2 2
- Py

. P . _
x(zle " S,y )em Y |y, (5.13)

where the operator S is constructed out of the background fields and describes the inter-
action of the “quantum” scalar field with the background gluons. In general, this operator
has a form of an expansion in inverse powers of p—,

_ _ 1 o 1 _
S,y ) =8,y )+ =8y )+ —3S@@ .y )+.... (5.14)
p (™)
As we discussed above, the dominant contribution at small x corresponds to the first

few orders of expansion (5.14). Fortunately, it is possible to obtain the exact form of those
terms by considering the first few orders of the expansion in the coupling constant (5.11).

0For brevity we are going to omit the hat sign over momentum and coordinate operators.
1 One should also use eq. (A.2) to introduce the integration over intermediate coordinates.
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To show this let us go back to eq. (5.11). Using eq. (5.12) for the second term of the
expansion and taking into account that A, = 0 we obtain

. 0o . 0 3
(| ! Iy)=<—2;9(x—y) dp+29(y—x»)/dp)eip‘(ﬂw)+ (5.15)

P2 +ie 2p~ 27 2p~
0 —0o0
2 x
;P - P k k
x(afe " {mg de e (A () by A ) AN )y -

Y

. P2 _ . P2 _
*%A’%z—mk(ﬂ)e”ﬁz +} v).

where the ellipsis stand for the higher-order terms of the expansion (5.11).
Now let us use the following identity for an arbitrary operator O:

R 0T — 04122 0] - 1<2_>2[p3 03, 0] + ... (5.16)
2p= 2\ 2p~ T ’
which, taking into account that
b1, 0] = —i{p®, 8,0}, (5.17)
can be rewritten as
2 2
(= 0 — 04 ;p_{ps,a@} + ;(;};)2{]35, ™, 0000V} + .. (5.18)

Note that p® is an operator acting on everything to its right, while the partial derivatives
in 950 and 0,9,,0 act only on O.
Employing this result in eq. (5.15) we obtain

oo 0
Lot = (= g —y) [ oy gy —ay [ B )i e
(@l o)™ = ( 50—y )/2p_+27r9(y x )/ 2p_>e (5.19)
0

— 0o

x(g\e*";pi—z_ {1+ig/dzA(z)+2;g 7dz <{pk714k(z*)}+gAk(z*)Ak(z*))

Yy Yy
T ab 2
ig - s - iy~
o [ A2 N0 A @ ),
ha

where we explicitly keep only the first two terms of (5.18).

A similar calculation can be done for the other terms in the expansion (5.11). Even-
tually, each insertion of {p#, A,} + A" A, generates a structure similar to (5.19). As a
result we see that each coupling to the background field brings an extra inverse power of
p~. The only exception is the eikonal coupling {p*, A, } — p~ AT which does not change
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the counting in inverse powers of p~. However, these terms can be resummed into Wilson-
line factors, which in the operator form are given by eq. (A.6) in appendix A. After this
resummation the scalar propagator takes the form

0
1 — d - —ip~ (x—
(:E|P27_H-€\y) = <9x -y /7+79 )/2§>6 e (5.20)

—o0

x(w|ei$I{V[x—,y o [ VI )04 A bt () ) V)

Y

ig ) - - — _—1r.s — [ — 1 '%y
+2,i dz"z Ve~ 2  {p®,0:A-(z7)}V]z H—O((p—)Q)}e ly).

Y

Here V[z~,y~] are the light-cone Wilson-line operators akin to those in eq. (A.6), but
defined with finite integration limits.

Now let us rewrite this result in a gauge-covariant form. Introducing dzi_(z*) =1
in the second term in the curly brackets of eq. (5.20) and integrating by parts we can
recombine the resulting terms to get the following form of the propagator,

0 2

_ o P
P;H‘ely) = (6’(:1: -y~ /— —9( - _)/;li_>e—2p (z—y)+(g‘e 2p— (521)

—o0

(|

x{wx 0TI ([ A +9AR A0) @V 0] Ve (0 Ao A ()

i _ R 1 =
i [ e v ()

Yy

where the second and third terms in the curly brackets are the boundary terms which we
obtained in the integration by parts.

Note that up to this point our calculation has been completely general. Now let
us consider the scalar propagator in the shock-wave approximation with the shock wave
localized near = = 0. Since there are no fields outside the shock-wave we can neglect the
boundary terms and simplify the gauge factors V[z=,y~] = V for = > 0 >y~ (with V
the infinite light-cone Wilson line operator (A.6)), which yields

R S Ay (U g
(x|P2+ie|y)_ 27r 2p— 2p- ¢ (5.22)
i 1 iZ -
x(zle 2 {V—/dz 2" Voo, [{P* F_ }V[z~ oo]+O<(p_)2>}e Y |y),

which agrees with ref. [66]. Here we assume that z7= >0 > y~.
We find that at the leading order of the 1/p~ expansion the interaction of the scalar
particle with the background field is defined by the eikonal Wilson line V', while at the
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next order the interaction is described by the sub-eikonal operator
/ dz= =" Vioo, 2 |{P*, F_}V]z~, —oc]. (5.23)

In the subsequent sections we will relate this operator to the polarized Wilson lines (2.7¢)
and (3.17).

Note that this type of sub-eikonal operators is neglected in the unpolarized evolution.
Indeed the 2~ factor under the integral in eq. (5.23) leads to the suppression of the operator
in the shock-wave approximation by a factor of 1/P*, which, when combined with the 1/p~
prefactor of this operator in eq. (5.22) gives a suppression by a factor of 1/s ~ x. Therefore,
the unpolarized evolution is driven by the eikonal gauge factors (light-cone Wilson lines).
However, as we will see, the interactions via eikonal factors do not contribute to helicity
evolution, which starts with sub-eikonal operators like the one in eq. (5.23).

5.2.2 Gluon propagator in the shock-wave background

In this section we are going to derive the gluon propagator in the background field in the
axial gauge. Using the approach developed in the previous section we will consider the
expansion of the propagator in inverse powers of p~ and reconstruct the first several terms
of this expansion by analyzing the first few orders of the perturbative expansion in the
background field,

a b o —idw(p)(sab
T @) CLw)) = (el — 55— Iw)
- —id (p) o « - o o o o 77:d0'l/(p) a
ﬂg(ﬂﬁ[gp {pa, A%} +2i(0° A7 — 97 A”) — p" A7 — A"p }W\y) ’ (5'24)

2 _iduﬂ(p) T pga Zp o, b _idal/(p) _ 2 _idvo‘(p) T o,b Z? pia _idﬂﬂ(p)
g (x| —5—y"t pQHEV twip2 ly) — g~ (vl 2 ic Pyt Fric t w7p2+i€ |z) +

where 1, 1 are background quark and anti-quark fields and the expression in the square
brackets is the QCD three-gluon vertex in the background field. For the free gluon propa-
gator in the axial gauge we have
_ nupy + Pumw
A (P) = v — T np (5.25)

where n is a light-like vector with n™ =1, n~ =0, and n = 0.

The first term in eq. (5.24) is the free gluon propagator. Integrating over p™ we can
rewrite it as

00 0
—idu (p) 1 ~ .\ fdp— 1 . / Ap~\ _ip (a—y)t
_— = _—— — P, - _ 7 X 2
(2] p%+ie [v) 2710(96 Y )0 2p—+2779(y ) 2p~ € (5.26)
n 7ii - 'Li_y— . Ny

% P -7 o' 5t —pt ) Ml .
(el = e 5 B () ] )
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The last term here is the instantaneous term in the LCPT terminology which we neglect
in our calculation. Substituting the right-hand side of eq. (5.26) for each free propagator
in the expansion (5.24) one finds the following general structure of the gluon propagator
in the background field,

0 0 -
T(CH)CL) = (—10<x——y ) [t o) [ dp)” (5.27)

27 2p 27 2p
0 —00
p2 P2
ij Zé%97 y ab
( |(gm_ (@) g (x Y )e P (gju_@jn‘p)’y) ,

where &, = p,, + gA, and the operator G(z~,y~) is constructed out of the background
quark and gluon fields and describes the interaction of the “quantum” gluon with the
background. Similarly to the scalar case, the operator G can be expanded in the inverse
powers of p—,

G (x 7,y )+ (5.28)

G (a7) = G )+ G )+

Following the approach developed for the scalar propagator we are going to construct
the first few terms in the series (5.28) using the perturbative expansion (5.24). It is easy to
observe that each intermediate propagator in (5.24) leads to suppression by an extra inverse
power of p~, see eq. (5.26). This suppression can only be compensated by the eikonal term
p~ AT of the three-gluon vertex. However, such terms can be easily resummed to all orders
in the perturbation theory into Wilson-line gauge factors.

As a result, substituting eq. (5.26) into eq. (5.24) and performing manipulations similar
to those done in section 5.2.1 we find

0
T[CZ(x)CB(y)}z(G(:E - /—+— _x_)/;lz_>e—ip(z—y)+ (5.29)

. »?

RN
X (z|(gui— Z%Wi)ace T

97Uz y]

getd

997 / dz = (Ula~ = 1{PM F Ul ) —
.

2 / dz_(U[x_,z_]]-'IQ(z_)U[z_,y_])Cd
7Y y

4 2 UEC [ ,27 |¢(z )tC Viz™,2 "]y +td P(z _)Ud,d[z/_,y_}Jrc.c.)
P

zg 629/ / dzlf ee’ [z~ 7z7}15(27)t6’\/[2772’*],y+,y5td’w(z/*)Ud/d[Z’*7y7}+c,C.>+O( i )}

RS db
n
><622P v (gjyfz@jfy) ‘y)+
P~ -

One can see that the structure of the operators in the gluon propagator in the background
field, which is in agreement with refs. [33, 63, 66], is richer than the one in the scalar
propagator. But what is more important is that now we explicitly see that the interaction
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of the “quantum” gluon with the shock-wave background fields is described be the polarized
Wilson lines (2.11). Indeed, taking into account that

/dzfsz[xf,zf}{gzk,]ik}U[z*,yf]=/dzfzi@kU[xf,zf}]-lkU[z*,yT (5.30)
Y- y-
+ / dx = Ula™, = | F ULy )25 —g / det / de5 (o5 — 2 Ula™ 0 | FwUleg 2 1 F Ul )

Y

we can finally write the gluon propagator in the shock-wave background as

a dp —i “(z—y)T
TG = 5 [ B e (531
0
2 2
n ac —itL g ij oy~ ny
X(E‘(Qui_#pi) e ' GY(00,—o0)e'm ! (gju—Pj;)db\y)Jr

where we assume that z= >0 > ¢y~ and

ij - ij
ij _ _ i 978 rral2] €S rrpolll]
G7(c0,—0) = g U+2PJr —U +2P+p*U (5.32)

oo

. Z]
zgg /dz 2z Uloo,z” |F_ Uz~ oo]fléq;]_ /dzfsz[oo,zT]:_kU[z*,foo}pk

oo z;
ig2g¥ _ ., _ _ o _ 1
+ 2p- dz dzy (21 — 23 )U[00, 21 | FUley 25 | F_i Uz, »*OO]JFO((p,P)-

As we will show in the next section, see egs. (5.42) and (5.52), the operator
/dzfsz[oojzf]]:_kU[zf,—oo]

can be further related to the polarized Wilson line (2.12c) and the adjoint version of the
operator (3.17) given in eq. (4.7).'2 We will also see that operators U, U2 and the
operator in the last line of (5.32) do not contribute to the helicity evolution.

5.2.3 Quark propagator in the shock-wave background field

In this section we will consider quark propagator in the background of quark and gluon
fields. To simplify the problem we will start the derivation taking into account only the
background gluon field and later extend it to include the contribution of background quarks.
The most general form of the quark propagator, which can be obtained by resummation
of an infinite number of couplings to background gluons, is
i
P2+ S01vE,, + i€

T ()3 = (ol 1) = (alP DB CEY)

12Note that the fundametal-representation version of this operator, given by eq. (3.17), appears in the
dipole gluon helicity TMD and the Jaffe-Manohar (JM) gluon helicity PDF at small-z after the expansion
of the exponential phases, as shown above in section 3.1.
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where we use the identity
PP =r2+ ga’“’FW . (5.34)

Here the subscript A denotes the gluon-only background field.
To construct the expansion in inverse powers of p~ we write the propagator as an
infinite series

TP = (0P mrelo) — 9P s Py — ) (5:39)
1 1 1 1

Ny - _po

50" Foo g
wp2 1 ie2? TR e

and substitute eq. (5.23) for each scalar propagator. Since each scalar propagator is pro-

P2 + z ly
+ig? (|

ly) +

portional to 1/p~, it is easy to see that to find the leading contribution at small x, it is
sufficient to consider only the first few orders of the expansion (5.35).

For brevity, let us also simplify the problem and instead of calculating the full quark
propagator consider only its contraction with y7+°. Indeed, as shown above in the LCOT
approach, it is the only contraction we need in order to derive the helicity evolution equa-
tions (cf. eq. (2.7b)).13

Starting with eq. (5.35) we obtain!*

T[vs(x)da(y)]aly 15las (5.36)
1 — — Ji dp* 1 — — / dp* —ip~ z—y+ pi — i1
(o - >/<2p>2)e (o))
xe im=T l—gg/dz_ (V[ - ({P A g AR AL (x )V[x_,z_]+%V[z_,z_]Pi
o [ A s Ve s PSPV 7))o B () (V== PEVE ]

-

z

By N A A A ) [ds sV )P P Ve )

Yy

T 21 p2
+8§’% / dzy / dZQV[x,zl]a“"FW(zl)V[zl,ZQJo*’”Fpa(z2)V[22,y]] e%f”_ﬂs}w#O( o)
Yy Yy
Now we calculate the trace of gamma matrices and simplify the structure of operators.
To do the latter, we utilize the following relations:

[P?, P] = i{P®, Fu.} (5.37)

and

g/ym dz [z, 27 |Fop|z yy | = Pulz ",y | = [27,y | Pn - (5.38)

Y3For a more general derivation see refs. [63-65].
MNote that in the scalar propagators one should take care of the exponential factors which, after expan-
sion, can be combined with boundary terms yielding contributions proportional to P?Z.
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After a somewhat lengthy algebra we obtain

T [¥s(x)ba ()] aly 5las (5.39)
i _ _ T dp~ ) _ _ / dp~ —ip~ (z—y)t
:(—%O(x —y )/(2;07_)24—%9(3/ —x )/(2;9_)2>e (@=v)

2
) Pl - i~
x (z| {46““1326 2= [P’”V[:r_,y‘] ~V[z",y |P" + ;%(piPm —P"P)V[z ,y]

iz~ e Ay R T
+ o= (PL=pVIe ™y 1P+ 3 VI ™y [P = PLP™)+ 2 PPV ey (P =)

2p
f;p%Pm/dzfsz[:vf,z*]{Pk,F_k}V[zf,yf]+2;%/dzfsz[:vf,zf]{Pk,F_k}V[zf,yf]Pm}
Y~ Y~
T ] L e N ) R e eS|
Y~ Y

p2 ,iix— y 1i - 1
—2ge™" <L+A+>e /deV[w*,z;]an(zDV[z;,yT ez |y)+0((p*)4)'

2p

y—

This result contains three types of operators. The first is the eikonal coupling of
the quark to the background field via Wilson lines V[z™,y~]. As we will see in explicit
calculation below, this operator does not contribute to helicity evolution. The helicity
evolution is defined by the sub-eikonal coupling via operators

/ Az Ve, 2 | Fpn(z )WV y] (5.40)
J

and
/dz_z_V[a:_,z_]{Pk,F_k}V[z_,y_]. (5.41)
g

While the former operator is obviously related to the small-z polarized Wilson line (2.7a),
the relation of the latter to egs. (2.7c¢) and (3.17) can be observed from the identity

g/dz_z_V[x_,z_]{Pk,F_k}V[z_,y_] :2'/dz_z_V[:U_,z_][P,,Pf]V[z_,y_]

= 2 P,y | +y Viz ",y |P} + /dz_V[:U_, P2V, y7], (5.42)
e

where the last operator is nothing else but the polarized Wilson line (2.7¢).
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Alternatively, one can use

g/clz_z_[90_,z_]{Pk,F,k}[z_,y_]:Pkg/dz_z_[QL’_,z—]F,k[z_,y_]—i-g/dz_z_[Jc_,z_]F,k[z_,y_]P]C

Yy Yy Yy

-g° / dzy / dzy (21 —23 )2~ 21 | F-kl21 125 1 Fk[25 .y ] (5.43)
-

and (5.52) at small-z to relate the operator (5.41) to the polarized Wilson line (3.17).
Note that the helicity-independent operators like the one in the last line of eq. (5.43) or
the eikonal Wilson lines never contribute to helicity evolution which we will explicitly show
in our calculation below.

For now, let us keep the form of eq. (5.39) and calculate the coupling of the propagator
to the background quark field. It is easy to see that each such coupling comes along with
1/p~, so that at the leading order of the expansion in the inverse powers of p~ it is
sufficient to add just a single quark insertion. As a result, for the full quark propagator in
the background field (contracted with v ~;) we have

T (s (2)a )]y ¥5las = T s () ha (W) a [y V5las (5.44)

—92/11421/d4Z2tT{(5E|P;IJ;E|Z1)’Y%aw(21)(2’1|PQ_iiE|Zz)ab1/_)(z2)7ptb(z2|P;ﬂ;@)’ﬁ%}
1
+0< (p_)4).

Substituting the scalar propagators we obtain

T [vs(2)da WY 5las = T [ (2)da(y)]aly yslas (5.45)
¥ ( a0 [t gt o) [ (gf_V)e”‘(”“tr {(va

= z7 2
i92 — ! — — _—1.pza — — _—ab 7/ _— b N i:—{y’ Vi +
XQpi dz dzg Vix™, 21 IVt (27 )Ul21, 25 123 )vpt Vizg sy Je 2» v P |g)v V5
Yy~ Yy~

1

Next we use the Fierz identity to decompose the product of background quark fields
in terms of the Dirac matrices, i.e., we apply

1 1 1 1 1
= Z‘51“ L] T+ —tr [y, I]y* + gtr low Lot — Ztr [y Ty y° + Ztr YT,  (5.46)

4

which is valid for an arbitrary gamma-matrix I'. Employing eq. (5.46) we can calculate the
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trace in (5.45) getting

T [5(2) (W)Y 5las = T [¥5(2)0a(y)] a[v ¥5)as (5.47)
: - : o - 2
+< “500 =0 [t | <2dzf—>z>€_ip(w_y”(:dpie‘%-m
0 —00

) — —
2
9

v / a: [ a2 (= i) a ) s

(Wl e UL, 21OV 1 Bl +0( ).

)

At this point we clearly see that the coupling of the propagator to the background quark
field is defined by the polarized Wilson line (2.7b). We will also see that the coupling
via (2.7d) does not survive in helicity evolution.

Though the equation (5.47) we obtained is quite lengthy, it can be significantly sim-
plified in the case of the shock-wave background when there are no fields outside the
shock-wave. The result (5.47) can be simplified even further if we integrate it over the
longitudinal coordinates and consider a particular case of z = y = x; which we will use
later in the derivation of helicity evolution, see the diagram III in figure 3.

Indeed, after changing the sign of p~ and taking into account that

Pi ~DPj 2 Di P 2 Py Pi Pj A Pi
z, | 50=|z,)= | d°z(z,| 5 |2)O0(2)(z| =-|z,) = | d"z(z,|=12)O(2)(z| 5 |z,) = (z,| = O |z
@50 e, / (el 510 (el B ) / 2@ B 0@ B ) = @I B0 Bl

1 1 1 1 1 1 1 1
(5.48)
is symmetric under i <+ j for an arbitrary operator O(z), we obtain
0 oo
/dl"/dy’T[ws(af7£1)1/7a(y721)][v+75]aa (5.49)
—o0 0
__1 dp—_(a: |ﬂg dz" 2" V]—o0,z [{P* F 1 }V]z~ oo}p—m\x )
T - pf_ ’ T ’ pf_ -
0 —o0
R P U
27r/ — (g1|pi (e zg/dz V[—00,z" |FrmnV[z ™, 0]
0 —o0
oo Z;
— — —14a — — —1ab 7 — - i 1
*92 / dz /dz2 V[—o00,2; |t*¢p (23 )Ul23 21 ] b¢a(z1 )[7+"/5]aﬂtbv[zl ,oo])52|xl)+0((p_)2) :
1

Note that the higher-order terms of the expansion in inverse powers of p~ do not contain
a logarithm [ ‘2’%7 which dominates at small x. The reader should also note that the large
logarithm arises in the terms with sub-eikonal operators (5.40) and (5.41), while the eikonal
Wilson lines do not contribute.

Now we use the identity (5.43), introduce the integration over the intermediate trans-
verse coordinate zo and perform the Fourier transformations over transverse momenta
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using!®

P i piph 1 6tkg2 — 94, ok
(@15 |z2) = 2*¥7 (21| =5 lz2) = Gy 2=t (5.50)
Pl T X9 bl m Lo
We obtain
0 oo
/dw*/dy*T[wﬁ(m’,&)%(yizl)]h*%]aﬁ (5.51)
d mk m i o B B _
f%s/ P /d2 I;H /dz 2 Vi, [=00,27 |F_y (27 ,25) Vi, [z, 0]
877':(3 CZ) /d2$2 /dz VI2[ 00,2 }Flg( QQ)V%[,Z*,OO]

[e')

+ig° / dzy / dzy Vo, [—00, 25 [tV (25 ,25)Us, (25,21 "W (21 s 25) [V Y Jast’ Vi, [21, 00

We can finally relate the operator in the first term of (5.51) to the polarized Wilson
line (3.17),

ig/dz_z_VEZ[oo,z_]F_kV%[z_,foo}:fz‘g/dz_VEQ[oo,z_](z_(?kA_+Ak)V£2[z_,foo] (5.52)
=Y jim /dz_Vx [00,27] /d§_8kA_—|—Ak Ve, [z~ ,—00]
2 -5 =2 =2
e -
=9 L~ oo
_ _ _ _ 1 _ - = _
+/dz Vi, [00,27] —/df Ok A_+ Ay | Vi, [27,—0q] :i/dz Vi, [00,2 ][Dk—Dk] Vi, [27,—00],

and rewrite our result in a compact form

oo

0 0o
il - - oo + 1 dp~ [ d’z, €km1’§1 kG[2]t | 1 pol[l
ol K T TR G Ny 2 Byt g ypotit|
0

2
Z21 z3,
—o0 0

(5.53)
This is our final result for the quark propagator in the background field which we will
use in the calculation of the helicity evolution equations. While we consider a particular
projection of the propagator, we should mention that our method of derivation is completely
general and can be used beyond the problem of helicity evolution.

5.3 Evolution equation for )19 in the background field method

In this section we will use the results we obtained in the previous section for the gluon
and quark propagators in the background field to derive the evolution equation for the

!5Note that in the last equation we neglect the instantaneous term, see the discussion after eq. (4.3)
above.
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polarized dipole amplitude QJ19. Following the logic of the background field method and
the rapidity factorization approach we define the amplitude as

Quo(0) = o (Ttr [ VP T [V V] Do), (5.54)

1

2N, =
where the operators are constructed from fields with longitudinal momentum fraction p~
restricted from above by a cutoff scale 0. As we discussed in section 5.1, to construct the
evolution equation for the amplitude we shift the scale to a lower value o’ and integrate
the matrix element in (5.54) over the fields with o > p~ > o’ see eq. (5.8), while keeping
the fields with momenta p~ < o’ fixed. We will perform this integration at the one-loop
level which is represented by the diagrams in figure 3.

Let us start with the calculation of the diagram I. Expanding Wilson lines of the
operators in eq. (5.54) one can readily obtain

1 S

oo 0
2 pt+
(Ttr [VQVfOI[IH} +C.C.) _ 9P /dxa /dxl_tr[Vg[oo,zzo_}tavg[xa,—oo} (5.55)
0 —o0

x VL[_Oovxl_]tb Vl[zl_voo]] T[Aa+(x()_:£0)Fb12($1_v§1)] tc.c.

oo 0
92P+€ij byt - - +/— by —
=t [t*Vot Vﬂ/dmo /da:l T[A“" (zg,2,)0:A; (x7 ,2,)]+c.c.,
0 —oo

where in the last line we use the shock-wave approximation to simplify the gauge factors
as Vp[oo, x| — 1, Wlzy , —oo] = Vp, both for z; > 0, etc.

The subsequent steps of the calculation are straightforward. Substituting the gluon
propagator in the shock-wave background field (5.31)

7 Oodp7 *iizg Pm >mn UV 7,iz; ab
o | gy leT I TG (oo, —o)p e T )™, (5.56)
0 1
0

TIA™ (25 ,2)0"' A" (27 ;)]

where operator G™" describes the interaction of the “quantum” gluon with the shock-wave
background, and integrating over the longitudinal coordinates we obtain

. ig2 Pt et iy B - i 5
(Ttr [vovf m”}—l—c.c.) = vt vy ] / dp™ (9|22 67" (00, 00) L2 |2 ) tcec.. (5.57)
== I T8 = = Y P
0

Note that until this point we have not explicitly restricted the integration over the longitu-
dinal momentum p~. However, one should take into account that the matrix element 5.54
is integrated over the fields with ¢ > p~ > o¢/. As a result, the integration over p~ in
eq. (5.57) should be restricted to

/dp* — /dp*. (5.58)
0 o’

For brevity, we will perform this substitution at the very end of our calculation.
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In an analogous way one can perform the calculation of diagrams II, I’ and II' in

figure 3. Adding all terms together we obtain

;2 Dt ij s
pol[1] T _ g PTe a by T -
(To [P ree) o=t [Vt W] / dp (5.59)
X (900| G (00, —00) 5 |z1) — (24] (007—00)7|$0)—(£0—>£1) +c.c.,
p Py 1 ri

where the second term in the last line corresponds to the diagram II, and the last two
terms are the sum of the diagrams I’ and IT'.

Now we need to substitute the explicit form of the operator G™" from eq. (5.32). Let
us show that the first term of the operator, i.e., the interaction described by the Wilson
line U does not provide any contribution to the evolution equation. Indeed, substituting
this term into eq. (5.59) we obtain a trivial combination

mn iéj pl(S?]n mn DPn a
(xof g (00, —00) =2]z1)* — (21| (007—00)7@0) b (5.60)
an Y i
: a p p] p] p a p]
— (£0|7U b7|£ ) — (24 | 5 U ab |330) ($1| ) 7@0) - (£1|7U 67@0) =0.
1 1 1 pJ_ 1 P Vs P

Moreover, for the same reason, the interaction of the gluon with the shock wave via oper-
ators UPOIL and

/ dzy / dzy (21 — 25 )Uoo, 21 | F_rUlzy , 25 |F-kU[z5 , —0] (5.61)

does not contribute to helicity evolution as well.
Substituting the remaining three terms of eq. (5.32) into eq. (5.59) and introducing the
integration over the intermediate coordinate z, (see eq. (A.2)), after some straightforward

/ Pr (5.62)

gP*
S

algebra we obtain

2 ’L] 3
(Ttr [\/{)V1P°1[1]T}+c.c.) =9 [t vot' V)] / d_
- = THIT+1/ 11/ D

l\')

X ((m1| ) |z5) (x2\ 2 |x0)+(x1\ 2 |:c2 xg‘ 2 ‘xo /dz 2" Uz[00,27 [ F k(27 ,25)Uz[2™,— 0]
pJ_ pj_ pJ_

Pt D 1
— ™ (@ | 5 |2 (| S a2 UB ! ]—@owo +ec..
b D

Finally, we need to substitute the Fourier transformations'6
; ik ik .2 i ok
P i 5U12 p'p 1 0" z1y — 227527y
(1|5 |zp) = o (@1|=5-|z2) = o 1 (5.63)
py Ty’ p1 T L2

16Note again that in the last equation we neglect the instantaneous contribution, see the discussion after
eq. (4.3).
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into eq. (5.62), which yields

(Ttr [VOVP" }Jrcc) __gy e[t Vot Vyf /Ooif &z, (5.64)

T+II4+T/ 411 4m3

2 2 2
Zo1 Z31L50 Z31L50 Z21

o kj(nd J 2 % k P+ s
X{|:2€k13321_€ (&21‘2&20)_ 2220 Loy (mﬂ x20>:|zg /dz 2" Usfoo,z” | F_ (2 ,25)Us[z” ,—o0]

1 zyz o ab
- [mgl—;%llxgj] Uf 1[1]} +c.c..

Now let us discuss the operator in the second line of eq. (5.64). It is easy to see
that this operator is nothing else but a small-z version of the operator in the dipole gluon
helicity TMD and the Jaffe-Manohar (JM) gluon helicity PDF (see also the discussion
in section 3.1). This operator can be obtained by expanding the exponential factor and
keeping only the term linear in z, cf. eq. (3.6),

/dz_e””]ﬁing[oo,z_]}"Jrk(z_,gZ) Uslz™, —o0] (5.65)
:/dz*Ug[oo,z*}]-"H‘cUg[z’,—oo]—i—iacP+ /dz’z’Ug[oo,z*]}"*kUg[z*,—oo]+...
—/dszg[oo,Zf]3’6./4+Ug[27,—oo]—H’xPJr /dziszg[oo,zf]]:H“Ug[z*,—oo]—l—....

Here the first term of the last line can be rewritten as a derivative of the Wilson line
and for this reason describes the eikonal helicity-independent coupling of the “quantum”
gluon to the shock-wave background. The helicity-dependent coupling in the small-x limit
is described by the second term which explicitly appears in egs. (5.65) and (5.31) for the
gluon propagator.

Using eq. (5.52) one can rewrite this operator in terms of the adjoint polarized Wilson
line of the second kind defined in eq. (4.7). We obtain

(Ttr [Vovf’““”} +C.c.) —Str [t*Vot V] /dp /d2 (5.66)
== 1441 47w

J kj (0 J k k ba
kiZon €7 (3 +T30) 2o X Ty [Ty Ty kGI[2] 1 Zo1 Lo | yrpollL
X 2¢ = — ) — R — = = U, === | U, +c.c..
z z2, z2.z z z S z z2, 2
Ty 31X L31T3 Z3  Zyg T3 X51T3p

Let us now calculate the contribution of the diagram III. Using the shock-wave ap-

proximation we can write the following expression for this diagram

(Ter [V 4 ) (5.67)

II1

g*PT T - T 51 4b) 7b
=5 /da;l /de tr (VQtaT[wg(xl y2)a (25, 2)] [V lagt ) Ul +c.c..

—00 0
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Substituting the expression for the quark propagator in the background field (5.53)
and integrating over longitudinal coordinates we obtain

(Ter [ VP 4 ) (5.68)

II1

00 L
dn~ 19 . 1
= 0452 /L/d2£2 26 fmtr[tb‘/o e V;G[Z]T]Ulba—F - tl"[V(]taVpol[l]Ttb]U{m +ece..
2m 0 D Lo1 B - - I5 - = =

Finally, one needs to calculate the eikonal diagrams. Since this calculation is similar
to the derivation of the Balitsky-Kovchegov (BK) evolution equation [44-47] with the

2
well-known kernel 2 02 , we will not present the details of the calculation here. Let us

just mention that this calculatlon can be done similar to the calculation presented above.
However, for the eikonal diagrams, the dominant contribution with the logarithmic integral
Ik UZ’ comes from the interaction through the eikonal Wilson line of the gluon propagator
in the background field, see the first term in eq. (5.32).

Let us now assemble all the terms together. We have

e A
T P = T P .C. .
N, << tr [VV +c.c. ))(o) N, tr|VoVy +c.c 0(0) (5 69)
ach dp~ 2 “”21 3520 1 << [ by/ sa 1‘} pol[1]\ba >> /
d —— tr [t°Vot* V' | (U. .C.
27r2 / / 2{ [3‘"21 23,25, | N2 ' & ( 2 Jee )
251'3'%1_5 (Egzﬁgﬁzo) _22220 ><2£21 (’?_%0)} 12 <<tr [tbvotavf} (U Glz ])ba+c.c.>>(o')}
Zo1 31230 Z51ZL30 Z31 Lo ¢
LasNe [dp= [d*z, pol[L] b1y b >> zy 1 << by gy iCL2l >> ,
t VtaV t U @ 2 tr[t° Vot V. Uy® .C.
Tt / /121 { . ] ')+ 22, N2\, U (o) e
as]zc/dp /d2 i <<tr [t Votevpert ”]Uzb“>>(a')—cg <<tr [vovlp“’l“”} >>(a’)+c.c.},
2 x21120 = NZ ==

where, following the logic of the background field method, we insert the limits of the

+

integral over p~ and identify the Wilson lines as constructed out of the background fields
with p~ < ¢/. Now we can see that up to a trivial change of variables we are in a full
agreement with the result obtained in the LCOT approach above, given in eq. (4.15).
The result of a similar calculation employing the background field method in the adjoint
representation, which is not shown here, is also in agreement with eq. (4.19).

5.4 Evolution equation for Gio in the background field method

The operator definition of the polarized dipole amplitude G, is given by eq. (4.2). Of
course, to derive the evolution equation for the amplitude one can directly start with
that definition. However, we would like to remind the reader that the corresponding
operator (3.17) is a small-z version of the operator in the definition of the dipole gluon
helicity TMD and the Jaffe-Manohar (JM) gluon helicity PDF in egs. (3.1) and (3.2). To
emphasise this relation let us start with an alternative definition of the amplitude GY,
which is more obviously related to the aforementioned distributions.
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Indeed, using eq. (5.52) one can rewrite the definition (4.2) as

(o) = 9 (Ttr +ec o). (5.70)

VQT /dz_z_Vl[oo,z_]FHVl[z_,—oo]

Following the background field method, to derive the evolution equation for G4 let us
start with the operator definition (5.70) and integrate the matrix element over fields with
o > p~ > o’ while keeping the background fields with p~ < ¢’ fixed. At the one-loop level
this corresponds to the calculation of diagrams in figure 5.

Let us start with the calculation of the diagram IV. Rewriting the initial operator as

T tr + c.c.

VQT /dz_z_Vl[oo,z_]FHVl[z_,—oo]

=—Ttr +cc., (5.71)

VQT / dz"Vi[oo, 27 ] (2~ 0"AT + AN Vi[z™, —oq]

expanding the Wilson lines and simplifying the gauge factors using the shock-wave approx-
imation we obtain

[ee]

<Ttr VJ/dszﬂoo,z]F“Vﬂz,oo]] +c.c.> (5.72)
oo v

) 0
:tr[VthaVltb} ig/daf /dzf (sz[AaJr(af,QO)QiAb+(zf,gl)]qLT[AaJr(x*,go)Abi(zf,gl)])+c.c..
0 —oo

Now we need to substitute the gluon propagators in the shock-wave background. Using
eq. (5.31) we find

2 . 2
. ) ,ipilz— m Zn iLz_
TA (@7 )0 A (" )l| =g / S aole ™ B2G™ o0, —o0) LR B g,

rT >z 2m

and

00 2
1 d - ;P - R A
p (&0‘6 igo= T ];%gmn(oo’_oo)ézez%_z |£1)ab.

T[A (27 ,2) A" (2~ = 5=

(5.74)
With this result it is straightforward to integrate over the longitudinal coordinates ~ and
z~, obtaining

(T tr
1

oo
i - ' ;
=—ur [Vevae’] 2 / dp {2<wo|?gm"<m,—w>ppf" |x1>””+<x0§;”gml<oo,—oo>p2w”} :
L 1 1 1
0

oo

VQT /dszl[w,z]F+iV1[z,m]1 +c.c.> (5.75)

oo v
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Employing a similar technique one can calculate the diagrams V, IV and V' in figure 5.
For the sum of the diagrams we have

(T tr VQJr / dz” 2" Vifoo, 2 | FT Vi[z™, —oo] | + C.C.) (5.76)
—oo IVHVAIV/ +V/
= o [V 2 /dp {2(x0|p;"gm"(oo, oo)ppn|x1) +2(x1|ppm G (00, —00) 22 |z,)
pl p L pL

0

ab
+ (2| =56 (00, —00) - |z1) + (21| 5G"" (00, —00) 5-|z(y) — (Ty — ) :
Yz Y2 P Py

After this we need to substitute the operator G™" which describes the interaction of
the “quantum” gluon in figure 5 with the shock-wave background field. Similar to the case
of the dipole amplitude Qy, the operators U, UP°l) and (5.61) do not contribute to the
evolution of the dipole amplitude G%,. For example, substituting

G"" (o0, —o0) — ¢g"™"U (5.77)
we obtain

2| Lo 0P ) 4 (e,

pp Pm p 1 1 .p
ol Up LO) (x0|TUpT|§1)+(§1|pTUpT@0)*(§O%£1) (5'78)

1 pL 1 n 1 n n 1
pp P pp p 1_p 1_p
=-2(z,| U |zg) +2(z, | U5t zg) = (2 | U |zo) + (2|5 U 5 |2o) — (2 = 2,) =0.
pl Pt Pl Pl 1T Pl 1 Py

Substituting the remaining terms of G"" and introducing the integration over the

intermediate variable z, we rewrite eq. (5.76) as

(Ttr /dz 2 Vifoo,z | FT Vi[z™, —oq] +c.c.> (5.79)
—oo IVAVAIV/ +V/
m, k
=—tr [Vy t*Vit’] /dp /d%{[m (6”"—2pp )I%)(%pflxo)
r1
plpmp'“ p* P [ - -
+2(z, | \12)(m2| 2 |x0) (I12|x2)(x2|2|w0):|g/dz 2" Uz[o0, 27 o F_xUz[z™, —00]2
pl P p1 I
1 2pp ab
__mn . im pol[l
€ (£1|pi <5 . >|x2)(a:2| 2 |$0)P+U (xo_”%)} :

The Fourier transformations in this equation can be calculated using eqs. (4.22), (5.50),

and
AN A B v P B PR P
(4] 1 lz9) = 1 2 + 5+ 2 2 1 ) (5.80)
i T Ziy Zi9 Zip 212
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which gives

o0 o0
i - a dp~
<Ttr V /dz 2" Vioo,z | FT* Va2 ™, —o0] —|—c.c.> =tr [VOTt V1tb] %/%/d2g2
= = = T
o IVAHVHIV/ V! 0 P
k k
% {5”“( xlz $20+ 1 > 2x12:c20 (23512'120 _1>+21’12x12 (29512'120 _1> (5.81)
7,23, T3 7,23, 3 3,25, 7,
oo ab
k n .
zhox - _ - in L. i Ty X T 1S pol[l]
) 220220 d U- F_ .U _ 20 _ 12 20 Up N .
73620 g 2~z Ugfoo, 27 |FrUs[z™, —oc] + | € 22 L1 12,22, | PF — (2o —~zy)
—o0

From this result we see that at small x the helicity evolution operator
o0
/ dz™ 2" Voo, 27 |F_p V2™, —o0]

[

eq. (5.52) and write the sum of all the diagrams in figure 5 as a smgle evolution equation

2]1\7 <<tr {VOTVIiG[Q]}—|—C.C.>>(cr):2]1\f <<tr [VOTVIiG[2]}+c.c.>> (o) (5.82)
- == 0
| R R R e
23y 12230

» 1 Loy T 1 zb 2l x x? Loy X
+ 59 3 3 _27221 7220 —— _2—31—30 2 =21 —20 +1)+2 21 gl 2—212—20 +1
Z21 LiaZao Lo Li2L50 3 3,230 Z21

P i .0 1 ) "
tof20820 o Za1don } w <<tr [t Vit V](UQGM) b+c.c.>>(0')—(1:0—>m1)}

Zao Loy

asNe [dp~ [ o z3y | 1 byt icm} b>> ' CF<< {T iap2 }>> /
+ 92 = /d 22£§1£50 N§<<tr[t Vot* Vi (Ug) (o")— RE Vo Vi (o")+c.c. p,

/

We can finally use
17

mixes with the adjoint version of the same operator and with Us pol

o

where the last line is the sum of the eikonal diagrams, see the discussion after eq. (5.68).
After a trivial change of variables we find a complete agreement with eq. (4.26) above. A
similar calculation employing the background field method in the adjoint representation
yields the helicity evolution equation (4.27).

6 Small-z asymptotics of the quark and gluon helicity distributions and
g1 structure function in the large-INV, limit

As can be seen in egs. (3.25), (3.26), (3.50), (3.52) and (3.61), gluon and quark helicity
TMD and PDF, together with the g; structure function, can be determined for small z
using the polarized dipole amplitudes. In particular, the small-x asymptotics of the former
will have the same intercepts as the large-zs asymptotics of the latter. In the large- N, limit
considered in this section, the polarized dipole amplitudes, G(x2,, zs) and Ga(x2,, 25), can
be specified by solving eqs. (4.53). Since, at large N., Q(22,, 25) ~ G(23,, 25), knowing G

"Here we also explicitly introduce the limits for the integral over p~.
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and G2 gives us all the flavor-singlet helicity PDFs and TMDs, along with the g; structure
function. Owing to the complicated form of eqs. (4.53), we solve the system numerically.

As mentioned above, we begin by examining the asymptotic forms of G(x?,,zs) and
Ga(z%y, zs) as zs grows large. As discussed in [31, 37], it is more convenient to express
egs. (4.53) in terms of

asN, I 28 , asN, ! Z's 4 o N, ! s
= n-— = n-— an = n-——-
g 2 A2’ g 2 A2 g 2 A2’
(6.1)
as N, | 1 as N, | 1 d s N, | 1
$10 = n———=, Sg1 = n———— and S33 = n——-rs.
10 27 a2, A2 27 x3, A2 52 27 23,2

In terms of these parameters, egs. (4.53), with the help of eq. (4.81), can be written as

’

n n
0(810777):G(O)(Swa?])+/dnl/dszl lF(Slm821777')+3G(521’77/)

s10 s10
+2G2(5217’I]/)+2F2(8107821,’l7,)‘| , (62&)
,’]/ n//
F(8107821777/)ZG(O)(8107U/)+/dU” / dss2 lF(SN,SszﬂN)+3G(832777N)
s10 max[s10, s21+n" —n']
+2G2(832,77”)+2F2(810,832,ﬁ//)], (62b)
510 n—s10+s21
G2(310777):G50)(810,77)+2 /d821 / dn/ [G(821,77/)+2G2(321,77/)}, (62C)
0 s21
510 n’'—s21+s32
Ta(s10,521,7') = G5 (s10,77') +2 /d832 / dn" [G(s32,m") +2Ga(s32,1")] (6.2d)
0 $32

where the ordering 0 < s19 < s91 < 7/ is assumed in egs. (6.2b) and (6.2d). This is the
only region where I'" and I's appear in any large-N. evolution kernel.

Now, we discretize the integrals in eqgs. (6.2) with step size § both in 1 and s19 directions.
We express the discretized version of the dipole amplitudes such that

o ) ) (6.3)
Ga,ij = G2 (i6,56) , Doy = T2 (i6, k6, j6) .

With all the definitions outlined above, we obtain the following discretized evolution equa-
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tions.

G + (52 Z Z il 5! + 3 Gi’j’ —+ 2 GQ,i’j’ + 2F2,ii’j’] , (64&)
J'=i i'=1i
Ly = G )+ 02 Z Z [Lisrjr + 3Gy +2Gojr + 2T 5050] (6.4b)
j'=t i'=max[i, k+j —j]

. i1 j—iti!

GQ,ij = G§72J -+ 2 52 Z Z [Gi’j’ =+ 2 GQ,i’j'] s (64C)
i/zo j/:i/
) i—1 j—k+i

F2,ikj = GQvij + 2 (52 Z Z [Gi/]’/ +2 G2,i’j/] . (64d)
i'=0 j'=i’

To obtain the values of G;; and Ga;; for 0 < i < ipax and 0 < j < jax, we only need to
know the following dipole amplitudes:

e Gjjand Ga;j such that 0 <4 < j, with ¢ < imax and j < jimax. Note that if i > j, then

we have G;; = G( ) and Goj = Gg?z-)j, as can be seen from eq. (6.4a) and eq. (6.4c).

o I'yxj and I'y 455 such that 0 < ¢ < k < j, with k < ipax and j < jimax. This is because
the neighbor dipole amplitudes only appear in egs. (6.4a) and (6.4b).

In a fashion similar to [37], the numerical computation becomes more efficient once we
realize the following recursive relations that follow directly from egs. (6.4) for j > 0:

0) (0 ' o
Gim G< GZ(; 1)+GZ(] 1H+o Z/Z_:Z[ it (—1)F3G i (j—1)+2G 2,50 (j—1)+202 7 (j— 1)] ,z<j7 (6.5&)
G Vi=]
j-1
- Gg?)—GE?}71)+FZ‘(1€_1)(]'—1)+52 > Lo -1 +3Gi(j—1)+2G2,0 -1y + 22 (j—1)| i<k
ikj = i/ =k—1 ’
Gij ,i=k
(6.5b)
G —g +Gs,; +26 (it j—i) 2G4 (o0 4 j—i 0<J
Gaj— 2,45 T2,i(j—1) T U 2i(G-1) ZZ_:O[ (@' +j—14) 2,4 (i 45 >] 77 (6.5¢)
Géoz)j =]
(0) (0) ;
Fz,ik]’—{GQ’ij—GQ’m1)+F2’i(kl>(j1) 7Z‘<k‘ (6.5d)
2,ij yi=k

In the case where j = 0, each of the dipole amplitudes simply equals its corresponding
inhomogeneous term, as can be seen from egs. (6.4).

In order to perform the numerical computation, we also need to rewrite the non-
homogeneous terms, eq. (4.54), in terms of the new variables, sjgp and 7. This gives

2 2
(0) _a;Cp 2w Co(p— 0 _a;Cr 2w Vi1
GO (sr0m) = S [ 2 (o2 sl = G =S [ 2 (0p )i 42400, (6.60)
2 2
(0) _ QSCF 27 (0) aSCF 2 .
Gy (s10,m) = AR A e Gyoy = v, "\ e i6. (6.6b)
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(a) In|G(s10,n)]- (b) In[Ga(s10,7m)]-

Figure 6. The plots of logarithms of the absolute values of the two polarized dipole amplitudes
G and G versus sig and 7, for the 0 < $10,7 < Nmax = 40 range. The amplitudes are computed
numerically using step size 6 = 0.05. The inhomogeneities near the n = sy line result from the
Born initial conditions and the discretization error.

In particular, in terms of the discrete variables, i and j, the one-step differences of the
non-homogeneous terms are

GO _go o

Cr 27 (0)
= T
gl G=1 " 2N, "\ asN,

(Cr—2)8, G

O

2,ij 24(j—1) = 0~ (6.7)

Now, we numerically compute all the dipole amplitudes in eqgs. (6.5) with the help of
eq. (6.7), using the step size of § = 0.05. In the range where 0 < 7,519 < Nmax = 40,
the logarithms of G(2%,2s) and Ga(x3,2s) are plotted in figure 6. From the plots, we
see that both amplitudes grow roughly linearly with n — s19, which corresponds to an
exponential growth in zsx?,. Mild deviations from the aforementioned pattern, including
the inhomogeneities along 1 = sjg line, likely result from discretization errors. However,
their actual cause must be determined with certainty through an analytic solution.

As mentioned previously, for the purpose of this section, it is sufficient for us to deter-
mine the asymptotic form of G(s10 = 0,7) and Ga(s19 = 0,7) as n — oo. To do so, we plot
the logarithm of each amplitude at s19 = 0 against 1. These plots are shown in figure 7.
As expected, both functions increase linearly once we get sufficiently far away from n = 0,
where the non-homogeneous term and the discretization error remain relatively significant.
This justifies the following ansatze as n — oo,

27 27
Op, 27

G(s10=0,p) ~e VTN Gy(sig=0,m) ~e e (6.8)

where oy, and ay, o are given by the slopes of the functions in figures 7a and 7b, respectively.
Since the exponential growth is more dominant at larger 7’s, we deduce the approximation
of ay, and oy, o for this step size, 0, and maximum rapidity, fmax, by regressing In [G(0,7)]
and In[G2(0,n)], respectively, on n over the range where 0.75Nmax < 7 < Nmax. For
example, at 6 = 0.05 and nyax = 40, corresponding to figure 7, we obtain «y, = (3.6825 +
0.0002)«/“5—7]:[6 and oy, 2 = (3.6821 £ 0.0002)/ a;—ﬂNc The uncertainty is estimated from the
residual of linear regression performed on In [G(0, )] or In [G2(0,7)] at 95% confidence level.
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InIG(0, )l In|G2(0, n)|

100 1001

50 501

4 10 20 30 20 W 10 20 30 a0

(a) In|G(0,m)|. (b) In[G2(0,7)].

Figure 7. The plots of logarithms of the absolute values of the two polarized dipole amplitudes
at s;9 = 0 versus 7, for the 0 < n < Npax = 40 range. The amplitudes are computed numerically
using step size 0 = 0.05. The kinks near 7 = 0 occur due to sign flips in G(0,7n) and G2(0,7n). By
egs. (6.6), the Born initial condition leads to Gé(])-) < 0 for G(0,n) at any j > 0.

0 0.0125 0.016 0.025 0.032 0.0375 0.05 0.0625 0.075 0.08 0.1
M(9) 10 10 20 20 30 40 50 60 60 70

Table 1. The maximum, M (0), of 7max computed for each step size, d.

Having estimated the intercepts, aj and ap 2, at 6 = 0.05 and 7ymax = 40, we then
repeat the steps for other choices of 0 and nmax. In particular, for each step size, §, we
numerically compute the intercepts for fmax € {10,20,..., M(5)}, where M(4) is given in
table 1 for each ¢ employed in this work.

Now, we obtain the estimated intercepts and their uncertainties for all 37 combinations
of § and Nyax. Since the continuum limit corresponds to d — 0 and nymax — 00, we attempt
to model the intercepts using 0 and 1/nmax as independent variables. Afterward, with the
correct model at hand, we will be able to predict the intercepts at d = 1/nmax = 0 and use
them as our best estimate for the actual intercepts in the continuum limit.

In what follows, we will detail our process to determine the intercept, «y, in the
continuum limit. The process for ay, o will be similar. Inspired by the success of [31] in
numerically estimating the correct intercept as verified by the analytic solution [32], we
employ polynomial regression models of various degrees, with interaction terms included,
weighted by the uncertainties of the estimated intercepts. In particular, we consider four
following nested models with increasing maximum polynomial degrees:

e Model 1: ap = a1,

e Model 2: ap, = a1 + asd + -2 |

Tmax

o Model 3: aj, = a; + agd + -2 4 q40% + B0 4 g6

TImax TIhmax max

e Model 4: ah:a1+a25+ﬁ+a452+&5+n2@76+a753+ agd? + agd + %10 .

Tmax Tmax 7712nax Tmax

Once we fit and evaluate all four models to our numerical estimates for «y, the Akaike
information criterion (AIC) [125] decreases significantly from model 1 to model 2 and from
model 2 to model 3. However, the AIC is roughly equal for models 3 and 4. Furthermore,
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3.65)

36|

apz\2 71/ agN, \
h2 ©7¢ 356/
35,

0.025

(a) an. () an,2.

Figure 8. The plots of estimated intercepts, aj and a2, at each 0 and 1/nmax (blue dots),
together with the best-fitted quadratic surface given by eq. (6.9) (yellow surfaces). The continuum
limit, § = 1/Nmax = 0, corresponds to the lower-left corner of each plot.

the parameters a7, ag, ag and ajg are all insignificant when the t-test is performed at 10%
significance level for each of them. This implies that all degree-3 terms in model 4 are
not significantly different from zero, that is, model 4 would not account for our intercept
results any better than model 3. Together with the fact that all parameters for model 3
are significant, we decide to use model 3, the quadratic model, to fit the values of ay,. The
process and, more importantly, the conclusion about the final model choice are exactly the
same for aj, 2, although the resulting parameter values are slightly different.

With model 3, the estimated relation between each intercept and 0 and 1/nyax are

given by
ap = [3.661+1.5030 — 1.740 (1/Nmax) — 4.4146% +0.116 8 (1/Nmax) +1.429 (1/Nmax)? | a;j (6.9a)
an,2 = [3.660+1.5090 — 1.734 (1/Nmax) — 4.4385° — 0.0343 (1 /1masx) + 0.873 (1/Nmax)”] ‘127N (6.9b)
™

The estimated quadratic surfaces are plotted together with the intercepts we computed
previously for various combinations of § and 1/nyax in figure 8.

Next, we compute the continuum-limit intercepts, whose estimated values are the first
terms in the right-hand sides of eq. (6.9). The uncertainties are estimated while taking
into account both the residuals of the quadratic model and the uncertainties of each data
point, i.e., intercept estimated at each 6 and 1/nyax. This gives

asNe

ap, = (3.661 £ 0.006) or 0 (h2= (3.660 = 0.009)

SNC
Qe (6.10)

Recall that the uncertainties in eq. (6.10) come from (i) the residual of linear regression
performed on In|G(0,7)| and In|G2(0,7n)| at each § and 7max, and (ii) the residual of
polynomial regression performed on «y and ayp, 2.
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Now, the pure-glue BER intercept can be shown to be

17 4+ /97 as N,
ap =1/ 5 \/ zﬂ ¢ ~ 3.664 5 (6.11)

by solving the corresponding IREE from [5] analytically [2]. Eq. (6.11) agrees with both ay,

and oy, 2 from eq. (6.10), within the uncertainties. While the construction of an analytic
solution for eqs. (4.53) is left for future work, eq. (6.11) already provides us with the
analytic expression for the intercept.

Finally, empoying eqs. (6.8) and (6.10) in egs. (3.26), (3.50) and (3.62), we obtain the
following small-x asymptotics for the quark and gluon helicity PDF, together with the gy
structure function:

3.66 /25 Ne
AS(2. Q%) ~ MG Q) ~ (0,00 ~ ;) .

T

(6.12)

7 Conclusions and outlook

Let us summarize what we have accomplished here. We have extended the helicity evo-

lution formalism of [1-3, 31-33, 36, 37, 40] to include the sub-eikonal operator Bl D' (or,
equivalently, D? — BZ) This generalized the small-z evolution equations for the relevant
sub-eikonal operators D! — BZ, F'2 and ¢yt~%¢ to those in eqs. (4.15), (4.19), (4.26),
and (4.27). The corresponding DLA evolution equations are given by eqgs. (4.53) and (4.75)
in the large-N. and large-N.& N limits, respectively. We demonstrated that the large- N,
equations agree with the spin-dependent DGLAP evolution at small z including up to three
loops in the splitting function. We solved these equations numerically showing that the re-
sulting asymptotics of the gluon and flavor-singlet quark helicity distributions, along with
the g1 structure function, are given by eq. (6.12) and agree with that found by BER [5] in
the pure-glue case. We have thus completed the construction of the DLA helicity evolution
equations at small-z in the s-channel/shock wave formalism, which we also refer to as the
light-cone operator treatment (LCOT). We have also cross-checked the LCOT calculation
using the background field method and found a full agreement between the two.

The future steps of working with this now-complete LCOT formalism include solving
the large-N.&N; equations (4.75) and comparing the solution to those found in [5] and
n [37]. The two solutions in [5] and [37] have a qualitatively different dependence on z:
the latter exhibits sign-changing oscillations with In(1/z), while the former changes sign
only once with decreasing x. It would be important to identify which, if any, of those
behaviours are exhibited by the solution of egs. (4.75).

In the effort to go beyond the large-N. and large-N.& N limits, a helicity version of
the Jalilian-Marian-lancu-McLerran- Weigert-Leonidov-Kovner (JIMWLK) [48-53] evolu-

tion was constructed in [36], also without taking the operator D D' into account. The
helicity JIMWLK kernel from [36] also needs to be extended to include the effects of
this operator. The initial conditions for the helicity JIMWLK evolution are given by the
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helicity-dependent version of the McLerran-Venugopalan (MV) model [100-102] derived
in [38], which may also have to be extended to include the terms into the weight functional

needed for the calculations of the expectation value of the D? — BZ operator.

To further improve the precision of helicity evolution one should go beyond the DLA
limit. This was attempted in [40] using the earlier s-channel helicity formalism of [1-
3, 31-33, 36, 37]. In addition to resumming all the DLA and SLA[ terms, the evolution
equations constructed in [40] sum up all the single logarithmic corrections coming from
the UV transverse integrals. These corrections were labeled SLA7 in [40]. It remains to
be seen whether the results of [40] can simply be added to the equations obtained in this
work for a complete DLA+SLA helicity evolution at small x. It appears likely that the
IR transverse logarithms need to be resummed as well, such that an interfacing of our
evolution found above with the full spin-dependent DGLAP equation may also be needed
for the DLA+SLA helicity evolution.

Last but not least, the helicity formalism of [1-3, 31] has recently been used to suc-
cessfully describe the world data on the proton and neutron g, structure functions at small
x [22]. This was the first-ever helicity phenomenology work based on small-z evolution
only, not taken as an improvement of the DGLAP anomalous dimension [28, 29]. It would
be interesting and important to see how much the conclusions of [22] would be affected by
the corrections included in this work. At the very least, the formalism presented here would
allow for a natural inclusion of the gluon helicity PDF (3.26) into the calculation. The fact
that the intercept/power of z in eq. (6.12) is larger than that given by the evolution in [1-
3, 31-33, 36, 37] may generate more quark and gluon spin at small z, while simultaneously
challenging the convergence of the integrals in egs. (1.2) at small z. The latter prob-
lem may be addressed by including saturation corrections (non-trivial unpolarized dipole
S-matrices) and/or running of the coupling constant in the kernels of our helicity evolution.
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A Schwinger’s notation
In this appendix, we introduce the Schwinger’s notation that we use for the quark and

gluon propagators in section 5. Following Schwinger [126], we consider the coherent states
|z) and |p) which are eigenvectors of the position and momentum operators,

Tulz) = wulr), Pulp) = pulp)- (A1)

The states define a particle with position z and momentum p, respectively, and satisfy the
completeness

4
[ttt =1 [ Gl =1, (A2)

and orthogonality

(zlp) = 7P, (plz) = €%, (zly) = 0" (x —y), (pla) = (2m)"6"(p — q) (A.3)
relations.
For an arbitrary function of the momentum operator, we have

4 4

(@l @) = [ G @@l al) = [ G @™ (A

In particular, this motivates the following representation for the scalar propagator:

1 d4p 1 X
—ip(z—y) ) A5

Similarly, for an arbitrary function of the position operator f(Z)|z) = f(z)|z). As a
result, for the Wilson line operator

V ="Pexp

ig / d:U_A+(a:_,i‘)], (A.6)

we write

Vig) = Velz). (A7)

Note that, for brevity, in the main text of the paper we omit the hat symbol over the
position and momentum operators.
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