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1. Introduction

We study the inhomogeneous normalized p(x)-Laplace equation

—ANu=f(z) in B, (1.1)
where
D?*uDu Du>
—AN ui=—Au— x72<77

is the normalized p(x)-Laplacian, p : By — R is Lipschitz continuous, 1 < puin := infp, p < supg, P =: Pmax
and f € C(By) is bounded. Our main result is that viscosity solutions to (1.1) are locally C1:*-regular.
Normalized equations have attracted a significant amount of interest during the last 15 years. Their
study is partially motivated by their connection to game theory. Roughly speaking, the value function of
certain stochastic tug-of-war games converges uniformly up to a subsequence to a viscosity solution of a
normalized equation as the step-size of the game approaches zero [32,30,31,9,11]. In particular, a game with
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space-dependent probabilities leads to the normalized p(x)-Laplace equation [3] and games with running
pay-offs lead to inhomogeneous equations [33]. In addition to game theory, normalized equations have been
studied for example in the context of image processing [16,18].

The variable p(x) in (1.1) has an effect that may not be immediately obvious: If we formally multiply the

|P(I)*2

equation by |Du and rewrite it in a divergence form, then a logarithm term appears and we arrive at

the expression
— div(|DuP™ 72 Du) + |Du|'™ " log(|Du|)Du - Dp = | Du[P™) 72 f(x). (1.2)

For f = 0, this is the so called strong p(x)-Laplace equation introduced by Adamowicz and Hésto [1,2] in
connection with mappings of finite distortion. In the homogeneous case viscosity solutions to (1.1) actually
coincide with weak solutions of (1.2) [35], yielding the C1®-regularity of viscosity solutions as a consequence
of a result by Zhang and Zhou [38].

In the present paper our objective is to prove C1:®regularity of solutions to (1.1) directly using viscosity
methods. The Holder regularity of solutions already follows from existing general results, see [28,29,12,13].
More recently, Imbert and Silvestre [24] proved the gradient Holder regularity of solutions to the elliptic
equation

|Du|" F(D*u) = f,
where v > 0 and Imbert, Jin and Silvestre [25,22] obtained a similar result for the parabolic equation
dyu = |Dul” Alu,

where p > 1, v > —1. Furthermore, Attouchi and Parviainen [4] proved the C1*-regularity of solutions to
the inhomogeneous equation dyu — AIJ,V u = f(z,t). Our proof of Holder gradient regularity for solutions of
(1.1) is in particular inspired by the papers [25] and [4].

We point out that recently Fang and Zhang [19] proved the C''*“-regularity of solutions to the parabolic
normalized p(z,t)-Laplace equation

Oyu = Aﬁz’t)u, (1.3)

where p € C}L

loc*
inhomogeneous case and only suppose that p is Lipschitz continuous. More precisely, we have the following

The equation (1.3) naturally includes (1.1) if f = 0. However, in this article we consider the
theorem.

Theorem 1.1. Suppose that p is Lipschitz continuous in By, pmin > 1 and f € C(By) is bounded. Let u be a
viscosity solution to

fA;?\Ex)u = f(z) in By.
Then there is (N, Pmin, Pmax, PL) € (0,1) such that
HUHcLa(Bl/z) < C(N, pmin; Pmax; PL, ||f||L°°(Bl) ) ||UHL°°(31))’
where py, is the Lipschitz constant of p.

The proof of Theorem 1.1 is based on suitable uniform C!®-regularity estimates for solutions of the
regularized equation
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D?vDv Dv>
—Av—px—2<77=gm, 1.4
(o) =2 = gte) (1.4)
where it is assumed that g is continuous and p. is smooth. In particular, we show estimates that are
independent of € and only depend on N, supp, infp, [|Dp.||; and ||g|| . To prove such estimates, we
first derive estimates for the perturbed homogeneous equation

(D*v(Dv +4q), Dv+q) _

80— () =R

0, (1.5)

where ¢ € RY. Roughly speaking, C1**-estimates for solutions of (1.5) are based on “improvement of
oscillation” which is obtained by differentiating the equation and observing that a function depending on
the gradient of the solution is a supersolution to a linear equation. The uniform C'“-estimates for solutions
of (1.5) then yield uniform estimates for the inhomogeneous equation (1.4) by an adaption of the arguments
in [24,4].

With the a priori regularity estimates at hand, the plan is to let ¢ — 0 and show that the estimates pass
on to solutions of (1.1). A problem is caused by the fact that, to the best of our knowledge, uniqueness of
solutions to (1.1) is an open problem for variable p(x) and even for constant p if f is allowed to change
signs. To deal with this, we fix a solution ug € C(B;) to (1.1) and consider the Dirichlet problem

—AZ],\EZ)U = f(x) —wo(x) —u in By (1.6)

with boundary data u = ug on dB;. For this equation the comparison principle holds and thus ug is the
unique solution. We then consider the approximate problem

(D*u:Duc, Du.)
|Du|” + 2

—Au. — (pe(x) — 2) = fe(z) —upe(x) — ue (1.7)

with boundary data u. = ug on 9By and where pe, fe,up,. € C*(B;) are such that p — p., fo = f and
up,e — ug uniformly in By and [[Dpe|lpe(p,) < [|1Dpllpoo(p,)- As the equation (1.7) is uniformly elliptic
quasilinear equation with smooth coefficients, the solution u. exists in the classical sense by standard
theory. Since u, also solves (1.4) with g(z) = f.(z) — uo.(x) — uc (), it satisfies the uniform C1*-regularity
estimate. We then let ¢ — 0 and use stability and comparison principles to show that ug inherits the
regularity estimate.

For other related results, see for example the works of Attouchi, Parviainen and Ruosteenoja [5] on the
normalized p-Poisson problem —Aﬁ,\’ u = f, Attouchi and Ruosteenoja [6-8] on the equation — |Du|” Aév u =
f and its parabolic version, De Filippis [15] on the double phase problem (|Du|?+a(x) |Du|®)F(D?u) = f(z)
and Fang and Zhang [20] on the parabolic double phase problem dyu = (|Du|? 4 a(z,t) [Du|*) AlYu. We also
mention the paper by Bronzi, Pimentel, Rampasso and Teixeira [10] where they consider fully nonlinear
variable exponent equations of the type |Du|9(z) F(D?u) = 0.

The paper is organized as follows: Section 2 is dedicated to preliminaries, Sections 3 and 4 contain
Cl@_regularity estimates for equations (1.5) and (1.7), and Section 5 contains the proof of Theorem (1.1).
Finally, the Appendix contains an uniform Lipschitz estimate for the equations studied in this paper and a
comparison principle for equation (1.6).
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2. Preliminaries
2.1. Notation

We denote by Br € RY an open ball of radius R > 0 that is centered at the origin in the N-dimensional
Euclidean space, N > 1. The set of symmetric N x N matrices is denoted by SV. For X,Y € SV we write
X <Y if X —Y is negative semidefinite. We also denote the smallest eigenvalue of X by Apin(X) and the
largest by Amax(X) and set

[IX]|| :== sup |X¢&| =sup{|A|: A is an eigenvalue of X}.
£eBy

We use the notation C(ay,...,ax) to denote a constant C' that may change from line to line but depends
only on ay, ..., ak. For convenience we often use C'(p) to mean that the constant may depend on ppin, Pmax
and the Lipschitz constant p;, of p.

For o € (0,1), we denote by C%(Bg) the set of all functions u : Bg — R with finite Holder norm

|u(z) — u(y)]
lullca(mry = ull e (pry + [Woa(pr)»  Where [ulga(p,) = sup —
z,yEBR |‘T y‘

Similarly, we denote by C1*(Bpg) the set of all functions for which the norm

lullcro(pry = lullca sy + 1Pullca sy

is finite.
2.2. Viscosity solutions

Viscosity solutions are defined using smooth test functions that touch the solution from above or below.
If u,p : RV — R and € RY are such that ¢(z) = u(z) and ¢(y) < u(y) for y # xo, then we say that ¢
touches u from below at xg.

Definition 2.1. Let Q C RY be a bounded domain. Suppose that f : @ x R — R is continuous. A lower
semicontinuous function u :  — R is a viscosity supersolution to

—Aﬁm)u > f(z,u) in

if the following holds: Whenever ¢ € C?(Q2) touches u from below at # € Q and Dp(x) # 0, we have

(D?*¢(z)Dp(x), Dp(x))
|Dy(z)?

—Ap(z) = (p(e) —2) > f(z,u(x))

and if Dp(z) = 0, then

—Ap(x) — (p(z) — 2) <D290(J:)77,n> > f(z,u(z)) for some n € By.

Analogously, a lower semicontinuous function u : 0 — R is a viscosity subsolution if the above inequalities
hold reversed whenever ¢ touches u from above. Finally, we say that u is a viscosity solution if it is both
viscosity sub- and supersolution.
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Remark. The special treatment of the vanishing gradient in Definition 2.1 is needed because of the singularity
of the equation. Definition 2.1 is essentially a relaxed version of the standard definition in [14] which is based
on the so called semicontinuous envelopes. In the standard definition one would require that if ¢ touches a
viscosity supersolution v from below at x, then

—AN (@) > fla,u(z)) it Dg(z) # 0,
—Ap(z) = (p(x) = 2)Amin(D*¢(2)) > f(x,u(z)) if Dp(z) =0 and p(z) > 2,
—Ap(x) — (p(x) = 2)Amax(D*¢(x)) > f(z,u(z)) if Dp(z) =0 and p(z) < 2.

VAR

Clearly, if u is a viscosity supersolution in this sense, then it is also a viscosity supersolution in the sense of
Definition 2.1.

3. Holder gradient estimates for the regularized homogeneous equation

In this section we prove C1®-regularity estimates for solutions to the equation

(D*u(Du + q), Du + q)
|Du + ¢|* + €2

—Au — (p(z) — 2) =0 in By, (3.1)

where p : By — R is Lipschitz, pmin > 1, € > 0 and ¢ € RY. Our objective is to obtain estimates that
are independent of ¢ and e. Observe that (3.1) is a uniformly elliptic quasilinear equation with smooth
coefficients. Viscosity solutions to (3.1) can be defined in the standard way and they are smooth if p is
smooth.

Proposition 3.1. Suppose that p is smooth. Let u be a viscosity solution to (3.1) in By. Then u € C*®(By).

It follows from classical theory that the corresponding Dirichlet problem admits a smooth solution (see
[21, Theorems 15.18 and 13.6] and the Schauder estimates [21, Theorem 6.17]). The viscosity solution u
coincides with the smooth solution by a comparison principle [26, Theorem 3].

3.1. Improvement of oscillation

Our regularity estimates for solutions of (3.1) are based on improvement of oscillation. We first prove
such a result for the linear equation

—tr(G(z)D?u) = f in By, (3.2)

where f € C1(By) is bounded, G(z) € SV and there are constants 0 < A < A < oo such that the eigenvalues
of G(z) are in [\, A] for all z € By. The result is based on the following rescaled version of the weak Harnack
inequality found in [13, Theorem 4.8]. Such Harnack estimates for non-divergence form equations go back
to at least Krylov and Safonov [28,29].

Lemma 3.2 (Weak Harnack inequality). Let u > 0 be a continuous viscosity supersolution to (3.2) in B.
Then there are positive constants C(\, A, N) and q(\, A, N) such that for any 7 < 4\/— we have

1/q 1/N

/|u|q dx <C|infu+r7 / 7Y da . (3.3)

Bar
Bivwr
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Proof. Suppose that 7 < ﬁ and set S := 87. Define the function v : B\/ﬁ/2 — R by
v(x) == u(Sx)

and set

G(z) :=G(Sz) and f(z):= S*f(Sz).

Then, if ¢ € C? touches v from below at x € B, /52, the function ¢(z) := ¢(z/S) touches u from below at
Sx. Therefore

—t2(G(Sz)D?6(Sa)) = f(Sa).
Since D?¢(Sx) = S~2D?¢p(z), this implies that
~tr(G(Sz) D*¢(x)) = S*f(Sw).
Thus v is a viscosity supersolution to
—tr(G(2)D*0) > f(z) in By .

We denote by Qg a cube with side-length R/2. Since @1 C B /5 o5 it follows from [13, Theorem 4.8] that
there are ¢(\, A, N) and C(\, A, N) such that

1/q 1/q 1/N
/ [v]? dx < / |v]? dz <C| inf v+ (Q/|f|N dzx
Q12
Bl/s Q1/4 1
1/N
<C| inf v+ / |f1N dx
1/4
B /x)2
By the change of variables formula we have
/ [v|? dz = / lu(Sx)|? de = SN / |u(z)|? dx
By g By g Bsys
and
[ irae =y [ ipsa a=st [ i) d.
B\/ﬁ/z B\/ﬁ/z Bs\/ﬁ/z
Recalling that S = 87, we get
1/q 1/N
8 ur /|u(:c)|q dz < C | inf u+ 87 / 1f ()N da
27
. Bsv)2

Absorbing 8% into the constant, we obtain the claim. O
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Lemma 3.3 (Improvement of oscillation for the linear equation). Let u > 0 be a continuous viscosity su-
persolution to (3.2) in By and p,l > 0. Then there are positive constants T(A, A, N, 1,1, || fll = (p,)) and
O\, A, N, i, 1) such that if

{z € By :u>1} > pu|B., (3.4)
then we have

u>60 in B,.

Proof. By the weak Harnack inequality (Lemma 3.2) there exist constants Cy(\, A, N) and ¢(A, A, N) such
that for any 7 < 1/(4v/N), we have

1/q 1/N
infu> Cyr o /W | - / Yz | (3.5)
2T
- Bivrs
In particular, this holds for
1_1 1
1 Cl |Bl|q N ,U,El

T := min

N\ 24Nl ey + 1)

We continue the estimate (3.5) using the assumption (3.4) and obtain

1/N
iélfuzjignfuzClT_%(|{x€BT:u21}\lq)1/qu / 1IN da
T 27

B4\/ﬁq—
_N 1 1 ~
> Cy7 7w pa |Bo|e L —7|By x| 1l Lo By
1 1. _N N L
:Cl |B1‘q /,quT aTa _4\/N|Bl|N||f||L°°(B1)T2
101 L
= C1 |By|7 pal = 4V N | BN [ £l oo ) 7

1

1 1
501 |Bi| pal,

\%

=:0,
where the last inequality follows from the choice of 7. O

We are now ready to prove an improvement of oscillation for the gradient of a solution to (3.1). We first
consider the following lemma, where the improvement is considered towards a fixed direction. We initially
also restrict the range of |q|.

The idea is to differentiate the equation and observe that a suitable function of Du is a supersolution to
the linear equation (3.2). Lemma 3.3 is then applied to obtain information about Du.

Lemma 3.4 (Improvement of oscillation to direction). Suppose that p is smooth. Let u be a smooth solution
to (3.1) in By with |Du| < 1 and either ¢ = 0 or |q| > 2. Then for every 0 <1 <1 and p > 0 there exist
positive constants T(N,p, 1, 1) <1 and v(N,p,l, u) < 1 such that
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{x € By : Du-d <I1}| > u|B;| implies Du-d <+ in B,
whenever d € 0B .

Proof. To simplify notation, we set

(n:i +4)(nj + ¢;)
In+ql* + €2

Aij(x,m) =i + (p(x) — 2)

We also denote the functions A;; : @ — Ajj(z, Du(x)), Aija, @ @+ (02, 445)(x, Du(x)) and Ajj,, : x —
(Ony Aij)(x, Du(z)). Then, since u is a smooth solution to (3.1) in By, we have in Einstein’s summation
convention

—A;ju;; =0 pointwise in By.
Differentiating this yields
0= (Ajjuij)r = Aijuijr + (Aij) etij
= Aijuijk + Aij,nmuijukm + -Aijwkuij forallk=1,...N. (3.6)
Multiplying these identities by dj and summing over k, we obtain
0 = Asjuijrdy + Aijn,, higUremdy + Aij 2, Wi di
= Aij(Du-d = 1)ij + Aijy,, wig(Du - d = D + Aij oy i - (3.7)
Moreover, multiplying (3.6) by 2uj and summing over k, we obtain
0 = 2A;uijrpur + 24455, WijUemUk + 2455 o, WijUk
= Aij Quijrug + 2upjurg) — 245Uk + 2A55 5., Wij Ukm Uk + 2455, 2, Wi j U

2 2
= Auj(ui)ij — 2Ai5urjuni + Aijn, wig (U )m + 2455,2, wiju

= A (1Du)ij + Aijin i (| DUl + 2445 0, wigur, — 245wk (3.8)

We will now split the proof into the cases ¢ = 0 or |¢| > 2, and proceed in two steps: First we check that a
suitable function of Du is a supersolution to the linear equation (3.3) and then apply Lemma 3.3 to obtain
the claim.

Case ¢ = 0, Step 1: We denote Q1 := {z € By : h(z) > 0}, where

h:= (Du~d—l+é|Du|2)+.

If |Du| < 1/2, we have

3

l 2 1
-d— — < —= — .
Du-d l+2|Du| < 2-|-8<0

This implies that |Du| > /2 in . Therefore, since ¢ = 0, we have in Q4
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Gim (Uj + ;) + Gjm(wi + @) 2(Um + gm) (ui + @) (u; + ¢5)
|Du + ¢ + &2 (|Du + q|* + £2)2

[ Aij.n,| = |p(2) = 2|

<8t lp— 2||L°°(B1) ) (3.9)

(ni +4i)(nj + ;)

Aiiz | = |Dp(z
B

(3.10)

Summing up the equations (3.7) and (3.8) multiplied by 27!/, we obtain in

0=A;;(Du-d—1)ij + Aijp, wij(Du-d = Dm + Aj o, uijdy
+ 27 (A (1Dul®)ij + Aij o, ttig (1Dl + 2445 2 wijun — 2As 505
= Aijhij + .Aijmmuijhm + Aij@kuijdk + lAij,zkuijuk — lAijukju;ﬂ-
< Aijhig + [Aijn sl [P | 4 [ Aija, wis] [die + lun| — LA k.
Since |Du| < 1, we have |dj —|—luk|2 < 4 and by uniform ellipticity A;jujur; > min(pmin — 1,1) \uij|2.
Therefore, by applying Young’s inequality with € > 0, we obtain from the above display
2 —1 2 2 2 2 2
0 < Ajjhi; + N7 ([hm|” + [di + lug|”) + (| Aijn,, ™ + [Aijw, ") [ui]” — LA ug g
< Aijhij + N2 Y(IDh® +4) + eC(N, p)(I72 + 1) |ug;|> — I min(puin — 1, 1) |ug]?

where in the second estimate we used (3.9) and (3.10). By taking e small enough, we obtain

|Dh|” +1

0 < Aijhij + Co(N, p) 3

in Q. (3.11)

Next we define

— 1 l
hi==-(1-e""H)  where H:=1- 3 and v:= Co (3.12)

v ~ Bmin(pmin — 1,1)°
Then by (3.11) and uniform ellipticity we have in Q4

—Aijﬁij = Aij(hijey(h_H) + Vhihje”(h_H))

. |Dh|*  C :

> e =H) (¢ E z_so + vmin(pin — 1,1) DA%
Co

R

Since the minimum of two viscosity supersolutions is still a viscosity supersolution, it follows from the above
estimate that A is a non-negative viscosity supersolution to

*.Aijhij Z e in Bl. (313)

Case ¢ = 0, Step 2: We set lp := (1 — e”(!"1)). Then, since & solves (3.13), by Lemma 3.3 there are
positive constants 7(N,p, [, u) and (N, p,l, i) such that

’{xEBT:EEZOH>u|BT| implies h >0 in B..

If Du-d <1, we have h > l; and therefore
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{zeBr:h>l}|>|{xeB::Du-d<I}|>u|B],

where the last inequality follows from the assumptions. Consequently, we obtain
h>6 in B,.
Since h — H < 0, by convexity we have H — h > h. This together with the above estimate yields
1-27Y—(Du-d—1+2""1|Dul*) >0 in B,
and so
Du-d+2 Y(Du-d)?><Du-d+2"'1|Dul* <1427 -0 in B,.

Using the quadratic formula, we thus obtain the desired estimate

—1 1420(1+274 - -1 1 2-2
Du.d< +/1+20(1+2711-6) +\/(Z+l) 10

7 =

=:vy<1 in B,;.

Case |g| > 2: Computing like in (3.9) and (3.10), we obtain this time in B
[Aijn, | <4p =2l (s, and  |Aije | <pL
Moreover, this time we set simply
h:=Du-d—1+2|Dul’.

Summing up the identities (3.7) and (3.8) and using Young’s inequality similarly as in the case |¢| = 0, we
obtain in B

0 < Aijhij + N2 (| |* + |di, + lur]?) + €(|Aijmn |* + [Aija ) [uif)? — 1A urguri
< Aijhij + N2 Y(|DR> +4) + eC () [uij|* — 1C(H) |uis]* -

By taking small enough €, we obtain

|Dh)* +1

0 < A;jhi; + Co(N, p) ;

n Bl.

Next we define h and H like in (3.12), but set instead v := Cp/(I min(pmin — 1,1)). The rest of the proof
then proceeds in the same way as in the case ¢ =0. O

Next we inductively apply the previous lemma to prove the improvement of oscillation.

Theorem 3.5 (Improvement of oscillation). Suppose that p is smooth. Let u be a smooth solution to (3.1)
in By with |Du| < 1 and either ¢ = 0 or |q| > 2. Then for every 0 <1 < 1 and p > 0 there exist positive
constants T(N,p,l, ) <1 and y(N,p,l, u) < 1 such that if

{2 € Byivs : Du-d < Iy'}| > p|Brisa|  foralld € 0By, i=0,... k, (3.14)
then

|Du| <+ in Briwi foralli=0,... k. (3.15)
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Proof. Let k£ > 0 be an integer and suppose that (3.14) holds. We proceed by induction.

Initial step: Since (3.14) holds for ¢ = 0, by Lemma 3.4 we have Du -d < v in B, for all d € dB;. This
implies (3.15) for ¢ = 0.

Induction step: Suppose that 0 < ¢ < k and that (3.15) holds for ¢ — 1. We define

v(x) =77y ().
Then v solves

2 (D*v(Dv+77'q), Dv+7'q) _ 0

—Av — (p(tiz) —
B Do+ g + (1-e)?

in Bl.

Moreover, by induction hypothesis |Dv(z)| = v~ |Du(r'z)| < 74" = 1 in By. Therefore by Lemma 3.4
we have that

{x € B;:Dv-d<l}| > p|B;| implies Dv-d<-~in B; (3.16)
whenever d € 9B;. Since
{z €B;:Dv-d<1}>p|B:| < |{x €Brs1:Du-d<Iy'}| > p|Brin],

we have by (3.14) and (3.16) that Dv-d <« in B,. This implies that Du-d < **! in B .+1. Since d € 0B
was arbitrary, we obtain (3.15) for i. O

3.2. Holder gradient estimates

In this section we apply the improvement of oscillation to prove C'*“-estimates for solutions to (3.1). We
need the following regularity result by Savin [34].

Lemma 3.6. Suppose that p is smooth. Let u be a smooth solution to (3.1) in By with |Du| < 1 and either
q=0 or|q| > 2. Then for any B > 0 there exist positive constants n(N,p, ) and C(N,p,5) such that if

lu—L|<n in B
for some affine function L satisfying 1/2 < |DL| < 1, then we have
|Du(z) — Du(0)| < Clz|”  for all x € By .
Proof. Set v :=w« — L. Then v solves

(p(z) — 2) (D*uw(Du+q+ DL),Du+q+ DL)
|Du+ q + DL|? + &2

—Au — =0 in Bj. (3.17)

Observe that by the assumption 1/2 < |[DL| < 1 we have |Du+ ¢+ DL| > 1/4 if |Du| < 1/4. It therefore
follows from [34, Theorem 1.3] (see also [37]) that ||vHCz_ﬂ(Bl/2) < C which implies the claim. O

We also use the following simple consequence of Morrey’s inequality.



12 J. Siltakoski / J. Math. Anal. Appl. 513 (2022) 126187

Lemma 3.7. Let v : By — R be a smooth function with |Du| < 1. For any 0 > 0 there are constants
e1(N,0),e0(N,0) < 1 such that if the condition

{x € By : |Du—d| > eo}| <&y
is satisfied for some d € SN, then there is a € R such that
lu(z) —a—d-z| <0 for all x € By s.
Proof. By Morrey’s inequality (see for example [17, Theorem 4.10])

osc (u(z)—d-z)= sup |u(z)—d-z—u(y)+d-vy
T€B1 /2 z,yEB1 /2

gCWW(/MM—ﬂwd@ﬁ’
By

< C(N)(eZ™ + o).

Therefore, denoting a := inf,ep, , (u(x) — d - z), we have for any x € B »

1
fu(x) —a—d- x| < oscp, , (u(x) —d-x) < CN)(F¥ +20) <6,
where the last inequality follows by taking small enough €9 and ;. O

We are now ready to prove a Holder estimate for the gradient of solutions to (3.1). We first restrict the
range of |q|.

Lemma 3.8. Suppose that p is smooth. Let u be a smooth solution to (3.1) in By with |Du| < 1 and either
q =0 or|q| > 2. Then there exists a constant a(N,p) € (0,1) such that

||DU||ca(Bl/2) < C(N,p).
Proof. For 8 =1/2, let n > 0 be as in Lemma 3.6. For 8 = 7/2, let €¢,e1 be as in Lemma 3.7. Set

€1

2
&

li=1- c
| B

30 and p:=

For these [ and pu, let 7,v € (0,1) be as in Theorem 3.5. Let & > 0 be the minimum integer such that the
condition (3.14) does not hold.
Case k = oo: Theorem 3.5 implies that
|Du| < 1 in B, for all i > 0.

Let € B, \ {0}. Then 7¢7! < |z| < ¢ for some i > 0 and therefore

;< loglz|
log T

<i+ 1

We obtain
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Du(z)| <+ = 1yt < Lo _ LRl e (3.18)
8 v 8
where C' =1/~ and a = log~y/logT.
Case k < oo: There is d € 0By such that
{2z € Brrs1 : Du-d < Iy} < pu|Brrsa]. (3.19)

We set
v(x) = 77y TRy (PR ),

Then v solves

(D?v(Dv+~7kq), Dv + v *q)
| Do+ y~kq[* 4 y~2ke?

—Av — (p(r*H1z) — 2) =0 in B

and by (3.19) we have

[{z € By : Dv-d <1} = |{z € By : Du(r""'z) - d < Iy*}|

= 7N+ |{z € Byrs1 : Du(z) - d < lyk}}
< T_N(k+1)/1, ‘B,,.k-+1| =M ‘Bl| =£&1. (320)

Since either k£ = 0 or (3.14) holds for k — 1, it follows from Theorem 3.5 that |Du| < +* in B,«. Thus
|Dv(z)| =~ * |Du(7'k+1x)| <1 in B;. (3.21)
For vectors £, d € B, it is easy to verify the following fact
€ —d|>e0 = £-d<1-¢ep/2=1
Therefore, in view of (3.20) and (3.21), we obtain
{x € By : |Dv—d| >¢ep}| <e.
Thus by Lemma 3.7 there is a € R such that
lv(z) —a—d-x| <0=mn/2 forallxc Bym.

Consequently, by applying Lemma 3.6 on the function 2v(271x), we find a positive constant C(N, ) and
e € 0B; such that

|Dv(x) —e] < Clx| in Byy.
Since |Dv| < 1, we have also
|Dv(z) —e| < Clz| in Bj.

Recalling the definition of v and taking o/ € (0,1) so small that v/7® < 1 we obtain
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‘Du(a:) - vke’ < Onkrk-t |z] <

C k ’ ’
(=5) 1= <Clal” i Boa,

,7—0/ To
where we absorbed 7 into the constant. On the other hand, we have
|Du| <+ in Briya foralli=0,...,k—1

so that, if 7072 < |z| < 7! for some i € {0,...,k — 1}, it holds that

ot 2 N
|Du(z) —vFe| <2yt < = G =" < Claf .

Combining this with (3.22) we obtain
|Du(z) —y¥e| < C |x|al in B,.
The claim now follows from (3.18) and (3.23) by standard translation arguments. 0O
Theorem 3.9. Let u be a bounded viscosity solution to (3.1) in By with ¢ € R™. Then
”uHC’lva(Bl/Q) < C(N,p, HUHLOC(Bl))

for some a(N, p) € (0,1).

(3.22)

(3.23)

(3.24)

Proof. Suppose first that p is smooth. Let v (N, p, [[ul| oo (5,)) and Co(N, P, [[ul| o (5,)) e as in the Lipschitz

estimate (Theorem A.2 in the Appendix) and set
M := 2max(vg, Cp).
If |g| > M, then by Theorem A.2 we have
|Du| < Cy in By s.
We set 4(z) := 2u(x/2)/Cp. Then |Da| < 1 in By and @ solves

(D*u(Di + q/Co), Dt + q/C)
|Di + q/Col” + (¢/C)?

—At — (p(x/2) — 2) =0 in By,

where q/Cy > 2. Thus by Theorem 3.8 we have

||Da||C°<( ) <C(Naﬁ)7

Byj2) =

which implies (3.24) by standard translation arguments.
If |q| < M, we define

wi=u—q-x.
Then by Theorem A.2 we have

Du| < CN.f |l gy)) =2 €Nl (5,)) 0 B
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We set w(z) := 2w(z/2)/C’. Then |Dw| < 1 and so by Theorem 3.6 we have
HDw”CO‘(Bl/Q) < C(Naﬁ)v
which again implies (3.24).

Suppose then that p is merely Lipschitz continuous. Take a sequence p; € C*°(B) such that p; — p
uniformly in By and ||Dpj||Lw(Bl) < |1Dpll oo (,y- For 7 < 1, let u; be a solution to the Dirichlet problem

D?%u Duj+q),Duj+ .
—Auj — (pj() - 2) EHPUIDUED o in B,

Uj = U on B,.

As observed in Proposition 3.1, the solution exists and we have u; € C°°(B,). By comparison principle
il oo,y < [ull o (,)- Then by the first part of the proof we have the estimate

||ujHCLﬁ(BT/2) < C(N,p, ||u||L°°(B1))'

By [13, Theorem 4.14] the functions u; are equicontinuous in By and so by the Ascoli-Arzela theorem we have
u; — v uniformly in B; up to a subsequence. Moreover, by the stability principle v is a solution to (3.1) in B,
and thus by comparison principle [27, Theorem 2.6] we have v = u. By extracting a further subsequence, we
may ensure that also Du; — Du uniformly in B, /5 and so the estimate | Dul|c1s(5,,,) < C(N, D, ||[ull p«(5,))

follows. 0O

r/2)

4. Holder gradient estimates for the regularized inhomogeneous equation

In this section we consider the inhomogeneous equation

<D2u(Du +q), Du+ q>

—Au — (p(z) —2) Dutql 12

= f(z) in By, (4.1)

where p : By — R is Lipschitz continuous, pyin > 1, € > 0, ¢ € RY and f € C(B;) is bounded. We
apply the C1“-estimates obtained in Theorem 3.9 to prove regularity estimates for solutions of (4.1) with
g = 0. Our arguments are similar to those in [4, Section 3|, see also [24]. The idea is to use the well known
characterization of C''®-regularity via affine approximates. The following lemma plays a key role: It states
that if f is small, then a solution to (4.1) can be approximated by an affine function. This combined with
scaling properties of the equation essentially yields the desired affine functions.

Lemma 4.1. There exist constants e(N,p), T(N,p) € (0,1) such that the following holds: If ||| o (p,) < €
and w is a viscosity solution to (/.1) in By with ¢ € RN, w(0) = 0 and oscp, w < 1, then there exists
qd € RY such that

/

oscp, (w(z) —q¢ -x) < =T

DN | =

Moreover, we have |¢'| < C(N,p).

Proof. Suppose on the contrary that the claim does not hold. Then, for a fixed (N, p) that we will specify
later, there exists a sequence of Lipschitz continuous functions p; : By — R such that

Pmin < lgfp] < Sup p; < Pmax and (pj)L < pL,
1 B
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functions f; € C(By) such that f; — 0 uniformly in By, vectors g; € RY and viscosity solutions w; to

(D*w;(Dw; + q;), Dw; + ¢;)

—Aw; — (pj(x) —2) = fi(x) in B
T |Dw; + g + &2 ’
such that w;(0) =0, oscp, w; <1 and
/ T ! N
oscg, (wj(z) — ¢ - z) > 5 for all ¢ € R™. (4.2)

By [13, Proposition 4.10], the functions w; are uniformly Hélder continuous in B, for any r € (0,1).
Therefore by the Ascoli-Arzela theorem, we may extract a subsequence such that w; — ws and p; = peo
uniformly in B, for any r € (0,1). Moreover, p, is pr-Lipschitz continuous and pmin < Poo < Pmax. 1t then
follows from (4.2) that

oscp, (Weo(x) — ¢’ - ) > for all ¢ € RY. (4.3)

Nl

We have two cases: either ¢; is bounded or unbounded.
Case ¢; is bounded: In this case ¢; = ¢oo € RY up to a subsequence. It follows from the stability principle
that we is a viscosity solution to

<D2woo(Dwoo + QOo)aDwoo + QO<>>

A — (poo() — 2) Doty P

=0 inB. (4.4)

Hence by Theorem 3.9 we have |[Dwel| s (5, ,,) < C(N,p) for some B1(N,p). The mean value theorem

then implies the existence of ¢’ € R such that

oscp, (u—q -x) < CL(N,p)r'tFPr for all r <

N =

Case ¢; is unbounded: In this case we take a subsequence such that |g;| — oo and the sequence d; :=
d;/ |d;| converges to dos € O0B;. Then wj is a viscosity solution to

D?w;(|gj| ' Dw; +d;),|q;| " Dw; + d;
—ij—(pj(m)—2)< w; (s Dw; + dy). |a| ' Dw; + d;)

) 3 5 :fj(it) inBl.
‘\qj| ij—i-dj‘ + |g;| 7 €?

It follows from the stability principle that we is a viscosity solution to
—Aw; — (poo() — 2) (D*Woodoo, doo) =0 in By.

By [13, Theorem 8.3] there exist positive constants B2(N,p), Ca(N, p), r2(N,p) and a vector ¢’ € RY such
that

oscp, (Weo — q' - ) < Cor'™P2 for all r < rs.

We set Cp := max(C1,C3) and By := min(fS1, B2). Then by the two different cases there always exists a
vector ¢ € RY such that

1
0scp, (Weo — ¢ - 2) < Cor'tPo for all r < min(§7r2).
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We take 7 so small that Cor% < I and 7 < min(3,
we obtain

5,72). Then, by substituting r = 7 in the above display,

1
oscp, (Weo — ¢ - ) < CorPor < i (4.5)

which contradicts (4.3).

The bound |¢'| < C(N,p) follows by observing that (4.5) together with the assumption oscp, w < 1
yields |¢'| < C. Thus the contradiction is still there even if (4.3) is weakened by requiring additionally that
1 <C. O

Lemma 4.2. Let 7(N,p) and €(N,p) be as in Lemma 4.1. If ||f\|Lm ySe€ and u is a viscosity solution to
(4.1) in By with ¢ =0, u(0) =0 and oscp, u < 1, then there exists « 6 (0,1) and goo € RY such that

sup |u(z) — oo - | < C(N, )73+ for all k € N.

k

-

Proof. Step 1: We show that there exists a sequence (gx)7>, C RY such that
oscp , (u(z) — qx - 7) < rh+a) (4.6)

When k = 0, this estimate holds by setting go = 0 since u(0) = 0 and oscp, < 1. Next we take a € (0, 1)
such that 7@ > 1. We assume that k > 0 and that we have already constructed g for which (4.6) holds.
We set

wiy(z) =7 FF (u(rh ) — g - (Th2))
and
fr(x) = 7FA=) f (k).
Then by induction assumption oscpg, (wi) < 1 and wy is a viscosity solution to

(p(tFz) — 2) (D*wy,(Dwy, + 77%qx), Dwy, + 77 Fg,)
|Dwy, 4+ 7—Fogqy|? + (7—koe)?

—A’LUk — = fk(.'lﬁ) in Bl-

By Lemma 4.1 there exists ¢, € RY with |q},| < C(N,p) such that

oscp, (w(z) — g - @) <

N)I}—l

Using the definition of wy, scaling to B,«+1 and dividing by 7 %@+ we obtain from the above

7_1-|-k(1-~-04) < 7_(k-i-l)(l-i-a)_

N =

OSCB,.k-H (u( ) ((Zk + Tkaq/ ) ) <

Denoting qx+1 = qr + 77%¢},, the above estimate is condition (4.6) for k 4+ 1 and the induction step is
complete.
Step 2: Observe that whenever m > k, we have

m—1 m—1
lam —al < D 7 gl < C(N,p) Y 7

i=k i=k



18 J. Siltakoski / J. Math. Anal. Appl. 513 (2022) 126187
Therefore ¢y is a Cauchy sequence and converges to some ¢o € RY. Thus

o0
SUp (g @ — oo - @) < T g — goo| < THY T < C(N, p)THIF.
€8x i=k

This with (4.6) implies that

sup |u(x) — goo - x| < C(N,ﬁ)Tk(Ha). O
TEB i

Theorem 4.3. Suppose that u is a viscosity solution to (4.1) in By with ¢ = 0 and oscg, < 1. Then there

N

are constants o(N,p) and C(N,p, ||| p(p,)) such that
lullgracs, ) < C-
Proof. Let e(N,p) and 7(N,p) be as in Lemma 4.2. Set
v(x) := ku(x/4)
where £ := (1 + || f|l p(,)) "+ For zo € By, set
w(z) :=v(x + x0) — v(x0).
Then oscp, w < 1, w(0) = 0 and w is a viscosity solution to

(p(z/4+ x0/4) — 2) (D*wDw, Dw) B )
—Aw= |Dw|? + e2x2 /42 =gl 1n By,

where g(z) := kf(x/4+x0/4) /4. Now 9/l o< (5, < €s0 by Lemma 4.2 there exists goo(20) € RY such that

sup () = oo (w0) - 3] < C(N,p)7*(+®)  for all k € N.
S +k

Thus we have shown that for any z¢ € By there exists a vector ¢o (o) such that

sup  [v(z) — v(20) = goo(0) - (x — m0)| < C(N,p)r'*  for all r € (0,1].
z€B,(x0)

This together with a standard argument (see for example [4, Lemma A.1]) implies that [Dv]ce(p,) < C(N,p)
and so by definition of v, also [Du]ce (s, ,,) < C(N, D, [|f|l = (p,))- The conclusion of the theorem then follows
by a standard translation argument. 0O

5. Proof of the main theorem

In this section we finish the proof our main theorem.

Proof of Theorem 1.1. We may assume that u € C(B;). By Comparison Principle (Lemma B.2 in the
Appendix) u is the unique viscosity solution to

<p<z>72>|§£2‘:Dv,Dv> = f(&)+u—v in B,
(5.1)
v=1u on 831.

—Av —
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By [21, Theorem 15.18] there exists a classical solution u. to the approximate problem

(pe (m)—2)<D2uEDuE ,Du,
Ate [Du.?+e?

Us = U on 0By,

) = fe(x)+u—wu. in By,

where pe, fo,ue € C*(B;) are such that p. — p, fo — f and u. — wo uniformly in By as ¢ — 0 and
||Dp€||L°°(B1) < HDpHLOO(Bl)' The maximum principle implies that ||u€||L°°(B1) <2 Hf||L°°(Bl)+2 ||UHL°°(Bl)'

By [13, Proposition 4.14] the solutions wu. are equicontinuous in B; (their modulus of continuity depends
only on N, p, || fl| < (5,), 1@l = (p,) and modulus of continuity of u). Therefore by the Ascoli-Arzela theorem
we have u. — v € C(B7) uniformly in By up to a subsequence. By the stability principle, v is a viscosity
solution to (5.1) and thus by uniqueness v = u.

By Corollary 4.3 we have a(N,p) such that

[1Duell o, 5y < CON B I fll ooy - Nl Lo (5y)) (5.2)

and by the Lipschitz estimate A.2 also

[1Due|l oo, 5y < CN B Il ooy el Lo (8,))-

Therefore by the Ascoli-Arzela theorem there exists a subsequence such that Du. — 7 uniformly in By,
where the function 7 : By o — RY satisfies

1l ey < COV Il oy Il e )
Using the mean value theorem and the estimate (5.2), we deduce for all z,y € By,
luy) —u(z) — (y — 2) - n(2)|
< ue(®) — ue(y) — (y — @) - Duc ()|

+ |u(y) — ue(y) — u(@) + ue(z)| + |z — y| In(z) — Duc ()|
< CN,p, [ull oo () |2 = 4T + o(e) /.

Letting € — 0, this implies that Du(x) = n(z) for all z € By/,. O
Appendix A. Lipschitz estimate
In this section we apply the method of Ishii and Lions [23] to prove a Lipschitz estimate for solutions to

the inhomogeneous normalized p(x)-Laplace equation and its regularized or perturbed versions. We need
the following vector inequality.

Lemma A.1. Let a,b € RN \ {0} with a # b and e > 0. Then

a b < 2
\/|a|2 4 g2 \/|b|2—|—62 ~ max (|a|, [b])

la —b].
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Proof. We may suppose that |a| = max(|a|, |b]). Let s1 := 1/|a|® + &2 and s, := 1/|b]> + £2. Then

a b 1 b 1 b
2o Labt Zsa—s)| < lla— b+ Dy 1)
S1 So S1 So S1 52
1
< —(la = b| + [s2 — s1]).
|a|
Moreover
[laf” — [of?|
sp =il = [Vlal 22 = Bt = —— :
V0al® +¢2 +/Ibf + &2
b —1b
el D llal =l oy g

|a| + |b] -
Theorem A.2 (Lipschitz estimate). Suppose that p : By — R is Lipschitz continuous, pmin > 1 and that
f € C(By) is bounded. Let u be a viscosity solution to

<D2u(Du +q), Du + q>

—Au— (p(z) — 2) |Du—|—q\2+52

= f(z) in By,

where € > 0 and ¢ € RN, Then there are constants Co(N, p, ull oo By 1f I oo (5y)) and vo(N, ) such that
if lg| > vo or|q| =0, then we have

lu(z) —u(y)| < Colz —y| forall z,y € Byjs.

Proof. We let r(V,p) € (0,1/2) denote a small constant that will be specified later. Let zo,y0 € B, /2 and
define the function

M M
W(w,y) = u(@) — uly) — De(le —ol) — 5 o — 20> = 1y — w0l

where ¢ : [0,2] — R is given by

1

Pls) =5 = 5Th0, Ko =
and the constants L(N, D, [[ull o (p,)); M (N, D, [[ul| Lo (5,)) > 0 and v(N,p) € (1,2) are also specified later.
Our objective is to show that for a suitable choice of these constants, the function ¥ is non-positive in
B, x B,. By the definition of ¢, this yields u(zo) — u(yo) < L |x¢ — yo| which implies that u is L-Lipschitz
in B,.. The claim of the theorem then follows by standard translation arguments.

Suppose on contrary that ¥ has a positive maximum at some point (Z,9) € B, x B,.. Then & # § since
otherwise the maximum would be non-positive. We have

. 2 M 2

N " Loy M "
0 <u(@) —u(g) - Le(|2 —91) — 5 12 —@ol” = 19 — o

< Ju(@) ~ w(@)] - 5 2~ 7ol (A1)

Therefore, by taking
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we get

2
8~ 0] < /=7 [u(#) — u(s)| < r/2
and similarly [ — yo| < /2. Since o, yo € B, /2, this implies that &, € B,.

By [13, Proposition 4.10] there exist constants C"(N, p, |[ull (g, » Ifll L= (5,)) and B(N,p) € (0,1) such
that

lu(z) —u(y)| < C' |z —y|® for all 2,y € B,. (A.3)
It follows from (A.1) and (A.3) that for Cy := v2C"v M we have

N ~ ~ 2
M |2 — zo| < Col2 — 9|°"?,

M [§ —yol < Cola—|""2. (A.4)

Since # # 9, the function (x,y) — ¢(|]z —y|) is C? in a neighborhood of (#,7) and we may invoke the
Theorem of sums [14, Theorem 3.2]. For any u > 0 there exist matrices X,Y € SV such that

Z A
a L<p'(|z|)m + M(Z — x9),
/ z ~
b:= Ly (|Z|)g — M(3§ — o),
can be written as
(a, X + MI) e 7T u(@), (b)Y —MI)e T u). (A.5)

By assuming that L is large enough depending on Cj, we have by (A.4) and the fact ¢’ € [%, 1]

lal, 18] < LI¢' (12 = g + Co 2 — 91 < 2L, (A-6)
. . 1
jal 1ol > LI¢/(12 — g1)] - Col — 91"/ > S 1. (A7)
Moreover, we have
I 0 X 0
~wr2m (¢ 9) = (5 %)
B -B 2 ( B> -B?
<<_B B>+;(_B2 B2 )7 (A8)

where
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B = Ly(lo) 2 o = 4 22 UZD (I I )

|| IZ\ Iz\ |z| |z|
Using that ¢”(|z]) < 0 < ¢'(|z]) and |¢”(|2])] < ¢'(|2|)/ |z|, we deduce that
1Bl < w and ||B?| < —(‘T(|| i (A.9)
Moreover, choosing
= (1) + Z ),
and using that ¢”(|z]) < 0, we have
(B E )+ 2 (B2 5 = o+ 22216 (el < £ (A10)

We set 11 := a+ ¢ and 13 := b+ ¢. By (A.6) and (A.7) there is a constant vy(L) such that if |¢] = 0 or
|| > vo, then

Iml Il > g (A.11)
We denote A(x,n) =1+ (p(z) —2)n®@n and 77 := In\n+€2' Since u is a viscosity solution, we obtain from
(A.5)
0 < tr(A(E, 7)) (X + MI)) — tr(A(9,75) (Y — MI)) + f(2) — f(9)
= tr(A(9,72)(X = Y)) + tr((A(2,77,) — A(3,72))X)
+tr((A( 7ﬁ1) - (x,ﬁ2))X)+Mtr(A(:f',ﬁ1) +A(Qaﬁ2))
+ (&) - f(9)
=: T1+T2+T3+T4—|—T5. (A12)

We will now proceed to estimate these terms. The plan is to obtain a contradiction by absorbing the other
terms into 77 which is negative by concavity of ¢.

Estimate of 77: Multiplying (A.8) by the vector (ﬁ, —75) and using (A.10), we obtain an estimate for
the smallest eigenvalue of X —Y

Amin (X — V) < <(X —v)Z, i>

8
< 4<Bi, i> 42 <B2i, i> < 2L¢"(|2]).
2| || 1 2| |2

The eigenvalues of A(§,7),) are between min(1, pmin — 1) and max (1, pmax — 1). Therefore by [36]
Ty = tr(A@G, ) (X = Y)) < D N(A(5,72))M(X —Y)

< min(lapmin - 1)>\min(X - Y)
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< C()Le"(l2)-
Estimate of T5: We have

Ty = tr((A(2,72) — A(9,72))X) < |p(2) — p(D)| (X702, 72)| < C () 2] | X]],

where by (A.8) and (A.9)

2 n2 o Lle'(l2)] 2L2(¢'(|2]))”
||XH < ”BH + - ||B|| < I’ (12])] 2
" BT AL (e + )
2Ly’
< ¥ (‘ZD (A.13)
2|
Estimate of T5: From Lemma A.1 and the estimate (A.11) it follows that
_ 2|m —ng| 4 4
— <——— < —|m—m|==la—0b
|771 772' = max(|771| ’ |’I’}2|) =T ‘771 772| L | |
4 s X 8C,
< (M [& — ol + Mj —yol) < 121", (A.14)

L
where in the last inequality we used (A.4). Observe that

M @M =M @l = (M —72) @71 = M2 @ (Mo — )|l < (7] + [12]) 71 — 7] -
Using the last two displays, we obtain by [36] and (A.13)

Ty = tr((A(2,7,) — A(2,72))X) < N [|A(z1,7,) — Az, ) || | X]

< N lp(ar) = 2| (] + 7)) 72 = 7ol 1X]
L
< ONp lull o 111 ) VAT (20) 121727

2
< 21772 1|
Estimate of T, and T5: By Lipschitz continuity of p we have
Ty = Mtr(A(2,7,) + A(9,72)) < 2MC(N, p).
We have also
T5=f(@) = f@) < 2[fl () -

Combining the estimates, we deduce the existence of positive constants C1(N, p) and Co(N, p, [[ull < p, ) -
||f\|Loo(Bl)) such that

3
0 < C1Lg"(2]) + Co(Le!(|2]) + VM (|2]) |2 * ™ + M +1)

< C1Lyg"(|2]) + Co(L+ VM |27 + M + 1) (A.15)

where we used that ¢'(|z]) € [2,1]. We take v := g + 1 so that we have
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L—7 42 =B |21 8
" v -
©"(lz]) = o 2| = Jin || :—Cy 2|27

We apply this to (A.15) and obtain

0< (CoV/M — C1C3L) |27 4+ Co(L+ M + 1) (A.16)

We fix r := 3 ( 6C, )gj By (A.2) this will also fix M = (N, p, |ull < (p,))- We take L so large that

205V M

L > max(W
1“3

M +1).
Then by (A.16) we have
0< —%clch 12|71 4 205L < L(—%clcg,(w)%*l +2C5)
=—-LC5 <0,
which is a contradiction. O
Appendix B. Stability and comparison principles

Lemma B.1. Suppose that p € C(B1), pmin > 1 and that f : By X R — R is continuous. Let u. be a viscosity
solution to

<D2u5Du5, Du€>

—Au, — (pe(z) — 2) Du ‘2 e

= fe(z,u(x)) in By

and assume that ue — u € C(By), pe — p and fo — [ locally uniformly as e — 0. Then u is a viscosity
solution to

D?*uDu, Du)

Au— (pla) - 2)° _ -
Au — (p(x) — 2) Dl = f(z,u(x)) in Bj.

Proof. It is enough to consider supersolutions. Suppose that ¢ € C? touches u from below at x. Since
ue — u locally uniformly, there exists a sequence x. — x such that u. — ¢ has a local minimum at z.. We

denote 1. := Do(z.)/1/|De(z:)|” + €2. Then 1. — 1 € By up to a subsequence. Therefore we have

0< _AQO(J:E) - (pe(xa) - 2) <D2‘P(xa)776a775> - fa(mevua(xa))
— —Ap(z) = (p(z) — 2) (D*p(z)n,m) — f (2, u(z)), (B.1)

which is what is required in Definition 2.1 in the case Dp(x) = 0. If Dp(x) # 0, then Dy(z.) # 0 when €
is small and thus n = Dp(z)/ |Dy(z)|. Therefore B.1 again implies the desired inequality. O

Lemma B.2. Suppose that p : By — R is Lipschitz continuous, pmin > 1 and that f € C(By) is bounded.
Assume that u € C(By) is a viscosity subsolution to —A;\Ew)u < f—wuin By and that v € C(By) is a
viscosity supersolution to —Aﬁzx)v > f—wvin By. Then

u<wv ondB;
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implies
u<v in Bj.

Proof. Step 1: Assume on the contrary that the maximum of u — v in B; is positive. For x,y € By, set

U;(z,y) = u(z) —v(y) — @;(z,y),
where ¢;(z,y) == % |z — y|*. Let (z;,y;) be a global maximum point of ¥; in By x By. Then
J 4
u(@g) = v(y;) =7 leg =y 2 w(0) — v(0)

so that

J 4
1 75 = 51" < 2ull ooy + 21100l oo () < 00

By compactness and the assumption u < v on dB; there exists a subsequence such that z;,y; — 2 € By

and u(&) — v(Z) > 0. Finally, since (z;,y;) is a maximum point of ¥;, we have

"

J
ul@;) = v(z;) < ulz;) —vly;) =7 12—y
and hence by continuity
J

71— yi* < v(y) —vly;) >0 (B.2)

as j — oo.

Step 2: If x; = y;, then D2p;(x;,y;) = Diw;(xj,y;) = 0. Therefore, since the function & — u(z) —
@;(z,y;) reaches its maximum at z; and y — v(y) — (—¢;(z;,y)) reaches its minimum at y;, we obtain
from the definition of viscosity sub- and supersolutions that

0< f(z;) —u(z;) and 0= f(y;) —v(y;).
Thatis 0 < f(z;)— f(y;)+v(y;) —u(z;), which leads to a contradiction since z;,y; — & and v(&) —u(Z) < 0.

We conclude that z; # y; for all large j. Next we apply the Theorem of sums [14, Theorem 3.2] to obtain
matrices X,Y € SV such that

—2,+ —2,—
(Dap(wjp), X) € T uley),  (=Dyp(e;,u),Y) € T v(y;)
and
X 0 1
(o —Y)SDQ@(%%H;(Dz(%’vyj))z, (B.3)

where

D*(zj,y;) = (_]\]/‘(4 _]\]4\/[>

with M = j(2(z; —y;) ® (z; —y;) +|z; — yj|2 I). Multiplying the matrix inequality (B.3) by the R?V vector
(51, 52) ylelds
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(X&1,&) — (Y&, &) < (M +27"M?) (& — &),& — &)
< (1M + 2571 IM%) 161 — &l

Observe also that n := Dy¢(z;,y;) = —Dy(z;,y;) = jlz; — yj|2 (x; —y;) # 0 for all large j. Since u is a
subsolution and v is a supersolution, we thus obtain

F(5) — Flay) + ulay) - o(y;)
< (X~ V) + (play) — 2) <X1 i>—<p<yj>—2> <Y L ”>

Inl” [n [nl” Inl
N R A NN S ']
< (plz;) = 1) <X|77|’ |n|> #lys) = 1) <Y|n|’ |n|>
< (181 + 25 1M1y foCey) — 1 — fola) 1|
< Cjla; — gl p(z;) — p(y,)I° i
(\/p(fﬂj) — 14 /ply;) — 1)

A\ - 4
<C)glzj — vl

This leads to a contradiction since the left-hand side tends to u(2) —v(f) > 0 and the right-hand side tends
to zero by (B.2). O
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