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Large-scale shell-model calculations were carried out for the half-lives and branching ratios of the 2v g8
decay of 7%Ge to the ground state and the lowest three excited states 27, 05 and 2 in 7®Se. In total,
the wave functions of more than 10,000 intermediate 11 states in 76As were calculated in a three-step
procedure allowing an efficient use of the available computer resources. In the first step, 250 lowest
states, below some 5 MeV of excitation energy, were calculated without truncations within a full major
shell 0fs/ —1p — 0gg> for both protons and neutrons. The wave functions of the rest of the states, up
Keywords: to some 30 MeV, were computed in two more steps by introducing two consecutive stages of truncation.
Double-beta decay The computed magnitudes of the 2v88 nuclear matrix elements (including the value of the axial-vector
76Ge coupling ga), [May|g2, converged to the values 0.168g2, 1.2 x 10~3g2, 0.121g3, and 3.1 x 10~3g2 for

gﬁdﬁe‘j szlatles the Ogs, ZT, 0;, and 2; states, respectively. Using up-to-date phase-space integrals, the corresponding
ell mode o
Matrix elements branching ratios were derived to be 99.926%, 4.4x107>%, 0.074% and 2.5x10~7%. The experimental half-

life (1.926 4 0.094) x 102! yr of the ground-state transition was used to derive the value ga = 0.80 +
0.01 for the axial-vector coupling, which is consistent with other shell-model calculations suggesting a
quenched value of ga. Using this value of g, predictions for the transition half-lives were derived.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

Undoubtedly, the nuclear double beta decay is one of the
most relevant issues in today’s neutrino and nuclear-structure
physics. Experimentally, the most interesting nuclei decay by the
double-8~ mode, i.e., by two-neutrino double beta (2v8~87)
and neutrinoless double beta (OvB~8~) modes, hereafter sim-
ply denoted as 2vBB and OvpBgS decays. The OvBB mode is the
more interesting one owing to its connections to the beyond-
the-standard-model physics, with implications to lepton-number
violation, neutrino masses and Majorana nature of the neutrino.
The 2vBB mode is allowed in the standard model and the re-
lated half-lives have thus far been measured for more than ten
nuclei [1]. Although the 2v88 mode is not as interesting in terms
of beyond-the-standard-model physics, it is interesting in terms
of nuclear structure [2], in terms of accessing the effective value
of the weak axial coupling ga [3,4], and in terms of being an ir-
reducible background component in OvB8 measurements [5]. In
the history of double-beta-decay measurements and calculations
76Ge, decaying to the ground state and excited states of 76Se, has
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been one of the flagship cases. In this Letter, we present the first
large-scale shell-model calculation of the nuclear matrix elements
(NMEs) of the 2v88 decay of 7°Ge to the 0* ground state (0g )
and 27, 07 and 2] excited states in "®Se.

Experimentally, the double-beta-decay search for 76Ge is per-
formed with HPGe semiconductor detectors as suggested by Fiorini
et al. [6]. Due to the superb energy resolution of such detectors, it
is convenient to use them for searches of peak-like spectra, like is
the case for the OvBg decay of 7®Ge. The two dominant double-
beta-decay modes of 76Ge are the 2vg8f8 decay with the emission
of two electrons providing a continuous energy spectrum while the
neutrinoless decay mode results in a peak at the Q value. The
Q value has been measured to be 2039.061(7) keV [7]. To ob-
serve such rare event as double beta decays requires a very low
background and various components contribute. Among them are
the installation of detectors deep underground, material screen-
ing to deduce the background level especially from the natural
decay chains of U and Th. Isotopic enrichment in 76Ge is nowa-
days mandatory. Further techniques like pulse-shape analysis and
veto systems against muons help to reduce background further.
The driving experiments in the last decade have been the MAJO-
RANA demonstrator and the GERDA experiment, employing bare
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HPGe detectors, the latter within liquid argon (see the review [8]).
The GERDA has recently measured the 2v8g-decay half-life of 76Ge
to the ground state of 76Se to be Tf/ﬂz =(1.926 £ 0.094) x 10%! yr
[9].

On the nuclear-structure side, the 2vB8 decay of "6Ge to
the ground and excited states has attracted attention mainly in
the nuclear-structure community specialized to many-body frame-
works based on the quasiparticle random-phase approximation
(QRPA) [10]. The ground-state transition has usually been dealt
with by the use of the proton-neutron QRPA (pnQRPA) [11] and the
excited-state transitions have been handled by the use of various
extensions of the QRPA and pnQRPA [12]. In Civitarese et al. [13]
foundations for the multiple commutator model (MCM) were laid,
and further application of the theory to many 2vB8 decays was
performed in Aunola et al. [14]. Various higher-QRPA frameworks
were applied to 2v 38 decays by Bobyk et al. [15], Stoica et al. [16]
and Raduta et al. [17]. After the introduction of the renormalized
QRPA (RQRPA) by Toivanen et al. [18], the theory was applied to
2vBB decays by the same authors in [19] and by Schwieger et al.
in [20]. No shell-model calculations before the present one could
be achieved due to limited computational resources which could
not match the number of active valence particles in a realistic va-
lence space covering the 0fs5,, — 1p — 0gg/2 major shell, for both
protons and neutrons. In particular, the involved nuclei, 76Ge, 76Se
and the intermediate nucleus 76As, are almost in the middle of the
0fs/2 —1p —0gg/2 major shell in terms of the proton (Z =32 —34)
and neutron (N = 42 — 44) numbers.

The half-life of 2vB8 decay is given by [2]

1
2v)

- 1
1/2 G(2v)g;1\|M2v|2’ (1)

where G2¥) is the phase-space integral which captures the kine-
matics of the decay. For the evaluation of the phase-space integral

we use the values (readily available for the decays to Oé‘fs‘, O; and

ZT) and expressions given in [21]. The quantity M», is the 2v88
NME which encodes the nuclear-structure information and can be
written for 8~ B~ decay from the initial 0% ground state (Ogs.) as

_— JHlloT 111 Aot 1108, )
2T TR Qup + E() — Mil/me + DE

where ] is the spin of the final state (0 or 2 in the present case),
me is the electron rest mass, E(1/;) — M; is the energy difference
between the m™ intermediate 17 state and the ground state of the
initial nucleus and Qgg is the energy released in the decay, i.e., the
Q value. The power k assumes the value k=1 for ] =0 and k=3
for | =2 (see the derivation and discussion in [22]). The sum runs
over the 17 states in the intermediate nucleus and the exponent of
the denominator is one for the decays to the 0T states and three
for the decays to the 2 states. Because of the higher exponent,
the cumulative matrix elements for the decays to the 27 states are
not only much smaller than for the decays to the 0% states, but
they also converge much faster as functions of the energy of the
intermediate 17 states.

The third quantity in eq. (1) is the axial-vector coupling con-
stant ga. Its free-nucleon value determined from the neutron de-
cay half-life is gao = 1.27. However, when calculations for 2v8g
decays have been carried out using the nuclear shell model and
other microscopic nuclear-structure models, quenched values of
ga ~ 1 (or even less, see the reviews [3,4]) have been consis-
tently needed for reproducing the experimental half-lives (see also
the review [5]). In the present study, we predict branching ra-
tios which are independent of the adopted value of ga as long
as we make the reasonable assumption that the needed effec-
tive value is the same for all the transitions. While the NMEs

(2)
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are not without their own nuclear-structure-related uncertainties
(restricted single-particle model spaces, lacking many-body config-
urations and three-body forces, etc.), the quenching issue is be-
lieved to be related to the impulse approximation (see [23]) lead-
ing to the omission of the meson-exchange (or two-body) currents,
shown to be quite important by Gysbers et al. [24]. The present
shell-model calculations exploit an effective nuclear Hamiltonian
where the deficiencies pertaining to nuclear structure and lack of
meson-exchange currents have been (at least partially) compen-
sated by fitting the two-body Hamiltonian to independent data in
a nuclear region relevant for the present calculations. Again, the
branching ratios are less sensitive to these deficiencies since they
tend to cancel when taking ratios of the transition half-lives.

The nuclear-structure calculations for the wave functions and
one-body transition densities (OBTDs), needed for the evaluation
of the transition half-lives, were carried out with the shell-model
software NuShellX@MSU [25].

The calculations were carried out in a single-particle model
space consisting of the orbitals 0fs; — 1p — 0gg> using the ef-
fective Hamiltonian JUN45 [26]. The same Hamiltonian was used
to successfully describe observables such as level schemes and
half-lives of the neighboring nuclei 7'Ge and 7'Ga in [27]. The
computational burden of carrying out the calculations in the en-
tire model space is enormous and even using a powerful computer
cluster some compromises had to be made. In any case, we man-
aged to calculate 250 intermediate 17 states in ’6As using the
full model space, as well as the initial state Of in 76Ge and the
four final states of interest O, 03, 2{ and 23 in 7®Se. There are
a couple additional states in 76Se to which a 2vgg transition is
not energetically forbidden but due to the much smaller Q -values
and/or larger differences in angular momentum between the ini-
tial and final states, the branching ratios to these states are orders
of magnitude smaller and can not be experimentally detected in
the foreseeable future. The shell-model Hamiltonian managed to
reproduce the low-energy spectrum of 76Se well: the ordering of
the four final states was correct, with the predicted energies of the
excited 27, 05 and 2] states being 562 keV, 1060 keV and 1397
keV, agreeing nicely with the corresponding experimental energies
of 559 keV, 1122 keV and 1216 keV [28].

The density of the 11 states in 76As is high and we ended up
in a three-step shell-model calculation in order to handle these
states up to excitation energies that guarantee the convergence of
the 2vB8 NMEs. In the first step, we managed to calculate the
lowest 250 intermediate 17 states in the full 0fs;2 —1p — 0g92
model space, reaching 4.7 MeV in excitation energy. Since we can
expect contributions from higher intermediate states to be signif-
icant, we carried out additional calculations for these states using
two sequential truncations of the model space. With the first trun-
cation, i.e. keeping the neutron orbital 0fs/, filled, we managed
to calculate also the next 250 1% states, having now access to the
lowest 500 intermediate states in the second step of the calcu-
lations. In the third step we kept, in addition, the proton orbital
0g9/2 empty, which allowed us to calculate the lowest 9999 in-
termediate states and reach 30.6 MeV in excitation energy. These
three steps were combined so that the OBTDs and excitation en-
ergies were extracted as follows: For the lowest 250 intermediate
1t states we used the first-step results of the full-models-space
calculation, for the next 250 17 states we used the results of the
second-step truncated calculation and for the rest of the 17 states
we used the results of the third-step truncated calculation. Since
the density of states was highest for the first-step full calculation
and lowest for the most truncated third-step calculation, we ended
up with 10,266 intermediate 17 states instead of the 9999 states
of the most truncated calculation.

Since kinematics have a huge effect on the predicted half-lives,
we used the available experimental information to fix the excita-
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Fig. 1. Cumulative 2v88 NMEs My, for the decay of ®Ge to the 07 and 0J states
in 76Se as functions of the excitation energy of the intermediate states in 76As. The
full calculation (solid line) has been carried out in the 0fs, — 1p — 0gg/> model
space, for truncation 1 (dotted line) the neutron orbital 0gs,> was kept full and for
Truncation 2 (dashed line), additionally, the proton orbital 0gg/> was kept empty.
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Fig. 2. The same as in Fig. 1 for cumulative 2v88 NMEs My, of the decay of 76Ge
to the 27 and 2] states in "SSe.

tion energies of the lowest intermediate 17 states. The calculations
predict 2~ as the ground state in “As, in agreement with the data.
The computed excitation energies of the lowest three 1% states are
185 keV, 360 keV and 519 keV, consistently by some 140 — 400
keV higher than the experimental energies of 44.425(1) keV, 87
keV and 120 keV [28]. There is currently no reliable experimen-
tal information on the excitation energies of the higher 17 states.
In order to achieve the maximal experimental input, the computed
excitation energies of the mentioned 17 states were shifted for all
calculations so as to match the measured energies.

The cumulative nuclear matrix elements My, for the decays to
the 0F; and 05 states are presented in Fig. 1 and those to the

2T and 2; states are given in Fig. 2. The matrix elements for the
decays to the 0" states seem to have converged by 10 MeV in
excitation energy and for the decays to the 2% states by about 3
MeV in excitation energy.

The three-step shell-model application predicts the values of
the 2vBB NMEs (including the value of the axial-vector cou-
pling ga), [M2,|g3, to be 0.168gZ, 1.2 x 1073gZ, 0.121g3, and
3.1x 1073 g} for the 04, 27, 03 and 27 states, respectively. When
only using the first-step results, i.e. the 250 states from the full-
model-space calculations, the corresponding matrix elements are
0.166g3, 1.2 x 1073g2, 0.128g2, and 3.1 x 10~3g2, respectively.
This means that the effects of the higher states on the final NMEs
are fairly modest, with the main difference being that the NME
for the decay to the 0;“ state is somewhat smaller in the three-
step calculation, leading to a reduction of the branching ratio to
the O;r state by 12% in relative terms. The second step of the
calculations converges the NMEs to essentially their final values

Physics Letters B 831 (2022) 137170
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Fig. 3. Scheme for the 2vA8 decay of 76Ge based on the present large-scale shell-
model calculations. The predicted branching ratios for the 27 and 27 states are
9.1x107°% and 5.0x10~7%, respectively.

as indicated by the dotted lines in Figs. 1 and 2. The final con-
vergence is achieved in step 3. Concerning the accuracy of the
present results, one can compare the present results with those
of the large-scale jun45 shell-model calculation of Caurier et al.
[29] in the same single-particle valence space. The calculation of
[29] gives for the ground-state NME the value 0.1 70g/2\ which is al-
most exactly the value obtained in the present calculation. Both of
these results are also in line with the result of the jun45 calcula-
tion of Brown et al. [30]. Furthermore, one has to point out that
the presently used single-particle valence space, one major shell,
is rather limited and contributions from the outside of the valence
space may be expected. However, these outside contributions can
be, to a large extent, taken into account by the spectroscopy-fitted
effective Hamiltonian used in our calculations.

The computed NMEs and phase-space integrals can be used
to derive the branching ratios 99.926%, 4.4x107°>%, 0.074%, and
2.5x1077% for the transitions to the 05, 2], 07, and 23 states,
respectively. These branching ratios are shown schematically in
Fig. 3. The experimental half-life of (1.926 + 0.094) x 10%! yr,
obtained for the ground-state-to-ground-state decay [9], can be
achieved with the value ga = 0.80 £ 0.01 of the axial coupling,
which is in line with what has been seen in many shell-model
calculations, i.e., that a quenched value of the axial coupling is
needed to reproduce the experimental results (see the review [3]).
Using this value of the axial coupling, the half-lives for the excited-
state transitions listed in Table 1 were derived. The uncertainties of
the computed half-lives include only the uncertainty related to the
value of g, i.e., to the experimental half-life of the ground-state
transition. This is because the uncertainties related to the matrix
elements cannot be reliably estimated, though our adopted method
controls for systematic under- or overestimation related to the
valence space by fixing the ground-state-to-ground-state half-life
using experimental data. In the same table the currently known
experimental half-lives and their lower limits are shown. As can
be seen, the experimental lower limit for the half-life of the tran-
sition to the 02+ state is some two orders of magnitude lower than
the computed half-life. For the other transitions the experimental
half-life limits are way lower than the computed half-lives.

In Table 2 we compare the presently obtained shell-model re-
sults for the ground-state and excited-state transitions with the
corresponding results of other calculations found in the literature
(excluding the already mentioned two shell-model results [29,30]
for the ground-state transition). For the ground-state transition the
presently computed NME, 0.168, reproduces the measured half-
life with ga = 0.80 £ 0.01 and the rest of the calculations with
quenched values in the range ga = 0.97 — 1.2. For the decay to the
2T state the presently obtained result is quite close to the MCM
result of [13] and the HRPA result of [17]. Also the other results



J. Kostensalo, J. Suhonen and K. Zuber Physics Letters B 831 (2022) 137170

Table 1

Shell-model calculated 2v88 NMEs, phase-space integrals and half-lives (columns 3-5) for the decay of 76Ge to the
ground state and lowest three excited states (column 1) of 76Se. The phase-space integrals for the lowest three states
are taken from [21] and the fourth one has been calculated using the formulas of this reference. Experimental Q
values (column 2) are used in the calculations. The half-life for the ground-state transition matches the measured
one [9] and the rest of the half-lives are based on the shell model calculations using ga = 0.80 + 0.01, derived from
the comparison of the computed half-life with the experimental one for the ground-state transition. The uncertainties
include only the uncertainty related to the value of the experimental half-life of the ground-state transition. In the
sixth column we list the measured lower limits for the half-lives, including the corresponding reference in the last

column.

™ keV M G (yr! T8 (th T/ Ref
]f Qﬂ,ﬁ' (keV) [May | (yr=1) 1/2( .) (yr) 1/2(6Xp.) (yr) er.
04, 2039 0.168 4.51 x 10720 (1.926 + 0.094) x 10%! (1.926 +0.094) x 10%! [9]
2F 1480 12x1073 4.0x 10722 (4.37 +0.20) x 10?7 >1.1 x 10%! [32]
0y 917 0.121 6.4x 103 (2.60 +0.13) x 10* >6.2x 10?1 (31]
25 823 31x107%  333x107%®  (7.57+0.37) x 10%° >1.4x 1021 [32]

Table 2

Comparison of the presently computed 2v88 NMEs (last line) with earlier calculations for the ngs., 2?, 0;
and 2; states (columns 1-4). Column 5 indicates the used theory, with MCM=Multiple Commutator Model,
HQRPA=Higher QRPA, RQRPA=Renormalized QRPA, SM=shell model. The last column gives the reference to
the calculation.

My (OF ) M2 (2])] M2, (03)] M2y 23)] Theory  Ref.
0.074 1x1073 0.363 3x1073 MCM [13]
- 2 %1073 - - HQRPA [15]
0.100 3x1073 0.838 3x1073 MCM [14]
0.083 0.013 0.056 - HQRPA  [16]
0.074 3x1073 0.130 — 0.229 (7-12) x 1073 RQRPA [19]
- (0.48 —0.65) x 1073 - - RQRPA [20]
0113 0.74x 1073 - - HRPA [17]
0.168 1.2x1073 0121 3.1x 1073 SM This work

are not very far from the present result, except the HQRPA result
of [16]. For the decay to the 02+ state the presently computed NME
is quite close to the RQRPA one of [19] and not very far from the
MCM result of [13] and the HQRPA result of [16]. Concerning the
decay to the 22+ state, the presently obtained NME is consistent
with the MCM results of [13,14]. Overall, the present results for
the excited-state NMEs correspond surprisingly closely to the MCM
results of Civitarese et al. [13].

In this Letter we present the first large-scale shell-model cal-
culations concerning the 2v88 decay of 7Ge to both the ground
state and the lowest three excited states 27, 05 and 23 in 7®Se.
Due to the fact that the proton and neutron Fermi surfaces of the
involved nuclei are roughly at the middle of the 0fs/, —1p —0g92
major shell, adopted as the valence space of our calculations, the
computational challenges are formidable even for a powerful com-
puter cluster used in the present calculations. This is why we per-
formed the computations of the related nuclear matrix elements
by introducing a three-step procedure. The first step allowed us
to extract the wave functions of the intermediate 1% states in
76As in a full valence space below the low-energy limit of some
5 MeV. These states essentially determine the magnitude of the
NMEs for the 2% states and carry the bulk of the contributions
to the NMEs of the 01 states. The wave functions for the states
above the low-energy limit were computed in two steps by im-
posing two consecutive truncations in the valence space. All the
NMEs were converged very close to their final values already after
the first truncation in step 2. The third step guaranteed the con-
vergence of the NMEs, and they were subsequently used to derive
branching ratios for the decays to the ground and excited states by
adopting up-to-date phase-space integrals. Concerning decay tran-
sitions to these excited states, our computed branching ratios can
be used as guidelines in designing future 2vBg-decay experiments
using a 76Ge source.

The measured half-life of the ground-state transition could be
achieved by using the value ga = 0.80 + 0.01 for the axial-vector
coupling. Adopting this value of the axial coupling, the half-lives
for the decay transitions to the ground and excited states were de-
rived. Comparing our results for the NMEs with those of other cal-
culations, based on higher QRPA schemes of various kinds, showed
a reasonable overall agreement with most of the calculations for
all NMEs. In particular, we recorded a very good agreement with
the MCM results of Civitarese et al. [13] for the excited-state
NMEs. The step-wise shell-model calculations, introduced by us
in this Letter, could possibly be used in other computationally in-
tense 2vpBpB-decay and/or OvpBB-decay calculations in the future.
An other possible way to speed up the calculations and possibly
avoid model-space truncations is to use the Lanczos algorithm as
described in [33-35].
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