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Abstract

In this article, we study stability estimates when recovering magnetic fields and electric potentials in a
simply connected open subset in R” with n > 3, from measurements on open subsets of its boundary. This
inverse problem is associated with a magnetic Schrodinger operator. Our estimates are quantitative versions
of the uniqueness results obtained by D. Dos Santos Ferreira, C.E. Kenig, J. Sjostrand and G. Uhlmann in
[13]. The moduli of continuity are of logarithmic type.
© 2022 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Let Q C R" (n > 3) be a bounded open and connected set with smooth boundary 9$2. We
consider the following magnetic Schrédinger operator:

Lag:=D*+A-D+D-A+A*+q,

where A2=A-A, D= —iV, D>=D -D, and A = (Aj)’;:1 e Wb (Q;C") and ¢ €
L™ ($2; C) denote the magnetic and electric potentials, respectively. Throughout this manuscript,
we consider A as a 1-form and then d A as a 2-form, more precisely:

n
A=Y Ajdx; and dA= Y (3xAx— O Aj)dx; Ady,.
j=1 1<j<k<n

The inverse boundary value problem (IBVP) under consideration in this article is to recover
information (in €2) about the magnetic field dA and the electric potential ¢ from voltage and
current measurements on open subsets of 92. To describe our results, we denote by F and B
two arbitrary and nonempty subsets of d€2. The local boundary measurements are captured into
the partial Dirichlet-Neumann (DN) map:

Aﬁ;;F: HY*(B) — H™'2(Q)
f = (- (V+iAug)lr,

where v(x) is the outer unit normal of x € 9%, the set H'/?(B) denotes the space consisting of
all f e H'/2(3Q) such that supp(f) C Band uy € H'(Q) solves the equation L4 4u =0 in
Q with u|pq = f. The existence and the uniqueness of solutions is ensured if, for instance, we
assume 0 to be not a Dirichlet L>($2)-eigenvalue of £ A,q- According to the choice of the sets F
and B, we can mainly distinguish two classes of IBVPs:

e Full data. When F = B = 0.
e Partial data. Either, F' # 02 or B # 02 are nonempty sets.

The DN map associated to full data cases has a gauge invariance [32]. In fact, if ¢ € C1(Q) is
a real-valued function with ¢|3q = 0, then one has A"Qq_"’s2 Aj’&?"% It shows that the DN
map does not distinguish perturbations in gradient forms of the magnetic potentials. Due to this

we only expect to recover d A and g, which is what actually happens, see for instance [32], [33].
The framework of our work is contained in the category of IBVPs with partial data. Through-
out this manuscript, we consider B = 92 and F being an open neighborhood of the illuminated

boundary region of 92 defined by
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9Q2_ o(x0) :={x €9 : (x —xp,v(x)) <0}, (1.1

where xg € R" \ ch(S). Here ch(S2) stands for the convex hull of Q. Notice that if € is strictly
convex then F could be arbitrarily small. We also consider the shadowed boundary region:

024 0(xp) :={x € 92 : (x —xp, v(x)) >0}. (1.2)

To define an appropriate partial DN map we introduce a boundary cutoff function xr sup-

ported on F such that it equals to 1 on 92— ¢(x¢). Thus, the partial DN map A"’AQ;F = AE\ q is
defined as

A HI20Q) > H1(09Q)
“ AP0 (1.3)
f = XFQ4 f
Our first result states that the magnetic field and the electric potential are wholly determined
(in ) by Ai’q, like to the full data case.

Theorem 1.1. Let A € cl(; C™) and qj € L®°(RQ) for j =1, 2. Assume that 0 is not a Dirich-
let eigenvalue in L*(2) of Lajq;- If

Ai],q]f:Aiz’qu forall f € H'?(39),

then dA1 =dAjy and g1 = q2 in Q.

This result is not really new. It was proved in [7-13] and [22] by assuming the magnetic po-
tentials to be C2 and Holder continuous, respectively; while the electric potentials are bounded.
It is also the aim of this work to provide the corresponding quantitative versions of Theorem 1.1.
To derive stability results, one needs a priori bounds on the potentials to control their high os-
cillations. According to [30, Proposition 3.6], see also [14, Lemma 1.1], it is known that the
characteristic function of Q (denoted by xgq) belongs to H? (R") with o € (0, 1/2), whenever
d%2 is smooth enough, as in our case. Motivated by this fact, we consider the class of admissible
potentials.

Definition 1.2. Given M > 0 and o € (0, 1/2), we define the class of admissible magnetic
potentials </ (2, M, o) by

A (M, o) = iw e CHO R, C") s supp W C 2, [ Wl 1o < M} .

Definition 1.3. Given M > 0 and o € (0, 1/2), we define the class of admissible electric poten-
tials 2(2, M, o) by

2(2,M,0)={VeL®NHR";C):suppV CQ, [Vl +IVIge <M}.
For a function i : Q@ — C (or C"), we denote by xq#h its extension by zero out of 2. Through-
out this paper, we write a < b whenever a and b are non-negative quantities that satisfy a < Cb

for a constant C > 0 only depending on €2 and a priori assumptions on the potentials.
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Theorem 1.4. Let M > 0, 0 € (0,1/2) and j =1, 2. Assume that 0 is not a Dirichlet eigenvalue
in L*(Q) of LA4;.q;- Then there exists C > 0 (depending on n, 2, M, o) such that the following
estimate

o
3(I+o0)

[dA1 = dAsl ) = C Jlog [tog | A7 — A3

holds for all q; € L°°(RQ) and for all xqA; € &/ (Q, M, o) satisfying A1 = Ay and 3,A1 = 3,A;
on 0L2.

Theorem 1.5. Let M > 0, 0 € (0, 1/2) and j =1, 2. Assume that O is not a Dirichlet eigenvalue
in L*(R) of L;,q;- Then there exists C > 0 (depending on n, 2, M, o) such that the following
estimate

o
3(c+1)

g1 — q2llp2q) < C ‘log ‘log )log HAti - A%H ‘H

holds for all xoq; € 2(2, M,0) and for all xoA; € &/ (2, M,0) satisfying Ay = Ay and
0yA; =09,A2 on O

The notation || - || in above Theorem 1.4 and Theorem 1.5 stand for |- | g1/250)— m-12(30)>
which in turn is defined in a standard way by

sup ” XFAA,qf ”H’I/Z(E)Q) . (14)

Aq —1
12¢0)=

o =
H'2(0Q)—H~1/2(8Q) ”f”H

We now describe some earlier results. In the absence of a magnetic potential, our results are
closely connected with the widely studied Calderén’s problem [6]. It consists of recovering the
interior conductivity of a body from electrical measurements on its whole boundary. A weak
version of this problem was first studied in [5], where the authors proved that it is enough to take
measurements on large subsets of the boundary for recovering the electric potential. Since the
IBVPs are high ill-posed, it is not surprising to get moduli of logarithmic type continuities when
obtaining stability estimates [2], [16]. In fact, it was proved in [24] that the optimal moduli of
continuity when recovering potentials in the Calderén problem is the logarithmic one, at least by
the method of complex geometric solutions. We have not attempted to be exhaustive in references
related to IBVPs in other settings with incomplete information in the absence of magnetic poten-
tials, and closely related inverse problems like reconstruction methods. We recommend [20] for
a more comprehensive bibliography and for a more gentle introduction to these issues. The first
uniqueness result of a full data case was obtained for small magnetic potentials [32]. This con-
dition was removed in [25] by assuming C? compactly supported magnetic potentials. See also
[12] for uniqueness on manifolds. Uniqueness for full data was improved in [23], only assuming
bounded potentials. In this case, stability estimates were derived in [10].

The proof of Theorem 1.1 is an immediate consequence of Theorem 1.4 and Theorem 1.5.
Theorem 1.1 was first proved in [21] when A = 0 and stability estimates were obtained in consec-
utive works in [8] and [9] by proving proper bounds for the Radon transform and the attenuated
geodesic ray transform. In the presence of a magnetic potential, Theorem 1.1 was proved in [13],
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[19], and [7], under smoothness assumptions on the potentials. Our stability estimates in Theo-
rem 1.4 and Theorem 1.5 are the quantification of the corresponding uniqueness results derived
in [13], [19], and [7].

The proofs of Theorem 1.4 and Theorem 1.5 will be carried out by deriving first an integral
identity relating the partial boundary data, i.e., the partial DN maps, with the unknown mag-
netic and electric potentials. After that, we construct complex geometric optics (CGO) solutions
ue HY(Q) to La,qu=01in €, through a suitable Carleman estimate for a conjugate version of
L 4,4 To obtain information about the potentials, we insert the CGO solutions into the first step’s
integral identity. Now we have to deal with boundary terms from the shadowed boundary region
9824 0(xp) defined by (1.2). We use another Carleman estimate with boundary terms, which,
roughly speaking, gives controllability of the boundary terms coming from the shadowed region
9824 0(x0) by similar terms from the illuminated part d€2_ o(xo). This step might be set aside by
using another CGO solutions vanishing on the shadow region of the boundary as in [7], but in
counterpart, we shall need to increase the regularity on the magnetic potentials (slightly bigger
than C?). After introducing coordinates from €2 to a compact subset of C x $"72, we get in-
formation on the attenuated geodesic ray transform of certain functions involving the potentials.
To decouple the information from the previous step, we establish estimates for the attenuated
geodesic ray transform, which are valid for small real attenuations, see Theorem 2.5. To transfer
the information from small attenuations to the whole real line, we have to add one logarithm in
our estimates. This fact is closely connected with the quantification of Fourier transform’s unique
continuation, see Lemma B.4. In most of our computations, we will only need the magnetic po-
tentials of class C!. The extra regularity C!'* is only needed to use the Fourier transform’s
unique continuation, see Lemma B.4. The conditions A = A, and 9,,A] = 9, A2 on 02 are
needed to extend A; — Aj to a slightly larger open set than  while preserving the C'*° regu-
larity. The situation is a bit different when proving Theorem 1.5. In this part, we take advantage
of the DN map’s gauge invariance to use the already established stability estimate for the mag-
netic fields, utilizing a Hodge decomposition for A; — A, derived in [33]. This step involves
two logarithms coming from Theorem 1.4, and once again, an extra logarithm has to be added to
extend the Fourier transform information from small attenuations to R.

On the other hand, when a fixed direction in $”~! determines the illuminated boundary re-
gion, uniqueness was obtained [5] to the case A =0, and in the presence of a magnetic potential
in [33]. The author in [33] also obtained stability estimates of logarithmic type. They considered
partial boundary information in open sets slightly larger than the half of 9. Note that in our
case, the boundary information can be taken in arbitrary small subsets of 92 when €2 is convex.
This geometric feature makes a huge difference in studying both IBVPs. One of the most note-
worthy of which are the coordinates we work. The CGO solutions in the presence of a magnetic
potential involve an exponential term, whose exponent satisfies a 3-equation. This equation can
be solved by using the so-called Cauchy transform. The exponential term must be adequately
removed from our estimates while keeping track of the constants’ dependence on all intermedi-
ate estimates. In [23], [28], and [32], the coordinates introduced in €2 are globally defined, so
it is possible to remove the exponential term by using the asymptotic behavior at infinity of the
Cauchy transform. In particular, one can take limits when the spatial variable |x| — co to remove
the exponential term from the intermediate estimates. This argument does not work in our case
because our approach uses geodesic coordinates (natural coordinates of the attenuated geodesic
ray transform), which induces a variable living in the complex plane C. We cannot use the previ-
ous asymptotic argument since we might intersect some branches where the complex logarithm
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function could not be well defined when taking the complex variable |z| — co. To overcome
this difficulty, in Lemma B.1 we derive a quantitative version of holomorphic extensions into the
complex unit ball of functions initially defined in the complex unit sphere.

This is the most technical and challenging part of the article. See Appendix for details. Our
method to deal with this issue can be easily adapted to study other stability estimates for ex-
tensive IBVPs with partial data associated with elliptic and biharmonic operators. It is worth
mentioning that quantitative versions of holomorphic extensions, and their applications, are in-
terested in themselves.

This paper is organized as follows. In Section 2, we introduce the attenuated geodesic ray
transform and its main properties. Section 3 is devoted to constructing CGO solutions to the
magnetic Schrodinger equation by using geodesic coordinates. In Section 4 and Section 5, we
prove Theorem 1.4 and Theorem 1.5, respectively. Finally, the Appendix is entirely dedicated
to explaining how to remove the exponential term satisfactorily when proving stability estimates
for the magnetic potentials; see Theorem A.1.

2. Attenuated geodesic ray transform on hemispheres

In this section, we prove the attenuated geodesic ray transform’s continuity properties defined
on a slightly smaller open subset than the upper half hemisphere. For 7 € [0, 1), let first define

syt ={res x> n) cre.

Now consider 0 < 8/ < 8 < 1 and Si_,l provided with the metric induced by the canonical
Euclidean metric. The set of boundary inward-pointing unit vectors to the unit sphere bundle

s ={omersiytim=1|
is given by
0.8 ={ . m e SEIh v easty) (v <0},

where v denotes the outer unit normal vector to BS’ll_g,l . Let H be a complex-valued function
defined on § (Sil;,l). The geodesic ray transform with real attenuation —A < 0 of H at (y,n) €
8+S(SZB} ) is defined by

T(y,m)
(T H)(y,n) = / e M H (yy 9), 1y, (0)) db, 2.1
0

where t(y, n) denotes the first arrival time to 35279/1 of the unit speed geodesic yy , starting at y

with initial velocity . The upper dot " := % represents the derivative of the variable 6.
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Remark 2.1. Following [9, Section 2.1], we consider the following measure on d,5(S" l)

>p’
du(y,n)=1{n,v(y)|dydn
and the corresponding L2-norm by
2 _ 2
I|F||L2(3+S(Si;;)) = / |F(y, mIdu(y, n)
3+S(S"ﬁ,)
= / / |F(y. )Pl (0. v(y) |dndy.
as"ﬂ, ytnsty!
Using Santalé’s formula, see for instance [11, Lemma A.8]:
7(y,n)
/ F(x,8)dxd§ = / f F (vy,n(0), y.0(©)) dO dp(y, n) (2.2)
NEp aysestyn 0

one can deduce the continuity of 7 in Sobolev spaces. In particular, if F only depends on the
variable x, then

| T(y,m)
[ roar=gm [ [ FOra@)doducn.
n—1 n 0
5! 958"

Lemma 2.2. Let A € R and o € [0, 1]. The attenuated geodeszc ray transform T)_ defined by (2.1)
is a bounded operator from H® (S(S>/3, ) to H® (8+S(S>ﬁ, ).

Proof. We only prove the result for 0 = 0 and o = 1. The result for intermediate values will
follow by interpolation By a density argument, it is enough to prove the result for every H €
C(S (S" 1)), and indeed we shall assume this regularity through the computations in this proof.

Case 0 = 0. Combining Cauchy-Schwarz’s inequality with a direct application of Santald’s for-
mula (2.2) to |H|?, we obtain

2
T gy = [ TR
0+S(S”ﬂ,)
T(y,n)
< T / f|H(yy,n(9>,y'y,n(e))ﬁdedu(y,n)

a,s(st,) O

481



L. Potenciano-Machado, A. Ruiz and L. Tzou Journal of Differential Equations 321 (2022) 475-521

=m / |H (x, &)|?dx dE
S8,

2|A|m 2
=Tme H —1yy
| ”L2<S(SQ )

which immediately implies the L>-continuity of 7.
Case o = 1. In this case, it is enough to relate the differential maps of 7) H and H in their

corresponding domains, and then use again Santalé’s formula (2.2) as in case o = 0. Consider
(y,n) € 8+S(SZ;3,1). Recall that dT; H(y,n) is a linear map from T, 3.8(8">H to C. To

>p'
obtain a suitable bound for d T; H(y, 1), we consider (y', n) € T(y ) 8+S(SZ/_S,1) and for €g > 0
small enough, a smooth curve I" : (—¢p, €9) — 8+S(Sig/]) so that I'(0) = (v, ) and (%F)ls:() =

(y',n"). Writing T'(s) = (I';(s), '2(s)), these conditions read as

d d
@O =y, TI20)=n, (d—F1> =y, <—F2> =7
s |s=0 dS |x=0

By definition, we have in C:

d
dTH(y,m) ', n)= <£(Tx H)(F(s)))

|x =0

A direct application of the chain rule yields

d
d—(TA H)(T(s))

)

(T1(s),T2(s)) d
- / e = (H (vr(9.729 0), 711,02 0)) ) 6
0
=21 (T1(5),T2(s)) d
+e 1 - (t(T1(s), T2(5)))
X H (yr1(9).720) (T(T1(8), T2()), V1 (9), 1) (T(T1(5), T2(5)))) -

Since H is compactly supported on § (Si,_s’])’ it follows that the second term on the right vanishes
when evaluating at s = 0. Hence

(y.m)

_ d .
AT H(y,n) (Y, 1) = / e <%H(J/Fl(s),rz(s)(e)vVF](S),Fz(S)(Q))>| de.
0 s=0

To compute the derivative at s = 0 in the right-hand side, we introduce the geodesic flow. For

each 0 € (—¢, €9), consider the map Oy : S(SZ/_S,]) — S(SZ/_S,]) defined by

o (x, &) = (yx,5(0), Yx,£(0)).
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Note that ®¢ is the identity operator in S (Si}_g,l), Og,+6, = Op, o By, for every 01, 6, small
enough. Moreover, the map ®j is a diffeomorphism for each 6 € (—ep, €p). It allows us to define
the smooth map O : (—eg, €0) x S(Szﬁ,l) — S(Szﬁ,l) by

O(0; (x,8)) =Og(x, §).

In geometric language, this map is usually called the geodesic flow associated to Siﬁl. We refer
the reader to [26, Chapter 1] and [18, Notes 8] for a detailed treatment of the geodesic flow’s
regularity propertles in Riemannian manifolds. Fixing 8 € (0, 7(y, 7)), s = Og(T"1(s), ['2(s)) is
acurve in S(S" ) with initial condition ®y(y, 1) and initial velocity (dYOQ(Fl(s) Fz(s)))
By definition we have

ls=0"

d
<5®0(F1(S), Fz(S))) = (d®(y, MO, ).

ls=0

Adding up all previous facts, we get

d .
(gH (Y1 (9), () (), Vrl(s),rz(s)(Q)))

‘s=0
d

= (d_H (©g(T1(s), Fz(S))))
s ls=0

= (dH (yy,y(0), 7y,59))) ((dOa (y, M ', 1)

For our purpose, it is enough to know that d®¢(y, ) remains uniformly bounded with universal
constant independent of 8 and (y, n). Indeed, by [26, Lemma 1.40], we have

d®g(y,m(Y',n') = Jiy.i)(0) + Do J(y ) (6),

where J(, ;) is the Jacobi field along the geodesic & — y, ,(f) with initial conditions
Jiy .y (0) = (¥, n")p and Do Jy 1y (0) = (', n')y. Here Dy, (y', "), and (¥, '), stand for the
covariant derivative with respect to @, and the horizontal and vertical decomposition of (y’, ),
respectively. Combining the above computations, we get the estimate

(y,n)
I(dT5 H)(y, n)|* < Crr 217 / |dH (yy.,(0), Vy.n(0))*d6.
0

Finally, integrating both sides in 945 (SZ/_B,I) and using Santaldé’s formula (2.2), the case o0 =1
follows immediately. The proof is completed. O

From now on, we restrict our study of 7j to a partlcular family of smooth functions in
S(S” ). Denote by p = (x,&) the elements of S(S” 1), where x = 7(p) and £ its cor-

respondmg unit tangent vector. Given a function f € C*°(SZ ﬂ,) and a 1-form field @ €

Cc>® (Siﬁ}, Al (S” 1), we can define the affine function (affine in & for each fixed x) on S(S" h
by
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H(p) = f(x) +a(x)). (2.3)

The operator 7 has a non-empty kernel in this subset of functions. Indeed, 7) (—AB+dB) = 0 for
all smooth function 3 € C oo(Sil_g,l) with B[, ¢»-1 = 0. In particular, Lemma 2.2 gives us bounds
>p/

from above for 7). However, it is not obvious at all how to get similar bounds from below. It can
be addressed by using the normal operator 7;* T;,, which is an elliptic pseudodifferential operator
of order —1 acting on solenoidal pairs, see for instance [17, Proposition 1], [15, Proposition 4.1]
and [3, Proposition 3.1]. Here T;* stands for the adjoint of T;.

Definition 2.3. We say that a pair (f, x) € L2(SZ;}/1) X LZ(AISZE,I) (f is a function and « an
1-form on Sig,l) is a solenoidal pair if §¢.-1 ¢ = 0. Here S"~! is equipped with the canonical
metric of R” and 8.1 denotes the divergence operator on sl

Lemma 2.4. Let X, Y, and Z be Banach spaces and let A, : X — Y be a family of injective
linear operators depending continuously on A € R with respect to the norm topology on bounded
linear operators. Suppose there is a family of compact operators K; : X — Z, again depending

continuously on A € R with respect to the norm topology on bounded linear operators. Suppose
that there exists Lo > 0 such that for all |\| < Lo we have the uniform estimate

lullx < CUlAully + 1 Kullz)
then there exists C' € R such that
lullx < C" |l Asully
Sfor all | 1| < Xo.
Proof. Suppose by contradiction that there is a sequence A ; and u; with ||u;|x = 1 such that

Ay juj — 0. Without loss of generality we may assume that A; — A and {K;u;} is a Cauchy
sequence. Taking a limiting argument we have that

lullx < C([Azully + | K;ullz). 2.4

Using the triangle inequality, we can deduce that ||Ajully — 0. Insert u; — uy into estimate
(2.4) we get

luj —urllx <CUA3@; —udlly + 1 K5 (uj —ui)llz).

This means that {u;} is a Cauchy sequence converging to some ii. We then have that Azii =0
contradicting injectivity. 0O

Theorem 2.5. Let 0 < B/ < B < 1 be given by Lemma 3.1. Then there exist L.y > 0 and C > 0
such that for all 0 < A < Ao one has the following estimate

”f”H’l(SZ;l) + ”(x”H*l(AlSigl) =< C || T)L* TA.[f? OC] ||L2(S(SZ;})) (25)
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for all solenoidal pair (f, x) which are compactly supported on SZ,T;I-

Remark 2.6. We mention the recent work [3], where the author proved a similar version of
(2.5) when T;* T; is acting on roughly 1-forms plus symmetric 2-tensors in a simple manifold,
instead of functions plus 1-forms as our case, see (2.3). Our case is a particular case of [3,
Proposition 3.1] because any function f € C OO(SZB}) can be identified with a symmetric 2-

tensor by f(x)gx (&, &), where g denotes the metric on Si_,l. Under this identification, we could
use [3, Proposition 3.1] to deduce Theorem 2.5. However, for the convenience of the reader and
for the sake of completeness, we give a proof of Theorem 2.5.

Proof. Denote by 7, the adjoint operator to 7. The normal operator 7,*T;, is then given by the
following matrix of operators

2.6)

0yx70 0y« 1
T30 f. o0 = [(T“ o) TA][’C}

(TH* 1) (TH*T! | L

where T)f denotes the attenuated geodesic transforms with attenuation e=* on SZTS,I acting on
symmetric j-tensors. We would like to compute the principal symbol of the operator

. 0 0
EA = Tk T)»+ |:O d(6D>_3/2(€D>_3/25] (27)

where (e D) a self-adjoint WDO on $"~! with principal symbol (1 + €%|£]?)"/2. Observe that by
treating € > 0 as a semiclassical parameter, we have the following result.

Lemma 2.7. There exists a fixed ey > 0 such that for all € > €y small enough, the operator
(D) is a bijection from H*(S"~ V) — HS~"(S"~1) (though the norm of the bijection will not
be uniform in €).

Proof. Standard semiclassical WDO calculus states (¢ D) " (e D)" = I +€0Op, (a) for some semi-
classical symbol a of order —1. By taking € small enough, we get an inverse by Neumann series
on semiclassical Sobolev spaces parametrized by €. Therefore, for each fixed € sufficiently small
we have that (e D)" is a bijection between H*(S"~') — H*~"(s""1). O

Let g be the metric on S”~! and denote by m ¢ the operator myg : f +— fg. The principal
symbol of E) can then be computed by observing that T)? = Tfm ¢ and use the formula derived
in proof of [3, Proposition 3.1]. In normal coordinates centered at x, they are given by

o (TOH*T)(x, 6) f
=2rmplg|™! / 8(1E| 7 E(w))e T gy

weSy sg;,‘

o (TH* T (x,8) f
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— 2mgle]"! / S E@)e 2D | 8 pdxd

wesxs’;;,‘

o (TOH* T (x, &)

=2m|§|”! / axa*3(§| 7 E(@)e TV dw

wES, s;,‘

o (TH* T (x, &)

=27|&|"! / ar@*8(1E| T E(@))e T ey | 8 pdx? . (2.8)

weSy St

In the above equations t(x, w) denotes the time it takes for a geodesic starting at x with
initial velocity w to reach the boundary BSZE,I. Note that we can conclude from the above that
{E}rer 1s a family of operators depending continuously on the parameter A € R with respect to
the topology given by the operator norm from H _I(S;—g,l) — L2(Si /_3,1)

Let x € Cgo(Sﬁal) be a cutoff function which is identically 1 on Sizﬂl B2 but with support

in Si_ﬂ,l Use the identities of (2.6), (2.7), and (2.8) we have that for all [ f, «] € Ty S:ﬂl/ﬂg)/z eC:

(Lfs ol o (X Esx) (x, §)LS, «)

= 27117 x%() | Iproje (o0 2 + / 1+ et PAEGE e o

weSy S’;;}

> 2617 2000 | Iproji (@) + ¢* f 1+ ot POECE N do

8:S8T !

By using a change of variable w > —w, we can write

2 / | + ook P8 (E (= ))dew

a €]
)
k2 w k2 «
- / 1 + el PR do + / 1 — ekl P e
SeS") 8.8
=2 / f2+(01k0)k)25(§(%))d60-
stn_l

>pB'
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This means that

(Lfs ol o (X Esnx) (x, §)LS, )

> CylE1 12000 | proj (@ + £2 + / (@100 do

stsgﬁ,‘

for some C, which is uniformly bounded away from zero on a bounded set of A € R. Let us
choose coordinates so that £ = |£|(1,0,...) and o = (a1, &) with &’ = |&’|(0, 1, ...). We then
have that

(L. .0 (LB x) (. L )
> Gl 2 (@) + 12+ 1) = Gl ™ 2ol + 1)

with C; uniformly bounded away from zero on bounded sets of A € R. Therefore as long as A is
restricted to a bounded set x E x is a family of order —1 pseudodifferential operators which are
uniformly elliptic on S” >( /3 4p)/2"

Let 7 € C°(8",") such that § = 1 on 5"5 with support contained in S>(ﬂ 18)/2°
ticity, there exists a family of order 1 pseudodifferential operators x P; x with principal symbol
72(x)o (x Exx)~" such that

By ellip-

AP XX Esx =%+ X Kax 2.9)

with K, : HI(SZ(}; gy Hk(Si(/; 4 g)/2) for any I,k € R. This family of operators depend

contlnuously on the parameter A € R in the operator norm topology. Therefore, for any [ f, &] €
I(S"/S ), we have

”[fs (X]HH_'(SZEI) S C(||E)»[fv OC]HLZ(SZ;,I) + ||XKK[fs OC]HH—I(S;I_*I)'

To apply Lemma 2.4, we need to check that E) : 1(S” - LZ(S" ;) is injective where
E;L acts on elements of H™ 1(S” ~B ) by first trivially extending them to become elements of
-1
(8251
Suppose [fix]le H™ 1(S" >p 1Y is annihilated by E;. By (2.9) we have that, when extended
trivially outside of S7 5",

[f,al € C(s"h).
Unpacking the definition of E; we have that

T3l f, ol 2 + / (e D) ™32 (800)|> =0.
Sn—l
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By Lemma 2.7, if € > 0 is a fixed to be sufficiently small,

T[f,x]=0, dax=0. (2.10)
By [12, Theorem 7.1], we have that for A sufficiently small, there exists ¢ € C °°(SZ /_3,1) with
Dirichlet boundary condition such that f = A¢ and o« = d¢. Combine this observation with
(2.10) we have that Age = 0. Dirichlet boundary condition then forces ¢ = 0 and we have

injectivity of Ej.
We now use Lemma 2.4 to deduce

”[f7 OC]HH_I(SZIEI) = C||E)\.[f’ OC]”LZ(SZ;;/I)

In the case when §x = 0 we have estimate (2.5). O

The normal operator argument is not needed in the absence of a magnetic potential as it was
proved in [9, Theorem 2.3].

Theorem 2.8. Let 0 < 8’ < B < 1 be as given in Lemma 3.1. Then there exist Ao > 0 and C > 0
such that for all 0 < A < Ag one has the following estimate

IIfIIH_l/z(S;l) <C ||Tk(f)||L2(3+S(S$}))

forall f € L2(S';_ﬁ,1) which are compactly supported on S’;—g].
3. Complex geometric optic solutions

In this section, we construct CGQ solutions to Lw, v u = 0 in an open and bounded set with
smooth boundary B C R” so that Q CC B, see Proposition 3.4. The potentials W and V will

play the role of xoA and xqg, the extensions by zero out Q2 of our original potentials. After
some rotations and translations, without loss of generality, we can assume that

x0=0, O0¢ch(B), ECR’i::{xeR:xn>0}. 3.1
Note that these conditions remain true when replacing B by 2. To construct CGO solutions and
to be in line with the coordinates of the attenuated geodesic ray transform defined in Section 2,
we first introduce appropriate coordinates in B.

3.1. Geodesic coordinates

For more details on this topic, see [9, Section 2.1 and 3.1]. Recall that for # € [0, 1), we have
defined

Sigl = [x es 1 x, >h} CcR".
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The manifold "' L, will always be considered with the canonical metric of R". Thanks to (3.1),
we deduce that there exist 7 > 0 and 8 € (0, 1) (depending on B and the distance from zero to
B) such that every x € B can be written as

x=¢ew, t=loglx| e (-T,T), w= || Siﬁl

Let 0 < 8/ < B. We claim that in turn S "}_31 can be parametrized by geodesics on the unit sphere

starting on 8S” . Indeed, fixing an arbitrary y € 357 , /3/ ,every w € S may be written as

w = (cosB)y + (sinf)y, Oe(e,m—e), neyt ﬂS>0,

for some € € (0, ) depending on B and B’ but independent of y. Here 6 = dg- 1(y, w) =
arccos(y, w) and n =6~ expy w. Since y € 8S>ﬂ,, dgn-1(y, -) is smooth in S>ﬂ In those
coordinates, the Lebesgue measure becomes

dx =" dt dw = " (sin0)" 2 dtdo dn,
where dw and dn denote the Lebesgue measures on $”~! and §”~2 provided with the canonical
metrics of R” and R"~!, respectively. Thus, B can be imbedded into R x Si? or R xR x §"72.

Furthermore, a straightforward computation shows that in the above coordinates, the Euclidean
metric looks like

ldx|? = 2" (d1? + ggn1) = €2 (d* + d6* + (sin0)? ggu-2),

where ggn-; is the canonical metric on the hypersphere $"~/, j = 1, 2. We summarize the above
discussion.

Lemma 3.1. Let B C R" be a bounded open set so that (3.1) is fulfilled. Let 0 < B’ < B < 1 be
as above. Fix y € SSZB,]. Then there exist T > 0 and € € (0, ) (both independent of y) such that

Wy: B — (~T.T)x(e,m —¢€) x ytns"y!
X . 0,n)

defines a change of variables, where

x=¢ Vy.n(0),  ¥Yyn(0) = (cosB)y + (sinf)n,
t=loglx|, 6=dgp-1(y,x/Ix|),
n = (dg-1(y, x/ 1x])) " expy ! (x/1x]).

The function dgn—1(y, ) is smooth on S>ﬁ , and the Euclidean metric in W, (B) looks like

1 0
g:eZI <0 1)2><2 OI(”_Z)X(H—2) ’

01(—2)x(n-2) i (sin0)? ggn—2

nxn
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where I« denotes the m x m identity matrix. In particular, one has

|dx|? = e (d1* + d6* + (sin0)? ggu2)

and hence

|g| := detg = > (sin0)>" 2 det g gu2. (3.2)

Remark 3.2. Fix y~e BSi_ﬁ,l. Let p(x) :=log|x| +idg-1(y,x/|x|). Set z :=¢t 416 and 207 :=
3 +idp. Writing f = f o W)!, we get

~

P=z, (Vo)=e (0 +id), (Vp-V)=2e"d,

Ap =2¢"" d-(log(|g|"2e™™")).
Note that 5 only depends on ¢ and 6, and it is independent of 5 € y= N §"~1. It significantly
reduces the computations behind the above identities. On the other hand, any magnetic po-

tential W € WCI’OO(B ; C™") can be identified with Z?:l Wjdx ;. Thus, W may be written in
Wy, -coordinate as

W =W;dt + Wyd6 + Wydn,
where

Wi (,0,n) = e W(et Vy‘n(e)) : Vy,r)(e),

3.3)
Wy (t,0,n) = e Wi Yy, (0)) - ?y,rz(g)’ y =dy/do.

If we denote local coordinates of y N "~ ! by

77 = E(ala a25 ] (Xn—Z)
= (El(al9a29 .. »Oln—Z)a 22((11,&2, .. '1an—2)1 ey En(alva2a .. ,an—Z)) E)
where X ; are smooth maps for j =1,2,...,n,and ax € R withk=1,2,...,n —2; then

n n—2

Wydn =¢'sin® > > " Wi(e'yy.(0))d; Tk der;.
k=1 j=1

For our purpose, we will only need W; and Wy. So it is enough to know that W, €
Wcl’oo(\l-fy(B), C™). Finally, W(e' -) is compactly supported in Si/}l for any fixed r € (=T, T).
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3.2. CGO solutions in geodesic coordinates

The construction of CGO solutions is based on standard techniques by combining the Hahn-
Banach theorem with a Carleman estimate for a conjugate version of Ly, v. To be in line with
the usual Sobolev spaces involved in estimates of Carleman type, we introduce the semiclassical
notation. For 7 > 0, we define

Lw.v,y:= t_ze”"/jw,v e ™, () =Ilog|x|.

Denote by Hs1

C

by H ~1(B). Their norms are respectively defined by

scl

,(B) the H I_Sobolev space with semiclassical parameter t !, and its dual space

10141,y = 102y + | 7' VU

2®’

WUt gy = It 22|
ol B) ™ oo I
@ € CP(B\{0) HL (B)

s

The following result is an immediate consequence of the Carleman estimate for Laplacian
systems obtained in [29, Lemma 2.1]; see also [23, Proposition 2.3].

Proposition 3.3. Let W € L°(B; C") and V € L (B; C). There exist 1o > 0 and C > 0 (both
depending onn, B, ||W| < and ||V ||« ) such that for all F € H~Y(B) there exists R € H (B)
satisfying

EW,V,—(/) R=F in B,

1 IR ()< C ||F||H; for all T > 19.

1 (B)”

The following result was first proved in [13] when W € C? and V € L*°. Later, it was im-
proved in [22] by considering W to be Holder continuous.

Proposition 3.4. Let W € CCl (B;C") and V € L°(B; C). Assume B C R" as in (3.1). There

exist 1o > 0 and C > 0 (both depending on n, B, |W |~ and ||V | =) such that the equation
Lw.y U =0in B has a solution U € H'(B) of the form

U= a+r), ©>10,
with the properties:

(1) The functions ¢ and  are defined by

@(x) =log|x|, V(x) =dgi-1(y, x/ |x]), (3.4
where y € S"~V is chosen such that \ is smooth in B.
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(ii) The complex-valued function a belongs to W*°(B) and satisfies'

[2D(<p FiY)-D+2W - D(g+iv)+ D¢ +iw)]a —0, in B,

lallweoo gy S NIWllweoopy» lal < 1.
(ili) The function r belongs to H'(B) and satisfies the estimate for all T > 1
[6°r (| 25y = €T lall sy el < 1.
Proof. We are looking for solutions of the form
U=eP(a+r), p=o+ivy,

where ¥ is a smooth real-valued phase, a is an amplitude, and r is a correction term. A straight-
forward computation shows

e_T'O‘L'_ZEW,V ET'O
(3.5)
—Dp-Dp+1! (ZD,O "D +2W-Dp+ sz) YT 2y

Motivated by this identity, U satisfies L,y U = 0 if we solve in B once at a time the equations
for p, a and r in the following order:

Dp - Dp =0, 3.6)
(2D,0 D +2W - Dp +D2p>a —0, 3.7)
efrprfzﬁw,v ePr= —tfzﬁw,v a. (3.8)

Eikonal equation. Note that (3.6) reads
IVol=|Vy|, V¢ V¢ =0, inB.

As shown in [21], a solution (¢, ¥) is given by (3.4), where y € 8S'>'}_3,l is chosen as in Lemma 3.1,
so ¥ is smooth in B.

Transport equation. We will solve (3.7) with the help of the W,-coordinates introduced in Sec-
tion 3.1. Fix y € 852/_3/1 and consider the Wy-coordinates described in Lemma 3.1. Taking into

account Remark 3.2, (3.7) becomes a dz-equation for @ :=a o \Ily_l and reads in W, (B):

[&yﬁy(log(eﬂgﬂ/“)) + %(W, —i—iW@)]E:O. (3.9)

'y equation below, the magnetic potential W is view as a vectorial function so that W - D(¢ + i) stands for the usual
inner product in R”.
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Multiplying both sides by e ~*|g|'/4

, we deduce that
a=|g| e e®ag = |gsn72|_1/4 e_("_z)t/z(siné’)_%e(bao (3.10)

is a solution to (3.9) whenever 3-ag = 0 and for any fixed n € y+ N §"~!
i .
@z ®)(,m) + E(Wz +iWp)(,m) =0, inR%. (3.11)

Since W(-,n) € CCl (]Rz), Lemma A.2 ensures that

O, m) 1= =S CW; +iWa)(. )
is a solution to (3.11) satisfying for every || < 1:
“ aa(D“LOQ(\I/y(B)) I “ 0%(WoWwy) ||L°°(\I{V(B)) < ” 30‘W||Lw(\py(3)) : (.12)

Here C denotes the Cauchy transform operator defined by (A.3), identifying R? with the complex
plane C. Hence, a =d o v, € W1’°°(B) solves (3.7). Finally, combining (3.10) and (3.12), we
get

lall iy < Nl g w8y < laollgw, sy - (3.13)

where the implicit constant depends on [|W || y1,00.

Correction term. By the previous step, a =d o Wy € W1%°(B) and therefore Lw.vae H™'(B).
Hence Proposition 3.3 ensures the existence of R € H'(B) satisfying

Lwy,—gR=—t2 Ly ya,

—1 < =2 ity
’ ”R””.slcz(B)NHT ¢ CW’VaHHX_C;(B).

We now compute the H;l] -norm. Let @ € C;°(B) be a non-vanishing function. Integration by
parts with Cauchy-Schwarz’s inequality yield

Kt_zem/’Aa, w)‘ =72 ‘(Va, V(e_m/’w)>‘
< 77! ‘(Va, PRAAAVY w)‘ +77! ‘<Va, e_ml’r_1szr>‘
<z

—1
||a||1-11(3) | ”HSICZ(B) .

In the same fashion, we get bounds for Va and a with =2 instead of 7! in the above last line.
Combining these estimates, one gets

-2 ity H < -1
T %'V L a T a . 3.14
H LK PRI lall g1(m) (3.14)
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Consequently, r = eV R € H'(B) is a solution to (3.8) satisfying the desired norm bounds.
The proof is completed. O

Remark 3.5. It will be convenient to consider the bounds of a and r in terms of Wy -coordinates.
To be more precise, throughout the proof of Proposition 3.4, we have considered a family of
solutions to the transport equation (3.7) of the form a :=d o W, € H 1(B), where @ is given by
(3.10) with ag being any holomorphic function in the complex variable z := ¢ 4 i6. This freedom
is crucial in our approach and will be used in the Appendix to remove the exponential term
from the intermediate estimates. By combining (3.13) and (3.14), we deduce the remainder term
satisfies for T > 1¢:

“aa”“LZ(B) S all g S 7 laoll g1 w, () leel <1,
where the implicit constant depends on || W || y1,00.
4. Stability estimate for the magnetic potential

In this section, we derive a useful integral inequality relating the partial DN maps with the
magnetic potentials, see Proposition 4.3 and Corollary 4.8. Finally, we prove Theorem 1.4 em-
ploying a suitable attenuated geodesic ray transform associated to A; and A;. From now on, for
j =1,2, we denote AAM]. and Ai,-,q, by A and At}, respectively.

4.1. Relating the partial DN maps with the magnetic potentials
We start by stating the integral identity proved in [32, Corollary 3.2].

Lemma 4.1. Assume that all conditions from the statement of Theorem 1.4 hold. Suppose uj €
HY(Q) satisfy La; q;uj =0 in Qwith j =1,2. Then

(A1 = Aur, u2) 250

:/ [(A] — Ar) - (Dujup + Mlmz) + (A% — A% +q1 — qz)u1ﬁ2] dx. .1

Q

To exploit the information about A; — A encoded into this identity, we shall use the CGO
solutions constructed in Section 3. Let B C R” be an open and bounded set satisfying (3.1).
Now consider any compactly supported extension of A; denoted by A{*" € C CH'" (B; C™"). Since
A1 = Ajand 9,A| = 9,A, on 082, it follows that

qoi_ [ A2 i@
271 A% nR*\Q

is a compactly supported extension of A, belonging to C!T9(B; C"). Let j = 1, 2. By construc-
tion, these extensions satisfy

AT — A5 = xa(A| — Ad), 4.2)
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(4.3)

ext
J

Wloo(B) S ”Aj “WLOO(Q) :

By Proposition 3.4 applied to W = A%* and V = xqgq, there exist 7o > 0 and U; € H'(B)
solutions to L yexr o, Uj=0in B of the form
J J

Uy =e" " (a +r),

_ 4.4)
Up=e" (a5 4 1),

for all T > 9. Recall that ¢ and v are defined by (3.4). Moreover a; satisfy in B

2D+ i) - D+2W - Do +iv) + DX g +iv) | a1 =0,
4.5)

[2D(—¢ +iv) - D+2W - D(=p + i) + DA~ + i) | ar =0,

By (4.3), we also have

”aj ||W]~°°(B) S HAJ' “WLOO(Q) : (4.6)

Finally, r; belongs to H 1(B) and

|9%r;] 12(8) S gl |aj “HI(B) el < 1.

Besides, by Remark 3.5 and (3.10), the functions a; have the following form in Wy-coordinates

@ = a0 Wy = |ggia e D2 (5in0) T e gy, .
B imaro Wy = |gga| eI 2 (s5ing) T e, '
for any arbitrary and fixed y € BSZE} with dzap = 0. Therefore
larl sy S laoll i, my - a2l S 1. 4.8)
By (4.2), we finally get
3 (P1 + @2) + %((XQ(AI — A2)) +i(xe(A1 — A2))e) =0, in Wy (B). (4.9)

Remark 4.2. Although we are not yet proving the stability estimates for the electric potentials,
we take advantage of the above computations to remark that sometimes it will be convenient to
see (4.9) in the original coordinates (4.5), from which we immediately deduce in Q:

D(p+iy)-D((®1+ P2) oWy +iw) + (A — Ay — Vo) - D(p + i) =0,

for every w € W1>(Q). In Section 5, we will choose a particular » being the function com-
ing from the Hodge decomposition A; — A> = F + Vo for some vectorial function F, see
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Lemma 5.1. The above equation can be solved using Wy-coordinates and the Cauchy transform.
Moreover, by (3.12), we get

[(®1+®2) oWy +io] g S N1AI = A2 = Vool (g -

Proposition 4.3. Taking into account the CGO solutions U; with j = 1,2, defined by (4.4), we
have

/XQ(Al —Az) - D(p+iv)aiardx
B (4.10)

—1

The remaining part of this subsection will be devoted to proving this proposition. To do it,
we need intermediate results. Note that u; := Uj|qg € H L(©) are solutions in € to the original
equations L4, 4,uj = 0, and so they satisfy the same bounds declared above. Inserting these
solutions into (4.1), we get

T (A1 = Ay, U2)12050)

=T_1/[(A1 — Az) - (Duyitp + u1 Duy)
Q

+(A2 — A3 +q — Clz)ulﬁz] dx

=r—1f[m(A1 — A2 (DUIT, + U DT)
g 4.11)

+ xo(AT — A3+ q1 — QZ)UlﬁZ:I dx
=2/XQ(A1 — Ay) - Dpayardx +/XQ(A1 —Ap) - (M1 + M>)dx
B B

+T_1/XQ(Af—A%+611—612)U1U2dx,
B

where p = ¢ + iy is given by (3.4), and

M| =Dprias+ 1t 'Da|(@ +72) + ' Dri(@ + 72) + Dp (aj + r1)Fa,
My =Dp (ay +r1)ra + ‘L'_lal(mz +Ez) + Dpriar + ‘L'_lr1 (mz +Ez).

Combining (4.6)-(4.8), it immediately follows that

|M; ||L2(sz) St laoll 1w, (8y)
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and by (4.11)

2 /XQ(AI —Ay) - D(p+iv)ajardx
B

St (AL = ADur, u2) 20| + 1M1+ Mall 25 (4.12)
+r e U ||L2(B) le™?Ua ||L2(B)

<! |<(A1 — A)uy, uz)Lz(aQ)| + 77! laoll 1w, By -

Our task now is estimating the final boundary term on the right. Note that 92 = 9Q2_ o(xo) U
9824 0(x0). The terms coming from 9$2_ o(xp) are closely linked with Ajf — Ag but the ones
coming from 924 o(xp) do not, at least in a first inspection. To describe a suitable dependency,
we need to make a more delicate analysis. It can be attained by using the below Carleman esti-
mate with boundary terms derived in [13] and [22].

Proposition 4.4. Let A € WH°(Q; C") and q € L*®(2; C). There exists 19 > 0 (depending on
n, Q, |Allwies, gl L) such that for all u € C*°(2) N HOl (R2) the following estimate

le7ou] + o el gy + 72 eV

(024 ,0(x0)) ()

4.13)

ST e Lagul gy + e 030 g0

holds for all T > vy. Here 9, = v -V and ¢(x) =log|x — xo|. The sets 9S2_ o(xo) and 92+ o(xo)
are defined in (1.1) and (1.2), respectively. The norms of the boundary terms are weighted L*-
norms

|(v(x), x — x0)|

L2(T) = L*(T, wdS) , w(x) = i
|x — xo

Remark 4.5. By a standard regularization method, (4.13) is still true for all # in H(} (2) such
that L4 qu € L?(S2). The vanishing condition on u is essential for deriving this result. Roughly
speaking, this estimate tells us that it is possible to bound weighted terms coming from the
shadowed face of the boundary 924 0(xp) by the ones coming from the illuminated part
99— 0(x0).

Lemma 4.6. Let ¢ > 1 such that for all x € 9Q2

<y —xol <c. (4.14)

Then for T > 0 large enough, we have

(A1 = A ) pge | S (€

# i -3/2
Aj— A2H +17Y ) laoll 1w, By -
Remark 4.7. Condition (4.14) is always satisfied since xo ¢ ch ().
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Proof. To remove in a safe way the weight @ from (4.13), we first define the following subset of
a2 for § > 0:

Fs(xp) := [x €0 :(v(x),x —x0) <8 |x — xo|2} .

Note that if § is small enough, then 9S2_ o(xg) CC Fs(xp) CC F.Recall that F is an open neigh-
borhood of 92— o(xp), see (1.1)-(1.3). Furthermore, in (1.3) we can assume that the boundary
cutoff function x, in addition to be compactly supported in F, is equals 1 on Fjs(xg). Taking
these facts into account and combining Cauchy-Schwarz’s inequality with (1.4), we obtain

[((A1 = Aduy, uZ)LZ(BQ)}

< (X (A1 = Aur, uz)29q) + (L= ) (A1 — A2ui, u2) 1250

' (4.15)
< | A% = A3 el @ N2l

+ ”e_w(Al — Ap)uy HLZ(BQ\F,g(xo)) Hew”2 HLZ(BQ\Fs(X()))'

We deal with the inner boundary product of the partial DN maps by using Proposition 4.4. Since
u1 does not necessarily vanish on the boundary, we introduce an auxiliary function @ € H'()
satisfying

EAz,ngl =0, 1nQ
uilpe =uilsq-

Using the identity L4, 4, U —uy) = (Lay,q1 — Lay,g0)11, and since the term on the left belongs
to L?(€2), we deduce (Layg — Lasgur € L?(2) as well. Thus, applying Proposition 4.4 to
u:=uy—u| € Hol(Q), we obtain

”e_w(Al — A2)uy ” L2(3Q\Fs(x0) — ”e_wav () — ﬁl)” L2232\ Fs (x0))

<5 le™0, (uy —ﬁl)”Lg)(am‘o(xo))

i (4.16)
St e (Lay g — Laza)ur | o g

+57! le™™ 8y (ur i) ”Lg)(aﬂ__()(xo)) :

Combining (4.2)-(4.8) and the fact w(x) < |x — xo|~! when x € 92, we get

”e_w(['/h»cn - EAz,qz)’“ HLZ(Q) S ||a0||Hl(“py(B)) ’

le=™¢a, (uy

f_ Al
Al _AZ‘

_’ﬁl)i|LL2,)(397,o(xo)) Sgr ”"“”H'(Q)’

79
”e “2” L2\ Fs (x0)) S
”ul”Hl(Q) Ste’ ||ao||1-11(\1/).(3)) )

luall g1 () Stch
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We conclude the proof by combining these inequalities, replacing (4.16) into (4.15) and taking ©
large enough. O

Previous estimates almost do the proof of Proposition 4.3. Consider ¢ > 0 large enough such
that for all t > 19, both Lemma 4.6 and ¢~ % < 771 are satisfied. It is a simple matter to check
that

T:= l|10 cl_1 log A" — A%|| > 7
=1 gc g [ 2| = 0
whenever
-] e
We end the proof Proposition 4.3 by using (4.12) and Lemma 4.6.

4.2. Stability for the magnetic potentials

The following result is an immediate consequence of Proposition 4.3 by making a W, -change
of variables and considering Lemma 3.1 together with (4.7)-(4.9).

Corollary 4.8. Let 0 < B/ < B <land y € BSZTS,] be as in Lemma 3.1. The equivalent version
of (4.10) in Wy -coordinates is given by

/ / (A; +iAg)e'®agdzdzdn
yLnsi—1 BN, , (4.17)

—1
< Jlog | a3 = A3[| aoll 1w, o

where z :=1t +1i6, dza0 =0, A= xq(A; — Ap), =P + &y and Il , denotes the plane
generated by y and n € y*+ N §"~\. Finally, (4.9) reads

i
(37 @) (~,'7)+5(Az+iA9)(',n)=0, in BN, (4.18)

for each n € y+ N §""1. Here A; and Ay are the first two components of A in terms of Wy-
coordinates defined in Remark 3.2, see (3.3).

The next step consists in proving that estimate (4.17) still holds without the exponential term
on the left-hand side. For convenience to the reader, we postpone a detailed proof of this fact
to the Appendix, see Theorem A.l. In particular, one can consider the holomorphic function
e* = *H19) with A > 0 in place of ag in (4.17). Note that A = xq(A; — A>) belongs to
C+o(B; C"), we deduce
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(y,m)
/ MO (AL L i Ag)(t, 0, n)dtdO = / 0 H (yy. (0, g (0))d0
BN, 0

= (T H))(y.n),
where (y,7n) € 8+S(S” ) and the function H, := fj + «;, is defined on S(S ) by H) (w, &) =

f(w) + ajy,\(w)éf. The functions f; and (a],,\);le are compactly supported on Siﬁl and de-
fined by

fo(w) :/eme’ w-A(e wydt == / eMetw - At, w)dt

R R
aj,l(w)zi/ WfA(ew)d:—zf eMet A, wydt, j=1,2,...,n,
R R

where A (t, w) := A(e'w) with the convention adopted in formulae (3.3). Combining the fact that
04+ S (Si;,1 )) has finite measure (see Remark 2.1) with Lemma 2.2 and Theorem A.1, we deduce
that there exist C := C(1) > 0 and ¢y € (0, 1) such that

|<(T)i‘< T),) H,y, h>L2(S(S';;,1))| = (T H,, T)‘h>L2(3+S(Si/_S/1))|

= ” T, H, ||L2(3+S(Si;,l)) ” T,h ”LZ(B"'S(SZ;/I ))

# # —19/10
< €00 flog| AT - A3 Wl L2 sesmtyy

forall h € CSO(S(SZE,I)), which immediately implies

— /10
[T T B s sy S €O log | A7 — 3]

Now we shall show how the solenoidal structure emerges when computing the left-hand
side of this estimate. We will make a Hodge decomposition to o, in S"_l. Since Sgn-105, €

- (S" 1) we deduce that there exists 5 € H (S" ~p ) solving the equation

Asn713=8sn—la)‘, in S;l/gl
3=0, on BSZEI.

The existence (and uniqueness) of such B is given by [31, Lemma 1]. We shall write o, = a5 +
dB, where o = o — dB and §gn—10; = 0. From the vanishing condition of § on E)S;’/_Sl and the
compact support property of «; 3, fi (j =1,2,...,n), all of them can be extended by zero on
SZ;,I \ Sigl. We still denote these extensions by the same letter. In particular (f + AB, o), — dB)
is a solenoidal pair, see Definition 2.3, and since T (AB 4 dB3) = 0, we obtain
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T, Ty (Hy) = T; T ((fo + AB) + (e — dB)) .
By Theorem 2.5, there exists Ao such that for all 0 < A < X, we get

t0/10
i+ 281500, + otk = dBl s gqagoon, S €O [log [ A7 = |

A standard interpolation between the spaces H “2(Al S;’/}l) and Lz(Al S;’El ),and H ’Z(AZSZ?)
and Lz(AzS" 1, yields

—to/5
sup (1dfs + 203l 1 q1 o1y + 14l 1 pogon) ) S [log [ A7 = A5
[A]<Xo >p P

(4.19)

Let us compute the terms related to the H~!'-norms.

dfy. + day, = /e“’vk(t, w)dt | dwy = (vm)(—k)> dwy,
R

Ukt w) = e (w;du, A (1, w) — 3 Ax(t,w)), k=1,2...,n.

doy = /e”"gjk(t, w)dt | dwjdwy = (Qj,dﬁ))(-)»)) dwjdwy,
R

0jk(t,w) = e (du Aj(t, w) — du, Ax(r,w)), jk=1,2...,n
The derivation under the integral in above identities is permitted by Fubini’s theorem and since

A e CH*o(B; C"). In addition, vg and o i belong to L'(R; H? (§"~1)) forall j,k=1,2...,n
An application of Riemann-Lebesgue theorem yields

o)

+ oG on) S1Loa>0,

Ho (Sn—1) Ho (Sn—1) ~

where the implicit constant is uniform in L. An interpolation between the spaces H _1(52/_31) and

HO (S, 1Y combined with (4.19) yields us
L2<Si">>

5(1+0)

sup (Hzﬂ?)(—m\

[Al<ko

+ o)

LZ(S’;;‘)
S Jlog [ 47 - 3]

A direct application of Lemma B.4 with H = LZ(SZ?) and first with f = v and later with
f =oj allows us to deduce
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”Uk”LZ(R;LZ(S';;‘)) + ek ”L%R;LZ(S’;;‘))
(4.20)

—T
3(c+1)

g og | a7 - a3] [ .

foreach j,k=1,2,...,n. The left-hand side of this estimate is related to d A with A = xo (A1 —
A»). Indeed, by using the chain rule combined with (3.2) with (4.14), we get

n
A = dAalsg = Y [ 104~ ;P
j9k:1]Rn

n
<" 20 | Ix = xol 0 A — kA Pdx

Jok=Ign
n
=2 Z le' (3 Ak — 3k A ;) (xo + €' w)*dw dt
Jk=1p 55!
n n
23 10k g, sy kzl el oz -
- e

This estimate, combined with (4.20), ends the proof of Theorem 1.4.
5. Stability estimate for the electric potential

The goal of this section is to prove Theorem 1.5. We take advantage of the DN maps’ invari-
ance employing an appropriate Hodge decomposition to A; — A;. The following result has not
been explicitly stated in [33]. However, it can be easily deduced combining [33, Lemma 6.2]
with the discussion just after its proof, see also [33, estimate (23)].
Lemma 5.1. Let p > n. There exist w € W3’p(52) N H& (2) and a positive constant C such that

A1 — A2 = Vollyirg = Clld(A1 — Al Lr (@)
and
lollws.rg) < C 1A — Aally2.p(q) -

Here

ldAlLpy = D 1974k —%A;] oig-

1<j<k<n
A direct application of Morrey’s inequality yields

A1 — Az — lelco,l_*;_,@ =Cld(Ar = A)llLr (@ (6.1
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and

|89 ] gy < C AT — Adllpzng). ol <2. (52)
Lemma 5.2. Consider w as in Lemma 5.1. Let j =1, 2. Define Zj =Aj+ (—1)/ Vw/2. Assume
uj:=Ujlg € HY'(Q) being the solution of EAj,q_,.uj =0, where U; is given by (4.4). Then
ﬁj = e(’l)”‘“/zuj e H'(Q) is a solution of £A~j,qj L~/j = 0. Moreover, we have the DN map
identity Ap; q; = A;j’qj.

Proof. This result is an immediate consequence of the following identities

iw/2 —iw/2 _ p.. —iw/2 iw/2 _ p.
e ‘CAls‘]le _EAl,ql € EAZJ]Ze _EAz,qz’

iw/2 —iw/2 _ A~ —iw/2 iw/2 _ A~
e AAlwae - AAl,ql € AAquZe - AAz,qz’

which can be found, for instance, in [23, Lemma 3.1]. Since w|yq = 0, we easily deduce
AAj,qj =Ajy O

i4i

By (4.4), for afixed y € BSZE,I and for t > 0 large enough, we have

l7] — e—iw/Zer((p+iw)(al _’_rl)’

Us = '™ 9% (g + 1y),

with ¢ and  are defined by (3.4), and a;, r; satisfy (4.5)-(4.8). Note that in W,-coordinates,
aj has the form given by (4.7) with a¢ being any holomorphic function in z :=t + i6, that is,
dz ag = 0. Taking into account the notation from Lemma 5.2, we deduce

(A1 = AT, (72>L2(39) =f I:(Zl — A2) - (DU\U, + U, DUY)
Q (5.3)
+(AT - AT+ q1 — 612)5152] dx.

Our next task will be to get information of g; — g, from this identity. We expect to obtain a
suitable attenuated geodesic ray transform of g; — g2, by following similar computations made

in proving Theorem 1.4. In this way, one gets proper bounds in L3(Q) of (A] — Ay) - (DU 152 +
(71 DUz) and (;4? — X%) (71 172. Both terms have the common factor Zl — Zz =A — A — Vo,
which can be related with our previous estimate for the magnetic part. Picking any p > n, we
claim

—x/(2p)

AT — A2 = Vol 012 (5.4)

< N
s Sloefe ]

Indeed, by interpolation (2 < p <2(p — 1)) we get

1 1-1
ld(A1 = Aoy S (AT — AII}Ko Id Ay = A% o)
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Consequently, the claimed estimate follows from Theorem 1.4 and (5.1). Next, from identity
(5.3) and taking into account Remark 3.5 and the form of a; in W,-coordinates given by (4.7),
we deduce

/(611 — qe( P+ ®)tog, o g dx
Q

< (r£3r

A= A5 e 4 w4 = A = Vol ) ol o,y

where we have used (3.12), (4.6), (4.8), and Lemma 4.6. Here ¢ > 1 is defined in (4.14). We now
remove the exponential term e®1+®2+ie

and it will follow by the identity

. This part is more manageable than the magnetic case,

/(m —qapoVydx = /(1 - €(¢]+62)°w}'+iw)(611 —q2)apo Wy dx
Q Q

+ /(‘]l — gl PPN tio gy o g gy,
Q

By Remark 4.2, we deduce

/(1 — o(P1+®2)oUtioy (4 gryag o Wydx
Q
S ||(<I>1 +62) oWy + iw“LOC(Q) ” (g1 —q2)ap o ¥, ”Ll(sz)

SAT— Az — VCU”LOC(Q) ||00||L2(q/y(3)) )

where we have used the inequality

o — eb’ <|a — b|emXaNB) - p e
Hence we obtain

/ (@1 — g2)ag o Wy dx

Q

< (_L,£3t

A} = A5 T2 AL = Az = Vol ) a0l ) -
By (5.4) and choosing 7 > 79 > 0 as

«/(3p)
Z 7

1 - '
t.—8|logg| log |log | A] — A5
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with 1 satisfying

-1
76(&0 log£)3p'(

b

1At
|- a] <e

we get

—k/(3p)
||ClO||H1(\yy(B)) .

/(ql —q)ago Wydx| S ‘log ‘log HA% — AgH‘
Q

We can now proceed analogously to the magnetic case in obtaining suitable information of
q1 — q» through an appropriate attenuated geodesic ray transform. We first set Q := xq (g1 — q2)
and choosing ag = ¢/**b in the previous estimate with b being any smooth function on y- N §"~1,
we deduce

sup ¢* Qo \Ily_l dzdz
| n—1
}Eas>ﬁ/ BN, , H’l(yiﬂS”’l) (55)
—k/(3p)
< ’10g ‘log HA? — Ag”‘ .
Since Q is compactly supported and recalling that z =t + 6, we have
/ e* 0 oWl dzdz
BN,
T o0
= f e M / el O(e' ((cosO)y + (sinf)n))dt | do
0 —0
T
= / M Q, (yy, (0))d6 = (T, 03 (v, ),
0
where Q; is defined on Si/_g,l by
o
Q) (w) = / eMe' Ot wydt = 0, w)(—1), Ot w) = Q(e'w). (5.6)
—0o0

In light of Lemma 3.1, Q, is compactly supported on S;’El. Furthermore, by interpolation and
(5.5), we have
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” T)L Q)\. ||L2(3+S(SZ;}} » = || T)\ Q}» ”LZ(asz;} ;LZ(},Lﬁsnfl))

o
5 ”T)‘Q)‘”LZ(BS";};H*l(yiﬂS"*I)) ||TA-QA.|| aSn 'HU(yJ-ﬂS” 1))
1
U+1 T
||TAQA||LOO(BSVL L H-1(ytnsi-1)) 17,9517 L2087 Ho (s
___ ko 1
< t n‘H 3plo+D) 5T
< [tog1og | 4] — A3 1Tl S 1 e iy 57

It remains to bound the last term on the right. Since Q € H? (R"), it certainly belongs to
L'(R; H° (§""1)), and by Riemann-Lebesgue theorem

sup ||Q)~||H”(S” ) < +00.
A>0

By Lemma 2.2, we have the bound
” TA. Q}» ||L2(BSi;/1;H° (yj_msn—l)) 5 ” Q}» ”HU (S"*l) .

Hence, (5.7) and Theorem 2.8 ensure that

sup 1921 1)N‘log)log [ - a]| g
IM<Ao

for A9 > 0 small enough. Once again, an interpolation between the spaces H ™!/ 2(Sil_gl) and
HO (S"') with (5.6) yield

_ 2o
3p(c+D)Q2o+1)

3¢,

sup < ‘log‘log HA% —A;HH

—1
= L2(SZ40)

A direct application of Lemma B.4 with H = L2(S" ;)and f = Q shows

1002z 2,1y S [log flog og | AF = A3} |||

We end the proof by relating the left-hand side of this estimate with g; — g». It can be easily
seemed by combining (4.14) with the following estimate

g1 — q2l172) = / g1 (x) — g2(x)|*dx
Q

<" / lx — x0] 7" |q1 (x) — qa(x)|*dx
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:g”72/ / le' O(xo + ' w)|Pdwdt

R Sggl
— 21001
=" 0 ||L2(R;L2(SZ/§1)) .
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Appendix A. Cauchy transform and its properties

The aim of this Appendix is proving Theorem A.1, showing that it is possible to remove the
exponential term from the left side of estimate (4.17).

Theorem A.1. Let 0 < 8 < B’ < 1 beas in Lemma 3.1 and A > 0. Then there exist C :== C(A) > 0
and ty € (0, 1) such that

i . - # g || ~0/10
sup (A, +iAg) (2, n) dz dZ §C(A)‘log”A1 —A2H (A1)
yeasly BN,
neyLnsn—1 -

To prove this result, we use similar arguments from [13], where the authors proved an iden-
tifiability result (if A? = Ag then dA1 =dA; and q1 = ¢2). They removed the exponential term
when the left side of (4.17) is identically zero using holomorphic extensions of complex func-
tions satisfying a d-equation like (4.18). Their method works satisfactorily in a pointwise setting.
This is the main reason why we have/need L°°-bounds in (A.1). Next, we derive a quantitative
version of their holomorphic argument, see Lemma B. 1. Recall the geodesic coordinates given by
Lemma B.1. The first part of this Appendix is related to the regularity of solutions of a 3-equation
in C. Later, we introduce some Fourier estimates on S'. Finally, we prove Theorem A.1.

Throughout this work, we have met several times with an equation in C of the form
zG=0G, z=t+1i0, 207 :=0; +i0p, (A.2)

where G is a given complex-valued function. Note that if G is a solution, then its holomorphic
perturbations are also solutions. We are particularly interested in solutions given by the so-called
the Cauchy transform of G:
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G _
«mmyifi%@&. (A.3)
C

Now we study how the regularity of CG depends on the smoothness of G. The following result
is a collection of [32, Lemma 2.1], [28, Lemma 4.6], [4, Theorem 4.3.13], [1, Chapter V/Lemma
1] and [27, Proposition B.3.1].

Lemma A.2. Let k € N and y € (0,1). Let G € Wk-oo(C) with suppG C Br(0), R > 0. Then
CG € Wk°°(C) solves (A.2) and satisfies

ICG iy S IGllwhoe(cy -

Moreover, if G € CK*Y (C) then the following estimate holds for all p > 2]y :

ICG I ck1v-25cy S G llcksr () -

The implicit constants in both previous estimates only depend on R.

Our approach involves functions depending on the complex variable z and n € y N §"~! for
a fixed y € E)Sil_g,l = §"2. This identification will be considered throughout this Appendix. In

this sense, for a function G : C x §"~2 — C (in our case G € C!t7(C x $"2)) we define its
Cauchy transform with respect to the first variable as

G, n)
z—§

CG)(zm) = f dEdE.

C

Forany n € §"=2 and according to [4, Theorem 4.3.10], the Cauchy transform of G (-, ) satisfies
in L2(C)

0zCG)(-,m) =G(-, ), 0:CG)(-,n) =(SG) (-, m), (A.4)
where
o GGE.n) . ~
SG)Gm=—tim [ FEDdear

|z—§[>€

is the Beurling transform with respect to the first variable of G. By [4, identity (4.21)], it acts as
an isometry in L2(C)

1SG) Ml 2cy = IGC ) - (A5)

Lemma A.3. Let G € C'(C x §"72). Assume that there exists R > 0 such that supp G(-, 1) C
BR(0) for all n € S"=2. Then there exists a positive constant C such that

”CG||W1’°°(S"*2;H1(BR(0)) < C ”G”WI,OO((CXSW—Z) )
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where

||CG||WI.OO(SH—Z;HI(BR(O)) = Sup , ||CG(, n)”LZ(BR(O))
nest—

+10:COC 20 + D @, COC D 12,0
J

Proof. Fix an arbitrary n € $"~2. Combining [4, Theorem 4.3.12] and the compactly supported
property of G(-, ), we get

1CG)(, 7])||L2(BR(())) < CG)(, 7])||L2(32R(0))
<IGC M 2ap0n S NG llwios© s -
By (A.4)-(A.5), we immediately deduce
100: CGY s Ml 2R (0y) = 13 CCYC, M2y
=G(, n)”LZ(BR(O)) N ||G||L<>O(<cxsn—2) .
Since the Cauchy transform is only related to the first variable, it follows that
” (VhCG)(, ’7)”L2(BR<0)) = H €V, G)(, '7)”L2(BR(0))
< ” (CVU G)(v ’7) ||L2(BZR(0)) =< 6 ” (Vn G)(» T}) ”LZ(BR(O)) SJ ”G”WI’OO((C x §n=2) -
We conclude the proof by combining these estimates. O
Appendix B. Fourier transform on S! and related estimates
For a given function F : §' ¢ C — C we define its Fourier coefficient at k € Z by
Fk) = / e T (2)dz. (B.1)
s!

Lemma B.1. Let F € H™(S') be a complex-valued function with m > 1/2. Assume that their
Fourier coefficients satisfy

[F(—k)| < Cek, keZy,
where C > 0 and 0 < ¢ < 1. Then the following series

—1
ﬁ(z) = Z ﬁF\‘(k)e"kz

k=—o00
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converges in HP (Sl)for all B € (0,m — 1/2). Furthermore, one has

1] nsry < St

The implicit constant depends on C, m, and B, and it is independent of ¢. Finally, we have the
inequality

|F —F| 55ty SIEl oy, B el0,ml.
Remark B.2. If F € C"(S') is Holder continuous, that is m € (0, 1), then one has the uniformly

convergent representation

00 -1 00 00
Fy= Y Fle =Y Fhe*+) Fe*=F()+) Fhye*.
k=—o00

k=—00 k=0 k=0

This is true because any Holder continuous function satisfies the so-called Dini integral condi-
tion, one necessary condition to have the above representation. We deduce that F can be decom-
posed as the sum of a holomorphic and an anti-holomorphic part from the identity F =F —F +F.
The term F — F can be extended holomorphlcally into the interior of S! and Lemma B.1 gives
HP -bounds for F and HP-bounds for F — .
Proof. Let (k) = (1 +k2)'/2. For any fixed g € (0, m — 1/2), we have

(KPF GRS (R, ke Z\{0).
By hypothesis, we deduce

(PF(=k)| < Ce ()P, kelZy.

By Parseval identity and picking a natural number N = N (¢) (which will be fixed later) depend-
ing on €, we get

N(e)—1 %)
[ s Z| WIEP= ) PFERE+ Y (PFRP
k=1 k=N(g)
N(e)—1 [ee)
582 Z <k)2(1+/3)+ Z (k)z(_m+ﬂ)SSZN(S)Z(I_HS)—'—]+N(8)2(_m+ﬁ)+l,

k=N (¢)

Note that since 8 € (0, m — 1/2), it follows that 2(—m + 8) + 1 < 0. This fact is~ crucial to ensure
the convergence of the series ) 7~ v, on the right. We claim that for each 0 < 6 < 2, there exists
N (¢) (also depending on 6) such that

82N(8)2(1+ﬂ)+1 555, N(S)Z(—m+ﬁ)+l 585.
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Indeed, both conditions are satisfied if

[ -2
g2EmPAT < N (g) < g204PHT |
which holds whenever
0<—Q=m+B)+DHm+1"

This proves the claim. It remains to prove the H P _bound for F — . It easily follows by applying
once again Parseval identity. Let § € [0, m]. Then

00 o 0 ~
P = F s =2 WPIE0F < 37 0P EOF =IFIG5 . O
k=0 k=—o0

Lemma B.3. Let 0 < ¢ < 1/2. Then |log(1 + z)| < 2¢ forall |z| < e.

Proof. Let z € B.(0). By Weierstrass M-test, we have the following power series representations

+0o0 Zk “+00 Zkl
log(l+2)=Y (-DFT = | At
g(1+42) ,;( . ;< )=

with uniform convergence in B (0). Hence, the result quickly follows since

+o00 —+o00
Z( 1)k+1 2 Z <2 0O
k=1 k=0

Since the invertibility of the attenuated ray transform is only valid for small attenuations,
which implies the knowledge of the Fourier transform of a suitable function related to the mag-
netic field and electric potential, we use the following result [9, Lemma 4.1] to extend the Fourier
transform information to the whole real line R.

Lemma B.4. Let H be a Hilbert space and o € (0, 1], there exists a positive constant C, depend-
ing on o, such that for all K > 0, all 0 < Ag < 1 and all functions f € L} (R; HYNH® (R; H)

comp
with values in H such that
||f||L|(R;H) + ||f||1—10(]R;1-1) <K,
we have
3(0+1)
1/2-2
1112y = € max(1, K)%e2025 2727 liog sup | £
[A=ho

where supp f C[—L, L].

511



L. Potenciano-Machado, A. Ruiz and L. Tzou Journal of Differential Equations 321 (2022) 475-521

Appendix C. Removing the exponential term

This part of the Appendix is devoted to proving Theorem A.1. Recall that I, , stands for
the plane generated by (y,n) € 8+S(Sil_5,l), where 0 < 8’ < 1 is given by Lemma 3.1. When
trying to remove the exponential term from (4.17) using geodesic coordinates, we have to con-
trol the family of quantities associated with the Lebesgue measure of the sections N TI, ,
with (y,n) € 9:5(S8” ﬂ,) Depending on the geometry of €2, some elements of the family
(QOTy ), e, sc s could degenerate in the sense that their Lebesgue measure can be zero.

For this reason, to overcome this technical difficulty, we shall consider a larger open subset B
containing 2 and so that it still satisfies the geometric condition (3.1). The set B has to be chosen

so that the family (B NTI, ;) (rmed, S behaves well in the sense that it does not contain any
il >ﬁ/

degenerate element. Roughly speaking, it can be done by approximating the plane x, = 8’ with
balls in R" of radius sufficiently large and lying in {xn > B/ 2}. In fact, one can prove that there
exist yo € R" and Ry > O such that Bg,(yo) (the ball of radius Ry and center yy) satisfies

Q CC Bry(y0) C {xu > /2] 1)

From now on, we assume B to be Bg,(yo). Moreover, one can also prove that there exists § >> 1
such that

S < Ry = 300 + (0. 30)2 + B3 — [yl < 8. (C2)

for all (y,n) € 0+ S(Si_,l). Somehow R, , is proportional to the diameter of the set BN I1, ,,
see (C.3). Thus, condition (C.2) implies the non-existence of degenerate elements in the family

(BN Hy,n)(y,,?)ga+S(s§;,')'

Remark C.1. A straightforward computation shows that yy = (Ro + 8')e,, Ro =28’ ! and
s=max[p(B7 +3)7 887 +4+ 57

satisfy conditions (C.1)-(C.2). To prove (C.2), one can use the fact that if (y, n) € 8+S(S” )
then, by definition, y - e, > 8/, y-n=0and |p| = 1.

Let 0 < B < B’ <1 be as in Lemma 3.1. Then there exist 7 > 0 and ¢ € (0, r) — both
independent of (y, n) € ;.S (SZ/_B,1 ) — such that

BNIly, ={(,0)e(~=T,T) x (e,m —€):

|el+i9 _ ((y’ yo) +l <7)’ y0>)| < Ry,n} ’

(C.3)
BNy ) ={t,0)e(~T,T) x (e,m —¢€):

€5 = (v, yo) +1 (. yo)) | = Ry}
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Remark C.2. We make the natural identification between the variables (7, 6) € R and z = +
i6 € C. In this sense, we shall also see B N I1, , and its boundary 9(B N I1, ,) as subsets of the
complex plane with references y and »n, which in turn can be seen as 1 and the imaginary unit i
in the complex plane.

Consider a(z, n) = do(z, n)b(n) in (4.17) with dzdo(z, n) = 0 and b being any smooth func-
tion on y+ N §* 1.

Lemma C.3. Let y € GSZB,] and p > 1. There exists a universal constant C > 0 such that

/ (A +iAg)(z,) ) Uy(z, ) dzdZ

BN, 2

—1, =P
w ]'p+1 (yiﬁS"_l)
<Cliog|a? — A3]|
= 0g | Ay — £y ||ao||W1,2p(yJ-msnfl;Hl(Bnny_n)),

where

o |27
wh2r(ytns»=1; HY(BNIy, ;)

— It 2p a 2p
= / (WoC I3 g, + I Ve @G| B gam, ) )
yLnsn—l

(C4)

Proof. Holder’s inequality applied to p and p/(p — 1) implies

a | < ||aq 1.2p (vLAcn—1. g1 b 2 .
|| O||1-1 (\I/_V(B))N” 0||W p(y ns=1. H (any_n)) || ”Wl’pfpl(ylnsnfl)

Indeed, since 1/p+ (p —1)/p =1, we have (z:=t +i6)

la0l22 g ) = / / (@ (1.8, ) dide | bGP
ytnsn=1 \BNIy,,
(C.5)

< / (. 0, ) Pdedd 157 ., .
Lp-1 (ylﬂS”_l)

BNIT,,. LP(yLnsr=1y
We now compute these norms:
p
[ dso.oparas = [ 1@ o,

BN, LP(yLnsn—1) ytnsn—1
u~on2p
= ”aO“LZP(yJ-ﬂS"*l; Lz(BﬂHy,n))
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and

p/(p=D _ ”bnzp/(p—l)
LP/(p=D (yLnsn=1) L2/ (p=D (yLngn=Ty *

|

Combining these identities into (C.5), we get

||GO||L2(\11 (B) = ||610||L2p(ylmsn 1, L2(BNIy ) 61l 20/~ D(yLnsn=1) -

We can continue in this fashion to get similar bounds for V,ag and V,ag. The lemma follows by
inserting these estimates in (4.17) and by duality. O

emma C.4. etye , . €l]/€ N ana s > n. ssumetataoe ’ ) . en
L C4.L 88", L (0,1/2) and A hat Gy € W' (W, (B)). Th

(Ar+iAp)(z,) e ®@) Uy(z, ) dzdZ
anyw WV*S(yLﬂS"_I)
Slaollwrs (yLns-1; L2¢8nm,.,)) -

Proof. We start by denoting

Az, ) = (A +i49)z me®P x)(2) = xsnn,, (2)

and

Fln) = / 202 Az, ) Go (2. ) dz .
C

Since yL N $"~1 can be identified with "2, we have

”F”SW}/.x(yLﬂsn—l) = / |F(r))|Y dﬂ

Lmsn—l

/ / [F(n) — F(Op2)l W) = F0L i = 1y + 1.

I — mp 1= 2Hrs

(C.6)

Lnsn 1 yJ_msn 1
Cauchy-Schwarz’s inequality yields

N

/ / |A(z, m) do(z, Mldzdz | dn

yLmsn—] any,rz

I

IA

< / IAC DI 2 g, WG D32 g, 0
yLmsn—]
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s ~ N
S ||A||L00(),Lmsn—l; LZ(Bﬁl_Iyﬂ)) ||Cl()|| S(ny'\S”’l; LZ(BQH}W)) .

Let now 11, 72 € y=- N §"~!. From the identity

F(n) — F(n2) =/(Xm — Xm) @Az, n)ao(z, n1)dzdz

+ / X (2)(A(z, m) — A(z, m2))do(z, n2)dzdz
C

+ f X2 (DA (z, m) (@o(z, m) — do(z, n2))dzdz
C

=1+ In+ I

we deduce

|11 +122+123|Sd J
i — a2 ys M
Lﬁsn 1 Lﬁsn 1

Since the area of the set BNII, ,, \ BNII, ;, is upper bounded proportionally to |71 — 02|, we
get

|| = / A(z, n)ao(z, n1)dzdz

BOMyy, \BNI,,
<AC, m)”LZ(BmHy,m \BNI,,,;,) llao(-, 771)||L2(Bﬂl'l_v.n, \BNIy.»,)

S Al Lo,y Im = mlldoC, n)ll2an,,, ) -

Sincen —2+ys—s <n—2forall y € (0, 1), we deduce

—|121|S dnidm < |laoll’
111 — ma|—2+7s 1472 S W40l s (yLasn=1; L2(BNI,,, ) *
yl_msnfl yl_nsnfl

1,2n

Now we analyze I7;. Note that A € W™ (¥, (B)) since A € Wcl’oo(\lly(B)). Hence, Morrey’s

inequality implies

” ”Co %(\11 (B)) < ”A”WLN(\]}).(B))

where the implicit constant depends on n and B. In particular, we have

A 1) — Az, m)| S 1Ay, gy Im —m2l'?
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for all ny,n, € yJ- NS"!landall zeC. Combining all these facts, we deduce

12
|12l S IA oo,y Im = m2l 2 ldo G m)l 2s0m, ., )
and sincen —2 4+ ys —s/2 <n — 2, we get
|12|* ~ s
/ Wdﬂldﬂz Slaolye st 1280m,,)) -
yj_msn—l yj_nsn—l

Similar computations give the estimate for /3. Morrey’s inequality ensures that

||5O||00,1—n/5((\y}(3)) ~ ||aO||W1 S((Wy(B))

where the implicit constant is uniformly bounded depending only on n and B. Hence

| 23"
<
[/ T a2z mdna ol sins-t; L2 sam, ) -
1 n—1 J_ n—1
y-N§' NS

We conclude the proof by combining all the previous estimates into (C.6). O

We are now able to interpolate estimates from Lemma C.3 and Lemma C.4 until L>®(y+ N
S”_l), by choosing suitable parameters p, y and s = 2p. Hence there exists #g € (0, 1) such that

sup / (Ar +iAg)(z,m) € *E D gz, ) dzdzT

cylnsn—1
ey BN,

. (C.7)
- f (A +i40) (2, ) € G (2, ) dzdz

Bﬁl‘ly, Loc(ylmsn—l)

g At
5 ’10g HAI — A2 ” ’ ”aOHWLQ”(yLﬂS"_l; Hl(any,n)) .

Before continuing the proof, it will be useful to introduce a change of coordinates to work
into the unit ball B;(0) and its boundary S' in the complex plane instead of Bgy(yo) NIy 5
and 9(Bg,(yo) N I1y ;). By Lemma 3.1, Remark C.2 and (C.2)-(C.3), the following map is well
defined

Tom: BroOo) NI, — Bi(0)cC

z = (@ =y, y0) +i{n,y0) /Ry €8

Moreover, one has

Tyn (0(Bry(yo) N1, ;) = S' C C.
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We now set

BE ) =(Tu@. . KEm =4 +ido) (T, @.n). (€9)

Taking into account (4.18), a direct application of the chain rule gives us the next equation for
eachneytnsm1:

~ i ~ . -1
G @ m) + SRy (ZRyy+ (v, y0) —i(n,y0))  AC,m)=0. (C.10)

We consider this equation in the whole complex plane by extending 1&(-, n) by zero outside
B1(0). This extension, still denoted by A(-, 1), belongs to C}+7(C). Applying the second es-
timate from Lemma A.2 with y = o and p = 50!, we deduce that CT)(-, n) € C¥H39/5(C).
Hence its restrictions to S!, denoted by (5)(~, n))|gt, also belong to C 2430/ 5(S 1. Furthermore,
by Lemma A.3 with R = 1, one gets

||¢)||W1~°°(S”_2;H1(B|(O)) S ||A||W1,oc((cxsn—2) < 00, (Cll)

where the norm on the left-hand side is defined in Lemma A.3. Consider 7 := 7, (z). Stoke’s
theorem with (4.18) yields

(Ar +iAg)(z,m) € ® D gz, m) dzdz

BNM,,,

- JLIER))

3(Bry (o) Iy )

% ~ . A [
Z/‘elq)(z’rl)Ry’n (ZRy.n+ (v, y0) +i (n,y0))  ao (7},,,1@, 77) dz.
Sl

This identity will provide us suitable bounds for ei® Indeed, consider @y as the family dg ; with
k € Z" defined by

o,k (z,m) =€ (" = ({y, yo) +1i {n, yo)) Ry 5~

so that the term accompanied e ®E) in the last line of (C.12) will be Z¥. In consequence, we
have

/ (Ar +iAg)(z,m) € *CD Gy (2, n) dzd7 = / I PEN TR T,
BNI1y s1

By (C.4), (C.7) and (C.12), and since Bg,(yo) N IT, ; is a bounded set, we get
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~ —1
/ezcb(Z,n)zkdg ScllogHAf_Ang Ok, keZ™.

s1
Consider the family on !
F(,n)= eia("”), neytnstl

Because of the discussion just after (C.10), F(-,n) € C39/5(81) for all n € y+ N S"!. The
previous estimate implies

= 1 a7 +
IF(—k, )| < C |log ||A] — A k, keZ™.

By abuse of notation, I/F\(—k, n) stands for the Fourier coefficient of I at —k with respect to the
first variable and for a fixed n, see (B.1). Combining Remark B.2 with Lemma B.1 applied to
m=2+30/5and B = (o + 3)/2, we deduce the following pointwise representation of I in S!:

F(,n)=FCm+FC,n),

with

4ot
3(0+5)

[FCmlcrsornesy S IFC D yossngen S log| a7 = a3) | (€.13)

Here we have used the fact the H©@3/2(S1) is compactly embedded in C 1+0/2(§1). In addition,

the function F (-, n) := (F — ﬁ)(-, 1) can be extended holomorphically into B1(0) (we still denote
such an extension by F (-, 7)) and satisfies

IEGmlersonesty S TGl gessnsty S TFC e < 00 (C.14)
This estimate is uniform in the variable 5 € y= N §"~! due to (C.11).

Next, we claim that the extension of F (-, ) does not vanish in Bj(0). Thanks to the maximum
principle for holomorphic functions, it is enough to prove the non-vanishing property on S'.

Lemma C.5. There exist universal constants C1, Cp > 0 such that
IFG. ) =C1. Fl=1.ney-ns",
whenever ||A? — A§|| <.

Proof. We set Cy := ||$||Loo((C:Loo(yLmsn—l)), which is finite by using Lemma A.2 in (C.10).
Consider n € y- N $""! and [7] = 1. By (C.13), we get

- =% 1
G —C
<-e "< §|F(’Z~, ml,

~ 1
F@ i = Cliog| A7 - A3 5
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where the intermediate inequality holds if, for instance

3(o+5)

1A = Al < e @) 70 =,

We end the proof by noting that

IFG )| =IF —F)Z )| > IFE 0l —IFE 0l

1 1
> |FG n)|>-e:=C;. O
_2|(5U)|_2€ 1

As an immediate consequence, the logarithm of the extension of F(-,n) is well defined
in B1(0). Let H(-,n) be the holomorphic function in B;(0) and continuous in B1(0) so that
F(-,n) =M Combining the identity

o BCM=HEN = | 4 F @ /@D —FE ), =1, neytns™!

with (C.13)-(C.14) and using Lemma C.5, we deduce

FG /" —FE )

4ot (C.15)
< ‘log ”A§ - AQH‘ O El=1,neytnsl
Hence, Lemma B.3 implies

idE, ) — HE 0l

4oty
T 30+

52(1ogHA§‘—A§H CEl=1,neytnst

We now choose ap (with Z € B;(0) and n € y= N S 1) in (C.12) as
a(T; ) G).m =HG. e "EVby(T 1 @).n).  dsbo(T,,) @), 1) =0.
Combining (C.9)-(C.10) and Stoke’s theorem, we get

f (Ay +iA9) (2 M)Bo(z. ) dzdZ
BN,

1 - . . ~ =
=3 / Ri,nlz Ry + (v, yo) +i (n, o) | 2AG, mbo(z, n) dZdZ
[ZI<1 (C.16)

. ~ . 1~ ~
=1 / Ry (Z Ry, + (v, y0) +1i(n, yO)) D@, mbo(z, ndz
[Z1=1

=14+11+111,
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where
i ~ . -1
[ = / JPENR (Z Ry + (v, yo) +i (n. y0))
Z]=1
x HGE e "5y (T, @.n) 4z
~ . -1
II=- / Ry, (Z Ry + (¥, y0) +i(n, y0>)
[Zl=1
x (H@E ) = i®E n)bo (T,,) @) &&
F(Es 77) ~ -1
111 =— ———=—R R s i (1,
/ ) “FG ) v, (Z vy T+ (v, yo0) +i{n yO))
[Zl=1

x HEmbo (7} @).n) dZ.

We choose b~0(7-yf,71@, m = TRy + (¥, yo) +i (n, )’0))“ with A > 0. We remark that this

family of functions is analytic in the complex set BN I1, , for all (y,n) € 045 (S’;_,l), because
A is real and the complex logarithm is well defined in the complex set BN I1, , for all (y, n) €

048 (SZB}). Taking into account (C.15)-(C.16) and (C.7) with (C.11), we obtain the following
estimate for every y € asnt:

>’
—t
1115 [rog | A% — a5 | | e
wi2r (yLns =1 H'(B,(0)))
—10 || ~ ~
= |log A'i‘—f\g( “D*l]"gd’H

Wl2r (yLnse=1; H1(B,(0)))

—tp
’

S log | A7 — A3

—lo ~
[® w1 (rsm1 111 8000) }log HAtl1 - Ag”

4oty
3(c+5)

1< | H - ia’”Lw(SlxyLmS"*l) S ‘log HAL} N AgH ‘_ ’

& ~ _ 4ot
1 s |Fre® -5 < Jlog | a2 - a3

Loc(sl XyLmSIl—l)
We end the proof of Theorem A.l by combining Lemma A.3 and (C.10).
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